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The properties of path integrals associated with the allowance for nonstandard terms reflecting the operator
nature of the canonical variables are considered. Rules for treating such terms (“equivalence rules”) are
formulated. Problems with a boundary, the behavior of path integrals under canonical transformations, and
the problem of quantization of dynamical systems with constraints are considered in the framework of the
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INTRODUCTION

Path integrals, which were invented by Feynman in
the forties'? (Dirac® came very close to their formula-
tion), have become an important tool of modern theoret-
ical physics. They find application not only where it is
necessary to give a quantum description of systems with
an infinite (or very large) number of degrees of free-
dom, for example, in quantum field theory or solid-
state theory, but also in problems of ordinary quantum
mechanics. Moreover, there is a tendency to reformu-
late ordinary quantum -mechanical problems (for ex-
ample, a particle in a box®) in the language of path inte-
grals.

The popularity of path integrals in quantum field the-
ory is due to the fact that they provide the mathematical
formalism most adequate to the problem, making it
possible to cast the expressions into a very compact
form and, therefore, to avoid cumbersome calculations.
But apart from these purely technical (though very im-
portant) advantages, the path-integral method opens up
new possibilities for applications; for example, in the
framework of the method one can construct naturally a
quasiclassical approximation, which enables one to go
beyond the limits of perturbation theory. In quantum
mechanics, path integrals, being very perspicuous, en-
able one to reexamine old, well-known problems. Stud-
ies in this direction are helpful not only for revealing
the possibilities of the method but also for better un-
derstanding of the formalism itself. The point is that
despite the wide use of the “calculus of path integrals”
(especially in the last decade), it has still not yet been
adequately developed. Apart from the purely mathe-
matical problems associated with the method, one must
include here the problem of calculating the integrals.
Essentially, and not counting the trivial cases, one
only knows how to calculate Gaussian path integrals or
path integrals that reduce to them.

Much less difficult, but very important for practical
applications, are the questions concerning allowance
within the formalism for the noncommutativity of op-
erators, the behavior of path integrals under canonical
transformations, and the formulation in this language
of theories with constraints. They are important not
only for quantum mechanics but also for quantum field
theory. Some aspects of the last three questions are
discussed in the present paper, which is devoted to
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Hamiltonian path integrals in nonrelativistic quantum
mechanics.

Besides the papers of Feynman,' we must recognize
the key contributions made by Pauli,* Morette,® and
DeWitt.® Starting from a remark of Feynman (Ref. 1,
p. 185 of the Russian translation), and taking as his ba-
sis Van Vleck’s paper’ on the quasiclassical approxi-
mation for the wave function (see also Ref. 8),

(@ (t)|qg" (0) = eD'2exp [iS (¢, ¢")/fi]; D= det ' £ Tl |

aqiag’i

(1)

(S is the classical action), Pauli proposed that (1)
should be regarded as anexact expressionfor the propa-
gator in the limit {— 0 ({ is the time). This expression
was introduced and justified independently in Ref. 5. In
his lectures (1950-1951), Pauli also derived a Schro-
dinger equation satisfied by the function (1) in the limit
t—~0[(A.31) for g,,=¢,5,,]. DeWitt generalized this re-
sult to the case of curvilinear coordinates. Two impor-
tant points were brought out explicitly in DeWitt's paper
of Ref. 6. First, the action S(q, g’) was calculated up to
terms (Ag)?/t (t=0, Ag=q-gq'),*’ and, second, it was
pointed out that the method can be automatically ex-
tended to spaces with curvature (when the Hamiltonian
is modified by addition of the term #%R /12, where R is
the scalar curvature).

The appearance in the action of the nonstandard terms
of the type (&q)3/t, (Ag)/t, t -0 (“extraterms”) poses the
question of how one should deal withthem. McLaughlinand
Schulman'® showed that a theory with extraterms is
equivalent to a theory without extraterms but with a
modified potential, and they explicitly formulated the
rules for constructing the new potential (“equivalence
rules”). These rules were already contained explicitly
in DeWitt’s paper of Ref. 6.2’ The developed formalism
enabled Gervais and Jevicki'' to establish how a La-
grangian path integral, i.e., a path integral in configu-
ration space, transforms under canonical point trans-
formations (see also Ref. 12). In Refs. 13-15, the

Dwe should here mention the paper of Edwards and Gulyaev,®
who studied the properties of a path integral in polar coor-
dinates and, obviously unaware of Ref. 6, also concluded
that it is necessary to take into account in the action higher
powers of Agq.

YWe mention that in one simple case the corresponding rule
was formulated in Ref. 6 explicitly.

© 1983 American Institute of Physics 456



ideas of Pauli and DeWitt were used for quantization on
a group space; their use in quantum field theory was
discussed in Refs. 16 and 17. Cheng'® made calculations
parallel to those of Ref. 6 and obtained a Schridinger
equation using the equivalence rules; however, for
some reason he ignored the factor D'/ 2 in (1).

The need to take into account not only the lowest pow-
ers of Aq is well known to mathematicians who study
random (diffusion) processes. For example, if ¢(¢) is
the trajectory of a Brownian particle, the differential
of the function f[g(#)] is

dilg) = ' (q) dg ~ [ (g) dt 2 (2)

(Itd’s formula), i.e.,
i t
{ 7 (@) do- fw)|”,---%j.f" () dt. (3)
f'l . < 3

Here, first, (dg)* terms are taken into account and,
second, the equivalence (dg)®~dt is in fact used. The
appearance of expressions of the type (3) is, of course,
due to the nondifferentiability of the trajectory of a
Brownian particle (see Ref, 19).

The same circumstance is encountered in mathemati-
cal physics when equations are investigated by means of
path integrals. In Ref. 20, Buslaev constructed an
equation of Hamilton—Jacobi type (A.23) and solved it in
the limit =/ - '~ 0, retaining the terms (ag)*/e and
(Agq)'/e (see also Ref. 21 in which the equivalence
rules were essentially used).

Soon after the publication of Ref. 1, Feynman formu-
lated quantum mechanics in the language of path inte-
grals in phase space® (“Hamiltonian” path integrals).
The same question was considered later in Refs. 23-25.
Hamiltonian path integrals have attracted rather a lot of
attention, for which there are several reasons. First,
the standard method of quantization® is associated with
Hamiltonian theory, and therefore the creation of such
a formalism makes it possible to establish directly the
connection between the standard and Feynman formula-
tions of quantum mechanics. Further, in the Hamilton-
ian formalism the unitarity of the S matrix can be most
readily verified. Finally, Hamiltonian path integrals
are important for formulating gauge theories. In con-
nection with the well-known gauge-fixing problems in
the theory of Yang-Mills fields,* the desire to elimi-
nate from the start all unphysical variables®'® can be
readily understood. This can be done in a natural man-
ner in the Hamiltonian formalism, and therefore, if, as
before, we wish to use all the advantages of the method
of path integrals, a Hamiltonian formulation of the
method is needed.

The Hamiltonian path integrals take their simplest
form for systems with Lagrangians of the form ¢°/2
— V(g). In this case, there is no operator-ordering
problem, and the classical Hamiltonian occurs in the
integral. Because of the intimate connection between
the resulting formalism and classical mechanics, the
illusion is created that in such a way it is possible to
avoid the typical problems of quantum mechanics (for
example, the ordering problem). It was noted fairly
soon that this is not the case.?2*3° However, appro-
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priate rules for taking into account such quantum fea-
tures encountered in more complicated problems were
not adequately developed. Below, this and related
questions are discussed, essentially on the basis of
Refs, 31-33. As additional literature of review nature
devoted to nonrelativistic path integrals, we can men-
tion Refs. 34-47, which can be divided into the clearly
mathematical studies of Refs. 34—40 and the physical
studies of Refs. 41 -417.

The present paper is constructed as follows: In Sec.
1, we discuss Feynman quantization, allowance for
nonstandard terms, the equivalence rules, the non-
uniqueness of the ordinary expression of the integrals
in the Lagrangian formalism, and features of problems
with a boundary; the problem of extraterms in the
Hamiltonian formalism and associated questions are
considered in Sec. 2; Sec. 3 is devoted to canonical
transformations of Hamiltonian path integrals; in Sec.
4, we discuss the quantization of dynamical systems
with constraints. The concluding remarks are followed
by Appendices, which contain some of the lengthy cal-
culations and some auxiliary formulas.

Notation. Except where specially stated, we consider
a particle of unit mass in n-dimensional space. We de-
note the canonical variables by ¢%,p,,i=1,2,...,n, and
the Poisson brackets by {,},1g,p}=1. As a rule, we
omit the index i, for example, 2J,q'p,=¢'p,=gp. In-
stead of d"g we write dg; g,, and g/ are, respectively,
the covariant and contravariant metric tensors; gi*g,,
=0}, g=detg,;, Vgdg=dg. We denote functions g at the
points ¢’ and ¢ by g’ and g, respectively. The deriva-
tives with respect to the coordinates are denoted by an
index following a comma: 8f/8g'=f ..

Following Dirac,® we shall denote by |#,q) an eigen-
vector of the operator §(¢) with eigenvalue 4. We shall
occasionally write the time ¢ in the form of an index,
for example, q(t)=gq,, 8/8t=2,,9,(q),etc. As a rule,
summation (integration) over repeated indices is un-
derstood; for example, |g)(g|= [ dg|g)q|, etc.

1. NONSTANDARD TERMS AND EQUIVALENCE
RULES. LAGRANGIAN FORMALISM

Nonstandard terms

We consider a matrix element (kernel) of the evolu-
tion operator U(f — #') = exp[ —iH(¢ - t')/%]; dividing the
time interval t —¢' into N intervals e=(f —¢#')/N, we
represent this kernel in the form®

9l Vv lgh= | dgy .. day-o (a1 Celg-id - (aul Telg. (4)

If, following Dirac,® we replace (g,,, |I“Je lq, by
exp(iS(g;.,, q;)/#], where S(g,.,,q,) is the classical ac-
tion, and go to the limit N—=, then apart from an in-
finite factor we obtain a representation for the propa-
gator in the form of a Feynman path integral,’ which we
shall understand as the limit of the multiple integral
(4) and write as
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2= ’
@Uivlgy= | Do exp {5 Slq@n}
a(t)=¢
t
s dg(t) 1
=l | thp{ﬁijdt}. (5)

The infinite factor is the limit of (2rien)™/2as N
==, and it is included in the definition of the measure
9q(t). We note that the most important thing for appli-
cations is the possibility of treating the repeated inte-
gral (4) as a multiple integral, using generalizations of
the corresponding prelimit expressions after the pas-
sage to the limit. To a large degree, the fruitfulness of
the method is associated with this possibility.

For what follows, it is important to note that the ma-
trix elements of the operator U, in (4) must be known
up to terms of order & (the terms of order £* do not
contribute to the limit when N—=), The essence of this
remark is simple. Since flz—f (1 is the identity opera-
tor) as e~ 0, the expression (4) is an expression of the
type (1 +a/N)" with N—, and the terms of order 1/N>
in the round brackets can be ignored. We shall not
concern ourselves with the question of the existence of
this limit, referring the reader instead to the litera-
ture (Refs. 34-40 and 48-53), In all the following cal-
culations, the elementary constituents {g|U,|q’) in pre-
limit expressions of the type (4) will be calculated with
this accuracy.

Our prescription for obtaining the path integral (5)
needs to be made more precise. It is suitable only for
Lagrangians of the form

L = q%/2 -~ Ag—V (q), A= const. (6)

In this case, the elementary factors in the prelimit
expression (4) can be expressed as follows (¢ — 0):

(Qs+1] U, lgsy= Uq,v,,qu (€)

= (@nit)=72 D\ 2exp {8 (g1, 01} ()
where
S (giss @) =AS = eL = A2 4 AA —eV;
D—det | —d28/0g, dg!| =", (8)

and A=g;,, —q;. Equations (5), (7), and (8) do not hold
for Lagrangians of the form
L= (@ €012+ A,(9) I~V (9) (9

(here and in what follows, it is assumed that the func-
tions g,; and A, do not depend on the time). What can
we take as a criterion for the validity or invalidity of
expressions of the type (5)? The function (5) is the
propagator of the particle for ¢>¢/, i.e., it describes
the propagation of the particle and must have the fol-
lowing properties:

1) satisfy the Schrédinger equation
ihdy(g| Ur_v |q') = H (q| Up_ve |g'), 1 —t' 0, (10)
where A is the Ham iltonian acting on the first argument
of the kernel;

2) as {—1', tend to the kernel of the identity operator,
(9] Ur_er lg") > <ala’y (11)
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3) ensure fulfillment of the boundary conditions (or
conditions equivalent to them).

It will become clear that the function (5) does not sat-
isfy the appropriate Schrodinger equation when the ex-
pressions (7)-(9) are used. Condition 3 will be dis-
cussed separately (see below).

To find the correct expression for (¢|U, |¢'), we note
the following. We have not established the accuracy
with which the action in (7) must be calculated. Ac-
cording to Dirac,® S(g;,,,g;) is the classical action and
must be calculated on the true trajectory joining the
points g; and ¢;,,. Feynman':? found that for Lagran-
gians of the type (6) the classical trajectories in (5) can
be approximated by broken lines consisting of segments
of straight lines joining the points q; and g,,,. But this
prescription may not be correct for more complicated
Lagrangians of the type (9), as is in fact the case.!
Further, the expression (7) for {4|U, |¢’) has the same
form as the quasiclassical expansion of a wave func-
tion™® and is suitable for generalizations; this suggests
that the corresponding function should have this form in
the more complicated cases. In Appendix 2, this form
of the kernel is justified using different arguments.

Thus, we postulate that in the prelimit expression (4)
the elementary factor in the integral (with which we
shall basically work in what follows) should be taken to
be the expression

Uag: (&) = (21t =72 (gg') /4 D2 exp {+-§ (g, )}

a8 I‘ (12)

Dot |~ 25
dql aq't

where g=g(q),g'=g(q’). The factor (gg’)™/* always ap-
pears with the matrix elements if g#1 (see Appendix
1.1); at the same time, it is necessary to make the sub-
stitution dg—dg in (4). It is assumed that S(q,q’) is the
action and that it is calculated on the true classical tra-
jectory joining the points ¢’ and ¢q. The pre-exponential
factor must ensure fulfillment of the conditions 1 and 2
and correctly reproduce the corresponding classical
picture (see Appendix 2).

We now turn to the question of the aceuracy with which
S(g,q’) must be calculated. Suppose {’=0. To find this
action, in the integrand of the Lagrange function

S(q.q')=5 L(g, ) dt; g=q(e); ¢’ =q(0); e—0 (13)
i}

we must substitute a solution which depends on the -
itial and final values of the coordinates, i.e., g
=q(t,q,q"), where ¢(0,q,q9')=q’,4(¢,q,q')=q. The ac-
tion (13) is calculated in Appendix 3.2. The following
expansion of S(g,4’) in powers of A=g-¢’ as £~ 0 is
found:

’ 1 P Ty
S(gq, ¢')= 'E[gUA!AJngu.kA’AJAh
1 1 g
L8 S ] RS I ma by AIAIAR I_:_”.
B (gxf.?(! 3 [I], m]g I ] n]) ARA ]q'

+[A[A"+% By AT DBV Jq, =5 (¢, A); (14)

the ¢’ appended to the square brackets indicates that all
the functions are taken at the point ¢’. It is easy to ob-
tain the corresponding expansion of S(g,4')=5(¢, ) in

L. V. Prokhorov 458



powers of A at the point g. For this, it is sufficient to
replace all the functions in (14) by series in powers of
a: flg")=flq) —af(g)+.... The new expression will
differ from the old one in the signs of the terms A%/e
and A% The action (14) is obtained for the real trajec-
tory. Approximation of the trajectories by a straight
line ¢(¢)=q' +ta/€ also generates extraterms: Slg,A)
=8,,(¢g, a) + nonstandard terms, where

Sy (g 8) = gij (q) A'N/2e — A, () A — &T () (15)

(the standard action), but leads to an incorrect Schro-
dinger equation.

Thus, we must establish what extraterms are to be
taken into account and what form the Schrédinger equa-
tion then takes. We must also establish how the extra-
terms are to be handled —when they are present, the
prelimit integrals cannot be calculated, since they are
not Gaussian,

Equivalence rules

We shall show that in (14) only the terms that have
been written down need to be taken into account and that
the obtained action is equivalent to an effective action
of standard form, i.e., without extraterms, as in (15).
By definition,

bela) = [ T'Vayr (0) 4o (0 A Vg da, (16)

where the kernel U__. is given by Egs. (12) and (14), and
Do=Ug, "), bs=q,!" +€). We shall show that to small
terms of higher order than g, the function U, in (16)
can be replaced by the function UZ!f given by Eq. (7)
with D=g™" and S replaced by S*! of the standard form

S0, 4') = £ (@) S5 AT Al eV ). (17)
Moreover, on the physically realizable functions (g)

{ g (Vg () = USH (@) ¥ (g) - O (3). € 0. (18)
To prove this, it is sufficient to find the asymptotic
behavior of the integral (16) in the limit £~ 0, and this

can be calculated in accordance with Ref. 54 by the
methed of stationary phase. The point ¢’ = ¢ makes the
main contribution. The following terms of the asymp-
totic behavior are obtained by expanding all the func-
tions in the integrand [except exp(iga?/2¢) but including
d)(,(q')] in series in powers of A. After transition to the
new variable of integration A, everything reduces to the
calculation of multidimensional Gaussian integrals of
products of A. The corresponding formula is given in
Appendix 1 [see §1.2, Eq. (A.16)]; it can be rewritten
in the form

ghA \f\f}

dn ) i
3 (2nieh)/2 exp (T Bij— Tg

—o0

(AT .. A ien)t gl Ty <0, (19)

Here, gj,...J,, denotes the tensor in the square
brackets in (A.16). Sometimes, it is helpful to use the
generalized formula

A e A
5 Eieh)z L~\|’(TF’:’} T )

(AT L A (ieh) S g p e APy — 0, (20)

459 Sov. J. Part. Nucl. 13(5), Sept.-Oct. 1982

in which the sum is taken over the (2p-1)!1/
(20=1)11(2k =21 -1)!! permutations of the

indices between the sets (j,,...,J) and (jo1y. 5 fop)
corresponding to the permutations in the identity gf
gheerdae=ggheedaglarnee-dae, [ ig an arbitrary number,
1=[<k. These eguations are the basis of the equiva-
lence rules—under the integral sign, the product

A1, ..a’2 is equivalent to the tensor (ieff)¥gfi-=/2e; the
product of an odd number of A’s is obviously equivalent
to zero. It is clear from this that in the action it is
necessary to take into account the extraterms a%/e, a?/
€,A% and in the factors multiplying the exponential the
analogous terms if any are present; in practice, the
terms A and A® are encountered. It is clear that in the
given class of problems it is also necessary to take in-
to account the terms (A*/&)? when expanding the expo-
nential in a series.

We shall find the explicit form of the effective action.
The typical integral with which one must deal has the
form

- ! * dg'gl2 : : 4 3 :
Te (1) = § g [+ %A 0 AW T exp 58 (0, 8) | ho(a);  (21)

AiAj AtAIAR ATAIARAL
S(g, Ay=gi;——+Bin — =

L AAN L DA — e, (22)

= Cypne

where in our particular case [the Lagrangian (9) and the
action (14) expanded in the neighborhood of the point 4]

Bim= —gis. /% Cisn
g v .
= (gr'_f.h! g [ij, m] g™" [kl, ’ll)/b; D= —A4; /2. (23)

The terms in the square brackets in (21) may derive
from the expansion of the pre-exponential factor in (12)
or the function g'*/? in powers of A; in the latter case,

i 0. It
& = —g"gn, 2 iy = g, iGmn, 512
—&rm, i, ) G - g g, 11)4. (24)

It is assumed that ¢(g’) in (21) is also expanded in a
series: (g) —atodlg) +... .

Transforming the integral (21), it is helpful to bear
in mind the following proposition: The terms even in A
(apart from the main term a?/e) in the exponential or
multiplying it can be replaced by the terms equivalent
to them in accordance with (19) at any stage of the cal-
culations. Indeed, it is readily seen that any power of
terms even in A, like products of them or combinations
of them with odd terms, makes a contribution of order
&2 Therefore, even terms can be replaced by the
equivalent terms directly in the exponential, and terms
multiplying the exponential can be taken into its argu-
ment. Applying this rule to the even terms in (21), we
find that the potential is augmented by the terms

ﬁiCU“EHM = iﬁDugij — Tiﬁa‘-jgii. (25)

In (21), only odd terms remain. The square
(i7)X(Ba%/e +Aa)?/2 of odd terms which arises when the
exponential is expanded also contains only even terms,
so that the potential is augmented by the further term

[ —A*B, 3 B 204, B + 4,47/2, (26)
where

BUr = By, g, Dbt Bing™s A' = Aygh, (27
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Finally, the product of aA and odd terms from the
exponential makes the contribution

a; (2B —inA') (28)
to the potential.

There remains only a sum of odd terms, which is
combined with —a*34:

— (@i + 5 (Bun 2425 1 4,87) | atae. (29)

The terms containing the fourth power of A can be
transformed by means of (20) into quadratic terms:

AIATARAL

Bive—n

— iAB gAY Bijiy = By + By + B (30)

Using this substitution in (29), we can achieve linear-
ity in A of the coefficient of A?8,§. The transformed
sum in the square brackets in (29) can now be taken into
the argument of the exponential. It is only necessary to
bear in mind that when the resulting exponential is ex-
panded in a series it is necessary to take into account
the square of the linear terms, i.e., to the potential it
is necessary to add a term that compensates this
square:

—PBiBsg/2; By = A5 + i b Byme™ — a,). (31)

Collecting all the terms included in the potential and
using (29), (30), and (27), we find that in the effective
action (17)

Ve = ¥ oL B (C g™ — B,y BUM (32)

A= Ay in (B —ay); }
+ (/2 — oy5) Y] — kD g
Since the odd powers of A are equivalent to zero, the
terms omitted in the derivation have the order £2 This
proves the proposition (18). Equations (17) and (32) are
the content of the equivalence rules for an action with
extraterms of general form [as in (21) and (22)]. Using
the relation (19) again, it is not difficult to show that
the function #,(g) (21) satisfied the equation

1h0e = [ — 2%¢"70,0,/2 + ihg" 450, + g AT A2 - Vo . (33)

If the tensors which occur in (22) are defined by Egs.
(23) and (24), then, substituting these expressions in
(33) and making the substitution € - ¢, we find

R0 = (H + 12R/6) Ty, (34)

where A is given by Eq. (A.32); R is the scalar curva-
ture (A.11),

Hitherto, we have ignored the factor (gg’)™/*D"/2 in
front of the exponential (12). As is shown in Appendix
3.3,

D = l(gg")¥/e"] (1 + R;;A'AV/6), (35)

i.e., allowance for this factor leads only to the modifi-
cation a;;~ a,; +R,;/12 of the tensor a,,, and in accor-
dance with (32) this means that the term —#%#2R/12 is
added to the potential. Then the second term on the
right-hand side of (34) is replaced by /°R/12. The
same equation will be satisfied by the kernel (12) with
the action (14) in the limit #= 0:

119U (t) = (@ + W*RA2) U (1) (36)
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(I?[ acts on the first argument of the kernel). The ob-
tained equation is identical to (A.33). There are two
striking things here. First, we have obtained a correct
expression for f with allowance for the order in which
the operators follow each other. This is the form that
the Hamiltonian takes after transition from Cartesian
to curvilinear coordinates. Second, a term proportion-
al to 772 has appeared; it is absent in the classical Ham-
iltonian and disappears on the transition to flat space.
These features of Eq. (36) are discussed in Sec. 5.

We note that the presence in (21) of a ¢’ -dependent
pre-exponential factor [for example, y(¢’)] does not al-
ter our conclusion—the factor can be taken into Uolg”)
for the time being. It is easy to go over from ¥(g') to
¥(q); this leads merely to a redefinition of the standard
action. Suppose ¥(g')=¥(g)(1+7,a%+y,a'A%); then, us-
ing the formula

1 - “_AA 3 TuAiaj = | EXP['\‘gAi 4 (Tl'f e ":':‘ij:z) Ai.l:] - (A% (37)

and the rule (19), we find that the entire change in S°it
reduces to the substitutions

AP AT iy, VO e e (vivil2—vyip v (38)
The fact that v, and v, [or @; and @, in (32)] are not
contracted with the remaining tensors is what makes it
possible to use (32) independently of the argument of the
pre-exponential factor.

Nonuniqueness of the formal expression (5)

Extraterms are encountered not only on quantization
of classical systems with Lagrange functions of the type
(9). They also appear as a result of nonlinear coordi-
nate transformations, and one must reckon with them
when the limit of (4) is expressed in the form (5). We
shall now discuss these questions in more detail.

We begin by considering the meaning contained in the
formal expression (5). After transition to the effective
action (17), the argument of the exponential in (5) can
be written in the form of an integral with respect to the
time of an effective Lagrangian:

t
(@00 = |20, 9 dt; L= gy (g) ' /12 - AT (q) 41 —v*"(y. (39)
P

This expression is obviously ambiguous and does not
contain a unique rule for calculating the integral. The
point is that the path integral (5) is defined as the limit
of (4). But in accordance with (5) and (39) it is impos -
sible to recover uniquely the prelimit expression (4).
The recovered infinitesimal action will have the form
(17), and the functions g;; and A%'f can be taken at any
point of the interval [q,q'], i.e., g,=¢q - alg -¢'),0s
<1, can be taken as their argument. When =0, this
will be the point g, and when @=1 the point q’; taking
a=3, we obtain (g +4’)/2. In the case of the usual ex-
pression, any choice of @ in the limit N—« gives
formally the same expression for the integrals (5) and
(39), but the corresponding limits of the expression (4)
after substitution in it of the expression (12) will be dif-
ferent. They will depend on @, since now the action de-
pends on a: S,(q,q')=S(q,,A). Indeed, if all the func-
tions in (17) are taken, for example, at the points ¢, or
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qg, then it follows by virtue of the equation g, = g —-(a
- B)A that the terms

(oc‘:B) Zis.x (qp)

AiNIARAL
]

T _‘%-‘i

Rl PR —(e—B) AIAY, (40)

which cannot be ignored. All this recalls the situation
with the ordering of noncommuting operators in a Ham-
iltonian. In Sec. 2, we shall see that there is indeed a
connection here.

Thus, the ordinary formal expression of the path in-
tegral in the form (5) is incompletely defined in the case
of Lagrangians of the form (9). It is necessary to spec-
ify the point at which the functions are taken in the re-
construction of the prelimit expressions (4), using, for
example, the symbol ¢ in the integral

‘\ (=) Zq (t) exp (71—5] . (41)

or in the action (Lagrangian, function multiplying the
exponential). It is obvious that the arguments of the
functions in the different subintervals at,=¢ of the time
interval can be chosen arbitrarily, i.e., @ in (41) can
be a function of the time. This gives the formalism a
certain flexibility; for example, it becomes possible to
differentiate (variationally) with respect to a(#).

We note in conclusion that a path integral with index
a can always be expressed as an integral with any other
index but with an appropriately modified action. Using
the connection between g, and g,, all the functions in the
standard infinitesimal action can be expanded in powers
of (a—pB)a in the neighborhood of g, the extraterms
[for the Lagrangian (39), they are given by Eq. (40)] be-
ing retained. The extraterms can be eliminated by
means of the equivalence rules (one can show that they
are valid for any g,) by noting that by virtue of (40)

By = — RTTﬁ girr(70); Cijm

= (g:me gisn (90); Dij= — (@~ P) AT (qp), (42)

and by going over to new effective potentials A, and Vin
accordance with (32). In this way, we prove the formula

S Dy (t) exp (7} Sa) = Sflq (t) exp (T: SE") . (43)

where S§f for an infinitesimally small time interval € is

85™(ap, 8) = 8- ihB, (gp) A’
— e {1 [C g™ — B3, B —inD, g'y; (44)

Sg is obtained from S, by the substitution ¢, — g, and the
tensors B, C, etc., are defined by Egs. (27), (30), and
(42). In (43), we have not taken into account the weight
factors multiplying the exponential; they must also car-
ry an index (the arguments of the functions in the expo-
nential and multiplying the exponential need not be the
same). In accordance with (37) and (38), the change «
~ B of the index of the pre-exponential factor ¥, =v(q,)
changes S5'f in (43):

geff_, geff,

B Sp i (e —B) (In yg), 547 e ﬁT (@—B)*&" (In vp). -

Allowance for boundary conditions

Hitherto, we have considered problems in a space
without a boundary, in which the natural requirement of
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decrease of the wave function at infinity followed auto-
matically from the general formula (5) [or from (16)].
One not infrequently encounters problems in which there
is a boundary at a finite distance. An example is the al-
ready mentioned problem of a particle in a box.*®®
Similar problems arise as a result of coordinate trans-
formation (transition to angle variables), in the study of
dynamics on a group,*®*® and in chiral theories. In
these cases, direct application of the standard scheme
of Ref. 1 does not achieve the goal. The reason for the
failure is obvious —the solution must satisfy appropri-
ate boundary conditions, whereas the formalism consid-
ered above guarantees only that the solution decreases
at infinity. Since the Green’s function must ensure ful -
fillment of the boundary conditions, the expressions
given above must be suitably modified.

To clarify the difficulties that then arise, we consider
a very simple example: a particle of unit mass in a
one-dimensional box of length L; let the points 0 and L
be the “walls” of the box. It is incorrect to express the
kernel of the evolution operator in the form

L
(q1 Uy 1g"y = lim (2nieh)-1/2 5
N-oo

0

LN=1 a N-1 ( "

[ 493 : i Qis1 95

\ HE Eaienyrr °XP {_ﬁ_ E“ % } (45)
0 j= i=

(where e=#/N,qy=q,q9,=q'), since even for t=¢,e~0,
the wave function

I
o)~ | (gnff.ml,i exp| 4 E5T% e (a)
L
= [ V.40 0o (@) dg’ (46)

satisfies the Schrodinger equation for 0<g<L but not
the boundary conditions #(0)=3/(L)=0 [even if $,(0)
=y,(L)=0]. Therefore, (45) does not solve the problem.
Moreover, the integral (45) cannot be calculated explic-
itly, despite the simplicity of the integrand (Gaussian
exponential).

The correct procedure was already pointed out by
Pauli.? The function (45) satisfies the Schridinger
equation, and it is therefore necessary to take several
such solutions and combine them in order to satisfy the
conditions at the boundary. As a result, “using the
method of images” (Pauli), we find that in the integrand
of (46) we must replace U, by the function

x

K'(q 0% &)= X [U(g—q' +2Lr)—VU,(q+q'+2Ln)l. (47)

It is easy to show that K’ (for all times {>0) is the
Green’s function of the problem

x

Kla a's )= X ¥ (9) ¥ (a') exp (—iEqt/h), t >0, (48)

where ¥ (g)=(2/L)"/?sin(mng/L), E,= m°1*n*/2L% The
solution has been found, but the transition to the path
integral involves the disagreeable necessity of integrat-
ing Gaussian exponentials (the kernels K’) between fin-
ite limits. Equation (46) with the kernel (47) can be re-
written in the form
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o

telg) = { 5 40U (1= 0") ola’ —2Ln)
:L;;m -
— [ arva—a)te(—g+2Ln)}. (49)
IZLn-L

On the real axis, we define the function ¥,(¥,=¥q) if
qe(0,L]):

Wy (—q) = — Wy (@); ¥o (g7 + 2Ln) = Ty (g); ¥o (0) = W (L) = O.
(49a)
By means of it, we rewrite (49) as
o)~ | deUelg—a)¥o(@)- (50)

—oo

It is readily verified that the function 1.(50) satisties
the conditions (49a) and the Schridinger equation. In
the path integral, we can therefore now integrate over
the complete real axis but apply the obtained kernel to
the function ¥,, which is defined in the whole of space
and is constructed from the function @, (in the given
case as an odd, 2L-periodic function). The problem is
solved. The kernel U,(g —¢’) can be represented in the
form of the path integral (45), in which the integration
is within infinite limits. Application of it to the function
¥, gives the required result.

Thus, there are two possibilities: 1) the Green’s
function of the problem (47) can be used and the inte-
gration is performed with finite limits; 2) the kernel
U.(g - ¢’) can be used and the integration is with infinite
limits. In the second case, U,g —g') must be applied to
the function ¥, constructed using the initial value ¢, and
defined in accordance with (49a) in the whole of space.

We shall establish the general structure of the solu-
tion for a number of problems of this type.®® Let a
= _fi2A/2 + V be the Hamiltonian describing the motion
of a particle in n-dimensional Euclidean space, and let
the potential ¥(g) be an analytic function with respect to
each variable g in the neighborhood of the entire real
axis; we denote by I" the boundary of the region of mo-
tion £2. We shall assume that the boundary is suffi-
ciently smooth and (to be specific) that the volume of
the region © is bounded. Suppose Ulg,q’;¢) is given by
Eq. (5), in which #'= 0,L= 4°/2 —V, and the integration
over ¢ is with infinite limits. Then in accordance with
the possibilities 1) and 2) we must know how to con-
struct either the Green’s function K(g,¢’;#) or the func-

tion ¥(q). The solutions are given by
K@, ¢% 0= | Ul @5 0Q( 9)de, t>0; (51)
¥y (g)= S Q(g, ') ¥olg) dg’s (52)
q'eq
where
Qg g )" 1Pun () ¥ (¢ (53)

in which zpm(q) is a complete orthonormal set of eigen-
functions of H, Ay @ = E @ @), satisfying the boundary
conditions

o (@)= 0; (54)
here, (k) denotes the complete set of quantum numbers

that characterize the vectors ¢ ,,. By virtue of the an-
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alyticity of the potential, the functions ¥ 4,(g) can be
continued analytically beyond the region 2, this defin-
ing Q(q,q") and ¥y(g) for all values of 4.

Note that for ¢,q' €Q, Q(g,q’) is simply the b function.
But if ¢4 Q, then @ is a continuation of the 6 function
beyond Q that is natural for the given problem. It is
easy to prove these propositions. Usirg the formula
(see Refs. 1 and 2 and also Sec. 2)

fv@as o W, (q') dg’ = (1 — 1) ¥o (@), €0, (55)

and using (53), we obtain for (51)
K(g.q'; &)= (1—i—gﬁ)0(q, )

~ Jexp (— )EF”” ) ¥oo (@ ¥3 (@), (56)
)

from which it follows that K(q,¢'; ¢) is indeed the
Green’s function of the problem: It obviously satisfies
the Schrodinger equation and the boundary conditions
[by virtue of (54)] and tends to the & function as - 0.
The need for integration in (51) within infinite limits
was required on the transition from this formula to the
first equation in (56). In concrete applications of this
scheme, it is necessary to establish convergence of the
employed integrals, or rather, the possibility of giving
them meaning. In fact, this can be readily done for in-
tegrals of the type (50) with kernel (46) even for func-
tions ¥, that increase fairly rapidly (for example, as a
Gaussian exponential) at infinity (the function ¥, is nor-
malized in the physical region). In Ref. 56, the expres-
sions we have found were used to solve the problem of
a particle within a disk. In this case, all the calcula-
tions can be performed explicitly.

In quantum mechanics, one encounters problems in
which the coordinate varies in a finite range and one
merly imposes on the wave function the condition of
periodicity, i.e., the wave function is not required to
vanish at the ends of the interval. In this case, only
periodicity is required of the Green’s function K. Then
if the function U(q, ¢';¢) satisfies the Schridinger equa-
tion and has the property Ulg+nL,q’;$)=Ul(g,q' —nL,1),
and Ulg,q";8)~ 8(g —q'),t— 0, then K is given by the
sum

K(g,q' 0) = Z Ulg+nL, g5 0= S Ulg.o'—nLi th  (57)

ie.,

Yelg)=\ dg' K (g, 9"; t)¥o(q’) (58)

o

is the solution of the problem [¢,(g +nL)=¥,(¢)]. Since
¥o(g) is a periodic function, we can, using (57), write
Eq. (58) in the form

oo

(@)= | dg'C(g. q"s 0 ¥a(@)- (59)

which is suitable for transition to a path integral.
The significance of the appearance of the sums or dif-
ferences in (47) and (57) is simple. In (47) there are,

besides the straight line joining the points g and ¢’, ex-
tremal paths that touch the boundary (reflected paths).
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By virtue of the vanishing required by the boundary con-
dition, they must not contribute, and therefore compen-
sating terms are subtracted. In contrast, allowance is
made for the fact in (57) that besides the straight
(shortest) line joining the points ¢ and q’ there are ex-
tremal paths that differ by nL (which pass, for example,
n times round a circle), whose contribution cannot be
ignored. The expression (57) is used below. An exter-
ior problem (a particle outside a convex region) is
briefly discussed in Ref. 20.

Change of variables

It is now almost obvious that extraterms will also be
encountered when nonlinear changes of variables are
made in a Lagrangian path integral. Since the infinites-
imal action of the standard form (15) depends on the co-
ordinate difference A=gq - g', the differences A! are re-
placed on the transition to the new variables ¢'=¢(Q)
by part of a series (Ay=Q - @'):

AT (Q)— ' Q) = 4!5(Q) Ad— g 4 (Q) Al

!y (0) BLAGAY . (60)

All the terms that have been written down (see above)
must be taken into account [A}, makes a contribution
~A*/e when (60) is substituted in the first term of (15)].

We introduce the following notation. Let d be the ma-
trix with elements di =¢,(@). We define

el — L, Q)2 t‘j',:t:jlj—((.r_ijlf.f‘r':zm (Q), (61)

where 4™ is the inverse matrix. In the new notation,

AT Sl (A S lind —\Q—";f(IAQAQ—\Q el (62)

Substituting (62) in the action (15), we find that it has
the same structure as the expression (22), in which g;;
-g”,A A and the tensors gd,A B,y etc., are ex-
pressed in terms of the tensors df, cjk, e

5 (Q) = gy (q (O dVd]s Bigy—giochs | 68)
Coint— EerCia+ Ericiiei2; Ay=dldy; Dyy= A,ck. )
We can now use the general expression (32). After

some calculations, we obtain the following result: Setf
is given by Eq. (17), in which g;; must be replaced by
g;;» and A$'t and Ve'f are taken to be

o sy T
ift (guck:+ 2¢5);
1!1
[ al [9___ 94l h
h2|3e JM ruaul 2elyc .',I L T

The summation over repeated subscripts (or super-
scripts) is performed by means of the tensor gif (re-
spectively, g,,); for example, c},=c!,g'*. We then ar-
rive at the required rule for transforming the expres-
sion (16) when the change of variables is made:

C Ve da! i ' "
1oss 5 —(% exp (%So(q, q )J o lq')

2aies)ni2

AST= 4, 4
ey

(64)

exp | 4 S57(Q, @) | ot (©7). (65)

Here, §'=g'J%Q'), where J=detq’; (Jacobian of the
transformation); it is assumed that S, has the standard
form (15) and is taken at the point ¢, i.e., @=0, and
Sg't is given by Eqgs. (17) and (64) (in the first, g,;~3,,).
For Lagrangians of the special form L=4%*2 -V, a cor-
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responding S** was obtained in Ref. 11.

Example. We consider the transition to polar coordi-
nates in the problem of a free particle in two-dimen-
sional space. We have (a,=¢ —¢’):

1 ri(x—x)
Znith P [T % ]

1 i IR ' T S L
T [—2—25- (r2+r2—2rr' cos A¢)J=K{r,r A t);

(66)

as assumed, the Green's function has the periodicity
property K(r,7r', A, +2nm;t)=K(r,7',A,;¢). But in con-
structing the path integral, we use only the asymptotic
behavior of K as {— 0, which is determined by the criti-
cal points of the argument of the exponential, i.e., by
the solutions of the equations sina,=0,7 -7’ cosa,=0:
A,=0,7 (or -7, making the solution ¢/, lie in the inter-
val [0, 27]) and accordingly v,=+v. Therefore, re-
stricting ourselves to the first few terms in the expan-
sion of the argument of the exponential in the neighbor-
hood of the critical points, we arrive at a representa-
tion for the Green'’s function K (1=~ 0,a,=7 -7'):

Ko 7@ {ex ( ek (An 2 (AQ 1z ))]+((pr'—::p71i’n)} (67)

(only the important extraterms have been written out).
However, K, does not have the property of periodicity
with respect to ¢, i.e., K,  is not the Green’s function
of the problem. In accordance with (57), the correct
expression for K is given by

o~
=

Ke:“:,:\: Ko (r, ', A+ 27n; €). (68)

Using (68), we can write the expression for the time-
shifted function in the form

ridrt de Ke (r, 'y Ag) o (', @)

=iy

'4.2 (.", (P) T
]

= \”\ i de exp {

2niek

[ Ar o (85— )]} ¥, (' lo’), (69)
where the function ¥, is defined in the complete space
[¥, is a function periodic in ¢’ and ¥,(~7, @)= ¥, (r, ¢
+m), with ¥,=¢, in the physical region]. Using the rule
(64)—(65) for the change of variables, we can rewrite
this expression as

I [ Az A2
e ([ XZ2d op (L[S e e 2 VW0, @), (70)

It follows directly from this that ¥, satisfies the Schrj-
dinger equation and is defined in the unphysical region
in the same way as ¥,, iLe., transition to the path in-
tegral is admissible. The correctness of this expres-
sion is confirmed by the calculations in Appendix 4.1,
in which it is obtained by other arguments [without us -
ing (57)]. It follows from (70) that in the obtained path
integral it is necessary to integrate over » and ¢ with
infinite limits.

2. NONSTANDARD TERMS AND EQUIVALENCE
RULES. HAMILTONIAN FORMALISM

Hamiltonian path integral and nonstandard terms

A Hamiltonian path integral can also be obtained from
(4) by substituting the following integral representation
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for U, (¢):
(@l () 10y = (gl exp ( —~ He) |q")
~(q|1 '_“I'E‘ H(&- .B) 19"y =(q| i*%ff (g, ) | {plg’

~ {dpexp[ 4 H(q. p)e [<alp)pla". (11)

Here, we have used the equation
(gl H (g, p) |py=H (g, P) (alP) (72)

and, in addition, in the second and last stages of the
derivation we have ignored terms of order £* [it is as-
sumed that they make no contribution when we go to the
limit N—~= in (4)]. If the determinant g of the metric
tensor is equal to unity, then, bearing in mind that
{g|p)=(2m1)™ 2 exp(ipg/K), we obtain

@10 1g) ~ 5 (.;f[+),=exp {Ti[p(q—q’)—sH(q- 1))1}- (73)

The approximate expression for the Hamiltonian path
integral will be

N-1
1 S dpy dgp _ dp
@l Oeeler = T Gy g

.
X exp {Tl D [Phet (Gh— Guey) —eH (q}upk-l)]} 5 (74)
h=1
where qy=¢q,q,=¢q’; going to the limit N—~«, we obtain
the standard representation for U, in the form of the
path integral

t
@B lgr={ ] LLED exp (L { (pg—H (g, p1ac}.  (75)
t i
We now make some comments about this well-known
derivation.

First, in (71) we have substituted the resolution of
the identity |[p){p| in the ket. If we were to do this in
the bra, instead of (72) we would obtain

(Pl H (2, p) 1= H (', p){pla". (76)

When such expressions are used, it is generally as-
sumed that the Hamiltonian has the simplest form H
=p?/2+V(g). In this case, the function H{g, p) in (75) is
identical to the classical Hamilton function and it is
easy to prove the equal validity of the two ways, since
the difference e[Hl(q, p) - H(g', p)]~ £V ;A" makes a con-
tribution of higher order than €. Clearly, for more
complicated Hamiltonians containing products of non-
commuting operators (for example, the sum gp +pg)
Egs. (72) and (76) will be invalid, since in them the
classical functions H(q, p) and H(q’, p) are obtained by
replacing the operators § and p in H(g, p) by the classi-
cal variables g, p or ¢’,p, whereas the matrix element
(g|gh+pg|q" is equal to (g |p)p(p|q")g +q’). The valid-
ity of the substitution ¢’ — ¢ is here not obvious. This
question will be analyzed below. The presence in A of
even more complicated expressions with noncommuting
operators can strongly influence the usual form of the
path integral (see below).

Second, the expression (75) is unsuitable for curvi-
linear coordinates. Indeed, in accordance with (A.3)
the amplitude (g|p) acquires the factor g™/*, i.e., the
kernel (73) is multiplied by (gg’)"/%. Since the volume
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element in (4) also changes, dg— Vv gdg, we conclude
that in curvilinear coordinates the Hamiltonian path in-
tegral has the form™

Tr ’ ’ ¥ dg (¢) dp(t)
(a1 Uier 197 = (ga)-114 | ] b
t

t
"Le.\'p{%g [pq—H (g, Pl dt}, (17)
5
where g and g’ are taken at the values of the limit argu-
ments, i.e.,, at g and g'.

Finally, in deriving (77) we have not considered the
spectra of the operators g and H in curvilinear coordi-
nates, whether they are self-adjoint, etc. But these
questions are important for the correct understanding
of the formal expressions (75) and (77); they will be
discussed below.

We shall discuss in more detail the question of the
terms with noncommuting operators in the Hamiltonian.
In the class of systems specified by Lagrangians of the
type (9), the Hamilton operator has the form (A.32) and,
using (A.2), we can represent it in the form

-~ T o e =
HE =g (q) BiP;+ F(q) Py 47" (q);
V=V b, By= L g-tiig 0008, (78)
where

gy b= =T g gl L g, (79)
where A’=g#A , and O is defined by Eq. (A.5). In(78),
the operators P stand to the right of §; we shall call
this order the standard order (which explains the su-
perscript of H). We shall say that the reverse order
(P to the left of §) is the antistandard order and denote
it by the superscript “a”. Substitution of A5 in (72)
gives as the function H(q, p)

H (g, p) = ¢7 (@) pips/2 — F @) ps + 7" (9)- (80)

We take a different Hamiltonian ﬁ’, which differs
from H® by the order in which the operators follow one
another, i.e.,

A2 =B P g (/2 + Pyl (@) + 7" (q)- (81)

Obviously, it is now more advantageous to use Eq.
(76), and we then obtain

H' (¢, p) = 7 (@) pips/2 - F @) ps + 7' (g) (82)
The functions H® and H’* differ by the terms
H*—H = pipy (87, () A" £, () %41 ... )
+P @A+ )T A L (83)
Do they need to be taken into account in the expres-
sion (74)? If the difference (83) could be ignored, this
would mean that for Hamiltonian path integrals the or-
der of the noncommuting operators in H is immaterial
and that the essentially different Hamiltonians H® and
H'* lead to the same path integral (75). Of course, this

is not so, and the difference (83) must make a contribu-
tion to the integral that we must take into account.

Thus, we must consider which extraterms must be
retained. To establish this, we write down the most
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general expression for the infinitesimal action in (73)
with extraterms:

S(q, g’y p) = pic' (g, A)
— '?T;l.-m?“‘(q- &)= pif' (4, 8) =T (a, A’J' tos)
where
290 8) = g (q) + aff (g) A"+ af () ATAT . ;
Fla. 8)=F(q) ~big)aks

¢'(q) A) = A"+ ¢}y () MA* ¢l () AAMAL .
T (q, )= (g) 4 ... .

(85)

Substituting (84) instead of the action in the square
brackets in (73) and integrating over p, we obtain

T fe)iE (o .,”,Mi;)—x.z
Usae (&) = (88) =/ i

o { [ == _ ), (56

here g,,(q, a) is the inverse of the matrix g#/; the fac-
tor (gg’)™'/* is included in accordance with Appendix 1.
Therefore, the problem has been reduced to the prob-
lem of allowing for the extraterms in the Lagrangian
formalism, and the results obtained in Sec. 1 can be
used. Expanding (detg®/)™'/? in powers of A, we see
that substitution of the kernel (86) in the integral

£0) = { 4o’ VF Vg () Yo () (87)

leads to an expression analogous to (21) with an action
of the type (22) in which as vectors a and A and tensors
B,C,... we take

i 1 E ;& i t i il
L "ﬁlr L'n,"rm'v CH ?[TW!’G?’ L2 0l a) ) - aly ]: 3
Ay — 5
1 - o miy |
By = ?(A’ufﬂr'r' g1cin -~ Eim& iy )i
; 5 Bipy ) (88)
; ) )
Dy guas fx—gubi — Nicis
Cyint —E‘ [Zim&n (@0 2l ™ —ait") — 25,070,
2;’,'”(’1;!1.‘1 +-ciicnls 5
and V is replaced by
V=9'—ff'2. (89)

The indices are raised, lowered, and contracted by
means of the metric tensor g,; (for example, a**
=g,af’). The terms of higher order, which are not
written out explicitly in (85), lead to a negligibly small
term in the action (of the type A% A%/e,...). There-
fore, in the prelimit expression (74) it is necessary to
retain the following extraterms when making a change
of variables, when recordering the operators in the
Hamiltonian, or when changing the point of expansion:

PA*, pA3, epA. ep*A, ep?AL (90)

As in the Lagrangian formalism, we here need a
technique for dealing with such nonstandard terms. In
the light of the results of Sec. 1, this presents no prob-
lem. We show that the expression (84) is equivalent to
a standard action with a Hamiltonian of standard form,
i.e., that in (73) with the action (84) we can make the
substitution

8 = pic* (@, B) — eH (g, p: B) —~ pi Al — ell (g, p)= 5", (91)

As is shown in Sec. 1, the action (22) is equivalent in
the sense of (18) to the standard effective action (17), in
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which the coefficient of A and the effective potential are
given by Egs. (32) [the presence in (86) and (87) of 4'-
dependent factors does not change the equivalence
rules]. Since we are interested in the effective Hamil-
tonian, we turn to Eq. (33), and using it we see that the
action (84) with the nonstandard terms is equivalent to
the effective action S (91) in which

H™q, p)=gippy/2+ figpy+7°" (92)
where
fla=if(— B — A= — Al
AL T [Copmigh™ — By, BY™ o (o2 — ey ) g] (93)

— ihDjy+ g A2,

Further, bearing in mind that the term bilinear in
A®! makes a contribution to ¥ and to the terms propor-
tional to 7 and 7%, we obtain, using the explicit expres-
sions (88) and (89) (the one-dimensional case was con-
sidered in Refs. 87 and 32),

i i, i 1 ik

fage= 1 il (@i, — cin— 2g7"ckn);

=eeff =0, 3 h . hn ko

7 =7 +ih (bf‘ézfjfhj)—‘ki ["]C‘:hh—ﬂh:iTzci‘h(l::‘ (94)

Lol o hn L I S T o P,
+ cin@1 — 2 (Eruent + CnmCiim - CmnCim)].

If the exponential in (87) is multiplied by a g’-depen-
dent factor ¥(g’) [for U, (86), this is g’*/*], then it can
be included in y,; then the Schrédinger equation with
Hamiltonian obtained from (92) by the substitution p,
~ —ifd; will be satisfied by the functions ¥(¢)i(q) [for
(86),=g'/%]. The factor g'/* can readily be elimi-
nated formally by going over in (92) from p; to f’,
= -ifg™/"s,g'/*; we then conclude that the function y
satisfies the Schrodinger equation with the Hamiltonian

A= g (q) BPy2 + flee(a) By + 77 (95)

In a Hamiltonian path integral, extraterms can also
appear in front of the exponential, for example, in the
form of the factor 1+a,a'+ a;;aA? or, which is equiva-
lent [see (37)], in the exponential. After integration
over the momenta, they can be taken into account in
accordance with the rule (38), i.e., to the infinitesimal
action we add the terms —iZza,a’ —ei*(a; 0;/2 - a))g".
In accordance with Eq. (33), this is equivalent to adding
to the Hamilton function the terms i% a/(p; +f;)
+(if)* o, a;8%/2 +HX 0;0;/2 = a;)g". Therefore, for
Hamiltonian integrals we have the rule

Ut b g A'N = exp {25 (i (f;+ p) —heaye) } . (96)

The vanishing of the terms bilinear in @, indicates
that the presence in the action of other terms linear in
A does not affect the result (96). Thus, to the list (90)
we must add the extraterms

LTy (97)
in the argument of the exponential or in the pre-expo-
nential factor. For generality, we note that in pre-ex-
ponential factors containing the momenta it is necessary
to retain the terms

AN =1,2 . n+ 2 (98)

Equations (90),(92)—(96) solve the problem of listing the
significant extraterms and constructing the effective
Hamiltonian.

L. V. Prokhorov 465



The ordering problem and nonuniqueness of the
expression (75)

Qur calculations answer the question of how the non-
commutativity of the canonical variables is manifested
in the Hamiltonian path integral.®*’ It is clear from Eqgs.
(83), (85), and (93) that the noncommutativity of the op-
erators § and p is reflected in the need to take into ac-
count the extraterms. The two Hamiltonians e (78) and
H'(81), which are indistinguishable from the point of
view of classical physics, give different pictures in the
quantum description, and the difference between these
Hamiltonians is reflected in the appearance of the non-
standard terms (83), which (apart from the last) must
be taken into account.

Of course, besides the standard or antistandard order
of the operators one can consider intermediate cases.
For example, as the term linear in the momenta we
could take apf(§)+Bf(§) p=F,, a+B=1, which leads
after calculation of the matrix element {g|F,|¢’) in (71)
to the appearance in the “Hamiltonian” of the expres-
sion

plaf (@) + Bf (@] = plf (g.) + O (A%)]; g = g — ady; (99)

this corresponds to the choice ¢, € [g,q'] as the refer-
ence point, i.e., as the argument of the functions of the
coordinates in (73) [or the choice g, € [gs, -] in the
prelimit integral (74)].

From what we have said, it can be seen that it is not
sufficient to write the path integral in the form (75).
For Hamiltonians of the general form (78), it is neces-
sary to specify the point of the interval of division at
which the functions in the integrand in the prelimit ex-
pression (74) are taken. If the functions are taken at
the point ¢,, then, as in the case of the Lagrangian
formalism, it is sufficient to endow the integral [or the
Hamiltonian in ('75)] with the index @,0< @<1. This
eliminates the ambiguity in the usually employed ex-
pression (75).

We note that the equivalence rules (94) have been
found for the case a=0. It is helpful to establish anal-
ogous rules for arbitrary ac[0,1]. It can be shown
that these rules are valid for any «, as for the Lagran-
gian formulation.

It is obvious that the expressions found above make it
possible to find the connection between integrals corre-
sponding to different reference points, i.e., they enable
us to go over from an integral endowed with index a to
an integral with index B. The transition formula follows

YHere and in Ref. 30 (see also Refs. 39 and 52) various
aspects of the ordering problem in a Hamiltonian path in-
tegral are discussed. The discussion in Ref. 30 considers
the association of a classical function with an operator
O=exp(~ifit/#); depending on the choice made for the order
of g and p in U, different classical functions are obtained
(even for a one-dimensional harmonic oscillator). In the
present subsection, we are concerned with the ordering of
the operators in the Hamiltonian and the connection between
the order of the operators in A and the form of the path in-
tegral. The problem of allowing for the order of the opera-
tors in the Hamiltonian of field theories was also considered
in Ref. 88.
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readily from (84) and (85), in which it is necessary to
set c(g,A)=A, and as g#, 77 to take g%/ and f7 at the
points g, or gz Expanding the functions g*¥(q,) and
f¥(g,) in powers of @A, we calculate the tensors a and
b in accordance with the definitions (85):

ai! = —agl (9); ai ~—-£.’ 1 (q); bh=—af (9);

(100)

the expansions of the tensors g#(g,) and f¥(q;) are ob-
tained from here by the substitution @— 8, Then, using
the result (94), we find that the corresponding H®'f dif-
fer by the terms

8H = Ho—Hy ~ — ik (a—B) g (q) p;

—ih (@—B) f1; () — (22 —B?) g4, (9)/2. (101)

Since we intend to go over from ¢, to g, it is desir-
able to have g, here on the right-hand side as argument.
Expanding the functions of g in the neighborhood of the
point gg and ignoring the unimportant terms, we obtain

SHy = — ifi (ct— B) g7% (qg) Py — ift (—P) 17, (qp) — 5 (2 —B) 17, (qp)-

(102)
In deriving (102), we used the equivalence rule

A"p, lﬁé;, which follows from the fact that the tensor
b! in (85) is manifested solely by the term i 1n FeeE;
it is even simpler to use the fact that the term A'p,

the function H arises from the commutator (3%, p;]1= = i/b}
in the operator . One way or another, we finally ob-
tain the following rule for going over from one refer-
ence point to another:

¢
ST gy esp [ [ i -t ]
@
t

={® I esp [ | i —H—smyat ],

v

(103)

where 6H=06H, is given by (102). This relation is anal-
ogous to (43); in its derivation, we could use the cir-
cumstance that the rules (94) are true for any g,.

It is instructive to consider one further aspect of the
noncommutativity of the operators in the Hamiltonian,
Suppose the operators § and p are arranged at random®
(see also Ref. 46), as in the Hamiltonian (A.32) written
in the form

= &'t @) g (@) Brg=1% @), 89V 7 (104)
for simplicity we have set A,=V=0. We denote g™
=g. Then the matrix element of A in (1) can, using

(A.3), be written as

(qlH1q") = %E(q) (@1P;1p") (0”18 (@) 19" "1 P51 (P’ g  (4))

{ dp" dq" dp' i " " ’opo '
= | e exp {5 7" a—a)+0" (¢ — )

AH(qg ¢ ¢y p'y D7) (105)
where
Hg, ¢"s ¢y p's p")=2(q) Pig" (") piE (¢')/2, (106)
i.e., for the kernel (71) itself we have
7 . n=1/4 [ dp”dq" dp’
(qlU(e)19") =~ (gg") \W
exp {5 [P (4—0)+0' (0" — ') — el]}. (107)

This is the form that the kernel of the evolution opera-
tor takes if § and p follow one another as in (104). The
path integral is defined, as before, by the expression
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(4), but now using the functions (107). Clearly, it dif-
fers from the simple expression obtained if in (107) we
replace H by the corresponding classical function
&Yp,p;/2. The analog of the integral (74) will appear as
if we had split the time interval into twice the number
of subintervals, i.e., not into N but into 2N, although
the coefficient of H is, as before, £=(¢ -=¢’)/N. The func-
tion H itself in (107) contains coordinates and momenta
corresponding to neighboring intervals.

Let us find what happens if in (107) we first integrate
over p’ and then over ¢”. We obtain

T - n=ish [ dp”dgq . T
Usr (€) > (g2') 5(1k)nep[hp(q—q)J
o A W LT §

0 (¢"—q" — 5 BT ) ) ~ (gg)™" _\Tq;f)‘,’lT

cexp{rp[a—0 -2 @) 1} (108)

where J=det |6} - (¢/2) gppgii(ql)g’ | and g makes the
argument of the & function in the integrand of (108) van-
ish. Obviously, ¢ =¢’'+0(g), and therefore J=1
—(5/2)§p;’§rfj(q’)g and (108) can be rewritten in the
form

Uy = (g¢)7""* | obexp {5 P (a—0)

lic B i o
—e(zarng@)e —+ 5 rei@) ]} (109)

Since here the expression in the round brackets is the
matrix element of the operator H written in the form

(110)

Eq. (109) corresponds to such a partial ordering of the
operators § and j in A. If we were to integrate in (107)
over p” and g”, we would obtain a result corresponding
to ordering:

-~ [ o e fio—=n~—
H=—-gP Py — 2P gl

Ao 5z P g+ o geibz. (111)

These calculations characterize the connection between
the order in which the operators follow one another in
the Hamiltonian and the form of the path integral, which
preserves the information about the mutual ordering of
the operators.

On the formulation of Hamiltonian path integrals in
curvilinear coordinates

In deriving Eqs. (73)—(76), we assumed tacitly that
the spectra of the operators g and f) extend from -« to
+« and that the operators themselves are self-adjoint.
But it can be seen from the following simple example
that this is not the case. We consider the transition
from Cartesian coordinates to cylindrical coordinates
in three-dimensional space. The spectra of the opera-
tors x;, p;,i=1,2,3, which occupy the entire real axis,
are transformed into

P :[—o00, o0]; py=—ikd, :[—oo, oo];
r=(z4z)'? [0, wf; pr= 00, oo]; (112)
¢= tawt (2,27) 1 [0, 2a); p, = —ikd, :0, 5, £25, ...

Thus, even for this very simple transformation we en-
counter spectra of four types. The eigenfunctions of the
operators p,, p,, p, are
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]C,F exp [;T(pz:.—p,r+mhrp)_]‘ m=0, 41, ..., (113)
i.e., in expressions of the type (74) we shall encounter
integrations with the most varied limits and also sum-
mation. In addition, f;, is not a self-adjoint operator on
the half-axis [0,%],°" and its eigenfunctions are not
orthogonal. All this influences the form of (74) and ap-
parently makes it possible to use an expression of the
form (77). At the same time, if the spectra of § and
fill the complete real axis in the curvilinear coordi-
nates, then Eq. (77) is valid. Such a pronounced differ-
ence between systems of curvilinear coordinates ap-
pears somewhat unnatural. In reality, Eq. (77) is evi-
dently valid irrespective of the form of the coordinates,
i.e., it is possible to integrate with respect to all the
variables in it, and, moreover, within infinite limits;
true, in accordance with Sec. 1 the results of integra-
tion must be applied to functions suitably extended be-
yond the limits of the physical spectra, and the poten-
tial must also be redefined. At the present time, the
proof of this assertion does not appear to be possible—
it requires a general theory of the correspondence be-
tween canonical and unitary transformations. At the
present time, such a theory does not exist,*®°® and
therefore we shall merely give some arguments in fav-
or of what we have said.

The spectra (112) obviously exhaust the possible types
of spectra of the operators § and p in the coordinate
systems of greatest practical interest. We shall show
that the summation over the discrete spectrum of fvu
(m#i,m=0,+1,...) can be replaced by integration over
p, within infinite limits, a transition to infinite limits
in the integral over ¢ being made simultaneously. The
sum over m and the integral over ¢ in (87) can, using
(73), be expressed as

o
~

e () = exp [im (@ — )] fo (mk) \ (97), (114)

0 m=—x

where f,(mf) denotes an exponential with a matrix ele-
ment of the Hamiltonian. We use the following device.
By means of the identities

Z F(mft)-—-\ dp 22 F(p) Z 6(—-—:}1);

m=—o0 m=—oco

S) 6(me): E exp (2mipm/H) (115)

m=-—oc m=—o

we rewrite (114):

) 2n 0
@ 3 [ | deeesp[ 5 pe@—w 4+ 22m) | 7o (o) 0o (4).
m=—o0 -

(116)
Going over, as in Sec. 1, to the new function ¥,,

which is defined in accordance with the condition

¥ (@ +2mm) =¥ (@) =), ¢ € [0, 27] (or using the per-

iodicity of szU) we find

oo

E ‘I e\P (imAg) fe (mh) Py (9)

m=-2 {

== r:g dr;lt[f;:q exp { = Pl )fE () ¥o (),

-0

(117)

i.e., we now integrate over ¢’ and over p, within in-
finite limits. This device is fairly general.
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If we integrate over the momentum variables within
infinite limits, then for Hamiltonians of the type (78)
the corresponding Gaussian integral can be calculated,
and we arrive at a Lagrangian path integral. We can
now go over to integration over infinite intervals, using
the results found in Sec. 1. Obviously, the same result
is obtained if from the very beginning (before integra-
tion over the momenta) we assume that all the variables
range from —«= to +~. Thus, it appears probable that
we can integrate in (77) over all variables within infinite
limits.

We now consider briefly the question of the non-self-
adjointness of the operator p, (112).5% Its eigenfunc-
tions {(r |p)=c exp(irp/#)/ Vr are not orthogonal, and the
integral

(plpy=(pIr}{r|p"

T ) oo A o8
g |t [FE a0
0

p+ie

is not a & function (we ignore the variables z and ¢).
However, on physical functions

¥ (p) = (pIr) iy = @ty ™ | rdrexp (—ipri) b (o),

0

(119)

which are analytic for Im p<0 and decrease as Im p
—~ —=_ the expression (118) is the kernel of the identity
operator:

dp'y (p')
p'—p+ie

Pl 0= | (120)

—c0

={pl¥).

There are two ways of going over to a Hamiltonian
path integral in curvilinear coordinates. We have al-
ready considered one of them. In it, the Hamilton op-
erator is written down in the new variables, and then
the path integral is constructed; see above (“operator
method”). The other method is associated with a change
of variables in the prelimit expression (74). With re-
gard to this second method, we note the following. As
in the Lagrangian case (see Sec. 1), it is necessary to
distinguish a change of variables in the integral and a
canonical transformation. A change of variables is an
operation that does not affect the end variables [for ex-
ample, ¢ and ¢’ in (74)], to which the integration is not
extended, and on the passage to the limit N—= it is
only necessary to ensure that all the important extra-
terms are kept. Although the new and old variables in
the integrand may be related by a canonical transforma-
tion, such a change of variables does not entail a rota-
tion of vectors in the Hilbert space (unitary transforma-
tion). The new variables may even be noncanonical. In
other words, only the method of calculating U,
changes. In contrast, the change of variables corre-
sponding to the operator method of transition to curvi-
linear coordinates must always be accompanied by a
transformation of the “outermost” (nonintegrated) coor-
dinates in the matrix element, It is such transforma-
tions that are of practical interest and are usually in
mind. They correspond to a certain unitary transfor-
mation of all the state vectors and are considered be-
low.
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3. CANONICAL TRANSFORMATIONS AND
HAMILTONIAN PATH INTEGRALS

Canonical and unitary transformations

To work with Hamiltonian path integrals, it is impor-
tant to know their behavior under canonical transforma-
tions. This is a rather difficult question and relates to
two problems: first, the general problem of the corre-
spondence between canonical and unitary transforma-
tions*’; second, the specific problem of the behavior of
Hamiltonian path integrals under canonical transforma-
tions.

The importance of the first problem is obvious. Since
the formalism of path integrals is a purely quantum
formalism, it is clearly necessary to have a general
theory of the behavior of probability amplitudes under
such transformations. Dirac,® of course, made the
well-known assertion that for systems having a classi-
cal analog the unitary transformations in quantum me-
chanics are analogous to canonical transformations.
For infinitesimally small transformations, this analogy
is almost obvious.® Overall, this problem is still far
from its solution.’®®® The nature of the difficulties
encountered here is indicated by the following fact.
Even with the simplest point transformation of the co-
ordinates Q=g the ranges of variation of the new and
the old variables are different, whereas unitary trans-
formations obviously do not change the spectra of the
operators (for further details on this point, see Ref.
58).

With regard to the second problem, the difficulties
here are associated with the need to take into account
the extraterms. As we have already noted, only the
classical Hamilton function occurs in the path integrals
in the description of the simplest systems; this creates
the impression that the classical formulas suffice to
study the question of canonical transformations. In
fact, the situation is analogous to that in the Lagran-
gian formalism (see Sec. 1), in which it was necessary
to retain in the path integrals extraterms that vanish in
the classical limit. It is the same in the present case.
For time-independent canonical transformations, the
difference between the old and new infinitesimal actions
is given by®

(121)

iFy (9, @) L 9F (g @) 2
pag—PAQ =0 D g PG D 7010 (A,

where F,(g,®) is the generating function. If Eq. (121) is
divided by €, then, letting the time interval ¢ tend to
zero, we obtain in the limit the well-known relation pg
— PQ=dF,/dt, since the terms of the type (aq)*/€=jaq
tend to zero together with €. These terms cannot be ig-
nored in the quantum description of the system, i.e., in
the path integrals. As in It&’s formula (2), it is neces-
sary to retain in (121) the terms 0(A%) —and this is the
key to the problem.

One further problem discussed below is associated
with the construction of the operator of a unitary trans-

Y Here and in what follows, the expressions canonical tvans-

formation and unitary transformation are applied to trans-
formations in classical and quantum theories, respectively.
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formation from a given generating function. It is obvi-
ous that this problem cannot be solved uniquely, and
therefore in the present section we shall discuss canon-
ical transformations defined by a generator. In addi-
tion, for simplicity we shall restrict ourselves below to
a system with one degree of freedom (this is not a fun-
damental restriction). We first give explicit expres-
sions for infinitesimal canonical and unitary transfor-
mations, which we shall use in what follows, and also
the corresponding exact expressions for finite transfor-
mations. We consider the classical and quantum theo-
ries simultaneously.

Infinitesimal transformation

We shall denote the original variables by the lower-
case letters ¢°, p;,j=1,2,...,n, and the transformed
variables by upper-case Q",PJ.. In addition, for brev-
ity, we shall as a rule omit the indices, i.e., we shall
write ¢,p, @, P.

1. Canonical transformation. A canonical transfor-
mation can be specified by any one of four generating
functions®: F(q, @), Filq, P), Fy(p, @), Fy(p, P). For our
purposes, it is most convenient to use the function F,;
in this case, the transition from the old variables to the
transition from the old variables to the new ones is
made by means of the formulas

al, (¢, P)log

p; OF, (g.P) ol —= Q. (122)

The infinitesimal canonical transformation is given
by the function F¥ =gP+G(gq, P)w, where w is the pa-
rameter, w— 0; we shall call the function G the gener-
ator of the transformation. In accordance with (122),

p= P,L%m; Q o %(.,_ (123)

Since P=p+0(w), we can, ignoring the terms of or-

der w?, write these formulas as

(124)

AL LR R

After an infinitesimal time interval df, the old and

new actions differ by a total differential:

dt [,m;'— H(q, p)]—dt [1’(_-)— il (Q. P)]- pdyg—PdQ - dl(q, @),

(125)

where pg=p,q', pdg=p,dy’, etc., and H(Q, P) = Hq(Q, P),
p(@, P)]. Knowing the function F,, we can find F, (and

vice versa):

Fy @ Q) = Fy(q, P) — QP; (126)

here, P=P(q, Q) is a solution of the second eguation of
the system (122). For infinitesimal transformations,

Fo(q,Q)=P(g—0Q) +Glg P)o. (127)

2. Unitary transformation. The unitary transforma -
tion corresponding to the canonical transformation (124)
is given by the generator G, which we define by the for-
mula

G=06 ({:ﬂ. {;), (128)

i.e., G is obtained by the substitution ¢, p~ §,p in the
function G(q,p), and [§,pl=1i%. It is assumed that: a)
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the substitution is made in Cartesian coordinates; b)
some solution is found to the problem of the order in
which the operators follow each other in @, so that the
operator Gis self-adjoint. The finite unitary transfor-
mation is realized by the operator

U = exp [ — (i/h) G1] (129)

(7 is the parameter of the transformation) in accordance
with the rule

A= Addly |14Y =347, (130)

where A is an arbitrary operator, and |TA’) is an
eigenvector of the operator A, with eigenvalue A’. For
infinitesimal transformations (r= w—0) we have

LU
1L w;

Jo=g+= (G, glo= g+
i ap

TR S (131)
Po=p++1G, plo- - p— JElaM, CAEeRT
oq
To bring out the analogy with Eqgs. (124), we have here
introduced the symbols of derivatives with respect to
operators, the definition of which is obvious. Equations
(131) define explicitly the infinitesimal unitary trans-
formation of the variables g and f) corresponding to the
infinitesimal canonical transformation (124).

Finite transformations

In the classical and quantum theories, they are given,
respectively, by the generating function F,(q, Q) [or
F,(q,P)] and the operator %,. We shall show how to
construct F(q, @) and F,q, P), given the function
G(q, P), and we shall find a representation for the ker-
nel of the operator %, in the form of a path integral.

1. Canonical transformation. If 7 is the parameter of
the finite transformation, Eqs. (124) can be rewritten
in the form of the equations

P (%)== —0G (g, p)idg(v); } (132)

7 (1) = 96 (g, p)iap (1),

in which the derivatives dfg-r)/d-r with respect to the pa-
rameter 7 are denoted by (7). Let ¢(0)=gq,p(0)=p,q(7T)
=@, pl7)=P (7T is a finite value of the parameter 7); then
the solutions of Eqs. (132) give in explicit form expres-
sions for the new coordinates in terms of the old: @

=Q(q,p,7), P=Plg,p,7).

We shall find the function F,. For this, we first find
F,. In accordance with (127),

F g, Q) [—Pi+6lg Plo=—K(@ go (133)
where §w=Q -q,q=p(1),@=¢(r+w), P=p(7 + w) and in-
instead of P we have substituted the solution of the
second equation (of the system of equations) in (132). It

is easy to show that the solutions of the equations

‘d OK(g. 9) _ dK (?l. a) 0

dt 0‘} oq

(134)

together with the condition 8K/8g=p give the same ca-
nonical transformation as the solutions of Eqs. (132)
(cf. the proof of the equivalence of the Lagrangian and
Hamiltonian equations in analytical mechanics —the
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analogy here is complete). We shall show that the gen-
erating function F,(q, @) of a finite transformation is an
extremum (minimum) of the functional - [ K(g, ¢)dr [the
boundary conditions for g(7) are fixed: ¢(0)=g¢,q(7)=Q]:

—Fyi(g, Q= (135)

R (g, Q) =extr | K(q, ) dr.

S |

Obviously, the functional (135) takes extremal values
on the solutions of Egs. (134). It is also clear that the
equations

aFy (q, Q)/ag = p, 0F, (g, Q)/aQ = — P (136)

which follow from the definition (125), and Egs. (132) or
(134) define the same canonical transformation. In-
deed, in accordance with (135), i.e., if Egs. (134) are
satisfied, 0F,=-8K/8qdq |7, and using the equations
aK/ag=p(7), J13(0) p,p(7)=P we obtain 6F, = —pbg(7)
+pbq(0), i.e., Egs. (136). This proves the equivalence
of Eqs. (134) and (136). Therefore, (135) does indeed
define the function F,(q, Q) which occurs in (125). The
function F,(q, P) is related to F,(g,Q) by (126), in which
@ is replaced by the solution of the equation 8F,/3¢

= _P. Equations (133) and (135) show how the generat-
ing function of the finite transformation is constructed
from the given generator.

2. Unitary transformation. By means of the standard
procedure (see Sec. 2), the matrix element (@ |%; |¢)
can be represented by the Hamiltonian path integral

a(t)=Q

I T e {%5 (p—G(g, Pdc}.  (137)
gif=q T 0

We emphasize that the expression (137) is well-de-
fined only when we specify the order in which the oper-
ators follow one another in the generator é, whose ma-
trix element G(p, q) occurs here. Suppose the operators
5 stand to the right of §; then G(g,p) is determined by
the equation G(g,p) (g |p)= (q]é|p). We assume that the
function G contains not more than second powers of the
momenta. Then, integrating in (137) with respect to the
momenta, we obtain

Q1=1g) —

QA1 = § Za@exp {5 | K (@ g1}, (138)

St Al

This is an exact expression for the kernel of the unitary
operator 07};. Going to the limit #— 0, for functions
K(q,¢q) bilinear in g, we obtain, using (135), the well-
known quasiclassical approximation for this kernel™%;

QU |0) = e op [+ R (0. Q] D=det|— 50|
(139)
In principle, the asymptotic behavior (139) can be ob-
tained directly from (138) (see Ref. 62, p. 113, and also
Ref, 41); however, it is simpler to use the Schrodinger
equation i779%/81= G(Q, —i7%9/5@Q)% applied to the kernel
(Q]azf;; |g» written in the form (139). For the functions
D and R we obtain equations analogous to Egs. (A.23)
and (A.25), by means of which we can readily show that
the functions R and D in (135) and (139) do indeed satis -
fy these equations,”®

Example. We consider an infinitesimal point trans-
formation Q(g) =g + ¢(q)w, where ¢ is an arbitrary
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function. The transformation is given by the generator
G(g, P)=P,p*(q), i.e., in accordance with (124)

Py = p; — .5 (q) pyo; @7 = g/ +- 9 (9) 0. (140)
The corresponding quantum generator is
":é-[q-i @ Pi+Pio (D=9 (@ P+ %«pf,- (@- (141)

Because G(q, P) is linear in the momenta, the order-
ing problem is solved by simple symmetrization, i.e.,
by the requirement that G be Hermitian. For a unitary
operator %, we have

@, =cexp[—(i/8) G (@)]-

The wave functions transform in accordance with the
formula

=y~ (1+mrp'5q—,+ 5 9 )\Hq)

~ (145 95(0) v a+e @) = 724 @ @), (142)
where J=det @,~ 1+ go-f,.w is the Jacobian of the trans-
formation. If the original coordinates are Euclidean,
then J=vg, where g;; is the new metric. It follows in
particular from (142) that the operation of the change of
variables ¥(q) ~ $[@(g)] is not unitary (the factor J'/2
=g'/* must be added); it is “unitary” in the scalar pro-
duct (under the integral sign), since dg—~Jdq. It is easy
to establish the law of transformation of the operators:

@A 10y=WU @7 @2 Q @410« (143)

In Appendix 1, it is shown that in a nontrivial metric
the kernels of the operators acquire the factor (gg’)™4,
whereas (143) contains ( gg’)'/?. The point is that,
first, the use of kernels with the factor (gg)™/* pre-
supposes integration with the invariant measure dg
= v’_dq, whereas here we understand integration with
the measure dg; second, the operators A act on the
space of the functions §, whereas the kernel (g |4 [¢")/
(gg')'/* acts on the space of the functions ¥[Q(q)].

Canonical transformations of Hamiltonian path integrals

The results of Sec. 2 and those given above make it
possible to attack the problem of the behavior of Ham-
iltonian path integrals under canonical transformations.
To elucidate the problems that are encountered, we re-
turn to the simplest formula

Ve(@) > | 25 exp (- 0" (a—a) —eH (¢, P} o (@), (144)

For simplicity, we consider a system with one de-
gree of freedom (1 =1) and with the standard Hamilton-
ian [see (150)], and then discuss the generalization,

The infinitesimal canonical transformation (124):
p"—q',p" (the role of @, P are played by ¢”, p” —essen-
tially, we are making the inverse transformation) ob-
viously reduces to a simple change of variables in (144).
Transforming similarly the variables q,p—g,p and ig-
noring the terms of order w?, we rewrite Eq. (144) as

m | AL oxp (L PO N
ﬂ’wf K DENFET T TR

(" (—q)—eHu(g', )]

i, 6. ) i~ G p 967’ P)

g B o =) G o v (0 4+ L 0)
(145)

where H,(q',p')=H(q' + w8G/8p’, p' - wdG/8q’). The
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corresponding expression for the unitary transforma-
tion (129)—(131) is obtained as follows. By definition,

e (0) = (g1 el ) = (g1 O ) (146)

where U¢=4,,U,%,, = exp(~i H e/ki). Using twice in (146)
the resolution of the identity with respect to the com-
plete system of eigenfunctions of the operator g, and
also the expressions fPr the matrix elements of the op-
erators %, Ug, and %, which are analogous to Eq.
(73), we obtain

Velg) & [ s S B exp ([P (g— Q) — b (g, P)

P (Q—Q) = eHL Q') P+ (Q'— ') + G (a', p')I} Yo ()

(147)

This expression requires explanations. In accordance
with (130) and (131),

o= H(gor p) U (740, p—L0),

% 5 (148)

i.e., in A, the operators § and p are not ordered. To
obtain Eq. (147), it is necessary to order the operators
in the expression (148). We place p to the left of g (of
course, bearing in mind that these operators do not
commute). Then the matrix element of the operator
that is then defined,

(P'|HY (3, P)IQ") = HE(Q", P')¢P'|Q), (149)
gives the function written down in (147). For the stan-
dard method of ordering (p to the right of §), we should
have the function H%(@, P’) in Eq. (147); for our pur-
poses, it is convenient to take the function H2. Obvi-
ously, in (147) it is necessary to take into account all
terms of order €, w,ew. We make some comments con-
cerning Egs. (145) and (147).

It can be seen from Eq. (147) that the result of apply-
ing the unitary transformation appears to differ very
strongly from the analogous result (145) obtained by
canonical transformation of the variables in (144). It is
clear from general considerations that Eqs. (145) and
(147) define the same transformation, but it is desir-
able to have a direct proof of this.

As noted in Sec. 2, it is necessary to distinguish a
change of variables in the prelimit integral and the
transition to new variables (to a new representation) in
quantum mechanics. In contrast to the second opera-
tion, the first does not entail a rotation of the vectors
in the Hilbert space and is merely a device for calcu-
lating the multidimensional integral. The second oper-
ation is in practice more important, since, as a rule,
a transition to new variables is dictated by the physics
of the problem. It is this circumstance that to a large
degree determines the importance of the problem of
canonical transformations of Hamiltonian path inte-
grals.

Although, as we shall see, the proof of the identity of
Eqgs. (145) and (147) is fairly long, it is also instruc-
tive. First, the calculations will illustrate Eq. (121)
and make it clear why it is necessary to take into ac-
count in it the terms 0O(aA®). Second, we shall become
acquainted with a case when it is necessary to take into
account extraterms of even higher order (A?) than the
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terms (90) and (97). These features of the problem are
obviously due to the presence of the two small param-
eters £ and w and the need to retain terms of order &w.

We make the corresponding calculation. The most
natural path to our goal is to integrate in (147) with re-
spect to P, @, P’,Q’. This can be done explicitly only if
the functions H and G contain the momenta to not higher
than the second power. We restrict ourselves to func-
tions of the form

H (g p) = p*2 4V (a); G (g, p) = ap®2 — U (q) (150)
(@ is an arbitrary parameter). Then

Hi@. P)=1l (@ ) =Y (o—3Y @o+0@).  (151)
where

Vig) = U () — &V (q); ¥’ = aY/dq. (152)

We note in passing that the function H (4, p’) in Eq.
(145) corresponds to only the first two terms in (151),
Integration with respect to @ in (147) gives a 5 function
in P-P’, which is removed by the final integration
with respect to P. Omitting the primes of @’ and P’ in
the obtained integral, we have

( dPdQ dp'dg i y A
e (9) = | =57 “mexp {1—G (¢, PYo + P(g—0Q)
J 3Tk T

—ely Q. P)+p" (@—10)+G (. p)6l} fo(@).  (153)

The next step is to integrate in (153) with respect to
P. We write g -Q=A,. Inthe exponential in the inte-
grand the coefficient of P? is € + aw=Q. This fact and
also the necessity of retaining terms of order € w means
that the equivalence rules from Sec. 2 cannot be applied
in a pure form, although the general method is valid
here too. Integrating over P, we obtain

* dQdp'dq : i Ay el (@) '
e fg)'= \ 5T ({zgiszn'wﬂ exp {T[ - ) Q@ —p2a—U (@0

(154)

—TV(@e+5 Y (@ eotp (4—0)+6 (0 p) o]}t (a).

The leading terms of the integral (154) as £, w—0 can
be calculated by means of the standard procedure —ex-
pansion of the integrand in powers of A, and integra-
tion over @, i.e., we again use Eq. (19), in which
n=1,g,,~1,g01++i2e~(2k ~1)!| and e~ Q. In the expan-
sions of Y and V it is necessary to retain, respective-
ly, the linear and quadratic terms, i.e., ¥(Q)= ¥(g)
=Y'(q)a,, V(@)= Vig) - V'(g)a,+ V"(g)a/2, while in
Y'(Q) the argument can be immediately replaced by ¢,
since the coefficient of it is ew. The difference from
the equivalence rules in See. 1 is striking—we take into
account the terms A2, which in accordance with (19)
are equivalent to eQ= acw. For the same reason, in
the expansion of exp(p’A,/i%) we must retain terms up
to AL~ Q%~2acw. Of course, the terms gwa,/Q must
also be taken into account. Doing all this, we find

? ( ap'dq
te(a) = | =557

exp {+[ =6 Pro+p (a—0)
—e (Z 4V (=0 (@) ' o + 520" (@) +6(0"s p)o |} ¥ola)-
(155)
It is now an easy matter to reduce the obtained ex-
pression to a form that can be compared with Eq. (145).
The coefficient of p’/2 in the exponential in (155) is &,
and therefore we can use the results of Sec. 2. We
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make the following operations: (i) the substitution g

-~ g’ in V(g) and U"(g); (ii) the substitution p'U(q)

= p'U’(g")a; (iii) the replacement of ¢ by 7+ wdG(F, p)/
ap; (iv) the shift of the variable of integration ¢’ ~g’
+wdGlg’, p')/8p’. The validity of (i) is obvious —the old
and new terms differ by quantities of the type ea. Us-
ing Eqs. (84), (92), and (94), in which all the tensors ¢
and g are equal, and bj— -U"(g’), we make the substi-
tution U”(g")p’a—~ i#U"(g’) in (155) after the operation
(ii). Finally, bearing in mind that H(g’ + wdG/8p’, p’

- wdG/8g")= H(g' + wdG/8p', p') - p'U'(q"Yw=H (g, '),
we rewrite (155):

~ [ 4p dg’ b R, T i e
%(q)~5 Sk eXp{—,;[P o 0—G(g, p)o+p'(g—1)
i o AR e , 36, P
—eHa(g's P)+ 20" (¢) o —p' 0

+G (¢, P')w]} Yo (fj'"faig.—m). (156)

This still differs from (145). We make the substitu-
tion

(' p)—C @ p) = (¢ — ) L)L Wl FOULT) - (q50
We readily see, again using Eq. (19) or the rule (96),
that in (157) we can make the substitution (g —g¢’)*— ie7.
As a result, the terms of order ew cancel and the ob-
tained formula is identical to (145).

We now consider how we must make the infinitesimal
canonical transformations in the Hamiltonian path in-
tegral. In accordance with our calculation, we can
either 1) use the corresponding unitary operator to
make the transformation A -ﬁm and then the standard
procedure to write down the path integral for the ma-
trix element of the operator U%=exp(-iH /%), or 2)
make an appropriate change of variables in the approx-
imate expression for the Hamiltonian integral. This
second possibility, which is natural when one is work-
ing with path integrals, is in practice more compli-
cated for comparatively simple generators G. First,
in accordance with Eq. (145) the obtained kernel acts on
functions of the form {g+ wdG/8p |9}, whereas in ac-
cordance with (130) we are interested in the kernel of
the operator in the space of the transformed functions
{q|w)={q|at |¥). I other words, the kernel obtained
by means of the canonical transformation must be mod-
ified accordingly (by applying the operators %} and % ).

Second, one must take into account the extraterms
scrupulously —which is a fairly tedious undertaking.
Therefore, when making the canonical transformation
it is more expedient to use the first approach. Then it
is an easy matter to write down the transformed path
integral:

. q(t)=gq oy 1] ,

@|UP1gh = 1 244900 exp {%ﬁ (pa—H5 (g, Pt} . (158)
q0)=g" t n

where H? is given by Eq. (149). The derivation of this

expression by a change of variables in the approximate

integral is described in Ref. 33.

We now turn to the question of finite canonical trans-
formations. Suppose we are concerned with transfor-
mations that are specified by a generator and do not
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change the ranges of the variables. Then obviously fif
~ Ul =exp(-iH,t/h), where

He—UH (@, )G« = H (Gee Do) (159)

and the problem reduces to the standard procedure as-
sociated with Egs. (4), (71), and (73). The correspond-
ing expression will differ from (158) by H% -~ H2. 1t
should be recalled that the obtained path integral is to a
large degree formal. Thus, even for generators G of
the form (150) the operator H, can contain any powers
of the momentum p, i.e., the integral over the momen-
ta will not be Gaussian, In principle, such integrals
can be given a rigorous meaning®'* (one can define in-
tegrals of a more general form*® without using an expo-
nential), but they are of little use for calculations.

We note that the antistandard ordering [the super-
script a in (158)] appeared for purely technical reasons
in the proof of the identity of (145) and (147). Of
course, we can go over in (158) to any other index fol-
lowing the rules of Sec. 2.

Let us discuss the expression (121) in somewhat more
detail. The terms outside the square brackets in the
exponential in (145) make the difference 8=p"(q -¢q")
-p"(g -q"). In classical mechanics, this is a total dif-
ferential dF, if aAt=e~0 [see (125)]. As we have noted,
for working with Hamiltonian path integrals such an ap-
proximation is insufficient. Bearing in mind that p”
=p' —wdGlq’,p') /8¢’ and g —q" =7 —¢q' +O(w), and ignor-
ing terms of order w®, we have

b~ -[P'(ﬂr}-q)ép' (¢’ —a")+(a— q’}-ac(;;,—l’”m]- (160)

Using now Eq. (157), and also the definition (127) of
the function F¥(¢’,q")=p"(q¢’' - q") +Glq’,p')w (here, we
must replace p’ by the solution of the equation g” =g’
+wdG(g',p')/8p’), we obtain

8= —[F @ o—F (g, )~ ZEL ) o ]

p) P (161)

It is obvious that in the classical case the ratio 6/¢
tends in the limit £~ 0 to —dF #/dt. since the last term
in the expression (161) gives zero in the limit. As we
have seen, in Hamiltonian path integrals the last term
cannot be ignored. Tt must be taken into account be-
cause of the presence of the “nonclassical” term
inU"(g")ew/2 in Eq. (156), which appears because of the
noncommutativity of the operators § and p [see (151)].
Thus, here, as before, the operator nature of the ca-
nonical variables is reflected in the extraterms.

Thus, the Hamiltonian path integral changes its form
under canonical transformations, since, as we have
seen, we cannot restrict ourselves to a replacement of
the original classical Hamilton function by the trans-
fPrmed function because of the possible appearance in
A2 of the nonclassical terms —(i%w/2)[U" (g) - aV"(q)]
[see (151)]. In this sense, the Hamiltonian path integral
does not transform “covariantly” under canonical trans-
formations. Strictly speaking, it is not covariant even
under linear canonical transformations, when the func-
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tion U(g) in (150) is quadratic in q, since even in this
case the term ¥’, which is proportional to #, in (151) is
nonzero (¥’ = const#0), With regard to the § matrix,

its transformation properties under the given transior-
mations will not differ from the properties character-
istic of arbitrary unitary transformations.

We have considered only generators of the form (150).
To them, one can add terms linear in p; as before, the
calculations can be done. But if the function G contains
higher powers of p, a corresponding analysis is impos-
sible, since the integrals over the momenta cannot be
calculated. Incidentally, this does not deprive the re-
sulting formal expressions of meaning, since analogous
expressions are also obtained for finite canonical trans-
formations with generators in the class (150).

We now say a few words about arbitrary canonical
transformations defined, not by a generator, but by a
generating function F,(q,®). In this case, it is probably
impossible to construct an exact kernel of the corre-
sponding unitary operator, since for this it is neces-
sary to recover uniquely from F, the generator G and
then the corresponding operator G. Although what we
have said does not mean that such a canonical transfor-
mation does not correspond to some unitary transfor-
mation, the procedure described above for constructing
the path integral in the new variables is unsuitable. In
particular, a unique prescription for expressing the in-
tegral in the new variables is associated with the oper-
ator formalism, and this requires a quite definite order
of noncommuting operators in the expressions of the old
variables in terms of the new ones. The classical for-
malism, or rather the function F,(q, @), does not con-
tain such a prescription.

We consider finally point transformations in Hamil-
tonian path integrals. The transformation ¢,p- @, P, ¢’
=q¥(Q), P;=dip,,d=¢q’, is linear in the momenta. The
appearance of the extraterms is associated with the
term p.A? in the exponential, which is transformed into
p:cQ, Ag), where c¢f is determined by Egs. (85) and
(60) (in the last, it is necessary to make the expansion
at the point Q). We can now use the general equiva-
lence rules (92)—(94) at the point @', taking the tensors
a and b in them equal to zero, and making the substitu-
tions

g1y iy didigas f'— e p(a0L (162)

It must only be remembered that by virtue of the ca-
nonical invariance of the measure dq'dp the factor
Vg'lgg') ™/ *= (g’ /g)*/* remains unchanged. To preserve
the explicit covariance of the expression we must here
too go over to the tensors 3, i.e., (g'/g)"/*
=(g'/g)"%(J/J')"/ 2, J=det ¢';, and include the factor
(J/d7)* 2 by means of (96) in H,,. By virtue of the in-
variance of the formalism, H,, is obviously obtained
from the old expression by the substitution (162) with
allowance for the formulas analogous to (79) for
H¥q',p)[see (A.32)]. This proves the admissibility in
the Hamiltonian integral of finite point transformations
defined by a generating function.
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4. HAMILTONIAN PATH INTEGRALS AND
DYNAMICAL SYSTEMS WITH CONSTRAINTS

Quantization of systems with constraints

The problem of quantizing the gravitational field
stimulated the study of classical systems with con-
straints.®® % Dirac gave general rules for the quantum
description of such systems.® Before we turn to path
integrals, we state some results concerning their quan-
tization that are important for what follows:

1) dynamical systems with constraints of the first and
second class are quantized differently®;

2) for constraints of the first class, the operations of
eliminating the unphysical variables and quantization do
not commute.

We shall make some comments on the first proposi-
tion and prove the second. As is well known,” the con-
straints, i.e., functions ¢,(q,p),s=1,2,...,S, fixed by
the condition ¢, =0, can be regarded in the neighborhood
of the physical region as part of the complete set of ca-
nonical variables. Since the existence of constraints of
the second class means that it is necessary to fix si-
multaneously some of the canonically conjugate vari-
ables, i.e., variables of the type ¢® and p,, it follows
automatically that the standard quantization procedure
is inapplicable,* since.the fixing of the variables brings
one into conflict with the quantization condition [§*, p,]
=ind%. Therefore, in the presence of constraints of the
second class the constraints must either be eliminated
before quantization or (which is the same thing) one
must go over from the Poisson brackets to the Dirac
brackets®™ and then quantize using the new brackets.
Since the Dirac brackets for constraints of the second
class vanish, the canonical variables corresponding to
these constraints remain classical after quantization
(their commutator is equal to zero). In other words, in
the case of quantization of a system with constraints of
the second class using Dirac brackets it is immaterial
at which stage the unphysical variables corresponding
to these constraints are eliminated —before or after
quantization.

Systems with constraints of the first class are quan-
tized differently. In this case, the constraints ¢, play
the part of canonical momenta conjugate to unphysical
coordinates. They can also be fixed in the quantum de-
scription—the conditions ¢, = 0 are transformed into
conditions on the state vectors®®:

‘Psq'phys"z 0. (163)
Since in both cases, i.e., in the presence of con-
straints of both the first and second class, the matter
reduces to a restriction of the original phase space to a
certain subspace, which is determined solely by the
physical variables, the following question arises: Does
the difference in the quantization prescriptions affect
the physics? Would it not be possible in the case of
constraints of the first class too to eliminate first all
the unphysical variables and then quantize? These
questions are answered by the second of the proposi-
tions above. If we first eliminate the unphysical vari-
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ables, and then go over to the quantum description, the
physical picture will differ from the picture that arises
in the case of the Dirac quantization (163). A differ-
ence arises in the physically most interesting systems
when the eliminated variables are associated with curv-
ilinear coordinates (in the case of elimination of vari-
ables associated with Cartesian coordinates, the two
methods lead to the same result). The reason for the
difference is simple—if the eliminated variables are
associated with curvilinear coordinates, the standard
quantization prescription (the substitution ¢, p
~G,b,Hg, p)~ H(G,p), 4, p]= i%) does not work for
them; at the same time, the remaining physical vari-
ables need not retain information about their “curvilin-
ear” origin. We demonstrate this by an example which
simultaneously serves as the proof of proposition 2.%+32
To prove it, it is sufficient to find one example of the
asserted noncommutativity.

Example.”’ We consider the dynamical system de-
fined by the Lagrangian

L(x, x, y, y) = [(d/dt —yT) x]2/12—V (=), (164)

where x is a two-dimensional vector, x=(x,,x,), and T
= —ir,, where 7, is a Pauli matrix; (Tx),=7,;x;. The
theory is invariant under the gauge transformations

Sy=o(t); dx=aw (1) T, (165)

where w(f) is an infinitesimally small arbitrary function
of the time. Essentially, (164) is the Lagrangian of
scalar electrodynamics in a (1+0) space, in which the
electromagnetic field is A —~ A;=y, and the complex
“field” ¢ is expressed in the form ¢ =(x, + ix,)/V2.
Formally, this Lagrangian, which describes the motion
of a particle of unit mass in the x plane, is the simplest
example of a gauge theory.

A primary constraint is given by the equation 7= aL/
89=0. The Hamiltonian is

H = p*2 + V (x*) + ypTa, (166)

and there is the secondary constraint & =pTx=p;T;;x;,
since {y, 7} =1.

In accordance with Dirac’s prescription,” we impose
the following conditions on the physical state vectors on
quantization:

(167)

-T[l?phys: (D‘pphys’t 0.

We shall find the equation that the physical wave vec-
tors satisfy. Going over in (166) to operators, x—X,p
—~p, we write the Hamiltonian in polar coordinates
[(x]_,xz) S (Ts 90)]:

j= 4 (5 (168)

1 ;
Hess *g;:;-*.TFﬂL—ig-ai‘;“) +V (r¥) + ypgs

where p, =~ i78/8¢=pTx=3. Using (167), we conclude

that the physical wave functions satisfy the equation

ny b ios

.. MWphys n o8t ;
i a';hy:[# 3 (FJFr ar)“"V(’"z)]‘Fths' (169)

9 The same example was in fact considered in Ref. 68. Models
of this type with a non-Abelian gauge group were studied in
Ref. 69.
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This is the result given by Dirac’s prescription (163).
Let us consider what we obtain if we first eliminate the
unphysical variables and then quantize. The classical
Hamiltonian (166) in polar coordinates takes the form

H = (pr+pa/r®) 2+ (r*) +ypy- (170)

Eliminating the unphysical variables, i.e., setting p,
=¢=0, we obtain

H' = pi2+V (). (171)

We have arrived at a one-dimensional problem on a
half-axis. The quantization is done in the standard
manner, and the operator

I

P
H'= 2 gt

+V () (172)
is extended to a self-adjoint operator.®” It is clear that
the Hamiltonian in the Schroédinger equation (169) is not
identical to the Hamiltonian (172). This proves propo-
sition 2.

The considered example demonstrates one further
feature of quantization with the condition (163), namely,
after the transition to the physical phase subspace, in-
formation about the eliminated unphysical subspace is
preserved. The physical vectors satisfying Eq. (169)
form a subspace of the Hilbert space spanned by the
eigenvectors of the operator (168). These last are nor-
malized in accordance with the condition

2n

ﬂrdr‘idqlq-(r,q}\‘v’ 1.
o

(173)

The vectors U, satisfying the condition p, ¥, =0 do
not depend on ¢, and for them (173) can be written in
the form

2n | rdritpnys (0121,
0

(174)

i.e., the solutions of the one-dimensional equation (169)
must be normalized in accordance with (174) (with
weight that depends on the dimension of the unphysical
configuration subspace; see also Refs. 68 and 70).

One further problem which arises on quantization of
systems with constraints of the first class relates to
the problem of ordering the operators in the con-
straints.” " For Lagrangians of the considered class
[functions bilinear in the velocities of the type (9)], the
following procedure can be proposed. It is easy to show
that for such systems the primary constraints ¢!’ are
linear in the momenta,®’ and the problem of ordering in
such operators can be uniquely (up to unitary equiva-
lence) solved by requiring their Hermiticity® or by sim-
ple symmetrization (we assume that ¢ &'’ can be taken
to be new canonical momenta). Suppose that the prob-
lem of ordering the operators in the Hamiltonian has
also been solved. Then because of the absence of con-
straints of the second class all secondary constraints

©1n the given case, the equations p; +8L/ 8g* are linear in g
and p. If the rank of the matrix 8’L/ dg’aq’ is R, then the
solutions ¢ 7= f7(¢, p)R of the equations are also linear in the
momenta, Substituting these solutions in the remaining equa-
tions, which gives the primary constraints, we see that the
latter are linear in the momenta.
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are obtained as follows. From (163) and the condition
that the Hamiltonian does not carry ¢, . out of the
physical subspace, we obtain the conditions

lws®, H] V' phys = (E—lszlll'phys: 0.

(175)

If these equations are satisfied automatically on vec-
tors i, satisfying (163), then secondary constraints
are absent. If not, we must restrict the Hilbert space
further by requiring also fulfillment of the conditions
(175). Obviously, the procedure must be continued,

, the commutator [¢ @, ] must also vanish on the
physical functions (we recall that all constraints are in
involution, i.e., [@,, ¢ ¥y =0). This procedure
makes it possible to find the constraints with allowance
for the order of the operators in them.

We note that logically there are two methods of quan-
tization in the presence of constraints of the first
class: 1) one can first eliminate from the Hamiltonian
all the unphysical variables and then quantize; 2) one
can quantize using the condition (163). A priovi, there
do not appear to be reasons for giving preference to
either of these ways. Only experience can decide this
question. It is well known that quantum electrodynam -
ics is constructed on the basis of a condition of the type
(163).

Elimination of unphysical variables in a Hamiltonian path
integral

Our analysis in conjunction with the results of Sec. 2
enables us to formulate rules for eliminating redundant
degrees of freedom in the method of path integrals.

Constraints of the first class

The prescription here given by Faddeev’® (modified
subsequently in the monographs of Refs. 74-76) essen-
tially corresponds to quantization after elimination of
all unphysical variables (see Refs. 31 and 32 and Appen-
dix 4.2). According to the example we have considered,
it leads to results that differ from those which follow
from the requirement (163). As we have noted, the two
approaches lead to the same results only in the simplest
cases when the unphysical variables are associated with
Cartesian coordinates.

Thus, suppose we have a Hamiltonian H and opera-
tors ¢, corresponding to constraints. Suppose that by
means of a unitary transformatlon we can go over to
new canonical variables q,p 4, P %, #,[Qr, P,1= 1m0y,
[¢, 7,1 = 176%; [R, @1=[x, P1=[#, §]=[7, P]= 0 such that
some of the new momenta can be identified with the
constraints: # = q:s(a f;) (in the neighborhood of the
physical reglon) We place the momenta # (the con-
straints) in H(Q,P X, ) to the right of the operators of
the coordinates (bearing in mind that they do not com-
mute), Since the terms corresponding to the con-

straints give zero when the Hamiltonian is applied to a
physical state, we can set these terms equal to zero.
It is obvious that the remaining part A |§.0=H must not
depend on ¥ [other wise, by virtue of (175), it would
contain certain 7, which contradicts the assumption #
- 0], i.e., the condition [#,, H]=0 must be satisfied.
The operator H=f,,, is the required physical Hamil-
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tonian. After elimination of the unphysical degrees of
freedom, we can write down a path integral for the evo-
lution operator using the general rules of Sec. 2. It can
also be written down for an operator A(Q, P, X, ) that
depends on ¥ and #. Since the evolution operator is ap-
plied only to the physical states, which satisfy the con-
ditions #x,,,,=0, i.e., do not depend on ¥, it is clear
that the unphysical variables can be eliminated by in-
troducing in the integrand the factor I1 (2m7)8(xs)6(m,).
This general procedure is inconvenient for practical
use, since, as a rule, it is difficult to find 4 in the new
variables. It is desirable to have expressions with the
Hamiltonian and constraints depending on the original
variables g and p. For this, it is necessary to make a
canonical transformation to the old variables in the ob-
tained expression. The result will be the required for-
mula. Unfortunately, the question of arbitrary canoni-
cal transformations in a Hamiltonian path integral re-
mains open, and therefore we shall restrict ourselves
below to the case, of practical importance, of con-
straints which can be obtained from the old variables by
a point transformation. One can show that such con-
straints are linear in the momenta, so that the ordering
problem, if it arises, can be solved by simple symmet-
rization.

Thus, in the new variables the formula for the physi-
cal ), with eliminated variables can be written in the
form .

e = S dQ’ dP dy’ L.ffr (:_"_,’)I.t‘i -l—[ 5 (};") 8 ()
£ i =1

(2am S

exp {4 [PAQ+ ahy—e (Meqe(Q', P)+Hi (@, P, 7y )1} 0 (Q)-
(176)

As in Sec. 3, the combination (g’/g)'/* of determi-
nants is associated with the fact that application of a
kernel having the factor (gg’)™/* presupposes integra-
tion with the measure vg'dg’. The subscript “eft” of H
means that this function is written down with allowance
for the rules of commutation of the operators. Further,
AX=X -X', so that in (176) we should set x =0, but,
bearing in mind the subsequent transition to the path in-
tegral, this has not been done. We can now return to
the original variables, making the substitution @=@(q),
P=P(q,p),x=x(g),7=@lq,p) (point transformation); as
g, p), we take the functions that occur in the equation

(177)

If (176) did not contain & functions, then with allowance
for the extraterms we would obtain an integral in the
original variables with the original Hamiltonian. The
presence of the 6 functions makes it unnecessary to take
into account the extraterms associated with the unphys-
ical variables ¢°, which are fixed by the additional con-
ditions x*=0. As a result, we obtain, not the original
Hamiltonian H(q, p), but some effective Hamiltonian,

and Eq. (176) can be rewritten as

e dq dp
e = S el

PI9 (@ P e =@, (2, p){plO).

Hﬁ(x (g) 8 (s (q"s )

wexp {T [pAg—& Mg (g’ ﬂ)i} Yolg')- (178)

The explicit form of H , is determined by going over
from (176) to (178); the factor (g'/g)™*/* is included in
the definition of H,,, (this can always be done, since g’/
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o has the form 1+cA+...; see Secs. 1 and 2). The
change in the Hamiltonian reflects the operator nature
of the canonical variables. It is also associated with a
feature of a change of variables in the presence of &
functions —they annihilate not only the variables them-
selves but also the extraterms generated by them.
From Eq. (178) we obtain the following representation
for the kernel of the evolution operator:

at)=a

& j " _dqdp
(qIU]g") = (1)1_[ k=5
n.var ! I Gapr

g : b st
% [] 80 (@) 8 (9, (g, P) ] exp [% \ (pg—Hee) de. (179)
0

=1

It should be borne in mind that the use of the kernel
(179) presupposes integration with respect to the mea-
sure dg’, i.e., without the factor vg’. The main differ-
ence between this formula and (A.50) is associated with
allowance, first, for the noncommutativity of the oper-
ation of elimination of the unphysical variables and the
quantization operation; second, the noncommutativity of
the operators not only in the Hamiltonian but also in the
constraints; third, the specific properties of curvilin-
ear coordinates [the appearance of the factor (gg’)™/* in
the kernels; see Sec. 2]; and fourth, the fact that the
transition ¢, p— @, P, X, ¢ is a point transformation. At
the present time, it is not possible to provide a justifi-
cation of the formula for an arbitrary canonical trans-
formation q,p—~ @, P, X, ¢ [and, a fortiori, a noncanoni-
cal transformation as in (A.50)]. The well-known diffi-
culties also arise when allowance is made for the order
of the operators in more complicated constraints, al-
though they do not appear to be insuperable.

Constraints of the second class

Systems with constraints of the second class are en-
countered in quantum physics much less often. As an
example, one can take a gauge vector field if its La-
grangian contains a mass term.” Thus, let 6,,..., 0,
be constraints of the second class, i.e., det{6,6,}#0.
As we explained above, constraints of the second class
must be eliminated before quantization (or retained as
classical parameters after quantization), and it would
therefore appear that in the integrand in (179) we could
substitute 11,,5(68,)[det{6,, 8,}]'/ %" This is in fact so if
the physical configuration space is Euclidean and the
physical coordinates Cartesian. Otherwise, the quan-
tization procedure and the form of the integral are dif-
ferent (see Secs. 1, 2, and 5). It must be borne in mind
that the transition from the Poisson brackets to the Di-
rac brackets® results in a change in the criterion of
“canonicity,” i.e., variables that are canonical from
the point of view of the Poisson brackets need not be so
from the point of view of the Dirac brackets. Formal-
ly, the unphysical variables are then also “quantized,”
the operators corresponding to them commuting with
all the other operators. Therefore, in the presence of
constraints of the second class it is first necessary to
elucidate the nature of the physical subspace and the
properties of the metric tensor g3, If g3+ const,
there is an ordering problem in the Hamiltonian and
it is necessary to take into account the factor
(g¥Msg/otws)=L/4  If moreover, the configuration sub-
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space has curvature, we must add to H the term 7 R/12
(see Sec. 1). Finally, using a resolution of the identity
with respect to a complete system of functions (see
Sec. 2), we must take into account the features of the
unphysical variables that we have noted. When using
the analog of Eq. (179),
e LA i
(qlUlg") = _'(1)[1 i
o5 q(0)=g t ’

% || 8(85) [det {8, Bu}]uz exp {% 3 (P;?—Hm) dt-J’
(o) 0

(180)

it is necessary to reckon with all these circumstances.

The rules we have given do not pretend to universal-
ity. Thus, the physical phase space may be curved (in
some gauge theories, the phase space is a cone®). In
this case, the quantization rules are changed.”® More-
over, the physical phase space may have a nontrivial
topological structure, which complicated the problem
still further. None of these possibilities are consid-
ered here. In the problem of eliminating unphysical
variables in Hamiltonian path integrals several difficul-
ties are encountered simultaneously. Besides the two
mentioned at the beginning of Sec. 3, there is the inade-
quate development of the general (classical) theory of
systems with constraints. We may here add the prob-
lem of formulating path integrals for systems with non-
trivial (geometrical or topological) phase spaces. All
this means that universal formulas for eliminating un-
physical degrees of freedom are not to be expected in
the too near future.

CONCLUDING REMARKS

On the Dirac-Feynman-Pauli-DeWitt quantization
procedure

The assertion that the kernel of the operator of an in-
finitesimal shift in time is given by Eq. (12) is, in fact,
an independent quantization postulate. Essentially,
quantization means that one is given a classical Hamil-
ton function (or Lagrange function, i.e., one knows the
classical equations of motion) and specifies a law of
variation of wave functions in time. The standard quan-
tization procedure® reduces to the assertion that the
wave functions of the system satisfy a Schrodinger
equation in which the Hamilton operator is obtained
from the Hamilton function by the replacement of the
canonical variables by operators. The limitations of
this prescription are due to the fact that, first, it is
valid only in a Cartesian coordinate system and, sec-
ond, it gives a result only when there is no ordering
problem for the operators.® At the same time, the
function (12) together with the action (14) defines a law
of development of the system in time, and for its cal-
culation it is sufficient to know only the Lagrange func-
tion (putting it differently, knowing the function (12),
we can find H). The advantage of this method of quan-
tization is that it is valid in any coordinate system and
automatically gives the correct order of the operators
in the Hamiltonian (see Ref. 1, p. 186 of the transla-
tion). Moreover, it can be readily generalized to the
case of a curved space.® It is very probable that (12) is
the correct quantization prescription in spaces with
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curvature. Of course, it is desirable to have indepen-
dent confirmation of this. Unfortunately, the simplest
model (particle in the layer between two concentric
spheres when the thickness of the layer tends to zero)
does not give a unique answer.'® Evidently, ellipsoids
should be taken instead of spheres.

The Feynman-Pauli Criterion

With regard to Eq. (16), Feynman noted in passing
that it is true only for potentials which increase not
faster than the second power of g (see Ref. 1, p. 185 of
the Russian translation). Pauli! paid more attention to
this question, giving, in particular, a concrete example
of the insufficiency of Eqs. (16) and (12) [a particle ina
box, for which the potentials is given by V(q)
=(2|g -L/2|/L)", Le., it increases faster than any
power of ¢; see Sec. 1]. An extensive investigation of
this problem has been published by Choguard.”

The essence of the problem is as follows. As was
emphasized in Sec. 1, in the expressions characteristic
of path integrals of the type

e

Te(g) = \ mﬂ)—g exp {)7[—{"'7—“)3'-7&1'('1')}} Yalg'), &0,

. (181)
it is necessary to retain the terms of order €. There-
fore, the value of the path integral is entirely deter-
mined by the asymptotic behavior of the expression
(181), which can be found by the method of stationary
phase.®® The principal term in the argument of the ex-
ponential is traditionally assumed to be Ag?/e. This is
indeed the case for potentials which increase at infinity
not faster than ¢°. However, for more rapidly growing
potentials the term £V(g’) can no longer be ignored at
large ¢’ compared with Ag?/e. We illustrate this by the
example of the potential V(g)=2Ag" in one-dimensional
space (r=1). To find the asymptotic behavior of such
integrals, we use the following method.”’ I (181), we
go over to the new variables g=vy/e%,¢'=y'/e®, finding
o from the condition of equality of -the powers of € in
the two terms in the square brackets, i.e., from the
equation 1/g'*2¢ =gl=ok;

o =2/ (k—2). (182)
Equation (181) takes the form
W e | T dy
Ve (y/e%) = = 3m
o exp {—;— HmiH I ,(_5#, M""J} 1o (1" /e%). (183)

Since 2a+1>0 for k> 2, the asymptotic behavior of
the integral (183) is found by the standard method. We
obtain the stationary points of the argument of the ex-

ponential from the equation
¥ —y — k't =0, (184)

which has % —1 solutions. One of them can be calcu-
lated for y—0 [as £~ 0 and for fixed ¢ we have y
=0(e®)] by perturbation theory:

vy &y + Kyt (185)

]

?1 am grateful to S. Yu. Slavyanov for pointing out this device
to me.
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and it corresponds to the assumption that Aq*/e is the
leading term. The remaining solutions are not small.
They make a contribution of the form

2 e exp (idm/Ae2+) o (yn/e®), (186)

where y!, is the root of Eq. (184) with the number m,
and the coefficient 4, is equal to (y —y5)%/2 = Aylk
Similar expressions are obtained in the case of inte-
gration in (181) over a finite or semi-infinite interval.
For finite intervals, the amplitude ¥, is taken at a point
of the boundary; here, the asymptotic behavior of (186)
in the limit £~ 0 is determined by the behavior of §, at
infinity. It is clear that for sufficiently rapidly de-
creasing functions y,~1/¢"/ **%, 6> 0 the contribution
of the remaining stationary points can be ignored. If
their contribution is to be ignorable in the path integral
as well, we require as rapid a decrease of ¢, at finite
t. For states with finite energy (even k) i~ 1/gt*1+20)/2
65>0, and (k+1+20)/2>1/a+6=(k-2)/2+0, ie., this
condition is always satisfied.

Choquard™ investigated the contributions to the as-
ymptotic behavior of (181) from paths joining the points
q(0) and ¢(f). For potentials of the type V=¢**, there is
not only the main path but also reflected paths that pos-
sess extremal properties. The conclusion drawn in
Ref. 79 is that for sufficiently short times the contribu-
tion of the reflected paths can be ignored.

Other definitions of path integrals

It is sometimes asserted (see, for example, Ref. 62,
p. 60) that the nonuniqueness of the path integrals noted
in Refs. 30 and 52 is indicative of a defect in their def-
inition as limits of multiple integrals. Partly for this
reason attempts have been (and are being) made to find
an independent definition of path integrals. One such
proposal reduces to defining them as entities possess-
ing only those properties inherent in the simplest (g;;
= const) Gaussian integrals.™®"® We first emphasize
the value of looking for other definitions of path inte-
grals**—it is obviously necessary to have a better or,
at least, more fully developed formalism. However,
we also note the following. The nonunique features as-
sociated with path integrals have a dual nature. First,
they reflect the dependence of the result on the order of
the operators. But this is by no means a shortcoming.
It is insensitivity of limits of the type (4) and (75) to the
order of the operators that should be recognized as a
shortcoming. Second, expressions of the type (5) and
(75) do not define the integral uniquely (see Secs. 1 and
2). This second nonunigueness is also not a shortcom-
ing of the entity itself (the path integral defined by a
limiting process from an integral of finite multiplicity)
but a shortcoming of the notation. As was explained in
Secs. 1 and 2, Eqgs. (5) and (75) must be augmented by
a symbol indicating the point at which the functions are
taken in the prelimit formula. Then the path integrals
written down formally become well-defined. A similar
situation obtains with singular integrals of the type
[ dx/x. To give them a meaning, it is necessary to
specify what is understood by the given symbols, aug-
menting them by an appropriate symbol, say the letter
P in front of the integral. Thus, if the problem is
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posed physically, i.e., we are given the Lagrange func-
tion or the Hamilton operator, then, using the results
of Secs. 1 or 2, we can uniquely construct a path inte-
gral in conformity with the postulates of quantization
and the laws of quantum mechanics.

Finally, some words concerning their definition as
entities endowed solely with the properties of Gaussian
integrals. Since the integrals with g,;# const differ
strongly from ordinary Gaussian integrals (the need for
the introduction of the symbol @, etc.; see Sees. 1 and
2), such a definition applies only to a small class of ob-
jects; this is the first comment. Second, as a conse-
quence, the class of operations that one can perform
when working with such integrals is too small, since a
nonlinear change of variables does not even belong to
the class of admissible operations. With regard to the
situation in field theories, see below.

Path integrals in quantum field theory8283

Although the present paper has been devoted to non-
relativistic quantum mechanics, its final goal is quan-
tum field theory. This theory is complicated in itself,
and it is therefore natural to want to study the indivi-
dual features of it that are associated with path inte-
grals in simpler models. The most important matters
discussed above (the nonstandard terms and the equiva-
lence rules) are retained in quantum field theory, albeit
in a modified form. A difference is that the commuta-
tor of the canonical variables now contains a & function:
[@(x,8), #(x’, £)]=i%6(x —x’). But the equivalence rules
are essentially a method for taking into account the
noncommutativity of the operators, since the appear-
ance of terms in A®%*f and V*'f proportional to 7 and %2
is due to the actual use of commutation relations.
Therefore, allowance for the extraterms is associated
here with the appearance in Hf!{ of singular terms of
the type %6%’(0) and [#6°)(0)]°. Such corrections were
encountered in the study of systems containing second
derivatives in the interaction.?-85:1%:17 n Ref. 85, in
which chiral theory is considered as an example,
it is shown that one must take into account the
terms proportional to [Z6®(0)F in Hf,ff (the S
matrix is defined as a Wick time-ordered product: S
= T*{exp[~(i/h) [ d*xA1]})—their contribution cancels
against the corresponding terms which arise in the dia-
grams with more than one loop. The use of the relativ-
istically invariant dimensional regularization obviously
makes it unnecessary to take them into account.”

Iam sincerely grateful to N. V. Borisov and V. V.
Nesterenko, who drew my attention to Refs. 12 and 55,
to V. A, Frank for helpful discussions, and to V. S.
Buslaev for letting me have reprints of his papers.

APPENDIX 1

1. Curvilinear coordinates

It is easy to show that in curvilinear coordinates the
well-known formulas of quantum mechanics are changed
as follows. The scalar product becomes

O 1) = (a1 @) o ) = | d7g 1V 2 (9) e (9); (A.1)
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the momentum operators become

R T R oo
Pj = “TF 'W.ﬁ‘f'. l¢', Pj]=ihd;.

(A.2)

These operators are Hermitian if the scalar product of
the vectors of the Hilbert space are defined in accord-
ance with (A.1). Their eigenfunctions are

(‘fi"”’(ngf,nT g1V exp (ipjui k). (A.3)
and the 0 function is given by
&1p)(pla’) = (ge) /48 (g —g') = 6 (g, 0" (A.4)
The Laplace—Beltrami operator becomes
D= g Vi o= — e o Bigigt b, (A.5)

If in (A.1) we integrate from —o to +=, then the oper-
ators (A.2) are self-adjoint. In Ref. 6, the more gen-
eral case when the metric tensor depends on the time
is considered.

If g#1, then the kernels of the operators are modi-
fied as follows. Suppose an arbitrary operator F(j, p)
is given. We go over to the operator ordered in the
standard manner: F(§,p)=F%(§,p). Then the kernel of
P can be represented in the form

@1 F5 @ Pay={ b (o) F3(0, p) (0 147).

(A.6)

Since (g |p)~ (qp{\;bﬁg'””‘(q |p) for g#1, the kernels of
all the operators acquire the factor (gg’)™*/*, where g’
=g(q’). The factor (gg’)™/* can be eliminated by going
over to the functions =g/ and the kernels U,
=(gg")"/*U . in this case, the factors Vg multiplying
dg disappear in all the formulas,

{anvrwa= {aaitis, §o = {ar T . (A7)

and the operator f’J (A.2) becomes the ordinary opera-
tor:

\ V zdaptPpp, = \ dqpt 2 2.

T g (A.8)

In the space of the functions § the operator H(j,P) is
transformed into

gt H (4, P) g™V = H (g, —ihd/ag).
In the paper, we use the following notation:

for the Christoffel symbol

[, K1 = (gan, 7+ 8jn. § — 1. 0)/2, (A.9)
for the Riemann-Chyistoffel tensor
Ringr = (Bignt — i1k — EBnjuit + ghris)/2
+gmn(lij, m] [kl n) — [k, m]lil, ul), (A.10)
Jor the Ricci tensov and the scalay cuvvature
Ryj = ghlRypyy; R = gliRy (A.11)
(R>0 for a sphere in three-dimensional Euclidean
space).
2. Derivation of Eq. (19).
Differentiating the obvious equation
\‘ —d%ew (—iﬁvgu%)=ﬁ“f’ (A.12)

J (2mie
Joo
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with respect to g,; using the formula

dg = gyiidg;j. (A.13)
which gollows directly from the relation Indet A
=trlnA, we have

\' s o (7 0 g5 ) =ik e, (a.14)

Repeated differentiation with respect to £;; With al-

lowance for the equation
gl = — gitgilag,,

(A.15)
which follows from the trivial identity d(g'*s,,)=0, gives

. ardnh L, ARR ST ]
\ (2aieh)n/2 g3l ( T

-00

- 12 (iem)t [ghis | g/ perm )0y 1y,

(A.16)

which is equivalent to Eq. (19) when (A.12) is taken into
account. In the square brackets, we have here the sum
of all possible different products of k tensors g#, in all
(28)!1/(R!12%)=(2k —~1)!! terms.

APPENDIX 2

Determination of the pre-exponential factor in Eq. (12)7

We consider an ensemble of particles distributed with
constant density in the phase space. Then the number
of particles in an infinitesimal element of the phase
space is

AN Cdp'dy’. € vconsl. (A_]_'?)

The number of particles at time # in the volume dg’

and at time ¢/ in the volume dg is given by

dN=C :lell Fm i!lr[dj + (A.lg)

where p’ in accordance with (136) is p;= -85(q, ¢')/8¢"*,
since the transition ¢', p’ - g, p is a canonical transfor-
mation with generating function S(q, ¢') = = F,(¢’, ¢).

In the quantum-mechanical description of this prob-
lem, we split the space into cells Aq’ and, assuming
that in each cell there is one particle, we obtain

P ()= \ Ut (00 V& d0' = U @) VE Ay (A.19)

It is assumed that the wave function is concentrated
entirely within the cell and that the cell is sufficiently
small. Using the normalization condition

_\'Ny..w‘J‘.ﬂ VE dr =te @)V E Ad =1, (A.20)
and taking into account (A.19), we obtain
dN = e )1 VR da=1Upp 11 VEA VT A7 (A.21)

Comparing (A.18) with (A.21), we conclude that

(88" )2 U |2 == || det| — 28/ ag7 ay'i] = |c*| D,

(A.22)
|Upg | = || DM g4,

The constant ¢ can be determined from the condition
U, (€)= 08(q,q") as £~ 0 (see Refs. 5 and 8) and is equal
to (2mik)™/ 2,

where ¢ is a constant, i.e.,
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APPENDIX 3

1. Derivation of the Schrodinger Equation®®

We shall find the equation that the kernel (12) satisfies
if the Lagrangian has the form (9). We require the
Hamilton—Jacobi equation®

a8/t — H (38 dq, q) = 0, (A.23)
where

o= ghi (g — A7) (py — A2+ V, (A.24)
and the conservation law

I A L A.25

i tar @ (sr—4) o ]=0 (4+25)

The derivation of Eq. (A.25) is elementary. We de-
note

= U;f:l(;qz) G = gtign=>5  (7i5 = 950)- (A.26)
Since D=det|-g¢,,|, it follows from the identity
Indet¢=Trlng that
Dot — Deiiagylat; aD ogt = Deitag;logh. (A.27)

Applying to Eq. (A.23) the operator 8%/3¢%8g'?, multi-
plying it by ¢!, and contracting, we obtain Eq. (A.25)
after using (A.26) and (A.27). To derive the Schriding -
er equation,we use the relations

HEEA e o

[L;%g,:,) U= _%-A,A ,’: 1)g1 o aq, (De1/2) } U; (A.29)
73 ) e )

=g+ o 1, S (VEgi L) v, (A.30)

where U is given by Eq. (12) and [ ], denotes the ex-
pression in the square brackets in (A.29). Adding now
the left- and right-hand sides of Eqs. (A.28) and (A.30)
and adding to both sides the term VU, we find [noting
that on the right the terms which do not contain # and
are linear in # cancel when allowance is made for
(A.23) and (A.25), respectively]

I e S Pt
(T a H)l*ﬁ 2 lng‘lfﬂg] el (A.31)
where
- 1 h @ = k@ b
fzm(TT,r_-'f]! vt (Fgor— 4s) 47 (A.32)

Pauli? calls the terms on the right-hand side of (A.31)
proportional to /z* the “false terms,” using, however,
quotation marks. They can be readily calculated ex-
plicitly. Using Egs. (A.44) and (A.5) and ignoring the
terms O(A), we find that (A.31) can be written in the

form
(22 +8)v-m ity (859

2. Calculations of the action (14)

It is necessary to substitute into the integral (13) the
solution of equations of motion for the Lagrangian (9),

(A.34)
the solution depending on the initial, ¢’, and final, g,
values of the coordinates. We expand the solution q(t)

in powers of A=g—¢’. For this, in accordance with the
expansion

Qe+ Lk, ] @igh—Fiy@+V =0 (Fig=dy, 1— 4y, 5),

P24 1G4 (A.35)

q@)=q"rq't+
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we need to know the initial values of the time deriva-
tives of g (up to the third order, it is found) in the form
of series in powers of A. Setting ¢=¢ in (A.35), we ob-
tain §{y,= A/€ in the lowest order in o. To calculate ¢’
in the following orders, we need to know §’,g",

From Eqs. (A.34), we find 4 as a function of 4. Then,
differentiating (A,34) with respect to ¢, we find §" as a
function of § and g and hence, using once more the
equations of motion, as a function of §. If the values
found for i(4’) are substituted in (A.35), for t=¢, the
result is a nonlinear relation of the form §’'=(q -g')/e
+f(4’', €) which can be solved iteratively. We then have
the following expressions for ¢',q’,q ' (with the accu-
racy we require):

r % {A:+ —gm[m r] Aidk
o @k, ], 1—g™ [k, m] Gin, ) 34001 |} 4 gtiFwank; (A.36)
(A.37)

. {rst . - k
g m —— gik [mn, K] (ATAT g™ [il, m’] ATAIA™) 4 gtiF ’2—:

e —:}s‘{g?? [mn, k| gk [mn,'k,i]—2g3 [in, k] g™ [ml, m']} A™ARAL
(A.38)
All the functions on the right-hand sides of these ex-
pressions are taken at the point ¢'. Further, we have
[
5@ g*)=ojum Lot o2 & Tl (A.39)
Here, L,,dL,/dt,... denote the values of the Lagran-
gian and its total derivatives with respect to the time
at =0, calculated after substitution in L of the solution
(A.35). It can be shown that the contribution from the
last term in (A.39), which has the order a*/e, is equal
to zero, and the contribution from the second is (4,, ,
—Afm,n, B])A™A"/2, which together with the contribu-
tion from the first term [it is readily calculated using
(A.36)] gives the action (14) used in the text. This ac-
tion can be obtained in a different way by solving the
Hamilton—Jacobi equation (A.23).

3. Calculation of the determinant D

In accordance with the definition (A.26), we have, us-
ing (14),

an = { etk 188+ 106 1,

+11, 1), x4 Lik, @], 1— g™ ([tf, m] [kL, n]
17Ky mlily nD+ UL, m] ik, m)] AMAL—5- Fis} (A.40)
(as always, we have written out only the important
terms, and the ¢’ appended to the curly brackets means
that all the functions are taken at the point ¢’). To cal-
culate the determinant of the tensor -¢;,, we use the
operator formula®

det (A-+ B) =det 4 {11t (A“IB)J,—% [tr {A‘lﬂ)]z—% tr (A-1BAB)+-.. } ,
(A.41)
and, applying it (4,,=g,,/€), we obtain
TP e o e M (A.42)
LT { T 2, RA%T 5 gl ([ik, &l [ml, n]

. . N ‘
—[jk, m] [nl, i]) A"AfﬂvF{g“ (@ij, ni+8it, ny
1 5: 4 % -
— 3 €1 12) — €™ (i, m1 KL 042 [ek, m] (72, n]) | ARAL}.

Using the expansion
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i 12 {1 gk o L QU ] 2, 0]

—&in, 8im, &)+ 8¢5, 11 L\“A’}q, )

(A.43)

we can represent the expression (A.42) in the form

2 -
D=-—(g‘z% [i-‘r——é— Ry AR\ _] §

(A.44)

where R, is the Ricci tensor (A.9).
the tensor in (A.44) is unimportant.

The argument of

APPENDIX 4

1. A different derivation of Eq. (69)
In the original formulation

oo 25t drb
‘ e arag
e lrs ‘?)’“)5 Tieh
no

exp{ o [P 2re cos A ]} Yol @) (A.45)

we use the expansion®
=
exp(—izcosdg)= N

m=—oc0

Jm (z) expli (Mg +371/2) m] (A.46)
and replace the Bessel functions by their asymptotic

behavior ( |z | ==, |argz |<7)

m2—1/4

Jm(z)_.]/——coq[z— m—-%)%+ - JO(Z—W); (A.47)

this representation is readily obtained from the general
formula given in Ref. 86. Substituting (A.46) and (A.47)
in (A.45) (and using the fact that z= »»'/eh), we obtain

)= 5 5 I Ard oo 2 rte) 26k ( AL ):;:

2mieh 2nrr

m=-c0 0
xexp{imaq){exp[_%(%+s = '14 )J

—i(—1)™exp H-()J} o (', @)

whence, making a change of the variable of integration
in the second term in the curly brackets, »'— 7' we
find

@ ., = =
Yelr @)= 521|:J1 2 qu:'
oo me=—oc §
Xoxp{‘.;';[mﬁ"slr (mmn;nml—%l}l/ ek %o (', ¢)

(A.48)

Here, we have ignored the terms of order ga; T(#', ¢’)
is defined as ¥4(»’, ¢’) for ' > 0 and Y —r’', @' + ) for
7'<0. Now, using Eq. (117), we rewrite (A.48) in the
form

2nieh 2nrr’

Ve = E‘a r' dr' S;Sdpvdlp .l/ el

—00

Xoxp{% [pqi\.r—a:%—i—%-i-%i]}‘?u(fﬁ @) (A.49)
In (A.49), we have taken into account the periodicity
of ¥, with respect to ¢’. Integrating over p,, we ar-
rive at Eq. (70). Thus, the transition to the limit e~ 0
after application of the expansion (A.46) preserves the
periodicity of the kernel of the evolution operator.

2. The prescription of Ref. 73 as applied to the model in
Sec. 4

We shall show that direct elimination of the unphysi-
cal variables in the Hamiltonian path integral by sub-
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stitution in it of the corresponding & functions from the
constraints leads to a different result from the postu-
late (163). In accordance with this prescription,”™

ﬁ s LR
=

xdet (1%, ¢, exp { | ipadt =11 . 0t
P

(a10 ¢—2)g")=
(A.50)

where ¢, are constraints of the first class; x® are sub-
sidiary conditions having the properties {x*, x*}
=0,det{x*, ¢ }#0.

Applying (A.50) to the model considered in Sec. 4 (we
take t =’ =g~0), we have

- dp, dpg dr’ dy’
e e

> exp {% (pr (reos Ag—r') +pq% sin Ag

e PP _1)J} 849" 8 () To (' )

2 2r2

(A.51)

where A,=¢@ —¢’. In the integral (A.51), we have made
a transition to a polar coordinate system: p,.=(p,n;);
p,=¥'(p,n,);x=9'n/,x=7n,; n, and n, are unit vectors;
as a subsidiary condition we have taken x=¢’=0 (the
variables y and 7 are eliminated —their presence
changes nothing). If in (A.51) we integrate over ¢’ and
b, and in the spirit of (A.50) set ¢ =0, we obtain

Totr) = | e oxp {5 [ pedr—e (g 28+ 7) [} ot

It is easy to show that ¥, satisfies the Schrédinger
equation with the Hamiltonian (172), which differs from
Eqg. (169) for the physical wave functions.

(A.52)

ADDENDUM

1. The device used in Appendix 4 admits generaliza-
tion to the case of spherical coordinates in n-dimen-
sional space. Then in the path integral the integration
with respect to the radial variable, all the angular var-
iables, and all the momenta is with infinite limits, and
the rule for defining the wave function outside the phys-
ical region is obtained automatically during the process
of derivation. This rule can also be specified by means
of the operator @ (see Sec. 1), so that the final expres-
sions have the form (51).

2. In the practically important case when the con-
straints of the first class form a Lie algebra (the con-
straints are linear in the momenta and coordinates) and
if there is no ordering problem in the constraints, the
explicit form of the Hamiltonian H,,, in Eq. (179) can
be specified. Suppose the eliminated unphysical vari-
ables are ¢°, p,, the remaining physical variables ¢", p,,
and the solutions of the constraints ¢,=0 are p,
=f.q)p,. Suppose further that the solutions of the sub-
sidiary conditions x*(g)=0 are ¢°=0 [the functions x* do
not depend on p and {x*, p.}=06.°]. Since f,,|;s,=0, it
would appear, because of the factor 11&(x)6(¢) in the
integrand, that in the Hamiltonian we can simply set g°
=p,=0. In reality, the equation p,=f, (q)p, is satisfied
only on the functions ¥, and therefore the terms bi-
linear in the momenta are replaced in accordance with
the rule
(B.1)

P3Py = PsfyyPr=—ih P f,i rPrt{ g Dsbr
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and the term with the derivative does not vanish as ¢°
- 0. With allowance for this circumstance, the Hami-
tonian (80) is replaced by

_Hs_.lf__zs: v~

eff aq* gt P (B. 2)

a
The Hamiltonian in (179) is obtained from Hﬁf, by go-
ing over to the antistandard ordering. If there is an
ordering problem in the constraints, H , has a some-
what more complicated form, though in this case too
explicit expressions can be written down.

3. The proof that the form of the Lagrangian and
Hamiltonian equivalence rules are not changed when the
point of expansion, i.e., the point at which the functions
in Egs. (22) and (84) are taken, is changed will be pub-
lished separately (Vestn. Leningr. Univ.).
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