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It is shown that the general theory of relativity is not satisfactory physical theory, since in it there are no laws

of conservation for the matter and gravitational field taken together and it does not satisfy the principle of

correspondence with Newton's theory. In the present paper, we construct a new theory of gravitation which

possesses conservation laws, can degeribe all the existing gravitational experiments, satisfies the

correspondence principle, and predicts a number of fundamental consequences. x
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INTRODUCTION

Einstein’s general theory of relativity is one of the
basic physical theories of modern times. It gives ex-
pression to the very deep idea of a connection between
matter and space. This theory has explained and pre-
dicted a number of gravitational effects, and this has
been a veritable triumph,

However, a number of problems in general relativity
have still not found their solution. One of the most fun-
damental of these problems is that of the energy and
momentum of the gravitational field in general relativ-
ity. Study of this problem from all sides'™ has led us to
the conclusion that it is in principle insoluble, since the
gravitational field in Einstein’s theory is not a field in
the spirit of Faraday and Maxwell, i.e., it is not char-
acterized by an energy-momentum tensor density. This
can be seen by comparing the physical characteristics
of the gravitational field and other matter fields.

In all physical theories describing different forms of
matter, one of the most important characteristics of the
field is the energy —-momentum tensor density, which is
usually obtained by varying the Lagrangian density L of
the field with respect to the components of the metric
tensor g, of space-time':

T" = —26L1dg,, =V =g T, N5

where T"! is the energy —momentum tensor of the field.

This characteristic reflects the existence of the field,
and the nonvanishing of the energy —momentum tensor
density in a region of space—time is a necessary and
sufficient condition for the presence in this region of
the physical field. Moreover, the energy and momen-
tum of any physical field contribute to the total energy
and momentum of the system and do not vanish identi-
cally outside the source of the field. This makes it
possible to treat the transport of energy by waves in the
spirit of Faraday and Maxwell, namely, one can study
the distribution of the field intensity in space, deter-
mine the energy fluxes through a surface, calculate the

DHere and in what follows , Latin indices take the values 0,1,2,3,
and Greek indices the values 1,2,3. The signature of the
metric is chosen in the form (+, —, —, =).
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change in the energy and momentum in processes of
emission and absorption, and make other energy calcu-
lations. In the general theory of relativity, the gravi-
tational field does not have the properties inherent in
other physical fields, since it is devoid of such a char-
acteristic.

In Einstein’s theory the Lagrangian density consists
of two parts: the Lagrangian density L,= L,{g,,,) of the
gravitational field, which depends only on the metric
tensor g,;, and the Lagrangian density Ly=Ly(g,,, ¢,)
of the matter, which depends on the metric tensor -
and on the remaining matter fields ¢,. Thus, in Ein-
stein’s theory the g,, have a double meaning —they are
field variables and also represent the metric tensor of
space-time.

As a result of this physico-geometrical dualism, the
expression for the total symmetric energy —momentum
tensor density (the variation of the Lagrangian density
with respect to the components of the metric tensor) is
identical to the field equations (the variation of the La-
grangian density with respect to the components of the
gravitational field). This has the consequence that the
total symmetric energy —-momentum tensor density of
the system is strictly equal to zero:

4+ Moo, (4)

where 7™ = -25L,/8g,, is the symmetric energy—mo-
mentum tensor density of the matter (by matter, we
understand all matter fields except the gravitational
field), and

M = —2BL/6gn; = —c* 1/ =g [R™ — g™ R/2)(8nG. (2)

It also follows from the expression (2) that all com-
ponents of the symmetric energy~momentum tensor
density " of the gravitational field vanish outside the
matter.

Thus, it already follows from these results that the
gravitational field in Einstein’s theory does not have the
properties inherent in other physical fields, since out-
side the source it lacks a fundamental physical charac-
teristic —the energy —momentum tensor.

In Einstein’s theory, the gravitational field is charac-
terized by the curvature tensor R}, . We owe the clear

nim*
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recognition of this fact to Synge (see Ref. 10, p. 8): “H
we accept the idea that space-time is a Riemannian
four-space (and if we are relativists we must), then
surely our first task is to get the feel of it just as early
navigators had to get the feel of a spherical ocean. And
the first thing we have to get the feel of is the Riemann
tensor, for it ¢s the gravitational field. Yet, strangely
enough, this most important element has been pushed
into the background....” Further, Synge notes: “... in
Einstein’s theory, either there is a gravitational field
or there is none, according as the Riemann tensor does
not or does vanish. This is an absolute property; it has
nothing to do with an observer’s world-line....” Un-
fortunately, precisely this fundamental fact has not yet
been recognized by some theoreticians concerned with
problems of general relativity. The absence of such
understanding leads to a lack of understanding of the
very essence of general relativity.

However, this characteristic of the gravitational field
(the curvature tensor) reflects rather the ability of the
gravitational field to change the energy and momentum
of the matter, i.e., it reflects the forces exerted by the
gravitational field on the matter in accordance with the
equation'!

8ni/8s® + Ry un® =0, (3)

where u!=dx?/ds is the velocity 4-vector, and n' is the
infinitesimal vector of the geodesic deviation. But the
description by means of curvature waves gives no in-
formation about the energy flux transported by the
waves.

Thus, Einstein’s general relativity links together
matter and the gravitational field, the former being
characterized, as in all physical theories, by the ener-
by -momentum tensor, i.e., a tensor of second rank,
while the latter is characterized by the curvature ten-
sor, which is of fourth rank. It follows directly from
this that in principle general relativity does not have
conservation laws connecting the matter and the gravi-
tational field. This fundamental fact, which was first
established by us in Ref. 6, means that general relativ-
ity was created at the price of dispensing with conser-
vation laws for the matter and the gravitational field
considered together.

Lorentz and Levi-Civita suggested that the quantities
(2) should be regarded as the components of the ener-
gy-momentum tensor density of the gravitational field,
and the expression (A) as a somewhat unusual conser-
vation law for the total energy -momentum tensor den-
sity. The conservation law (A) is unusual in that it is
a local conservation law —from the change in the ener-
gy—momentum tensor of the matter at a particular point
one can determine the change in the energy -momentum
<tensor of the gravitational field at the same point:

[}

a :
i A (4)

But in Einstein’s theory, the tensor {™ is only a char-
acteristic of the geometry within the matter, so that in
general relativity the change in the energy and momen-
tum of the matter is directly related to only the change
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in the scalar curvature R and the second-rank tensor
R™ in the region occupied by the matter. Curvature
waves, which are deseribed by the fourth-rank tensor
R:,., are not directly related in general relativity to
the changes in the energy and momentum of the matter
but only indirectly, through the metric tensor g,;.
Therefore, the conservation waves in general relativity
are not associated with any conservation laws that link
the change in the energy —momentum tensor of the mat-
ter (a tensor of second rank) to the change in the curv-
ature tensor (a tensor of fourth rank). Thus, on the
one hand, the Riemannian space-time in the general
theory of relativity is an unusual source of energy and
momentum, since the curvature tensor acts by virtue
of Eq. (3) on the motion of particles, but, on the other,
the energy of the Riemannian space-time is created
without fulfillment of energy —-momentum conservation
laws for the matter and the gravitational field taken to-
gether.

The introduction of a conservation law on the basis of
the expression (A) did not satisfy Einstein. He wrote
(see Ref. 12, p. 645): “. ..of course, one cannot ad-
vance a logical objection against such a designation.
However, Ifind that it is impossible to deduce from
(A) the consequences that we are accustomed to draw
from conservation laws. This is due to the circum-
stance that in accordance with (A) the components of
the tensor of the fotal energy vanish everywhere” [our
italics]. Einstein emphasizes further that in accord-
ance with (A) a material system could dissolve com-
pletely and leave not a trace behind, since its energy
(A) vanishes. i

Einstein correctly notes that one cannot deduce from
Eq. (A) the consequences that one is accustomed to
draw from conservation laws, but we are concerned
here not with a designation but with the essence of the
general theory of relativity.

However, Einstein assumed that in general relativity
the gravitational field with the matter must possess
some conservation law (Ref. 12, p. 299): “...one must
undoubtedly require the matter and the gravitational
field together to satisfy the energy-—momentum conser-
vation laws.”

He saw his task in the finding of conservation laws of
the matter and the gravitational field analogous in their
meaning to the conservation laws in classical mechan-
ics or in the theory of the electromagnetic field. As is
well known, this program led him to the introduction
into a covariant theory of a noncovariant quantity —the
energy —momentum pseudotensor; it was only at this
price that he achieved a formal analogy with the con-
servation laws of classical mechanics and electrody -
namics.

To obtain such “conservation laws” one usually'' pro-
ceeds as follows.

If Einstein’s equations are written in the form
— (¢*/8aG) g [R?* — gi*R/2] = —gT*, (5)

then the left-hand side can be represented identically as
the sum of two noncovariant quantities:
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— (c¥/8n6) g [R* — g™ R/2) = L 1 4 g, (6)

where 1'% is the energy -momentum pseudotensor of the
gravitational field, and 2 = —h#"* is the spin pseudo-
tensor.

Using the identity (6), Einstein’s equations (5) can be
written in a different, equivalent form:

—g [T = T pim, (7

izl

On the basis of the obvious equation

Fi
drh dxt

hihl = 0'

we deduce from Einstein’s equations (7) the differential
conservation law

=T+ =0. (8)
Integrating this relation over some volume and assum-
ing that there are no matter fluxes through the surface
bounding this volume, one usually obtains'? from the
expression (8) the integral “energy —-momentum conser-
vation laws” of the system:

7 | (—omrireiar= — § (—gwias,. (9)

Einstein (Ref. 12, p. 645) assumed that the right-hand
side of this relation for i=0 “certainly represents the
loss of energy by the material system.” In the absence
of energy —momentum fluxes of the gravitational field
through the surface bounding the volume of integration,
we obtain from the expression (9) an energy —momen-
tum conservation law for the system:

P':Tl i (— &) [T+ 0] dV = const. (10)

By means of Einstein’s equations (7) the relation (10)
can be rewritten in the form

P*:%tg 1% dS . = const. (11

In Einstein’s opinion (Ref. 12, p. 652) the four quanti-
ties P! represent the energy (i=0) and momentum (i
=1,2,3) of the physical system. It is usually asserted
[Ref. 11, p. 362 (p. 283 in the English translation)] that:
“The quantities P! (the 4-momentum of field plus mat-
ter) have a completely definite meaning and are inde-
pendent of the choice of the reference system to just the
extent that is necessary on the basis of physical con-
siderations.” However, as we shall show below, this
assertion is incorrect.

Similar results are obtained when Einstein’s equa-
tions are written in mixed components:
V —g[Th+1i) = a,0h. (12)

The choice of the energy —momentum pseudotensors of
the gravitational field depended to a large degree on the
inclinations of the authors and, as a rule, was made on
the basis of secondary properties. For example,
choosing h#*! in the form

W O [ g (g — gy, (13)

we obtain the symmetric Landau-Lifshitz pseudoten-
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sor, which contains only first derivatives of the metric
tensor. -

Choosing
i e ] oM.
U“‘:}E%W[ﬁg(g mgnt— gnmgthy), (14)

we arrive at Einstein’s pseudotensor, which is identical
to the canonical energy -momentum (pseudo)tensor ob-
tained from the noncovariant Lagrangian density

Ly=V —g (Tl —T2,T%,] gt

of the gravitational field.

For
W
(R 1&."; £ g me™ (0,8 hm — OBl (15)

we have the Lorentz pseudotensor, which is identical to
the canonical energy -momentum (pseudo)tensor ob-
tained on the basis of the noncovariant method of infin-
itesimal displacements from the covariant Lagrangian
density L, =V —gR of the gravitational field. It is im-
portant to emphasize that for all the various properties
of the energy —-momentum pseudotensors they all pos-
sess the same property —any energy -momentum pseu-
dotensor can vanish at any point of space.

This fact is usually seen as being a reflection of the
equivalence principle. However, the assertions about
the equivalence of a gravitational field and a field of in-
ertial forces are incorrect. These two fields differ
significantly, since the curvature tensor is always zero
in the presence of a field of inertial forces, but in the
case of a gravitational field it is nonzero. Therefore,
a field of inertial forces and a gravitational field are
not equivalent for all physical processes for which the
curvature tensor plays a significant part. Therefore,
the equivalence principle does not have a direct bearing
on the general theory of relativity, though it did play a
heuristic role in its construction by Einstein.

The vanishing of any energy —momentum pseudotensor
at any given point of space is a consequence of the non-
tensorial law of transformation of their components on
the transition from one coordinate system to another.
Thus, all energy -momentum pseudotensors containing
derivatives of the metric tensor of a Riemannian
space~time of not higher than the first order vanish on
the transition to a locally-geodesic (Galilean) coordi-
nate system, since all the components of the connection
Il in this system vanish. Thus, the energy and mo-
mentum of the gravitational field defined by means of
energy —momentum pseudotensors can be made to van-
ish locally.

In contrast, the gravitational field, which is de-
scribed by the curvature tensor, cannot be made to
vanish by the transition to any admissible coordinate
system,?’ and therefore, because of the influence of

2)We define admissible transformations as coordinate trans-
formations between frames of reference that can be realized
by real physical bodies and processes. Mathematically, this
condition is equivalent!® to the requirement that in these
frames of reference the quadratic form with coefficients
&« Should be negative definite, and the component gy of the
metric tensor positive:

Zoo > 0, goade%azP < 0.

V. |. Denisov and A. A. Logunov 319



curvature waves on physical processes, one cannot say
that a gravitational field is not present in any coordi-
nate system. Therefore, the energy —momentum pseu-
dotensors are not, as we have already pointed out,*™®
energy —-momentum characteristics of the gravitational
field and do not reflect its existence either locally or
globally. As a result, definitions of the energy and mo-
mentum of a system and of energy fluxes in the general
theory of relativity based on the use of such tensors are
physically meaningless.

This general conclusion was illustrated in Ref. 8 by
the example of the definition in the general theory of
relativity of the “inertial mass” and “energy” of a sta-
tic, spherically symmetric system. On the basis of the
definition (10) of the energy and momentum of a system
consisting of matter and the gravitational field, one
introduces in general relativity the concept of the iner-
tial mass m of the system:

m=—P= 2 [ (—g) (704 ) aV = o § e as,, (16)

To calculate the inertial mass of the system, one
generally uses the Schwarzschild solution. In isotropic
Cartesian coordinates, the metric of the Riemannian
space-time can be written in this case in the form

Bup = “651;5 1+ f’g“i"“;
oo =1 — rp/&rP 11 & 7 lar]-2, (1)

where »=Vx2+y2+22, 7,=2GM/c? and M is the gravi-
tational mass. These coordinates are asymptotically
Galilean, since in the limit -

goo =1-+0/r); gep =—b.511 +0{1M]. (18)

Using the covariant components (17) of the metric, we
obtain from the expression (11)

P =37, /2G = Me. (19)

This equality of the inertial mass and the gravitation-
al mass provided the basis for the assertions that they
are equal in the general theory of relativity [see Ref.
11, p. 424 (p. 334 in the English translation)]: “...P*
=0, P°=Mc, a result which was naturally to be ex-
pected. It is an expression of the equality of gravita-
tional and inertial mass (gravitational mass is the mass
that determines the gravitational field produced by the
body, the same mass that appears in the metric tensor
in a gravitational field, or, in particular, in Newton’s
law; inertial mass is the mass that determines the ra-
tio of energy and momentum of the body; in particular,
the rest energy of the body is equal to this mass mul-
tiplied by c?).”

However, this assertion of Einstein (Ref. 12, p. 660)
and other authors is incorrect. As is shown in Ref. 8,
the energy (10) of the system and, therefore, its iner-
tial mass (16) do not have any physical meaning, since
their value is even dependent on the choice of the three-
‘dimensional coordinate system.

It is obvious that an elementary requirement which
the definition of inertial mass must satisfy in any phys-
ical theory is that the value of the inertial mass should
be independent of the choice of the three-dimensional
coordinate system. However, in the general theory of
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relativity the definition (16) of the inertial mass does
not satisfy this requirement. Indeed, let us make, for
example, a transition from the three-dimensional
Cartesian coordinates x¢ to the new coordinates xg,
which are related to the old coordinates by

2 =z 1+ f ry)], (20)

where ry=Vx% +v% +2%; f(ry) is an arbitrary nonsingu-
lar function satisfying the conditions f(y)= 0 and

Hm f(rg)=0; lim rg—"—f(ry)=0. (21)
Tp=+oo Ty H

[Translation editor’s note. The subscripts “c” and “H”
are derived from the Russian words for "old” and
“new” and are retained throughout the article to sim-

plify the composition. ]

1t is easily seen that the transformation (20) corre-
sponds to a change in the numbers associated with the
points of the three-dimensional space along the radius:

Te =FHE1+f'r1'u)l.

K the transformation (20) is to have an inverse and is
to be one-to-one, it is necessary and sufficient for the
condition

orory =1 + f + rgf’ =0,

where

'E%f (ra)

to be satisfied. Then the Jaecobian of the transformation
is also nonvanishing:

rf.z;- 61-r

J = det

={1+f?

In particular, all the requirements are satisfied by
‘the function

frg) =02V 8GM/(ry) [1—exp (— e?ry)l, (22)
where aand £ are arbitrary nonvanishing numbers.
Since in the given case

B6M [ 1

1
‘1—{" Pl R i3 Ezrﬂ_?) exp (_az’n)J>1

it follows that f(#y) is a monotonic function of 7. It is
readily seen that f(sy) is a non-negative, nonsingular
function in the whole of space. The Jacobian of the
transformation is in this case strictly greater than un-
ity:

= =) orforg >1.

Therefore, the transformation (20) with the function
f(ry) defined by the expression (22) has an inverse
transformation and is one-to-one.

We now calculate the inertial mass (16) in the new co-
ordinates x%. Using the transformation law of the met-
ric tensor,

¢ M

az., a
ek (o) = o i e (), (23)

we find the components of the Schwarzschild metric in
the new coordinates. As a result, we obtain
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- Tg 2 rg -2
guo-—[i—éru (1+n] [“ 4r"(1—'-n] !
guﬂz[_i‘km]‘{—ﬁuﬂ(l-F_sz (24)
H_H[ rena 2 s
—alaf [+ a+n]}
The determinant of the metric tensor (24) has the form

g= —Eo»[i-%"/;;nﬁﬁj]m (L+£)*
KA+ Dk ()2 + 2ruf (1+1)). - (25)
It should be noted especially that the metric (24) is
asymptotically Galilean:

lim go=1,

lim gop= —b,p.
TH ~»a0

Th
In the special case when the function f(»y) is given by

the relation (22) and y~=, the metric of the Rieman-

nian space—time will have the asymptotic behavior

g,m-”-i+0(%); g&ﬂ:_‘ﬁmﬁﬁio(]f‘lr;)' (26)

It can be seen from the expressions (18) and (26) that
the rate at which the three-dimensional part of the
metric tensor of the Riemannian space-time tends to
the Galilean value even depends on the choice of the
spatial coordinates, i.e., it depends on the manner in
which numbers are associated with the points of space,
and it is not determined by any physical conditions.
Therefore, the requirements imposed on the asymptotic
behavior of the three-dimensional part of the metric
tensor are not physical but merely prescribe a particu-
lar way of associating numbers with the points of space.
However, the theory must always ensure the possibility
of choosing any admissible coordinate system. There-
fore, any restriction of associating numbers with the
points of space is a meaningless requirement.

Substituting the contravariant component of the met-
ric (24) in the expression (16), we obtain

m=—g lim (gt (13- (27)

Thus, the inertial mass depends essentially on the rate
at which f’ tends to zero as rz— . In particular,
choosing the function f(7y) in the form (22), we obtain
for the inertial mass from the expression (27)

m=M({1 + ai). (28)

1t follows from this that for the inertial mass (16) of
the system consisting of matter and the gravitational
field it is possible to obtain in the general theory of
relativity, by virtue of the arbitrariness of @, any pre-
assigned number m = M, depending on the choice of the
spatial coordinates, although the gravitational mass M
of the system and, therefore, all the three general rel-
ativistic effects remain unchanged. We note also that
for more complicated transformations of the spatial co-
ordinates that leave the metric asymptotically Galilean
the inertial mass (16) of the system can take any preas-
signed value, either positive or negative.

Thus, we see that in general relativitjr the inertial
mass, which was first introduced by Einstein and was
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then taken over by many authors,''***!® depends on the
choice of the three-dimensional coordinate system and
therefore has no physical meaning. Therefore, asser-
tions to the effect that the inertial and gravitational
masses are equal in Einstein’s theory are also devoid
of any physical meaning. There is equality only in a
narrow class of three-dimensional coordinate systems,
and since the inertial and gravitational masses have
different transformation laws, their equality ceases to
hold on the transition to different three-dimensional
coordinate systems. In addition, the definition (16) of
the inertial mass in general relativity does not satisfy
the principle of correspondence with Newton’s theory.
Indeed, since the inertial mass m in Einstein’s theory
depends on the choice of the three-dimensional coordi-
nate system, its expression in the general case of an
arbitrary three-dimensional coordinate system does
not go over into the corresponding expression of New-
ton’s theory, in which the inertial mass does not de-
pend on the choice of the spatial coordinates. Thus, in
the general theory of relativity there is no classical
Newtonian limit, and, therefore, it also does not satis-
fy the correspondence principle.

The situation is the same with regard to the energy
fluxes of gravitational radiation. In general relativity,
the “intensity of gravitational radiation” is defined by
means of the components 7°* of the energy —momentum
pseudotensor:

= lime (=)t g, (29)
Because of the essential nonlinearity of Einstein’s
equations, it is customary to make a restriction to the
first approximation in a small wave perturbation when
one is investigating wave solutions. In this case, mak-
ing calculations in asymptotically Cartesian coordi-
nates, we obtain the following expression for the grav-
itational radiation intensity:

dr G A0 DA e eeg eee eas
T = T {T (Dggn®nb)? -1 5 DapD ol DygD a“"nﬁnzy} i (30)

where

D= | Qv (3e%ab—yobga) T,

and the dots denote derivatives with respect to the time.

Integration of the expression (30) over a sphere gives
Einstein’s well-known quadrupole formula, which usu-
ally serves as a proof of the “reality” of the existence
of an energy flux of gravitational waves from a radiat-
ing island system:

I — —dEjdt — (G/45c%) DD, (31)

Thus, the expressions (30) and (31) appear to confirm
the conclusion drawn by Einstein (Ref. 12, p. 642):

“, ..the radiation intensity cannot become negative in
any direction and, a fortiori, the total radiation inten-
sity cannot become negative....”

However, this conclusion is incorrect. In general
relativity, as is shown in Ref. 9, the gravitational ra-
diation intensity (30), and also the total intensity, both
as defined by Einstein, depend essentially on the choice
of the coordinates. Therefore, by an appropriate ad-
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missible coordinate transformation that leaves the
metric of the Riemannian space-time asymptotically
Galilean at infinity, these quantities can be made to
vanish or to become negative in the region of space en-
closed between two spheres with radii », = ¢t -, and
r,=ct —u, It follows from this that the gravitational
radiation intensity (30) and the total intensity (31) are
not energy —-momentum characteristics of the gravita-
tional field in general relativity, since radiation, as
objective physical reality, cannot be annihilated by any
admissible coordinate transformation. For example,
in electrodynamics, it is easy to show that the energy
flux of electromagnetic radiation cannot be made to
vanish by any admissible coordinate transformation:

If the energy flux of electromagnetic waves through
some surface is nonvanishing in one frame of refer-
ence, then after transition to any other admissible
frame of reference it cannot be made to vanish or, a
fortiori, change sign.

Thus, the formula (31) for calculating the energy loss
of a source due to gravitational radiation is not in prin-
ciple contained in general relativity, since Einstein’s
theory has no possibility for energy calculations.

The vanishing of the energy flux of gravitational ra-
diation determined using energy -momentum pseudoten-
sors in the lowest order of perturbation theory when
the coordinates are chosen appropriately is a reflection
of the general assertion to the effect that for any ener-
gy-momentum pseudotensor it is possible to choose a
coordinate system in which the energy flux of gravita -
tional radiation is always strictly equal to zero. A co-
ordinate system with such properties can be found for
any energy-momentum pseudotensor by reducing the
components g°* of the metric tensor to a form that en-
sures fulfillment of the condition 8,07* =0 for the ener-
gy-momentum pseudotensors with mixed components.
Then in these coordinate systems it follows from the
expressions (12) and (9) that there will be no energy
flux of the gravitational waves:

7 § ¥ (—9' P T3+l =o.

Corresponding coordinate systems can be found simi-
larly for another type of energy—momentum pseudoten-
sor.

However, in the given coordinate systems there still
remain a multitude of solutions of Einstein’s equations
for which the curvature tensor is nonzero, so that in
these coordinate systems there exist curvature waves
capable of transmitting energy and momentum to physi-
cal bodies. This assertion is most readily illustrated
using the example of the Lorentz pseudotensor. In this
case, going over to a synchronous frame (g,=1, 804
=0), we can, as is readily seen from the expressions
(15) and (12), make the total energy -momentum den-
-sity of the gravitational field vanish: vV —g[T}+74]=0.
It follows from this that outside matter energy and mo-
mentum of the gravitational field must also be absent.
But curvature waves, which are solutions of Einstein’s
equations, exist in a synchronous frame of reference
and, influencing physical processes, change their en-
ergy and momentum.
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Recently, it has been asserted'®® that by using the
Hamiltonian formalism in general relativity one can
ostensively obtain an expression for the mass of a sys-
tem consisting of matter and the gravitational field and
prove its positive definiteness. On the basis of these
assertions it was concluded prematurely in Ref. 126
that the problem of the energy and momentum of the
gravitational field in Einstein’s theory has been solved.
However, such assertions merely tell us that the auth-
ors of Refs. 19-21 and 126 do not understand the es-
sence of the problem. Indeed, it is readily seen that
all the investigations of Refs. 19-21 are based essen-
tially on the requirement of a definite law of asymptotic
behavior of the metric tensor of Riemannian space-time
at spatial infinity'?®

gin =08 + O (1/r); 8,818 =0 (1/r?). (32)

It is this requirement that makes it possible to obtain an
expression for the mass of a system in general relativ-
ity and prove its positive definiteness. However, this
requirement is not a physical requirement; this can be
seen fairly easily by considering the example of the
Schwarzschild solution, which in the isotropic Cartes-
ian coordinates (17) has the asymptotic behavior (18),
which satisfies all the conditions (32).

If we now arithmetize (associate numbers with) the
points of three-dimensional space in a different way
(the arithmetization of three-dimensional space is al-
ways arbitrary, and all theories must admit an arbi-
trariness in the choice of the arithmetization), then, as
is readily seen, we obtain in the general case a differ-
ent law of asymptotic behavior of the spatial part of the
metric tensor of a Riemannian space-time.

In particular, after the transformation (20) the com-
ponents of the metric tensor, as we have seen, have the
asymptotic behavior

goo=1-+0 (1/r); Bap = *‘Suero(i/V;).

It follows from this that the asymptotic behavior of the
three-dimensional part of the metric tensor of the Rie-
mannian space-time is determined by the method of arith-
metization of the points of space and is not dictated by any
physical requirements. But a change in the asymptotic
behavior of the three-dimensional part of the metric
tensor when the arithmetization of the points of space
is changed entirely vitiates the great efforts made in
Refs. 19-21 in the proof of mathematical propositions.
Mathematical proofs are, of course, very important
elements of theoretical physics. But these proofs have
meaning only when a problem is given a correct physi-
cal formulation. Otherwise, these proofs, however
elegant, are of no value for physics. As Academician
A. N. Krylov liked to say'®: “Mathematics, like a
millstone, grinds whatever is put into the mill, and
just as you cannot obtain wheat flour by grinding goose-
foot you cannot obtain truth from false premises by
covering pages with formulas.” All this applies in full
measure to the cycle of papers we are discussing. On
the one hand, the papers of Refs. 19-21 and 126 are
false in the actual physical formulation of the problem.
On the other hand, the expression for the mass of a
system used in these papers (see, for example, Ref.
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126),
m=§ a,g™ dSy = § 55 [— g (g™ — g¥'g™)) dS,,

also depends explicitly on the method of arithmetization
of the points of three-dimensional space, or, in other
words, it is not a scalar with respect to the choice of
of the three-dimensional coordinate system, which is
physically meaningless, since by an appropriate choice
of the three-dimensional coordinate system the mass of
the system can be made equal to any preassigned num-
ber.

It should also be noted that the approach based on the
Hamiltonian technique is conceptually close to the pseu-
dotensor formalism, which can be seen particularly
easily from the formula given above for the mass of the
system, and it is merely embellished by a number of
mathematical artifices. We have pointed out above the
error in Refs. 19-21 and 126. To this we could also
add that the authors of Refs. 19-21 and 126 have not
understood a fundamental fact, namely, in general rel-
ativity there are in principle no energy —momentum
conservation laws of the matter and gravitational field
taken together, so that it is impossible to introduce in
the theory the concepts of energy and momentum of a
system. Below, we shall return once more to this
question and explain why general relativity in certain
coordinate systems gives physically acceptable formu-

. las that are nevertheless not contained in the theory.

Another approach to the energy —momentum problem
in general relativity, which has been used primarily in
approximate calculations, is based ostensibly on the
derivation of integrals of the motion from the equations
of motion of the matter constructed on the basis of the
covariant conservation equation of the energy —-momen-
tum tensor of the matter. In such an approach, the
nonconservation of the energy of the matter that is ap-
parently obtained at a certain stage of the approximate
calculations is usually explained by the emission of
gravitational waves by the matter, which makes it pos-
sible to determine their energy and also the force of
gravitational radiational damping.

This approach has led to contradictory results. For
example, in Refs. 22-24 it was concluded that the en-
ergy of gravitational waves has a negative sign, since
the energy of a system is increased after it has radi-
ated gravitational waves. At the same time, the re-
sults of the analogous papers of Refs. 25-27 indicate a
decrease in the energy of a system radiating gravita-
tional waves, so that they must transmit positive ener-
gy.

However, strictly speaking, from the covariant con-
servation equation for the energy -momentum tensor of
the matter one can obtain only a trivial conservation
law of the form (4). Indeed, by virtue of the conserva-
tion law

VaI™ =3, 1™ 1 Ti, 1" — 0 (33)
for the energy —-momentum tensor of the matter, we ob-
tain

Vn [(—8)* TP = (— g)°ginVaT™ =0,
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It follows that
On{(—8)° T7} = (—g)° [Tl + 2aT R, T]).
Using the Einstein equations
TP=—if,
where
{7 =(—c*V —g/8aG) [RT — 87 R/2],
we obtain
On{(—8)* T7)} = (—2)° [ — Tt — 2aT it (34)

It follows from the relation

-

[}
T fam

VmBn = R

that

(— &) (L7t + 2a Tt} ] = 8, [(— £)* £5].

Substituting this expression in the right-hand side of
Eq. (34), we obtain the conservation law

9, {(—e)" [T? + 281} =0. (35)
Similarly, we can obtain a conservation law in the form
O {(—g)* [T™ 4+ ]} =0, (386)

From the expression (36), by virtue of Egs. (2) and (6),
there also follow two differential relations:

Fudh™™ = 0; 8, {(—g)® [T™ + "]} =0,

which reflect only the local fulfillment of the Einstein
equations and are not any conservation laws.

Thus, the covariant conservation equation (33) and
Einstein’s equations lead us to the relations (35) and
(36), which are trivially satisfied by virtue of the field
equations. A special case of these relations is Eq. (4).

As is shown in Ref, 6, the nonunique results obtained
in approximate calculations of the energy and the force
of the gravitational radiational damping are a simple
consequence of the arbitrary transfer of some of the
terms of the tensor #% in (4) from the right to the left,
after which the right-hand side of the resulting expres-
sion is declared to be the energy flux of the gravitation-
al waves. It is obvious that such a procedure is quite
meaningless, since it gives different results depending
on whether what we transfer to the left has a positive
or negative value.

Thus, summarizing what we have said above, we ar-
rive at the following conclusions:

1. The general theory of relativity does not and can-
not have energy —-momentum conservation laws for the
gravitational field and matter taken together.

2. An inertial mass defined in general relativity has
no physical meaning.

3. Einstein’s quadrupole formula for gravitational
radiation is not a consequence of general relativity.

4, It does not follow from general relativity in prin-
ciple that a binary system loses energy through gravi-
tational radiation.
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5. The general theory of relativity does not have a
classical Newtonian limit, and therefore it does not
satisfy one of the most fundamental principles of phys-
ics—the correspondence principle.

Thus, the gravitational field in general relativity is
quite different from other physical fields and is not a
field in the spirit of Faraday and Maxwell. All this in-
dicates that general relativity is not a satisfactory
physical theory. It should be noted that general relativ-
ity is only one of the possible realizations of Einstein’s
great idea about the Riemannian geometry of space-—
time, and therefore when we say that Einstein’s theory
is unsatisfactory we mean that this particular realiza-
tion is unsatisfactory. Since the theories of other phys-
ical fields contain an energy —momentum conservation
law for the different forms of matter taken together,
and at the present time there are no experimental data
indicating violation of such a law (and, moreover, the
development of physics has always shown it to be un-
shakeable), we have no grounds for rejecting it.
Therefore, we shall assume that a conservation law
connecting the energy and momentum of the different
forms of matter must be the basis of any physical the-
ory. Only experimental data could force us to abandon
this position. The conservation law must be valid for
all matter fields, including the gravitational field.
Therefore, the problem of constructing a classical the-
ory of gravitation satisfying all the requirements im-
posed on a physical theory is an urgent problem of
modern times.

What are the possible ways we can take? What can
we retain from Einstein’s great creation and what must
we eliminate to ensure that in the new theory of gravi-
tation the fundamental laws of physics hold, namely,
the energy —momentum conservation law for the matter
and the gravitational field taken together and the corre-
spondence principle? To answer these questions, we
consider what ideas lie at the basis of Einstein’s gen-
eral relativity.

In our view, the deepest of them is the idea of a
Riemannian geometry of space-time with metric tensor
& determined by the matter. Another hypothesig, on
which the entire ediface of general relativity is founded,
is the unity of gravitation and the metric of space—
time. This unity is achieved by describing gravitation
by the metric tensor g,,.

These two hypotheses, as was very clearly estab-
lished by Hilbert, lead in the simplest case to Ein-
stein’s famous equations of general relativity. Since
general relativity departs from the usual ideas about
the gravitational field as a field in the spirit of Faraday
and Maxwell, we must, in constructing a new theory of
gravitation analogous to the theories of other physical
fields with the usual properties of the gravitational

‘field as a carrier of energy and momentum, retain and
enrich Einstein’s first idea and give up his second hy-
pothesis. This is the approach we have chosen.

The papers of Refs. 28-33, in which we formulated a
field theory of gravitation, were devoted to the solution
of this problem. We should say that during these last
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years our views have undergone a certain evolution, so
that Refs. 1-7 and 28-31 were in a certain sense stages
leading to our present ideas, the exposition of which is
the aim of the present paper.

1. THE GEOMETRY OF SPACE-TIME AND
CONSERVATION LAWS

In any physical theory in which the field variable is a
tensor quantity, the form of the differential field equa-
tions must be independent of the choice of the coordi-
nates in which a given process is described. This can
be achieved in two ways: either when the field equa-
tions contain only covariant derivatives in the space—
time metric that is natural for this process or by con-
structing from the field functions and their partial de-
rivatives a tensor quantity. In the latter case the field
equations are essentially nonlinear,

In constructing general relativity, Einstein followed
the second path, relating the metric tensor g,, of Rie-
mannian space—time to the matter by means of the non-
linear equations (A). Thus arose the idea that matter
influences the space—time metric.

However, as we have noted above, such an approach
does not enable us to regard the gravitational field in
general relativity as a physical field possessing energy
and momentum. In addition, the natural geometry of
the gravitational field in general relativity became the
geometry of Riemannian space-time, which did not fol-
low from any experimental facts but was rather a hy-
pothesis to the effect that the gravitational field acts on
itself in a definite manner.

However, the action of the gravitational field need not
necessarily reduce to a change in the geometry, though
it may be nonlinear. In this connection, the problem
arises of choosing a natural geometry for the gravita-
tional field that enables one to regard it as a physical
field possessing an energy —-momentum density.

Any physical field corresponds to a certain natural
geometry such that in the absence of interaction with
other fields the front of a free wave of this physical
field moves along the geodesics of the natural space-
time.

The propagation of the wave front of a massless field
(the equation of the characteristics),"!

ni QP
£ am G =0 (37)

and also the motion of free material particles (the
Hamilton-Jacobi equation),

ap @
g ﬁz‘f’ azu: =L (38)

are determined by the metric tensor of the geometry
that is natural for these processes.

The problem of the choice of the natural geometry
reduces to the question of what effective metric tensor
is used to contract the highest derivatives in the La-
grangian density. It is entirely possible that one could
have the situation already invisaged by Lobachevskii,*
in which different physical phenomena are described in
terms of different natural geometries.

V. I. Denisov and A. A. Logunov 324



It follows from Eqs. (37) and (38) that the natural ge-
ometry of a physical theory admits experimental deter-
mination on the basis of data on the motion of test par-
ticles and fields. Study of the motion of test particles
with mass and of massless fields makes it possible to
determine the metric tensor of natural space-time up
to a constant factor.* Thus, study of the motion of dif-
ferent forms of matter makes it possible to verify ex-
perimentally the nature of the space—time geometry of
the world. Therefore, the development of our know -
ledge about nature has been accompanied by the devel-
opment of our ideas about space and time.

Thus, Newtonian mechanics (mechanical phenomena)
in conjunction with Galileo’s principle of relativity (as
we now know) again confirmed that space is Euclidean
and time absolute, i.e., the same in all coordinate sys-
tems. However, the connection between Galileo’s prin-
ciple of relativity and the geometry in Newtonian me-
chanics was not established, and therefore it was re-
garded as an independent principle applicable only to
inertial coordinate systems. Initially, this principle
applied only to mechanical phenomena, but then in
Poincaré’s papers® it was extended to all physical phe-
nomena and formulated as follows: “...the laws of
physical phenomena will be the same for an observer at
rest as for an observer in a state of uniform transla-
tional motion, so that we do not have and cannot have
any means to distinguish whether we are in such motion
or not.” It should be noted that although this principle
did appear natural, its true nature was not clear.

Subsequently, Faraday-Maxwell electrodynamics
(electrodynamic phenomena) in conjunction with the
principle of relativity led to the discovery of the
pseudo-Euclidean space-time geometry of the world.
Here, we are indebted in the first place to Minkowski.
In Ref. 37, he wrote: “The views of space and time
which I wish to lay before you have sprung from the
soil of experimental physics, and therein lies their
strength. They are radical. Henceforth space by it-
self, and time by itself, are doomed to fade away into
mere shadows, and only a kind of union of the two will
preserve an independent reality....” Later, he noted
that “. . .only the four-dimensional world in space and
time is given by phenomena, but the projection in space
and in time may still be undertaken with a certain de-
gree of freedom....”

It was Minkowski who first discovered that the space-
time in which all physical processes take place is but
one, and its geometry pseudo-Euclidean. The subse-
quent study of the strong, electromagnetic, and weak
interactions showed that for the fields associated with
these interactions the natural geometry is pseudo-Eu-
clidean geometry.

However, as a result of this discovery the principle
of relativity lost its fundamental role and was trans-
formed into a special consequence of the fact that all
physical processes take place in a space-time whose
geometry is pseudo-Euclidean. Thus, the space-time
geometry acquired a fundamental role. The content of
the principle of relativity is contained in the proposition
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that there exists a class of inertial frames of reference
in which all physical processes take place in the same
manner. In mathematical language, this means that the
equations which describe the physical processes are
form-invariant with respect to Lorentz transformations.
In the limiting case v/c—~ 0, the Lorentz transforma-
tions go over into Galileo transformations and ensure
the form invariance of the equations of Newtonian me-
chanies.

But, as is shown in Refs. 38 and 39, the assertion
that all physical phenomena occur in a space-time
whose geometry is pseudo-Euclidean is much richer in
content that the principle of relativity, since it enables
one to formulate a generalized principle of relativity
valid in not only inertial but also noninertial coordinate
systems. In this connection, it should be noted that in
the scientific literature it is commonly stated that the
special theory of relativity applies only to the descrip-
tion of phenomena in inertial frames of reference,
whereas the description of phenomena in noninertial
frames is the prerogative of the general theory.

But this is incorrect. It is a trivial consequence of
Minkowski’s fundamental discovery that to describe
physical phenomena one can use any class of admissible
frames of reference —inertial and noninertial. The
curvature tensor of this space-time, which determines
its entire intrinsic geometry, remains equal to zero in
both inertial and noninertial frames of reference.
Therefore, in the framework of the special theory of
relativity it is still entirely possible to describe physi-
cal phenomena in noninertial frames of reference as
well. This was clearly understood by Fock.'?

Before we turn to the formulation of the generalized
principle of relativity, we shall briefly recall the dif-
ference between the concepts of general covariance and
form invariance.

Because the definitions of these two concepts are
similar, the concept of covariance is quite often used
in the meaning of form invariance, which it does not
have.

An equation is said to be covarianl under a certain
coordinate transformation if the new unknown functions
which occur in it and are expressed in the new vari-
ables satisfy equations of the same form as the old
functions in the old variables. Thus, the requirement
of covariance of equations is not the reflection of a
physical principle but a methematical requirement.

As was shown by Fock,'? if an equation is to be co-
variant, it must transform under arbitrary admissible
coordinate transformations in accordance with a tensor
law. Let us explain this by an example. The equations
of relativisic mechanics

Dut (2)/IDs = F' (2) (39)

are covariant, since by virtue of the tensorial nature
under an arbitrary admissible coordinate transforma-
tion

z't =2’ () (40)

the new functions, expressed in the new variables
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u'¥(x'), will satisfy an equation of the same form as the
original equation (39):

D't (2)D's =F' (),
i.e,, on the transition from the coordinates x to the co-
ordinates x' all quantities in (39) are replaced by the
corresponding quantities with primes. It is to be em-
phasized especially that the functional dependence of the
metric tensor g/, of space-time on the new coordinates
can change under the transformations (40). This means
that if in the initial coordinate system the metric ten-
sor g,,; is a particular function of the coordinates x, in
the primed coordinate system it can be an entirely dif-
ferent function of the coordinates x’. Since the metric
tensor of space-time or its derivatives always occur in
covariant equations, the functional form of the covari-
ant equations changes under the transformation (40) in
the general case.

This can be readily seen by noting that under the co-
ordinate transformations (40) the metric tensor of
space-time transforms in accordance with the law

e L
gni (2') = g oy &im (2 (2))-

Thus, the functional form of the covariant equations of
physical processes is not preserved under the trans-
formations (40), and therefore in different coordinate
systems the description of the phenomena is different,
i.e., in the general case the same phenomena will
evolve differently in different coordinate systems.

The requirement of form invariance of the metric
under certain coordinate transformations, i.e., the re-
quirement that the functional dependence of the metric
tensor should not change under these transformations,
is more stringent than the requirement of covariance of
the equations. This requirement restricts the class of
coordinate systems to those between which the trans-
formations leave the functional form of the metric ten-
sor of space-time unchanged, i.e., the functional de-
pendence of the tensor g,; on the coordinates x in one
frame is the same as the dependence of the tensor g,
on the coordinates x’ in any other frame of the class.
However, this requirement guarantees that for the
complete group of transformations that leave the met-
ric form-invariant the functional form of the field
equations will be unchanged. Therefore, in all frames
of reference connected by transformations that leave
the metric form-invariant all physical phenomena will
evolve in the same manner if the initial and boundary
conditions correspond, so that it will be impossible to
establish in which of the frames we are.

Thus, covariance and form invariance are different
concepts. The transformations that ensure covariance
of the field equations include in the general case trans-
formations between different admissible but physically
inequivalent (for the description of physical phenomena)
‘coordinate systems. In contrast, the transformations
that ensure form invariance of the metric tensor of
space-time (and, therefore, form invariance of the
equations) include only transformations between physi-
cally equivalent coordinate systems, in which all phys-
ical phenomena evolve in the same manner for corre-
sponding initial and boundary conditions.
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Since the space-time geometry on the transition be-
tween different frames of reference does not change and
remains pseudo-Euclidean, for any inertial or noniner-
tial or noninertial frame of reference there exists a
10-parameter group of coordinate transformations that
leave the metric form-invariant. Thus, for pseudo-
Euclidean space-time each frame of reference is asso-
ciated with an infinite set of other frames of reference,
the transformations between them leaving the metric
form-invariant.

In pseudo-Euclidean space-time there is a general-
ized principle of relativity®®*®: For whatever physical
frame of reference we have chosen (inertial or nonin-
ertial), there always exists an infinite set of other
frames of reference such that all physical phenomena
in them take place in the same manner as in the origi-
nal frame of reference. Therefore, we do not have and
cannot have any means to distinguish experimentally in
which frame of reference we are among this infinite
set.

Thus, the Minkowski geometry has a general nature,
being the natural geometry for all the known fields.
Pseudo-Euclidean space-time is not a priori, given
from the very beginning and existing independently. Its
existence cannot be separated from the existence of
matter, since it is the geometry in which matter
evolves. The possibility of obtaining conservation laws
for a closed system of interacting fields depends to a
large degree on the nature of the space-time geometry.

Mathematically, the conservation laws for energy,
momentum, and angular momentum are a reflection of
definite properties of space-time, namely, its homo-
geneity and isotropy. There exist three types of
spaces"” possessing the properties of homogeneity and
isotropy to such an extent that they admit the introduc-
tion of ten integrals of the motion for a closed system.
These are a space of constant negative curvature (Lo-
bachevskii space), a space of zero curvature (pseudo-
Euclidean space), and a space of constant positive
curvature (Riemannian space). The first two spaces
are infinite and have infinite volume, while the third
space is closed and has 2 finite volume but no bound-
aries.

2. FUNDAMENTALS OF THE FIELD APPROACH
TO THE DESCRIPTION OF THE GRAVITATIONAL
INTERACTION

Thus, if the gravitational field is to be regarded as a
physical field in the spirit of Faraday and Maxwell with
the usual properties of being a carrier of energy and
momentum, it is sufficient to choose one of the above
geometries as the natural geometry for the gravitational
field. Since the experimental data obtained from the
study of strong, weak, and electromagnetic interactions
indicate that the natural space-time geometry for the
fieldg associated with these interactions is pseudo-
Euclidean, we can, at least at the present stage of our
knowledge, assume that this geometry is the unique nat-
ural geometry for all physical processes, including
gravitational processes.
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This assumption is one of the basic propositions of
the field approach to the theory of the gravitational
interaction that we have developed. It is obvious that it
leads to the fulfillment of all the conservation laws for
energy, momentum, and angular momentum and to all
ten integrals of the motion for the system consisting of

‘the gravitational field and the remaining matter fields.
In the field approach, the gravitational field, like all
other physical fields, is characterized by its energy -
momentum tensor, which makes its contribution to the
total energy-momentum tensor of the system. This is
the main fundamental difference between our approach
and Einstein’s general relativity. It should also be
noted that in pseudo-Euclidean space-time the integra-
tion of tensorial quantities is not only simple but has a
quite definite meaning.

Another key question that arises in the construction
of the theory of the gravitational field concerns the na-
ture of the interaction of the gravitational field with
matter. When it acts on matter, the gravitational field
can effectively change the geometry of the matter if the
gravitational field occurs in the terms involving the
highest derivatives in the equation of motion of the mat-
ter. Then the motion of material bodies and other
physical fields in the pseudo-Euclidean space-time un-
der the influence of the gravitational field will be indis-
tinguishable from their motion in some effective Rie-
mannian space-time. Experimental data indicate that
the gravitational field acts in a universal manner on
matter, so that this effective Riemannian space-time
will be the same for all matter irrespective of its
form.

This leads us to a proposition which we call the iden-
tity principle ( geometrization principle), which we de-
fine as follows: The equations of motion of matter un-
der the influence of the gravitational field in pseudo-
Euclidean space-time with metric tensor y,; can be
identically represented as the equations of motion of
matter in some effective Riemannian space-time with
metric tensor g, that depends on the gravitational field
and on the metric tensor v,,,.

This principle was introduced and formulated in Ref.
28, although essentially it was already advanced in Ref.
3. The description of the motion of matter under the in-
fluence of the gravitational field in pseudo-Euclidean
space-time is physically identical to the description of
the motion of matter in a corresponding effective Rie-
mannian space-time. In such an approach, the gravita-
tional field (as a physical field) is apparently eliminated
from the description of the motion of the matter, and
its energy, speaking figuratively, is expended on the
forming of the effective Riemannian space-time, Thus,
the effective Riemannian space-time becomes a carrier
of energy and momentum; in accordance with the iden-
tity principle, it contains as much energy as is con-
tained in the gravitational field, and therefore the prop-
agation of curvature waves in the Riemannian space-
time reflects the ordinary transport of energy by grav-
itational waves in the pseudo-Euclidean space-time.
This means that in the field approach the curvature
waves in Riemannian space-time are direct conse-
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quences of the existence of gravitational waves in the
spirit of Faraday and Maxwell, and these possess an
energy-momentum density.

It must be emphasized that the identity princ iple does
not follow from any other physical principles. It is an
independent principle, determining, on the one hand,
the equivalence of the description of the motion of mat-
ter and, on the other, the nature of the interaction of
the gravitational field with matter, corresponding,
thus, to a definite choice of the Lagrangian density of
the interaction between them. In particular, the iden-
tity principle reflects the physical fact that the inertial
mass of a point body is equal to its gravitational mass.

We note also that in introducing the geometrization
principle we retain Einstein’s great idea of a Rieman-
nian space-time geometry for matter. However, this
does not mean that we necessarily return to general
relativity. Einstein’s theory is a particular realization
of this idea, and not vice versa. Therefore, the idea of
the gravitational field as a physical field that carries
energy, combined with the identity principle, leads to
other equations of the gravitational field, different
from Einstein’s equations, and changes our ideas about
space-time and gravitation. The new theory of gravita-
tion realizing this idea can describe all the existing
gravitational experiments, satisfies the correspon
dence principle, and has a number of fundamental con-
sequences.

It must be emphasized that the field approach to the
theory of the gravitational interaction does not particu-
larize in advance the nature of the gravitational field.
We do not know what is the nature of the real gravita-
tional field. It is possible that for its adequate de-
scription it is necessary to use spin tensors or a sca-
lar field. At the present, the lack of experimental ma-
terial in the field of gravitation leaves a large scope
for theoretical constructions, and only time and new
experimental facts will permit a definitive choice to be
made between the theoretical variants.

3. SYMMETRIC TENSOR GRAVITATIONAL FIELD

One of the possible realizations of the field approach
is to use a symmetric tensor field of second rank to de-
scribe the gravitational field. It should be noted that
many authors have already attempted to formulate a
theory of gravitation in flat space-time using for this
purpose different fields: scalar, vector, and symmet-
ric tensor fields. However, these attempts were occa-
sional in nature and did not contain a clear formulation
of the field-theoretical requirements on the theory of
gravitation. As a result, the simplest variants pro-
posed in Refs. 41-71 either contradicted the available
experimental data or were not logically consistent and
required the formulation of additional conditions to en-
sure that the energy of gravitational waves is positive
definite.”®

This circumstance led Thirring,” and subsequently
other authors,” "™ to the assertion that any route to the
construction of a theory of gravitation on the basis of -
flat space-time that starts from the idea of the gravi-
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tational field as a physical field in the spirit of Faraday
and Maxwell will necessarily lead to Einstein’s general
relativity.

However, the analysis of Einstein’s theory that we
made in Refs. 1-8, and also the search for other pos-
sibilites in the construction of the theory of gravita-
tion?®*! showed that such an assertion is quite unjusti-
fied. On the one hand, Einstein’s theory departed from
the concept of the gravitational field as a physical field
possessing energy and momentum and introduced a
field of a new type, namely, a field characterized by
the curvature tensor, and, on the other hand, it lacks a
fundamental principle, namely, conservation laws for
the energy and momentum of the matter and the gravi-
tational field taken together. This is a price too high to
pay for the explanation of a small number of gravita-
tional experiments. It is therefore necessary to com-
pare the different classes of gravitational theories that
traditionally use a symmetric tensor field of second
rank and find which of them introduces the gravitational
field in the physically most acceptable way.

In the construction of the theory of gravitation a key
feature is the choice of the natural geometry for the
gravitational field. For linear theories, the natural
geometry is the geometry of flat space-time, and the-
ories of gravitation with linear equations of the free
gravitational field can be formulated in terms of flat
space-time with metric tensor y,;. We shall say that
theories of gravitation formulated in terms of flat
space-time are theories of class A. Theories of class
A can also be nonlinear, but it is important that this
nonlinearity does not occur in the terms with the high-
est derivatives in the field equations and, thus, does
not change the geometry of the natural space-time.
Thus, in theories of class A there is a unique flat
space-time, which guarantees the existence of all ten
conservation laws for a closed system; in contrast, the
Riemannian space-time in terms of which the motion of
matter is described is an effective space-time and
arises as a result of the action of the gravitational field
@,; on the matter.

Among the theories of class A, we must distinguish
the subclass of bimetric theories in which the gravita-
tional field ¢,, in combination with the metric tensor y,,
forms in the Lagrangian density L, of the gravitational
field a new field variable—the metric tensor g, of the
effective Riemannian space-time in terms of which the
equations of motion of the matter are formulated, the
natural geometry for the new field variable being pseu-
do-Euclidean geometry:

L =Ls (Ynis &ni (Ymr: Pmu)) + L (gniy 9a)-
An example of a nonlinear theory of this subclass is
Rosen’s theory® with Lagrangian density

V= y ot
Ly= 54;-;?‘!’“3““3“ [D[ngkgm,,—T D‘-g,,mD,,g,,,] .

where y is the determinant of the metric tensor of flat
space-time, D, is the covariant derivative in the flat

space-time, and in what follows it is assumed that G
=c=1.
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In bimetric theories, the gravitational field ¢, is
actually absent, since the field variable is the metric
tensor g,,; therefore, there is here no sufficiently deep
physical justification of the connection between the ef-
fective Riemannian space-time and the unique flat
space-time.

In theories of class A, we actually have two physical
space-times —the flat space-time with metric tensor
Yni» in terms of which the equations of the gravitational
field are formulated, and the non-Euclidean space-time
with metric tensor g,,, in terms of which the motion of
the matter is formulated. Both of them are real ob-
servable space-times. The front of a gravitational
wave moves along geodesics of the flat space-time, and
therefore gravitational waves can be used to determine
the geometry of pseudo-Euclidean space-time. The
front of an electromagnetic wave moves along geodesics
of the effective Riemannian space-time, and therefore
electromagnetic waves and massive particles can be
used to determine the geometry of this Riemannian
space-time.

If in 2 nonlinear theory of the tensor field ¢, the non-
linear terms are contracted with the derivatives in the
Lagrangian density (in the terms with the highest de-
rivatives in the field equations), then for such a theory
a non-Euclidean space-time with an effective metric
tensor g,,=&n; (Yme» ¢me) Pecomes the natural space-
time. We shall say that theories of gravitation formu-
lated in terms of the effective Riemannian space-time
are theories of class B. The Lagrangian density of the-
ories of this class has the form

L :L,E (gm's ‘Pni) + LJr (gni! qJA)‘
Theories of this class warrant special study.

Since the flat space-time in theories of this class is
not observed, we here obviously lack an adequate justi-
fication of the connection g,;=g;(¥ e ¥me) Petween the
common Riemannian space-time and the gravitational
field ¢,;. The common Riemannian space-time in theo-
ries of this class arises on the basis of the gravitation-
al field ¢,, and the unobservable flat space-time. It
should also be noted that the equations of the gravita-
tional field in theories of class B are necessarily non-
linear.

A subclass of geometrized theories of class B is the
set of theories with complete geometrization, in which
the Lagrangian density of the gravitational field depends
only on the metric tensor g,;:

L = Lg (gn)) + Lar (8nis @a)-

Einstein’s theory belongs to this subclass of theories
and corresponds to the special choice of the Lagrangian
density in the form L =V —gR. In theories with com-
plete geometrization, the flat space-time is completely
eliminated from the description of the motion of both
the matter and the gravitational field. Neither the
gravitational field ¢,; nor the metric tensor v,; appear
anywhere in the theory. At the same time, the quanti-
ties g,; have a double meaning: as variables of a physi-
cal field and as the metric tensor of space-time. This
has the consequence that in theories of this subclass the
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gravitational field is not a Faraday-Maxwell field pos-
sessing energy and momentum.

It must be emphasized that theories of the classes A
and B are essentially different theories of gravitation.
By no transformation of the field variables or transfor-
mation of the coordinates can one transform a theory of
one class into a theory of the other.

Thus, analyzing the existing possibilities, we con-
clude that only theories of class A introduce the gravi-
tational field in a manner that is maximally acceptable
from the physical point of view. Theories of this class
enable us to regard the gravitational field as a physical
field in the spirit of Faraday and Maxwell and possess
all ten integrals of the motion for a closed system of
interacting fields. The effective Riemannian space-
time used to describe the motion of matter in theories
of this class reflects in a natural manner the existence
of the physical gravitational field and the unique pseu-
do-Euclidean space-time.

Therefore, we again arrive at the need for an imme-
diate study of the possibilities of constructing a theory
of gravitation which realizes the field approach to the
description of the gravitational interaction.

4. CONSERVATION LAWS FOR THE
GRAVITATIONAL FIELD AND MATTER

We now study the nature of the conservation laws for
all local theories of class A without making a particular
choice of the Lagrangian density. Proceeding from the
basic principles of the field approach, we write the La-
grangian density of the system consisting of matter and
the gravitational field in the following form for theories
of this class:

L = Lﬂ (?nh qln:) = L.'lr (gnh (PA)| (41)

where y,, is the metric tensor of the pseudo-Euclidean
space-time with signature (+, -, -, ~), ¢, is the gravi-
tational field, and ¢, are the remaining matter fields.

Without loss of generality, we shall assume that the
metrie tensor g, of the Riemannian space-time is a lo-
cal function that depends on the metric tensor of the flat
space-time, the gravitational field ¢, ,, and their sec-
ond derivatives to the second order inclusive:

Emit = Emi{Vni 9p¥nir Opa¥ni: Onis Io@ris Srntini)s (42)

where
Opm® = Pploz"dz™.

We shall assume that the Lagrangian density L,; of the
matter depends only on the fields ¢,, their partial de-
rivatives of first order, and the metric tensor g,,. It is
easy to see that in this case the Lagrangian density of
the matter will contain the partial derivatives of the
gravitational field up to the second order. We shall as-
sume that the Lagrangian density of the gravitational
field depends on the metric tensor v, the gravitational
field ¢,,, and their partial derivatives to the third or-
der inclusive. To obtain the conservation laws, we use
the covariant method of infinitesimal displacements.
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Since the action J is a scalar, under an arbitrary in-
finitesimal coordinate transformation

' = i + %i (x) (43)

the variations 8Jy of the matter action and 6J for the
gravitational field will be zero.

Since the Lagrangian density of the matter contains
both covariant and contravariant components of the
metric tensor of the Riemannian space-time, we shall
vary the Lagrangian density with respect to them as if
they were independent, and then take into account the
relationships between their variations:

bg™" = — gMg™bgiy;

then the symmetric energy -momentum tensor density
of the matter 7™ in the Riemannian space-time will
have the form

. AL SL 5L
i 9 Ah\f i _2( o 1: — gimgnt ﬁg"ﬁ ) (44)

where 6L/0¢ is the Euler-Lagrange variation:

6L oL SL
Sp ap ”(

7o)+ ( a—h—(jfm ) =0 (5 ) - (45)

We shall proceed similarly when varying with re-
spect to the components ¥, and y" of the metric tensor
of the flat space-time.

We write the variation of the matter action integral
under the transformation (43) in the form

8T ni= Y(l‘ { ,ru § ,,,—E- M ﬁq‘A—I—Dlv} 0, (46)

where Div stands for divergence terms whose allowance
leads to relations unimportant for the purposes of our
study.

Introducing the notation

SO BN Ly OLar . ms.mn OLn ) .
B =g Avam £ ( Ynm v Syh ) i } (47)
n = Yentil's '

for the energy-momentum tensor density of the matter
in the flat space-time, we can write the variation 64

of the action integral under the coordinate transforma-
tions (43) in a different form equivalent to the expres-

sion (46):

873 — [ dte { gt L §um+ Jok O+ Div} =0.  (48)

a@nm A S e ﬂ\.

The variations 6y,,, 0¢,,., 0¢,, and 0g,, under the
coordinate transformation (43) have the form

SYpm= — Y"gDmE —VYmtDn £

B = _(PnleE — Qmrldy Et —E Dl(Pn m3

89 = —EDipa + FHi FppDats (49)
88um = — Bn1Dnt — Emi D' —E' Dy,

Using these equations, we can write the variation (48)
of the matter action as "

30 i de{gf[w (2L g

1 L
— Dntan— 5‘9 T Dyprun—Dy ( — L Fat r%) -
8L = .
“5‘02 D,(pA]—}«DN}—U. (50)
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Because the displacement vector £’ in the expression
(50) is arbitrary, we have the identity

8L 8
Dithia— 2D (522 @mn ) +

5L 5L, i
+Dz( &8 n‘Pa)‘F&’%‘;an‘A:O- (51)

i
D%
m

We obtain another important identity by substituting
the relations (49) in the expression (46):

Di (gﬂmT[m)__ mDngmt . _Dl ( 61"[ FA Q. B) GL‘T DntpA' (52)

We now express the covariant derivatives on the left-
hand side of the identity (52) in terms of the partial de-
rivatives and the connection ¥}, of the flat space-time.
Bearing in mind that 7™ is a tensor density of weight 1,
we obtain

T3, gim = — D ';’ bl

i 1
6i(gan'"')—T F\ P u) L Dytpa-

5(?1

But the left-hand side of this expression is the covar-
iant divergence in the Riemannian space-time of the
energy-momentum tensor density 7'} of the matter:

ai {_I,’,,,,,T i)_—T mangim -0 Tn_FmT;n =V Tﬂ —ng T!m

where I'[,
time.

is the connection of the Riemannian space-

Therefore, the relation (52) takes the form

ZniVm ™

~ —D; (§2L F5ih9n) — 325 Dyt

Subtracting this equation from the expression (51), we
obtain

SLar

D,-IL,.—ZD,- { BTE

¢Mn) Sl 'S‘Pi Dn(?:m —gniva o, (53)

It must be emphasized that this identity is valid irre-
spective of the fulfillment of the equations of motion of
the matter and the gravitational field.

Similarly, from the invariance of the action of the
gravitational field under the transformation (43) we ob-
tain

Dit}“—-ZD, ( ‘5@ o ‘pmn) +——-—ansz#0 (54)
For the symmetric energy -momentum tensor density
ti, of the gravitational field we have as usual
t;ﬂ o 2?nmﬂLg/ATlm- (55)
1t follows from Eqs. (53) and (54) that

Dl (3M-n+t[.’n)"‘ D ( ‘Tmn)'}' 6(p Dra[[‘tru:ViT:'l- (56)

ﬁtp m
If the equations of the gravitational field are satisfied,

BL/SPim = OL o/8@im + SLr/8pem =0 (57)
the expression (56) simplifies:

D, (than + tgn) = gaiVmT™ (58)
‘This equation is a manifestation of the.identity princi-
ple. It follows from it that the covariant divergence in
the pseudo-Euclidean space-time of the sum of the en-
ergy-momentum tensor densities of the matter and the
gravitational field has been transformed into the covar-

iant divergence in the Riemannian space-time of the en-
ergy-momentum tensor density of the matter alone.
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Thus, these are different forms of expression of the
same fact.

If the equations of motion of the matter are satisfied,
OL /0, =0, (59)

the expression (51) simplifies:

Dithnm— 2D (par

S9im q‘mn] ip 6@ Dn(firn 0» (60)

and from the relation (52) there automatically follows
a covariant conservation equation in the Riemannian
space-time:

VaI™ =0. (61)

This result is common to all theories with geometrized
Lagrangian density of the matter and is not tied to any
particular variant of the theory of gravitation.

We see further that if Egs. (57) of the gravitational
field are satisfied the relations (60) and (54) yield a
covariant conservation law for the total symmetric en-
ergy-momentum tensor density in the pseudo-Euclidean
space-time:

D (then - f) = 0. (62)

Thus, on the basis of the Lagrangian formalism we
have obtained an energy-momentum conservation law
for the matter and the gravitational field in the pseudo-
Euclidean space-time. This fundamental law of nature
means that in the field theory of gravitation there are
no processes (irrespective of the erudition of their in-
ventors) that do not conserve energy and momentum. It
also follows from the expression (62) that the gravita-
tional field, considered in the pseudo-Euclidean space-
time, behaves like all other physical fields. It posses-
ses energy and momentum and contributes to the total
energy -momentum tensor density of the system.

On the basis of Eq. (62) and the identity (58), we have
D; (tyn + Lgn) = GumV: T = 0.

Therefore, the conservation law for the total energy-
momentum tensor density (62) and the co_ﬁservati.on law
in the form (61) when the gravitational field equations
(57) and the equations of motion of the matter (59) are
satisfied are simply different forms of expression of
the same conservation law. The conservation law (62)
expresses the fact that in the pseudo-Euclidean space-
time the total energy -momentum tensor density of the
system consisting of the matter and the gravitational
field is conserved. This law has the customary form of
a conservation law. The conservation law (61) in the
Riemannian space-time is not a conservation law in the
usual sense, since the energy-momentum tensor den-

sity T™ of the matter should not be conserved: 8,T™
#0.
Einstein already pointed out (Ref. 12, p. 492): “...the

presence of the second term on the left-hand side indi-
cates from the physical point of view that for the mat-
ter alone the energy and momentum conservation laws
are not satisfied in their true sense; more precisely,
they are satisfied only when the g,, are constant, i.e.,
when the components of the gravitational field intensity
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are equal to zero. This second term is the expression
for the momentum and, accordingly, for the energy
that in unit time and in unit volume are transmitted to
the matter from the gravitational field....”

In this case, the second term in (61) expresses the
energy influence of the gravitational field on the matter
and shows that the matter acquires energy that is, as
it were, stored in the Riemannian geometry. In this
case, one can say that the energy of the gravitational
field has been used to create the Riemannian geometry,
From the expression (61) it cannot be seen what quan-
tity is conserved.

The absence of conservation laws in the true sense is
a feature of the entire subclass of gravitational theo-
ries with complete geometrization and not only Ein-
stein’s theory. The Lagrangian density L of the grav-
itational field of theories of this subclass depends on
the field ¢,; and on the metric tensor y,, only through
the metric tensor g,, of the Riemannian space-time. In
theories of this subclass the symmetric energy-mo-
mentum tensor density of the matter and the gravita-
tional field in the pseudo-Euclidean space-time is given
by
ALy | ALy _ AL g
" AVnr  Agm Yns

agtm

Lo AL
E Aai — Ayng
" (AL T [

Adim a(ap'b’nz) O Agim ‘9(51:9"1'11(]
—giegw [ AL dgim AL 8gim AL 3gim H
R Beim 07 U Rgm 3 (9vE) '*(Agm a(equ))]

Since the equations of the gravitational field in a geo-
metrized theory are

AL/Ag i = SLI8g ,, — glig™BLISg™ — 0,

the symmetric energy-momentum tensor density of the
matter and the gravitational field in the pseudo-Eucli-
dean space-time vanishes by virtue of the equations of
the gravitational field:

ALIAY, = — £7/2 =0, (63)

We obtain a similar conclusion—that the symmetric
energy —momentum tensor density vanishes, for the
free gravitational field as well. But the equations of the
free gravitational field contain solutions for which the
curvature tensor R:, . is nonzero. Therefore, in theo-
ries with complete geometrization the vanishing of the
energy -momentum tensor density of the free gravita-
tional field does not lead to vanishing of the field ¢,
and, therefore, there exists a certain fictitious field
that does not possess an energy-momentum density but
leads to curving of space-time (the formation of a Rie-
mannian geometry). It follows that a theory of a physi-
cal gravitational field possessing energy and momen-
tum and based on flat space-time cannot in principle be
reduced to general relativity. Therefore, the claims
made by various authors™ " that such a reduction is
unavoidable are incorrect. The subclass of gravitation-
al theories with complete geometrization are in princi-
ple incapable of introducing the concept of a gravita-
tional field possessing energy and momentum.

Thus, we arrive at the following conclusions: 1. In
local theories of class A, the gravitational field, de-
scribed in the pseudo-Euclidean space-time, is a phys-
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}'-

ical field with energy and momentum. On the basis of
the identity principle, the motion of the matter can be
described in an effective Riemannian space-time, the
creation of which is made possible by the energy and
momentum of the gravitational field. In this approach,
the geometrical description arises on the basis of field-
theoretical ideas about the gravitational field, and it is
based on the conservation laws. 2. In the subclass of
theories with complete geometrization, the gravitation-.
al field and the matter have a common geometry, but
the gravitational field loses the properties of a physical
field and does not possess energy or momentum. In
this approach, we do not have the field-theoretical no-
tions of a gravitational field as a field in the spirit of
Faraday and Maxwell.

The general theory of relativity realizes this possibil-
ity of construction of a theory. It introduced a field of a
new type, described by the curvature tensor, which is
not a Faraday-Maxwell field. In this case there are no
conservation laws of the matter and the gravitational
field taken together, so that this theory does not satisfy
the principle of correspondence with Newton’s theory of
gravitation.

5. GAUGE-INVARIANT TENSOR FIELD

In this section, we shall formulate all our relations
and equations in Cartesian coordinates, although, of
course, they could also be written covariantly and in an
arbitrary curvilinear coordinate system.

We consider theories of class A with Lagrangian den-
sity in the form (41). The equations of the gravitational
field and the equations of motion of the matter are

'SLﬂla‘an e 5L3:f'5%m =0; (64)
BLISp, = 0. (65)

Among the set of theories with Lagrangian density
(41) there are theories in which the action integral is
invariant under the gauge transformation

Pri => Pny + aiﬂn + anah (66)

where a; is an arbitrary gauge 4-vector. From the in-
variance of the action integral of the free gravitational
field under the gauge transformation (66), we have

87 = (a2 1—20,0, (8L /59,1) + Div] =0,

Because the gauge vector a, is arbitrary,
3 (8L ,/8p,7) = 0.

From this equation and the field equation (64) we obtain
a conservation equation for the source of the gravita-
tional field:

3y (BL /b)) = 0.

It is well known'® that in electrodynamics the invari-
ance of the Lagrangian density L =L, + L, under the
gauge transformation A;~ A, +9, f of the vector poten-
tial leads to analogous conservatton equations:

B;BLAIGA, = 0; a,-ﬁLM/‘BA,- =0.

Since the source in the field equations in a gauge the-
ory is conserved, it is generally assumed that the
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source in the equations of a gauge theory of gravitation
is the total energy-momentum tensor of the system
consisting of the matter and the gravitational field.
This has the consequence that the field equations be-
come nonlinear, and it is usually stated that the sys-
tematic inclusion of such nonlinearities can lead to
Einstein’s nonlinear theory of gravitation.”* ™™

However, in reality this hypothesis leads in the first
place to the loss of the gravitational field’s property of
being a carrier of energy and momentum. If we as-
sume the possibility of identifying the source 8Ly/0¢,,
=Jm /9 with the total energy-momentum tensor density
tni=¢m + 45, it follows directly from this that the ener-
gy - momentum tensor of the free gravitational field (for
Ly=0) is equal to zero. Such a theory does not possess
the properties characteristic of other physical ‘systems,
and therefore we regard it as unacceptable.

In accordance with Noether’s theorem, invariance of
the action integral with respect to a group of transfor-
mations entails the existence of definite conserved
quantities. Invariance with respect to coordinate trans-
formations leads, as is well known, to conservation of
the energy-momentum tensor density {". The invari-
ance of the action integral with respect to the gauge
transformations (66) leads to conservation of the cur-
rent j*. Since coordinate and gauge transformations
are quite different transformations, " and j* are, of
course, entirely different physical quantities.

The problem of constructing a gauge-invariant theory
of a tensor field is in the first place the problem of
constructing a conserved tensor current j, or, in oth-
er words, the problem of constructing a Lagrangian Ly
of the matter that leads to a conserved variation 6L,/
b¢,;. To solve this problem, it is necessary to consid-
er the question of the spin states of a field described by
a symmetric tensor of second rank.

As is shown in Refs. 78 and 79, a symmetric tensor
¢, of second rank can be represented as a sum of ir-
reducible representations: one representation with spin
2, one with spin 1, and two representations with spin 0:

Pni =(Py 4+ Py + Py + PDE}L?[p,m.

The quantities Pg can be conveniently expressed in
the momentum representation. We introduce the auxil-

iary operators
Xpi= (’l/V 3) (Y _(lnql-’qz); Y= ‘J'nqif”q:v

by means of which the operators Pg can be represented
in the form .

Py=X, X' Po=Y, Y™
Py=(y 3/2) (X{YP+ XY T 4 XTY -

- XpYi); (67)
Py=(3/2) (XiX7 + XoX7) — X, X'

"In the X representation, the projection operators Pg
are nonlocal integro-differential operators:
Plftoim= | auPii @, 1) i 0)-

Using the expressions (67), we readily see that only
the operators P, and P, are conserved:
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‘IIP.EM == {Imp"ﬂi _'I!an *qmptmu =0,

Therefore, if the Lagrangian density L, of the gravita-
tional field contains the field ¢, only in the combina-
tion

fut =P, + aPy) glu, (68)

then the Lagrangian density and, therefore, the equa-
tions of the free gravitational field will be invariant un-
der the gauge transformation (66). However, the use of
the expression (68) is not entirely convenient, since it
is an integro-differential expression and therefore
leads to nonlocal field equations.

If the field equations are to be local, we need a dif-
ferential connection between the fields f,; and ¢,;. This
can be achieved by taking, for example, the combina-
tion

fni . C]g “PE J!" GPD) (le'-

In this case, the tensor f,; will contain the fourth de-
rivatives of the field functions ¢,;. But among all val-
ues of athe value a= -2 is distinguished in the sense
that it enables us to write f,; in the form of a combina-
tion of, not fourth derivatives of the field ¢,;, but only
the second derivatives:

fi1 i DT GG (69)

It is readily seen that the operator O(P, - 2P,) is a
gauge-invariant and local operator of the lowest order,
namely, ina theory that uses a symmetric tensor field
of the second rank there is no other local operator that
uses lower derivatives and leads to gauge invariance.
Thus, we have

fnl =0 Um‘ = Uiﬂmomn s di’idﬂ,ﬂn;l
(70)
+ Pui0'0™0 y; By =0,
where we have introduced the notation
Oim =Gim “"\r‘zm([:r"?. (71)

In this case, the vector field and the spin-0’ field,

which are not invariant under the gauge transformation

(66), are eliminated from the theory.

Since the entire theory must be gauge-invariant, we
assume that the fields ¢,,, occur in the connection
equations g,;=g,,(¢,») only through the field f,,. More-
over, we assume that the metric tensor g, of the Rie-
mannian space-time is a local function of the fields f;,,
alone and of the metric tensor of the flat space-time.
With regard to the form of this function, we shall not
here make any assumptions apart from the requirement
that the quadratic form with coefficients g,; be negative
definite, and the component g,, be a positive quantity.
Then the parameter x° will have the nature of time, and
the parameters x® the nature of spatial coordinates in
the Riemannian space-time.

6. EQUATIONS OF THE GRAVITATIONAL FIELD
IN THE FIELD THEORY OF GRAVITATION

The gauge-invariant theory leading to linear equa-
tions of the free gravitational field is the simplest var-
iant among all theories of class A. In what follows, we
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shall call this theory of gravitation the field theory of
gravitation. Using derivatives of the fields Jam Of order
not higher than the first, we can write the Lagrangian
density of the gravitational field of the field theory in
the most general form as

L= i (0, am®f™™ — 00,10 — m§ [atf o™ 4B},
where f=f7.

For a#0 or B+0, the obtained equations will describe
a gravitational field whose quantum (graviton) has a
nonvanishing rest mass. Since we expect the front of a
gravitational wave to propagate with the fundamental
velocity v=c¢, the graviton rest mass must be equal to
zero. For this, it is necessary to set a=£=0,

Choosing different values of &, we can realize differ-
ent physical situations. It can be shown that the energy
of the free gravitational field has positive sign if b <L,
In addition, if b<} a scalar component of gravitational
waves is emitted, the magnitude of this component and
its energy depending essentially on b, since for b<}
the scalar component carries positive energy. How-
ever, in what follows we do not require this degree of
generality, since we assume that gravitational waves
(gravitons) are characterized by the spin value S=2 and
a positive-definite energy. Therefore, in what follows
we set b=3 in order to eliminate emission of the scalar
component.

Thus, we arrive at a Lagrangian density of the free
gravitational field in the form

Lg = (1/64x0) {9ifumd' ™ — 8,40'/2}. (72)

This Lagrangian density of the gravitational field is the
simplest Lagrangian density invariant under the gauge
transformations (66) of the field ¢,,. The field f,, can
also be subjected to the gauge transformation

fam = fam &+ Onam + Opan — v,,,,,a,a', (7 3)

which does not violate the conditions 8%,,=0, if the
gauge vectors " satisfy the homogeneous equations Oa"
=0.

We must empha.sizé the fact that the symmetric fields
Jam 2re not independent by virtue of the four conditions
a"f =0 which they satisfy, so that in the derivation of
the field equations the Euler-Lagrange variation must
be taken with respect to the field ¢ ;, since only this
field has all ten components independent. :

Note also that in the considered case the variation of
the matter Lagrangian density can be obtained in two
ways: either directly, using the Euler-Lagrange vari-
ation (45) with respect to the field ¢,,, or using the fact
that the matter Lagrangian density contains the gravi-
tational field only through the field f,, (70), and the
field f,,, in its turn, occurs in the matter Lagrangian
density through the metric tensor of the Riemannian
space-time. In both cases, we obtain the same result.

Introducing the notation
a nnp
W 7 S (SIS + SOF — iy (74)

and using the relation (70), we obtain the gravitational
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field equations (64) in the form
Dnelm A ala"Dzenm - amanl:]zﬁnt

+ Y™ 9,0,020% = — 16a™m, (75)
where

Jim — gntn — glg Evm — Ggma 4 mg g,
Using the definition (70), we can write the field equa-
tions (75) as

O™ = — 16xJtm, (76)

It is easy to see that the gravitational field equations
in either the form (75) or the form (76) are invariant
under the gauge transformations (66) with arbitrary
gauge vector ¢". If we take the total divergence with
respect to one of the indices in the field equations (75)
and (76), we obtain 0=0 identically. Therefore, al-
though the field ¢,, does have ten independent compo-
nents, the structure of the equations is such that the
four components with spins 1 and 0’ are automatically
eliminated from the equations, with the consequence
that the field equations contain only six independent
components with spin 2 and 0. For them, we have six
independent field equations, since the four conditions
(70) hold by virtue of the gauge invariance,

The gravitational field equations (76) can be simpli-
fied by using the gauge transformation (66) and impos-
ing subsidiary conditions on the field functions. The
arbitrariness in the choice of the gauge means that
when concrete problems are solved it is necessary to
determine the gauge conditions explicitly in some man-
ner, for example, by imposing subsidiary conditions.
The fact that the Euler-Lagrange variation in a gauge
theory satisfies the four identities 8,6L/6¢,, =0 also
means that when the field equations are solved in a con-
crete problem it is necessary to impose at least four
subsidiary conditions on the field. Under the gauge
transformations (66), it follows by virtue of the relation
(71) that the fields 6, are subjected to the gauge trans-
formation

Bnm = By - 9ptyy + Oty — YumOnat. (17)

The most general subsidiary conditions linear in the
field [1?6™ are the conditions

d,0%"" = Ad™[1°0%. (18)

When (78) are satisfied, the gravitational field equa-
tions can be written in the form

%" — 248%™ %% + Ay™'0%% = —16aJ™.

It is easy to see that the left-hand sides of the equa-
tions are also conserved when the subsidiary conditions
(78) are taken into account. For A=0, we obtain the
gravitational field equations in the simplest form

g% — — 16t : (79)
with the subsidiary conditions
G, 001%™ = (), (80)

Thus, the gravitational field equations in our case are
equations with higher derivatives, and (79) are also in-
variant under the gauge transformations (77) that do not
violate the subsidiary conditions (80).
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We introduce the field ™ in accordance with the
equation

OH™™ — e, (81)

and then Egs. (79) become
0% — —16a0 {Ri™ — @'a,H™™ — gma H™ + #md,0, H"F).

Since in what follows we shall be interested only in
causally determined solutions, we can in accordance
with Ref. 80 “divide” these equations by the d’Alembert
operator., Introducing the notation

1i’nm . Denml (82)

we obtain the gravitational field equations for causally
determined solutions in the form

Oy'™ = —16n {B™ — d'a, H™ — gma, H™ + y™a,a,H™").

The tensor current on the right-hand side of this
equation satisfies outside the source the condition

0 '™ — a*9,H™ . - gm9, H™ - yi™3,a,H""} = 0.

Therefore, outside the matter this tensor current can
be eliminated by a gauge transformation. Indeed, since
the subsidiary conditions (80) admit the transformations
(77) with gauge 4-vector satisfying

O%a™ =0, (83)

we have the possibility of making the gauge transforma-
tion

'l]Jnm—* wﬂm + M0a™ + am O a® — ,vnmau-:ai_ (84)

Outside the source, we choose as gauge 4-vector a
vector satisfying the condition O%"= 1675, H™. Since
the equations O™ =0 hold outside the source, and the
gauge 4-vector satisfies Eq. (83) in this region, the
subsidiary conditions (80) are satisfied automatically as
a result. After the gauge transformation (84), we ob-
tain outside the source the gravitational field equations
in the form

O™ = 0.
This means that the tensor current

Jun . pnmo__ gng 'Hrm Ao afamHlu e .“,nma‘apHpi (85)

is nonzero only within the matter. Therefore, in the
given gauge the gravitational field equations become

Oy = —16xl™™. (86)

These equations admit the gauge transformations (77) on
the class of vectors that satisfy the condition (%"= 0.
Therefore, we shall solve Egs. (86) with the subsidiary
conditions 8,3'"=0, which leave the possibility of mak-
ing gauge transformations only on this class. This
choice of the subsidiary conditions is in accordance
with Fock’s theorem,'® according to which a solution of
_the homogeneous wave equation (0&,3'"=0 that is boun-
ded in the whole of space and satisfies the Sommerfeld
radiation condition vanishes identically: a,)'=0.

Thus, we obtain the gravitational field equations
D‘Pﬂm = —16mlm™m (87)

with the subsidiary conditions
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o =0 (88)
We note further that the expression Of,,, can, using the
notation (82), be written in the form

Ofpm = OPnm — I8P — OmPin + Yrmd' P pip.

This expression is also invariant under the transforma-
tions (84) with any gauge vector «", but the operator
Of,, in this case has the original form. We can simpli-
fy this operator if we bear in mind that in the gauge we
have chosen the subsidiary conditions (88) are satisfied.
In this case,

Ofam = O¥nm- (89)

Note that the operator Of,, (89) is also invariant un-
der the gauge transformations (84) that do not violate
the subsidiary conditions (88). The relations (89) make
it possible to rewrite the gravitational field equations in
the form

oM™ = —16zm™™ (90)
with the subsidiary conditions
O™ =0, (91)

It should be emphasized especially that the tensor cur-
rent I"™ on the right-hand side of (90) is concentrated
exclusively in the matter. We note also that the equa-
tions (90) of the field theory of gravitation can be for-
mulated not only for inertial but also for noninertial co-
ordinate systems, and that on the transition from one
noninertial coordinate system to another the field equa-
tions are form-invariant for each infinite set of nonin-
ertial coordinate systems. In inertial coordinate sys-
tems, the field equations are Lorentz-invariant on the
transition from one inertial system to another. This
leads us to the necessity of extending®® the principle of
relativity, which we formulate in the following form:
There are no physical phenomena, not even gravitation-
al, by means of which it is possible to establish wheth-
er we are at rest or in a state of uniform translational
motion.

We emphasize that the principle of relativity does not
require the propagation velocity of an electromagnetic
wave front—the velocity of light—to be constant. It is
natural that in the presence of an interaction with exter-
nal gravitational fields the velocity of light, like the ve-
locity of motion of any bodies, will not be constant.

7. MINIMAL-COUPLING EQUATION

To close the theoretical scheme, we must now specify
the equation connecting the metric tensor g,; of the ef-
fective Riemannian space-time to the gravitational field

fni‘

Since the choice of the connection equation in the field
theory of gravitation is equivalent to the choice of the
Lagrangian density of the interaction between the gravi-
tational field and the other matter fields, we shall con-
struct the connection equation in the same way as the
interaction Lagrangian density is constructed in theo-
ries of other physical fields. For example, in electro-
dynamics the “minimal Lagrangian” is chosen as the
interaction Lagrangian density.
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Therefore, in the field theory of gravitation too it is
appropriate to choose as the connection equation the
minimal-coupling equation, which is the minimum nec-
essary for describing the existing experiments for a
weak gravitational field. In the usually considered lin-
ear approximation, the tensor current I™ in Eq. (85)
must be taken in the absence of a gravitational field.
Since in this approximation the only physical symmetric
tensor of second rank satisfying a conservation law is
the energy-momentum tensor of the matter, we require
the following correspondence to hold: In the zeroth ap-
proximation in the gravitational field, the tensor cur-
rent I"™ must automatically go over into the energy-
momentum tensor of the matter:

I (fin =0) = 7", (92)

This requirement makes it possible to establish unique-
ly the structure of the connection equation g, =g, f;,,)
in the linear approximation. Indeed, using the expres-
sions (74), (81), and (85), we find that the correspon-
dence requirement (92) leads to the following equation
in the linear approximation:

Enm = Ynm T fam — Vamf/2. (93)

One could imagine that the relation (93) is the minimal-
coupling equation and is satisfied always and not only
in the linear approximation in the weak field f,,. But
then a theory with such a connection equation would be-
long to the class of so-called quasilinear theories of
gravitation (in Will’s terminology). However, as is
shown in Ref. 81, any quasilinear, asymptotically Lo-
rentz-invariant theory of gravitation contradicts the
results of experiments. Therefore, the relation (93)
must be only an expansion of the minimal-coupling
equation to terms linear in the weak field f,,. Thus,
the minimal-coupling equation must be a quadratic
equation in the field f,,,:

5 .fnm = Ynm.f"rg
T [bl.fn lj':n + b!fnmf '%" b:ﬂ’nm.fi tf“ i bi'\’nmf!]/%r (94)

with as yet undetermined minimal-coupling parameters
bl! bz: b!il bé‘

Enm = VYnm

As we shall see in what follows, the condition for the
post-Newtonian expressions for the inertial and gravi-
tational masses of a static spherically symmetric body
to be equal leads to the relation 2(b, +b,+b,+b,)=1 be-
tween the minimal-coupling parameters.

One could consider other, more complicated connec-
tion equations that only in the weak-field approximation
go over into the minimal-coupling equation (94). How-
ever, at the present time there are no grounds for such
a complication, since Eq. (94) describes all gravita-
tional experiments.

Therefore, all the following treatment will be based
on Eq. (94), and as the main physical requirement,
which imposes definite restrictions on the values of the
minimal-coupling parameters, we shall take the condi-
tion that there should be no singularities in the metric
of the effective Riemannian space-time for finite values
of the matter density in the source of the gravitational
field. This assumption precludes the appearance in the
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field theory of gravitation of objects like black holes.
In addition, we require that the theory should not throw
up a paradox of Olbers type in a description of a model
of the Universe.

It should be noted that, by virtue of the minimal-cou-
pling equation (94), the nondiagonal components of the
metric tensor g, of the Riemannian space-time can be
nonzero even when the nondiagonal components of the
gravitational field f,, are equal to zero. Y

If the nondiagonal components of the tensor g,, are to
vanish when the corresponding nondiagonal components
of the gravitational field vanish, it is necessary and
sufficient to set b, =0. In this case, we arrive at the
simplest minimal-coupling equation:

Enm = Yum _:.fnm‘""vnmﬂz
-F !befnmf a5 bﬂ’nmfi !fil il bq’.‘l’nmﬁ”‘ﬁ- (95)

The condition of equality of the post-Newtonian ex-
pressions for the gravitational and inertial masses of a
static spherically symmetric gody requires the simp-
lest minimal-coupling parameters to satisfy
2b,+b,+b,)=1.

8. CONSERVATION LAWS IN THE FIELD THEORY
OF GRAVITATION

In Sec. 4, we obtained conservation laws that hold for
all theories of gravitation of class A. The existence in
theories of this class of the differential conservation
law (62) for the total symmetric energy-momentum ten-
sor density of the system in the flat space-time makes
it possible to obtain a corresponding integral conserva-
tion law.

In Cartesian coordinates,
dn (67" + 3] = 0. (96)

Integrating this expression over a certain volume V for
1=0 and assuming that there are no matter fluxes
through the surface bounding this volume, we obtain

— 2 (vl + i = | s, (97)

Thus, when gravitational waves are emitted the source
energy must change. Further, if gravitational waves
carry positive energy, the source energy must de-
crease.

All these conclusions and relations are also valid for
the field theory of gravitation, which is a concrete rep-
resentative of theories of class A. Since the symmetric
and canonical energy-momentum tensors differ by the
divergence of an antisymmetric tensor of third rank,
the conservation laws (62) and (96) also hold for the
canonical energy-momentum tensor.

The canonical energy-momentum tensor of the free
gravitational field can be obtained as follows. We write
down the equation

arL -l g aL,
?: =~8n [ a (anlgfm) Ipfim ] —pfim9n [‘e (anfg:m: ] ; (98)
In accordance with (90), the free gravitational field
satisfies the equation
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Oy [0L 410 (0nf 1m)] = Of i =0,

and therefore the expression (98) means that the diver-
gence of the canonical energy-momentum tensor of the
free gravitational field is equal to zero. Hence, we ob-
tain

fp= L0} + 5o

a[o “ ) Pflm- (99)

Using the expression (72) for the Lagrangian density
of the free gravitational field, we obtain

= ;;—,;- { —63 [c‘hf:ma‘f"" ﬁ% a, fa*f] + 20, frad" ' _a,,fa"f} g

(100)
To obtain the symmetric energy-momentum tensor 3!
of the gravitational field, we must write the Lagrangian
density L, of the gravitational field and the expression
for f,, in a manifestly covariant form. Going over in
the expression (72) from the Cartesian coordinate sys-
tem to an arbitrary curvilinear system, we obtain

L= ‘g;v yi* [vlnvmp__é_ Y!m\’ﬂp] DifimDyfnp- (101)
Similarly, from the expression (69) we obtain
fin =¥ [D 1D mfin — DiD 1 — DD (s
+ Df‘Dhcplm o '\'ik'\’pﬂ(Dancpmp TE DnDp‘Flm)]- (102)

To simplify the following expressions, we also intro-
duce the notation

Atk = — A [0y — 0O, — 0Ol + 0'0 Qi ] + F A2

o+ AR [f =y $12] + 0 { g [ — G°A™ - 20" 4% 4 2ytha, AW

hna A!a akAln ] l‘masA! 2’9*6"‘4[]

% QDfl [aa‘Am_ 6nAih_ ?fkalAln o ..l,-ikanA“ + 2vksAupaqunn
28 A‘“a"q-’,‘, —3.4""0""([25. -2 24“1’3{(;),’: g ,\,ihAﬂmas(P"m aq. 3}1""0""@5‘
s Aihﬁ's({,‘: e 2?=hAlna1fP$,—- 2,45“(?1([.“ gL Amanl}‘ik-f— .l,iﬁAtnaﬁ;

4 Athg qnt - AL (201" — 2y aieR — 20%T -y (B gh — 0,9™)
L 2900, g7 /2. (103)

The symmetric energy -momentum tensor of the gravi-
tational field can be obtained by substituting the expres-
sions (101) and (102) in the relation (55). Ina Cartesian
coordinate system, we have

té"w%{uv“‘{ Ol and'f™— 10, fa"f]+2rﬁfma*'f“’“—a"fa“f}

i (D9 — 3 O} — gh 0, (F 160 4 P —
+ falat ot ﬁf’” [d‘fu +otfal} =24, (104)

where, as usual, symmetrization is carried out with
respect to indices within the round brackets:

AGD — (AR L ARY[O

The tensor A™ in the expression (103) has in this case
the form

A™™ — — (1/32q) O [ — ym/a].

Qutside the matter O0f,,=0, and therefore the expres-
sion for ¢i* simplifies appreciably:

=T+ g A {fa(0'n 4 2] —

fad* ™ — oty (105)
where 'i:" is the canonical energy-momentum tensor
(100) of the free gravitational field.

We show that in the wave zone the symmetric energy-
momentum tensor ¢{* of the gravitational field differs
from the canonical tensor #i* only by nonwave terms
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which decrease faster than 1/#2
have the expansion

In the wave zone, we

fnm It r rg
and therefore for an arbitrary function F(f,,)
8, F — nu— Fi+0 ( ) !

where n,=x,/r. Therefore, the expression (105) can
be written in the form

=18 g o AU+ naf 0+ O — Fi0 (1 na™)
— {18 [+ na i N+ 0 (&)

Denoting differentiation with respect to the time by a
dot, we obtain from the subsidiary conditions (91)

jn'm + “Gt]:um s 0 (1."?'2)- (106)

Integrating this expression with respect to the time and
setting the constants of integration equal to zero, since
waves should not have a time-dependent part, we obtain

fom ‘T‘ "uf'zm =0 ‘1#”'2). (101)

It follows from this that in the wave zone the symmet-
ric energy -momentum tensor of the gravitational field
differs from the canonical one by a nonwave quantity
that decreases faster than 1/#% with increasing :

i =3 0 (1), (108)

Therefore, in the wave zone calculations made using
the symmetric and the canonical energy-momentum
tensors of the gravitational field give the same result.
These tensors are also equivalent for the calculation of
the integrated characteristics of gravitational radiation.
Indeed, from the expression (105) we obtain

1 = 1"+ a 417 — 187,

and therefore

et av = (TP av+ g5 | asa ™3 — A,

If the boundary of the region of integration is in the
wave zone, then on the basis of Eqs. (106) and (107) we
have

11 — 21 = g 111 — 1481 + O (A1),

Taking as surface of integration a sphere of radius »
(dSq= —¥%n,dS2), we obtain

5 ave { avip+0(L). (109)

it follows from (108) that
: 1
+0(3).

Thus, from the expressions (109) and (110) it is obvi-
ous that the two tensors are equivalent for calculating
the integrated characteristics of gravitational radiation.
As will be shown in Sec. 9, the components 72 and 7%*
are quantities of positive sign, and, moreover, only the
transverse component of a gravitational wave contribute
to the energy and the momentum. Therefore, on the
basis of the expression (97) the source energy de-
creases when waves are radiated.

In addition,

| n2as,= [ T1eas, (110)
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To obtain the symmetric energy -momentum tensor
density ¢ff' of the matter in flat space-time, we note that
the metric tensor Yn; Occurs in the matter Lagrangian
density only through the metric tensor of the Rieman-
nian space-time. Therefore, the tensor density # can
be written in the form

(=T [ — 172 5 (bl4) fif™ - (/2) 2] + friTImy,,
i [filTlm_f:!jj,, £ bg:‘"mfsz"i . 2b3.{;’fin£mT!m

= 2T T My 4 — 2

(111)

We obtain the expression for A" from (103) by setting
_41171 g __-rim‘ﬂg A, .?imru;'?m!%
A= Eblr.’ufg Lty blrnmﬂi + bg?lm Tuifm + 02'[‘!::1];

+ Zbﬂf‘"’T“iﬂg"; o 2bﬁ‘})h"fT"i",'ni”8- (112)

9. EMISSION OF GRAVITATIONAL WAVES IN THE
FIELD THEORY OF GRAVITATION

One of the most important problems in the theory of
gravitation and in the whole of modern physics is the
problem of the emission and detection of gravitational
waves. The recent interest in this problem has led to
a large number of experimental and theoretical studies
aimed both at improving the experimental methods and
techniques as well as at the design of possible emitters
and detectors of gravitational waves. The great inter-
est in these questions is explained by the fact that the
problem of gravitational waves is important both theo-
retically and for applications. Several theories of
gravitation have by now been proposed that give a fairly
satisfactory description of the existing post-Newtonian
experiments but differ strongly in their description of
gravitational waves. The experimental proof of the ex-
istence of gravitational waves and the study of their
" properties will permit not only a choice of the theory
that describes reality adequately but also a further im-
provement of it. In addition, the existence of gravita-
tional waves and the possibility of their detection will
open up the field of gravitational-wave astronomy and
new communication channels.

The problem of the emission and detection of gravi-
tational waves in the field theory of gravitation contains
a number of aspects. In the present paper, we concen-
trate our main attention on only some of them, namely,
we shall investigate wave solutions of the field theory of
gravitation in the weak-field approximation, we shall
study the interaction of weak gravitational waves with
the field of a magnetic dipole, and we shall also men-
tion a number of gravitational-wave experiments that
make it possible to verify the predictions of the field
theory of gravitation and Einstein’s general relativity
with regard to the properties of weak gravitational
waves in the presence of external gravitational fields.

The gravitational field equations of the field theory of

gravitation in the gauge we have chosen are
Of™ = —16al'™, (113)

and the tensor current I'™ (85) is defined only in the
matter.

Since the metric tensor g,,, 2nd also the energy-mo-
mentum tensor of the free gravitational field, i.e., the
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field outside matter, depend only on the fields Sams We
shall solve the field equations (113) for f,,. We write
the tensors /'™ and I'™ as Fourier integrals with re-
spect to the time. In the spectrum I'"(w,r), we sepa-
rate the static part J(r). It is obvious that the static
part of the tensor current J(r) will give only static so-
lutions, and we therefore omit it; then for the Fourier
amplitudes we obtain the gravitational field equations

Afm 4 aifm — 4gaTom (114)

We place the origin of a Cartesian coordinate system at
some point of the source, and then in this system we
can write the solution of the field equations in the form

R=|r—1r|;

}'hm: i \' e.&p;’tj(uR) }'nm

(r', w) dsr’, (115)
Usingthe Lorentz conditions (91), iwf™ =8 /%™, we
express the components 7" in terms of the spatial com-
ponents:

~ 1 ~ 7 i a7
o= — 0,051 oo —— 07 .

Qutside the source of the gravitational waves, choos-
ing the gauge

fﬂm_,_ fnm + gngm + Mgt — vnmalal'

(116)

which is compatible with the Lorentz condition (91) for
(Ja"=0, we can impose on the wave components '™ a

further four conditions in accordance with the number
of independent gauge vectors. As such conditions, we

can choose 7'=0,f/°¢=0 (the TT gauge).

As a result of this gauge, we obtain
7P TP qubfjo—— (L) (0F°% 4 °FOP) — S 0%0P (o —Fi2L.  (117)

Using the Lorentz conditions (91), we can write these
expressions in the form

7o = pof L (fg, Ben__ g%, o)

(118)
1 :,i? By dy P -:u;l—,é‘“éﬁf)ﬁ.d.,f""',
where we have introduced the notation
Pob _Fub __ v::ﬁ]n,fg_ (119)

Thus, a wave solution to the field equations contains
in the general case six nonvanishing spatial components
"f’“", but among them only two components are indepen-
dent on account of the three Lorentz conditions (91) (the
fourth Lorentz condition is trivial by virtue of the TT
gauge) and the vanishing 7' =0 of the trace. These sub-
sidiary conditions are the well-known subsidiary condi-
tions for an irreducible representation with spin 2 in
the TT gauge, and therefore a free gravitational wave
has spin 2, and the scalar component corresponding to
the irreducible representation with spin 0 is not radia-
ted in the form of gravitational waves.

It is customary to write the wave solutions to the
equations of the gravitational field in a somewhat dif-
ferent form making it possible to demonstrate clearly
the quadrupole nature of the emitted gravitational
waves.

In our case, it is also possible to express the ob-
tained solution in terms of generalized quadrupole mo-
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ments of the tensor current I™, For this we note that
the spatial components f*# (115) can be written on the
basis of the conservation 8 " =0 of the tensor current
in the form

7o = 202 { S xR UOR) Pingagh gy 4 2L g, [ 2L LOR) Fongazs gy

i exp (ioR) 3
_"m_uan&vs e:;p}{;m )I“.’L"‘;t'ﬁdV}. (120)

This relation is exact. It simplifies significantly if
the linear dimensions of the source are appreciably
smaller than the distance from its center to the point of
of observation. Omitting the nonwave terms, which de-
crease faster than 1/7, we obtain

FR ﬂrﬂ S dVa®abexp (iaR) [19+ 2n,J °® + n,n, 7],

where n,=x,/r and n,n®=-1. Then (119) can be written
in the form

I‘”)&B L @ 5 dav [.Z“Iﬁ— % v“”.rg.IEJ
x exp (i R) [1% + 21,7 " 4 non, T (121)
Introducing the projection operators

ZoB — pab | panb, (122)

which satisfy the conditions
2%y, g =2; 2907, = Z7,
we rewrite (118) as

Fob — (2528 — zobz,,/2] Pev., (123)

Substituting the expression (121) in the Fourier inte-

gral, we obtain

P — 20 | av (a8 — 5 1%00a®) 1% 4201 - 2y et
(124)

Here [...]., means that the expression in the square

brackets is taken at the retarded time {'=¢{-R. I we

introduce the traceless generalized quadrupole-moment
tensor

G = D . 20, D% 1 0, D™, (125)
where

D8 = 5 AV (3a%2b — y%Br,a8) [1],; |

i 5 dV (32%28 — y%zya%) [1%];4y; I} (126)

D"'ﬁw o 5 dv (3.1“133— Vuﬁrﬂ-’z‘ﬂ) [I“]ret' Jl

then the components (123) of the gravitational wave can
be written in the form

= -2 (z:z?,f%z“f’zw) g, (127)
Here and in what follows, the dot denotes the derivative
with respect to the time.

Bearing in mind that § fuﬂ:"s fnﬂ, for the components
<0 and £, of the energy-momentum tensor of the gravi-
_tational wave we obtain the expression

1
32n

= ~ g
L gy == n%t go == n%fe. 2.

Then for the intensity of the radiation of energy of the
gravitational waves into the element of solid angle d2
we have

dIldQ = (1/327) %, f* > 0. M)
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It can be seen from this expression that the intensity is
positive for all values of the components of the tensor
f'mi provided all components are not equal to zero. K
they all vanish, f,,=0, and then dI/DQ=0 as well.

Using the relations (122) and (127), we can write the
expression (128) in the form

dr 1 { mes ] wee sesn wes asse
9 " 6w {T (& “ﬂnanﬁ)z T @agﬁ af + D op D B"n.,,n"} "

(129)

We consider first the case of emission of weak grav-
itational waves, which is the most common in practice.
In the usually considered linear approximation, the ten-
sor I™ (85) must be taken subject to the condition that
a gravitational field is absent. It follows from the ex-
pressions (74) and (94) that in this case

EIR s e, (130)

When studying gravitational waves whose wavelength is
appreciably greater than the source diameter, the re-
tardation in the system can be ignored, and the expres-
sions in the square brackets in (126) can be taken at the
time #'=¢f — R. Then for the loss of energy in all direc-
tions per unit time we obtain the expression

[ = —dEldt = (G/45c%) Dy s, (131)

where

Dob — de (32928 — yoBr.a®) T (t — R, r')

and we have explicitly introduced the gravitational con-
stant G and the velocity of light c.

This expression agrees with the results®*® of indi-
rect measurements of the energy loss by the binary
pulsar system PSR 1913 +16 through the presumed ra-
diation of gravitational waves. Since the calculation of
the “energy loss” usually made in general relativity us-
ing energy-momentum pseudotensors in the weak-field
approximation leads to the expression (131), it was con-
cluded in Ref. 83 that the results of the observations
agree with the prediction of Einstein’s theory.

However, as is shown in Refs. 5 and 9, Eq. (131) is
not a consequence of Einstein’s general relativity. In
Einstein’s theory, one can speak only of curvature
waves, with which transfer of energy to matter is as-
sociated, although conservation laws in their usual
sense so not hold; as a result, calculation of the energy
loss by a source and determination of the energy fluxes
of gravitational waves are impossible in general rela-
tivity.

We shall now show why the calculation of the energy
fluxes of gravitational waves in general relativity leads
to physically acceptable expressions in a small class of
coordinate systems. The main reason for this is that in
pseudo-Euclidean space-time one can construct a theory
of gravitation which possesses energy-momentum con-
servation laws for the matter and the gravitational field

taken together:
Dyl + el =0, (132)

Indeed, in this theory, from the conservation law (132)
written down in a Cartesian coordinate system,

(133)

a; [ + 68 =0,
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one can obtain the expression (128) for the intensity of
the gravitational radiation.

For energy calculations in general relativity, one
generally uses the relation

8y [—g (T 4+ )] =0, (134)

where r'* is the Landau-Lifshitz energy-momentum
pseudotensor:

i cl o E o i ?
TF = e (2Tl T — LT hin — [ Th ) (g™ — gitigim)

e gilg®n (PR P T8 PF TR, T T2

+ g"g™ (Tialhn + Dianl — Thplhg — ThiTEy)

+4- gimgnP (l’,‘,,[‘i‘,‘p s F:inl l\ﬁp)} 3

(135)

the relation (134), naturally, differs from the covariant
conservation law (132) of the field theory of gravitation.
But in Cartesian coordinates, the expressions (133) and
(134) have the same form. Moreover, in the lowest
nonvanishing approximation the expression (135) for the
components 7°% of the energy -momentum pseudotensor
in Cartesian coordinates is equal to the expression for
the components of the energy-momentum tensor of the
field theory of gravitation:

v Chpehbe
] fe 1
¥ = e 10 ()

(—g)fe =1
Therefore, in the Cartesian coordinate system general
relativity appears to match the field theory of gravita-
tion. It is for this reason that in the small class of co-
ordinate systems close to a Cartesian system we obtain
from the relation (134) in general relativity the expres-
sions (30) for the “intensity of the gravitational radia-
tion” and (31) for the “total intensity.”

This circumstance created the illusion that Egs. (30)
and (31) for calculating the energy loss are a conse-
quence of general relativity. However, because of the
different transformation laws of the energy-momentum
tensor of the field theory of gravitation and the energy-
momentum pseudotensors of general relativity their ex-
pressions will be different in different coordinate sys-
tems even in the lowest nonvanishing approximation.
Moreover, as is shown in Ref. 9, calculation of the in-
tensity of gravitational radiation by means of the ex-
pression (134) leads to physically absurd results. In
contrast, calculation of the energy fluxes of gravita-
tional radiation in the field theory of gravitation has a
well-defined physical meaning in any admissible coor-
dinate system by virtue of the tensor nature of the con-
servation laws (132).

To see this, we consider the following simple exam-
ple. Suppose a source of island type emits weak gravi-
tational waves during an infinite interval of time, so
that the radiation process can be regarded as steady
and the influence of the initial conditions no longer sig-
nificant. In this case, the metric tensor of the Rie-
mannian space-time after transition to the TT gauge in
the wave zone takes the form

Eni =T+ 2L, (136)
where h,;=0, and

W — — 222zl — lzoez,) Dev.
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To simplify the following calculations, we introduce the
notation u=cf —v and besides the Cartesian coordinates
also use the spherical coordinates z=»cosf, x
=ysinfcos ¢,y=rsindsing.

We also introduce the quantities

Wy = 0ulda'; n; = —ar/oz;
my =ro8/dz’; 1, =r sin 0 dp/dst,

with the components
py = {l; —sin 6 cos ¢; — sin 0 sin g; —cos 0};
n; = {0; —sin 0 cos ¢; —sin 0 sin @; —cos 0};
m; = {0; cos 0 cos ¢; cos @ sin @; —sin 0};
l; = {0; —sin g; cos @; 0}.

I we use the metric tensor y,, to raise the indices of
these quantities, then

' =mm' = L' =y = —1; ppt =nmt =l =
=mlt =0; pmt =yl =0.

It is obvious that in our chosen Cartesian coordinates
the intensity of the gravitational radiation and the total
intensity will, on the basis of the expression (136), be
determined by Egs. (30) and (31), respectively.

We now make a transformation from the Cartesian co-
ordinates xJ to the new coordinates xf, which are re-
lated to the old coordinates by the relation #,=#y:

e o [4 . GF(cty—ry, O,

(137)
where F is some arbitrary function that is bounded for
all values of u = cty -7y and angles 6y and @,: max|F|
=A<,

It is easy to see that the transformation (137) corre-
sponds to a change in the arithmetization of the points
of three-dimensional space along the radius:

GF (ug, B, 9n) . 2
‘—’C’T?{,’éili—em(—ezrn)l}.

re=tn {-l -
For this, we write down equations that follow from the
expression (137):

cos Oy = zglry = 3,/r, = cos B
8in 0y c0s @ = xu/ry = zfr. = sin 0, cos G
sin Oy sin @ = yp/rg = y/r. = sin 0, sin @,.

From this we obtain 8 =0, and ¢;=¢.. Therefore, the
values of the angles 6 and ¢ of any point of space in the
new coordinate system are equal to the values of the
angles of this point in the old system. It must be em-
phasized especially that the Cartesian coordinates are
fundamental, and we shall regard the spherical coordi-
nates », €, and ¢ as nothing more than convenient no-
tation for certain combinations of the Cartesian coor-
dinates.

If the function F depends on the time, then the trans-
formation (137) in the general case describes transi-
tion to a different coordinate system that executes ra-
dial motions with respect to the old coordinate system.

If the transformation is to have an inverse and to be
one-to-one, it is necessary and sufficient for the con-
dition 87,/ 875 >0 to hold; then the Jacobian of the
transformation (137) will also be nonzero:
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7 =dot|| oo || = [+ ,D (1—exp(—erri)) |* e o,

Since in our case

dre _ s G (F+2ry dF(0u)
dry 2:'?%{2

+

[1—exp(—e2)]

2GFe? . r—
CEB V rpexp(—e?rf),

the condition 87,/8ry; >0 will certainly be satisfied when
Getn

{24V goxp (— )+ LLBE (1 —axp (— g} <1, (138)

where g=gry and B=max |0F/6u | <=. In this case, the
transformation (137) will be nonsingular and one-to-one
in the whole of space.

It is easy to see that by the choice of an appropriate
value of ¢ this condition can always be satisfied. In-
deed, for ¢= 0 the functions

1 (q)=2V6exp(—qz)+,—qa‘fTu—exp(—qan;
f2(a) —'T [1—exp(—g?)]
are non-negative and vanish for ¢=0 and g—~=, so that
they must have maxima in the interval 0<g<e.

It is obvious that the absolute maxima of these func-
tions in the given interval are finite:

Max f, (q) = H << o0; Max f, () =L < oo,

Therefore if the condition (138) is to hold, it is suffi-
cient for € to satisfy the condition £< o, where « is the
unique real root of the equation

AHo® + BLa — ¢8/G = 0.

We now calculate the energy flux and the total intensity
of gravitational radiation in the new coordinates.

Using the transformation of the metric tensor

szl oz
1 0
dzy Oxpy

gl (zn) = 8 ()

and retaining only the terms linear in the coupling con-

stant G/c*, we find that the asymptotic expression for

the metric as »y—= in the new coordinates has the

form

i ="Tun -+ G/c [an/V Ty + hiplry + b 1] 0 ([Gawlet Y T lP),
(139)

where the components of the tensors a,, and b,, are

O Y au (Hxnk + pang);
1 . ;
bip=—F [2v— 2pgltp +nynp+2 (ﬂtﬂn + arts)]

‘i'%'— [rymy + mpng] + = 25 (0, 4y l,].

¢sin® a\p

For the tensor h,, in the new coordinates, we have #,,
=0,

b _ 2 [ 7878 % z“”zw] D (up)

‘It is easy to see that in the new coordinate system the
metric tensor (139) is asymptotically Galilean:

Euo=1+4+0 ([ fa::2:| ); 8up="Vap+0 (c“c'l'a;:_ﬂ).

To be required accuracy, the determinant of the metric
tensor (139) can be written in the form
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s Gl b D o8
@ Lyrg dum ]'

For the components of the connection of the Riemannian
space-time, we obtain from the expression (139)

! l . . . v
= aug ]/-TH T ory [kkl-'-s'i_kap*h_hhsu‘!

1 ar

g [— 20", 4+ f (n, 4 oy, dpapd) +

2 (o nd) (mymg + Ll)]
5 1 (g + wamy) + ' (nym + nmy,)

-+ 201, 8+ 2935}1— iy —
1
d 2,-5," auﬂ El

int (pls 4+ 1aly)

*F
—m (s - prsmp) 1+ m ey

+ 1t (s b rla) — 1 (o + pana)] +0 ([ -5 I)-

Substituting these expressions in the relation (135), for
the components 7°* of the energy-momentum pseudo-
tensor we have

G i Bf' a*F
ST W”’G I:hﬁ"kﬁzi Tu out :|+O r"'-'- )

Therefore, the intensity of the gravitational radiation
emitted into the element of solid angle in the new coor-
dinates will have the form

dl_ @ Ty aF F
= T | -850 2L,

Using the relation

nod = — 2 [ 282} — 3 2%z, B,

K

we obtain

ar G {1 sae { ®re wue
a7 =5 {7 Deanen®)2 -+ DD

+ D Dbrmtn, —9 2L 2L

du  du®

(140)

Integrating this expression over all directions, we ob-
tain the total radiation in the new coordinates:

T= s [ Db — 22 5 aq 2L ‘;’u‘:]

(141)

Thus, both the intensity of the gravitational radiation
and the total intensity as calculated in general relativity
using an energy-momentum pseudotensor depend on the
choice of the coordinates even under the condition of an
asymptotically Galilean metric and can be reduced to a
physically absurd form by an appropriate choice of the
coordinates. To see this, we consider the following two
special cases of the function F.

1. Suppose F has the form

Pt S du{yom_qg duldw—u)—B(u—u)l},  (142)
where
Qu)=2 { duu 10 (w—10y) — 0 (e — ) [ - (Dgnn)?
s ki Pm B, e, ]
ey=—t— | Q(oo);

0 (@) = {0 for z<0 1 for « >0}

and —= <u, <u,<u,<u,<* and q are arbitrary constants.
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For the transformation (137) to be admissible, it is
necessary and sufficient for the function F and its de-
rivative 8F/8u to be bounded for all values of u, 8, ¢
and, in addition,

Zoo > 05 gop dx¥dab < 0.

It is easy to see that the transformation (137) with the
function F defined by the expression (142) is admissible.
Indeed, it follows from the expression (142) that for all
values of the variable u=cf -7 the function F is finite:
for u<u,, it is identically equal to zero, F=0, in the
interval u, <u <u, the function F is bounded, and for «
>u,, F=const. The derivative of F is also bounded:

sl i{{[ Q(u)—ec, S du [B(Mhus)ﬁﬂ{uwu,)]} :

—oc

al
Ju

Analysis shows that the remaining conditions can be
readily ensured by choice of an appropriate £>0 in the
expression (137).

Substituting the expression (142) in (140), for the in-
tensity of the gravitational radiation we obtain

dl
@ T

u
¢%~ iﬂ du [0 (u—ug) —0 (w— u«,}]}
Ga®c,

+ 35 10 (u— ) — 0 (u—u) {¥ Q)

o \ du [0 (u—ug) — O (u—u,)]} .

It follows from this expression that for values of the
variable # in the interval (u,,u,) the intensity of the
gravitational radiation emitted into the element of solid
angle is

%-_: G&;;f” {-—1— (Ii;ﬂnf‘raf‘)”—-.——,_-t-}.);ﬂb‘.‘i‘ 1-..'.9;\,'15}'.21’::1‘1:...}. (143)
The total intensity of the gravitational radiation inte-
grated over all directions is then

_G(l—a?)
Uz 45¢3

Dy D, (144)

It can be seen from the expressions (143) and (144)
that in the interval u, <u=cl — ¥ <u, the intensity of the
gravitational radiation per element of solid angle and
the total intensity depend on the choice of the arbitrary
constant @, and as a result of a suitable choice of a
can be made equal to zero (for a*=1) and also negative
(for a*>1).

This result can be interpreted in two ways. On the
one hand, under the condition u, <u<u, the expressions
(143) and (144) determine the energy flux density
through any element of a spherical surface of a cer-
tain radius 7 and the total intensity of the gravitational
radiation through this sphere during the time interval
t,=(r+u,)/c<t<(r+u,)/c=t,. Therefore, depending on
the choice of a, the intensity of the gravitational radia-
tion, and also the total intensity through this sphere can
be made either equal to zero or to negative values in
any preassigned time interval ¢, <¢<i,.

On the other hand, the expressions (143) and (144) de-
termine at each given time ¢ the energy flux density,
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and also the total intensity of the gravitational radiation -
in the region of space between the two spheres with ra-
dii »,=ct —u, and r,=ct —u, Therefore, depending on
the coice of @, the energy flux density and the total in-
tensity of the gravitational radiation can be made to
vanish or become negative in the entire region of space
between the two spheres with radii », =cf —u, and 7,

=ct —u,.

2. Suppose the function F has the form

u 4 u
F= i% \ duil"/ ’;’;: _‘\‘ du-i)‘,ﬂ,‘b"‘ﬁ[ﬁ(u-— uy)— 0 (u—u,}] -

—ey \‘ du{(’)({.’.ﬁwu@)fﬂ (e —u,)] ¢ 4

-0

(145)

where

£y= ]/' 28§ D010 (u—1))— 0 (u—ua)l.

uy—uUy

—ec

One can show similarly that the transformation (137)
with function F determined by the expression (145) is
admissible. In this case, for u, <u<u, the intensity of
the gravitational radiatin,

R BTy e ;
{%:{Du,,u“n"j"+ S wa Dop D% - DaBDﬁ?nvn“}

aL T &
qQ T 3hnct

and the total intensity

%" G(l—u'z) wes --.ﬂ.
e i 1 L

will also depend on the choice of a and can be either
positive or negative. For a°=1, the intensity of the
gravitational radiation will have different signs, posi-
tive in some directions and negative in others. In this
case, the total intensity will be equal to zero.

In contrast, the components 7* of the energy-mo- -
mentum tensor of the field theory of gravitation after
transformation to the new coordinates (137) have the
form

o
7 Gn

"gtt-, _miﬁj{ﬁa[i'TO( }rir—}; ):I

(146)

Therefore, the expressions for the intensity of the
gravitational radiation and the total intensity calculated
in the field theory of gravitation in the new coordinate
system will be equal to the corresponding expressions
(129) and (131) calculated in the old coordinate system:

i q
I=-E-; DaﬂD”'B[T‘*‘O(W)]. (147)
It should also be noted that in both the old and the new
coordinate systems the asymptotic expression as r—~<«
for the components of the curvature tensor are the
same:

e
Rogoe= “25_;,. (h-uz"lﬁ" yadh)i

) ey e -
Rapye =55 (aenpny - hgyngne — hoytgn, — g ny). J

(148)

Thus, Einstein’s quadrupole formula for the intensity
of gravitational radiation is not a consequence of gener-
al relativity, since, as we have seen, the energy loss
due to gravitational radiation can be made equal fo zero
or even negative, depending on the choice of the coor-
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dinate system. Therefore, this formula cannot be used
(since it does not exist) for any energy calculations in
general relativity. Thus, Einstein’s theory is incapable
of explaining the reason for the observed® energy loss
by the binary pulsar system PSR 1913 + 186,

In the field theory of gravitation, the gravitational
field, like all other physical fields, possesses energy
and momentum, and when a slowly moving source emits
weak gravitational waves its energy decreases in ac-
cordance with (131). Therefore, the experimental proof
of the existence of gravitational waves as a physical
field carrying energy and thus decreasing the source
energy would be a confirmation of the ideas developed
here, since general relativity cannot explain the energy
loss by matter through the radiation of gravitational
waves.

To conclude this section, we discuss briefly the
question of the calculation of the Riemann tensor in the
field theory of gravitation. In Einstein’s theory, it is
possible to have a situation®* in which the energy-mo-
mentum pseudotensor of the gravitational waves is
equal to zero but the components of the Riemann ten-
sor are not. This fact beautifully illustrated the inval-
idity of interpreting the energy-momentum pseudoten-
sors as energy characteristics of the gravitational
field.

If the components of the energy -momentum tensor of
gravitational waves in the field theory of gravitation are
equal to zero, then the Riemann tensor is also identi-
cally equal to zero, i.e., the formation of a Riemann-
ian space-time always requires energy and momentum
of the gravitational field. It should be noted that the
Riemannian space-time metric is defined only within
the matter. The components of the metric tensor g,;,
and also the curvature tensor Ri,, can be calculated at
any point, outside the matter as well. But then one
must always bear in mind the need to gauge appropri-
ately the fields f,,, outside the matter, since the physi-
cal quantities do not depend on the components of the
field f,,, which change under gauge transformations.
These components do not occur in the expression for
the energy -momentum tensor of the gravitational field.
By an appropriate gauge transformation they can al-
ways be made equal to zero. Therefore, in a calcula-
tion outside the matter of geometrical characteristics
of space-time such as, for example, the metric tensor
&,; or the Riemann tensor R}, we must substitute in
the connection equation (94) only those components £,
that occur in the energy-momentum tensor of the gravi-
tational field; we shall set all the other field compo-
nents equal to zero, because they can be made to van-
ish by an appropriate gauge transformation. Thus, our
theory will be internally consistent.

Suppose all components of the canonical energy-mo-
"mentum tensor of free gravitational waves are equal to
zero; then from the expression (100) for n=p=0 we ob-
tain

fimf™ — 22 =0, (149)

We show that in the TT gauge for a free gravitational
wave all the components are identically equal to zero
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under the condition (149), and then in this gauge all the
components of the metric tensor of the Riemannian
space-time are equal to the components of the metric
tensor of the flat space-time: g, ,=v,,. Therefore, the
curvature tensor in the case of a vanishing energy-mo-
mentum tensor of the gravitational field is also equal
to zero.

We consider some point. We orient the x axis of a
Cartesian coordinate system to make it pass through
the point of observation. Around this point, we take a
sufficiently small region for us to regard the gravita-
tional wave as plane within it. Then all its components
will depend only on the difference ¢ —x. In this case,
the conditions 8,/™ =0 take the form

]'mo . jou = flt. ju e fuu .8,

Integrating these equations and setting the constants of
integration equal to zero, since the gravitational waves
do not have a time-dependent part, we obtain

jﬂtl = fﬂl 5 j.-ll: ju: == fji: J,’n:l - {18,

In the TT gauge, all these components are equal to ze-
ro. In addition, from the vanishing f7=0 of the trace
we have f*= _f%. From the condition (149) of vanish-
ing of the energy-momentum tensor we obtain

- l}."‘“)z "-';2’2 = f-:m)a- 2 =,

and then the transverse components of the gravitational
wave also vanish, f,,=f,,=f,;=0.

Thus, in the TT gauge we deduce from the condition
of vanishing of the energy-momentum tensor of a free
gravitational wave that all components of this wave
vanish. Then all the components of the metric tensor
of the Riemannian space-time are equal to the corre-
sponding components of the metric tensor of the pseu-
do-Euclidean space-time, g,,=v,,, which leads to the
vanishing of all components of the Riemann tensor:
Riym=0.

10. POST-NEWTONIAN APPROXIMATION OF THE
FIELD THEORY OF GRAVITATION

To facilitate the comparison of the results of experi-
ments made within the solar system with the predic-
tions of metric theories of gravitation, Nordtvedt and
Will* developed a formalism which has become known
as the parametrized post-Newtonian (PPN) formalism.

In this formalism, the Riemannian space-time metric
produced by a body consisting of an ideal fluid is ex-
pressed as the sum of all possible generalized gravita-
tional potentials with arbitrary coefficients, which are
called post-Newtonian parameters. Using the revised
Will-Nordtvedt parameters, the Riemannian space-
time metric can be written in the form

Zoo=1—2U+2002— (292 L ay+ &) Oy + 54
S 2@ —2[(3y +1 =28+ E) @, + (1 - &) Dy
+3 (v + B) ©u] — (o0 — 223 — ty) w0l

b sty — (20— ) 0V (150)
1 t r [ I ] 1 7
8oa =3 (dy+3+a;—a+E)V, 25ir (1o —E) W,
et (o — 2a) ol - bl oy

Zap = (1-+29U) Vap,
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where w® are the spatial components of the velocity of
the frame of reference with respect to a hypothetical
universal rest frame. For some theories of gravita-
tion, this is the velocity of the center of mass of the
solar system with respect to the rest frame of the Uni-
verse.

The generalized gravitational potentials have the form

‘ I g
Ur, )= Loleet) gy; Rer—rs )
[ o 2t ™ - " ol 5
o, — [ Lo gy @, | B v
0,= | 2l av; o, = \ Lav;
’ p,,:r,,nﬁR“Rﬁ T ol rrs
A= [ BobatsfPRY g O gy
) == 1% (151)
ST i Bl
Wee| hnn.a;?f:! Ra 1. L-",,ﬂ--’v\ p”ﬁ"; L8

D sgl ﬂ('_r_’_’%ﬂl(al“i (2% — ')

T —T, X, —x 3
5 ,—?——“—fi]d3r’d3r';
| —r"! lr—r"|

Roe— o0yl

where p, is the invariant mass density of the body, v*
are the velocity components of the elements of the ideal
fluid, p is the isotropic pressure, and pylI is the inter-
nal energy density of the ideal fluid.

Each metric theory of gravitation will correspond to
a certain set of values of the ten parameters B,y, ¢,
0, 0k, By Ess £45 4080 "Therelore; from the point of
view of experiments made in the solar system, one
theory of gravitation differs from another only by the
values of these parameters. To find theories of gravi-
tation that in the post-Newtonian limit can describe the
Experiments made in the solar system, it is sufficient
to determine from these experiments the values of the
ten post-Newtonian parameters and to select only those
theories of gravitation whose post-Newtonian approxi-
mation leads to values of the parameters agreeing with
those obtained from the experiments. Then all such
theories of gravitation will be indistinguishable from
the point of view of all experiments made with post-
Newtonian accuracy.

The further selection of a theory of gravitation ade-
quate for the description of reality entails a raising in
the accuracy of the measurements to the post-Newton-
ian level and the search for possibilities of studying the
properties of gravitational waves and of phenomena in
strong gravitational fields.

We now find the set of values of the post-Newtonian
parameters that corresponds to the field theory of grav-
itation. We write the gravitational field equations of
this theory for the calculation of the post-Newtonian ap-
proximation in the form

Dzjmm — alli:‘l‘.}'“m; (i1} a,ﬁ". (152)

If we use the notation (66), then for the tensor current
we obtain the expression

I = O™ — @9 R — Em R L 9 (153)

Following Fock,'® to construct a post-Newtonian ap-
proximation valid in the solar system we consider a
problem of astronomical type. We shall assume that
the components of the energy-momentum tensor of the
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matter are equal to zero in the whole of space except
for certain regions. Within each such region the ener-
by -momentum tensor must correspond to our adopted
ideal-fluid model and satisfy the covariant conservation
equation in the Riemannian space-time. The energy-
momentum tensor of the matter will depend on the
physical properties of the model of the celestial bodies
and also on the metric of the Riemannian space-time.
Therefore, the construction of the energy-momentum
tensor of the matter and the determination of the metric
tensor of the Riemannian space-time must be done si-
multaneously.

We use the circumstance that within the solar system
the maximal values of the gravitational potential, the
square v® of the characteristic velocity (the velocity of
the celestial bodies with respect to the center of mass
of the solar system), the specific pressure p/ Py, and
the specific internal energy IT have approximately the
same small order of magnitude £, where =10 is a
dimensionless parameter. Therefore, in the solar sys-
tem we have the estimates

U=0(e; v*=0(e); } (154)

=0(); plpy=0 (&2).

In addition, we consider the field in the near zone,

i.e., at distances from the Sun appreciably less than
the wavelength of a gravitational wave radiated by ob-
ject in the solar system moving with characteristic ve-
locity v~&: R/A~R8/3t~&. In this case, the varia-
tions in time of all quantities are due in the first place
to the motion of the matter. Therefore, the partial de-
rivatives with respect to the time are small compared
with the partial derivatives with respect to the coordi-
nates:

8ot = O (e) 8/az=. (155)

We shall solve the problem of simultaneous deter-
mination of the energy-momentum tensor of the matter
and the metric tensor of the Riemannian space-time in
successive stages, each of which corresponds to expan-
sion of the exact solutions of the problem in powers of
the dimensionless parameter €.

We have the following exact relations: the energy-
momentum tensor density of an ideal fluid,

TﬂmﬁV:;[(P,:“;,r) u"u™ — pg'™), (156)
the covariant continuity equation
L2 [y =gpu'l=0, (157)

]/:E dzt

and the conservation equation for the energy-momen-
tum tensor density of the matter in the Riemannian
space-time:

V"Tnm e ﬂ,iT"”' LR rmTﬂll e 0| (158)
where ¢ is the total energy density of the ideal fluid,
and #* is the velocity 4-vector.

For our purposes, it is more convenient to write the
gravitational field equations (152) and the minimal-cou-
pling equation (94) in the form

O™ = —16xA"™™; (159)
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Enm=Vam+ Anm + 4 [BsntXin + b VnmX Yts

" (bl *f" bi) Lnm¥ 'J-‘ (b& _:’_ b‘z/ZT btlé) ?tz‘fnm]. (160)
where we have introduced the notation

Yom =fam — Vimf/2; o = =y (161)

A™M O [pm — pnm ht 9] — an(}lhim 5 0’“(’) fbm (162)

We expand all quantities in (158)=(161) in series in the
small parameter €. If we ignore the energy losses due
to radiation of gravitational waves, these expansions
must also be valid when the sign of the time is re-
versed, i.e., under the coordinate transformation x®
= —x% In this case, the sign of the components v, x°,
T, g0, A°%, 8/8x° is reversed, Since v~¢ and a/8x°
~£8/8x®, the dimensionless parameter € also changes
sign when the sign of the time is reversed. It follows
that if the energy loss due to radiation of gravitational
waves can be ignored the expansions of the components
v®, X%, T°, g4, A°* contain only odd powers of the pa-
rameter €.

We write the expansions of the tensor current A™
and the field x™ in the form

[88] (4]
hm ) nm

= *.{ e

nm (u}im ¥, "m
AR A R ey

(163)

(164)
©) a)
where the components of the zeroth, A™, first, A™

(2)
and second, A™, approximations have the orders of
magnitude

§)) {8
Ave . () (33]; At -
) - e
A% = () (g3); A®

(0 (0 «
A% -0 (e); A®=0(1); A0 (1);
(165)

(1)
O (e2); A"

: O (£2); |
) !
=0 (g); AP

0, |

Using the expansions (163) and (164) and the estimate
(155), we rewrite the gravitational field equations (159)
in the form of a series of successive approximations:

A g o, (166)
2 L) i e (L))
A = — (G A"™ -2 5 b (167)
From the expressions (74) and (94), we obtain
?
J,rm T"m_j,__il[j“"-lﬂ? L pml, “]— ’“, um g %3 b n.-‘-u-‘rl',l,h_
byslby _nwts. b, ; i A
— IT b2 v mypli e (_42_ '—t;_“—_;-) ’";{Ti Vige (168)
Then for the tensor current A™ we have
(O ) 1
Anm e 2 = .\,anh\ f:l'
(1) 2 (0
Anm __ ._‘.3_ [ T’"ﬂ__i .\,nmgvli-\.“:l
an ]mTl: 1 gm Tli =7 TI')um‘; 1 ,n?}l‘l;r)‘!i,“
ot ( )+-d (F ) T'\ Vis (169)
(0) (1) (0 (1) ) (1) (0) (1)
2 (T 4 T — Tule omy 4 Lo YTy,
()
4 "’21 anz,“ (%J“’%"‘_T;) '1'"“T“T1£Z]a

where A=-8%)

To determine the post-Newtonian parameters, it is
sufficient to determine the components g, to accuracy

, the components g,, to accuracy £°, and the compo-
nent gy, to accuracy €*. It follows from Eqs. (160) that
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for this it is necessary to determine the components of
the field x®? to accuracy €2, x°* to accuracy €%, and x*
to accuracy &,

In the initial approximation, we assume that the met-
ric tensor of the Riemannian space-time is equal to the
metric tensor of the pseudo-Euclidean space-time,
i.e., we ignore the gravitational forces. Then Egs.
(157) and (158) take the form

——(pu') = 0 (e¥);
£ (170)

8, 7™ = 0(e3); 8,T™ =0 (e2).
Using the estimates (154), we obtain from these equa-
tions

T9 =0, (L =0 (e T =p,0(e?); T =paz [l + O (e3)].
Therefore, the components of the tensor current A™ in
the zeroth approximation can be written as

{0y

] (0)
Ao — g2 A0% — A (pus); A% —PAp2.  (171)
Then from Eq. (166) we obtain
‘;"" = =00 (',:_;” =2Uyh; ;,1")" = 4%, (172)

As a result, the components of the metric tensor
(160) of the Riemannian space-time in the first approx-
imation can be written as

oo < 1—=2U-1-0(e"); oo =4V, [140 (e)2);

828 = Vap [1-+ 201+ 0 (&), (173)

Knowledge of the metric in this approximation makes
it possible to determine the components of the energy-
momentum tensor of the matter in the following approx-
imation. Using the expressions (173), we find

V—g=1+20--0(%; up=:1+U—v0%2; )
Ty — —alifat -0 (e3); TF — U -0 (eh: |
0- 16 (e%); Jh 7 (e¥) r (174)
Ta = — 8,0 +0 (e%); Tfy- 0 (e2); |
Tip=0(e3); Tgp- O (e2), J

We also introduce the conserved mass density p in ac-
cordance with the equation p=v =gpu°. To obtain the
metric in the following approximation, we must con-
struct the energy-momentum tensor density of the mat-
ter, which must satisfy the conservation equations (158)
by virtue of the covariant continuity equation

0 p

o (o) | =0 (175)
and the equations of motion of the ideal fluid in the
Newtonian approximation‘s:

S T
p 2 g g 2 AT o0t

pdll/dt = — pd v*; (i'/n'l -@[at + vPaloa®.

It is readily seen that these conditions are satisfied
by the following components of the energy-momentum
tensor density of the matter:

7% —=p [ — v®/2 + 1 + Ul + p0O (e%);
T% =g [1 — vpeb/2 -+ I1 + Ul + pr® -+ pO (e);
TUP — provb — py*® — p0 (e%).

As a result, we obtain the following relation between
the conserved, p, and invariant, p,, mass densities:
p =poll + 30 — vgo=2] + pO (. (176)
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To determine the po%t‘-Newtonian approximation, it

remains to determine x®, Using the expression (169),

(17 2)z )and (174), we can write Eq. (167) for the compo-
2

nent x* in the form

2 7
A2y — 8y = Po

; 3 I
1618 {5 p+po [ 5 —var®—2 (b, + by - b+b)UlL.  (177)
Solving this equation, we obtain
2) a2
1 — 2 | poRtaV — 4@, — 20,
= 6D, + 8 (Dy + by + by + by) Dy (178)

Using the expressions (160),(172), and (178), we
write the metric of the Riemannian space-time in the
post-Newtonian approximation in the form

20 = 1 —2U - 2pU2 — 4D, - 4 (p— 2) Dy — 20, — 6D,
[ poRdV 40 (e%); oo =4V -0 (9),

" gap =Tas(l +20) + 0 (&),
where B=2(b, +b,+b,+b,).

d
ar?

%- (179)

To determine the post-Newtonian parameters of our
theory, we must go over to the coordinate system in
which we have written down the post-Newtonian expan-
sion (150) of the metric. I we introduce the coordinate
transformation

(180)
and assume that £%(x)~0(g?) and £%x)~ O(g®), then the

metric (179) in the new coordinate system will have the
form

Pl S gn (95)

(181)

Bt == Boo — 9ok — 0afo + 0. (e%);

200 = Boo— 20,8, + O (£%); }
gz'zB go:ﬂ _duEﬁ ‘"aﬂgm 0O (3,‘)'

As “canonical” coordinate system, it is usual to choose
a coordinate system in which the nondiagonal compo-
nents of the spatial part of the metric tensor g, are
equal to zero,

g2 = i3 = a3 =0,
and, in addition, the component gy, does not contain
terms of the form

o | poRaV.

These requirements make it possible to determine
the 4-vector uniquely with the required accuracy. In
our case, for the transition to the canonical coordinate
system it is necessary to choose the 4-vector t" as
follows:

2 (2)=0; B (1) = — 577 | PoRAV.
Using the continuity equations (175), we obtain

Tt e [ — N2

As a result, we have the following expression for the
metric tensor of the effective Riemannian space-time:

oo~ 1 — 20 + 2BU2 — 4D, -+ 4 (B — 2) Da— 25— 6D, + 0 (%); )

fun = (112) Vat Wal2+0 (6% gap~vasl1+201+0(). |  (182)

Thus, the post-Newtonian approximation of the field
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theory of gravitation leads to the Riemannian space-
time metric (182), which contains only the single un-
known constant B.

For the case when the source of the gravitational
field is a static, spherically symmetric body of radius
a, this metric becomes

oo A — 200 /r = 2BMrE L O (M¥r3); }
0,

Zap== Vap (1 2MIr) 4O (Mr); g = (183)

where M is the gravitational mass of the source of the
field:

u

M= 4xn "pol.i-i-ll+%+3(3ﬁ,ﬁ)u]J-idr.

0

(184)

Using the Newtonian virial theorem for static bodies,
3 \‘ pdVe= % \‘ el dV,

and also the relation (176) between the conserved and
the invariant mass densities, we reduce the expression
(184) to the form

M =4 §p[1+T14 (5 —28) U]rar. (185)
0

As we shall see below, if the post-Newtonian expres-
sions for the gravitational (185) and the inertial [see
Eq. (200)] masses of a static, spherically symmetric
body are to be equal it is necessary to set 8=1, and
then the post-Newtonian parameters of the field theory
of gravitation will have the values

(186)

For comparison, we note that in general relativity the
post-Newtonian parameters have the same values (see
Ref. 84). It should be noted that in Einstein’s theory all
the parameters @ and £ are equal to zero. For a long
time this was regarded as a property of Einstein’s the-
ory alone and was taken to be one of its achievements.
However, as we see, in the field theory of gravitation
these parameters are also equal to zero. The remain-
ing parameters in general relativity and in the field
theory of gravitation are equal to unity.

Since the post-Newtonian parameters of Einstein’s
theory and of the field theory of gravitation are equal,
these two theories will be indistinguishable from the
point of view of all experiments made with post-New-
tonian accuracy of the measurements in the gravitation-
al field of the solar system.

As is shown in Ref. 85, the vanishing of the three pa-
rameters « has a definite physical meaning: Any theo-
ry of gravitation in which & = a,= @;=0 has no pre-
ferred universal rest frame in the post-Newtonian lim-
it. In this case, on transition from a universal rest
frame to a moving system the Riemannian space-time
metric in the post-Newtonian limit is form-invariant
and the velocity w® of the new coordinate system with
respect to the rest frame does not occur explicitly in
the metric.

1t follows from the expression (186) that in the field
theory of gravitation there is no universal preferred
rest frame.
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A linear dependence of the parameters £ and aalso
has a definite physical meaning. As is shown in Ref,
86, if

o =E=0; ay—§—28=0; 4
Sa=Ewi @+E&+28=0; } (187)
3B, +28,=0; E+28,=0

then from the post-Newtonian equations of motion one
can deduce quantities that do not depend on the time in
the post-Newtonian approximation. However, they can
be interpreted as the energy, momentum, and angular
momentum of the system, i.e., as integrals of the mo-
tion, only in those theories of gravitation that possess
conservation laws for the energy-momentum tensor of
the matter and the gravitational fields.

Thus, in Einstein’s theory the relations (187) are
satisfied, but the time-independent (in the post-New-
tonian approximation) quantities are not, as is shown by
a detailed analysis (see also Sec. 11), integrals of the
motion of the system consisting of the matter and the
gravitational field.

In the field theory of gravitation, an isolated system
in pseudo-Euclidean space-time has all ten conserva-
tion laws in their usual sense, which in the post-New-
tonian approximation lead to ten integrals of the motion
of the system, and therefore in the post-Newtonian ap-
proximation the field theory of gravitation has ten time-
independent quantities. The fulfillment of the relations
(187) in the field theory of gravitation confirms this
conclusion.

11. CONSERVATION LAWS IN THE POST-
NEWTONIAN APPROXIMATION OF THE FIELD
THEORY OF GRAVITATION

In the field theory of gravitation, the gravitational
field, considered in pseudo-Euclidean space-time, be-
haves like all other physical fields. It possesses ener-
gy and momentum and contributes to the total energy-
momentum tensor density of the system. The covariant
conservation law for the total energy-momentum tensor
density in the pseudo-Euclidean space-time, written
down in a Cartesian coordinate system, has its usual
meaning:

d; [t5 -+ 1311 =0,

(188)

where t;‘ is the symmetric energy-momentum tensor
density (104) of the gravitational field, and £} is the
symmetric energy-momentum tensor density (111) of
the matter.

Using the differential conservation law (188), we can
obtain a corresponding integral conservation law:

— - § av 180 = | s, g3,

If there is no energy flux of the matter and the gravita-
tional field through a surface bounding the considered
volume,

| dsa1egm 4150 = o, (189)
then we arrive at a conservation law for the total 4-mo-
mentum of the isolated system:
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(d/dt) P =0,
where

pr | av 11"+ 67)- (190)
In this case, because of the symmetry of the total en-
ergy -momentum tensor density, the angular-momen-
tum tensor of the system is also conserved:

(dfdt) M™ - 0,

where

M §av g (gt 4 S — 2 1"+ 7T (191)

By virtue of the conservation of the components

M= a0 | av g — { avas 11 4040

the center of mass of the isolated system, which is de-
termined by the expression

X = | o+ 8 av [ § av il + ) = (2e— e, (192)

executes uniform rectilinear motion with velocity

(d/dt) X& = P%/P®,

Thus, to describe the motion of an isolated system
consisting of matter and the gravitational field it is suf-
ficient to determine the 4-momentum P" (190). It
should be noted that in any real system, because of the
motion of its constituent parts, the thermal motion of
the matter, and other reasons, gravitational waves may
be emitted; any real system-exchanges matter with oth-
er systems in the form of electromagnetic radiation and
in the form of particles, atoms, etc. Therefore, in the
most general case the energy fluxes of the matter and
the gravitational field cannot be ignored; indeed, there
exist many astrophysical processes in which these en-
ergy fluxes play a leading part, and it is only when they
are taken into account that one can understand and pre-
dict many astrophysical processes. But for systems
for which the energy fluxes of the matter and the gravi-
tational field are small, the condition (189) for the sys-
tem to be isolated is satisfied with a certain degree of
accuracy. Then to the same degree of accuracy it can
be asserted that the 4-momentum of this system is
conserved. It is just such a situation that obtains for
systems to which the post-Newtonian formalism ap-
plies. In this case, the condition (189) is satisfied in
the post-Newtonian approximation, and one can deter-
mine a conserved 4-momentum of the system.

We find the post-Newtonian expression for the 4-mo-
mentum of an isolated system in the field theory of
gravitation, The total symmetric energy -momentum
tensor density in the flat space-time has the form

i fzi_:_ 3?: = 54_11 { i [Valfms (}!_f"” _“‘_‘1,' &fd'fJ
— O[3 26"y B — 2™ O A — 2™ O flu 26" O £}
— g Oy (™ - R — 7 (0 4 3 )} — 2470
=t 2 i 2 2] P T
— BT} £ B T i - 2baf 21T ™y + 20" T emls  (193)

where A™ is determined by the expression (103), and
the tensor A’ in this case has the form
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A= — g {0 (fm =g ) 6w (B~ Lymin)) . (194)
It follows from the expression (193) that the compo-
nents £°° and #°* of the total symmetric energy-momen-
tum tensor of the system can be determined up to
terms £~ pO(e?), 1°*~ pO(e®) inclusive. Therefore, we
shall omit all terms of higher order, for example, A%
and A%, since A°~ pO(g*), A°*~ pO (£°). Bearing in
mind that

0a0°U = bapy;  3VP/028 = aU o,

we find from the expressions (193) and (172)
190 =p [+ 042+ U —0/2] — = 3, [U6"V) +pO (eY); |
1" = o[ 1 -‘%!.;;—-II+U;|+pU“+2pIﬂ L (195)
g { 50U + 26, UV — VP50 } 400 (&3). JI
To find the 4-momentum of the system in the post-

Newtonian approximation, we integrate the expressions
(195) over the whole of space. Using the equations

{ & 0w av =2a | p o=+ W av;

[ v av = — { puw= av;

\' B (U d"U)dV = \' dS U a*U =0,

we finally obtain
p={avp[14+n4+5-2U];
! T {] tuas }(196)
r={av {_nu“['1+l.ff—-z———‘,—z—U]—{--pl:“-:——?p”’ s

Using the expressions (196) and (191), we can readily
determine in the post-Newtonian approximation the con-
served angular-momentum tensor of the system,

_]["“:—5d}’pr“[i‘*:“lrl‘:—‘"g:"é‘U]ITP%; I
i Javn e[ (15— L 2) 2] |
1

T
—b[vo (1414 53 U+L) + Z W%},

(197)

and also the coordinates of the center of mass of the
system:

x*= [ avpee[ 14 14+5— 3 U] P, (198)

It should be noted that in the system of units we have
adopted the expression (190) for the component P° of
the 4-momentum of the isolated system is equal to the
expression for the inertial mass of this system.
Therefore, in the post-Newtonian approximation the in-
ertial mass is

m={avp[1+n+ 5 L], (199)
For a static, spherically symmetric body the post-
Newtonian expression for the inertial mass is

m=4n S rzdrp[i—{-ll——,j— U].
0

The expressions obtained for the inertial and gravita-
tional masses, (200) and (185), respectively, make it
possible to determine the numerical value of the pa-
rameter f in the field theory of gravitation. Indeed, as
follows from the expressions (185) and (200), the con-
dition of equality of these masses lead uniquely to g=1.

(200)
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In contrast to the conservation law (188), the covari-

ant conservation law for the energy-momentum tensor

density of the matter in the Riemannian space-time,

(201)

does not express in explicit form the conservation of
any quantity but simply reflects the fact that the ener-
gy-momentum tensor density of the matter is not con-
served: 8, T"+0. However, as is shown in Sec. 3 of
the present paper, the conservation law (188) and the
conservation law (201) are simply different forms of
expression of the same conservation law in the field
theory of gravitation. This general result can be con-
firmed in any stage of approximate calculations.
Therefore, in the field theory of gravitation the inte-
grals of the motion (196) and (197) can also be obtained
from the conservation equation (201) in the post-New-
tonian approximation.

Val™ =8, ™ L TL 77 0,

We show, for example, that the post-Newtonian in-
tegrals of the motion determined in the field theory of
gravitation from the covariant equation (201) in the Rie-
mannian space-time are equal to the integrals of the
motion (196) obtained in the pseudo-Euclidean space-
time from the conservation law (188). Tt must be em-
phasized that to compare the integrals of the motion the
calculations in the two cases must be made in the same
coordinate system, since different expressions for the
integrals of the motion correspond to different coordi-
nate systems. Therefore, we shall calculate the inte-
grals of the motion in a “noncanonical” coordinate sys-
tem of the Riemannian space-time in which the metric
tensor has the form (179) and corresponds to the coor-
dinate system of the pseudo-Euclidean space-time in
which we found the integrals of the motion (196) and
(197). We note also that in the given case transition to
the canonical coordinate system, in which the metric
tensor g,, has the form (182), does not change the post-
Newtonian expressions for the integrals of the motion
in the field theory of gravitation. But in the general
case different expressions for the integrals of the mo-
tion correspond to different coordinate systems.

Using the post-Newtonian expansion (179) of the met-
ric tensor and the definition (156), we find the compo-
nents of the energy-momentum tensor density of the
matter to post-Newtonian accuracy:

1920 [1 4+ 11+ v2+ U] +p0 (e4);
T = puo [{ + I+ v%/2 + U] -+ po®+p0 (%);
70 = pvooP [1 4T+ v2/24 U] +-

+ po*ul— p (1 —T) y2B L pO (28).

(202)

We write down Egs. (201) component-by-component:
OyT* - 0, ** + T T 4 20367 + TopT ™ = 0; } (203)
30T°% + 3pT*P - T, 70+ 2T % 4 TET? = 0.

Since the components of the energy-momentum tensor
density of the matter are known to accuracy
T ~ 00 (g'); T'% ~ pO (£%); T2 ~ pO (&%),

the connection of the Riemannian space-time must be
obtained to accuracy

Tlo ~O(e%); Tu~0(e}); Tap~0(ed;

TGo~0(ef); TH~0(@); Tfe~ 0.
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Using the post-Newtonian expansion (179) of the met-
ric, we determine the connection of the Riemannian
space-time to the required accuracy:

Tio= —aU/dt+0 (¢9); Tia=—a,U+0(e");
Tfe = 830U - 630U — 7ped™U + O (e4);

Ty = 8% AU/t - 2y=® (3Vo/8aB — aVy/d22) + O (2%);
T5s=0 (e3);

T, — 40V*/6t + y48 (1— 2U) oU Jazb (204)

[-3:] a
o o [2pU2—

- 4D A (B—2) D,

—20; — 60, —w] + 0 (e9),

where we have introduced the notation
w=200; 0= S dVpR.

Substituting the expressions (202) and (204) in the
first equation of (203), we obtain

at[ (1-;- +I4+T) ]Ta [ov= (1+0+0 +
_p.__2|:w .U = p0O (&%).

&)+ o2 ]
(205)

Using the expressions (204), we write the second
equation of (203) in the form

y .

o [ (14144 4+0) = po= |
o[ prah (141150 +5) + poeod— p (1—20) 7]
| | i . al

+p (1T'HTU+“1':‘-!_) U +bp——

— (24 2p) pU 6*U + pd* [2D;, — 2 (p — 2) O, - Dy -+ 3D, - w/2]

+2p02 Tt 4pud (3gV% — V) + 2pv70b0pU
+pv? 8*U + p 6%U = pO (£5). (206)

To simplify these expressions, we use the continuity
equation of the ideal fluid,

e+ (o) =0 p=po[1+3U+¥240 (),

the Newtonian equations of motion of an elastic body,

p dv*/dt =y (—p aU/0zP + dp/azb); p dll/dt — — p dgu*,

and also the relations

OV o/ 02F — OV /02 = OW /02 — OW a/02%; 8, 6°U = 4npy;
A Lo e L T U ar. .
p 5= 7o O0) g [ U — iU 2.
As a result of these transformations, we obtain from
the expression (205)

(1+Hw-U+ )J +dq [pua(1—11— et )
1 :
P U+ v = | =00 ). (207)
We reduce the expression (206) to the form
[w“ (1+1+v2/2+U) + pr?]
+ 8 lpv"‘vf’ (1+H + 24+ U)+ pvav“—m"“]
+4p dV*/dt 4 2p— d (Uv*) + pnﬂ,!“ﬁ + (4—2p) pU °U
+p (T4 20%) 0°U 4 3p 0°U + 3p1;“5 o(l)ﬁ.f('i.l'f’ — 4puf 8%V
+ 0% [2D; 4 Dy — 2 (B — 2) D, -+ w/2] = pO (e%). (208)

We integrate these expressions over the whole of space.
We note first that
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Javes[m 35+ 53] =0:)
a2+ 2 ]-0: |
[db _p%ﬂna ‘?;:; ]:0; i (209)
oo 252240 |

Indeed, let us consider, for example, the first rela-
tion. Using the expressions (151), we obtain

I (g — J‘f’)

Te—ec 12

i II" (ep— 24
| dr'dv’pop;[ )

| x—2" |3

Because of the antisymmetry of the integrand with re-
spect to the substitution p, « pg, xz « x4, this integral
vanishes. The remaining relations in (209) can be
proved similarly.

In addition, we use the obvious equations

[ oot Soav =  pue S av =0;

5 pni[‘-—-(”"::l'.]; Spv —Cz——o—dl' =1

at 9% azb
& forav={ave[ £ 1+10@].
We also use the circumstance that integrals over a vol-
ume of a spatial divergence vanish after transformation
into surface integrals.

As a result, from the expression (207) in the post-
Newtonian approximation of the field theory of gravita-
tion we obtain the energy integral dP°/dt=0, where

poﬁ5dvp[1;n+i’;_—%]'=cnnst, (210)

Bearing in mind that

o O g o @ g w0 AT o a
7} F0=ﬁ(pd = )—oﬂ[pvﬁa WQJ—puﬁa 5 @

we obtain dP*/dt=0 from the expression (208). It fol-
lows that

o \ av [pv" (1+l'l+v'2f2+3U)

+ pv* - 4pV* 2 QJ = const, (211)

Since

#2o=wr—v* | avev®=— | avpUre,

the expression (211) can be reduced to the form
= o (1s - Le2) 422

Thus, in the field theory of gravitation the post-New-
tonian integrals of the motion determined from the con-
servation law (188) in the pseudo-Euclidean space-time
and from the covariant equation (201) in the Riemann-
ian space-time are identical. This is a direct conse-
quence of the fact that in the field theory of gravitation
the conservation law (188) and Eq. (201) are different
forms of expression of the same conservation law. In
the field theory, the gravitational field is a physical
field possessing energy and momentum densities, and
it contributes to the total energy -momentum tensor of
the system. It is the presence in the field theory of
gravitation of ordinary conservation laws that enables
us to carry out energy calculations, including the find-

(212)
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ing of the post-Newtonian expressions for the integrals
of the motion.

In general relativity, the field is not a field in the
spirit of Faraday and Maxwell, as a result of which
there is no possibility in Einstein’s theory of making
calculations of the gravitational field energy. However,
in general relativity post-Newtonian integrals of the
motion of an isolated system are usually obtained from
the covariant equation (201) and lead to the expressions
(210) and (212).

It is easy to understand the reason for this agreement.

The point is that in general relativity one can radily de-
duce from the covariant conservation equation (201)
either the conservation law (36), which is trivially sat-
isfied on the basis of the Einstein equations, or a re-
lation containing an energy-momentum pseudotensor:

al — g (T 4 o] =0, (213)

In the field theory of gravitation, the conservation
equation (201) is equivalent to a conservation law for
the energy-momentum tensor of the matter and gravi-
tional field taken together:

Dyl o

(214)

From the relation (213) in general relativity one can
obtain integral quantities that are independent of the
time in the lowest approximation:

It = [ av (—glT™ + . (215)
However, they cannot be interpreted as integrals of the
motion, since the quantities (215) reflect the choice of
the coordinates rather than physical characteristics of
the system consisting of the matter and the gravitation-
al field. In particular, by an appropriate choice of the
coordinates that leaves the metric tensor of the Rie-
mannian space-time asymptotically Galilean, these
quantities can be made equal to any preassigned val-
ues, both positive and negative. Therefore, the quan-
tities (215) are not integrals of the motion in general
relativity. However, in the lowest approximation in the
Cartesian coordinates the expressions (213) and (214)
are equal, which leads to equality in this coordinate
system of the expressions for the quantities (215) and
the expressions (190) for the integrals of the motion of
the field theory of gravitation.

It is because one can construct a theory of gravitation
in pseudo-Euclidean space-time possessing a tensor
conservation law for the energy and momentum of the
matter and the gravitational field taken together that
the lowest approximations for (215) in a small class of
coordinate systems give results that agree with the ex-
pressions for the integrals of the motion (196) of the
field theory of gravitation. However, because of the
different transformation laws in any other coordinate
system these expressions differ appreciably, though
the quantities (190) in the field theory of gravitation re-
tain the meaning of integrals of the motion. Since the
quantities (215) in the general theory of relativity do
not have the physical meaning of integrals of the mo-
tion, it is easy to obtain physically absurd results from
the expression (215) in other coordinate systems.
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Therefore, the interpretation that is usually made in
Einstein’s theory of these quantities as the energy and
momentum of an isolated system is incorrect.

To conclude this section, we note that in the Newton-
ian approximation the energy of a static field in the
field theory of gravitation, calculated using the canoni-
cal energy -momentum tensor (100), is positive:

\ TV = — 5 dv a,U 8°U >0,
but if the symmetric energy-momentum tensor (104) is

used, it is negative:

e av = | avo.v v <o.

It is well known that in electrodynamics the opposite
situation obtains, namely, the energy of an electrostat-
ic field calculated using the canonical energy-momen-
tum tensor is negative but according to the symmetric
tensor it is positive. From this analogy it can be con-
cluded that a static gravitational field is a field of at-
tractive forces, whereas in electrodynamics charges of
the same sign produce a field of repulsive forces.

Calculation of the total energy of the matter and the
static gravitational field in the Newtonian approxima-
tion give the same result when either the canonical or
the symmetric energy-momentum tensor is used:

P av e+ 8= [ av (79" + 250

- n

=\ avp [14m+ 52— ].
It follows from this expression that the energy of two
particles at rest increases with increasing distance be-
tween them, which also indicates that forces of attrac-
tion act between them.

12. GRAVITATIONAL EXPERIMENTS IN THE SOLAR
SYSTEM

We consider what restrictions are imposed on the
values of the post-Newtonian parameters by experi-
ments made in the solar system.

We shall analyze these experiments in the following
order. First, we consider the standard effects —the
deflection of light and radio waves in the field of the
Sun, the advance of the perihelion of Mercury, and
measurement of the time delay of a radio signal in the
gravitational field of the Sun; we then consider the
Nordtvedt effect, and also the effects associated with
nonvanishing of the parameters @, 0,, o, £,,, We shall
not consider the red shift in the gravitational field of
the Sun, since it is completely described in the New-
tonian approximation.®

Deflection of light and radio waves in
the gravitational field of the sun. Accord-
ing to the calculations in Ref. 88, light rays and radio
waves, which can be regarded as massless particles
with impact parameter b, are deflected in the gravi-
tational field of the Sun through the angle

bp =2 (1 —9) M/b.
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Analysis of the experimental results obtained by ob-
serving the bending in the gravitational field of the Sun
of the rays of light from distant stars, and also the ra-
dio waves emitted by quasars, indicates the value y=1
+0.2 of the post-Newtonian parameter .

Time delay of radio signals in the field
of the sun. Another independent method of deter-
mining the post-Newtonian parameter y is to measure
the time delay of radio signals in the field of the Sun.®®
The time of propagation of radio signals (measured by
clocks on the Earth) sent from the Earth to a reflector
somewhere else in the solar system and back differs
from the time of this process in the absence of a gravi-
tational field.

The experiments made to measure the time delay use
the surfaces of planets, and also transponders on satel-
lites as reflectors. These experiments®™ give the value
y=1+0.002.

In the field theory of gravitation, as in Einstein’s gen-
eral theory of relativity, the parameter y has the value
¥=1, which is in good agreement with the results of
these experiments.

"Precession of a gyroscope in orbit. K o
= a,= @, =0, measurement of the precession of a gyro-
scope moving in orbit around the Earth will be a third
independent method for measuring the parameter y.
According to the calculations in Ref. 91, the angular
velocity of precession of a gyroscope in a circular or-
bit in the Earth’s field is

Q- 2v2+1 i [rv] +1_~!;1_(__~J+ 3r(rd) )’

#2 2rd r2

where m is the mass of the Earth, v is the linear ve-
locity of the gyroscope with respect to the center of the
Earth, J is the angular momentum of the Earth, and r
is the radius vector of the point at which the gyroscope
is situated.

The present level of development of the relevant tech-
nology®** offers hope that this experiment will be per-
formed in the near future.

Advance of mercury’s perihelion. The
advance of Mercury’s perihelion is influenced by vari-
ous factors in addition to the post-Newtonian correc-
tions in the equation of motion. These include the at-
traction exerted by the planets in the solar system and
a quadrupole moment of the Sun. The only undeter-
mined factor among them is the quadrupole moment of
the Sun; the influence of all other factors can be calcu-
lated with sufficient accuracy.

The total advance of Mercury’s perihelion due to the
presence of a quadrupole moment J, of the Sun and the
post-Newtonian corrections in the equation of motion
iSQS

b = 42.9812 + 2y — B)/3] + 1.3-10%7,

(in seconds of arc per century). It follows from the re-
sults of the observations’® that 6¢=41.4+0.9 seconds of
arc per century.

Measurements of the apparent shape of the Sun made
by Dicke and Goldberg®® gave for J, the value J,=(2.5
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+0,2) X10"®, while the later measurements of Hill et
al.®”® showed that J,<0.5 X10™, Comparison of the ob-
served displacements of the perihelia of Mercury and
Mars” gave a bound for J,: J,<3 X107,

Thus, because of the absence of direct measurements
of the quadrupole moment of the Sun, there remains a
large uncertainty in the value of 8 determined from the
advance of Mercury’s perihelion: =13, Note that in
the field theory of gravitation the parameter 8 has the
value =1 and permits description of this effect to
within the errors.

The nordtvedt effect and lunar laser
ranging. Until recently, the requirements imposed
on possible theories of gravitation reduced to the need
to obtain Newton’s law of gravitation in the weak-field
limit and also to describe the three effects accessible
to observation: the gravitational red shift in the field of
the Sun, the bending of light rays passing near the Sun,
and the advance of Mercury’s perihelion. Recently,
great attention has been devoted to the establishment in
the various theories of gravitation of relations between
the inertial and gravitational masses of a body and the
search for possibilities of verifying these relations in
an experiment.

In any theory of gravitation, as was noted by Bondi,'*
we can distinguish three kinds of mass, depending on
the measurements by means of which they are deter-
mined: the inertial mass m,, the passive gravitational
mass m, and the active gravitational mass m,.

The inertial mass is the mass which occurs in (and
is defined by) Newton’s second law:
ma% = F&,

The passive gravitational mass is the mass on which
the gravitational field acts, i.e., the mass determined
by the expression

Fo = —mpVoV.

The active gravitatinal mass is the mass that is the

source of the gravitational field.

In Newtonian mechanics, Newton’s third law requires
equality of the active and passive masses, m, =m, ir-
respective of the size and composition of the bodies;
the equality of the inertial mass to the two remaining
masses is regarded as an empirical fact. In Einstein’s
theory for point bodies, the inertial and passive gravi-
tational masses are equal. Equality of the active and
passive gravitational masses is not postulated. In
some theories of gravitation, all three masses may be
different for a given body. It is therefore necessary to
establish by means of experiments the correspondence
between these three masses.

One of the first attempts to measure the ratio of the
passive gravitational mass m, to the inertial mass m,
was made in the last century by Bessel and E6tvis.
These measurements established that for bodies of lab-
oratory size the ratio of the gravitational mass to the
inertial mass can differ from unity by not more than
107° irrespective of the matter of which the body is
composed. This result prompted Einstein to formulate
the equivalence principle.
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However, although this result was interpreted as
proving equality of the gravitational and inertial masses
to a very high accuracy, this does not mean that bodies
of large dimensions will also have equal gravitational
and inertial masses to the same accuracy. For bodies
of laboratory size, the gravitational self-energy, the
energy of elastic deformations of the body, etc., are
very small quantities compared with the total energy of
the body. In particular, for a body of mass M having
characteristic dimension ¢ the ratio of the gravitational
self-energy of a body to its total energy is

GMa _ GM _ Gpa
C:

Mc* — ¢%a 1

where p is the density of the body.

This ratio is 107 in order of magnitude for bodies of
laboratory size. Therefore, if the measurements have
an accuracy of 107, nothing can be said about how the
gravitational self-energy is distributed between the in-
ertial and gravitational masses of the body. And even
the gravimetric experiments made with higher accu-
racy (107! in the experiments of Dicke’s group'® and
10™2 in the experiments of Braginskii’s group!®) do not
provide an answer to this question.

It can therefore be asserted that the gravimetric
measurements tell us that there is equality of the grav-
itational and inertial masses of a point body, i.e., a
body having a negligibly small size, so that the gravi-
tional self-energy, the energy of elastic deformations,
etc., are also negligibly small. To establish whether
the gravitational and inertial masses of an extended
body are equal, it is necessary to increase significant-
ly the accuracy of gravimetric experiments with bodies
of laboratory size, which at the present level of devel-
opment of technology is still impossible, or to make
measurements with larger bodies, for example, plan-
ets, for which the ratio of the gravitational self-energy
to the total energy is appreciably higher than in bodies
of laboratory size.

However, since gravimetric measurement of the ra-
tio of the passive gravitational mass of an extended
body (a planet) to its inertial mass is impossible, it
was necessary to make a theoretical study of the mo-
tion of extended bodies in the gravitational field of oth-
er bodies with a view to establishing what features in
the motion of an extended body were derived from a
possible inequality between its inertial and gravitation-
al masses.

One such effect is a possible deviation at the post-
Newtonian level of the motion of the center of mass of
an extended body from motion along a geodesic of Rie-
mannian space-time. The possibility of such an effect
was pointed out by Dicke,'*® who suggested that the ratio
of the gravitational and inertial masses for astronomi-
cal bodies could differ slightly from unity if the gravi-
tational self-energy of these bodies changes with their
position in the gravitational field of other bodies. Sub-
sequently, this effect was investigated by Nordtvedt,'*°
Will,'*! and Dicke,!*?

Using a model of coherent particles, Nordtvedt'®®
made a very detailed study of this effect, which subse-
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quently became known as the Nordtvedt effect, and
showed that it can occur in several metric theories of
gravitation,

Will,"** who had in mind subsequent application of the
results of his calculations to a system consisting of the
Sun and one of its planets, showed on the basis of the
parametrized post-Newtonian expansion that the equa-
tions of motion of the center of mass of an extended
body (a planet) in the gravitational field of a point
source at rest (the Sun) will have the form

Ma* = —(M/R?) f=, (216)

where M is the mass of the extended body, M, is the
active gravitational mass of the point source at rest,
a® are the components of the acceleration of the center
of mass of the extended body, and R is the distance be-
tween the point body and the center of mass of the ex-
tended body.

For the vector f¢ in this case the following expres-
sion was obtained:

PIM =n1 — (4 — oy — 9 — 3 — & + a,) QI
+ (& + oy — Ey) QB

(217)
where n*=R%/R, and Qf and °® are the post-Newton-
ian corrections:

1 3 G B P
ot e,y =LA

Q: = '\’aegma i 2% S ) e ) CIULICA) dx da’.

lz—z’|

dzdz’;

Assuming that the vector ¢ is related to the tensor
m® of the passive gravitational mass by

/% = — m%ng, (218)
Will'®® obtained for this tensor the expression
mBIM = — Bl — (4 — oy —p — 3 — &, + o) OF
— (B + o — &) QB (219)

In such an approach, the presence of the post-Newton-
ian corrections in the expression (217) for the vector

[ is interpreted as the result of violation in some the-
ories of gravitation of the equality of the passive grav-
tational mass and the inertial mass of an extended body
at the post-Newtonian level. At the same time, it is
asserted that equality of the inertial and passive gravi-
tational masses in the post-Newtonian approximation
will mean that the center of mass of an extended body
moves along a geodesic of Riemannian space-time.

However, under the conditions of a real experiment it
is also rather difficult to determine whether the center
of mass of an extended body does or does not move
along a geodesic of Riemannian space-time. There-
fore, it was suggested that the values of all the neces-
sary post-Newtonian parameters should be determined
from experiments and, using Will’s expression (219),
one should find an answer to the already academic
questions of the relationship between the tensor of the
passive gravitational mass of an extended body and its
inertial mass and also establish the nature of the mo-
tion of the center of mass of such a body with respect
to a geodesic of Riemannian space-time. As a result
of a calculation of the motion of the Earth-Moon system
in the gravitational field of the Sun, Nordtvedt®® %
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pointed out a number of possible anomalies in the mo-
tion of the Moon, the observation of which would per-
mit measurement of various combinations of the post-
Newtonian parameters. One such anomaly is a polari-
zation of the Moon’s orbit in the direction of the Sun
with amplitude 6r=7L, where L is a constant of order
10 m:

No=—(/3) (& + g — &) + (4 — & — 7 — o T 22— 3)
— (10/3) &.. (220)

To detect this effect, the data obtained by lunar laser
ranging were analyzed. The analysis of one of the
groups'™ led to the conclusion that n=0+0.03. The oth-
er group'®? obtained a similar result: 7=-0.001+0.015.
Using these estimates and Will’s theoretical expression
(219) for the tensor of the passive gravitational mass,
the authors of Refs. 101 and 102 concluded that the ra-
tio of the passive gravitational mass of an extended
body to its inertial mass is equal to unity within the er-
rors of the measurement:

| maB/M — 69F] < 1.5-10-11,

Thus, the data obtained from the lunar laser ranging
appeared to confirm (and such a conclusion was drawn
in Refs. 72, 101, and 102) that the passive gravitational
mass of an extended body is equal to its inertial mass
and that the center of mass of an extended body moves
along a geodesic of Riemannian space-time.

However, these conclusions are incorrect, since they
are based on the use of false premises. Below, we
shall show especially that the center of mass of an ex-
tended body in the post-Newtonian approximation does
not move along a geodesic of Riemannian space-time at
all in any metric theory of gravitation that possesses
conservation laws for the energy and momentum of the
matter and the gravitational field taken together. In ad-
dition, as will be seen from what follows, the lunar
laser ranging experiments in conjunction with other ex-
periments indicate that the ratio of the passive gravi-
tational mass of the Earth to its inertial mass is not
equal to unity but differs from it by

| maB/M — 89 | ~ 1075,

Tt should be noted that the equality or nonequality of
the passive gravitational mass of an extended body to
its inertial mass cannot serve as an indicator of wheth-
er the center of mass of the extended body moves along
a geodesic of Riemannian space-time or not. As we
shall see below, equality of these masses guarantees
only that the post-Newtonian equations of motion of the
center of mass of an extended body are the same as the
corresponding equations of Newton’s theory, which is in
no way a condition for them to be the same as the equa-
tions of geodesics. In addition, the introduction of the
concept of a tensor of the passive gravitational mass,

- as done by Will for the solar system, is not possible in
the general case of an arbitrary post-Newtonian system
(see Sec. 17). The solar system is a very specific
(though, perhaps, common) type of post-Newtonian sys-
tem characterized by the fact that one of the bodies of
the system (the Sun) has a mass greatly exceeding the
mass of the remaining bodies of the system taken to-
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gether. This has the consequence that in the frame of
reference associated with the center of mass of such a
post-Newtonian system the massive body has a negli-
gibly small velocity, whereas the other bodies of the
system move around it with appreciable velocities v
~10* sec. In this case, on the right-hand side of the
equations of motion (216) of the extended body one can
separate a factor (as Will did) that includes all the
characteristics of the extended body and call it the ten-
sor of the passive gravitational mass of the body.

However, in an arbitrary post-Newtonian system all
bodies can have comparable masses; the velocities of
their motion relative to the frame of reference asso-
ciated with the center of mass of the system may be
quantities of the same order. A separation of the char-
acteristics of the bodies on the right-hand side of the
equations of motion (216) in the post-Newtonian approx-
imation no longer occurs, and therefore the introduc-
tion of a tensor of the passive gravitational mass is not
possible in the general case.

These conclusions apply fully to the field theory of
gravitation, which is a definite representative of met-
ric theories of gravitation and possesses conservation
laws for the energy and momentum of the matter and
the gravitational field taken together.

It should also be noted that in the field theory of grav-
itation =0 and, thus, it makes it possible to describe
the lunar laser ranging experiments to within the er-
rors of measurement.

Effects associated with the existence of
a preferred frame of reference. Theories
of gravitation in which at least one of the parameters
o, @,, 0, is nonzero have a preferred frame of refer-
ence. The predictions of such theories of gravitation
for the standard effects can agree with the results of
observations only if the solar system is a preferred
frame of reference. It is more sensible to assume that
the solar system, which moves with respect to other
stellar systems, is not distinguished compared with
them, and therefore cannot be a preferred universal

_rest frame for such theories. Since a preferred rest

frame must be distinguished in some way from other
systems, it is more sensible to associate the rest
frame with the center of mass of the Galaxy or even the
Universe. Then the solar system will be in motion rel-
ative to the perferred rest frame with a velocity of
about 107%¢, i.e., of the same order as the orbital ve-
locity of the solar system with respect to the center of
the Galaxy. In such a case, it will be possible to ob-
serve a number of effects associated with the motion
relative to the preferred rest frame,”® which will make
it possible to estimate the parameters o, a,, &;.

In theories of gravitation with a preferred rest frame,
the gravitational constant G measured in gravimetric
experiments will depend on the motion of the Earth with
respect to such a frame.

For the relative value AG/G, we have™
AG/G = (% gy ) wy + (1/4) s [(ver)? -+ 2 (Wey) (ver) -+ (wer),

where v is the orbital velocity of the Earth around the
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Sun, w is the velocity of the Sun with respect to the
preferred rest frame, and e, is a unit vector directed
from the gravimeter to the center of the Earth.

Because of the rotation of the Earth about its axis,
the vector e, changes its orientation with respect to the
vectors v and w, which leads to a periodic change of the
scalar products (v e,) and (w-e,) with period approxi-
mately equal to 12 h. This leads to corresponding per-
iodic changes in the values of the acceleration of free
fall, and for a point of observation at latitude 6 we have

Aglg =~ 30,-1078 cos®0.

Will,'® analyzing the results of gravimetric experi-
ments, found that the relative variations of g do not ex-
ceed |ag/g| <10 hence, we obtain |a,|<3 X102

The motion of the Earth around the Sun also leads to
a periodic variation of (w-v) with a period of the order
of a year, This variation gives rise to a contraction
and expansion of the Earth, which, in its turn, leads to
periodic variations in the angular velocity of the
Earth’s rotation as a result of the change of its moment
of inertia:

Ao/o 2~ 3107 (ay —(23) e, — ).

It follows from the results of the observations that

log + (2/8) &y — oy | << 0.2,

Motion of the solar system with respect to the center
of the Universe may lead to an anomalous displacement
8¢, of the perihelia of the planets. For Mercury,’® the
additional contribution to the displacement of the peri-
helion (in seconds of arc per century) has the form

Sy = 35, - 8oty — 4+ 10a,.

Comparison with the observations and combining of all
these estimates of the parameters a give

Loy | < 0.2; [ag | < 31073 | oy | < 2-103,

In the field theory of gravitation, as in Einstein’s theo-
ry, o= a,= a;=0and, therefore, all these effects are
absent.

Effect of anisotropy with respect to the
center of the galaxy. Intheories of gravitation
for which £,#0, it is possible to have anisotropy ef-
fects due to the influence of the gravitational field of the
Galaxy.® K it is assumed that the mass M of the Galaxy
is concentrated at the center of the Galaxy at distance
R from the solar system, then the gravitational field of
the Galaxy leads to periodic changes in the readings of
a gravimeter with period 12 h:

AGIG = Zyp [1 — BK/{mr*)] (M R) leceg),

where K is the moment of inertia, m is the mass, r is
the radius of the Earth, e, is the unit vector directed
from the gravimeter to the center of the Earth, and ey
=R/R.

Another effect is the anomalous displacen:ent of the
perihelia of the planets due to the anisotropy produced
by the Galaxy:

iy M 2
B T’ggs—[ﬁcos2 (0—42),

Spo=
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where A and B8 are the angular coordinates of the center
of the Galaxy, and w is the angle of the perihelion of the
planet in geocentric coordinates. Comparison with the
observations gives |£,|<10™ as an upper limit.

In the field theory of gravitation, as in Einstein’s
theory, £, =0, and all anisotropy effects associated
with the gravitational field of the Galaxy are absent.

Concluding our review of the gravitational experi-
ments, we conclude that the field theory of gravitation-
makes it possible to describe all the experimental
facts. It should be noted that in the post-Newtonian
limit the quadratic terms in the connection equation
(94) are indistinguishable, and no experiment in the
gravitational field of the solar system at the post-New-
tonian level is capable of determining the minimal-cou-
pling parameters separately.

As will be shown below in Sec. 16, measurement of
the deceleration parameter of an expanding homogen-
eous Universe in the neighborhood of the present epoch
makes it possible to determine the value of a different
linear combination of these minimal-coupling param-
eters. Experiments in the gravitational field of the so-
lar system can be used to determine the minimal-cou-
pling parameters only after an increase in the accuracy
of the measurements to the post-Newtonian level.

In conclusion, we note that in the field theory of
gravitation the equivalence principle is valid only for
point bodies. For extended bodies moving in a weak
gravitational field it is satisfied approximately to the
accuracy with which the gravitational field can be as-
sumed to be homogeneous in the region occupied by the
body. In this case, we can “eliminate” the gravitational
field by going over to a coordinate system in which g,
=7,; in the region occupied by the matter. As follows
from the experiment of Braginskii’s group*® with bodies
of laboratory size in a sufficiently uniform gravitational
field, the equivalence principle holds for the strong,
electromagnetic, and weak interactions to the accuracy
achieved in these experiments. However, for extended
bodies, when allowance is made for the gravitational
field this principle is valid strictly in neither Einstein’s
general theory of relativity nor the field theory of grav-
itation.

13. STATIC, SPHERICALLY SYMMETRIC
GRAVITATIONAL FIELD

For a static source of radius & with spherically sym-
metric distribution of the matter the gravitational field
equations (90) and the expression (85) for the tensor
current simplify appreciably.

On the basis of the symmetry of the problem, let us
determine what components of the tensors I,,, and ;'™
will be nonvanishing in this case. We place the origin
of a spherical coordinate system at the center of the
source. When it is rotated through an arbitrary angle,
the physical situation must not change by virtue of the
spherical symmetry of the matter distribution. There-
fore, after the rotation transformation the components
of the tensors I,, and k'™ must be the same functions of
the transformed argument as the original functions of
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their original arguments, i.e., these tensors must be
form-invariant under a rotation transformation of the
coordinate system. It follows that in a spherical coor-
dinate system the only components of the tensors I,,
and '™ which can be nonvanishing are the components
(00),(07), (#r),(86), (@), since it is only in this case
that the tensors I,, and k'™ are form-invariant under
the rotation transformation.

It follows from the expressions (85) and (74) that I,
=0. Therefore, for a static, spherically symmetric
matter distribution the tensor I,, has the components

Ty = {Logs Iryy I gg, Ty =1 g sin®0}.

In this case, the gravitational field equations (90) can
be written in the form of a system of ordinary differen-
tial equations of second order:

Foo+ = foo =162l (r)-

Frot 2 fin— i et (152

& o e {9
(Here and in what follows, the prime denotes the deriv-
ative with respect to 7.)

—

) GnI,, (r); (221)
+ 2 fp =162 1000

As boundary conditions for these equations, we re-
quire the functions fy,, f,,, and f,,/7* to be bounded at
=0 and to vanish as ~=. Then the solution of the
gravitational field equations (221) will be unique.

However, the components of the tensor current in the
expression (221) are not independent by virtue of the
conditions D'I,,=0. In our case, these conditions take
the form

r;,+§(1,,_7ﬁ_139)ﬁ0. (222)

We use this to express the component I,, and substi-
tute it in Eqs. (221). Integrating the equations and
bearing in mind that outside the sourcel,, =0, we write
the components of the gravitational field in the form

¥

= 1
IDD:——‘IG:!{ \r droIna—r rodro gt 5 *
D
fr= =22 {4 jr‘dru ,,Tj s Ys (223)
f 16: 1
el — s 5‘" dr"‘r""” e ,
0 r J

We consider the exterior (»>a) solution. Introducing
the quantities

M=dbn(ridrydo; p=3{raro1,,, (224)
[ 0

we obtain for the exterior solution the expressions

foo = — &MIr; f,r = — 4piry;

foa = 2u/r; fyq = fgq sin ?0. (225)
As was already noted in Sec. 6, the fields fim can be

subjected to the gauge transformation

fim=>fim + Diap + Dpay — yyuD,a®, (226)

with gauge vector a" satisfying the equation D,D'q"=0.
Under the transformation, the Lagrangian density of the
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gravitational field changes only by a four-dimensional
divergence, which is unimportant for the theory, and
the change in the metric tensor &y of the Riemannian
space-time under the transformation (226) corresponds
to coordinate transformations of the Riemannian space-
time and can always be eliminated by a suitable choice
of the coordinates.

We use the gauge transformation (226) to simplify the
exterior solution (225). By virtue of the symmetry of
the problem, we choose the gauge vector a,, which sat-
isfies the condition D,D'a"=0, in the form a,= —p/7?,
ag=ayz=a,=0. Then, as a result of this gauge transfor-
mation, we obtain for the exterior solution

foo = — 41‘4","; I =fe& =f¢tp =L : (227)

To obtain the metric tensor for a static, spherically
symmetric source, we must substitute the gravitation-
al field components (227) in the minimal-coupling equa -
tion (94). We then obtain (#>q)

Goo=1—2M/r+2M2/r% g,5=yo5[1+2M/r -+ 4AMr?, (228)
where A=b,+b,.

It is easy to see that the component g,, of the metric
tensor (228) of the effective Riemannian space-time
does not have physical singularities outside the source:

BooF0; | go0 | <

for »>a.

If the spatial components g, of the metric tensor
(228) are to have no physical singularities outside the
source of the gravitational field, we require fulfillment
of the condition

A =bs+b=0. (229)
From the relations (224) and (85),

M= Snnfrﬁ dro[ Ioe—= It]=8n frﬁ dr‘,[h,,.ﬁ% i .

To obtain the post-Newtonian expansion of M, it is
necessary, as usual, to make the calculations in suc-
cessive stages. We first obtain the expression for M in
the Newtonian approximation, in which we completely
ignore the influence of gravitation on the energy-mo-
mentum tensor of the matter, and then, using the New-
tonian approximation, we find the post-Newtonian ex-
pression. As a result

M:-—Ji::.\?rin‘r {p[l—!—“—%+ 0(3‘)7]}-
i

As one would expect, for the static, spherically sym-
metric body the post-Newtonian expansion of the total
mass is equal to the expression (200).

14. NEW MECHANISM OF RELEASE OF ENERGY IN
ASTROPHYSICAL OBJECTS

Since the metric tensor of the effective Riemannian
space-time in the field theory of gravitation for a stat-
ic, spherically symmetric source differs appreciably
from the Schwarzschild solution in general relativity,
the description of the phenomena that occur in strong
gravitational fields will be different in these theories.
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This makes it possible to study some new effects of the
field theory of gravitation which differ strongly from
the general relativistic effects in strong gravitational
fields.

One of them'® is a new mechanism of release of en-
ergy by astrophysical objects. It can be readily under-
stood on the basis of the following simple arguments.
Using the expression (228) for the metric tensor of the
effective Riemannian space-time, we can find an ex-
pression for the force exerted by a static, spherically
symmetric source of the field on a test body of mass
M, at rest outside the source (»=a). The radial com-
ponent of this force is

i Mom (1 —2m/r)
T T Pl 2Zmir L AnmerE

where m is the inertial mass of the source.

(230)

It follows from this expression that for m/r <% the
force acting on the test body is a force of attraction,
whereas for m/»> 3% it is a force of repulsion. Thus,
in the field theory of gravitation with minimal coupling
the forces of gravitational attraction go over into forces
of gravitational repulsion with increasing potential.
This property of the gravitational interaction is funda-
mentally new and quite different from the properties of
the gravitational interaction in general relativity, In
particular, it follows that collapse is impossible in the
field theory of gravitation.

Thus, however great the gravitational forces that
compress an astrophysical object, the compression
must necessarily be halted when the size of the object
approaches its Schwarzschild radius, after which there
must necessarily be an expansion of the matter, which
can be accompanied by ejection of some of the mass of
the object. In addition, static astrophysical objects
with m/a= 3 will be in a state of unstable equilibrium,
from which sooner or later they will go over into a sta-
ble static state m/a <<} by the ejection of some of their
mass, which will be accompanied by the release of
some of the internal energy of this object in the form of
radiation.

As a result, the following questions arise. At what
mean value of the gravitational potential are the various
astrophysical objects (giant stars, supermassive star
clusters, etc.) in a state of unstable equilibrium? How
can these objects be in this state?

Strictly speaking, to answer these questions we
should choose a model of an astrophysical object, and
then, by simultaneous solution of the gravitational field
equations and the equations of motion of the matter with
allowance for the equation for the change in the entropy
and the equation of state of the matter, construct a
model of the internal structure of such an astrophysical
object. Then an investigation of the stability of the
model with respect to different perturbations (random
perturbation of the radius of the object, a small change
in its mass due to the capture of surrounding matter,
combustion of matter within it, etc.) would answer the
questions posed above. However, this problem is not
amenable to analytic solution and requires the use of
numerical calculations on a computer, which makes the
analysis of the problem much harder.
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It is much easier to obtain qualitative estimates with
order-of -magnitude accuracy, since we can use the
well-known scheme of analytic investigation of the sta-
bility of astrophysical objects.'® For such an analysis,
we need the averaged equation of the perturbations of
an astrophysical object in the neighborhood of the static
state. For simplicity, we consider the spherically
symmetric case. As a model of the matter of this ob-
ject, we shall consider an ideal fluid, whose energy-
momentum tensor in the effective Riemannian space-
time has the form

™ = (e + p) u"u! — pgMi, (231)

where u?=dx!/ds is the velocity 4-vector, ¢ is the
mass density, and p is the isotropic pressure.

In the field theory of gravitation, as in any other
metric theory, the energy-momentum tensor of the
matter satisfies the covariant conservation equation

Vaamtt . (232)

We project this equation onto the direction of the ve-
locity 4-vector «* and onto the direction orthogonal to it.
As a result, we obtain the covariant continuity equation
of an ideal fluid:

Vull(e + p) u*l =u"v,p (233)
and the equations of motion
(e 4 p) u"vut = (g" — u"ul) V,p. (234)

For spherically symmetric motion and distribution of
the matter, the continuity equation (233) has the form

][1__—5 —:T ’_(5 + p) V:? u® |+ 7L=g % ['(E +p) V__g u"b‘r]
w2, (285)
and the equation of motion (234) for the radial compo-

nent of the velocity 4-vector can be written as follows:

ar

— (e~ p) [Tjutu® + 2050w+ TLu"W]. (236)

(e—p) [%<vr du’ J = (g™ —u"u’) d,p

We consider a spherically symmetric astrophysical
object in a static state. We investigate the stability of
this object with respect to small perturbations of its
parameters (the mass, radius, matter density, etc.). We
shall make such an investigation in the framework of
perturbation theory.

We expand all quantities in Egs. (235) and (236) in
series in small perturbations, restricting ourselves to
linear terms in the perturbation. In the original unper-
turbed state, we shall assume that all the quantities in
Eqgs. (235) and (236) are independent of the time. We
also use the fact that the component g,, of the effective
Riemannian space-time metric tensor is equal to zero
for a static, spherically symmetric source.

Then in the zeroth approximation, we obtain from Eq.
(236)

(0) 0 (1) (0)(0) (D)

g7 0,p — (e~ p) Tz =0 (237)

From the continuity equation (235) in the same ap-
proximation, we have
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L[V =FC Bi]-o. (238)
We reduce the equation of motion (236) in the approx-
imation linear in the perturbation to the form

{0y (0) (0) (1)) (0) (0 ()
(&+ D) 8% - br = 0,pdg"" + €75 8, p— (Be + 6p) 3™

I]) (0) () 0) (0).(0)
+ p) V0T —(E-I—p) .08
We average Eqgs. (237) and (239) over the volume of
the astrophysical object. Using the qualitative esti-
mates usually made in this approach,'” we obtain for
the averaged components of the metric

(239)

g 2/ %
Zoo=1—2m/a 1~ 2m2/a?, } (240)

Zap = Tap [1 -+ 2m/a + 4)m2/a?].

For the purposes of our investigation, however, it is
more convenient to write these expressions, not in
terms of the inertial mass m of the source of the grav-
itational field, but in terms of the total rest mass M of
the particles which constitute the matter of the astro-
physical source:

M’=4n§r2dr V =% ew. (241)

It follows from the expressions (200) and (241) that
m =M — M/2a + O (M¥ad)].

Therefore, the relations (240) become

Zoo=1—2M/a-+3M?% a2+ 0 (M3/a3); } i

Bap=Vap [1 1+ 2M/a - (40— 1) M?¥a? - O (M%ad)]. (242)
Then averaging of Eq. (237) leads to the equation

Pz o M [1—3Mla+0 (M?/a?)]

s =P T TR (243)

Proceeding similarly, and using (238) and (243), we
obtain from (239) the averaged equation of perturbations
of the spherically symmetric astrophysical object:

(2 + p) %8 = g7 — dpla + (pla®) 8a
— (8& + 8p) T 008" — (& + ) Tr.0088™ — (2 + P)g*0Tr0l.  (244)

We consider a spherically symmetric astrophysical
object of radius a in a static state. We investigate the
stability of this state with respect to smalil perturba-
tions of the radius, We shall assume that the entire
process takes place adiabatically and that the number
of particles and, therefore, the total rest mass of the
particles of this object are conserved. Since averaging
of the expression (241) gives

 afe 142 -1 2], (245)

1W=Tn
the condition for the total rest mass of the particles to
remain unchanged leads to the following relation be-
tween the mean mass density 5 and the perturbation 6a
of the object’s radius:

8 30a [1-- M a]
T @ [i2Mlat@E—1) M%e] * (246)

Introducing the mean adiabatic exponent

£ STE I (247)

we obtain for the perturbation 5p of the mean pressure

356 Sov. J. Part. Nucl. 13(4), July-Aug. 1982

8p =Tipdele. (248)

Substituting Eqs. (248) in the averaged equation (244)
of the perturbations and using Eqs. (242) and (243), we
obtain

8 + wiba =0, (249)
where we have introduced the notation
=20 {3 (T, — 1)(“—)(1-—3‘”)(1 —:—Bﬂ)
(1—6£+3£)[1a 2 \1 aM
PSR SE

For «*>0, this equation describes harmonic oscilla-
tions of the radius of the astrophysical object about the
position of equilibrium, so that for w?*>0 it will be sta-
ble with respect to small perturbations of its radius
that do not change the total rest mass of the particles
which constitute the object. For w?<0, Eq. (249) de-
scribes exponential growth of the initial perturbation
da(0) with the passage of time. Thus, for w®=<0 the
static, spherically symmetric object will be unstable
with respect to small perturbations of the radius.

We determine the values of the mean adiabatic expo-
nent T, of the matter for which the static astrophysical
object will be unstable. By virtue of the equation

(1 — 2M/a — 3M2%a%) =0

it follows from the condition w®< 0 and the expression
(250) that the static, spherically symmetric object will
be unstable with respect to small perturbations of the
radius if the mean adiabatic exponent satisfies the in-
equality

= [4—19M/a--0 (M? a¥)] D
i< 3 [1—8M 'a 67 a* [1—3M a] (1M a] = (_)

(251)

Strictly speaking, this applies only to the region of
values M/a<1 of the averaged gravitational potential,
since we have used the approximate expansion (242).
However, this expression can be extrapolated qualita-
tively to the region M/a~1 as well. At x=0, the func-
tion F(x) has the value 4/3, and as x tends to 1/3 it de-
creases to —~. Thus, if the mean adiabatic exponent of
the matter of the astrophysical object in some range of
values of M/a is higher than the value determined by
the expression (251), then in this region the object will
be stable with respect to small perturbations of the ra-
dius.

As follows from the results of observations,'®® stars
of the main sequence have a relatively low tempera-
ture; therefore, for such stars the gas pressure domi-
nates over the radiation pressure, so that for them T,
=5/3. For high-temperature stars, the radiation pres-
sure can be higher than the gas pressure and the adia-
batic exponent is just higher than T,=4/3. However,
such stars have not yet been observed,'’® since their
lifetime is fairly short.

It must, however, be noted that the above values of
the adiabatic exponent can be used only under the condi-
tion that the averaged pressure of the star is positive:
p>0. From Eq. (243) we can readily obtain an expres-
sion for the averaged pressure:
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€ (M/a) (1—3M/a)

P =T M a—emat

(252)
It follows from this that for M/a<1/3 the averaged
pressure is positive, and for M>a/3 it is negative.

Thus, our qualitative analysis shows that for values
M/a<1/3 of the averaged potential of astrophysical ob-
jects they will be stable with respect to small pertur-
bations of their radius, but for M/a=>1/3 they will be
unstable. Moreover, the transition from the stability
region to the instability region will take place abrupt-
ly—from infinitely great stability to infinitely great in-
stability. This means that the instability can be explo-
sive in nature, as a result of which any small perturba-
tion of the radius of an astrophysical object will destroy
its equilibrium and may lead to ejection of matter.

We consider a spherically symmetric static astro-
physical object. We study the consequences of capture
by this object of matter from the surrounding space,

As follows from the expression (245), a change in the
mass of the object will necessarily be accompanied by a
change in the mean matter density of the object and its
radius:

=21+ %0 (L) |43 112X 0 (Z)]- (253)

a a®

But the change in the mean matter density of the ob-
ject and its radius naturally lead to a change in the
mean gravitational potential of the object:

M o M e, M2y-
s ()= [t+3Lso(2)]

~—22‘_}{(.l_7'3%;0(£J]_

a a a*

(254)

We determine the change in the mean gravitational
potential when the object captures mass in the follow ing
two limiting cases corresponding to a change in only
one of the two parameters of the object: either the mean
mean density of its matter or its radius.

Suppose the averaged matter density of the object
does not change when it captures mass: 8£=0. Then in
accordance with the expression (253), capture of mass
0M will lead to a change in the radius of the object
equal to

8ala = (8M/3M) [1 — 2M/a + O (M/a?)l. (255)
Substituting this relation in Eq. (254), we obtain
8 (Mla) = (2/3) (820/a) [ + Mia = O (M2/a?)]. (256)

Thus, for unchanged mean matter density, capture of
mass by the astrophysical object leads to an increase
in the mean gravitational potential of this object.

Suppose the radius of the object does not change when
it captures mass: 6a=0. Then capture of the mass 6M
will lead to a change in the mean matter density of the

object:
(Sefe) = (5M/20) [ — 3M/a + O (M3a?)]. (257)

For the change in the mean gravitational potential of
the object, we obtain from the expressions (254) and
(257)

8 (Mia) = (8M/a) [1 + O (Ir¥/a?). (258)
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Therefore, in this case too the capture of mass by the
astrophysical object will lead to an increase in the
mean gravitational potential of the object.

Thus, any astrophysical object that captures matter
gravitationally will have a tendency to increase its
mean gravitational potential. Qur above qualitative
analysis of the evolution of astrophysical objects shows
that in the field theory of gravitation with minimal
coupling objects in the region of values M/a<1/3 of the
mean gravitational potential are stable with respect to
small perturbations of their radius for unchanged rest
mass.

However, the mean gravitational potential of these ob-
jects increases when they capture surrounding matter.
Once the average potential reaches the value M/a=1/ 3,
the object goes over abuptly from the infinitely stable
state to the infinitely unstable state with respect to
small perturbations of its radius. Therefore, once the
critical value of the mean gravitational potential has
been reached, even small perturbations of the radius of
the object lead unavoidably to an expansion of the mat-
ter, and this may be accompanied by the ejection of
some of the mass of the object and the release of ener-
gy.

Therefore, instead of the gravitational collapse that
occurs because of the instability of astrophysical ob-
jects in general relativity, the new theory has a new
mechanism of release of energy.

15. GRAVITATIONAL FIELD OF A NONSTATIC,
SPHERICALLY SYMMETRIC SOURCE

In Einstein’s theory, the gravitational field of a non-
static, spherically symmetric source outside the mat-
ter must, by virtue of Birkhoff’s theorem, be a static
field with metric corresponding to the Schwarzschild
solution.,

We show that in the field theory of gravitation the
gravitational field outside the matter in the case of a
nonstatic, spherically symmetric source is a static
field with components given by Egs. (227) and (228).
We consider the case when the matter is distributed in
a certain sphere of radius a spherically symmetrically
and its motion is also spherically symmetric in radial
directions.

By virtue of the symmetry of the problem, the non-
vanishing components of the tensors S L R
be the diagonal components, and also the components
T, Iy, h°7, and f,,. All the components of these ten-
sors, apart from the (¢¢) components, will depend on
v and £. For the (¢¢) components, we have

T — 7%/sin 20; 5%° — h%/sin %;

Tyq = Ige sin %6; f,, = foq sin %0.
The velocity 4-vector of the matter is ui={u° (r, ),
u” (r,1),0,0}

We expand the components of the tensor current I Im
and the gravitational field f,,, in Fourier integrals with
respect to the time:
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fim = S do exp ( — iwt) fin (0, r);

Iim = q do exp ( — i0f) Iy (0, 7).

In the spectrum I,,(w,7), we separate the static part
I,.(r). 1t is obvious that the static part will give the
static solutions considered in the previous section.
Therefore, in what follows we shall understand by
I,(w,7) the nonstatic part.

The field equations (90) for the considered case will
have the form of ordinary differential equations:

i IR 2
joﬂ"f7fm~‘r(o2fm=15ufm; ‘

SRl 0 2

for + = for+ (@2 =) for = 16Ty
Tiih o B ! (259)
frr+7frr-"rg—fg+{U)z—“r?)frriiﬁnl”;l
W2l =2t (02—5) Ro=16n18. |

As boundary conditions for these equations, it is nat-
ural to require the functions fy,, fo,, f5, and f,, to be
pbounded as »— 0 and also to require fulfillment of the
radiation conditions as »—=. From the conditions of
conservation of the tensor current, D,I}=0, we have

twlgo~+ Io, +(2r) Lo =0; } (260)

i@lgy - Ilp+ (24r) I, — (2/r%) Too = 0.
Solving Egs. (259) using the relations (260), we obtain

frr= (Ady+245)/3;
fao = (r2/3) (Ag— 4o);

foo=— Vr

B2 (B} (or) |92 dx oed a2 (wa)
i
a

4+ J s (wr) 5:&”3 da T HY {mr)} :

T
r

for == ?;:_l {Hgi-"}i (wr) 5 232 dr J5p (07) Iy
0

+Japa(or) { 2272 do 1Y) (o) Lor }
where
"
A= — S;f:_m {H(ll/)z (wr) S /2 (L g 1 g2 (0F) + L pd 372 (07)] d
1]

a
T () | @72 (o, B (02) + T A ()] de) 5

=200 {1 (00) § 2 LT (00) — T2 (03)
]

LT3 (0r) g T3/2 dx [iIu,.H(s‘,]g (wx) — 1, HSh (0z)] } 4

Using outside the matter the gauge transformation
fni = fai T Datts 4 Dig, — aiD 2

‘we impose on the gravitational field components two
conditions: f=0, f*°=0. I the condition D,f'™=0 is not
to be violated by the gauge transformation, the gauge

4 _vector must satisfy outside the matter the equation

- D,D'a;=0. Choosing gauge vectors in the form

a

2n% [ 300 :
ap= wi‘/‘:- i (mr)[’s 232 dz {I o [T 32 (02) +0z 112 (02)]

— izl Jap (0z)}

2 a
g LF HE) (or) 5;5/2 dz [Igpd 52 (0) + il d 32 (02)];
]
ag=a;=0,
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we readily see that all components of the nonstatic
gravitational field vanish outside the matter: =0

Thus, for a nonstatic source with spherically sym-
metric distribution and motion of the matter the gravi-
tational field outside the matter will be a static field
with components given by Eqgs. (227) and (228).

16. NONSTATIONARY MODEL OF A HOMOGENEOUS
UNIVERSE

The field theory of gravitation makes it possible to
construct nonstationary models of the Universe capable
of describing the cosmological red shift and free of di-
vergences of Newtonian type. These models correspond
to a flat Universe.

It should be noted that in the field theory of gravita-
tion the model of the Universe characterizes only a part
of it with linear dimension »~¢T, where T is the age of
the Universe. From this point of view, the “creation”
of the Universe means that in the past the matter den-
sity in a given, fairly large section of the Universe was
high. The further evolution of this region of the Uni-
verse can be described by the considered model. All
other regions of the Universe can develop independently
of the development of the given region and even in ac-
cordance with quite different laws. But in the field the-
ory of gravitation observation of them is possible.

Astronomical observations show'?’:' that the matter
is distributed very nonuniformly in the Universe. Most
of the matter is in planets and stars, and only a small
part of the total mass is in the form of interstellar gas
and radiation. However, if one averages over regions
of space whose linear dimensions are apprec iably
greater than the distances between clusters of galaxies,
the matter density of the part of the Universe accessi-
ble to observation is constant and does not depend on
the position of the center of the region of averaging.
Therefore, from the physical point of view it is natural
to consider a model of a homogeneous isotropic Uni-
verse as a first step.

In such an approach, the inhomogeneity of the matter
distribution which appears on averaging over smaller
regions of space (clusters of galaxies, galaxies, ete.)
can be taken into account by introducing small inhomo-
geneous perturbations on the background cosmological
field of the homogeneous Universe. The homogeneous
isotropic Universe is described by the interval

dS? = U (t) dt — V (1) [dz® + dy* + dz*l. (261)

We shall regard the matter in the Universe as an

ideal fluid with energy -momentum tensor density
Ty =g {(e-+phu'n"— pg™.

By virtue of the homogeneity and isotropy of the Uni-
verse,
e =¢e(fp=p@;
wr =0 ud 5= 0; u'udgy, = 1.
Then the components of the energy-momentum tensor
density of the matter take the form

=} VU ; 1% = —p Y/ TV "% (262)
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Using the expression (261) for the interval, we deter-
mine the connection of the Riemannian space-time:

T =U/2U; The=0; T3 =0; }

0 17 . TR prax i nr S (263)
Fap=Vyep/2U; Top=V83/2V; T'ge=10,

where the dot denotes differentiation with respect to £.

Substituting the expressions (262) and (263) in the co-
variant conservation equation (201) for the energy-mo-
mentum tensor density of the matter, we obtain

f;(eVW)-FP%VVi: (264)

The solution of Eq. (264) has the form

2§af
e

b N D e
€y

(265)

The connection equation can be written in most gener-
al form as

&ni = ?nffl T fni.fz = f:mfnzAhuq (266)

where £, and f, are certain scalar functions of the invar-
iants I, =f,I,=7,.f™, etc., and the tensor A'™ is con-
structed from the tensors "™, f™, S™FT ... and the
invariants.

For a homogeneous Universe, the gravitational field
equations (90) take the form

Too=Ffoa=0
son g } (267)
Tap= — 162 {hyp+ Vaphioo)
Using the definition (70), we obtain
foo =05 foq =0. (268)

By virtue of the isotropy of the Universe, the spatial
components of the gravitational field must be

fcﬂ =1,QHF (:‘.) (269)
Then
Zo0 = U (F); gap =YauV (). (270)

One can show that

Ogw A opedl]

- =1y o gen it I
af

S s i A

Therefore, the field equations (267) take the form
F B VTP LVI—pVT & VL (271)
As initial conditions for Eq. (271), we take the condi-
tions at the contemporary epoch ¢#=0:

e =¢epy U =V =1; dV/dt =2H, (272)

where H is Hubble’s constant. It must be noted espec-
ially that the initial conditions are chosen on the basis
of the assumption that the energy density of the matter
is nonzero, g,#0. Therefore, the following calculation
will apply only to the given case. It follows from ex-
periments'’ that 20 x10° years > 1/H>"7.5 X 10° years.
For such a choice of the initial conditions, the cosmo-
logical field at the present time will be the pseudo-Eu-
clidean background on which we consider all the other
physical processes. It follows from the conditions (272)
that

F(0) =0; dF/dt |;—o = — 4H.
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We reduce Eq. (271) to the form
£ 1Fey 2 {eVPALYVT—pvD Ly Vil

Using the conservation equation (264), we obtain

F2pe —(1287/3) e YV TOU. (273)

It is interesting to note that Eq. (273) is a modified
form of expression of the conservation law for the en-
ergy density of the matter and the gravitational field in
flat space-time. Indeed, if we use the definitions (104)
and (111), the connection equation (266), the compo-
nents (262) of the energy-momentum tensor density of
the matter in the Riemannian space-time, and also Egs.
(268) and (269), then we obtain

B =e VOV, 1= — e By i =1 =0, (274)
Therefore, the conservation law for the energy-mo-

mentum tensor density (96) in the flat space-time is

o 1%+ 1) — 0.
It follows from this that £} +¢2°= const.

Using the initial conditions (272) and the expressions
(274), we find

GVI_Eff— F = 3

1287 128 “1r

where
e, = 16H? (o — 1); o0 = 8me,/3H2.

Thus, the total energy density of the matter and the
gravitational field of the Universe in the flat space-
time is constant at all stages of its evolution. This
means that the energy of the Universe does not change
during the evolution but is merely redistributed be-
tween the matter and the gravitational field.

Using the initial conditions, we write the solution of
Eq. (273) in the form
1 i" dar’

e il (T — 275
S Y T —at (neje) V7O \&iw)

The expressions (266), (270), and (275) determine
parametrically the entire evolution of the homogeneous
isotropic Universe, including the singular state (or hot
Universe) for arbitrary equation of state p=p(c) of the
matter and connection equation (266) given in the most
general form.

=

In the expressions (270) and (261), we go over to the
proper time. In the time interval in which U(#) is non-
zZero, we can go over to a proper time 7(¢) such that
VU(f)dt=dr. Then the interval becomes

dS? =dt® — V (1) [dz® + dy® + dz2l. (276)

Assuming that the present time is 7(0) =0, we obtain
expressions that determine the evolution of the Uni-
verse given parametrically:

swaslailldon TS Eiy  conen, (277)
i u\ Vi—at(ueley) VOT5
. 2 (_ as
IV (F)= —TSET%T (278)
-0}

For the functions U and V, we obtain from the mini-
mal-coupling equation (94)
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U = 1—(3/2) F + (1/4) (9, + 3b5) F%;
] (219)

V=1—(1/2) F + (1/4) (b, + 3b, - 3b, 4 9b,) F=.

We investigate the obtained solutions in the neighbor-
hood of the present epoch ( || < 1/4H) of proper time.
We shall assume that in the neighborhood of the pres-
ent epoch of proper time the pressure is negligibly
small compared with the energy density: p<<g. There-
fore, from Eq. (278),

e = el V3 (F). (280)

Substituting the expressions for U, V, € in the integral
(277) and integrating, we obtain

T=_%[F_% (1—5) P+o@s].

Expressing F by means of this relation and substi-
tuting it in the expression for V(F), we obtain

V()=1+2Ht4 0 [ S

— 344 (b, +3b2+3b3—!—96.)] +0 (I,

The metric (276) with cosmological scale factor V(7)
leads to experimentally observable effects. One of
them is the cosmological red shift discovered in 1929
by Hubble.'®® This effect consists of a red shift of the
spectral lines emitted by distant galaxies, the magni-
tude of the shift being directly proportional to the dis-
tance from the considered galaxy to the Earth. In gen-
eral relativity, this effect was predicted by the Soviet
scientist Friedmann''® in 1922,

In the field theory of gravitation, the model of a
homogeneous Universe in the neighborhood of the con-
temporary epoch (for Hr <1 or 7 <« 10' years) also de-
scribes a cosmological red shift Aw= -HLw of the fre-
quency.

The deceleration parameter g=1 - 2VV/V? of the
“expanding” Universe in the neighborhood of the con-
temporary epoch 7=0 is

go =4 — (3/2) & — & (B + 3b, + 3b -+ 9b). (281)

For comparison, we point out that in Einstein’s the-
ory the deceleration parameter of a homogeneous Uni-
verse is g,= @/2. In Einstein’s theory of gravitation
the deceleration parameter is one of the most impor-
tant quantities that characterize the homogeneous Uni-
verse as a whole: For deceleration parameter g,< 3
(a<1) the Universe is open, and for ¢,>3 (a>1) it is
closed (it has finite volume but no boundaries). In the
field theory of gravitation, there is no such relation-
ship—the Universe has infinite volume for all values of
aand g,

It follows from estimates of the mass of matter in
galaxies'” that £,=3 x10™* g/em®. In this case,

o = 0.06. (282)

Then in Einstein’s theory the deceleration parameter
is g,=0.03 and the Universe is open and expand forever.
However, measurements of the deceleration parameter
gave a different result.

Thus, in Ref. 111 it is concluded that the value of g,
is in the range between 2 and 32, and that the most
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probable value is g,=5. Thus, in Einstein’s theory the
deceleration parameter obtained from the observations
contradicts the observed matter density in the galaxies,
which is much higher than is required for correspon-
dence. To eliminate this discrepancy between the char-
acteristics of the cosmological solution of Einstein’s
theory and their observational values, attempts are
currently being made to increase g, (by searching for
missing matter in galaxies) and to decrease the value of
g, obtained expreimentally (by assuming the existence
of a strong evolution of the luminosity function with the
red shift). These attempts have not yet led to resolu-
tion of this problem.

In the field theory of gravitation, in contrast to gen-
eral relativity, the deceleration parameter is deter-
mined not only by the mean matter density €, (the pa-
rameter a=287e,/3H%) but also by the minimal-coupling
parameters, and therefore measurement of the decel-
eration parameter g, makes it possible, without using
post-Newtonian experiments in the solar system, to
measure

b,+3b.1-,~3h3-!-9!;4=—[qu-:—%a—r—-’a‘/-’a. (283)
The behavior of the model of the homogeneous Uni-

verse in the distant past depends strongly on the form

of the connection equation in strong gravitational fields.

If the equation V(F,)=0 has real roots, then for F=F,
the determinant of the metric tensor, and also its spa-
tial components vanish. Therefore, it is natural to as-
sume that at F=F, a singular state of the Universe is
realized. Near the singular state, the Universe is
dominated by ultrarelativistic particles, for which the
equation of state is p=&/3. Substituting this equation
in the expression (278), we obtain

(284)

g = g/

It follows from this that when the function V(F) van-
ishes the density of the total energy of the Universe be-
comes infinite, and at F=F, a singular state of the
Universe is indeed realized.

A certain epoch 7=1, in the past corresponds to the
smallest positive root F* of the equation V(F)=0. It is
natural to call T'= -7 the age of the Universe, and

Fx =5
po L j‘ VU dr
M Vi —atalely VTS

U]

(285)

We introduce the time 7,=T + T measured from the
singular state:

F*

- N VUdE
T =ZH S
F

Vicata(ee) VOIS

In the neighborhood of the singular state (for F~ F*),
the relation (284) holds, and therefore

Fx P
o | \ VTUdr
0™ 4H

&)

/—ata VOV (286)

The expression (286) determines the dependence of
the proper time in the neighborhood of the singular
state on the gravitational field F and, thus, makes it
possible to find the behavior of the function V() in the
given neighborhood.
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It should be noted that if the equation V(F,)=0 does
not have real roots, the model of the Universe does not
have a singular state. In this case, it is possible to
have an Olbers paradox, i.e., a divergence of the inte-
gral of the luminosity of all stars. Indeed, the total en-
ergy p of starlight at the present time =0 is’

0
o= | z@V@ar,

-0

(287)

where Z(7) is the luminosity density of the stars: Z(s)
= [ n(r,L)dL, in which n(r,L) is the density of stars
with absolute luminosity L at the time 7. K the integral
(287) is to converge, we require either the existence of
a singular state of the Universe [V(F,)=0] at a finite
F,, when the integral (287) is effectively truncated at
the lower limit at a certain 7=7(F,), or sufficiently
rapid decrease to zero of V(r) with increasing |7|:

W (@DEM—~0 |T|—> o0 (288)
We introduce the notation
by -+ 3by -+ 3by + by =w; 3by-+-9b, = k. (289)

Using this notation, we rewrite the expression (279)
in the form

U=1—(3/2) F4 (k%) F& V =1 — F/2 + wF/4, (290)

We now study the influence of the coefficients £ and
w on the behavior of the model of the Universe. We re-
quire that the theory should contain no Olbers-type
paradox or physical singularities of the metric of the
Universe for finite values of the matter energy density.
As follows from the expression (290), the first of these
requirements can be satisfied only subject to the condi-
tion w=}. By virtue of the relations (281) and (289),
this condition leads to a restriction on the value of the
deceleration parameter in the neighborhood of the con-
temporary epoch: g,>3-(3/2)a. The second require-
ment imposes restrictions on the values of the real
roots of the equation U(F)=0 and, thus, on the value of
the coefficient k.

Depending on the coefficients £ and w, it is possible
to have different models of the Universe. We consider
them successively:

LOSw< 4 or 4— (32 a>=q>=>3—(32) o (291)

In this case, both roots of the function V are positive.
The smaller of them, corresponding to a singular state
of the Universe, is F*=(1 =v1 —4w)/w. In the range
of w values (291), the root F* is in the interval 2< F*
<4, Since the region of negative values of F corre-
sponds to the future in the evolution of the Universe,
the Universe will “expand” infinitely long in the case
(291). At the same time, the metric (290) will not have
singularities outside the singular state of the Universe
if the function U does not vanish in the interval - < F
< F*, 1t is readily seen that this is possible only when

k> 0/ (292)

The time factor when the Universe is in the singular

state is

U (F*) = — P* + (k — w) F*%4, (293)
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It follows that in the region (291) of variation of the
parameter w the time factor U for F= F* satisfies the
inequalities-5+4k= Uz —2+k> 1,

The evolution of the Universe in the neighborhood of
the singular state is essentially determined by the pa-
rameter w. Thus, for w=1 we obtain from the expres-
sions (286), (284), and (290)

Vo~ thth g~ Ume —5 - 4k,

For w=0,

Vi~ wis e~ U —2 4 k.

Thus, for large values of the parameter w there is a
more rapid growth of the scale factor V in the neigh-
borhood of the singular state of the Universe as time
passes. For comparison we point out that in general
relativity'* the estimates ¥~ r, and £~ ;2 hold in the
neighborhood of the singular state for any type of model
of the Universe.

The behavior of the functions U and V in the neigh-
borhood of the singular state essentially determines the
flux densities and spectral characteristics of the fossil
(background) electromagnetic, neutrino, and gravita-
tional radiation. The frequencies of the electromagnet-
ic and neutrino radiations and, therefore, their tem-
perature change as a result of the influence of both the
cosmological gravitational field and the Doppler effect.
In contrast, the frequency and temperature of the grav-
itational radiation can change only as a result of the
Doppler effect. Therefore, measurement of the flux
density and spectral characteristics of these back-
ground radiations will make it possible to determine the
behavior of the coupling equation in strong gravitational
fields.

To determine the age of the Universe, we need the
equation of state of the matter. Since we do not know
the exact equation of state of the matter, we estimate
the age of the Universe approximately. We note first
that for any equation of state of the matter 0<p= /3.
In accordance with the expressions (278) and (290),
this means that for 0 < F< F*

eV <L e e, V2,

Therefore, for the age (285) of the Universe we have
T,2T=T,, where

F*

s
Tv=—r \
0

VUdF
V l—ata )yl ;
F?

oL 1 VUdr
Ta=gr |

& ]’1—:&—5—-:4_V'ﬁ.

Analysis shows that the numerical values of 7, and T,
depend essentially on the values of the parameters w
and 2, varying in wide ranges with variation of these
parameters. The minimal age of the Universe for the
ranges of variation (291) and (292) is attained for w=0,
k=9/4: 3/4H= T= 2/9H.

When the parameters w and & increase in the ranges
(291) and (292), the age of the Universe increases mon-
otonically. Thus, for w=1},k=12 we have 7/H=T=1/
H,
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It follows from the inequalities (229), (291), and (292)
in the considered case that the minimal-coupling pa-
rameters b, and b,, and also b, and b, do not vanish
pairwise. Moreover, if one of the parameters b,, b,,
bs, b, is zero, all the remaining parameters are nec-
essarily nonzero.

IL w<Oorg,>4-(3/2)a

In this case, the roots of the function V have opposite
signs, and, therefore, the “expansion” of the Universe
will be replaced in the future by “contraction,” and the
Universe will return to the singular state. This occurs
for scale factor V=1 -1/4w>1. The value of the root
F* corresponding to the initial state of the Universe is
in the range 0< F*< 2, The return of the Universe to
the singular state occurs at F,=(1+V1 —4w)/w. I is
easy to see that the value of F, is in the interval 0> F,
> ==, It should be noted that the metric of the Universe
will not have singularities between these singular states
only when the function U does not have roots in the re-
gion F,< F< F*,

The evolution of the Universe in the neighborhood of
the singular state, and also the age of the Universe are
essentially determined in this case by the values of the
parameters w and k2, and, as analysis shows, the age
of the Universe may be either greater or less than 1/H.

Thus, in the field theory of gravitation nonstationary
homogeneous models of the Universe describe the cos-
mological red shift and allow both monotonic and non-
monotonic behavior. The behavior of the model and the
lifetime of the Universe depend on the deceleration pa-
rameter g,: For values of g, in the range 4 - (3/2) &
>3 -(3/2) @, the Universe will expand infinitely long,
but for g,>4 - 3a/2 the expansion will give way after a
certain time to contraction, and the Universe will re-
turn to the singular state.

17. MOTION OF EXTENDED BODIES IN AN
ARBITRARY METRIC THEORY OF GRAVITATION

In various papers,'®™32 the possible deviation of the
motion of the center of mass of an extended body from
motion along a geodesic of Riemannian space-time was
considered on the basis of the parametrized post-New-
tonian approximation of an arbitrary metric theory of
gravitation for the example of a system containing the
Sun and one of its planets.

The restriction in Refs, 129-132 to the case of the
solar system was evidently due to the fact that the only
post-Newtonian system accessible at that time to ob-
servation was the solar system. But with the discov-
ery®®® of the binary pulsar system PSR 1913 +16 it has
become possible to measure the orbital parameters of
a post-Newtonian system consisting of two extended

‘bodies of comparable mass. It is to be hoped that in
future other such systems, and also systems consisting
of a large number of bodies of comparable mass will be
discovered and studied.

The motion of the center of mass of an extended body
in an arbitrary binary system was investigated in Refs.
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133 and 134. Besides the achievement of greater gen-
erality, the need for such a study was dictated by two
further considerations. First, the solution given in the
literature to the question of the relationship between
the inertial and passive gravitational masses of an ex-
tended body and of the nature of the motion of its center
of mass with respect to a geodesic of Riemannian
space-time cannot be regarded as correct because of
the use of some incorrect assumptions. Second, such
study is important for any metric theory of gravitation
and not only the field theory of gravitation, since mea-
surement of the deviation of the center of mass of an
extended body from motion along a geodesic of Rieman-
nian space-time makes it possible to determine the nu-
merical values of the post-Newtonian parameters more
accurately.

It should be noted that the expression originally
adopted in Refs. 133 and 134 for the Riemannian space-
time metric differs somewhat from the corresponding
expressions employed by other authors. Therefore, to
facilitate comparison of our results with those of others
authors, we choose the original Riemannian space-time
metric in the form (150). In addition, for greater gen-
erality of the treatment, we shall expand the equations
of motion of an extended body in the small parameter
L/R <1 (L is the characteristic linear dimension of the
body and R is the distance between the bodies) to higher
orders than in Refs. 133 and 134. However, as will be
shown below, these changes do not affect the main con-
clusions about the nature of the motion of the center of
mass of an extended body. We consider a problem of
astronomical type, namely, we shall assume that the
investigated system consists of two extended bodies
moving in the gravitational field they produce and sep-
arated by a distance appreciably greater than their
linear dimensions. We shall call them nominally the
first and second body. We shall assume that they con-
sist of an ideal fluid whose energy-momentum tensor
density (of weight 1) has theform (156).

We shall also assume that the post-Newtonian formal-
ism applies to the system. For this, it is necessary
that the maximal values of the gravitational potential
U, the square »* of the characteristic velocity, the spe-
cific pressure p/po, and the specific internal energy II
should have approximately the same order of magnitude
€%, where £ <1 is a small dimensionless parameter. In
this case, the bodies will be situated in the near zone
of the gravitational radiation produced by their motion.
Therefore, in the region occupied by the bodies the
variations of all quantities in time will be due in the
first place to the motion of the matter, and, therefore,
the partial derivatives of all quantities with respect to
the time will be small compared with the partial de-
rivatives with respect to the coordinates. As is well
known,* any theory of gravitation for which the natural
geometry for motion of the matter is a Riemannian
geometry generates the metric (150) in the post-New-
tonian approximation.

In the general case, this metric contains the ten ar-

bitrary parameters v, B, o, &, s, &1, £2, &5 &4, &, and
the three components w® of the velocity of the frame of

V. 1. Denisov and A. A. Logunov 362



reference with respect to a hypothetical universal rest
frame. Note that the model we have adopted for the ex-
tended bodies describes bodies in which the pressure is
isotropic. Therefore, our calculation applies only to
physical situations in which the shear stress in the ex-
tended bodies can be ignored compared with the iso-
tropic pressure. If they cannot be ignored, it is nec-
essary to take into account the contribution of the shear
stresses to the matter energy-momentum tensor (156)
and to the metric (150),

It should also be emphasized that our calculation ap-
plies only to the metric theories of gravitation that pos-
sess energy-momentum conservation laws for the mat-
ter and the gravitational field taken together. For the-
ories of gravitation that do not possess these conserva-
tion laws, the calculation must be made specially in the
framework of each of these theories, and the conclu-
sions of the present paper do not apply to them.

Post-Newtonian equations of motion of
an ideal fluid. To determine the force exerted on
the first body by the second, we must construct the
equations of hydrodynamics (the equations of motion of
an element of ideal fluid) in the Riemannian space-time
with metric (150). Following Fock,' to construet these
equations we shall proceed from the covariant equation
for the energy-momentum tensor density of the matter
in the Riemannian space-time,

VT = @, T + T%. 7™ — 0, (294)

and also from the covariant continuity equation of the
ideal fluid,

1 ap |

F= _7'73%(9”“)J=U. (295)

where p=p;/ —gu® is the conserved mass density. It is
obvious that in the Newtonian approximation the rela-
tion (294) leads to Euler’s well-known equations for an
ideal fluid:

o dv*ldt = —p °U + 9*p;

p dll/dt = —p 3417, (296)

where ®/dt=28/8t+v°3 /0% is the substantial derivative
with respect to the time.

To obtain from the expression (294) the post-Newton-
ian equations of motion of an ideal fluid, we first con-
struct the components of the energy -momentum tensor
density of the matter with the necessary accuracy. Us-
ing the definition (156) of the energy -momentum tensor
density of an ideal fluid, the metric (150), the expres-
sion for the velocity 4-vector,

dxt dt
T Vst e rap™® (297)

and the contravariant components of the metric tensor

ut

g0 = 142040 (e%); g% = 0%(e%); V —g=1+By—1)T L0 (e4);
g%P =B (1 —2yU)+ 0 (£Y),
we obtain the following expressions for the components
of the energy -momentum tensor density (of weight 1) of
the matter (156):
% =p (1 —veu*/2 4+ I14-U) +p0 (£4);
7% — o (1 — vgvP/2 4 I1 4 U) + pre + p0™ (e5);
T*® = puvh — pyed -+ p0™ (e4);
p=pq[1 433U — v, v*/2 4O (g4)].

(298)
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Noting that

U sn — 05U g = YanBsl — a8y
0uV 5 — OV o = 0, Wy — 34,

we write the components of the connection of the Rie-
mannian space-time, which are needed for further cal -
culations, in the form

aVv

Mg v +3+ o —apt t) 2ot L (1 oy 22 )

1 : b
—g(ar-%ﬂw“%#ﬁ g0y & ’

+6%U + 8" — E.0%D,—2 (B+-v) Ud*U +0* (©%); ; (299)
L= v8ROU /61 + (4y + 4+ ) (BgV* — G°V )4
— 0y (W*OpU — wed™U) 4 + 0 (%);

T = v [650U +- 6§05 — yps0™ U+ O (eY),

—

where to shorten the expressions we have introduced
the notation

D =274+ 2+ ay + &) /2 — §,4/2
+ @By +1—28 4 5) D, + (1 + &) Dy
+ 3y + &) ©p + (g — Gy — og) wewblU/2
— ot Uy /2 + (205 — o) WPV /2.

The post-Newtonian equations of motion of the ideal
fluid canbe obtained by writing down (294) for n= a to
terms p0O(c?) inclusive:

BaT** + 0T + T8 7% + AGHT + THT™ = 0 (5.  (300)

Using the expressions (298) and (299), it is readily
seen that all terms of Eq. (300), apart from the sec-
ond, 8,7%%, can be written down to the accuracy adopted
in this equation. Substituting the expressions (298) and
(299) in all terms of Eq. (300) except the second, we ob-
tain

; P
e [0 (14040 —7) 4 po#
+ 85T 4 pd™U + pd™ D+ 2yprovPayl] —E,pd* D,
+pa U [ 11— 2L pe oy L (2Bt 2y—1) U]
7o W%
1—7;'(4'\‘f375‘|—°‘2+§1)P%r'i'%('1+az—§l) P‘ﬁ—al_

o 4y 4 4+ ,) uP (V% — V)
+p % [ —;— (o — 2a,) w1 QVU“J = % or,pvb (w8l — wﬂﬁuU)

. gueR
g =000,

We reduce the expression to a form convenient for
further investigation. After identical transformations,
we obtain the post-Newtonian equations of motion of the
ideal fluid:

] 1ol F
88t (10—t (1140 ) ot o

+ 08U — 2B+ 7) pUIT + (7—2) pd"U +v= L.

i.E[.S

+d%p (H_ 5

+2) - yowtpd®U -+ (2p +1) o 5
+2 (3 1) puecBayl] 5 (hy+ 34—y 20 p Lo
g Utoy— ) p I L 4yt bt a) pub (30 — 67V) + oD
— 5 (o — 2a) wp 2 B0 Dy — -ty (w2 0gT — i)
+ogtpp ig:i =p0 (&). (301)
Equations of motion of the center of
mass of an extended body. We consider two
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extended bodies occupying the volumes V; and V, and
separated by a distance R appreciably greater than
their linear dimensions L: L/R<1. In this case, the
conserved mass density of the ideal fluid is

p (z, 1) =py (z, ©) + pa (=, D)

where the density p,(x,?) is nonzero in the volume V,,
and the density p,(x,?) is nonzero in the volume V,.
For simplicity, we shall assume that the matter dis-
tribution in the bodies is nearly spherically symmet-
ric, as a result of which the reduced multipole mo-
ments of each of the bodies are small. Analysis shows
that this condition makes it possible to avoid cumber-
some calculations but in no way affects the final con-
clusions. Using the last of the equations in (298), we
rewrite the generalized potentials (151) in the form

i e L~ [ 1) perar®
U=0—3yF, — 3 &+ | x8e Wty ) =g
[plpt—-plpt L pipt s "y
o { gl axax o

=, [ _Povar®
L=, 1X—yl

00 | A oxeax oy
Oy =B; + | 25 dy+ 0 (e

O =D+ |

dy -+ 0 (e%);

TR W+ 0%

Ve ng (302)

dy—l—O (£%);

- Vo (X% — y®)]2
A:A+j pil?_i’_ylg S)2 dy -0 (e5);

~ g (XB— B =
Wﬂzwa“FS Pavp (X IXU H|2‘{a %) dy + 0 (8%);

25 X% g™ (XP— k
UuB:UGB+S Pa( |xy_);fiﬂ ) dy+ 0 (g%);

‘Dw=fl3w+5 !szl;slip'n'lpipﬂ (XP— X%
Xo—Xp  Xp—XB"| 1y gyr g
X[Wﬂxrxw_"”‘ X"+ 0 (&9),

where for the gravitational self-potentials of the ex-
tended bodies we have introduced the notation

1Y L
LX dy; @y = — ‘éi“ dy;
M p:U
L s =i
D — [ P A .
Q"*S X—r % m"'5 |x—y| s
ﬁaz_s T i
i i__,,_"i (op XP—uP® . poap_ 5 pEi A b (303)
X—71° Hadiies X—yl°
o pup(XP—f) (x*—p
W =5 X—i° dy;
¢'”’=5 resg |* (Xﬁ_X'ﬂ‘
Xp—Xp r
X[W =% de o

For the following, it is necessary to define the inerti-
al mass and center of mass of an extended body. In the
case of a theory of gravitation that possesses energy-

- momentum conservation laws of the matter and gravi-
tational field taken together, we introduce rigorous
concepts of the inertial mass and the center of mass:

(304)

where #ff and {7 are the energy-momentum tensors of
the matter and the gravitational field, respectively, m

m= |+ 1210X; mX® = [ s+ )22 aX,
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is the inertial mass of the body, and X © is the radius
vector of its center of mass.

However, it is not possible to use this definition in
the considered general case, since different metric
theories of gravitation with energy-momentum conser-
vation laws for the matter and the gravitational field
can have different expressions for the tensors ¢} and
{7, Since we wish to encompass in our investigation the
largest possible class of metric theories of gravitation
possessing energy-momentum conservation laws of the
matter and the gravitational field, we shall, following
Will,"*" use the following definitions of the mass of the
bodies and coordinates of the centers of mass in our
calculations:

M= S pdz; M}\‘l:g pa* dz. (305)
The mass M is the total rest mass of the particles of
the body, and in accordance with Eq. (295) it does not
depend on the time. This mass is not equal to the in-
ertial mass (304) of the body, differing from it by the
post-Newtonian corrections m =M(1 +6), where 0
~(e?). However, this difference does not affect the
calculation of the acceleration of the center of mass of
the extended body.

Indeed, if we use the definition (304), the expression
for the force exerted by the second body on the first is
found in the form F{=km[n®+a%+0(e*)], where k is a
constant, and A%~ 0(e?) are the post-Newtonian correc-
tions.

When the definition (305) is used, we shall calculate
the expression on the right-hand side already in terms
of the density p, and therefore Fg=kM[n*+A%+0(e%)].
It is readily seen that in the two cases we arrive at the
same acceleration:

a% = Film = FSIM =k [n* + A% + O (e

A further advantage of the definition (305) is the fairly
simple connection between the coordinates of the center
of mass of the body, its velocity, and acceleration.
Thus, for the first body, using the covariant continuity
equation (295) of the ideal fluid, we obtain

MV, =5 M X%, = Fp,(z. 1) v da;

Mg, =2 MV, = 5 oy (2, J)Tdr

Therefore, we shall make the further calculation on the
basis of the definition (305).

Since the metric (150) and, therefore, the equations
of motion (301) are given in an arbitrary frame of ref-
erence, the velocity of the center of mass of the com-
plete post-Newtonian system is not equal to zero in it
but has the form

VS = (M V8, 4+ MV, + My) == 0.

However, in accordance with Refs. 131 and 135, one
can make “post-Galilean” transformations of the frame
of reference which leave the metric (150) and the equa-
tions of motion (301) form-invariant and such that in
the new frame the center-of-mass velocity of the com-
plete post-Newtonian system is equal to zero.
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We denote the radius vector of the center of mass of
the first body in this frame by ¥¢,, that of the second
by ¥7,), and their difference by Y%, - ¥%,=R* We now
integrate the post-Newtonian equations of motion (301)
of the ideal fluid over the volume occupied by the first
body. We expand each term in the obtained expression

in powers of L/R to accuracy O(1/R%).

use the expansions

X¥—X% _ R* | RR.(f—af

1X,—X,] R ° il
L2 _R*[Re(af —z)? |, af—af R (2] —5) (aF — )
i R® R R

1 R* (20— 24) (#5—af)
2 R3

R¥R, (z:—‘ra) (-”l_lg) (%B“%ﬁ) 5 5

Rs a
i (af —a%) (] —2D) (216 —3¢) i

e

e o

[Re (27 —28)]2
Re

3 (2f —2%) [R, (2§ —2)12
2RY

“o(4);

1 1 | Re(af—ah)

B Ty Ny RS
3 [Re (1] —2f)]®
2R°

b (rf —5) (%36 —s¢)

1
T h +0 (g) 3
X% —X?;_‘ e ; 2R*R, (zf— :cg]
R3

X, —X.I* Rt

R'x.(.e_ £ R 4R% Re (2% —25)]2 (T ?
b | x};‘(rlt *38) af | EI(;;l as)] i -1132-?
1 B 1‘ 3 -
+0 ()
WE—xp f-xb _ m*RP | 3R“RPR, (:f—u9)
'Ylﬁ\ H " R>
i 3R*RP (af —zf) (IIS_IQE)ALEPRR (af— 2B R (f —a8)
X r'Hﬂ ?Ra
. _15B*RP[R, (£ —aB))2
j 2R
platoadilal) | SRBGF—a¥) Ry (f—a) oA
: RF e 2R° ! (F) 2
X¢—x%H 28— xb _R*R®  3R%RPR, (88
X1 —X,|® 7o) s RS
3R*RP (28— 28) (210 — wrge) IBR“R"‘[RE(;‘;-—J{)]!
i IR T R
H“(-"—rﬁ) L R | 3R% el —ab) Ry (o} —af)
St Rl Ra
3RP (f —&F) Re (25— 28
=15 7

L2 =2 Re (zf—=%)

R (ufl—afy 4 R (o2 — 2%
R‘.l

% L
= ¥}2}?i2 L5 +0 ( Rla ) i
X¥—x¥ R% 3R* R (28— af) o —ad 1
TRY E i | e O[W)'

For this, we

(3086)

Here and in what follows X?, Z2, (X2) denote the radi-
us vectors of the first (respectively, the second) body
in a coordinate system whose origin is placed at the
center of mass of the post-Newtonian system, and x2,
z1*, (x2) denote the radius vectors of the same points but
in a coordinate system whose origin is placed at the
center of mass of the first (respectively, the second)

body.

Introducing the notation

— %) (P — 2P
o= — jPaP""‘“‘*(s L da ds';

lz—z'|®

n . B__ B .
u.'p__ [PP; (= : ]ix!s z'F) drdz';
Q?lﬁ) = W 5 pwrbdr; Q- Qg
o 5 pav®b dr; Q=QF;

L
L j pydz; P(-z)ﬂw; 5 Padz; "tsn='M—J pell dz

and using the trivial relations

~ v (-3 ¢ O 7
LD dutrmt, B o,

1 pp’ (2% —2'%) 2P
|lz—z']3

dr dz’ = —Q°F,
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(307)

we obtain a number of equations needed for the follow--

ing calculations:

§ 000 dz=2le. {na 1 — 6y +Qu—3y 2 |
— 3‘\*1&39&‘3,} —3y 5 pd“D, da:—— 5 08D, dr;

7

\ pU6%U dx = M’

[21’6”‘9(1)—”:9(1) + n=
+ \ o Ud" Ucia:;

[ P de= j 10 dz - MiMs pap .

\ pevtd®U dz = S pwod®l dx 4 EMaMs ZM‘M’ =102 e Qs

7P MM
5 Piv“—a'r dr= 5 e ViV

R2
neQfh;
dz= — S 04 [, + o030 — T3° 0] da

j pw*Popl dax = 5 p‘v“vﬂaﬁﬁdx-l- ZM};M’

s

My N M, 7.
+Ae [ 2Py 4+ 2070 + Q) + 20,08 — n* L |

ot o

— v"vﬁdﬂU] dr+

[ po (0D, — U0, 0 — 6" 4+ 6%,

M‘ e {""‘ [P @ — Q) — 3nengQ)

— 20 — 6nunyQFh) — L] — R — zmo'z‘;,+2n,se‘a%} ;

§ potogy du= | pphopF* du— Hpila nvh v

ViV

S o™V, de = — M;?ff.,

ol
SPdeI;SFH Py e X Rn "BI(Z)-

5 [ ab =

— L{‘M—’ [0V Es) + nBV ) + 3nonbn, Vi

dr= \ pwed, U™ dx

Ml My

5 pwagl de -__J pubal do+ 2l poph

j. 0,0P6°U dz = \ PP T dz -t %

ne¥liy;

§ o ds = § p 0D dz -+ 2o L[ (14 8) Ty
+2(3y-+1—2p + &) Qe + By + 1 — 2+ E) -
— (29 + 24 a3+ &) Quay— 3EanansQlh + 3 (74 &) Py
— % a, (ngwh)2-L —; (o2g — Gg — ) wywh
— 4 o — 1) ¥y |+ By + 1 — 2+ E) e
— 2§.rzf,0f‘§, — azwﬁnﬂwﬁ} 5

5 00" Dy dz = | py [20°®, — T*9,07) dx

< M :
o ——M;i‘:f’ {{Jﬂﬂg?lﬂ) +n® [3ﬂ5nn9?f) + 7% — 29(2)_'} .

(308)

From the expression (303) for the gravitational self-

potentials, we readily establish the relations
5 py (T30 -+ 3D5] dz = 0 § 01 (0350 + 3,D,] dr = 0;

U (00T +0u0pDi dze=0; | py (0a0°0,0 — 3,1 de =

SP&["“
S L e
Py Eﬁ*—v i T =05

S P [yb@"ﬁ_ 5ai’ﬂ] dr=0;

76 .
Liog yﬁaﬁv“] da=0;

{ 00 Ugo dz=0; MYVE,+ MG —0.

(309)

Substituting the expansions (308) in the equations of
motion of the first body and using the relations (309),

we obtain
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Myalyy = — (MMy/R?) f* — % (310)

For the vector f%, we have

fe=n*ll+(1—2) P+ (35 —Eit+ o —a/24+-7—1) Pey
+ (1 4+ &) ey — 2yQcy— (29 + 2o+ %3+ 2) Oy —
— (227 + 1+ B — B+ 0/2) (M/R)— 2 (B+ ) (Mo/R)
4 (ot — g+ By + 58+ 3—4B) Qe+ (B/2—aa/2+ 84/2
— 4P+ 28y + 280) Qpy— (312) (1 + 0 — &) mgn@h)
— BE sl — 3 (14 ay) ngns0)
A+ (hy 4+ o) ViV i2ip/2+ (@ — o — ag) wawh/2
— (312) oty (ogioP)? — 2y -+ 20t — ) WiV /2
e BaanﬂwﬁnaV&, Fity mlan?nl'Z] +h(p+1) nﬁ()ﬁp)
4+ (4y+ 2+ o —20;) @+ 2y + 24—,
48, —5E,) ng@2f + (2y 14 ay/2— oy + B) QR
— gV nguoP — ctguPngwd — (8y + 6+ a) [V W
V% VB b+ (g — 205) wingl /2
— a,w"‘nﬁV?; V240 (gY).

(311)

The vector &%, which characterizes the “internal”
force, has the form

+ (1 + B P07 4 5 (aa— ot — £ —1
+ 28— 4k) 08, + (B — b+ — S + 1) %,
—4——;-(24-0:2-[—053) Dy + (1 + &) 8°Dy — - vevPoyl A
— (14 @) PA— - (1 — T, —28,) TP0 0

+ ol — (e, — ey) wwPALT agursvﬁaaﬁﬁ‘ﬁ} .

The integrand in (312) is the force exerted on an ele-
ment of volume of the extended body by the other ele-
ments of the same body. For theories of gravitation
possessing energy-momentum conservation laws for the
matter and the gravitational field, this vector must,
when allowance is made for the equations of the internal
motion of the body, be equal to zero, since it is only in
this case that the momentum of an isolated extended
body, i.e., for p,=0,M,=0, will be conserved. Since
our calculation applies only to such theories of gravi-
tation, it must be assumed that by virtue of the equa-
tions of the internal motion of the matter of the ex-
tended body #%=0, and therefore the equations of mo-
tion of the center of mass of the extended body take the
form

Mg, = —2 o (313)

As follows from the expressions (311) and (313), the
acceleration of the center of mass of the extended body
has the form

af, = —%{""[1—21‘0(:)—(2?-5-%4-053—?-2) Qo+ (v—2) Py -
+ (148 Ty + (38— b+ o —F +v—1) Py
(0 — 0ty - By 5B+ 3— 4) Rty — BEumpmel)
—(2+ 2+ B —b+ 5) -2+ B
(- —srnt %) 00

— % (1. + oty — §i) nﬂnaﬂg-f) e —g- Gy (n.;;wﬁ)z— 3 (1 =+ m,) nghs/(2)

A % (4y+4-+oy) V(ﬂl)V(i)ﬁ + % (ot — oty — g) wpuh
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1 1,
— 5 (205 + 20y — ) wV iy — BegmguPnaV iy + otV 1)]
+4 (v+ 1) mgQ{f) + (4 + 2+ 01— 20) m Q)
—% (By+6-1-ay) [VE Wy + Vi Vil np

+ (21’ +14+5 —et Es) ng QR — ¥ g
(29 2oty — Ey - By — 5Ey) ng QY — craunguh

_:_ (otg — 2e1,) won VP, — —.13- oc‘u*“nﬁv?‘)} +0 (%R, (314)

We now consider the structure of the vector F® (311).
In the general case of an arbitrary ratio of the masses
of the bodies, the velocity V%,=—(M,/M,) V%, of the
second body cannot be ignored. Then because the ex-
pression (311) contains terms of the form n®V8,V ,,s,
[ve, Ve, + V%, V4, lns, it is impossible to separate the
characteristics of the first and the second body, and
therefore the introduction of a tensor of the passive
gravitational mass is not possible in the general case.

It should be noted that Will suggests that the equations
of motion (313) of the center of mass of an extended
body should be written in the form

(315)

where he calls the tensor mJ®, which depends on the
characteristics of the first body, the tensor of the pas-
sive gravitational mass and determines it by means of
the expression (219). He calls all the remaining terms
on the right-hand side of the equations of motion, the
N-body accelerations and includes them in af. How-
ever, this separation is arbitrary, since af, as is
readily seen, contains terms of the same structure as
the first term on the right-hand side of (315):

M afy=mPo, U +a¥,

a = LoV + g%,

where the tensor L%, depends only on the characteris-
tics of the first body (in particular, on the square of
its velocity) and therefore can be combined in the ex-
pression (315) with the tensor m2®%.

Thus, the decomposition of the expression (315) pro-
posed by Will is in no way justified except by the desire
to obtain at any price formal equality of the passive
gravitational mass and the inertial mass of an extended
body in general relativity. But in Einstein’s theory
there are no conservation laws of the matter and the
gravitational field taken together. As is shown in the
Introduction, a special consequence of this is the as-
sertion that the inertial mass defined in general rela-
tivity has no physical meaning. Therefore, in Ein-
stein’s theory it is physically meaningless to compare
it with the passive gravitational mass. However, in
metric theories of gravitation that possess conservation
laws of the matter and the gravitational field taken to-
gether, the concept of the inertial mass m
= [ av{t®+1?°] has a rigorous physical meaning. It fol-
lows from the given definition that the inertial mass of
a body depends not only on its internal characteristics
but also on the square of the velocity, It is to be ex-
pected that the passive gravitational mass of an ex-
tended body will also depend not only on the internal
structure of the body but also on its velocity. Thus, in
metric theories of gravitation that possess conserva-
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tion laws of the matter and the gravitational field taken

together, comparison of the passive and active gravita-
tional masses of an extended body with its inertial mass
is of undoubted interest.

How can one define in this case a passive gravitation-
al mass? A tensor of the passive gravitational mass of
an extended body can be defined naturally, though
somewhat formally, directly on the basis of the equa-
tions of motion if in the post-Newtonian approximation
it is possible to represent them in the quasi-Newtonian
form

M aly = mPa a1, GG
where the tensor p*® must depend only on the charac-
teristics of the first body, and the generalized Newton-
ian potential 9 only on the characteristics of the sec-
ond body and on the distance between the bodies. I
these conditions are not satisfied, as in the general
case of an arbitrary post-Newtonian system, the con-
cept of a passive gravitational mass tensor becomes
pointless. A different, more sensible definition of a
passive gravitational mass tensor cannot be found.

Thus, such a tensor can be introduced only for a
small class of binary systems. However, to answer
the question we have posed relating to the nature of the
center-of-mass motion of an extended body there is no
need to invoke the concept of a tensor of the passive
gravitational mass. All that we need to do is compare
the motion of the center of mass of an extended body
with some idealized picture, namely, with the motion
of a test (point) body in a Riemannian space-time whose
metric is formally equivalent to the metric produced
by the two moving extended bodies.

Then identity of the expression for the acceleration
af,, of the center of mass of the extended body with the
expression for the acceleration af of the point body will
mean that for the same initial conditions the center of
mass of the extended body and the point body will move
along the same trajectory and have the same law of mo-
tion. Since by definition the point body moves along a
geodesic of the Riemannian space-time, the center of
mass of the extended body will also move along a geo-
desic in such a case. If the expressions for afj, and ag
differ by post-Newtonian corrections, the center of
mass of the extended body will not move along a geo-
desic of the Riemannian space-time in the general case.

Apart from everything else, such an approach makes
it possible to take into account naturally the contribu-
tion of the gravitational self-field of the extended body
to the space-time curvature.

Equations of geodesic motion. We consider
a Riemannian space-time whose metric is identical to
the metric of the two moving extended bodies consid-
ered earlier. We study the motion of the point body in
a neighborhood of the point corresponding to the center
of mass of the first body. The expression for the ac-
celeration af of the point body can be studied in two
ways, ndmely, either by using the equations of geodes-
ics of the Riemannian space-time

dutlds + T, uu™ =0,

(317)

367 Sov. J. Part. Nucl. 13(4), July-Aug. 1982

or by making calculations similar to those in calculat-
ing the acceleration of the center of mass of an ex-
tended body. In the latter case, it must be borne in
mind that all the quantities that characterize the inter-
nal structure and the gravitational self-field of the
point body are negligibly small. The two cases lead to
the same result.

We write down the equation of geodesics with post-
Newtonian accuracy. Fori= o,

dut/ds - 1'foutud + 21 fautub + Tiutub — O (e%).

Using the expressions (297) and (299), we reduce
these equations to the form

% |V (1+ U~z VFU)VW:B)] +4'0 [1 — B vV

— (2B +2y— YU |+ S [ 29Vl — - (0 — 2w |

— Bl Wy + O (hy + 8+ oy — g+ §) T

aw*

g (e —8) B (G bt e) Yy (057" — %)

; <o au*h
o o 2‘\7]’?@)‘/‘?0)65& G GCg!L‘ﬂ 7

— 5 Vi [w 0V — iUl =0 (ef), (318)

where V%,=dx®/dt are the velocity components of the
point body.

Using the Newtonian equations of motion of the point
body,

AVE,/dt 070 = 0 (s4),
we transform the expression
din' [Va” ( Lkl "12' V?ﬁﬂ"w)ﬂ)]
to the form
% [Vﬁ“ (1+0- % V?U:V(oys) ]= af —UU
e [% + ?.V?n,dﬂb'] ) % V¥ 00U -+ 0 (&) (319)

Substituting the relation (319) in the equation of mo-
tion (318), we obtain the following expression for the
acceleration a§ of the point body:

af = — U 1 — Vo) Vioyp—2 (B+ ) U] + 80D,y

el ’ -
—t;—, [_(31‘f- 1) Vioy— 5 (22— 225) uﬂJ —2(p 1) Vi ViaU

i 7
— 0" — (- B — w8 G — (1 — ) 2
Lo
— gty —gr— — - (4 + 4 ) Vo (367" — 67V
g
-+ Vi (09350 — wpd*U) + O (&), (320)

We study the motion of the point body in the neighbor-
hood of the point corresponding to the center of mass of
the extended body. For this, we expand all potentials in
the expression (320) in powers of 1/R to accuracy
~0(1/R*). We obtain

af =+ /) {n | — 1+ ViV om+ 2B+ /2~ 2
—3/2— /2 —28u) T + 2y + 23+ 22+ 2) Qe
(2B 2y 1S B — B ) TR+ 2 (B4 Y) (MafRY
+ (4p— 28— 28w — 312+ %/2— 1/2) Qi — (1+ &) ey
+ (L /2 — oty §y— 7 — 30) Py -+ 3 (1 4+ oa) ngneQffy

1
+ % (14o—Ey) nﬂnaﬁfg, — 5 (o — ety — tg) wpuh
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where the acceleration ¢ is entirely due to the gravi-
tational field produced by the first body:
a§ = 0"T YWV +2 (B+1) ﬁHSvﬂ“f"D — "
g (4 g — By) 0" A+ 80" B+ - (B — ) 07D,
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and for what follows the form of the tensor E%~0(c?)/L
is unimportant. Suppose the center of mass of the ex-
tended body and the point body are at a certain initial
time at the same point of space and have equal veloci-
ties. We shall call the geodesic of the Riemannina
space-time along which this point body moves the ref-
erence geodesic. We now compare the accelerations
(314) of the center of mass of the extended body and
(321) of the point body at the initial time. For this, we
must set V,,= V5 ,,2*=0 in the expression (321). Then
it follows from the definition of the center of mass of
the first body that [ pjx’®dx’=0, and therefore 8*7 =0
as well for x*=0.

Then from the expressions (314) and (321) for the dif-
ference between the accelerations of the point body and
the center of mass of the extended body we obtain

Sa* = af —afiy = {"-“ [‘f (VEWins—20w) +(1—2) Pry
+ (o — g, + 58w + 8 — 48) Qupy — BEunpma 2P
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It is remarkable that the subtraction of the accelera-
tions af, and afj, has resulted in the disappearance of
all the terms (P ,,, Q%F), 11 ,,, Q%) that characterize the
internal structure of the second body.

We are interested in the question of how the center of
mass of an arbitrary extended body moves: along a
geodesic of the Riemannian space-time or not? Since
different extended bodies differ in their composition,
matter distribution, pressure distribution, velocities
of the internal motion, shape, etc., the quantities ok L8
Q%,P,,,U,U%, & for different extended bodies are
different and on the transition from one body to another
change relative to each other. I we solved the ques-
tion of the center-of-mass motion in principle for all
extended bodies, we must assume that all these quan-
tities are independent at each time. This is the rub in
the general formulation of the problem of the center-
of-mass motion, since by an appropriate choice of the
extended body (by changing the shape and matter distri-
bution in such a way that some multipole moments of
the masses appear and others disappear, by making the
body rotate, by exciting in it pressure and velocity
waves, etc.) we can vary the values of (307) in wide
ranges.

When this circumstance is taken into account, it is
readily seen that the difference 6a® (323) between the
accelerations of the point body and the center of mass
of an arbitrary extended body does not vanish in any
metric theory of gravitation. Therefore, in the post-
Newtonian approximation the center of mass of an ar-
bitrary extended body does not move along a geodesic
of the Riemannian space-time in any metric theory of
gravitation possessing energy-momentum conservation
laws for the matter and the gravitational field taken to-
gether.

In this connection the following question arises: What
is the nature of the motion of the center of mass of an
extended body relative to the reference geodesic of the
Riemannian space-time on the average over a fairly
long time interval? However, to answer this question
we need a tensor virial theorem.

Tensor virial theorem for an extended
body moving in an external gravitational
field. Since the formulation of this theorem has often
been given in the literature in a not entirely correct
form, we shall derive it here in some detail.
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We decompose the motion of each element of volume
of the first body into a sum of two motions: the motion
due to the gravitational field of the second body, and
the motion due to all the other elements of the first
body (the influence of the gravitational self-field, the
influence of pressure, etc.). We shall also assume that
the variations of all quantities in time due to the inter-
nal forces take place fairly rapidly, so that the charac-
teristic time 7 during which these variations take place
is short compared with the period T of revolution of the
body in orbit, i.e., 1<<T.

For the velocity of an element of volume we have

o =T+, (324)

where 7% and 7® are the velocities due to the internal
and external forces, respectively. By definition, these
velocities satisfy the Newtonian equations of motion

pldfgm < = "0+ 6 py+py0 () } (325)
0y A0/t = — pyU - py0 (&),
where

2=yl "

It follows from Eqs. (313) and (325) that in the first
approximation the velocity 72 is equal to the center-of-
mass velocity of the body:

Ve = dYE [dt = - O (&Y.

Therefore, the expression (324) takes the form 7
= V?”+t-)ﬂ+0{as)_ Since vf:dxﬁ)/dt’ where X?i)s Y‘a)
+xf, we have 7%= dx{/dl.

Using the first of the equations in (325), we find
pi%-a'fr‘?— 2p, v —p, [F6%0 + 2560
- afoP py a8y + py0 (&)

Integrating this expression over the volume of the
first body, we obtain

1

oL, di- = 100 = 2gh + 9 —yepy), (328)

where

X riars o
Ith = 3 ppfaf da; rrﬁ“)=~2-1-r ) paivt da;

Qb _ 1 g‘ pupf (&% —2'%) (2P —a'F) dniE
2 lz—a'|?

By virtue of the definition of the center-of-mass ve-
locity of an extended body,

5 p;’?’ dz=20,
It follows that
2g3% -V V=203,

Therefore, the expression (326) can be written in the
form

1 d2

8
oM, dF IEh = 208 + O — y*B Py — VGV -

(327)

We now average the expression (327) over an interval
of time 7, appreciably longer than the characteristic
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time 7 but appreciably less than the orbital period 7:
T> r1y>» 7. It follows from what we have said above
that the mean value of ¢/ds* Im, as the time derivative

of the bounded quantity d/d¢ 1%# ) is equal to zero. Us-
ing the relation

Va, = Ve, 1+ 0(e),

we obtain the tensor virial theorem for an extended
body moving in an external gravitational field:

% V. (328)

i e B0 1
Q=31 Py~ +5V

Contraction of the tensor indices in the expression
(328) gives

Quy = (3/2) By — 63y 2 + I’l(ﬂV“m/Z (329)

Similar relations hold for the second body.

Averaging of the center-of-mass motion
of an extended body with respect to the
reference geodesic of the riemannian
space-time. As follows from the expression (323),
the difference between the accelerations of a point body
and the center of mass of an extended body at the initial
instant, when they coincide and have equal velocities,
is very small—it has post-Newtonian order of magni-
tude. Since this difference does not depend on the dis-
placement 6x® of the point body from the center of
mass, one could expect that with the passage of time
the point body would move quite far outside the extended
body. However, as the point body moves away from the
center of mass of the extended body, restoring forces,
due to the gravitational field of the extended body, come
into play. These are also small forces. Therefore, the
relative motion of the point body and the center of mass
of the extended body takes place fairly slowly, so that
the characteristic time of motion is appreciably greater
than 7,. This makes it possible to simplify the investi-
gation of the evolution of the relative motion, since one
can average the expressions for the acceleration af of
the point body and the acceleration af;, of the center of
mass of the extended body over the time interval r,,
thereby eliminating the small short-period oscillations
of the orbit of the extended body and the reference geo-
desic due to the short-period internal motions of the
matter of the extended bodies that produce the Rieman-
nian space-time metric.

Applying the tensor virial theorem (328) and (329) to
both bodies, for the averaged acceleration of the center
of mass of the extended body we obtain

o= —g {H“Li YVmeﬂ—%@V‘l' otz + oty +2) VB, Ve
—(2+ 20+ B =B+ ) 2+
4 (o — ety - By 4 BB - 34 v — 4B) ) — 3B ngnaRBS
(S 28+ 2w+ —4B) B
F (1 +8) T+ (38—t —5 —3 %) Po
-:-%ilnﬁnbm ——-ﬂ 2 (nguf)? ——(H-a)(nﬂv?a.)

2)

e (e ) VBV s g (g — Gy — 0tg) 050

7 (2051 200, — at)uﬁlf?.., -+ Td weVb, — 3azmzan5uﬂf1m,]
=5 (I\’ i 1) anﬂvm o T (47 +2 + oy —20:-) V(mnﬂVm
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B — - (87 + 6 +a) (VEVE, -+ VA VE, 1 ng

+ (ota—8y + Ea — 5Ew) ngQf — sV nguof — ceyungud

- (g — 200,) g8, — S wngVe, ) (330)

Proceeding similarly, for the averaged difference
between the acceleration of the point body and the ac-
celeration of the center of mass of the extended body
we obtain

Ba® zd_lg —Eﬁ, = —3“547% {J’l.“l: —_ 3§i¥'nﬂnﬁ§(ﬁ£
3 Yy
INPHESE WP

-+ (Gﬂi + E: — Oy -+ 3'{- Y= 4ﬁ - 5&“’) ﬁ(l)
+_§_EL g LR lSIﬁ'T'ﬁ_2J'B-Té— b+ S(Rﬂ.z"ﬂ)z

J lz—2a"|?

— O (rpaf)2-+ Gnpriga’Bad] | + (e — &+ By — 5w) s O2F

3 R =
—_ (2ﬁ+2§w = Ez—"z" "’%'ﬁ'—z“ §1) ngliod
= oF (2% __ 2 &
— (1 —4B— 29+ &) mpaPdU + % Ewng E %ﬁs‘l
% (2B — 2'B) [a§2"0 — rgad +- 3 (np2'€)2— 3 (ng2®)*] da’ + 3Ewniy
Bl — 2% (zp—at) (O P—a®P)
X g e dx

o (2:“.1:'5—.:'“;r'3—.rnaﬂ} dz'
la—z'13

+Ewng j

£ j;’ {— Ewngnadblon — Eenngdtll

4 {4+ 2y — 1 —3tw —L) 0«0} +az +9%0 (). (331)
Here we have used the fact that in the considered case
VE,= V%, +0(e°).

This result shows that the acceleration of the center
of mass of the extended body differs in the post-New-
tonian approximation from the acceleration of a test
body for any metric theory of gravitation possessing
energy —-momentum conservation laws for the matter
and the gravitational field taken toegther. This dis-
agrees with the result of Nordtvedt,"*® who concluded
that in the post-Newtonian approximation these accel-
erations could be equal for certain metric theories of
gravitation. The difference arises because Nordtvedt
did not take into account the influence of the gravita-
tional self-field of the extended body on the motion of
the test body. But this influence must be taken into ac-
count, sinee it has post-Newtonian order of magnitude.

If in the expression (331) for the difference between
the accelerations of the test body and the extended body
we ignore the influence of the gravitational self-field of
the extended body on the motion of the test body and
also set £,=0, we arrive at the result

ot = (Mo/R®) (n% (o + &, — o -+ 3 + 7 — 4p) Q)
4w, — & + &) 0},
which is essentially analogous to the results obtained
by Nordtvedt'*® and Will.'* It follows directly from

this formula that in metric theories of gravitation with
" parameters satisfying the equations

@+ 8 —a,+3+y—4B =0; a,—E + & =0,
the difference between the accelerations da® is equal to
zero and the center-of-mass motion takes place along a

geodesic of the Riemannian space-time. But such an
approximation is invalid, since in it the center-of-mass

370 Sov. J. Part. Nucl. 13(4), July-Aug. 1982

motion takes place in the Riemannian space-time whose
metrie is produced by the two moving bodies but is
compared with a geodesic of the different Riemannian
space-time whose metric is produced by the second
body alone.

As follows from the expression (331), the difference
5a® between the accelerations of the center of mass of
the extended body and the test body depends on the mat-
ter distribution of the extended body and on the nature
of its internal motion (rotation of the body as a whole,
etc.). Therefore, to estimate the difference 5z® be-
tween the accelerations, one needs detailed knowledge
of the structure of the extended body. For qualitative
analysis of the center-of-mass motion of the extended
body with respect to the geodesic of the Riemannian
space-time, we note that the right-hand side of (331) is
an expansion in the small parameter €* to order &*.
Since the first term in this expansion has order of mag-
nitude O(g?), it is to be expected that the deviation 6x“
of the point body from the center of mass of the ex-
tended body will be small. This justifies our solution
of the equations (331) for 6x® in successive stages cor-
responding to expansion of (331) in powers of €%,

As initial time £=0 for our study, we must choose a
time when the point body is situated at the center of
mass of the extended body and has the same velocity as
it:

(332)

Then the solution of our problem tells us how much the
center of mass of the extended body deviates in its mo-
tion from the reference geodesic of the Riemannian
space-time.

8z=(0) =0; 6z (0) = 0.

We represent the deviation 6x® as an expansion in the
parameter £

(0 (2

YOI T }

(0) (2) (333)

§2% ~ O (1) L; 6x% ~ O (e?) L,
where L is the characteristic dimension of the extended
body.

It follows from the expression (332) that for each of
the terms of the expansion (333) we have null initial
conditions:

8% (0) = B (0) 0
2% (0) = 8% (0) = ... =0;

% & (334)
B (0) = 62% (0) == . .. =0,

For the following, it is necessary to expand each term
on the right-hand side of Eq. (331) in a series in the
small parameter 5x®.

We construct, for example, the expansion of the first
term. In a spherical coordinate system with origin at
the center of mass of the extended body, the conserved
density p of the ideal fluid is a continuous function of the
variables ¢,7, 8, @: '

p=np(r0 ¢=0.

Like every function, we expand the density p in an in-
finite series in spherical harmonics on each of the
spherical surfaces with center at the center of mass of
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the extended body, the coefficients of the series de-
pending on » and /:

n

r, )= \1 }: pn.m (r| t) Y:'"’ (0’ (P)‘
L

=0 m==

(335)

where Y, (0, ¢) is a spherical harmonic: for m=>0

(_i)mlﬂ 1// 2n--1) (n—m)! Pn:

Yam( g)= e e (0) exp (img);

for m<0
Yo, -jmi 8, @) = (—=1)*"" Y5, i (0, @),

and the coefficients of the series (335) are determined
by the relations

O (12 ) =5 | 200 0 Vum O, ‘r)} (336)
(dQ = sin 0 dO de).

It is readily seen that in the expansion (335) the di-
pole term is absent. Indeed, it follows from the defi-
nition of the center of mass of the extended body,

f px®dx =0, and the expressions (335) that in a coor-
dinate system with origin at the center of mass of the
body

Prm (8§ =0,

For the potential U, we have the expression

~ C Py, 1) ’

b= \ lf;jrdﬂr ;
Since the point of observation r is within the region of
integration, this integral is improper, with singular
point r'=r. However, this integral also converges ab-
solutely. By the definition of absolute convergence of
an improper integral, we have
{ 7ase’ =1im

R Ve=0

\. fd3r’,
(V=Vg

and this limit does not depend on the method by which
the region Vj is contracted to the singular point r'=
For our purposes, it is convenient to take as the region
V, the region between two spheres of radii » -0 and 7
+6 and then go to the limit 6~ 0. Therefore, we re-
write the expression for U(r,{) in the form

pd
{7(;—, I):lim{ ‘ (r')2dr’ { 4%, (', 1)

Ir—r'|

< [ ovar [y

Ir—r"}

(337)
where L is the distance from the center of mass of the
first body to its most distant point.

In each of the integrals in the expression (337) we re-
place p,(r,#) by its series (335), and we also use the
well-known expa.nsion (72> 'rl)

e hd!nz 2 r,‘ﬂ

n=0 m=-n #

'n m (B2 ©2) Y, m (01, ¢y)
@t 1) . (338)

Thus, in the integrands in the expression (337) we
shall have products of two infinite series in spherical
harmonics. But by virtue of the orthogonality of speri-
cal harmonics on a sphere,

S Y:. m (e! (F) Yl.]: (Gr CP) dQ = 6n lam;:s
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we obtain after integration over dQ2 an expression for
U in the form of an ordinary series:

n
~

Ulr, f)=4a iﬂ P Auw () Yiu(®, ), (339)
where ‘
A () ) = {5 \ (7Y gy (s 1)
3 Py pa,m (', D). (340)

We now transform the expression (339) to a form
convenient for further investigation. We use the cir-
cumstance that at small » the coefficients (340) of the
series (339) decrease fairly rapidly with increasing .
Therefore, for our purposes we can restrict ourselves

to just a few terms of the series (339):
2

F=dbnf{doo(r 0+ X Apmlr, ) Yom (8, ¢)+.
m=- ‘2

Using the relations (335), we can write this expres-
sion in the form

~  M(r, 1 ik
e e A (341)

where we havre introduced the notation
M (i = \ (= dr! \ py(x’, £) dQ
] J
4 -
-r \ r’dr’ \ py (r', ) dQ;

(342)

Dog(ry t)=\ (') dr’ j dQp, (r', t) [3nang -+ el

oty

L
L5 [ A T . ‘s (LA el
+r0 | S | d9y (¢, 1) [Branp +vagl; ne=lr’
r

Note that by virtue of the continuity of the function p
as r—0

a2 Y5 (0, @) oy () ~ 7,

and therefore none of the integrals in the expressions
(342) have singularities at »=0. Then from the expres-
sion (341) we obtain the expansion needed for what fol-
lows:

U = dis® -~ DO ((62%1), (343)

where

L
Of ~ 5000, 8F -+ § 2 | aQp 7, ) Buami+vagl . (344)

il

We shall assume further that the matter in the ex-

tended body is distributed fairly uniformly, p(0,£)#0,
and the second term in the expression (344) is definite-
ly smaller than the first. Expanding the remaining
terms of Eq. (331) similarly, and using the expressions
(333), we obtain in the first approximation

ar iy

(0)
s 2=+ Bort =0

It is obvious that the solution of this equation is 6% =0
by virtue of the initial conditions (334).
In the second approximation, we have

{
dﬂ 6(2) 2%+ @ ;'3‘656: b* = const, (345)
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where
= {n"‘ (ot =0ts + &+ 3+ y— 4B+ 5Ewr) O,
— BEuwmgna 28 + (2B + /2 — Ey/2 — 312 — ay/2 — (7/2) Ew)T (0)
o+ (312) Bwngna 9 (0] + (o — &1+ & — Star) ms2)
— (28— L+ (7/2) b — 3/2—ty/2+ £/2) ngDe8 (0)
b (R g} g I [ B e
+gU+am—t | —-——'r{’flaﬁ:‘ff’;ﬁ“’ dz' dz’

—@B— 1~ +by) [ D dede

1273 27 —2"|

"(i‘—\’-'ﬂ2+""2!“+§1“3§a)5 p'II:,T: +(1+§3)59111;Ir'n;:‘ dz'

_[14.v+ . BTRL . ) ‘1—*_9:”"’”’5 zedz’

1273
e (4\:——2-{—0:1—20;2) ‘ p. .q;d.z
—-—_}azwﬁw,, Suﬁf——dx — 5 (Bog 200 —ty) g
X "—f'_l-f'f— [-+20 V8, — (@20 w2
; "[:"f dr' —5 (1) | —‘;W :
g By htay) Vt,,j—-""—b’*’l:fq‘_é’ da’

—T(év—i—3+a,+§,ﬁ%) 5 T Gl R

2] \&' —2"13

Pl '™ xﬁf "3"6-'-' 0% ,"B

oty \ =T dz’

"H (1”0‘.:‘335'6—31'“‘:#:«'6
1 1® |2' —a*|

! dx' dx”,

+Ew | (346)

and v'%= Vg, + D%

Equations (345) describe oscillatory motion of a point
with respect to an equilibrium position situated about
€?L from the center of mass of the extended body. Un-
der the assumptions made above concerning the terms
in the expression (344) for &7, Eq. (345) simplifies to

s 15:“ 4 m-&z“ b=,

where

= (4n/3)p (0, 1). (347)

The solution of this equation using the initial condi-
tions (334) is

e (v%/0? [1 — cos wtl. (348)

Since the right-hand side of the expression (331) is de-
fined only to accuracy O(e®), further expansion of it
with respect to the small parameter 6x* will lead to an
increased accuracy in the determination of da®.

As we have already pointed out, the difference be-
tween the accelerations of the point body and the center
of mass of the extended body depends strongly on the
internal structure of the body. Hewever, for simplicity
we shall study the obtained solution for the following

" special cases.

1. Suppose the extended body is a homogeneous,
spherically symmetric nonrotating sphere of radius L.
In this case, the oscillation frequency of the center of
mass of the extended body relative to the Riemannian
space-time geodesic is
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w=V ML3 ~e.

To calculate the difference between the accelerations
of the point body and the center of mass of the extended
body we note that

%P

5 dQ 2 Sk i 'V&ﬁ
I 40 x“.tﬁ.ro;v"__
=

15 [1°hyon yudybn - yenghsy,

Sdﬂi—a: [an e xS

Then for the potentials in the expression (345), we
obtain

77 2 My, 1M
U(U):T.Z_L, U (0) = — 5 =1 yoh;
3 M 1 M
By <7 SR =g g

Substituting these relations in the expression (346),
we obtain

MM,

) 2
b art v [ Gy 4+ 168 — 12— 88— 5 o — &+ ap— 158w |

It follows from this equation that the difference be-
tween the accelerations of the point body and the center
of mass of the sphere has post-Newtonian order: |b%|
~¢*. In this case, the amplitude of the oscillations is

et b e () 1 [ 0p—1

— 3% — 5 o — &+ — 158w |

2. Suppose the extended body is a homogeneous
spherically symmetric sphere of radius L rotating with
angular frequency w, about an axis passing through the
center of mass of the sphere. In this case, the velocity
with which a volume element of the sphere moves is

v =Vi)+afa,

where ©**= - is the three-dimensional tensor of the
angular velocity.

Substituting thls relation in the expression (346), we
obtain

b — e ne [ Oy -+ 16p— 12— 8y — 5 & —Ey -+ 2y — 158, |
+ jf- ({0t — 20t) 0B g +- (2 4+ 0t — 2at) WFV).
The amplitude of the oscillations is
o= (—R{-'-)Ln“[ﬁv-l—1l5f5-—12—3§zk—g»_al—§i—:-qz—i5§w]

(349)

= 'i—“ [(2t) — 2z3) muﬁpr T+ (2540 — 2ay) tﬂoﬂcv:?l)L] ~ gL,

3. We now consider an extended body with spherical-
ly symmetric matter distribution. Suppose this body
rotates with angular frequency «, about an axis passing
through its center of mass. Then for the difference be-
tween the accelerations of the center of mass of the ex-
tended body and the test body we obtain from the ex-
pression (346)

b = A (o4, (3 + 28y — 20, + 9+ 3y — 128+ 138, -+ Eo)

-+ 0a ( 40 — 30+ 5y — 58, — - &, — 58, — 418 )}

i M =%z 12 [(sty — 20t3) 0*Puwp - (2 -+ &ty — 2at5) “’BVU W

where
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L
80x2L ¢

, E i
qy =-—3Mf \ r'dr'p, (r) \ ridrpy(r); gq= :?;ltff 5 rdrp, (r)
0 0 [

are coefficients which characterize the inhomogeneity
of the matter distribution along the radius of the
sphere. For a homogeneous matter distribution in the
sphere, these coefficients are equal to unit, but in the
general case of an extended body with spherically sym-
metric matter distribution the coefficients ¢, and g, and
g, are positive numbers.

The amplitude of the oscillations of the center of
mass of the extended body with respect to the refer-
ence geodisic is

o M o M n* LA Jirg 3 -
gj)_fﬁ%{2q1(3a,fzgl_2ag+u~rs\-k125-713§w+;2;
+ s (40— B0+ 5oty — 58, — - o — 58, — 418, ) }

2 % [(ety — 225) 0%y +- (2 + 0y — 2015) FVEy, | ~ e2L.

If we now substitute in the above expressions the val-
ues of the post-Newtonian parameters of the field the-
ory of gravitation, B=y=1, @y = @y= 0;=0, &, = £, =, = £,
=£,=0, it is easy to see that the center-of-mass mo-
tion of an extended body with spherically symmetric
matter distribution will not occur along a geodesic of
the Riemannian space-time.

If the extended body is not spherically symmetric,
then the expression for the difference between the ac-
celeration of its center of mass and the acceleration of
the test body contains additional terms due to the pres-
ence of the multipole mass moments of the extended
body, and the motion of such an arbitrary extended body
will not occur along a geodesic of the Riemannian space-
space-time for any metric theory of gravitation posses-
sing energy-momentum conservation laws for the mat-
ter and the gravitational field taken together. The ac-
tual difference between the accelerations will depend on
the post-Newtonian parameters of the theory, on the
multipole mass moments of the extended body, and on
the nature of its motion.

Thus, in any metric theory of gravitation possessing
energy -momentum conservation laws for the matter and
the gravitational field taken together the center of mass
of an arbitrary extended body moving in an orbit exe-
cutes small oscillations about the reference geodesic of
the Riemannian space-time. The frequency w~vM,/L?
of these oscillations is small, of order £, and the am-
plitude |b*|/w® is of order €°L.

Application of the results to the sun-
earth system. To compare our results with Will’
Will’s,'® we apply our general expressions to a partic-
ular post-Newtonian system—the Sun-Earth system. -
This system is characterized by the following quanti-
ties.

1. The mean value of the gravitational potential of the
Sun in the neighborhood of the Earth’s orbit™:

Ug =~ 1078,

2. The mean value of the gravitational self-potential
of the Earth™:

Ug =~ 2.10-,
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3. The mean velocity of the Earth in orbit around the
Sun’%

Uy & 104 ¢,

4. The ratio of the mass of the Sun to the mass of the
Earth™:

“W@/Jfg. =~ 3-108.

5. The ratio of the gravitational self-energy of the
Earth to its total energy!'®%

Q

~~ 5-10-10,
6. The radius of the Earth™2
R; ~ 6.10° m,

7. The frequency of the Earth’s rotation about its ax-
is:

Wz, & 7-1075 rad/sec.

8. The mean distance between the Sun and the Earth:
R~ 1.5.10" m.

9. The matter density in the neighborhood of the
Earth’s center of mass!®S;

ps (0, ) ~ 13 glem®.
10. The eccentricity of the Earth’s orbit:
ep R 1.6.10-2,

It should also be noted that for all bodies of the solar
system the shear stresses are appreciably less than
the isotropic pressure, and therefore all bodies in the
solar system can be assumed to consist of an ideal flu-
id.

It follows from these estimates that the characteristic
small parameter ¢ for the description of the motion of
igpe Sun-Earth system must be taken to be £107, Then
Us , Uy, Will be of order £°, The velocity of the Earth
in the frame of reference attached to the center of mass
of the Sun-Earth system is of order £, and the velocity
of the Sun is of order g%

Mg
~—=—"vg & 3:-107%,
vy o vg & 3-10710%

The mean value of the Earth’s gravitational potential
in the neighborhood of the Sun,

My/R = U R:/R ~ 10-7,, ,
is of order £°.

For generality, we shall assume that the velocity of
the solar system «® with respect to the hypothetical
universal rest frame is of order £. In addition, follow-
ing Will, we shall assume that the Sun is a massive
point body. Under these conditions, the general ex-
pressions obtained above simplify appreciably. In this
case, from the expression (330) for the averaged cen-
ter-of-mass acceleration of the Earth we have

g=—"72

{7 [ 12 + 1 — a2 81+ St 37— 48)

M 1 4
¥ R — Bungns@ —2 (B4 v) 5 — (2 — 0y —tg) w0?

3 , G :
— 5 oy (ngwf)2+ o H'av?ﬂ] -+
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2 (p 1) 1Engof -+ (et — 4 & — 58) ngQEF

— ot ngwh _.%}, wongel+0 (33)} ’

(350)

As we have seen, separation of the characteristics of
the bodies on the right-hand side of Eqs. (314) and (330)
into active and passive gravitational masses is impos-
sible in the general case, and therefore the introduc-
tion of a tensor of the passive gravitational mass is
then not possible. But in the case of the Sun-Earth
system, such a separation is possible.

Indeed, in the g'wén case, the magnitude of the re-
duced multipole mass moments of the Sun can be ig-
nored, as a result of which the definition (316) of the
tensor of the passive mass of a body takes the form

Mﬂ;ag,:;‘_ﬂ@;fhﬁ.

Thus, we need to reduce the expression (350) for the
acceleration of the Earth’s center of mass fo quasi-
Newtonian form. For this, we must transform the,
right-hand side of the expression (350) to ensure that it
does not contain terms that decrease faster than 1/R?
with increasing distance between the bodies. Using the
equation of the orbit,

r = pl(1 — excos ),
we find the relation between the radial and transversal
components of the Earth’s velocity:
,lvg = (1/7) (dridg) = eg sin /(1 —epcos ¢) =epsin ¢ + 0 (e}).
Since ¢g=0(g), for the square of the Earth’s velocity
we have
v§;=v3+v§,=v% [1+0(e)].

Then the equations of motion of the Earth’s center of
mass in the Newtonian approximation take the form

(v3/R) [1+ O (eg)] = Mz /R™.
It follows that
Mg/ R = v 0 (e2ez).

Using this relation, we reduce the right-hand side of
the expression (350) to quasi-Newtonian form:

o= — (MUa/RY {ne[ 1 (2B+1) v
+ (o — 0+ & 4 58w -3+ 71— 4P) Qe

s 1 X 3 B
— SEwnﬁnOQ& = (ot — oty —etg) W2 — 5 e (npw")?

+ i} ngfe] +2 (y+ 1) vngrl + (o — &+ £ — 58u)

X ng Q%P — g ng® — -z—‘ w*ngvl, 4 0% (ezeg;,)} s

In this case, we can introduce a tensor of the passive
gravitational mass of the Earth in accordance with the
expression

' m3/ Mg = — " (1— (28 +7) v5

F (g — &ty + &y + 58+ 3+ 7 — 4B) 3 — BEungneQl
- (004/2) s, — (312) 1 (ngte®)? — (ot — 0ty — t3) w2/2]
—2(y+1) o — (o — £ + B — 58.) OF

o™ w® L (e, 2) W - O (e2ez). (351)

If in the expression (351) we now set w®=0 and £,=0,

we obtain :
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mg® Mo = — v [1— (2B + V) vh+ (— 0y + & +3+7—4H) Q-
=201+ 1) vk — (0~ + 8 QF +0(e).  (352)

We now compare this expression with (219), which
was obtained by Will. The main difference between
these expressions is the absence of the terms v; and
vgve in (219). However, it is necessary to take into
account the terms v and ygzg, since they have post-
Newtonian order of magnitude, v%~¢e?, and exceed by
more than one order of magnitude the remaining post-
Newtonian corrections in the expressions (219) and
(352). The data obtained from the lunar laser ranging
in conjunction with other experiments have made it
possible to determine fairly accurately the values of
all the post-Newtonian parameters in the expression
(352). Let us estimate the deviation from unity of the
ratio of the passive mass to the inertial mass.

The results of the experiments'®+!%? on the lunar laser
ranging in conjunction with other expreiments showed
that

(g — &+ &) QF + v (0, — @ + B +3+
— y—4p) Qg | < 2-1071Y

] (353)
[y—11<0,005 |B—1]<00L

These bounds on the values of the post-Newtonian pa-
rameters are a serious barrier for a number of metric
theories of gravitation, but nevertheless a number of
theories do satisfy the conditions (353). One such the-
ory is the field theory of gravitation.?® Substituting the
estimates (353) in (352), we obtain

mi M5 = —y** (1 —303 + 0 (10719)] — 4w%o8, + 0% (10-10). (354)

Thus, in any metric theory of gravitation which sat-
isfies the conditions (353) and possesses energy-mo-
mentum conservation laws for the matter and the grav-
itational field taken together the ratio of the passive
gravitational mass to the inertial mass in the post-
Newtonian approximation is not equal to unity but differs
from it approximately by 10°® in accordance with (354),
which contradicts the claims made in Refs. 101 and 102
on the basis of the lunar laser ranging data that the
passive gravitational mass and the inertial mass of the
Earth are equal in the post-Newtonian approximation.
However, such an interpretation of the lunar laser
ranging results in Refs, 101 and 102 is incorrect, since
they are based on Will’s expression (219) for the pas-
sive gravitational mass. As we have shown in this sec-
tion, such a definition of the passive gravitational mass
is quite arbitrary and has no physical meaning.

But nevertheless it is not the terms that are respon-
sible for the inequality between the passive gravitation-
al mass and the inertial mass of the Earth which are
the cause of its nongeodesic motion. As follows from
the expression (331), the averaged differences between
the accelerations of a point body and the Earth’s center
of mass does not contain terms of the form
(Mo/R?) vgn®,(My/R*vguin, This indicates that the
difference between the passive mass of the Earth and
its inertial mass is not the cause of the nongeodesic
motion of its center of mass.

To emphasize the quantities that characterize the os-
cillatory motion of the Earth’s center of mass with re-
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spect to the reference geodesic, we use Eqs. (346)—
(348), setting y=8=1, ;= a,= 0,=0,§,=£,=£;=&,= £
=0.

It should be noted that the estimates obtained here
will be approximate in nature, since to find their exact
values it would be necessary to make a more detailed
analysis taking into account the internal structure of the
Earth. I the Earth is assumed to be a2 homogeneous,
spherically symmetric, nonrotating sphere, then, as
follows from the expressions given at the end of the
preceeding section, its center of mass will execute os-
cillations with respect to the reference geodesic with
period

“dnG
3

T—2al)/ 2%p: ~3.3-10% sec

and amplitude
A | = (M=/R*) RL =~ 3-10~* cm.

Rotation of the Earth leads to an appreciable increase
in the amplitude of the oscillations:

Hollanz, (355)

1l po 1
A= T Ré [(0:',\'6] TRt

Since wg=T7 X10™ rad/sec, for the amplitude of the
oscillations we have in this case

| A= 46107 ecm ~ e’Ra.

Since the rotation axis of the Earth makes an angle a
=~ 66°33’ with the plane of the ecliptic, this amplitude
will be subject to seasonal variations, changing from
about 4.6 X107 ¢m (in the winter and summer) to 4.2
%102 cm (at the vernal and autumnal equinoxes). In
this case, the ratio of the difference between the accel-
erations of the Earth’s center of mass and a test body
to the Earth’s acceleration is

| 8a* | 1 ,\I_:1 R2 " i
& TN I1 [0zvs] | = 1077,

(356)

If we bear in mind that the Earth is not a sphere but
a spheroid, then in the expression for the amplitude of
the oscillations ther are additional terms due to the
presence of the multipole mass moments of the Earth,
these giving only corrections to the amplitude (355).

For example, for the ratio of the difference between
the accelerations of the Earth’s center of mass and a
test body to the Earth’s acceleration we obtain among
the other corrections to the expression (356)

| 80 |/] @ | ~ J v (Ma/M <) (RIR3)?

where J, is the coefficient which multiplies Py(cos 8) in
the expansion of the Newtonian potential of the Earth in
spherical harmonics. According to the data in Ref.
137, we have J,= -2.5 X10™%. It follows that this cor-
rection is |8a®|/|a®| =107~ €2,

Thus, we have shown that in any metric theory of
gravitation possessing energy -momentum conservation
laws of the matfer and the gravitational field taken to-
gether the center of mass of an extended body does not
move along a geodesic of the Riemannian space-time.

The averaging of the center-of-mass motion made to
eliminate the short-period oscillations of the orbit due

375 Sov. J. Part. Nucl, 13(4}), July-Aug. 1982

to the internal motion of the matter has enabled us to
show that the center of mass of an extended body mov -
ing in orbit executes an oscillatory motion with respect
to the reference geodesic.

Application of our general expressions to the Sun-
Earth system and the use of the lunar laser ranging re-
sults in conjunction with other experiments show to
high accuracy O(10™°) that the ratio of the Earth’s pas-
sive mass to its inertial mass is not equal to unity but .
differs from it by about 1078, During its motion in or-
bit, the Earth executes an oscillatory motion with re-
spect to the reference geodesic with a period of order
1 h and an amplitude not less than 10™ cm. Although
this amplitude is small, it does have the post-Newton-
ian order A~ szRe, and therefore the deviation of the
motion of the Earth’s center of mass from geodesic
motion can be detected in an appropriate experiment
with post-Newtonian degree of accuracy.

In the present section, we have considered only one
of the consequences of the deviation of the Earth’s cen-
ter-of-mass motion from motion along a geodesic of the
Riemannian space-time, namely, the existence of a
motion of the Earth’s center of mass with respect to a
test body placed in a sufficiently small cavity in the
neighborhood of the Earth’s center of mass. However,
the fact that the motion of the Earth’s center of mass
is nongeodesic will, of course, lead to observable con-
sequences in other post-Newtonian experiments, in
particular, in experiments made with test bodies on the
surface of the Earth. Therefore, theoretical analysis
of various gravimetric experiments and further speci-
fically designed experiments will make it possible to
determine more accurately the numerical values of the
post-Newtonian parameters.

18. INTERACTION OF WEAK GRAVITATIONAL
WAVES WITH ELECTROMAGNETIC FIELDS IN THE
FIELD THEORY OF GRAVITATION

The interaction of weak gravitational waves with the
electromagnetic fields of different objects has recently
been often studied. Such processes are of interest
mainly because the results obtained can provide the
theoretical basis for the design of detectors of high-
frequency gravitational radiation.

The scheme for calculating the interaction of weak
gravitational waves with electromagnetic fields in the
field theory of gravitation is identical to the scheme for
calculating this interaction in any other metric theory
of gravitation and is based on the application of pertur-
bation theory to the generally covariant Maxwell equa-
tions.

Maxwell’s equations in this case can be written in the
form
b 1 L[V—-_F“‘]-—-—E'F'
= g [V =g Y= c:,}

Fig1+Fup s+ Frpn=0.

(357)

If we introduce the four-dimensional vector potential
A, by means of

Fip =Aps —Auw (358)
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then when the condition Ai,=0 is satisfied Egs. (357)
can be written as

. 4t
At —Rypdh= 2 g,

In the presence of weak gravitational waves, the met-
ric tensor of the effective Riemannian space-time can
be expanded in the small parameter #<<1, the ampli-
tude of a weak gravitational wave:

PR v Y - (359)

where f% =0 by virtue of the TT gauge of the gravita-
tional wave., The current 4-vector is expanded simi-'
larly:

0) (

1) (2)
ey L A B 1T S TR (360)

where(g)' is the original unperturbed current 4 -vector,

@)
and j"#* are the corrections due to the influence of the
gravitational waves on the motion of the source.

In this case, the 4-potential should be sought in the
form

[

Al R r bl s (361)

where 5?1),, is the 4-potential of the original unperturbed
electromagnetic field, and /P4, are the corrections to
the 4-potential in the p-th order of perturbation theory
due to the influence of the gravitational waves.

Substituting the expansions (359)—(361) in the Maxwell
equations (357), expanding the obtained relation in a
series in powers of 2, and equating to zero the expres-
sions that play the parts of the coefficients of this ser-
ies, we obtain Maxwell’s equations in the approxima-
tion of p-th order.

Restricting ourselves to the approximation of first
order in i, we obtain

(0) (0) () (1)
04" =27 pan=A2 e i, (362)
where
. s 5 an
e = —:—nchv D; = —-—;_I [—aﬂ TcuriB] ; } (363)
) (0) (M o
D* = fBEq; B = f{PH,,

Thus, to calculate the interaction of the weak gravi-
tional waves with the electromagnetic field in the first
order of perturbation theory, we must first, given the
distribution of the charges and the currents in the ab-
sence of gravitational waves, determine the original
unperturbed electromagnetic field [the first of the
equations in (362)]. Then, using the obtained solution,
and also the correction to the current 4-vector linear
in /2, we find from Eq. (362) the vector potential in the
first order of perturbation theory due to the effect of
the gravitational waves on the system. It can be seen
from the expressions (363) that in the first approxima-

" tion the influence of the gravitational waves on the or-
iginal electromagnetic field is analogous to the intro-
duction of coordinate-and time-dependent permittivity
and magnetic permeability tensors of the vacuum.

The efficiency of the interaction process is measured
by the transformation coefficient ¢, which is equal to
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the ratio of the energy flux density of the resulting
electromagnetic wave to the energy flux density of the
original gravitational wave: @=S.,,/S ..

It should be noted that in the general case it is neces-
sary to consider Maxwell’'s equations in conjunction
with the gravitational field equations (113) of the field
theory of gravitation, since in the external field there
is, besides the transition of energy of the gravitational
waves into energy of the electromagnetic waves, the
reverse process as well. If o<1, the reverse process
can be ignored. But if ¢ is near to or greater than un-
ity, it is necessary to consider the two processes si-
multaneously, and also to take into account perturba-
tions of other types which render the transition of the
gravitational wave energy into electromagnetic wave
energy incomplete. As an example of a calculation of
the interaction of weak gravitational waves with elec-
tromagnetic fields in the field theory of gravitation, we
study, for example, the possibility of using neutron
stars as space detectors of gravitational waves.

As is well known, the solution to the problem of de-
tecting gravitational waves is at present usually at-
tacked on the basis of detection of such waves under
laboratory conditions. However, gravitational waves
can also be detected from the existence of characteris-
tic features in an electromagnetic wave produced by the
interaction of gravitational waves with the fields of as-
trophysical objects, for example, neutron stars.

This new method of detecting gravitational waves that
we propose can in individual cases be much more ef-
fective than the traditional use of laboratory detectors,
since neutron stars have electromagnetic fields with a
strength unattainable under laboratory conditions (H
=10 _-10'® A/m), and fields of this intensity extend
appreciable distances (= 10*-10° m), forming in this
way a cosmic gravitational wave detector.

Another advantage of this method is that the gravita-
tional wave generated by the interaction can be detected
using present-day radio telescopes, whose collecting
surface reaches 10® m®. The construction of laboratory
gravitational wave detectors with such a surface area
in the near future is improbable.

Therefore, in individual cases it is expedient to use
the cosmic gravitational wave detectors placed at our
disposal by nature. Although such detectors do not per-
mit the experimentalist to adapt them to obtain compre-
hensive and complete information about gravitational
waves, the detection of gravitational waves by means of
a cosmic detector is nevertheless important to settle
the question of the existence of gravitational waves and
for the correct and purposeful improvement of labora-
tory detectors.

In this connection, it must be especially emphasized
that it will only be possible to say that gravitational
waves have been detected by a cosmic detector if the
generated electromagnetic wave has features that en-
able one to distinguish it with a high degree of confi-
dence from an electromagnetic wave generated in any
other process. The processes considered below meet
this condition to a sufficient extent.
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Interaction of a plane gravitational
wave with the field of a magnetic dipole.
We consider the field of a magnetic dipole with mag-
netic moment m at the coordinate origin:

H = [3 (rm) r — r2m]/5,

(364)

Examples of such fields are provided by the magnetic
fields of particles, planets, and neutron stars.

Suppose that on the z axis and far from the magnetic
dipole there is a source which radiates monochromatic
spherical gravitational waves in accordance with Eq.
(127). Ina region of space whose linear dimensions are
appreciably smaller than the distance from the center
of this region to the source of the gravitational waves,
a spherical gravitational wave can be regarded as an
elliptically polarized plane wave. Therefore, in our
case the expression (127) in the neighborhood of the
magnetic dipole (#*~1,n%=#5%~0) takes the form

fll= _goe :F;UGOSEBoxp[i(I.';—u;r)]; } (365)

F2 ik sin 2B exp [i (hz — wt)].

where &, is the amplitude of the gravitational wave, and
hy<<1. Using the expressions (365) and (100) and av-
eraging over the polarizations, we can express the am-
plitude £, in terms of the energy flux density F of the
gravitational wave:

W = 32nGF/(k%).

The degree of ellipticity of the polarization of the
gravitational wave (365) is measured by tan28. I
tan2B8=0 or <, then the wave is linearly polarized; if
|tan28|=1, the wave is circularly polarized. For oth-
er values of tan 28, the wave is elliptically polarized.
If tan28>0, the wave has right-handed polarization; if
tan28<0, left-handed polarization. We shall study the
interaction of a plane elliptically polarized gravitation-
al wave (365) with the magnetic dipole field (364).
From Maxwell’s equations (362) after linearization with
respect to the small parameter h, we obtain the fairly
simple equations

(ol

DA —cunlB: 04 —o. (366)

It should be noted that if we regard the field (364) as
the field of a particle with magnetic moment m we shall
assume that the gravitational wave does not change m.
But if the field (364) is the field of a planet or a star,
we shall assume that it is produced by currents cir-
culating within the conducting planet or star. In this
case, the initial gravitational wave influences the cir-
culating currents, and in the expression (360) we have

(il"‘ = f" (r) exp li (kz — w)]. (367)

It is easy to see that the contribution of these cur-
rents to the radiation is small compared with the ra-
diation generated by the interaction of the gravitational
wave with the magnetic field outside the star, since the
radiation due to the currents (367) arises within the
conducting planets or stars and is therefore effectively
absorbed over a distance equal to a few wavelengths
from the point of emission, being transformed intg)the
Joule heat of the planet or star. Assuming that JA
=curl L, we rewrite (366) in the form OL=B.
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It is easy to see that

L‘-_—%isin 2(3;';—‘;(:052[5; (368)
; 6
LE:—ZE- isin 2ﬁ—g—fc052ﬁ,
and that the function ¥ satisfies the equation
O = (mr/r®) exp [i (kz — wf)]. (369)

. We write the solution of Eq. (369) in the form of re-
tarded potentials. Since the source is defined in the
whole of space in (369), it is necessary to take into ac-
count retardation accurately. After integration, we sum
the resulting infinite series, obtaining

(370)

Aot [nll:+ﬂ,2ﬁ mg
Wi 2 L r(r—3z) r

] [exp (ikr) — exp (ikz)] exp (— iwt).

Using the expressions (368) and (370), we find the ex-
pression for the radial component of the energy flux
density of the electromagnetic wave generated by the
interaction. Omitting the terms that decrease faster
than 1/#2 for all values of the angles 6 and ¢, we ob-
tain

S, m%ff {[(1 -+~ cos 8) (m, cos @ +m, sin )

—mg sin 0] [1 4-cos? B — sin? 0 cos 4 cos 48]
2 (m, €08 Q- my sin )2 c0s3 0 (1 4-cos 0)2
o kr(I—cos 8)

sink (r—z)

a4 2 (m}+m3) cos® 0 (14-cos 0)
k2r? (1—cos B)2

[t—cosk(r—2)1}. (371)

We investigate this expression in more detail, since
measurement of the energy flux density of the electro-
magnetic wave (371) and elucidation of all the features
of this radiation give the observer the possibility of ob-
taining information about the initial gravitational wave
(365).

From the expression (371) for the forward radiation
(6=0), we have

¥GE
Sp=08,= it (m}+mg).

(372)

Therefore, if a gravitational wave propagates through
a cloud containing a large number N of randomly dis-
tributed but polarized particles of one species, the for-
ward radiation at a large distance from the cloud is, in
accordance with Ref. 138,

KGF
S: 1+ | S,

- (m3-+-m}) N2,

The intensity of the electromagnetic waves radiated
when a gravitational wave interacts with a polarized
particle is

Th2GF

I=—

[101 (m] 4 m3) - 48m3].

If the particle is not polarized, then

I = ..%%Gi | |2
It can be seen from Eqgs. (371) and (372) that S, and
S, vary not only with a change in the point of observa-
tion (8, ¢) but also with a change in the orientation of
the magnetic moment m. We assume that the magnetic
dipole executes quasisteady rotation around an axis in
the xz plane with frequency wy; << w.

Quasisteady in this case means that the distance from
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the magnetic dipole to the point of observation satisfies
7 < c/w, Then at this distance the interaction of the
gravitational wave with the resulting magnetic-dipole
radiation can be ignored compared with the interaction
of the gravitational wave with the field (364). When »
>c/ w,, it is also necessary to take into account the in-
teraction of the gravitational wave with the resulting
magnetic-dipole radiation. To be specific, we shall
assume that the rotation axis is perpendicular to the
vector m and makes an angle B, with the z axis. In this
case,

m = | m | {—cos P, cos wyt; —sin ®,f; sin f; cos w,t}.

(373)

Then as a result of the interaction of the gravitational
wave (365) with the magnetic field of the rotating di-
pole, an electromagnetic wave is generated with fre-
quency w that is modulated in amplitude at frequency
w, and has modulation depth which depends on the an-
gles B,, 0, ¢:

Szzﬂgz%f [1 + cos?py —sin2 B, cos 2wm,t] (374)
and for 62> n/kr
Sy= —";{ii'fg [(1 4 cos B8) (cos @ cos fi; cos wyt -+ sin @ sin wyt)
+5in 0 sin B, cos wpf]? |1 + cos? 0 —sin®Bcos 4pcos4fy].  (375)

Therefore, the high-frequency electromagnetic wave
will arrive at the observer in pulses with period 7 =27/
w, (like pulsar radiation). Averaging the expressions
(374) and (375) over the period T=27/w,, we find the
amount of energy of the electromagnetic wave which
passes through an area of cross section 1 cm?® in each
pulse:
ak:GFm®

2¢irim,
< (1 4 cos )2 (sin2 ¢ + cos? @ cos2 By)] [1 -4 cos? @

S, = [(1 -+ cos B) sin 0 cos g sin 28, - sin? 0 sin? B,

— sin2 0 cos 4g cos 4B,). (376)
In the direction of the z axis, we have
= 2k si k
5~ it [1--sntB ] (317)

The energy of the electromagnetic waves emitted in
one pulse over all directions is

TZM[mi_?sinzﬁl]. (378)

15¢3wg

Thus, as a result of the interaction of the plane grav-
itational wave with the field of the rotating magnetic di-
pole, an electromagnetic wave is generated with fre-
quency equal to that of the gravitational wave and am-
plitude modulated by the rotation frequency of the di-
pole.

Let us estimate the distances from a neutron star at
which the electromagnetic wave produced by such an
interaction can be detected. Following Ref. 120, we as-

- sume that in the radio range one can detect an electro-
magnetic wave with energy density

Sm(n = 10~ w,lm’. (379)

Using the parameters of neutron stars,'?>'*® we find
that the magnetic moment of the star is
|m | 2 10 — 10% A m?

(380)
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From the expression (377),
r=(o|m|/c?)V GFIS.

Using the estimates (379) and (380), we find that
r< 2 (108 — 10%) (w/c) V'F m.

Since the majority of the known neutron stars'***?

are at distances »=10'_-10'° m from the Earth, an ob-
server on the Earth will detect the electromagnetic
wave produced by the interaction if the energy flux den-
sity of the gravitational wave incident on the neutron
star is F=10°-10° W/m?

We also estimate the minimal value of the energy flux
of gravitational waves that can be detected as a result
of interaction of the plane gravitational wave (365) with
the magnetic moments of particles forming a cloud of
astrophysical size. At distances much greater than the
cloud diameter, the expression (372) for the forward
radiation is valid, and therefore, assuming that the ra-
dius L of the cloud is of order 10** m, the concentration
of particles in the cloud is n=10° m™, and the distance
from the cloud to the point of observation is =10 m,
we find that the minimal energy flux of a gravitational
wave that can be detected as a result of this interaction
is F=10" W/m?

Interaction of a weak gravitational wave
with the field of a rotating magnetic di-
pole. Another cosmic detector is realized when a
source of weak gravitational waves is situated inside a
rotating neutron star. According to Refs. 121 and 122,
there is photoproduction of gravitons in the interior of
stars due to the Coulomb and magnetic dipole fields of
the particles that constitute the matter of the star, and
also in the magnetic field of the complete star. Thus,
stars are sources of weak gravitational waves, and,
dependeing on the spectrum of the initial photons, the
resulting gravitational radiation can belong to any fre-
quency range. Many stars have a field which coincides
with the field of a rotating magnetic dipole for which
the magnetic axis is at an angle to the rotation axis. It
is not our aim to give a detailed description of the actu-
al processes which occur within stars and lead to the
appearance of a magnetic dipole field, and we shall
therefore consider the simplest model of a rotating
magnetic dipole.

We assume that the star is a conducting sphere of ra-
dius b which rotates with constant frequency w,<c/b
about an axis passing through the center of the sphere.
We assume that within the sphere closed currents cir-
culate, their magnetic moment m being rigidly attached
to the sphere and making angle g with the rotation axis.
After simple calculations, we obtain the following ex-
pression for the electromagnetic field outside the
sphere (= b):

E={rm (¢')}/(er®) + [em (£/))/(c¥2); ] :
H=-[3r (m (') r) — r2m ()] /r® ] (381)
-+ 3r (m (') £)/{er*) — m (£")/{er?)

+ [ (m () —rm (), )

where m= |m |{sinBcos wyt’; sinBsin wyt’; cos B},
=t -r/c.
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We assume that the source of the gravitational waves
within the star radiates gravitational waves of frequen-
cy w>> w, on a flat space-time background,

We consider the simplest, weak (k<< 1) gravitational
wave with components outside the source in the form

fom— g s =Ly o)
= —f2=hkb 'l"q ) P3 (0) sin 2g exp (—iwt); l (382)
f=— ]’*/“’ [2HY} (kr) P (9)-+-12HS) (kr) P} (6)]

® sin @ exp (—iwt). J

After averaging over the wave period, the intensity of
the gravitational radiation is

dlldQ = 225h%%b%5 sint 0/(16n6). (383)

Expressing the amplitude 7 of the gravitational wave
in terms of the source power F, we obtain i
=V FG/(30k%02c5). We shall assume that the interaction
of the gravitational wave (382) with the field of the ro-
tating magnetic dipole (381) takes place in vacuum.

The solution of (362) will be unique if we require the
fulfillment of Sommerfeld’s radiation condition and con-
tinuity of the tangential components of the fields E and
H on the surface of the sphere. Substituting the expres-
sions (381) and (382) in (363), we find

qunt = ¢4 (r) exp [—1 (0 + @) t] 4 ga (r) exp [ —i (o — @) t];
fint = Jo (£) exp (— iwt) + i (1) exp ] —i (o +ao) €] (384)
4o (r)exp [—i (0 —wp) t].

It is readily seen that an interaction between the wave
part of the gravitational wave (382) with the wave part
of the electromagnetic wave (381) does not occur, and
the contribution to the expressions (384) corresponding
to this interaction is equal to zero. We note also that
the expressions (384) can be expanded in series with a
finite number of terms in spherical harmonics of the
first kind.

We write down the solution of (362) in the form of re-
tarded potentials. The right-hand side of (362) is de-
fined in the whole of space outside the sphere of radius
b, and therefore the point of observation is within the
region of integration. Thus, it is very important to take
into account retardation exactly. Using Gegenbauer’s
theorem, which makes it possible to do this, for the
field intensities E and H of the generated electromag-
netic wave at » = b we obtain (retaining only the leading
terms)

T 151be|m 1/2 [bg_rs][smﬂccmﬂ i

= )—cusﬂsm 0] sin®Bexp [—i(wt—kr)];

K cos( qv—(u,JH-

(385)

15ikkb | m |

£y = 4r

z[—‘-——l—] sin fsin®0

slu(rp—mul-i— )e\p [—i(wt—kr)]; Hy=:E¢; Ho=—E,.

It can be seen from (385) that as a result of the inter-
action of the gravitational field (382) with the field (381)
of the rotating magnetic dipole an electromagnetic wave
is generated with frequency w and amplitude modulated
at frequency w,<< w, the modulation depth depending on
the coordinates of the point of observation and the angle
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B. It is interesting to note that the main contribution to
the result of the interaction is made by the interaction
of the wave part of the gravitational wave with the non-
wave part Hy=m/+® of the magnetic field.

The amplitude-modulation effect can be understood on
the basis of the following simple considerations. The
gravitational wave interacts not with the wave part of
the electromagnetic field of the rotating neutron star
but only with the nonwave parts. The field described by
these terms decreases fairly rapidly with increasing
distance from the star, so that the main part of the re-
sulting radiation is generated near the surface of the
star. But at these distances the field can be regarded
as the field of a2 magnetic dipole in quasisteady rotation,

e., its instantaneous value at a certain point is deter-
mined by the position of the magnetic dipole at the same
instant of time. In the first order of perturbation the-
ory, the gravitational wave interacts only with the mag-
netic-field components at right angles to the direction
of its propagation, so that in the direction of the mag-
netic axis there is no radiation, while the intensity of
the electromagnetic wave is maximal in the directions
perpendicular to the direction of the magnetic axis.
Thus, the amplitude of the electromagnetic wave is dif-
ferent for different directions. If the magnetic dipole
rotates about an axis which does not coincide with the
magnetic axis, this entire directional diagram of the
electromagnetic radiation rotates with the rotation fre-
quency of the dipole, and as a result the amplitude of
the high-frequency electromagnetic wave at a fixed ob-
server will vary periodically, i.e., amplitude modula-
tion will occur. The modulation depth and its frequency
are determined not only by the angle between the mag-
netic axis and the rotation axis but also by the position
of the observer.

For the energy flux density of the electromagnetic
wave radiated into an element of solid angle we obtain,
after averaging over the period T=21/w,

dl _ 15FGm? 1 158 oy

W= o b—!_?] sin*0 [1 —cos?p cos? O
—sin2 0 sin2f cos 2 (¢ — wqf + wyr/c)
—sin 2B sin 0 cos 0 cos (¢ — wgt + wer/c)].

(386)

Therefore, the high-frequency electromagnetic wave
will reach the observer in pulses (like pulsar radiation)
whose shape and frequency depend on », 8, ¢,8. For a
nonrotating magnetic dipole, it is necessary to set w,
=0 in (386).

The total radiation flux through a sphere of radius #,

is o . 3
e b et ]

It follows from the expression (387) that most of the
high-frequency electromagnetic radiation is generated
in the region b <#<10b; outside it, only 2 X10™2 of the
radiation power is generated.

(387)

We determine the coefficient of transformation of the
energy of the gravitational wave into the electromag-
netic wave:

— _1;::12 [:—1 -J-"g-]g[iucusﬂﬂcosﬂﬂ—singesinzﬂcOSE

X (¢ — wyt - wer/c) — sin 2B sin 8 cos 0 cos (¢ — @yt + wgr/e)].

(388)
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The coefficient « reflects the properties of the field
transformer (381). Hitherto, it has been assumed that
the source radiates strictly coherent gravitational
waves. However, it is more sensible to assume that
the gravitational waves are produced by a large number
of individual emitters, each of which radiates trains of
gravitational waves with random phase and arbitrarily
oriented directional diagram (383), this resulting in the
generation of a noncoherent gravitational wave with
spherical directional diagram. Then the energy flux
density of the electromagnetic waves is

S = Fal(4nr?). (389)

It should be noted that we have throughout ignored the
influence on the interaction process of the refractive
index of the medium, the static gravitational field of
the star itself, and other perturbations. But all these
perturbations merely decrease the flux density of the
generated electromagnetic wave, and the amplitude-
modulation effect is not qualitatively changed.

It follows from (388) that if 2|cotBcot 8| is appre-
ciably greater than or appreciably less than unit the
pulses will arrive with frequencies w, or 2w,, respec-
tively. I 2|cotycotf| is comparable with unity, the
pulses will have a complicated shape, since pulses of
frequencies w, and 2w, are added, and the amplitude
and phase of each of them will depend on the coordinates
of the point of observation and on the angle 8. 1t should
be noted that the amplitude modulation gives only a
“window,” in which one can observe the high-frequency
electromagnetic wave. The source of the gravitational
waves may generate gravitational waves of irregular
amplitude, and therefore an observer on the Earth will
detect a generated electromagnetic wave only when
there is a fairly powerful burst of high-frequency grav-
itational waves in the “window.”

We note two further important features of the radia-
tion. It follows from (385) that the radiation is linearly
polarized but consists of two parts. The plane of po-
larization of one part is fixed, but that of the other ro-
tates with the rotation frequency of the star. For cos @
>0, the rotation of the plane of polarization is clock-
wise; for cos 8<0, anticlockwise.

Thus, the electromagnetic radiation generated by the
interaction of a weak gravitational wave with the field of
a rotating magnetic dipole is unique. I should also be
noted that the angles B and 6 can be determined from
the polarization of the electromagnetic wave and the di-
rection of rotation of the plane of polarization.

It follows from the expression (388) that the motion

of the Earth together with the observer relative to the
star leads to a change in the amplitude and phase dif-
ference of the pulses of frequencies w, and 2w,, which,
in its turn, causes a change in the pulse shape-—a drift
. of the subpulses forming the resulting pulse. If the mo-
of the Earth occurs along the direction r with velocity
v,, the drift will have a periodic nature, and N=c/v,
pulses will pass in a time equal to the drift period. As-
suming that v, =380 km/sec (the velocity with which the
Earth moves relative to the neutron stars'*®), we obtain
N=10% This value can be reduced if the radial velocity
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of the Earth with respect to the stars is greater. It al-
so follows from Eq. (388) the* in the case of motion of
the observer toward the rotation axis (sin #—0) the am-
plitude-modulation effect steadily decreases.

Thus, in this case too the resulting electromagnetic
wave has a number of features (amplitude modulation,
unique polarization states, drift of the subpulses) that
make it possible to attribute its generation to the inter-
action of a gravitational wave with the field of a rotat-
ing neutron star.

We now estimate the distance at which an electromag-
netic wave produced by the interaction of the weak
gravitational wave (382) with the field (381) of a rotat--
ing neutron star can be detected. Using the parameter
of neutron stars (see Refs. 139-143),5=10* m, H=10"-
10'® A/m, we find that in this case the maximal value
of the coefficient of transformation of the energy of the
gravitational waves into the energy of electromagnetic
waves is o,, =107"% According to Ref. 122, neutron
stars are potential sources of weak gravitational waves
with a power that may reach F=6 x10% W, which cor-
responds to a gravitational-wave amplitude k= 107%.
Therefore, the electromagnetic wave generated as a
result of the interaction can be detected at a distance »
=~10'® m from the neutron star.

Since the distances to the majority of the known neu-
tron stars are v= 10'"-10' m, the interaction we have
considered means that, using the features of the elec-
tromagnetic waves generated by this interaction, one
can not only look for a fairly powerful source of gravi-
tational radiation but also make experiments with a
view to studying the properties of gravitational waves
and comparing them with the predictions of different
theories of gravitation. Then the data obtained in such
measurements, together with bounds on the post-New-
tonian parameters and on the Peters-Mathews coefi-
cients, will restrict still further the number of theories
of gravitation capable of an adequate description of
reality.

19. POSSIBLE EXPERIMENTS TO FIND
DIFFERENCES BETWEEN THE PREDICTIONS OF
THE FIELD THEORY OF GRAVITATION AND
EINSTEIN’S GENERAL RELATIVITY

The field theory of gravitation and Einstein’s general
theory of relativity are entirely different theories of
gravitation, since the fundamental principles of these
theories and the gravitational field equations are differ-
ent. Therefore, in the same physical situation these
theories will give different predictions.

The difference between them must be manifested par-
ticularly clearly in the description by these theories of
gravitational waves, and also the effects due to strong
gravitational fields. It should be noted that since Ein-
stein’s quadrupole formula is not contained in general
relativity and, quite generally, Einstein’s theory con-
tains no direct connection between the change in the en-
ergy of matter and the radiation of curvature waves, it
is in principle impossible in general relativity to ex-
plain energy loss by matter on gravitational radiation.
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Therefore, study of the motion of binary systems and
determination of the possible energy losses by them
through gravitational radiation would be a fundamental
experimental test for the field theory of gravitation and
general relativity. At the same time, the experimental
observation of loss of energy by matter through gravi-
tational radiation would uniquely refute general rela-
tivity and serve as a confirmation of the ideas of the
field theory of gravitation.

As we pointed out above, the behavior of the Universe
at the early stages of its evolution in a strong gravita-
tional field differs qualitatively in the field theory of
gravitation from the corresponding description of the
Universe in general relativity. Since the early stages
in the evolution of the Universe essentially determine
the flux densities and spectral characteristics of the
fossil (background) electromagnetic, neutrino, and
gravitational radiations, measurement of these char-
acteristics will make possible a qualitative comparison
of the results of the measurements with the predictions
of general relativity and the field theory of gravitation.

In addition, strong gravitational fields essentially de-
termine the internal structure of superdense objects.
Therefore, the difference between the descriptions of
the internal structure of stars in the field theory of
gravitation and in Einstein’s general relativity must
lead to different values for the limiting masses of sta-
ble stars., There are also important differences in the
properties of gravitational waves in the field theory of
gravitation and in Einstein’s theory in the presence of
external gravitational fields.

In general relativity, it is customary to call metric
waves gravitational waves and base the theoretical in-
vestigation of these waves on energy-momentum pseu-
dotensors.

But we regard such an approach as absolutely devoid
of any physical meaning. The energy-momentum pseu-
dotensors of general relativity have absolutely nothing
to do with the existence of a gravitational field, so that
none of the conclusions obtained using them reflect the
essence of the problem. In Einstein’s theory one can
speak only of curvature waves, since the gravitational
field in the theory is characterized by the curvature
tensor. It is this tensor that occurs in the deviation
equation (3), which is the basis of the principle of op-
eration of any of the quadrupole mass detectors of
gravitational waves.

The presence of curvature waves in some region of
space-time is a clear indication of the presence in this
region of gravitational waves radiated by some source.
Moreover, curvature waves cannot be created or an-
nihilated by a transformation of the coordinate system.
But metric waves cannot serve as a criterion for the
existence of gravitational waves emitted by a source,
since metric waves can also be produced by a simple
transformation of the coordinate system. Therefore,
by gravitational waves in general relativity we shall al-
ways understand curvature waves described by the
fourth-rank curvature tensor.
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In general relativity, the natural geometry for elec-
tromagnetic waves and metric waves is the common
Riemannian geometry. Since curvature waves are ex-
pressed in terms of the second derivatives of the trans-
verse part of the metric waves, the natural geometry
for curvature waves is also the Riemannian geometry.
Therefore, in Einstein’s theory electromagnetic waves
and curvature waves will propagate in the same man-
ner, and curvature waves will be as subject as electro-
magnetic waves to the gravitational frequency displace=
ment 6y/y=U, - U,, they will undergo the same deflec-
tion 6¢ =4M/b, and have equal propagation velocities
and, therefore, equal delay times in external gravita-
tional fields.

In the field theory of gravitation, the natural geom-
etry for the gravitational field is the pseudo-Euclidean
geometry, whereas the matter is described in the ef-
fective Riemannian geometry. Therefore, in the field
theory of gravitation external gravitational fields affect
only the propagation of electromagnetic waves. Gravi-
tational waves in the field theory of gravitation propa-
gate along geodesics of the pseudo-Euclidean space-
time and they are not subject to the gravitational red
shift of the frequency, ray bending, and time delay of a
signal in external gravitational fields. In the field the-
ory, the propagation velocity of gravitational waves
does not depend on external gravitational fields.

These differences between the properties of gravita-
tional waves in the field theory of gravitation and in
Einstein’s theory make it possible to propose a number
of experiments using weak gravitational waves in which
these theories give different predictions. In principle,
the following two formulations of such experiments are
possible.

Experiments using laboratory detectors
of gravitational waves. It is expected'**™® that
in the near future it will be possible to detect under
laboratory conditions gravitational radiation arriving
from extraterrestrial sources. Then the use of two or
more gravitational wave detectors will make it possi-
ble®? to measure with sufficient accuracy the angle with
which a gravitational ray is bent in the weak gravita-
tional field of the Sun. The formulation of this experi-
ment will depend on whether or not the extraterrestrial
source of gravitational waves is also a source of elec-
tromagnetic radiation.

If the source of gravitational waves does not emit
electromagnetic waves, the experiment will be analo-
gous to the measurement of the bending of a light ray.
Then comparison of the obtained deflection angle of the
gravitational ray with the corresponding values pre-
dicted by the field theory of gravitation (8¢ =0) and by
Einstein’s general relativity (5¢ =4M/b) will show to
what extent the predictions of these theories agree with
the results of the experiments.

If the source of gravitational waves also radiates
electromagnetic waves, the scheme of the experiment
simplifies appreciably, since in accordance with Ein-
stein’s theory the “electromagnetic” and “gravitational”
images of the source must always coincide.
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According to the field theory. of gravitation, the pic-
ture will be somewhat different. As the edge of the so-
lar disk approaches the line joining the source of the
gravitational waves and the observer, the gravitational
and electromagnetic images of the source will begin to
divide, and the electromagnetic image will be observed
to be further from the center of the Sun than the gravi-
tational image. When the edge of the solar disk touches
the line joining the observer and the source of the grav-
tational waves, the angular distance between the elec-
tromagnetic and gravitational images of the source will
be maximal and equal to 5¢ =4M/b. When the solar
disk covers the source-observer line, the electromag-
netic image will disappear. After the solar disk has
passed this line, the electromagnetic image will reap-
pear, and it will again be observed further from the
center of the Sun, by the angular distance 6¢ =4M/b,
than the gravitational image. With increasing distance
of the solar disk from the source—observer line, the
angular distance between the electromagnetic and grav-
itational images will decrease, and in the limit b —=
the two images will coincide.

Experiments using laboratory and cos-
mic detectors of gravitational waves. It
is, however, to be expected that sufficiently powerful
sources of weak gravitational waves will be encountered
extremely rarely under astrophysical conditions. It
could be that the gravitational-wave sources that can be
detected on the Earth are fairly far from the plane of
the Earth’s orbit and, therefore, are not covered by the
solar disk. In this case, to formulate an experiment in
which the field theory of gravitation and general rela-
tivity give different predictions, it is necessary to use
cosmic detectors as well as a laboratory detector of
gravitational waves. Depending on the disposition of the
gravitational-wave source and the cosmic detector, it
is possible to use the following two experimental ar-
rangements.

The first of them is realized when the source of the
weak gravitational waves is situated inside a rotating
neutron star. Many neutron stars'® have an electro-
magnetic field identical to the field of a rotating magne-
tic dipole whose magnetic axis makes a certain angle
i, with the rotation axis. Then in accordance with Refs.
121 and 122 there is in the interior of these stars pho-
toproduction of gravitons in the Coulomb and magnetic
dipole fields of the particles that constitute the matter
of the star, and also in the magnetic field of the com-
plete star.

Thus, stars are a source of weak gravitational
waves, and depending on the spectrum of the initial
photons, the resulting gravitational radiation can be-
long to any frequency region.

The calculations show that in the field theory of grav-
- itation, as in Einstein’s theory, the interaction of weak
gravitational waves with the electromagnetic field of a
rotating neutron star generates an electromagnetic
wave with a number of unique features (amplitude mod-
ulation, unusual polarization, drift of subpulses, etc.).
Thus, on the basis of these features an observer on the
Earth can conclude with a high degree of confidence

382 Sov. J. Part. Nucl. 13(4), July-Aug. 1982

that a given electromagnetic wave has been generated
by the interaction of a gravite*'onal wave with the elec-
tromagnetic field of a rotating star. The amplitude of
the electromagnetic wave will be somewhat different in
these theories because of the different influence of a
static gravitational field on the interaction process, but
basically this is not important. More important for us
is the circumstance that in a static external gravita-
tional field the subsequent propagation of the resulting
electromagnetic wave and the initial gravitational wave
will occur differently in the field theory of gravitation
and in Einstein’s theory.

According to Einstein’s theory, the two waves will
propagate along the same paths, undergoing the same
gravitational red shifts of their frequencies and the
same ray bending and having equal group velocities.
Therefore, an observer on the Earth detecting them
must find that they have the same frequencies, the same
pulse shape within the window, no time delay between
the arrival of the electromagnetic and the gravitational
pulses, and also coincident electromagnetic and gravi-
tational images of the source.

In the field theory of gravitation, the generated elec-
tromagnetic wave as it propagates in the external grav-
itational field will also be subject to the gravitational
red shift, its rays will be bent, and its group velocity
will depend on the potential of the external field. But in
the field theory of gravitation gravitational waves are
not subject to the influence of a gravitational field, so
that they will propagate with constant velocity, without
change of frequency and without deflection in external
gravitational fields.

Therefore, an observer on the Earth, detecting both
waves, must find a red shift of the electromagnetic
spectrum relative to the gravitational, and also the ex-
istence of a time delay between the arrival of the gravi-
tational and electromagnetic pulses within the window.
In addition, the gravitational and electromagnetic
images of the source will not coincide in the general
case.

We note also that the results of this experiment will
make it possible to obtain a number of important astro-
physical data. Indeed, as is shown in Refs. 123 and
124, from the frequency and depth of the amplitude
modulation, and also the polarization of the electro-
magnetic wave, it is possible to determine the rotation
frequency w, of the neutron star, the angle y§, between
the rotation axis and the magnetic moment of the star,
and also the angle 6 between the rotation axis and the
direction to the Earth. Measuring the flux densities of
the gravitational and electromagnetic waves on the
Earth, one can determine the transformation coeffi-.
cient @, and thus the product of the magnetic field in-
tensity on the surface of the star and its radius.

In addition, in the field theory of gravitation this ex-
periment makes it possible, using the red shift of the
electromagnetic spectrum relative to the gravitational
spectrum, to measure the difference of the gravitation-
al potentials between the point of observation and the
surface of the star:
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Uy — Uy = —bvlv.

Measuring the time delay AT between the arrival of
the gravitational and electromagnetic pulses, one can
determine the mean gravitational potential U on the path
of propagation of the electromagnetic wave:

e AT
- .TjUdl:s—zr,

where L is the distance between the neutron star and
the Earth.

If the source of the gravitational waves is outside the
neutron star, the analysis of the results of the observa-
tions will be somewhat more complicated, since the
source, the cosmic detector, and the laboratory detec-
tor will be situated at the points of a triangle. How-
ever, in this case too the results of the observations
will permit a conclusion to be drawn about the proper-
ties of the gravitational waves and will also yield infor-
mation about the astrophysical objects.

Thus, in the near future, after the creation of labor-
atory gravitational-wave detectors, there will be a real
possibility of verifying the predictions of the field theo-
ry of gravitation and Einstein’s general theory of rela-
tivity with regard to the properties of gravitational
waves in external gravitational fields.

CONCLUSIONS

We have considered the formulation of the field theory
of gravitation as the theory of a symmetric tensor field
of second rank in flat space-time. In the theory, the
customary ideas about energy transport by physical
fields have a rigorous meaning, and the gravitational
field, like all other physical fields, carries positive-
definite energy and momentum. The equations of mo-
tion of matter are formulated in terms of an effective
Riemannian space-time with metric tensor g,;, which
ensures that in the theory the inertial and gravitational
masses of a point body are equal. By combining ideas
about the gravitational field as a physical field that car-
ries energy with the identity principle we arrive at new
gravitational field equations and new notions of space
and time. The gravitational field equations in matter
are nonlinear because of the nonlinear dependence of
the source on the components of the gravitational field.
The source in the gravitational field equations is mat-
ter, and the gravitational field itself acts as a source
only to the extent that the expression T“ag“/ 0fm de-
pends on the components of the gravitational field.
Qutside the matter, the field equations are linear. At
the same time, because of the gauge invariance, the
gravitational field equations, which are partial differ-
ential equations of fourth order, go over into equations
of second order outside the matter.

The post-Newtonian approximation of the field theory
of gravitation and analysis of the results of modern
gravitational experiments show that the field theory of
gravitational with minimal coupling can describe all the
existing experimental facts. In the field theory of
gravitation, there is no preferred rest frame, since
the geometry of the pseudo-Euclidean space-time is not
an a priori but a natural geometry for all physical

383 Sov. J. Part. Nucl. 13(4), July-Aug. 1982

fields, including the gravitational field. In contrast,
the Riemannian space-time for the motion of matter is
an effective space-time, reflecting merely the effect of
the gravitational field on matter in the pseudo-Eucli=
dean space-time. Therefore, neither in its significance
nor in its field equations can the field theory of gravi-
tation be classified as a bimetric theory of gravitation.

In the field theory of gravitation, the energy-momen-
tum tensor concept is common to all physical fields,
and therefore the existence of curvature waves in the
Riemannian space-time reflects the transport of energy
and momentum by the gravitational waves in the pseu-
do-Euclidean space-time. Therefore, in the field the-
ory of gravitation it is possible to make different ener-
gy calculations. In the field theory of gravitation, the
energy losses due to the emission of weak gravitational
waves by a slowly moving source are determined by the
expression

—dEldt = (G45¢c%) Dip. (390)

In constrast to the field theory of gravitation, general
relativity does not contain conservation laws in their
usual sense, as a result of which Einstein’s theory has
only vanishing integrals of the motion. In general rel-
ativity, calculation of the energy loss by a source, and
also determination of the energy fluxes of gravitational
waves is impossible, since in Einstein’s theory there
are no conservation laws connecting the change in the
energy -momentum tensor of the matter to the existence
of curvature waves. Therefore, -Eq. (390) is also in
principle absent in general relativity.

The field equations of the field theory of gravitation
differ from those of Einstein’s theory, which leads to
quite different descriptions in these theories of effects
in strong strong gravitational fields, and also in the
properties of gravitational waves. Among the differ-
ences, in the field theory of gravitation there is no
bending of a gravitational wave beam passing near a
massive body, with the consequence that massive bod-
ies do not have a focusing effect on gravitational waves.
In addition, in contrast to Einstein’s theory, in the
field theory a change in the frequency of free gravita-
tional waves emitted by a source occurs only as a re-
sult of relative motion of the source and the observer
(Doppler effect), since there is no gravitational red
shift of free gravitational waves in vacuum.

As in Einstein’s theory, in the field theory of gravi-
tation the gravitational field of a nonstatic, spherically
symmetric source is a static field outside the matter.
Nonstationary homogeneous models of the Universe in
the field theory of gravitation describe the cosmologi-
cal red shift and allow monotonic and nonmonotonic be-
havior. In contrast to Einstein’s theory, the decelera-
tion parameter is determined not only by the mean den-
sity of matter in the Universe but also by the minimal-
coupling parameters, and therefore the field theory of
gravitation does not present the difficulties encountered
in connection with the fact that the mean matter density
is insufficient to obtain the observed deceleration pa-
rameter.
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In the field theory of gravitation with minimal cou-
pling, the forces of gravitational attraction go over into
forces of gravitational repulsion with increasing gravi-
tational potential. Therefore, instead of the gravita-
tional collapse of astrophysical objects inherent in gen-
eral relativity, the field theory has a new mechanism
of release of energy, since small perturbations in the
radius of an astrophysical object once the critical value
of the mean gravitational potential has been attained
necessarily lead to expansion of the matter, which may
be accompanied by the ejection of a certain fraction of
the mass of the object and the release of energy.
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