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On the basis of the general principles of the relativistic theory of direct interactions (causality, Poincaré
invariance, and separability), the elements of a quasirelativistic (classical and quantum) mechanics of a system
of particles are presented. This makes it possible to take into account small relativistic effects in objects
possessing internal structure. The relationship between the different formalisms of the theory is analyzed, the
physical meaning of the variables is discussed, the general form of the post-Newtonian interaction

Lagrangians and Hamiltonians is found, and their physical interpretation and relation to field approaches are
considered. The introduction of quasirelativistic center-of-mass variables solves the problem of separating the
motion of a weakly relativistic system of particles as a whole from its internal motion in the case of an

arbitrary interaction.
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INTRODUCTION

In different branches of physics, the need for a con-
sistent relativistic theory of many-particle systems,
differing from local field theory, is felt more and
more strongly. This is due, on the one hand, to the
development of experimental techniques which have
significantly raised the accuracy of the measurements
and, on the other, to the fact that the present state of
relativistic quantum field theory is such that it can
serve as the basis of the description of only a limited
number of physical objects. The existence of the splen-
didly working formalism of nonrelativistic classical
and quantum mechanics of systems of interacting par-
ticles stimulates many authors to attempt the construc-
tion of an analogous relativistic or at least approxi-
mately relativistic theory. The quasipotential ap-
proach,'? which is intimately related to the field-
theory description, belongs in this category. Recently,
great successes have been achieved in the construction
of a relativistic theory of direct interactions of par-
ticles, which is an alternative to the field description.
Although its direct application to calculations of nu-
clear systems is in an initial stage, there are grounds
for expecting genuine successes in this direction.?

There exist phenomena for whose description non-
relativistic theories are clearly inadequate but for
which the required accuracy makes it possible to take
into account relativistic effects approximately by means
of expansions in ¢, A well-known example of this type
is the fine structure of the hydrogen spectrum, which
can be calculated either on the basis of the rigorous
relativistic Dirac equation or in the framework of a
corresponding approximate method.! In this simpie
example (it is simple because we are dealing with a
one-body relativistic problem) the choice of the exact
or the approximate relativistic equation is dictated by
the required accuracy of the results, but in more com-
plicated cases of systems of several weakly relativis-
tic particles the situation is different, since the ab-
sence of an exact theory or its inadequate (from the
point of view of physical interpretation or computation-
al possibilities) development frequently lead to the
need to use approximate approaches. This is particu-
larly important for systems with nuclear interactions,
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which at present are not amenable to description by
quantum field theories; however, even for objects in
which the well-studied electromagnetic interactions
play the main part, general methods of approximately
relativistic (or, as we shall eall them, quasirelativis-
tic) theories are very helpful. If, for example, we con-
sider systems of many particles with two-body interac-
tions, then for given laws of interaction for any pair of
particles, expressed in their center-of-mass system,
theoretical study of the system as a whole is possible
only if we can make calculations in an arbitrary iner-
tial system, i.e., use interaction Hamiltonians that de-
pend on the center-of-mass motion of the two-particle
subsystems. This dependence, which is one of the
aspects of the problem of adding relativistic (or quasi-
relativistic interactions, is determined by the require-
ments of Lorentz invariance of the theory and is not
related to the nature of the interaction.®*~® We encoun-
ter an analogous situation in the problem of separating
the motion of a complicated system as a whole from

the internal motion of the particles that constitute it.?"!!

The aim of the present paper is to give a unified ex-
position of the elements of a quasirelativistic theory of
direct interactions of particles and thereby generalize
the nonrelativistic (classical and quantum) mechanics
of a system of particles to phenomena in which rela-
tivisitc effects can be regarded as small corrections to
the nonrelativistic results. We proceed from the gen-
eral principles and equations of the relativistic theory
of the direct interactions of particles, but the actual
results will be restricted to the quasirelativisitc re-
gion, basically the so-called post-Newtonian approxi-
mation, by which we mean allowance for the correc-
tions of order ¢ to nonrelativistic potentials that de-
pend only on the interparticle distances.

A very interesling aspect of quasirelativistic mech-
anics is the circumstance that, like nonrelativistic
mechanics , it can be presented in both classical and
quantum versions, the connection between them being
realized in the traditional manner. This is important
both in principle and in view of the fact that the classi-
cal treatment is helpful for the physical interpretation
of quasirelativistic quantum mechanics. In this con-
nection, we can point out the problem of the physical
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meaning of the canonical variables, and also the prob-
lem of comparing the results of the theory of direct
interactions with field-theoretical approaches. It
should be borne in mind that the classical variant of
the theory is also of independent interest on account of
its applicability, for example, to objects consisting of
massive gravitating bodies.!?

The application of approximately relativistic equa-
tions to the description of the structure and properties
of nuclei has a long history, though until recently re-
sults were sparse. The pioneer in this field was
Breit'? as long ago as 1937. Shirokov ef al.® studied
the problem of finding the relativistic corrections to the
phenomenological potentials of the nucleon—nucleon
interaction (see also Refs. 6, 7, and 9). The influence
of relativistic effects in the motion of nucleons in nuclei
on the scattering of electrons by nuclei was investigated
in Ref. 14, and the relativistic corrections to the deu-
teron form factor in Ref. 15. Further references to
some other examples of processes in which relativistic
effects in complicated systems of particles are impor-
tant can be found in Ref. 9. Without pretending to any
degree of completeness of these historical comments,
we mention that recently interest in relativistic effects
in nuclei and other particle systems has considerably
quickened. As examples, we mention some topical
problems that have been considered in recent publica-
tions and require a relativistic (or, at least, approxi-
mately relativistic) treatment: the contribution of the
relativistic corrections to the binding energy of few-
nucleon systems (for example, the triton) and to the
cross section of elastic pd scattering through large
angles at intermediate energies '8 the calculation of
the levels and widths for systems such as positronium,
muonium, baryonium, and also bound states in the
quark—antiquark system'; the p-mesic atoms and p -
mesic molecules of the hydrogen isotopes!®; and the
relativistic treatment of some processes in NN7 sys-
tems.!?

The main aim of the review is to formulate the fun-
damentals and results of quasirelativistic mechanics;
these provide a formalism for investigating relativistic
effects of the types mentioned above in objects consist-
ing of a fixed number of particles at not too high ener-
gies. The results presented in the paper are also of
interest in that they may be helpful for developing a
rigorously relativistic theory of direct interactions in
the sense of the correspondence principle, i.e., in the
region of sufficiently low energies the conclusions of
the exact and approximate theories must be almost
identical.

Such a review is necessary, since the literature con-
tains many results relating to the quasirelativistic
mechanics of particle systems obtained in the most
varied ways—on the basis of classical or quantum field
theory (in particular, electrodynamics), using Fokker-
type action integrals, in the framework of the classical
and quantum relativistic Hamiltonian theory of direct
interactions, and by means of the Lagrangian and New-
tonian formalisms. The relationship between these
approaches and the corresponding results has not yet
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been well studied, so that at the present time it is diffi-
cult to regard them as the individual fragments or dif-
ferent variants of a common physical theory construct-
ed on a foundation of clear physical ideas, a well-de-
veloped mathematical formalism, and a well-defined
region of applicability. On the other hand, there is no
doubting the value of the development of such a theory.
The present review is an attempt to make a step in this
direction.

1. PHYSICAL FOUNDATIONS OF RELATIVISTIC
THEORIES OF DIRECT PARTICLE INTERACTIONS

Causality and action at a distance. The creation of
the special theory of relativity and the subsequent suc-
cesses of the field approach to the investigation of phys-
ical reality led to the opinion, generally accepted up to
the middle of our century, that the description of sys-
tems of interacting particles based on the idea of action
at a distance is admissible only in nonrelativistic
(Galileo-invariant) physics. From this it was concluded
that the interaction between particles can be realized
only by the propagation of a field, the carrier of the
interaction. It was found, however, that this is a mis-
understanding, which arises from an insufficiently
careful analysis of all aspects of the causality principle
of the special theory of relativity, according to which
events A and B separated by a spacelike four-dimen-
sional interval cannot (by virtue of the finite propaga-
tion velocity of signals) exert any influence on each
other.

The first attempts to construct a relativistic (based
on Maxwell’s electrodynamics) theory of direct inter-
actions as an alternative to the field description were
made by Schwarzschild®® and by Tetrode and Fokker®'
as early as the beginning of this century; they showed
that the electromagnetic interaction of charged par-
ticles can be described in terms of the variables of the
particles themselves without the concept of the electro-
magnetic field (by means of the so-called Fokker-type
action integrals; see also Ref. 22). This approach be-
came widely known after the studies of Wheeler and
Feynman.?® The systematic study of the possibilities
of a nonfield approach to the construction of a Lorentz-
invariant dynamics of a system of particles, which has
developed very strongly over the last two decades, was
initiated by a classical paper in 1949 by Dirac.?* The
most detailed and complete analysis of the relationship
between the causality concept and the relativistic de-
scription of direct particle interactions is due to Hav-
as? (see also Ref. 26). Let us formulate the main con-
clusion of this analysis.

It is necessary to distinguish two causality concepts.
The first, which arose in nonrelativistic mechanics and
was generalized later to other fields of physics, re-
lates solely to closed systems and consists of the fol-
lowing assertion: Knowledge of the initial conditions at
the time £, in a closed system ¢ makes it possible to
determine by means of the laws of motion its subse-
quent evolution in time. Such description of closed
systems is frequently called causal or predictive. The
second concept of causality, which is the causality
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principle of the special theory of relativity mentioned
above, is always associated with the consideration of
systems that are not closed, namely, the propagation
of a signal from event A (the “cause”) to event B (the
“effect”) presupposes that event A is a definite interac-
tion event of the given system with some external per-
turbation. Since the relativistic theory of direct inter-
actions pretends to an adequate description of only
closed systems ¢, the causality principle of special
relativity cannot be used as an argument against its
validity.

The problem of Lorentz invariance in velativistic
theories of divect intevactions. The traditional method
used to construct Lorentz-invariant equations of mech-
anics or field theory is to attempt to cast these equa-
tions in afour-dimensional tensor form. This method
is very effective in the mechanical problem of a single
body interacting (locally) with an external field (for
example, the electromagnetic field) and in local field
theory. Its main advantage is the manifest Lorentz
(or Poincaré) invariance. The generalization of such
an approach to the description of a system of directly
interacting particles, which is nonlocal by its very na-
ture, provides the basis of a number of directions of
the relativistic theory of action at a distance. Included
here are theories in which the point of departure is pro-
vided by manifestly Poincaré-invariant Fokker-type ac-
tion integrals (Refs. 20-23 and 27-32), the integro-dif-
ferential equations of motion of Van Dam and Wigner®
or the differential-difference equations of Havas and
Plebaiiski®; the four-dimensional formulation of the
second-order differential equations of motion for a sys-
tem of interacting particles®*™**; the four-dimensional
Lagrangian formalism using singular Lagrangians®®™8
or individual variation principles with a Lorentz-in-
variant evolution parameter for each particle!’; the
four-dimensional Hamiltonian approach*®* based on
Dirac’s canonical formalism with constraints,® %% and
some other approaches.’™ In theories of this kind,
Poincaré invariance of the description is achieved by
the form adopted for the basic expressions or equations
and, thus, does not present problems.

However, in these theories other difficulties do arise
precisely on account of their manifest Poincaré invari-
ance. The situation here ig analogous to that charac-
teristic of equations of the Bethe-Salpeter type. The
main difficulty is the many-parameter description of
the evolution of the system (as a rule, the proper
times of the individual particles are the parameters),
which leads to not only mathematical complications (for
example, in Fokker-type theories the equations of mo-
tion are integro-differential equations or differential
equations with a retarded argument), but also difficul-
ties in the physical interpretation of the theory. We
note also that the many-time relativistic description
has a form very different from the nonrelativistic de-
scription and requires the development of new methods
at almost every stage in the construction of the theory.

In the light of these comments, there is considerable
interest, especially from the point of view of our prob-
lem of describing weakly relativistic systems, in
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three-dimensional approaches to the relativistic theory
of direct interactions using a single evolution param-
eter for the system of particles; in the instantaneous
form of dynamics,’* to the exposition of which we shall
restrict ourselves in the present paper, the coordinate
time ¢ serves as this parameter. Such approaches,
which we shall call one-time approaches, are com-
paratively close in their mathematical form a physical
interpretation to the nonrelativistic (classical or quan-
tum) mechanics of a system of particles. Because the
one-time treatment is not invariant with respect to
Lorentz transformations, such approaches do not pos-
sess manifest (four-dimensional) Poincaré invariance.
However, this does not mean that, under definite con-
ditions, they cannot satisfy the Poincaré-Einstein
principle of relativity (see, for example, Ref. 56). It
is the study of these conditions that constitutes the
main problem in one-time theories of direct interac-
tions. The problem can be formulated and solved by
means of group-theoretical methods, which will be de-
scribed in Secs. 2 and 3. These conditions impose
definite restrictions on the functions that describe the
direct interactions of the particles. In the different
formalisms (Newtonian, Lagrangian, and Hamiltonian)
the sets of these functions and the methods of realizing
the conditions of invariance of the theory are different.
The connection between the three formalisms is much
more complicated than in nonrelativistic mechanics,
and at the present time has hardly been studied in the
exact theory. However, in the quasirelativistic approx-
imation the connection is fairly simple, and this cir-
cumstance also makes it possible to solve the problem
of quantization by the methods developed in nonrela-
tivistic mechanics. We note also that there is an inti-
mate connection between the one-time approach and the
four-dimensional Fokker approach (see Sec. 4).

Physical meaning of the varviables and separvability
of intevactions. Since Dirac’s paper,’* the main direc-
tion in the development of the theory of direct interac-
tions has been the construction of a relativistic Hamil-
tonian theory for a system with a given number of par-
ticles (Dirac’s problem).!” The solution of Dirac’s
problem in the framework of classical mechanics en-
countered a serious difficulty associated with the no-
interaction theorem *®+%*-% according to which the
physical positions of the particles (the covariant coor-
dinates) of only noninteracting particles can serve as
canonical coordinates. Since the concept of a world
line does not occur in quantum mechanics and the
requirement of covariance of the canonical coordinates,
which represents the condition of invariance of a world
line should not apparently play an important part, the
main efforts were directed toward the development of a
quantum relativistic Hamiltonian theory of direct inter-
actions. Its development is associated above all with
the names of Bakamjian and Thomas,” Foldy,*® Fong

g, N. Sokolov®!+6 has also proposed a second-quantized
variant of relativistic Hamiltonian theory, which describes
particle creation and annihilation processes. At the com~
paratively low energies to which we restrict ourselves here,
these processes are unimportant.
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and Sucher,® Coester,” and Sokolov (Refs. 3, 8, 61,
62, and T1-75), in whose papers the quantum Dirac
problem has received its most complete solution.

However, this contrasting of the quantum and classi-
cal variants of the theory cannot be regarded as satis-
factory, being logically unjustified and in view of the
fact that for the physical interpretation of the quantum
theory and for the possibility of comparing it with the
results of experiments great importance attaches to the
physical meaning of the variables employed in the the-
ory, and a deep understanding of them can hardly be
possible without a corresponding analysis at the classi-
cal level.

It is therefore of interest to make a parallel investi-
gation of the problem of constructing the classical and
quantum theories of direct interactions, especially
since, as was noted in Ref. 3, all the successful at-
tempts at the construction of a relativistic description
of a closed system of particles have, despite different
forms, gradually developed into physically equivalent
versions of a common theory.

Besides the problems due to the need to combine in-
teraction of particles and ordinary transformation
properties of their spatial coordinates, the problem of
the choice of the variables (especially in the Hamilton-
ian formalism, in which freedom in the choice of the
canonical variables is achieved at the price of loss of
their clear physical meaning) is associated with a fur-
ther (after Poincaré invariance) fundamental require-
ment of the theory of direct interactions, namely (clus -
ter) separability of the interactions (Refs. 68, 6, 70,
and 71). This condition will be discussed in more de-
tail below (see Sec. 2), and we shall here make only
some preliminary comments.

Suppose a system of particles ¢ is divided into two
subsystems ¢y and ¢y;, and in a limit these are sepa-
rated by an infinite distance. Since there is no inter-
action between particles with infinite separation, all
the characteristics of, for example, subsystem ¢g; must
be independent in this limit of the variables of subsys-
tem opp. It is clear that the very possibility of quanti-
tative formulation of this condition presupposes that
among the variables that characterize the system there
are some whose asymptotic behavior is capable of re-
flecting the considered limiting process, i.e., variables
which have the meaning of spatial separation.

In this connection, it is very desirable to consider
the possibility of constructing a Hamiltonian formula-
tion of the relativistic theory of direct interactions
(both quantum and classical) on the basis of a prelimi-
nary solution of this problem in the framework of the
Newtonian or Lagrangian formalism, in which from
the very start one can use the physical coordinates of
the particles with their known transformation proper-
ties under Lorentz transformations. The problem of
going over to a Hamiltonian form from relativistic
equations of Newtonian type on the basis of the Lie—
Konigs theorem was considered by Kerner and Hill."®""®
Another possibility is to make a transition from the
Lagrangian to the Hamiltonian formalism. In the gen-
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eral case, this needs more than an ordinary Legendre
transformation and warrants deep study. However, in
the problem that is at the center of attention in the
present paper, namely, the construction of the first
post-Newtonian approximation of the relativistic mech-
anics of a system of particles, the transition from the
Lagrangian to the Hamiltonian description can be made,
as we shall see below, by the traditional method.?’
Therefore, we shall proceed from the generalized
Lagrange—Ostrogradskil formalism,” which was used
by the present author in collaboration with Klyuchkov -
skii and Tretyak® as the basis for a relativistic La-
grangian theory of direct interactions of particles.
Moreover, in the post-Newtonian approximation it will
be easy to follow the equivalence of such an approach
to the results obtained directly in the Hamiltonian for-
malism.

We note also one important advantage of a classical
relativistic Lagrangian theory of direct interactions,
namely, the possibility of establishing its connection
with field approaches by means of a Fokker formula-
tion of the theory of action at a distance. We shall use
this in Sec. 4 for the field-theoretical interpretation
of approximately relativistic Lagrangians and Hamil-
tonians.

2. ONE-TIME FORMULATIONS OF POINCARE-
INVARIANT THEORIES OF DIRECT INTERACTIONS

Lie algebra of the Poincavé group. Let G, by anv-
parameter Lie group of point transformations of Min-
kowski space M, with parameters A®,

=g (z, A);

z={a"}={et, r}; p=0, 1, 2, 3; }

A={%, =1, . 0

(1)

and ¢"(x,0)=x". The corresponding infinitesimal
transformations®

I8 = ¥ 4 Sz = i L B () 6A% 0 (51) (2)

are determined by the tangent vector fields® [the gen-
erators of the transformations (1)]

B .
oz !

1 i i)
e L (3)

o =Ea(2)
They satisfy the commutation relations
[‘%.El 'Q’.ﬂl — clﬂj&.yr (4)

or, equivalently,

a5} aty ”

E&“E;;‘— 55(}1—"::"{5&?' (5)
where ckg is the tensor of the structure constants of the
group G,. Thus, the operators &, generate the Lie al-
gebra AG, of G,.

In the case of the 10-parameter Poincaré group? #,

Nguch a transition can also be readily made in the linear ap-
proximation in the interaction.’+%

NSummation over repeated indices is understood.

DBy Z we understand the main connectivity component #1
which contains the identity transformation.
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the generators of time #°7 and space (Q”T) translations

and of space (EZ’R) and Lorentz (Cf ) rotations have the
form®

T _ _ ) =5 a
X, = @ T =— azi (6)
R d
Ti=—emz* 53 (7)
L _ 1 a [
.ij——c—zxjwﬁt—_' g (B)

dz?

where gy, is the Levi-Civita symbol with Ep3=21.
Hence, for AZ? we obtain the commutation relations

125, Z71=0; (2}, 2T1=0; (27, 2T1=0; (9)

(25, 2 =ein2i; 12T, 2F 1=einZh; } (10)
27, 2= e

1z, Z31=27; (11)

ZF, Z71=8,Z01e | TF, XM= —eip e (12)

The Lie algebra A ¥ of the Galileo group is determin-
ed by commutation relations that differ from those writ-
ten down above only by replacement of (12) by the equa-
tions

(2§, 201 =0; 17§, 2§ =0, (13)

which can be obtained from (12) by means of the formal
passage to the limit ¢ -« (#7 is the generator of Gali-
leo transformations).

To formulate the conditions of Poincaré invariance
of the one-time description of a relativistic system of
directly interaction particles with world lines R () it
is necessary to construct a representation of the Poin-
caré group that acts on some state space of this system
(configuration space, phase space, etc.). The first step
is to particularize the representation space; the three
main formalisms of the theory (Lagrangian, Newtonian,
and Hamiltonian) correspond to three possibilities: 1)
an infinite extension J~ (RXE¥)=E (see Refs. 82, 85,
and 91) of the extended configuration space of the sys-
tem of particles with standard coordinates (¢,x,x',...,

%), where x*={x3},a=1,...,N;x! =x;,x% =d%, /dt";
2) the first extension RXTE*¥ of the extended configu-
ration space with coordinates (¢£,x,x%); 3) the phase
space P of the system with coordinates (g,p), where
g={git,p={p.},la= .,N;i=1,2,3) are the canoni-
cal coordinates and momenta of the particles; the con-
nection between the canonical variables and the con-
figuration variables will be discussed below. As can-
onical variables, we shall also use center-of-mass
variables, which have a collective nature.

The next step is to construct for the group G, the set
of » generators X, that act on the corresponding space
and satisfy the commutation relations (4).

Representation of the Poincaré group in the configu-
ralion variables of the system of particles. We write
the generators of the group of transformations G, in E
in the form®

N =
Xoawen+ 3 PEr Lo, asd, n (14)

5)Since we shall use three—dimensional notation in what
follows, we shall regard the subscripts and superscripts i,
js% as equivalent.
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The vector fields w, and £{% determine the infinitesi-
mal transformations of the coordinate of a point in E: -

o, o,
t'=1t+4 0a00%; wg (t')=ah (1) L EC) 50%. (15)

For the groups of spatial translations (x =7) and ro-
tations (a =), which do not affect the variable #(w, =0),

B Diegr s B =—Em22xn B (16)
Going over to boost transformations (Lorentz rota-
tions) A with parameters 67 (the components of the
relative velocity V of the frames of reference S’ and S),
we write the first equation of (15) as

V' =1+ LV = t=— R 6V/fc2, (1)

where R can be interpreted as the position of an ob-
server who relates the “new” simultaneity # = const

to the “old” ¢ =const (see Refs. 26, 63, 82, and B6-88).
Specification of w" is equivalent to establishing a one-
to-one correspondence between the families of hyper-
surfaces ¢ =const and ' =const. As is shown in Ref.
82, it can be assumed without loss of generality that
wy=0, i.e., #=¢. To obtain the second formula (15)
for 0=0, we note that particle positions x/(#') that are
simultaneous in the frame S’ correspond in accordance
with the Lorentz transformations to positions x,(¢,) that
are not simultaneous in S:

Xo (tallbes ta={A"1[t", x; (t")]}olc. (18)

Substituting the second equation in (18) in the first and
noting that ¢’ =¢ to terms linear in 6V, we obtain2®: %8

o (t') = {A[ta,

Szh = 2 () —zh () = (— B‘t —{—v,,:l:a,lc") 8V = gLisvi, (19)

where vl =dx}/dt=%}. Since Eqs. (19) are a conse-

quence of ordinary Lorentz transformations for the
points of Minkowski space that lie on the world lines of
the particles, we shall call them the conditions of co-
vaviance of the coovdinates xi, and the coordinates that
satisfy them covariant coovdinates. We emphasize that
x,(t) and x;(f) correspond Lo different points of the world
line of particle @, so that Egs. (19) are not ordinary
Lorentz transformations; they may be called Lorentz
transagormations with conversion to a new simultan-
eity.

From (19), we find the corresponding transforma-
tions of the derivatives:

g,
a'z,

a a
= 't . o LIV g=
- =@t (1) =} () + BOLSVT, 0=0, 1, ..., (20)
where
i d i =
5—;‘:”‘—— - Egu, DLt :”,, L‘: a(]ur)u=§{_=' (21)

Thus, for the boost generators we find

) (£ (ot vartar) |~ (22)

a g=0 dzan

It remains to determine the generator X of time
displacements. If we are interested in only the Aris-
totle group (the direct product of the Euclid group and
the group of time translations; see Refs. 36 and 82),
then for the system of particles it could be chosen as
in (6) in the form X| =-8/6¢/. However, such a choice
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does not agree with the structure of the Poincaré group
if the generators of Lorentz rotations are defined by
(22), i.e., if w}=0. To obtain A, we must take Xj in
the form

2 g+

2 %

o=0 k

This corresponds to representing the time translations

# =t - 57 by a shift along the particle trajectory®:x.i(¢)
=xi(t +67)=xi(t) + x}(£)6T +0(07).

le

d a
o (23)

nqlq’

By direct calculations it is readily verified that the
generators (16), (22), and (23) form a basis of the al-
gebra A%, i.e., they satisfy the relations (9)-(12).
should be noted that representations of the Poincaré
group by transformations that do not affect the time
arise in the analysis of the symmetries of relativistic
field equations by Fushchich.*

In the construction of a one-time theory of direct
interactions, an important part is played by the pres-
ence in (22) of the velocities v,; this presence is due
to the circumstance that the transition to the new si-
multaneity (on the new hypersurface ¢’ =const) is ac-
companied by a shift along the world lines of the par-
ticles which cannot be eliminated when N = 2.9 Thus,
we encounter the necessity of considering nonpoint co-
ordinate transformations. It is this fact in conjunction
with the condition of a contact transformation, which
consists of the requirement that the transformed velo-
cities satisfy the equation v’ (#')=dx/}(¢')/dt’, that leads
to an important consequence, namely, for the formu-
lation of Poincaré invariance of a Lagrangian descrip-
tion of relativistic interactions, it is necessary to con-
struct a representation of the group # by contact trans-
formations of infinite order, which are also called
Lie-B#cklund transformations (see Ref. 91), acting on
the infinite-dimensional space E=RXE¥ . This con-
clusion, which reflects the rigorous results obtained in
the quoted papers, can be explained by means of the
following simple arguments. If we consider the com-
position of two, three, etc., Lorentz transformations,
i.e., a transition S-S’ -S" -58"" - , then, as can be
seen from (19)-(21), there appear in the transition
formulas x,(¢) - x2(t"),x,(t) =x"(t"), etc., acceleration,
third derivatives, etc. Taking into account the group
structure of the transformations, we arrive at the
proposition formulated above.

We note the following important circumstance. If the
functions x,(¢) satisfy equations of motion of the second
order, then in the sequence of transformations con-
sidered above these equations can be used to eliminate
the accelerations. As a result, we arrive at transfor-
mations of the space RX TE®" which are contact trans-
formations with respect to the given equations of mo-
tion.”* They will be used below to establish the con-
ditions of Poincaré invariance of equations of motion
of Newtonian type. However, in the investigation of the
invariance of the Lagrangian formalism one must use

8)In the case of a single particle, to obtain the ordinary
Lorentz transformations of points of the world line 7, we

must in (17) set w) =—c %, i.e.,R;=%,;.
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only transformations that are contact transformations
irrespective of the equations of motion, since the La-
grange function is defined not only on the real but also
on the virtual trajectories of the partlcles

Canonical vepresentations of the Poincaré group. As
we have already noted, the problem of finding a canon-
ical realization of the algebra AZ on the phase space P
of a dynamical system was first formulated by Dirac.?
In the same paper, he proposed three different forms
of relativistic dynamics (instant, point, and front),
which are distinguished in canonical theory by which of
the ten generators of the group Z (the time and space
translations H and P;, and space and Lorenlz rotations
J; and K;) contain terms describing the interaction of
the particles. To investigate the quasirelativistic ap-
proximation, the most convenient of these is the in-
stant form, in which H and K contain the interaction,
and P and J have the free-particle form. The connec-
tion between the different forms of dynamics in rela-
tivistic Hamiltonian theory was investigated in Refs.
62, 72, 75, and 95.

Canonical representations of Lie groups (including
the Poincaré and Galileo groups) are studied in detail
in Refs. 96 and 97. We give briefly the results needed
to formulate the classical variant of Dirac’s problem.

Suppose the Lie group G, is realized by certain trans-
formations of the phase space generated by a set of
operators of the form

G 1 a Y- [ —
Am:E(anq_m"_nu ('}pm) a=1, ceiy 1. (24)
If these transformations are canonical, i.e., they pre-
serve the Hamiltonian structure of the equations of mo-
tion
g™ = 0H [3pp; pm= — IH/0q™, (25)

then there exist functions Y ,(g,p), called canonical

generators, such that
En= — Y /0py; Np=0Y  /dg". (26)
Then the operators X, can be written in the form

Xo= 3 (SE 5t T2 L) = (¥q, o), (27

4™ dpm  9Pm ﬁq”‘

where for any pair of functions f(g,p) and glg,p)
a a
I a=3( 0(;{“ i ap{n aifn ) (28)

is the Poisson bracket. From the relations (4) for the
canonical generators ¥, there follow the classical com-
mutation relations (in terms of the Poisson brackets)

{Ya Ya}ffc" Yytdaps o B=1, e0ey 7y (29)

where d,g is a set of constants that satisfy a number of
relations.

If the transformations generated by Y, are to be sym-
metries of the Hamilton equations (25), it is sufficient
(and, with certain reservations, necessary) for Y, to
be integrals of the motion,® i.e., to satisfy the rela-
tions

Y o0t + {Yay H}=0. ’ (30)

In the case of the Poincaré group, we can without loss
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of generality set d,s=0 for all & and 8.555%97 Then
the relations (29) for the group # take the form

(P H}=0; {J;, Hy=0; {P;, P}=0; (31)
Vi P=eiinPu; 4 T =reyndn; {411 Kj}=e;uKy;  (32)
{Kyy Hy="Py; {Ky, Py=8yH/c% (K, Kjy= —eydylct,  (33)

where we have used the notation

H=—YT; Py=YT; J,=Y¥!; Ky= —YE. (34)

If in (31)-(33) the canonical generators are replaced
by Hermitian operators—the generators of unitary
transformations—and the Poisson brackets by commuta-
tors (multiplied by —i/#), then we obtain the commuta-
tion relations that form the basis of quantum relativis-
tic Hamiltonian theory.

The problem of constructing canonical representa-
tions of the Poincaré group (the classical variant of
Dirac’s problem) consists of finding ten functions H LT
J4,K; (identified with the energy, momentum, angular
momentum, and center-of-mass integral of the motion)
that satisfy the commutation relations (31)-(33), i.e.,
it consists of finding solutions of this nonlinear system
of first-order differential equations.

We note here an important difference between the
Hamiltonian and Lagrangian formalisms. Inthe latter,
the transformation properties of the configuration var-
iables #; are purely kinematic, which makes it possible
to construct a representation of the group & before one
considers the dynamics of the system, but in the Ham-
iltonian approach the situation is fundamentally differ-
ent. The physical meaning and, therefore, the trans-
formation properties of the canonical coordinates can-
not be specified a priori, since they are determined by
the generating functions ¥, which are simultaneously
dynamical characteristics (integrals of the motion) of
the system and essentially dependent on the presence
and form of the interaction.

For a system of N noninteracting particles, the rep-
resentation of # in P is the direct product of irredu-
cible representations, and its generators are sums of
single-particle generators. Such representations were
studied and classified in quantum mechanics by Wigner,
Bargmann, and Shirokov,?''® and a corresponding ana-
lysis in terms of canonical representations is given in
Ref. 97. The classical results given below can also be
interpreted (after symmetrization of products of non-
commuting operators) in terms of quantum mechanics.

A system of noninteracting spinless particles corre-

sponds to the solution®?:%:68.97
P S‘[%v (ﬂ)y J —‘? qnxpav (b) (35)
H!=?.Ha“ : l-‘rmuc"'-[-cpﬂ; (36)
K)"‘.\.:Kn=3(_tpa+ﬂaqalcz)- (37)

The subscript f, which indicates the absence of inter-
actions between the particles, is omitted from the gen-
erators P and J because these generators preserve
their form irrespective of the presence of an interac-
tion in the instant form of dynamics that we are us-

ing 246383 1f the particles have spins, which can be
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introduced phenomenologically in classical mechanics,

the expressions (35b) and (37) are modified as fol-
lows 7 168:97.

I= X (4a X Pat80); (38)

K=3(—tetz = Hoty——2iPe). (39)

The important question of the connection between the
Poincaré and Galileo groups, and also their represen-
tations, was investigated by Indnii and Wigner.'""! With-
out going into the mathematical aspects of the transi-
tion from representations of the group # to the Galileo
group ¥, we note that the commutation relations for
canonical (Hermitian) generators of the group 4 can be
formally obtained from (31)-(33) by setting ¢ = «. At
the same time, for H and K we must write

H ~ Me+ HO; K = KO, (40)

where M:de,, is the rest mass of the nonrelativistic
system of particles, and the expressions for P and J
are kept in the form (35) [or (352) and (38)]. The rela-
tions (31) and (32) do not change their form as ¢ —
(except for the replacement of H by H'”’ and K by K'?),
and instead of (33) we have

(K, HO}=P,, {E{, Pj}=58,;M, {K{®, K}=0. (41)

We can arrive at the same results by investigating the
Galileo group itself, in the framework of which M is a
neutral element of the Lie algebra of the group %.%¢'%
Note that in quantum mechanics the need to consider
projective representations of the Galileo group is re-
lated to the presence in the commutation relations of
terms of this type (see Refs. 102-104).

Relativistic equations of motion of Newtonian type.
The Newtonian formalism in the relativistic theory of
direct interactions consists of postulating equations of
motion of the system of particles in the form

Z—h (2, 7, )=0; z={z} (O} z={z (D). (42)

Poincaré invariance of such an approach requires that
the system of equations (42) admit a representation of
the group Z in the configuration space of the system of
particles with the generators (14). This condition is
expressed by the equation

Xold— (2, 2, )]ly=0, (43)

where the symbol |, indicates that the expression (43)
must be calculated with allowance for (42). Substitut-

ing in (43) the expressions (16), (22), and (23), we find
for the functions p; the system of equations

Se-v 3 20, o

3 e (xﬁ%-mk Z:, )=e,,.m:: (45)
2 ZZ;“ {2 (5

h&_*f:‘:) J+2u=x’ + Wx’} 0. (46)

In accordance with (44) and (45), u} must be trans-
lationally invariant (containing only the relative coordi-
nates 7%, =x! —x} of the particles) components of 3-
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vectors with no explicit time dependence. These con-
ditions apply equally to relativistic and nonrelativistic
equations of motion. Equations (46), which are called
the Currie-Hill conditions, express the conditions of
form invariance of (42) with respect to Lorentz trans-
formations (with conversion to the new simultaneity).
They were first found in Refs. 105 and 106 as necessary
conditions of Poincaré invariance; Bel!'" established
their sufficiency (see also the reviews of Refs. 108 and
36). The main difficulties of this approach are due to
the nonlinearity of the system (46). We shall not con-
sider approximate methods of solving (46) (see Refs.
37, 38, and 109-112), since it appears to us more con-
venient to use the Lagrangian formalism, which makes
it possible to find not only approximately Lorentz-co-
variant equations of motion but also the corresponding
conservation laws. With regard to exact solutions of
these equations, all that is known is the general solu-
tion for a system of two particles in the one-dimension-
al case.!!3

Relativistic Lagrange theory. The Lagrangian for-
malism is based on the variational principleBz

t
§S=651L(t, T, Ty veey 2)di=0, (47)
1

in which a priori no restrictions are placed on the high-
est order s of the derivatives contained in the Lagran-
gian. The equations of the extremals of the functional
(47) (the Euler-Lagrange equations) have the form
DRI N0 S (48)
o=0 dz,
The condition of invariance of a relativistic Lagrange
theory with respect to the group G, leads to the system

of equations (see Refs. 85 and 82)"
X L4 dQ,/dt =0, (49)

where the operators X, are defined in (14). In (49), R,
are certain functions that satisfy the relations

X Q— XpQ0q =C};FQ-,', (50)

which express the integrability conditions for the sys-
tem (49).

The problem of constructing the general form of a
Lagrangian L compatible with the requirement of co-
variance of the system of equations (48) with respect
to G, consists of integrating the system of equations
(49) and (50).

In Ref. 82, the following important fact is established:
To obtain the general solution L of the system (49) it
is sufficient to take as the set of functions £, any par-
ticular solution of the system (50), since any other
solution leads to a Lagrangian which differs from L by
a total derivative, i.e., gives the same Euler equa-
tions. In particular, one can use the trivial solution of
(50), 9, =0,a=1,...,r, though this is not always con-
venient.

We write down the system of equations (49) for the

NWe take ¢’=t, as was assumed in (22) and (23) for the
Poincaré group.
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group #. Setting Q] =0,8} =0 (;=1,2,3), for the Eu-
clid group we obtain the equations

L
— AL 52 Lo, (51)
a a
—X?LE 2 E Buhz"i 'Z,L =0 (52)
e g=0 dzgn

which express the conditions of translational and rota-
tional invariance of the Lagrangian L. For time shifts
and boosts,

XTL+ dQF/dt = dL{dt— 0L/t + dQT/di = 0; (53)
dgfa g a9 : 1 aL
XL+t =3 3 {[45 (—tbi+ 2 zai) ] 1
a o=0 g
1 a0k
4+ 2 }=0. (54)
ﬂa:f;

The choice Q) =-L in (53) leads to the ordinary condi-
tion

aLlIat=0, (55)

which expresses the invariance of the Lagrangian de-
scription of closed systems with respect to time trans-
lations.

The integrability conditions (50) reduce to the follow-
ing system of equations for the three functions Q}:

aQk = o QL i
=0 X 3 et —t= —eQn (56)
a =0 az,
ok 1
> 32—: = ——5 byL; xiof—xtar=0. (57)
a

a

Equations (56) mean that Q' must be the components of
a 3-vector that does not depend explicitly on f. The
first of the relations (57) precludes the choice Qj =0.

Thus, the problem of finding relativistic Lagrangians
L reduces to the solution of the system of equations (54)
and (57), in which L is a time-independent translation-
ally invariant (i.e., containing the coordinates of the
particles only in the form »},=x! —x};) scalar function,
and D,f are functions which do not depend explicitly on
the time and are the components of a three-dimension-
al vector.

This system of equations has the solution
Lf=§La=—§u'mac”Vr:5%F; (58)
QF e ; Qf, = ; mozar V T—vile?, (59)
which describes a system of noninteracting particles.

If we introduce functions U and ¥; which vanish in the
absence of interaction, setting

L=L;—U; Q¥ =QL+¥,, (60)

then from (51)—(57) we obtain for them the system of
equations

U au b o gy
=0 Dpr =0 2 2 oz, — —=0; (61)
a a a o=0 [P
Zo0; 3 et T = — ey (62)
a g=0 dxan
XM =a¥,/d; (63)
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pIRALES —-fz— 84U; (64)

= az?
X0, —Xiv, =0. (65)

The main difficulty in solving the system (61)—(65) is
due to the fact that the space E, which is the domain of
definition of U and ¥,, is infinite dimensional. How-
ever, the linearity of this system should be noted.

In accordance with Noether’s theorem ! +!14=116 thare
are » conservation laws associated with the symmetry
group G, of the variational principle; for Lagrangians
with higher derivatives, they have the form!!’

dcz‘,, d:{ZEZE(* i — d)ﬁcir_L:."“

a gm0 A={ dzg;

Q. )=0. (66)

For the ten integrals of the motion (the energy E, mo-
mentum P, angular momentum J, and center-of-mass
integral of the motion K) corresponding to Poincaré
invariance, we obtain

Pma-33 3 A (40 s n
a g=0A=1 UZaj
BymzCim T3 (rip) gers (68)
Ji=—G{= 2 2 E‘l Eu:-"—iq'j( -—d_dt)a%’ (69)
a u=ﬁx— dzap
Ki=6GF= 22 Z [dl" 1( 16;+%z=wi)]

a =0 A={

% ( _:r )u aafa +ar. (1
dzq;

Since the free-particle Lagrangian (58) does not de-
pend on the higher derivatives, the transition to the
Hamiltonian formalism for systems without interaction
can be realized in the usual manner (by a Legendre
transformation). The corresponding integrals of the
motion E, P,,J,K; in the canonical variables take the
form (35)~(37), as is readily verified.

Relativistic Hamiltonian theory. No-interaction
theovem. In the Hamiltonian formalism, as we have
already said above, the main problem is the finding of
ten canonical generators H,P, J, and K that satisfy
the relations (31)—(33) and are integrals of the motion
[Eq. (30)].

If we introduce in the Hamiltonian H and the boost
generator K an interaction in the form of the functions
U and ¥, setting®

H=H,4+U; K=K, + ¥, (71)

then from the commutation relations (31)—(33) for the
functions U and ¥; we obtain the system of equations

{Py, U}=0; {J,;, U}=0, (72)

i )=t (73)

{Kipy Uy+{¥s, Hy+{¥;, U}=0; (74)
(¥, P)=28,U/c; (75)

{Kir, U3}H{¥: Kjp}+{¥,, V5 =0. (76)

8 Although the functions U and ¥; are defined on P, we shall
use for them the same notation as in (60), in which E is the
domain of definition. In the general case, this is justified
by their mutual correspondence, and in the post-Newtonian
approximation they actually coincide, as will be seen in
Sec, 3.
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We note the following circumstance. It was establish-
ed in Ref. 9 that three of the commutation relations,
namely, those that contain H in the Poisson bracket [the
first and second in (31) and the first in (33)] can be re-
garded as a consequence of the remainder. However,
in the method of successive approximations based on
expansions in ¢, this conclusion, as was pointed out in
Ref. 118, ceases to hold in each fixed approximation,
since its proof would require consideration of the fol-
lowing approximation. Therefore, when finding approx-
imate expressions for U and ¥;, we must use the com-
plete set of equations (72)-(76).

Using (35a), we can rewrite the commutation rela-
tions containing P; in the form

v AV 1
F:_- 0; E g’jqjt =—°-E'6”U' (??)
a = @

a

The first of them means that the canonical coordinates

can occur in U only through g}, =gqf —¢i. It also follows
from (72) and (73) that U is a 3-scalar, and ¥, are the

components of a 3-vector.

If we bear in mind that for the functions U and ¥, in
the canonical formalism the equations aU/2¢t=0 and
3%, /2t =0 hold by virtue of (30), then by comparing the
systems of equations (61)-(65) and (72)—(76) we readily
establish their mutual correspondence and formal
analogy. However, this analogy, being a reflection of
the conditions of symmetry with respect to the same
group %, is only superficial, since from the point of
view of mathematical structure there is a profound dif-
ference between these equations: In the Lagrangian
formalism, the equations are linear but expressed by
means of operators that act on the infinite -dimensional
space E; in the Hamiltonian approach, the domain of
definition of the unknown functions is the 6N-dimen-
sional phase space P, but the equations are nonlinear.
This is related to the difference discussed above be-
tween the physical meaning and transformation proper-
ties of the variables used in the two formalisms. We
shall see below that in the post-Newtonian approxima-
tion, in which we are primarily interested, these sys-
tems of equations are actually identical.

We now consider the additional conditions on the sys-
tem (72)-(76), which give physical meaning to the solu-
tions of Dirac’s problem. The strongest of them, sat-
isfied only in the post-Newtonian approximation (if we
discount very special cases in the higher approxima-
tions; see Ref. 111), is the canonical condition of in-
variance of a world line. In the Hamiltonian formalism
it was written down for the first time by Pryce,'!? dis-
cussed by Thomas,'® and analyzed in detail in connec-
tion with the problem of constructing a relativistic
Hamiltonian theory by Currie, Jordan, and Sudar-
Shan'zﬁ,as

We assume that the canonical variables ¢} are the
covariant coordinates of the particle positions, i.e.,
that under an infinitesimal Lorentz transformation A
they transform in accordance with (19). Requiring
that this transformation correspond to a canonical rep-
resentation of the group &,

8qi = {gi, K;) oV, (78)
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we obtain the equation

{Qa!s K= ""3611'1‘%; Zei {Cats H}, (79)

which expresses the condition of invariance of a world
line in the canonical formalism. Using the equation
{9,4,K,;}=0K,/3p,;, we readily obtain from (79) (under
the assumption q 4 #4,;,a #b) the equation

H[0p,; 0pyy =0 (b= a), (80)

from which it can be seen that the Hamiltonian must
have the structure

H=‘;Hu (9, Pa); (81)

here, each term of the sum depends on the momentum
of only one particle. As is shown in Refs. 26 and 63
for N=2, in Ref. 64 for N=3, and in Ref. 65 for arbi-
trary N, Eq. (81) in conjunction with the commutation
relations of the algebra A% leads to the conclusion that
H=H,, i.e., U=0. This is the well-known no -inferac -
tion theovem, which states that if the canonical coordi-
nates are covariant and if canonical representations of
the Poincaré group correspond to transitions between
inertial frames of reference, then the only solution of
Dirac’s problem is the set of generators H,,K,, P,J
corresponding to noninteracting particles. A detailed
discussion of the various formulations of this theorem
can be found in Ref. 121.

Since one can go over from the Hamiltonian formal-
ism by means of a Legendre transformation to the
standard (without higher derivatives) Lagrangian meth-
od, this result also indicates that there do not exist
Lagrangians which depend only on the covariant coordi-
nates of the particles and their first derivatives capable

of describing relativistic systems with interac-
tion,122.10,32

Thus, in a relativistic Hamiltonian theory one cannot
use covariant particle coordinates as canonical vari-
ables. One can only require asymptotic covariance of
the canonical coordinates, i.e., covariance in the limit-
ing case when the particles are infinitely far from one
another. This property of the coordinates ¢! is inti-
mately related to the condition of separately of inter-
actions (see Sec. 1). In terms of Hamiltonian theory,
it can be expressed by the following requirement®:70:7.
For any division of the system ¢ into nonintersecting
subsystems o,,0=1,...,n,n<N, the limits of the
generators of canonical (in quantum mechanics, uni-
tary) representations of the group # for the system ¢
go over into the sums of the generators of the subsys-
tems o, in the limit when the distances between these
subsystems tend to infinity. In the instant form of dy-
namics, separability requires that in this limit

U>XNU,; ¥>NVW,, (82)

where the quantities with subscript @ contain only the
variables of the particles in the subsystem ¢,. It fol-
lows from this in particular that when all the particles
of the system are infinitely far from each other the
functions U and ¥ must vanish. The precise mathe-
matical formulation of the conditions of separability,
long a problem in the relativistic theory of direct inter-
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actions (see Refs. 24, 68, 70, and 123), was given by
Sokolov.™!

The conditions (82) are very important restrictions
on the functions (in quantum theory, the operators) U
and ¥, which describe the interactions of the relativis-
tic particles. They make it impossible to obtain a di-
rect generalization of the well-known Bakamjiam—
Thomas model,” the solution of the two-particle Dirac
problem, to systems with a number of particles N > 2.
In the approximate approach based on an expansion in
powers of ¢, separability of the quantum interaction
Hamiltonian was obtained for the first time by Shiro-
kov et al.,’ although in their papers the concept of sep-
arability was not formulated. In the exact theory,
quantum-mechanical generators of the group # with
separable interaction for N =3 were constructed by
Coester’ and Sokolov™ and for a system with an arbi-
trary number of particles by Sokolov. 38

It is important to emphasize that it is the condition of
separability of the interaction, combined with the com-
mutation relations of the algebra A?, that ensures
relativistic invariance of the quantum description of
scattering processes.”!

To the additional conditions on Dirac’s problem, we
can add the requirement that a nonrelativistic limit ¢"’
of the function U exist. It is not a necessary conse-
quence of any physical considerations, and interaction
Hamiltonians which vanish in the nonrelativistic limit
are also admissible. The condition formulates an
a priovi restriction on the class of solutions of Dirac’s
problem. In what follows, we shall also use expansions
of the generators of # in ¢, As we shall see below,
they give entirely sensible results, although the prob-
lem of the existence of exact solutions analytic in o
is mathematically very tricky, and we shall not discuss
it.

3. APPROXIMATELY RELATIVISTIC
INTERACTIONS OF PARTICLES

We shall here use the conditions formulated above for
Poincaré invariance of the description of a system of
particles to find the general form of quasirelativistic
interaction Lagrangians and Hamiltonians (we shall
also use for them the general expression “quasirela-
tivistic potentials™); more precisely, we find the gen-
eral form of the relativistic corrections of order ¢ to
a given nonrelativistic potential. We shall concentrate
our main attention on the post-Newtonian approxima-
tion, for which the mathematical formalism and physi-
cal interpretation are very close to nonrelativistic
theory. First, we discuss the following general ques-
tion: What must be the transformation properties of
approximately relativistic equations of motion ?

Approximate Loventz invariance. The concept of
approximate Lorentz invariance was used long ago (see
in particular Refs. 13, 86, 68, and 124), though without
a discussion of its content. It was formulated and justi-
fied physically in Refs. 125 and 126 and considered in
connection with quantum mechanics in Refs. 127 and 128.

Let o be a physical object that is a system of N inter-
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acting particles whose velocities v, (=1,...,N) ina
fixed inertial frame of reference S satisfy the condi-
tion v,=|v,| < c; this condition makes it possible to
use an expansion in vi/c2 in the equations of mechanics
and for a given degree of accuracy to restrict oneself
in the series to a finite number of terms. We denote
by n the maximal power of the relativistic corrections
(v2/c?)" taken into account in the frame S in the mecha-
nical equations. Further, let T be the class of inertial
frames of reference §' with velocities V for which |V |
<v,. Then in an arbitrary system S’ belonging to Z,
the order of magnitude of the ratios v/%/c® is equal to
the order of magnitude of the ratios v¢/c?, so that the
power of the relativistic corrections that must be taken
into account in 8’ is also n. This means that all frames
of reference S’ €  are equivalent not only in the sense
of the relativity principle but also from the point of
view of the description of the physical object o. In
other words, the approximately relativistic equations
of motion must have the same form in all these frames
of reference. Since we ignore the terms (v2/c?)*,k>n
in the equations of motion of the particles of ¢, it fol-
lows from the condition V <, that in the transforma-
tion formulas of the physical quantities corresponding
to the transitions S—S' we must use the expansions in
powers of ¥ =V?/c?, ignoring terms of order g%,k >n.
Thus, the approximately relativistic equations of mo-
tion taking into account relativistic effects of order n
must, by virtue of the relativity principle, be invariant
with respect to approximate Lorentz transformations
of the same order.

If the frame of reference S* moves relative to S with
velocity V*=c, then the velocities v of the particles
of ¢ with respect to S* will be near the velocity of light
(v¥=V*=c). Therefore, in the equations of motion of
these particles written down in the frame S*, we cannot
restrict ourselves to the approximation used in S (or in
8’ e€Z), i.e., the form of the equations of motion must
change on the transition S—S*. Since such a transition
must be described by exact Lorentz transformations,
we conclude that approximately relativistic equations
(in particular, nonrelativistic equations) cannot be in-
variant with respect to exact Lorentz transformations.
This does not contradict the relativity principle, since
one can imagine an object ¢* (identical in its intrinsic
nature to the object ¢) whose particles move with re-
spect to the system S* with velocities v}* equal in or-
der of magnitude to the velocities v, with respect to S
considered above. The equations of motion of the par-
ticles of o* in the frame S* will have the same form as
the equations for ¢ in S.

It follows from our arguments that the transforma-
tion of the equations of the approximately relativistic
theory corresponding to the trangition 8 —~8’€ £ must
be made by means of a one-time expansion in powers
of ¢? of both these equations and the transformation
formulas. The order of magnitude of the individual
terms in the transformed equations is determined by
the total power of the parameter ¢ (Refs. 86, 124,
129, and 130).

In the problem of finding the general form of quasi-
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relativistic potentials, the above arguments do not have
fundamental significance, since the problem is solved-
by integrating a system of differential equations cor-
responding to an infinitesimal Lorentz transformation
which contains the parameters V; only linearly. How-
ever, in all cases of finite Lorentz transformations
(for example, for the transition between the center-of-
mass frame and the laboratory frame) they must be
taken into account.

Conditions of approximate Poincaré invariance of an
intevaction Lagrangian. As we have already noted in
Sec. 2, the finding of a relativistic interaction Lagran-
gian U reduces to the solution of the system of equa-
tions (63)—(65), in which U is a translationally invari-
ant 3-scalar which does not depend explicitly on the
time, and ¥; are the components of a 3-vector, also
independent of the time. Assuming that there exist
solutions of this system analytic in ¢, we represent
these functions in the form of the series®

00 00

U= gnpm = ¥ Um, (83)
n=0 n=0

= 3 o E M 3o, (84)
n=0 n=0

where U'™ are translationally invariant 3-scalars.
Then from (63)-(65) for the functions U and ¥{" we
obtain [using the second equation of (61)] the infinite
hierarchy of equations

S+ B[ B3 ()4 e (o)
a a s=0

(23] 1=0 7%}
a4
o ke L 2 (86)
o a
0\];?1) al*rgﬂ] 1 oo * sy =i+t 1 f?‘{"g""“
3 [=- T 2 2 (3) 2o (20—
a @ (1 s=0 =0 Tak
topr-b
gl P =
dxan
T e RS e N o
n=0,1, ...; U0 =0; ¥V =; (r):m' (87)

In the successive solution of the system of equations
(85)—(87), we shall use the result of Ref. 82 that we
have already mentioned in Sec. 2; this will enable us,
without loss of generality, to substitute in Eq. (85) for
U™ an arbitrary particular solution ¥{™ of Eqs. (86)
and (87).

In the zeroth approximation (#=0), we have the
equations

AU | o iAWY
D (St D Zas ) =0; (88)
a =0 dzqj
awl®)

0 1)
GRS J)

. ( ol vy,

Choosing as a particular solution of the homogeneous

=0. (90)

N The powers of the parameter ¢! are even because of the
condition of invariance with respect to time reversal, which
in its turn is due to the absence in the theory of direct in-
teractions of real radiation processes.
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system (89) and (90)
Y =0, (91)

we obtain for U the well-known condition of Galileo
invariance:

aum

6‘1?
a

=0. (92)

Its general solution with allowance for the fact that the
nonrelativistic equations of motion must be second-or-
der equations has the form

U@ =g (r, v); l'={l',m}; “=(vab}' (93)

where v,,=dT,,/dt =V, -v,. As a rule, U'" depends
only on the distances between the particles:

UO = g (1). (93a)

However, in individual cases (in particular, in some
phenomenological models in nuclear physics'3!''%) one
uses nonrelativistic potentials that also depend on the
velocities, which is equivalent to nonlocal potentials in
quantum mechanics (see, for example, Ref. 133).

Using (91) and (93), we obtain from (85)—(87) in the
first approximation the system of equations

W o 1 D s 1700
2{ 2 Taf 4 } I:l'alvaj%';j—'
a.
au@
'i‘(vnlva!'i'xa!val) 70, ; ]}=0; (94)
awh
i s =?ﬁuU(uJ; (95)
aw{) gyl
Z(Tig‘“_ ——)=0, (96)
a a

for which the scheme of solution is as follows. From
(95) and (96) we find (for given U ") an arbitrary par-
ticular solution for ¥{'’, after which the general solu-
tion of the system (94) can be written in the form ‘"
=Ug’ +u,, where Us" is a particular solution of this
system and u, is the general solution of an equation of
the form (92) containing the factor ¢

Suppose that in the nonrelativistic limit the interac-
tion is described (as is usually assumed) by a super-
position of two-body symmetric potentials:

U(°)=};.<}; UR (Xapy Vap); US = U, (97)

We denote by ¥{!} an arbitrary particular solution of the
system of equations (95) and (96) for the two-particle
system o,, consisting of particles @ and b. Then the
functions

=3 i) (98)
n<h

are solutions of the given system of equations for arbi-
trary N, and the corresponding general solution of the
system (94) will have the form

U0 =N U +u,. (99)
a<b

Since u is an arbitrary Galileo-invariant function, by
Uil one can understand a particular solution of the
system (94) for o,,. However, it is more convenient
to regard U}l as a general solution, i.e., as a solution
containing an arbitrary two-particle Galileo-invariant
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function #,,. Then in (99) we must regard u, as repre-
senting essentially many-particle expressions.

The question of many-particle interactions, i.e.,
interactions that do not reduce to two-body interactions,
warrants further investigation. We emphasize right
away (below, we shall discuss this question in more
detail) that the very concepts of “two-particle and
many-particle interactions” (or “forces”) can be used
only within a definite approach (Newtonian, Lagrangian,
or Hamiltonian), since the manner in which an interac-
tion is a “many-particle” interaction changes in the
general case on transitions between these formalisms.

In the more general case when the nonrelativistic po-
tential has the form of a cluster expansion (superposi-
tion of n-particle potentials),

AR IR N
UO= 33 U+ XX Uy -
a;(a; ay<ag<<as

T
_l_\‘i

u1<ag< gun

: \1 o

ajag. nt

(100)
its general solution can, by virtue of the linearity of
the system (94)—-(96), be represented by the similar
expansions

n
Pl 53 e DVE e (101)
h=2 a1<...<ay
n
N al Y o
U= 3 3 P 1 (102)

B=2 i<, ..<ap

where ¥, , and U;’ , are solutions of the system
(94)-(96) for N =Fk.

In what follows, we shall restrict ourselves to two-
body (in terms of the Lagrangian formalism) interac-
tions (97)-(99), when the problem of finding general
expressions for U’ in a system of N bodies reduces
to such a two-particle problem.

General form of post-Newtonian intevaction Lagran-
gians. We investigate in detail in the first quasirela-
tivistic approximation the important class of interac-
tions that in the nonrelativistic limit are described by a
velocity-independent potential (93a) (post-Newtonian
approximation). This case is particularly interesting in
that it admits interaction Lagrangians which depend
only on the coordinates and velocities. A large class
of such interactions for a two-particle system was
given for the first time by Breit'® on the basis of the
requirement of approximate Lorentz invariance of the
action differential; this case was also considered from
different points of view in Refs. 134, 135, 87, and 10
and in the framework of the general Lagrangian ap-
proach in Ref. 136.

To obtain a general solution U‘" of the system (94)
that depends only on the coordinates and velocities, it
is expedient to find first a geneval solution of the sys-
tem (95) that depends only on the coordinates, when
Egs. (96) are satisfied trivially.m For a system of two
particles a and 0, the solution has the form

W:#ﬁ-—"‘“[é (Tat +z3) U(u%’"'rabimab;lq (103)

10velocity-dependent functions Wi} are associated with solu-
tions of the system (9) containing an essential dependence
on the accelerations, i.e., they lead to equations of motion of
higher orders.
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where @, =¢,,(r,;) are arbitrary functions of the dis-
tance 7,,. From the natural condition U) =U¥, ,
=¥, of symmetry of the interaction!!’ it follows that
Pap =—@pe- This last relation can be satisfied (for non-
identical particles) by means of an antisymmetric (with
respect to interchange of the particles) factor construct-
ed from the parameters of the particles (for example,
their masses).

Substituting (103) in (94), we obtain the equation

Tty = 7 [ et v rar . T8
—(¥a+va) U;‘},’] —VapPab—Tap (TapVap) ,.:b ?j—::} . (104)
Its general solution has the form'?
U;&,’:—% {"a'va:I(Q_(ruhvn} (rapve) ,.:b d;,{:: +Vao (VoY) Tap
+(Far¥as) (Fop- (Va+ Vo) e S22} + Supey,  (105)

where u,,, is an arbitrary scalar Galileo-invariant
function,

We note the following circumstance. In (105), we can
use the identity
1 dog,

= i 2 Sy T
(Vo {'Vb)‘ablub'l'raa (va t¥p) (rnb"ub) Tab @rab

=?"i- Ve vb)-rab(pah]"*(;P‘n'r".'b)'rubqab- (106)

If we now go beyond the framework of the standard
Lagrangian formalism, in which the Lagrangian de-
pends on derivatives of not higher than first order,
then the total derivative in (106), which does not affect
the Euler-Lagrange equations (48), can be omitted,
and the last term in (106), which contains accelerations
and is Galileo-invariant, can be included in the function
U1,5- As a result, we arrive at a function U‘" of the
form UV =U"(r,v,v), which requires the formalism
with higher derivatives. At the same time, in view of
the linear dependence on the accelerations with velo-
city-independent factors multiplying v,, the Euler
equations are of the second order and are identical to
the Euler-Lagrange equations for the expression (105).
Bearing in mind that the absence in the curly brackets
in (105) of terms with ¢_, corresponds to the particular
solution (103) of the system (95) for ¢,, =0, we conclude
that, restricting ourselves to this particular solution
for ¥{!) and allowing a dependence of the Lagrangians
on the accelerations, we lose no generality in the solu-
tion of the system (94). This remark serves as an
illustration of theorem 2 of Ref. 82, which we have al-
ready mentioned, according to which the possibility of
adding to the Lagrangian the total derivative of an ar-
bitrary function means that any particular solution of
the system of equations (64) and (65) can be used for ¥.

This circumstance must be borne in mind on the
transition from the two-particle system to the case of
N particles (N = 3). If it is assumed that the Galileo-

1n Ref. 134, Woodcock and Havas also give corresponding
expressions that do not have the property of symmetry with
respect to the interacting particles.

12YIn Ref. 136, the expression for U{}) contains two functions
9, and @, , but it can be readily reduced to the form (105) by
setting ¢, +¢,=2¢,, and redefining 4.

191 Sov. J. Part. Nucl. 13(2), March-April 1982

invariant terms u,, contain a dependence on the acce-
lerations of the form (106), then the expression (99)
with the function U}’ obtained from (105) for ¢,,=0
with a many-particle Galileo-invariant function u, (also
containing an analogous dependence on the accelerations
that does not lead to higher orders in the equations of
motion) will be the general solution to the problem of
finding the post-Newtonian corrections to the many -
particle interaction potential U “'(r). But if we require
the function U‘" to be independent of the accelerations,
then, as in the case of two particles, we cannot re-
strict ourselves to a particular solution of the system
(95) when finding the general solution of the system
(94). The general solution of the system (95) that de-
pends only on the coordinates will contain not only the
superposition (98) with two-particle functions of the
form (103) but also analogous three-, four-, etc.,
particle terms with arbitrary translationally invariant
many-particle functions @,,., ®.5.4, etc. Corresponding
many-particle Galileo-noninvariant terms also appear
in the general solution of the system (94), so that in
such an approach we must write instead of (99) the
more general expansion
US= ZRUR + 223 UL +... 4u
a<h a<b<e

Without going into a more detailed discussion of the
poorly investigated problems of many-particle inter-
actions, we merely mention that the condition of sepa-
rability of the interactions imposes very important
restrictions on functions of this type. We shall return
to this question in discussing the problem of the addi-
tion of interactions in the Hamiltonian formalism.

Post-Newtonian equations of motion and conservation
laws. In the first quasirelativistic approximation, we
write the total Lagrangian of the system in the form

(107)

L=L—Un3( —m,,c2+i";—”5+%;:’—3)—§<z; U v,

If U9 =y,(r), the Euler equations (48) are transformed
into the ordinary Lagrange equations

(108)

which can be reduced to the Newtonian form (42). This
can be done in two equivalent ways. The first is by
solving (to terms ~c?) the system of equations obtain-
ed by substituting (107) in (108) for the accelerations
U4 In the second method, the equations of motion of
zeroth order, m,v,; =-0U'"/3x}, are used in the
terms of Eqs. (108) of order ¢. Either method leads
to the post-Newtonian equations of motion

i 0
r T, AU

1 1
el - _z:ﬁ L 2'( .L) ey
LR & Tabh drgb b Br;b b sb gy 0!);
o 1 s virk, ALY AT Y5 (rap-va) dULY

2t 5 gy drgp LT Tab drap

0
e dem)(r 8 ) = Uty
mg . Fab drap b 5y, o Ouai
ausy

; 2y U 4 ;i
—2'Z (Tbc‘m) dugy myry, dry, J' (109)

bxc

We make two remarks concerning the equations of
motion (109). First, because U‘" is a solution of the
system (94)—(96), it is readily verified that these
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equations of motion satisfy the Currie-Hill conditions
(46) to accuracy c¢™.! Second, they contain three-
particle terms nonlinear in the interaction. In other
words, in terms of the equations of motion or the in-
teraction “forces,” if these last are taken to be the
right-hand sides of equations of motion of the type
(109), the principle of superposition of interactions is
not satisfied in the post-Newtonian approximation.
This corresponds to the general conclusion drawn in
Ref. 137, namely, an acceleration dependence of the
forces is not compatible with the principle of super-
position of the forces. A similar situation also obtains
in nonrelativistic mechanics if the potential U*’ de-
pends on the velocities.

The general form of approximately relativistic equa-
tions of motion of the type (109) can also be obtained
by solving the Currie-Hill equations (46) by an expan-
sion of the functions p,; in powers of ¢?; in Ref. 111,
this method was used to find the general form of p,; to
terms of order ¢c™. A similar approach based on the
Droz-Vincent equations was used in Ref. 110.

For the integrals of the motion (67)—-(70), we obtain
by means of (107) and (105) the quasirelativistic ex-
pressions

P=Zm,v, (1+ o )+ 7 23 {(v +v,) U

{(0)

Uﬂb
rab drgp

—Tap (Fap* (Va+ Vo)) — —VabsFab

APab | | -2y,
Tab druh} e O(C 5

(110)

—Tgp (rab Va.;)

E=% (maca+ etk | Smat ) +3208

8e?

dUﬂ(,]'l)
Tab drab

g 22 { Yo ViU — (Fas Vo) (Fan- Vo)

d9ab }

1
—5 Vap* (Va+ Vb) ‘Pab—""’(l‘ab Vab) Fab* (Va-+ Vo) e o

(111)

Vap

'{";11*'5(26 (umb‘“"nb Sacb )+ o(c™);

J_Em aXa X Vo (1# Vi )+"§<:T§2{(\ X VX X ¥o) US
(0)

1 dUy;
=+ Xy X Xp (Vo + Vo) Tap —

Ton drey e X Va—Xp X V) Qap

(112)

1 d(Puh - a"'mh ! ~2\a
+xa>(xﬁ( ab’ vuh) Tab  @rap }h_nE( Tap Vab TD(C ):

Kx—tP+Em,,xu('1+?Z‘;—)

+ 3 B2 (50 +3) U + rantparl +o(e). (113)

As is shown in Ref. 88, the quantities determined by
the expressions (110)—(113) have the transformation
properties characteristic of the energy, momentum,
angular momentum, and center-of-mass integral of the
motion with respect to finite approximate Lorentz trans-
formations due to Eq. (104) for U‘’, In Ref. 136, a
similar property was established for the exact inte-
grals of the motion.

General form of post-Newtonian intevaction Hamil -

13)As is shown in Ref. 136, this holds not only in the considered
case U® =u4(r) but also in the more general case when the
nonrelativistic potentials depend on the velocities.
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tonians. We formulate the problem considered above in
the framework of the Hamiltonian formalism, restrict-
ing ourselves for the time being to spinless particles.
In view of (35) and (38), the expansion in powers of ¢
should be applied to only the generators H and K; [see
(36), (37), and (71)]:
H=M+HO+HO 0 (c™) ~ Mc*
2
+§( ;::u 3 ms 3

K=K+ KP4-0(c™ z—tz Pai

)+ v@ LW, (114)

+Z (m,+ I s )g,,i ¥, (115)

Here, we have used the circumstance that, as is shown
in Ref. 68 and in agreement with the conclusion drawn
above in the Lagrangian approach, we can without loss
of generality set \Il? =0, i.e., for the canonical genera-
tor of Galileo transformations we can take the expres-
sion

KE® = (P, 4+ moga=—1tP;— MR (116)
where
Ry =2 Zmyga (117)

are the coordinates of the nonrelativistic center of
mass.

It follows from (72) and (73) that U’ and U‘"? are
translationally invariant 3-scalars, and ¥{!’ form a
3-vector. Since U'"’ is assumed to be a known function,
and we ignore terms of order ¢™, the system of equa-
tions (74)-(176) for U‘" and ¥{!! becomes linear and its
solution does not present difficulties. We shall not
write out explicitly this system in the variables (g,p),'*
since for U'" =y (r) it differs from Eqs. (94)-(96) for
this case [for N =2, see Eq. (104)] only by the use of
the nonrelativistic relation p, =m,v,. Therefore as-
suming two-body nonrelativistic potentials and that ¥
are independent of the momenta [we shall discuss this
last assumption below; see (120)], we can immediately
write down the general solution of this system in the
form (98), (99) with the expression (103) preserving its
form and (105) replaced by (see Ref. 138, in which this
result is obtained in the Hamiltonian approach)

Fob'Pa TapPy 1 dUGH

1 [Pa Db g5
s = o T
Uay 2ct {m,, ¥ ny Ua mq my  rau drap
P P Pa Pb Pa ; ™
+( mﬁ i m2 ) ( Mg _—i-l—';)] [rab (E— my )]

__L d%ﬁ}+umrab( P B ), (118)

 Tab drap mq np

The corresponding expression (114) for the total Ham-
iltonian H can be obtained from the Lagrangian (107)
by an ordinary Legendre transformation using the
equation

Po=0L/dv,. (119)

The Hamiltonian H, like the expressions (35) and (115)
for the remaining generators of the Poincaré group,

4)Below, this system will be written down in a form that
makes it possible to consider the corrections U™ and @'
in the case of a nonstatic nonrelativistic limit as well; see
Egs. (128)—(130).
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can also be regarded as the result of a transition in the
expressions (110)-(113) for the ten integrals of the mo-
tion from the variables (x,v) to the canonical variables
(g =x,p) on the basis of the relation (119).

In the expressions (114)-(118), the physical coordi-
nates of the particles x!, which satisfy the condition
(79) of world-line invariance, serve as the canonical
coordinates q/. Such a possibility is due to the cir-
cumstance that Eq. (79) is satisfied trivially in the
zeroth approximation when the expansions (114) and
(115) are substituted in it, while for the terms of order

2 Eq. (79) gives the equation

(1
i NS 7]
apk mge? 1

from which we find

KP =38 o0+ ¥ (x), (120)

2mged

where ¥'" is an arbitrary vector function of the coor-
dinates. Comparing (120), (115), and (103), we con-
clude that the integration of the equations that in the
Hamiltonian formalism express the condition of world-
line invariance gives in the considered approximation
the same result as integration of the equations for K1’
which follow from the commutation relations for the
algebra AZ if in the latter case we restrict ourselves
to functions ¥‘"’ that do not depend on the momenta.

Thus, the first post-Newtonian approximation is re-
markable in that the no-interaction theorem does not
appear in it. This circumstance was first established
in Refs. 139 and 126, and it is also discussed in Refs.
10 and 140. Recalling Eqs. (80) and (81), which are a
consequence of the condition (79), we note that when the
expansions of the generators H and K in powers of ¢
are used these equations must be satisfied for H" if
we require (79) to be satisfied to order n. In particu-
lar, forn=1 Egs. (80) and (79) are satisfied trivially
for a nonrelativistic Hamiltonian with U =u,(r).

From the point of view of the connection between the
Hamiltonian and the Lagrangian formalism, this con-
clusion reflects the fact that in the post-Newtonian
approximation there exist acceleration-independent
Lagrangians, which permit the usual transition to the
canonical method. As is noted in Ref. 111, Lagran-
gians of the form L (x,%) also exist in the second ap-
proximation in ¢ if L has a structure analogous to
H in Eq. (80).

We also give two other forms of expression (118), in
which we use the nonrelativistic two-particle center-of-
mass variables

Pop=po+ps; J'tubﬂmbp—}[::'“i (121)
Substituting in (118) the expressions
pa:%:_b‘ Pab A Tapi pbz}’;—;?ab_‘uubs (122)
which are the inverses of (121), we obtain
(1) 1 Pan Yab )
Uas = _?{( e T Masbas Fap- "“") Uab
(ranPan)? ®ah A U
(:mb Gk 7 T (ranPar) (rabﬂab)] T
dqay
5 m[Pub 4590t + (CaPas) (FapTar) —— = d?:: ]} +ttyan, (123)
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where
Bab = Mot/ M 3 Hap= (my— mg)/ Mgy, (124)
Elab= Uy (Topy Mabotgp)
1 1 ausy
+?{' M bl-" b [1,,;;6’ b= (o) T T ]
i
— i [ w2 - G2 ) (125)

In Eq. (123), the function @,4(r,;,7,;) combines all
the Galileo-invariant terms, i.e., the terms that do not
contain the total momentum P,, of the two-particle sys-
tem.

The expressions (123) can also be represented in a
different form by using the Poisson brackets:

1

‘LI.)__
U= =4z (M“ Ul + e ((rap

ab} (T Pab)v Ué“b‘}

oy (- Pay) 2, ,;b}+m{nzb. 020)) + t1as, (126)

where
Oap (Xats Pur) = —Tay Poy (222 UL + 03 ). (127)
This last expression for the function U{}’ can be ob-

tained by direct solution of the commutation relations
for the canonical generators of the Poincaré group by
the commutator-algebra method developed (in the quan-
tum variant) in Refs. 68 and 6. In this way, a general
solution of Dirac’s problem in the ¢™ approximation can
also be obtained in the case when the nonrelativistic
potential depends on the momenta and, thus, the cano-
nical coordinates cannot have the property of covari-
ance in the quasirelativistic approximation. We shall
return to this somewhat later,and write down here only
the corresponding system of equations for U ‘!’ and ¥
that follow from (74)-(76) with allowance for the first
relation (72). If for K{" we use the second expression
(116), we obtain

MAR;, UM} {Ky, UO}4-{¥", HO} =0 (128)
{1{;-51:_ PJ}E%-'(SUU( ); (129)
(R, VY —(Ry, WiP)==0, (130)

In the case UY)’ =U(v,,), the system of equations
(128)-(130) is equivalent to the system (94)-(96) for the
same case, and Eq. (126) gives its general solution
(118), which satisfies to accuracy ¢™ the additional con-
dition (79) of covariance of the canonical coordinates.

We now consider many -particle post-Newtonian inter-
action Hamiltonians, i.e., the problem of adding the
interactions in the Hamiltonian approach in the c? ap-
proximation for U’ =u,(r). In solving this problem,
we must satisfy the conditions of approximate Poincaré
invariance and separability. Since the equations that
express the conditions of Poincaré invariance in the
Hamiltonian and Lagrangian formalisms are identical
in the post-Newtonian case (apart from the replacement
of p, by m,v,), all the results from the standard La-
grangian approach in which U'" does not contain ac-
celerations can be applied here. Thus, a superposition
principle operates, so that the correction U‘" to the
many-particle nonrelativistic potential U‘"(»)
=22 a3 (7,5) is determined by Eq. (99), in which
U!Y can be taken to be any of the expressions (118),
(123), or (126).
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The requirement of separability of the interactions
plays a more important role in many-particle (N = 3)
systems than in two-particle systems. In the latter
case, it is sufficient for its fulfillment that the follow-
ing conditions hold:

tiap = 0 oD ——20; FapPap—=0. (131)
Tab™® Tab 7™ Tab™®
For N=3, it is easy to construct solutions of the
system (129) that do not satisfy the separability condi-
tion. Take, for example, a particular solution of Eqgs.
(129) of the form
N

b ay=1.
1

a=

wo =L po 3 L(2 IEUS;

RO o R (d':i axd) a<b Uas (L52)
If one of the particles (say, the first) is removed to in-
finity, |x1 ~x,,| -~w,q=2,...,N, then the separability
condition is expressed by the equation

T O,

in which ¥{!’ depends only on x,, and ¥{", in contrast,
does not depend on x;. The function (132) does not sat-
isfy this requirement,

On the other hand, if we substitute in (98) the two-
particle expressions (103), which satisfy the separa-
bility condition, then we obtain a many-particle func-
tion ¥‘” which also satisfies this condition. The same
conclusion can be drawn with regard to the expression
(99) with separable two-particle functions U'i’. Many-
particle relativistic corrections to a nonrelativistic
potential that possess the separability property were
first obtained by Shirokov et al.,’ although the actual
concept of separability was formulated by Foldy some -
what later.®

As we have already mentioned in connection with the
Lagrangian formalism, one can allow the presence in
¥" of many -particle terms with arbitrary functions
@, and corresponding many-particle terms in U9,
The question of the compatibility of such expressions
with the condition of separability of the interactions re-
mains open. In what follows, we shall restrict our-
selves in the post-Newtonian approximation to super-
positions of two-particle terms, as is usually done in
the literature.

We discuss one further important aspect of the rela-
tion between two-particle and many-particle interac-
tion Hamiltonians in the post-Newtonian approximation.
Since theoretical calculations for a closed system of
particles are made, as a rule, in its center-of-mass
system (P=0), it can be seen from (123) or (126) that
for N=2 all the terms in U‘" that are not Galileo-in-
variant vanish in this system. As was already noted
in 1959 by Shirokov,’ it follows from this that for study-
ing the question of the relativistic corrections to the
phenomenological potentials of nucleon-nucleon inter-
actions a two-particle system is unsuited, since the
Galileo-invariant terms in U'"’ cannot be distinguished
from a nonrelativistic potential.

The situation is changed significantly if the two-par-
ticle expressions (123) or (126) occur in many-particle
interactions. Since in this case there does not exist a
frame of reference in which all P,, =0, the many-par-
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ticle Hamiltonian will contain Galileo-noninvariant,
i.e., P,,~dependent, terms of the expressions (123) or
(126), these reflecting the effects associated with the
center-of-mass motion of the two-particle subsystem.
It is these terms that are responsible for the specifi-
cally relativistic corrections to the phenomenological
potentials. Thus, the concept of a two-particle inter-
action potential in quasirelativistic (and, of course,
relativistic) mechanics differs from this concept in
nonrelativistic theory, in which, because of the condi-
tion of Galileo invariance, i.e., because U)’ does not
depend on P,;, Ul (r,;,m,;) determines the interaction
of particles @ and b not only in the center-of-mass
system of the subsystem o,, but also in any other iner-
tial frame of reference. Approximately Lorentz-in-
variant interaction potentials of two particles that are
present in many-particle Hamiltonians must be con-
sidered with allowance for the center-of-mass motion
of the two-particle subsystems. This circumstance
means that particular value attaches to the approach
based on a Poincaré-invariant theory of direct inter-
actions, making it possible to combine the general
requirements applied to any physical system with the
specific properties of particular interactions in the
two-particle subsystems. These subsystems may be
studied by means of other methods (for example, field-
theoretical, quasipotential, analysis of experimental
data through two-particle scattering, etc.).

Allowance for spins. In the framework of classical
Hamiltonian mechanies, spins s, of the particles can
be introduced phenomenologically [see (38) and (39)].
In the first approximation in ¢, the last term in (39)
takes the form

Rl st X (133)

2e2 My

At the same time, the property of covariance of the
canonical coordinates [see (19) and (79)] is lost even
for free particles.!”'!'® We find the corresponding
correction to the two-particle potential U/{’. To com-
pensate the additional term in the second Poisson
bracket of Eq. (128), the correction U!}’ must contain
a term which depends on the particle spins and, as is
readily verified, has the form

qar 1 Sa S0 )., 7
Udh =g {( 3 — 5 ) % s Pas UiS}.
In addition, a spin dependence may also be contained

in the Galileo-invariant functions ¢,, and u,,, and also
(for N = 3) in the corresponding many-particle functions.

(134)

We note that systems of particles with spins have
been studied little in the Newtonian and Lagrangian
approaches; first results were obtained recently in
Refs. 141 and 142.

Quantization. The transition from the classical
quasirelativistic Hamiltonian H to the quantum H can
be made in the same way as in nonrelativistic theory,!*3
i.e., by means of the substitution

P> — il ==, {f, 8> — 5 f. 8], (135)
where p is the momentum canonically conjugate to q.
A nonuniqueness arises on the symmetrization of ex-
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pressions containing products of functions of the coor-
dinates and functions of the momenta. (Such symmetri-
zation ensures Hermiticity of the operator H.) Without
going into an analysis of this problem in the case of ex-
pressions bilinear in the momenta, we use the method
of symmetrization adopted in Refs. 6 and 68. Applying
it to the expression (118), we obtain the Hermitian
operator

19 ~
171 [ Pa_. P!x © L7 Pu L)
] 4 Vg Tmy Ui+ U my  mpy
AN A 1 dUN 1
o r AL WL S
p" (p an) Fan Fakiys dr s g T al,
At Kigclar] it TR
X dren Yab (Farla) Py | — - _.—a)'iqz;

72 R ) ( Do Py ) ( P 0 1 d
. e L S O4Pap
+qab( m?, "\ g e my ( mg mp )r b) Tab 7 Tab drap

-+ 2 %5 rab(rab( P *i)) (i]—“-‘-jb—)'Pumm (136)

Tab drap mg mp mq ' mp

where #,, is obtained from u,,, by the same quantiza-
tion procedure. If for u, we write, as is usual,

1 P Py \?
uiaugﬁ{(ﬁ—m—b) @ap (Fap)

+[r“b{:: —7',%” Bap (ran) + vau ( a’)} (137)

where a,,, B4, andy,, are arbitrary functions of 7,
then

Vabss

!’;mb: T}f {('E‘T’;"‘%ﬁ )2 Zap {rcb} + gy (rub) (';Ei "‘ﬁ)g

' mp
+(ﬂ_iJ(

Po P
Mg I \ (W_ mz )rab) Fab) ﬁah (" nb
Pa D Pa Db
( M _7:%]) (m_a— m!a )) Vab r“")} (138)
If we proceed from the classical expression (126), to
which we add the correction (134) to take into account

the presence of spins of the particles, then by means
of the substitution (135) we obtain the operator

+ Ba (Tap) Tap { Toy

::]hh=_ 1 {Paﬁ Uw—

M! 2M o (rabPab}(Pannb)

+ (&abPub) (Pabrub)

Ul

Hah £ = D
Udl —m [(rasPap) 78 + 735 (vapPas),

st b s nnlhe
1= S [ Buol — g [ (e — 22 )
X nabPabr Uﬂb’]} ‘!’ﬁlabu (139)

which is in complete agreement with the results of
Foldy and Krajcik® obtained by solving the quantum
Dirac problem in the ¢ approximation.

The transition from the two-particle system to the
many-particle Hamiltonian is made in the post-Newto-
nian approximation of quantum mechanics in the same
way as in the classical theory, i.e., on the basis of the
superposition principle.

Geneval case of the quasivelativistic approximation.
We mention briefly the complications encountered by an
approximately relativistic theory of direct interactions
if one goes beyond the framework of the post-Newtonian
approximation considered above. We begin with the
first approximation in ¢ in the case of interactions de-
scribed in the nonrelativistic limit by velocity-depen-
dent potentials U'"’. Then it can be seen from Egs.

(94) and (95) that in the Lagrangian formalism ¥‘"
contains velocities, and the function U'"’ depends es-
sentially on the accelerations, i.e., the terms with the
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accelerations cannot be eliminated by adding a total
derivative in the time, so that the Euler equations are
of higher than the second order. Since the higher deri-
vatives will occur in them only in small terms, they
can be eliminated by means of the nonrelativistic equa-
tions of motion, as a result of which we arrive at sec-
ond-order equations. Such an elimination can also be
made in the integrals of motion (67)-(70), but, as we
have already noted, it is not admissible in the Lagran-
gian which occurs in the variational principle.

The general solution of the system of equations (94)—
(96) in the considered case containing derivatives of not
higher than the second order was obtained in Ref. 136.
For a system of two particles, U!’ has the form

pi Uﬂ
U® = - { —2v v U - [FanVa) Vo4 (xapvy) Vol 79,- :
+ (Vi — ViVa + 3 (Vavy) Vg

Uy

ey Va - Tap Vo) (Va + Vo)l - o

v} -+t (140)

We shall not write out the corresponding equations of
motion of Newtonian type or the conservation laws,
which can be found in Ref. 136. Also given in Ref, 136
are the analogous results for the post-post-Newtonian
(or second post-Newtonian) approximation, which takes
into account corrections of order ¢™ in the case of a
nonrelativistic potential U‘® =u,(r).

In the Hamiltonian approach, Eqs. (128)-(130) for
Ug,p) and ¥''%(g,p) differ from the post-Newtonian
equations in that U‘Y =7"(g,p) and the canonical coor-
dinates ¢! cannot be identical to the physical coordi-
nates.

In the case of two particles, the general solution of
the system (129)—(130) has the form (in Ref. 6, these
results are obtained in the quantum variant of the
theory)

Wi = Ry, Ul + O, (141)
where
o 1
D = —— 55— O (Pass Tt Tap) = —~—5 {Rapy 0o}, (142)

o 3P,

and 6,, is an arbitrary scalar function of the indicated
variables that is symmetric with respect to interchange
of the indices @ and b. [In (127), we had a special form
of this function.] The corresponding general solution of
the system of equations (128) has the form (126) except
that the function 6,, is not determined by Eq. (127). All
these results can be transferred in the standard manner
to the quantum theory, in which the operator U}’ is
given by (139).

It is clear that the transition from the Lagrangian to
the Hamiltonian formalism cannot be made in the con-
sidered case by means of a standard Legendre trans-
formation, because of the essential dependence of the
Lagrangian on the accelerations. The investigation of
these very interesting questions goes beyond the scope
of the present paper.

For U =0 ‘(r,v), an important difference arises
between the Lagrangian and Hamiltonian descriptions in
the quasirelativistic approximation on the transition to
N -particle systems (N = 3). In the Lagrangian formal-
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ism, two-body nonrelativistic potentials of the form
(97) correspond, in accordance with (99), to solutions

" describing two-body quasirelativistic potentials, but in
the Hamiltonian approach the situation is different,
since, substituting the superpositions (97) and (98) with
functions ¥{!) of the form (141) in Eq. (128), we obtain

in the last Poisson bracket triple sums of the form
222 {RaUh, Ust}.

a<b<e

Therefore, for many-particle systems the correction
U to the two-body nonrelativistic potential necessar-
ily contains three-particle terms.®

From the point of view of the Lagrangian formalism,
the presence of many-particle corrections to the inter-
action Hamiltonians in the general case of the quasi-
relativistic approximation is due to the circumstance
that the Hamiltonization of the theory is more com-
plicated because of the presence of higher derivatives
in the Lagrangians, which, in particular, leads to the
appearance of many-particle interaction Hamiltonians
corresponding to two-particle interaction Lagrangians.

4. RELATIONSHIP TO FOKKER-TYPE ACTION
INTEGRALS AND THE FIELD APPROACH

A basic feature of the approach presented here to the
construction of a relativistic theory of direct interac-
tions is the striving to find the general structure of the
corresponding expressions (Lagrange functions, canon-
ical generators, equations of motion, conservation
laws) on the basis of certain natural requirements
(Poincaré invariance, separability of the interactions,
etc.). This generality is reflected in the presence of
certain arbitrary functions, in particular, the func-
tions u,, and ¢4, in the expressions for the quasirela-
tivistic interaction Lagrangians and Hamiltonians ob-
tained in the previous section. In other words, our ap-
proach establishes a general framework within which
the descriptions of particular systems and interactions
must be realized but does not give indications of the
concrete choice of the arbitrary functions that must
be made for each particular object. Ultimately, only
experiment can answer this question; however, here
too the theoretical analysis must serve as a basis of
certain recommendations.

In the development of such recommendations, an im-
portant part can be played by the solution of the rela-
tivistic (or quasirelativistic) inverse scattering prob-
lem (the recovery of the potential from the S matrix);
in the framework of quantum relativistic Hamiltonian
theory, this problem was investigated by Sokoloy 44
Another possibility is to compare the “forces” or po-
tentials of the theory of direct interactions with the
corresponding expressions obtained in the framework
of the field-theoretical approach by means of system-
atic elimination of the field variables. Such an elimina-
tion (for example, by means of the Lienard-Wiechert
potentials in electrodynamics) can be made in the equa-
tions of motion of the particles, in the action integrals,
in the Lagrangians, or in the Hamiltonians. For sys-
tems of particles with electromagnetic interaction, this
procedure was used in classical theory in Refs. 145—
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151 (see also Ref. 152), and in quantum theory in Ref.
153 and many other papers (see the reviews of Ref. 2,
and also Ref. 154); for systems with arbitrary vector
or scalar interaction, it was done in Refs. 155 and 156,
respectively. For systems with gravitational interac-
tion, the transition from the description of the motion
of bodies in the framework of the general theory of
relativity to a description in terms of direct interac-
tions was investigated in the first and second post-
Newtonian approximations in Refs. 86 and 157-162.
The case of a combined gravitational and electromag-
netic interaction was considered in Ref. 163. As ex-
amples of the use of quantum field theory for a similar
purpose, we mention the review of Ref. 164, which is
devoted to a discussion of the one-boson exchange po-
tential of the nucleon-nucleon interaction, and Ref.
165, in which the elimination of the field variables
leads (in the framework of a simple model) to a set of
generators of unitary representations of the Poincaré
group expressed in terms of the variables of the par-
ticles.

A convenient intermediate link for comparing the re-
sults of the theory of direct interactions and field ap-
proaches is the formalism of Fokker-type action inte-
grals mentioned in Sec. 2. This formalism is based on
an action of the form

8= —Zm,e \ dt, Vul

a

,A.i? §<2h '\ dt, \ AT, A gy [0 (Ta) — 23 (T3), 1a (o), u ()], (143)
where x,(7,) describes in four-dimensional form the
parametric equations of the world lines of the particles,
u, =dx,/d7, is the 4-velocity, and A,, are arbitrary
Poincaré-invariant functions constructed from scalar
products of the 4-vectors indicated in (143).

Use of the four-dimensional, manifestly Lorentz-
invariant expression (143) is the basis of a different
approach to the construction of a one-time Lagrangian
formulation of the relativistic mechanics of a system
of particles developed in Refs. 134, 135, and 166-169
(see also Ref. 32). The most general structure of the
post-Newtonian interaction Lagrangian corresponding
to (143) was tirst obtained by Woodcock and Havas.'®
By means of a somewhat different method proposed in
Ref. 135, and proceeding from more general expres-
sions for the function A,,, Klyuchkovskii'®®''¥ found the
general form of a quasirelativistic (to accuracy ¢™)
Lagrangian for interactions described in the nonrela-
tivistic limit by velocity-independent potentials, the
corrections of order ¢ corresponding to the static
nonrelativistic limit, and also the interaction Lagran-
gian in the linear approximation in the coupling con-
stant. In Refs. 168 and 169, Tretyak and the present
author formulated a general procedure for finding a
one-time relativistic interaction Lagrangian, the equa-
tions of motion, and the conservation laws from a given
function A,,. They also showed that the results obtained
in this manner satisfy the conditions of Poincaré invar-
iance of a Lagrangian description of a relativistic
system of particles as considered in Secs. 2 and 3 of
the present review.
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For the present purposes, the most interesting fact
is that if the function A,, in the integrand in (143) has a
certain structure the Fokker formalism corresponds
in a certain sense to field-theoretical descriptions.
More precisely, it is equivalent to theories of “ adjunct
fields,” ***'3 in which there is no self-interaction or
radiative reaction. (See Refs. 170 and 171 for the con-
nection between these theories.) Such theories are bas-
ed on an action (143) with a function A, of the
form?2? 13431

. 1-n)/2
Ay =AY = g.gy (aup)™* (i)~

(g (g —2p)) (w0 (2, — J‘b” Gni) [(za —ap)?

1, (144)

where g, are constant numbers, the coupling constants,
1=0,1,...,n, the number » characterizes the spin
(rank) of the carrier field of the interaction, and G is
the Green’s function of the corresponding field equa-
tion. The values =0 and 1 correspond to scalar and
vector interactions?’; a special case of the latter is the
electromagnetic interaction described by the func-
tion2? 2!

A-l!n = eqey, (Uqg, Up) & [(-ra "zb}ilx

(145)

(where e, are the charges of the particles), which cor-
responds in the field description to the half-sum of the
retarded and advanced Lienard-Wiechert potentials.
(For the so-called total absorption conditions,*® which
ensure equivalence between this and the ordinary ap-
proach containing purely retarded fields and the Dirac
radiative reaction,'”"'™ gee Refs. 174, 22, and 175.)
Similar theories were also constructed for arbitrary
scalar and vector interactions,’’ the linear approxima-
tion of general relativity,*®*!"8!"" which can be regarded
in terms of the theory of direct interactions as a sca-
lar-tensor linear combination,

H==200 " —AE Y, (146)

and also for one of the models of the weak interaction!"®
and a number of other systems.

We shall restrict ourselves below to the field-theo-
retical interpretation of the post-Newtonian interaction
Lagrangians and Hamiltonians considered in Sec. 3.
First, we find the connection between the expression
(105), (137) obtained there and the result of Ref. 134
found on the basis of Fokker action integrals. The con-
nection is expressed by the relations

F::zf."‘" = 2286V a13 Tob = GaloWan/2;
W gp/2);

L ] R L
2rq drgy /' VOET T

Can= —Ea85 (Vep -+ Xqp—

(147)

PBar = &e ( —Yaut

The functions V,,(#,3) s Was(#as) s X 06 (%as), ¥ 05(#45) can be
expressed in accordance with the formulas found in
Refs. 134 in terms of the function A,,. If the latter has
the form (144), then the nonrelativistic potential is de-
termined by the equation

U 1y= 2y \ a6 Y (00 —r2y) (148)
and is identical to the Coulomb (or Newtonian gravita-
tional) potential if G(’"” is the symmetric Green’s func-
tion of the d’Alembert equation, and to the Yukawa po-
tential in the case of the field described by the Klein—
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Gordon equation. For the correction U!}’, the follow-
ing expression is obtained: '

(1) 1) .2 1 7700
Usin,n = —5 {IVa- Vo — (n—1) v U s, z)—[(l'ab-\' ) Xy~ V)

$ 30D o yovp] L2 (449
Note that, as follows from comparison of (149) and
(105), @,4(7,,)=0; therefore, to all interactions that
admit a field interpretation there corresponds in (103)
a function ¥}’ of the form ¥/}’ =} (x,+x,)U%’; in con-
nection with this, the terms UJ}},,; that are noninvari-
ant with respect to Galileo transformations have the
same form for all interactions. The Galilieo-invariant
terms U,}{, ;) corresponding in (105) to an arbitrary
funetion u,,(r,,,V,;) are uniquely determined by the
Newtonian potential and the pair of numbers # and [.
In particular, for scalar, vector, and tensor (second-
rank) interactions, we have, respectively,

0 !
uin = 2 = U ) =ul =0 (150)
11{12 u]—;”ﬁb”— ) L’w. (151)

(0)

(2.2 T e TR 4 dU
u'h ):-._,_cj [Um'i o - 5 Fap- Vo) — —ﬂﬁ.zh—] (152)

We consider the more general case of direct interac-
tions which can be associated with a superposition of
different fields. Suppose

Nav=2 alli AT Dty (153)
ni nl
where a'"’ are constants. If all terms A" of the

sum (153) are associated with the same functional form
of the nonrelativistic potential U{)’, then from (149)
and (153) we obtain

1 Dr=(1) . 42 (0)
vt b zﬂ'm Df" n.ip= “i“"‘:’a.‘.b::b)yﬂb

— {(va

auf)
= [(Fai Va) (Fap - Vi) =+ By (Tan+ Van)*] b_d_raT}'

(154)

where A,, and B,, are constants (not necessarily inte-
gral) determined by the formulas

rﬁ,Al !
Wl 2_. (17})}0'" !J, Boy= 3\ i 11 (. n
n ! n. (

(155)

It follows from (154) that the field-theoretical inter-
pretation of a given post-Newtonian interaction poten-
tial is not unique, since the fixed pair of numbers A4,,
and B,, can be obtained in accordance with (155) in dif-
ferent ways. We illustrate this assertion by the exam-
ple of the part of the Einstein-Infeld—Hoffmann Lagran-
gian linear in the interaction (see for example, Ref.
152), when A,,=-3,B,,=0.

We give the two simplest methods of realizing this
case:

2,0)
ﬂ(cb =

(n, 1)

0. 0)
1) ald V= — =20y =0" ‘for
Le
‘

1
2) a(u I rI'(LO)

1l =

=20, 2, =0

alr V=0 for ns=0.1, 1s=0.

Thus, the post-Newtonian gravitational interaction can
be interpreted in the linear approximation as a super-
position of either scalar and tensor (second-rank)!’" or
scalar and vector interactions.'®

Qur results can be transferred in the standard man-
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ner from the Lagrangian to the Hamiltonian formalism
and to quantum mechanics. If we use the expressions

(126), (127), and (139) for the post-Newtonian correc-
tion to the potential, then it follows from the equation

©,,=0 that

(156)

and for the functions #,; in the special cases consider-
ed above we find in accordance with (125) and (150)~
(152) and using the equation g, = 4V,

Bap = —%ap (r-ab Pgs) Ugg)-lzv

0 4 1 2 (0)
S 2="'I-lub[( May  pov )n"bU
414 dUaJ:
M b (rub JI[ah) Tab d?‘nb :Il (157)

(0)
~O0) = (Y 1 2ip(0) 1 U ] 4
Uidh ' =Uiah = papr—u— [ﬂuz.Uui. (- Tap)* = | 4 (158)
~2,0__zn__ 1 1 (0)
uiub —u'sab —m[(E;J.— b )‘IabU.u
dUﬂ'b -
=M (rcb 'Tnb) Tab  Tab J 1 (159)
¢ i 1 ey A 2 py(0)
Uiah _252}"@[(_-‘“00 m) Tl oy
2 1 g 1 G0
+(m“‘rﬂ)("ub'-’fﬂb) ok dr (160)

Corresponding expressions can also be written down
for the quantum-mechanical operators i ,,.

We consider as an example the important special
case of the interaction of two point charges, when
U =¢e,/r,,. In the operator (139), we use the ex-
pression (156) and choose the Galileo-invariant opera-
tor #,, in the form

= Teqep ( 6 1 1 )
Uius = S e
tab 2¢t mamp m2 mj, 8 (ran)
eqep T, 1 1 2 1 ;S
—T:;"*,."?Li‘?“ub'[—( -,——)Sc—i-—- '_"'—)Sb:l
b ma \ mq my mp \ my Mg
_afb [Sa'Sy  3(Sa-Tap) (u-tap) _ B . o 8 (ra)
Vomgmpe? | T "%y 3 2a'Sb abl+

Then after transition in (139) to the momenta B, and
p,, we obtain the expression

F(1) £aeh
Uiy'= —T{-;Tn; rd,,rpa Ps- «—r ab (Tap* Pa) pa]
TabX Pa'Sa _ Fah X Pa-sh 2 R Y
i ”‘a = m% '"ambrs [ pa sb Tap > PL'Sn]
; 2
- ol (n Ly ) 8 (rab) mamb

5 Sq 8y 3 (8q°Tap) (Eb Fab) 8n .
'4[ =1 ST r3p ‘—Tsa sbé (rab)J}.

Setting here s,=1/2#0, (0,; are Pauli matrices), we
arrive at the expression for U}’ which determines the
correction of order ¢ to the Coulomb potential in the
Breit Hamiltonian.'®®"'™ We note that the other method
of symmetrizing U}’ in accordance with

PatPoif (Fap) —*-:1.,-' [Paif (Yap) Pyj+ Pojf (Fap) Pajl

also leads in the considered case to the Breit Hamil-
tonian if in the brackets of the first term of the opera-
tor 4 the term 6/(m, m,;) is omitted.

We should emphasize once more that for all interac-
tions that have a field interpretation the function 6,, is
determined by (156) and, thus, is nonzero when P,;
+#0. Therefore, in many-particle Hamiltonians H, the
corresponding term of the two-particle potentials U,
always makes a contribution to the dependence of H on
the center-of-mass motion of the two-particle subsys-
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tems with m, #m,. This circumstance was not noted in
Ref. 18, in which the terms of this type were incorrect-
ly set equal to zero in a study of electromagnetic inter-
actions.

5. QUASIRELATIVISTIC CENTER-OF-MASS
VARIABLES

The theoretical investigation of a system of interac-
ting particles very often requires a separvate study of
the motion of the system as a whole in which one ab-
stracts its physical properties from its complicated
structure and internal motion, which together with the
interaction of the particles determines the structure of
the system. For such separation of the internal and ex-
ternal motion, it is necessary to associate the system
with a set of quantities that characterize the system

“as a whole,” i.e., quantities (which may be called ex-

ternal variables) in terms of which the description of
the motion of the system as a whole has the same form
as for a single particle. In nonrelativistic mechanics,
such a set is provided by the radius vector R of the
center of mass and its velocity R (in the Newtonian and
Lagrangian formalism) or momentum P (in the Hamil-
tonian approach). In addition, a nonrelativistic system
as a whole is associated with a mass M and intrinsic
angular momentum § =J - RXP, which are determined
by its internal structure.

We mention three important properties of the coor-
dinates R; of the nonrelativistic center of mass that it
is desirable to preserve in a relativistic theory:

1) for a closed system of particles, the point with
coordinates R; moves uniformly and rectilinearly in any
inertial frame of reference;

2) the same point of space corresponds to the quanti-
ties R determined in different frames of reference,
i.e., the coordinates R; transform in accordance with
the Galilean formulas,

3) the set of quantities R;,P; can be used as canonical
variables because they satisfy the corresponding com-
mutation relations.

As was shown by the analysis made by Pryce''® (see
also Ref. 179), there does not exist a relativistic gen-
eralization of the center-of-mass concept possessing
the three properties (when the Galileo transformations
are replaced by Lorentz transformations) for systems
with nonvanishing intrinsic angular momentum 8.'" We
shall restrict ourselves to three generalizations which
preserve property 1, the very essence of the concept.
In the terminology of Fleming,'™ the generalizations
are the center of mass, the center of inertia (in Ref.
181, it is called the proper center of mass), and the
center of spin; they coincide when 8 =0. The center of
mass Qgy (it would be better to call it the center of
energy) is determined in an arbitrary inertial frame
by analogy with the Newtonian concept and with allow-
ance for the Eingtein relation between energy and mass.
The coordinates @&, do not (when 8 #0) have the proper-

15)The same difficulty arises in the description of a single
particle with spin,178-180
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ties 2 and 3 (see also Ref. 152), The center of inertia
Qc is & point that coincides with the center of mass in
the center-of-mass frame (P=0); by definition, @},
are obtained in an arbitrary frame of reference by
means of a corresponding Lorentz transformation, i.e.,
the coordinates @&, are covariant. Although it has the
property 2, this concept violates (for 8 #0) condition 3.
Finally, the center of spin Qqg or canonical center of
mass, whose definition will be given below, is charac-
terized (for S #0) by noncovariant coordinates (violation
of condition 2) that possess property 3. In quantum
mechanics, the coordinate @&g corresponds to the so-
called Newton-Wigner position operator (Ref. 180; see
also Ref. 182). The form of the equations that deter-
mine @; depends on the form of the dynamics; as above,
we restrict ourselves to the instant form.

The relativistic (or quasirelativistic) problem of
separating internal and external motion has been in-
vestigated (by various authors) only in the Hamiltonian
formalism (see Refs. 9-11, 48, 52, 67, 183, and 184),
and therefore we shall use below the center of spin Qgs.
Bearing in mind that this expression is not generally
used, we shall call it by the traditional term “center of
mass” and denote it by Q. This problem has hardly
been investigated at all in the Lagrangian formalism of
relativistic mechanics.

From the formal point of view, the problem of sepa-
rating the motion of the system as a whole from its
internal motion consists of finding a set of center-of-
mass variables, some of them being the external vari-
ables @;,P;,S;, while the remainder describe the in-
ternal motion. We denote the internal variables by
(p,7,0), where p and 7 correspond to canonical coordi-
nates and momenta and ¢ to the spins. If we proceed
from the individual variables of individual particles
(a,p,s), which were used above, then to solve the prob-
lem it is necessary to find the transformation formu-
las

F: (q. p. 5—=(Q, P, S; p, . 0). (161)
On the other hand, the solution of Dirac’s problem can
be sought from the very beginning by postulating certain
relativistic center-of-mass variables, as is done, for
example, in the Bakamjian—-Thomas model.®” However,
because the physical meaning of these variables is not
clear, even in this case it is important to establish
their connection with the particle variables in the form
of the transformation F™ that is the inverse of (161).
In the literature, both methods—the direct and the in-
verse—are used. In a strictly relativistic theory, the
transformations are known for arbitrary N only for
noninteracting particles.!® We shall restrict ourselves
here to the quasirelativistic approximation, in which
center-of-mass variables for an N-particle system
can be constructed for an arbitrary interaction of the
particles. For some special types of interaction, the
corresponding transformations were found in Ref. 186,
and for the general case in Ref. 9. We shall discuss
briefly the basic assumptions and results of Ref. 9,
which is a study in the framework of quantum mechan-
ics.
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Suppose the generators!® T, J, H, and K are ex-
pressed in terms of the individual particle variables
Qq, Py, and s, by Egs. (35)—(39) and (71) or, in the
quasirelativistic approximation, by Egs. (35), (38),

.(114), and (115). The original requirement for finding

center-of-mass variables formulated in Ref. 9 is that
in the required variables the above generators have a
“single-particle” form. In other words, they must be
expressed in terms of @, P, and$S by the same formu-
las as the generators T,,J,,H,,K, in terms of qg, Py
and s, [see (35)-(39)]. The part of the particle rest
energy m,c’ must here be played by the internal Hamil-
tonian & of the complete system, i.e., the Hamiltonian
H in the center-of-mass system (P =0), which is the
self-energy of the system, while the part of the spin of
a particle must be played by the intrinsic angular mo-
mentum 5§ =J -QXP of the system, i.e., J in the cen-
ter-of-mass system. Thus, in the required center-of-
mass variables, these generators must be expressed
by the equations'?

T=P @@; J=Q<P-S (b); (162)
H=) FTEP @) K= —tP+ o (HQ+ QH)— S5 ) (163)

which can serve as the definition of the canonical center
of mass @; regarding (162) and (163) as a system of
equations for @, P, 8, and k, we can readily express
the “external” variables in terms of the generators and
show that property 3 of the coordinates @; is a conse-
quence of the commutation relations of the algebra

AZ. 1t also follows from these relations that i and S
commute with Q and P, i.e., they are functions of the
internal variables alone. In addition, 2 commutes with
all the generators of the group 4.

The generators T and J, expressed in terms of the
center -of-mass variables, preserve their form (162) in
any approximation in ¢, and the expressions (163) in
the first approximation in ¢ can be represented in the
form

=y 8 5 B P
H=Me+0"+ e + 2 — sy 2@
— - 0 (e = Mt O BV o () (164)
-8, : KON pag._QP: S P
Retbp (AT a iR
+o () =K LK"Y 1o (). (165)

Thus, the problem reduces in the first quasirelati-
vistic approximation to finding a transformation (161)
as a result of which the expressions (35), (38), (114),
and (115) take the form (162), (164), and (165), respec-
tively.

The method of constructing relativistic (in explicit
form, only quasirelativistic) center-of-mass variables
proposed in Ref. 9 uses two successive steps. The

16)o distinguish the canonical generator of spatial translations
from the variable P, with which it is actually identical, we
denote it by T.

1")The second term in Eq. (163.b) is given in a symmetric
form, which makes it possible to interpret the generator K
in terms of either classical or quantum mechanics. To sim-
plify the expressions, the “hat” over the operators is omit-
ted here.
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first is the transition from the particle coordinates to
nonrelativistic center-of-mass variables, this being
made in accordance with the equations
LR A 28 Mafa
P=Y'p;; Q=7 —iri

8= (Pa > Wa+0,); (166)

GW=Pa+Q Po=+TEP; s,=0, (167)

in which the internal variables p, and 5, (respectively,
the positions and momenta of the particles with respect
to the center of mass), which are not independent vari-
ables, satisfy the relations

Zmapazo; 2“020' (168)

The second step is to go over from the nonrelativistic
to relativistic center-of-mass variables by means of a
certain unitary (in classical mechanics, canonical)
transformation:

g = exp (iD) (pa+ Q) exp (—iD); (169)
Pa == exp (i®) (7 + & P ) exp (—i®); (170)
s, = exp (iD) o, exp ( —iD). (171)

The operator @ is found on the basis of the requirement
that substitution of (169)—(171) in the generators of the
group Z, expressed in terms of the particle variables,
reduces the generators to the single- particle form (162),
(163). Representing & in the form of a series in ¢ (@
=&+ ' + +++), Krajcik and Foldy® show that by vir-
tue of the commutation relations of the algebra AZ the
system of equations for & that follows from this re-
quirement always has a solution. Toterms of order ¢™2,
we have’

o = 1;
OV = — ot 3 (i 1pa-P) (74 P) - (P-7,) (P-py)]

1 20 1
= g7 P P) 73+ (P po) ] — 57 6, ﬂa'P}
P
g ‘{dp.wrn;,%n‘“, (172)

ey T

where

wih =W _g0q e,

(173)

where 1" is an arbitrary scalar function of only the
internal variables. To the same accuracy, we find
from (169)—(171)

202 2mp M
"
(1) .
“_11 -i[—_,i-[- \ AP wit) — [i¢4h 9“1*‘ ofe  (174)
[}
m i g @3 Eenles 5 o
Po=a-t 77 P“m(m“x—llm 2 ) P
1
i (“'.1]“ | aP-wi) — 13D, :ta] Lo (e (175)
g
" L ¥
o =0y — XD i [ | ap-wh —1Y, gq] - 0(c2).(176)
0

The corresponding formulas that express (Q,P,S,p.7,
o) in terms of (q, p,s) can be readily obtained by in-
verting the transformations (174)—(176) using the rela-
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tions (168).

Substitution of the expressions (174)—(176) in the
generators (35), (38), (114), and (115) leads to Egs.
(162), (164), and (165), and for 8, as in the nonrela-
tivistic limit, the expression (166) is obtained, and the
first two terms in the expansion of the internal Hamil-
tonian h=Mc? + " + "’ + 0(c?) can be calculated in
accordance with the formulas

) __ g -(0)
1) —Zﬁ;“’ ; (177)
i) s 4 oy T N (Fa-P) ( T3 T :t,,-P)
M 8mider £ maMe? \ 2m, ¢ 2M
. pagt® ONET L)
e R L (178)
where
U =U (gu=p+Q Pa=a+-P; 8,=0,). (179)

Although (178) contains the external variable P, the
expression k'’ does not in reality depend on P, as can
be seen by calculating the commutator in (178). The
relations (172)—(179) can also be interpreted classi-
cally if the quantum Poisson bracket is replaced by the
classical one and the commutativity of all classical
variables is taken into account.

The presence in the obtained expressions of the arbi-
trary function [1‘" of the internal variables should be
noted. (It can include purely kinematic terms as well
as terms that depend on the interaction.) As a result,
these expressions determine an entire class of quasi-
relativistic center-of-mass variables; the choice of
the function ‘!’ can be exploited to simplify calcula-
tions in concrete problems.

A somewhat modified approach to the problem is of
interest, in which independent nonrelativistic center-
of-mass variables, namely, canonical Jacobi variables,
are used as the zeroth approximation; the correspond-
ing quasirelativistic center-of-mass variables also
form a set of independent canonical variables. For N
=2, they are constructed in the framework of classical
mechanics in Ref. 11; for N=3, they were introduced
in Ref. 187 by postulating in the center-of-mass sys-
tem the same relations between the independent quasi-
relativistic center-of-mass variahles and the dependent
variables considered above as hold in nonrelativistic
mechanics for the Jacobi variables. The systematic
construction of quasirelativistic center-of-mass vari-
ables of Jacobi type for arbitrary N will be considered
in a separate paper (see also Ref. 188). In a strictly
relativistic theory, the introduction of collective cen-
ter-of-mass variables is a very complicated problem.

We make two further comments about quasirelativis-
tic center-of-mass variables. The first concerns the
transformation formulas (174)—(176), and also the in-
verse transformations in the center-of-mass system.

If we ignore the presence in them of the arbitrary func-
tion ‘!, which can be set equal to zero, then for P

=0 the relations (174)—(176) coincide with the nonrela-
tivistic transformations (167) except for the term —w'!’/
M in Eq. (174). Since this term vanishes in q,,=q, —4,,
the transformation of the translationally invariant
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Hamiltonian of a closed system of particles from the
particle coordinates to the center-of-mass variables

in the center-of-mass system, P=0, is actually made
in accordance with the nonrelativistic formulas. Be-
cause of this circumstance, the widespread use in the
literature of the nonrelativistic center-of-mass vari-
ables in quasirelativistic Hamiltonians to separate the
internal motion does not lead to errors if it is done
only in the center-of-mass system. Such an approach
is no longer justified in the deseription of nonclosed
systems, when P #const, so that in such a case it is
necessary to use the complete transformations (174)-
(176). This leads to specific relativistic effects, which
until recently were ignored (see, for example, Ref.
189, in which the transformations (174)—(176) are used
to calculate the relativistic corrections to the amplitudes
of electric and magnetic dipole single-photon transitions
in systems of particles with electromagnetic interac-
tion).

A second remark is associated with w'!’, which oc-
curs in the formulas we are discussing and is express-
ed in accordance with (173) by the functions ¥‘! and
U, which describe the interactions of the particles.
If w20, then the formulas for the transition from
the particle variables to the center-of-mass variables
contain terms which depend on the interaction, i.e.,
in contrast to the nonrelativistic transformations, they
are not purely kinematic. In particular, for a system
of two particles the condition w''’ =0 is equivalent in
the post-Newtonian approximation to the equation

nig— My, (0}
Pab =337, Uess

as can be seen by comparing (173) and (103). This con-
dition is certainly not satisfied for all interactions
which admit a field interpretation (in particular, elec-
tromagnetic interactions; see Ref. 118), since in this
case ¢,, =0 (see Sec. 4).

If we consider many-particle systems (N = 3), then
the equation w'!’ =0 corresponds in the post-Newtonian
approximation to a function ¥‘! of the form (132) with
coefficients o, =m,/M. However, as we know, this
form of the function ¥‘*’ contradicts the condition of
separability of the interactions. Thus, the transforma-
tion from the particle coordinates to the center-of-
mass variables in the quasirelativistic approximation,
and a fortiori in the higher approximations and in the
exact theory, can be kinematic in nature only in very
special cases. In other words, the solution to the
quasirelativistic problem of separating the internal
and external motion depends on the particular system
of particles: The corresponding transformations to
the center-of-mass variables contain functions which
describe the interparticle interactions.

From the formal point of view, these transforma-
tions can always be reduced to a form in which the
interaction in the system is not reflected. This is due
to the possibility of using canonical (in quantum mech-
anics, unitary) transformations that describe the re-
placement of the original variables g,,p, (in the post-
Newtonian approximation, we took q,=x,) by new vari-
ables §,,p,, in which w'"’=0. However, as was noted
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in Ref. 9, a transformation of this kind involves a loss
of the clear physical meaning of the employed variables,
and therefore use of such variables requires a certain
care.

CONCLUSIONS

Summarizing, we can say that the various treatments
in the literature of weakly relativistic systems of par-
ticles (classical and quantum) can be combined in the
post-Newtonian approximation in the framework of a
unified quasirelativistic (classical or quantum) mech-
anics of systems of directly interacting particles; this
mechanics is based on clear physical concepts and
well-defined basic propositions. The mathematical for-
malism of this theory is more complicated than the
one used in nonrelativistic mechanics and requires
further development. In particular, the quasirelativis-
tic equation of Schrédinger type is an equation of fourth
order (the Hamiltonian contains fourth powers of the
momenta), which leads to certain difficulties.!® In
our view, it would be interesting to make a more de-
tailed study of the class of canonical (unitary) trans-
formations that do not violate the covariance of the
canonical coordinates in the post-Newtonian approxi-
mation but nevertheless change the form of the poten-
tials; this problem is intimately related to the physical
interpretation of quasirelativigtic Hamiltonians, i.e.,
the problem of finding definite expressions for the po-
tentials for particular systems. At the present time,
the relationship between the classical Hamiltonian
approach and the quantum approach is not clear, i.e.,
turther study of the quantization problem (the nonuni-
queness of symmetrization) is required. In this con-
nection, it would be interesting to eliminate systemati-
cally the field variables in quantum field theory by a
procedure similar to that used in Ref. 165 in the case
of a particular model. It is to be expected that this
will yield in quantum theory results for the theory of
direct interactions similar to those established in the
classical approach on the basis of Fokker-type action
integrals.

Sokolov'?! has proposed a different way to solve this
problem, which consists of finding a classical limit of
the quantum-mechanical generators that preserves the
structure of the Poincaré group.

A separate problem that warrants attention is the use
of the results presented in the present paper to study
relativistic effects in systems that are not closed. Al-
though, strictly speaking, the relativistic theory of
direct interactions applies only to closed systems, the
use of approximate approaches can also be regarded as
justified for objects with internal structure subject to
external interactions. If the external interaction is due
to the presence of a massive particle, this case can be
included in the general scheme for closed systems if
the mass of one of the particles of the system can tend
to infinity. A more careful analysis of the interaction
with a radiation field is required.

18)For some problems in the quantum theory of scattering,
they are considered in Refs, 138 and 190.
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Besides the approximation in ¢ considered in the
review, it is also of interest to investigate other ap-
proximations in the relativistic theory of direct inter-
actions, namely, in the coupling constant (Refs. 37, 39,
76, 80, and 147) and in the ratio m,/m, when m, < m,
The study of these approaches is currently in its initial
stage.

We recall that our entire exposition has been based
on the instant form of dynamics. Some successes have
also been achieved in the development of the other
forms of relativistic dynamics—the point form (Refs.
8, 62, 73, T4, 191, and 192) and the front form (Refs.
61, 191, 193-195, and 16) (in Refs. 193-195 and 16,
the latter is used for calculations of specific systems,
namely, quark models of hadrons and scattering of
nucleons by light nuclei). It is therefore important to
investigate the quasirelativistic approximation in the
point and front forms of dynamics and to establish the
correspondence between the quasirelativistic quanti-
ties in the different forms of dynamics. It is to be ex-
pected that this will lead to recommendations regard-
ing the expediency of using ane or other form of dynam-
ics to study relativistic effects in different physical
objects.

With regard to the concrete applications of the quasi-
relativistic mechanics of a system of interacting par-
ticles, these were mentioned in the Introduction and we
shall not repeat them (see also Refs. 196 and 197). We
shall merely add here the remark that a systematic
study of relativistic effects in atoms and molecules has
recently begun; these effects are frequently very im-
portant for explaining the chemical properties of many
elements, especially heavy ones (see Ref. 198, where
there are further references). It would also be inter-
esting to develop quasirelativistic statistical physics,'®
which has been considered hitherto mainly in connec-
tion with systems of particles with electromagnetic
interaction.?®"** To construct the characteristics of a
system (partition function, distribution functions, kin-
etic equations), one can here use not only the usual
method based on knowledge of the Hamiltonian of the
system but also the Feynman formalism of path inte-
gration, which makes it possible to proceed directly
from the Lagrangian description.’? Such an approach
is worth using because in the limit N - the construc-
tion of the Hamiltonian of a system from a given La-
grangian entails considerable difficulties.??®+?" (This
emphasizes once more the important part that the La-
grangian formalism plays in quasirelativistic mechan-
ics.) Finally, systems of gravitating bodies can be
considered in terms of the quasirelativistic theory of
direct interactions in the post-Newtonian approxima-
tion; as is shown in Ref. 205, this approach encom-
passes all “viable” theories of gravitational interac-
tions of point particles considered in the framework of
the so-called parametrized post-Newtonian formalism.

I should like to thank V. B. Belyaev, at whose initia=-
tive the present review was written, and L. I. Kondra-
tyuk and S. N. Sokolov for valuable discussions and
comments. I should also like to express my sincere
thanks to Yu. B. Klyuchkovskii and V. I. Tretyak for
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