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First- and second-order Galileo-invariant systems of differential equations which describe the motion of
nonrelativistic particles of arbitrary spin are derived. The equations can be derived from a Lagrangian and
describe the dipole, quadrupole, and spin-orbit interaction of the particles with an external field; these
interactions have traditionally been regarded as purely relativistic effects. The problem of the motion of a
nonrelativistic particle of arbitrary spin in a homogeneous magnetic field is solved exactly on the basis of the
obtained equations. The generators of all classes of irreducible representations of the Galileo group are found.
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INTRODUCTION

The relativity principle and the Galileo transformation
have been known for more than 300 years. However, it
is only comparatively recently that the structure of the
Galileo group G and its representations began to be
studied. In 1952, Inoni and Wigner! described faithful
representations of this group. Bargman? was the first
to point out the fundamental part played by the projec-
tive representations of G in nonrelativistic quantum
mechanics. It is interesting to note that projective
representations of the Galileo group could have been
discovered much earlier, since Lie® already estab-
lished the algebra and invariance group of the diffusion
equation, which apart from constant coefficients is
identical to the one-dimensional Schrodinger equation
for a noninteracting particle. On the basis of the in-
variance algebra of the diffusion equation (or the Schré-
dinger equation) and using methods known since the be-
ginning of the century (Campbell’s formula, Lie’s equa-
tions), we necessarily arrive at the projective repre-
sentations of G, as we shall show below.

Lévy- Leblond®® began the systematic investigation of
the representations of the Galileo group and equations
invariant under it. Hagen and Hurley®" obtained Gali-
leo-invariant differential equations of first order de-
scribing the motion of a nonrelativistic particle with
arbitrary spin, These equations do not give a complete
description of the motion of a particle with spin in an
external electromagnetic field, since they do not take
into account such well-known physical effects as spin-
orbit coupling and the Darwin interaction. In many
books and papers, it is even asserted that such inter-
actions are purely relativistic effects and can be ade-
quately described only by means of equations invariant
under the Poincaré group (for example, Dirac equa-
tions).

The present review, which is based on papers (Refs.
8-14) of the authors, is devoted to the derivation and
systematic investigation of a new class of Galileo-in-
variant equations of motion for particles of arbitrary
spin. By means of these equations one can, as in
Dirac’s relativistic theory for the electron, describe
consistently the spin-orbit and Darwin interactions,
The obtained equations, which are a special case of the
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equations of Lévy-Leblond and Hagen and Hurley (the
LHH equations), form systems of first- and second-
order partial differential equations of parabolic type.

To obtain and analyze Galileo-invariant equations, we
use the algebraic approach developed in Refs, 15-17.
This approach is based on a general form of the gen-
erators of G and the commutation relations of the Lie
algebra of the Galileo group, and one uses it to find the
explicit form of the time-displacement generator (the
Hamiltonian) H, by means of which an invariant equa-
tion of the Schrodinger type is determined.

In principle, it is possible to construct a great many
different Galileo-invariant equations for particles of
arbitrary spin (which is also true of realistic equa-
tions) which are equivalent in the absence of an inter-
action. Therefore, it is important to have criteria to
distinguish those that permit the most complete de-
scription of physical reality as, for example, in the
case of the interaction of a particle with an external
electromagnetic field. In the paper, we find a neces-
sary condition which must be satisfied by first-order
equations that describe the spin-orbit coupling of a par-
ticle to the field. This condition can be formulated as
the requirement (not satisfied by the LHH equations)
that the generators of the representation of the homo-
geneous Galileo group, realized on the solution set of
the invariant equation, be nilpotent matrices with nil-
potency exponent N> 2.

In many cases, the structure of the equations obtained
in the present paper permits the finding of their solu-
tions directly for arbitrary spin. Using these equa-
tions, we shall solve exactly the problem of the energy
spectrum of a charged nonrelativistic particle of arbi-
trary spin in a homogeneous magnetic field.

In the paper, we obtain the generators of all classes
of irreducible representations of the extended Galileo
group. The obtained realization is distinguished by the
comparatively simple (symmetric) form of the genera-
tors, which is universal for all unitary representations
of this group. We also investigate representations of
the complete Galileo group, which includes the discrete
transformations P, T, and C.

The decompositions of the tensor product of two or
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three irreducible representations of the Galileo group
is beyond the scope of the present paper. This and
many other questions relating to the theory of repre-
sentations of G are well discussed in Refs. 4 and 18-20.

1. GALILEO INVARIANCE

In this section, we discuss the invariance algebra of
the Schrddinger equation for a noninteracting particle
and the discrete transformations P, T, and C in non-
relativistic quantum mechanics. On the basis of the in-
variance algebra and the Campbell-Hausdorff formula,
we construct a representation of the extended Galileo
group and calculate the multiplier which characterizes
the projective representations of this group.

Invariance algebra of the Schrodinger equation. We
investigate the symmetry properties of the basic equa-
tion of nonrelativistic quantum mechanics:

LY =0, L=id/0t—p*2m, (1)
where
Pz:P21+P§+P§v Po=—10ldz,, ¥ =V (t,x) = L,.

We denote by {@,},A=1,2,...,N,N<® a set of gen-
erators defined on a set which is everywhere dense in
the space L, and form a Lie algebra. By definition, Eq.
(1) is invariant under the algebra {Q,} if

[Qar L1 =QuL—LQy=]4L, (2)

where {fA} is a set of operators defined on L,. Indeed,
if (2) is satisfied, the transformation ¥— @,¥ carries
a solution of Eq. (1) into another solution of this equa-
tion.

We consider the problem of finding the invariance al-
gebra of Eq. (1) in the class of first-order differential
operators. This problem reduces to the determination
of all possible operators of the form

Qa=Balt,9)+Ch (t. )5+ Dalt- x5+ i=1, 2,3, (3)

[where B,(¢,x), Ci(t,x), and D,(¢,x) are functions of ¢
and x] that satisfy the conditions (2) and form a finite-
dimensional Lie algebra. As was noted above, this
problem for the one-dimensional Schrddinger equation
was solved for the first time by Lie.®> The solution is
given in Ovsyannikov’s book,® and it was recently ob-
tained for the three-dimensional case in Refs. 22 and
23, the result of which can be formulated as a theorem.

Theorem 1. The maximal invariance algebra of Eq.
(1) in the class of first-order differential operators is
the 13-dimensional Lie algebra whose basis elements
are given by

P,=idldt, P,=pay M =m; } (4)
Jo=(xX Play Ga=1p,— My,
D=2tP)—z,p, +3i/2, A=82P,—tD—mx?/2, (5)

This theorem will not be proved here (see Refs. 22 and
23). We merely note that the invariance of Eq. (1)
under the algebra (4)—(5) can be readily verified direct-
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ly. The operators (4) satisfy the condition (2) for f, =0,
and the operators (5) satisfy

[D, L] = —2iL; [4, L] =2itL.

The operators (4)—(5) satisfy the commutation rela-
tions

[Py, Py) =05 [P,, J,) =ie,.P; (6)

[Gar Gol =05 [Gay I 3] = i£apeGic; (7)

[Pa, Go) =8 M; [Py M1=[G,, M]=[J,, M]=0; (8)

[Pns Pnlzlpmja]=0; (9)

[Py Gul =iPs, @,'b, c=1, 2, 3, p=0, 1, 2, 3; (10)
[D, P,l = —iPg; [D, G,] =iG,; [D, Pj]= —2iP,;

D, J,]=[D, M]=[4, G,]=[4, M]=[4, J,]=0; } (11)

[4, P,]=iGg; [4, Py =iD; [A, D] =2i4,

i.e., they form a Lie algebra, which is called the Lie
algebra, of the Schrodinger group.

We note that on the solution set of Eq. (1) the opera-
tors (5) can be expressed in terms of the generators

(4):
D= (2M)™ (PG, G,P,); A= (2M)1G,6, (12)

so that the symmetry under the transformations gen-
erated by the operators D and A does not lead to new
conservation laws. Thus, we shall be primarily inter-
ested in the symmetry of Eq. (1) under the invariance
algebra (4) (the Lie algebra of the extended Galileo
group).

The algebra (4) has three fundamental invariant op-
erators (Casimir operators):

C,=2MP,—P,P,; Cy=M; } (13)
Co=W W, =IMJ,—e..PyG.] [MJ,— 0 PG.],

their eigenvalues being associated with the internal en-
ergy, mass, and spin of the nonrelativistic particle.
Substituting (4) in (13), we see that the Schrodinger
equation (1) describes a particle with spin s=0, inter-
nal energy £,=0, and mass m.

Thus, we have considered the symmetry properties
of the Schrodinger equation with respect to the invari-
ance algebra whose basis elements belong to the class
of first-order differential operators. Note that if we
consider the invariance algebra in the class of integro-
differential operators, we can show that Eq. (1) is in-
variant under the algebras 0 (1,3) (Ref. 24) and 0 (2, 4)
(Ref. 25).

It is natural to ask whether there exist other differ-
ential equations besides (1) with the same symmetry
[the same invariance algebra (4)—(5)] as the Schrding -
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er equation. An affirmative answer to this question is
given in Secs. 2 and 3.

To conclude this section, we formulate the following
lemma, which can be directly verified.

Lemma 1. Let {P—o,P‘,JB, G,,,M} be an arbitrary set of
pperators satisfying the algebra (6)-(10) and the addi-
tional requirement that M has an inverse. Then the op-
erators (12) together with P,, G,, J,, M, and P =P,

- (2M)™C, satisfy the Lie algebra (6)—(11).

This lemma means that an arbitrary representation
of the Galileo algebra (6)-(10) (corresponding to ¢,#0)
can be extended to a representation of the Lie algebra
of the Schrédinger group (6)—(12) (just as an arbitrary
representation of the group P(1, 3) corresponding to
zero mass and a discrete spin can be extended to a
representation of the conformal group).?

Finite transformations. If the invariance algebra of
a differential equation is known, it is usually easy to
find its symmetry group. Thus, on the basis of (4), we
can obtain in explicit form the Galileo transformations
for the coordinates x,, the time f, and the wave func-
tion ¥(¢, x):

a2 =U (8, v, a, ay, b) z, U1 (0, v, a, ay, b)
=R, 2y - Vol + 43 (143)
t—t'=U(0, v, a,a, b)tU* (8, v, a, a, b) =t + a,;

z, >z, =U"1(8, v, a, a,, b) z;U (8, v, a, a,, b)
=Rz} (zp —vpt —ap); (14b)
t—t"=U"1(0,v,a, ay, b)tU (0, v, a,ay, b) =f—ay;

Y, x)—> ¥ (t x)=U"(0,v, a, a, b) ¥ (£, x)
=exp [if (¢, x') —imb] ¥ (¢, x'), (15)

where
U(®, v, a, @y, b) =exp (iJ.8,) exp (iG.v,) exp [iPua* +imb];  (16)
8,,v,,a,,a, b are arbitrary real parameters; R,, is the

operator of a three-dimensional rotation:
Rﬂb=6,,bcosﬁ-g-e—"-?a‘£‘isinﬁ+ Bg%(i—-cosﬂ); (17)
9=(67+63+63)"% and f({’,x’) is a phase factor®
; f(t7, x) =mv-x + (1/2) mv2t. (18)
To prove the relations (14)-(18), it is sufficient to
use the Campbell-Hausdorff formula

exp (4) exp (B) =exp (A+ B+ (1/2) [4, Bl +...). (19)
In accordance with (4) and (19),

exp (—iGavy) = exp (—itp,v,) exp [if (2, x)]

and
U~ (9, v, a, a, b)=exp [if (¢', x") —imb]
> exp ( vy iJch) exp [ipa (a'a ¥ vat) e iPDaUII (20)
from which the fulfillment of (14)—(18) follows directly.

Thus, a representation of the extended Galileo group
on the solution set of Eq. (1) is given by the operators
(20), whose action on the wave function and on the inde-
pendent variables x, and { is given by Egs. (14)—(18).

By direct calculation, it is readily shown that the op-
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erators (20) satisfy the group law
7 (8, v, a®, g, b)) U (810, vi0, alt), afP, bv)
s U(g(i)+e(z)‘ Vi) 4 RUy@ i) 4 RiNg( 4+ v,
a;ll_!_a;.!, b;ll_*_ b;'l +vaﬂRélh)a;J”+ % a;!l (v‘(zl) )2) : (21)

U0, v, a, a,, b)=U(—8, —R'v, —R" (a—vay),

1
— gy —by+ AV —F ApVale) ,

where Ra=a’, Rv=v', a;=R,a,; v;=R,,V,, which can
be taken as the abstract definition of the extended Gal-
ileo group.

Setting 5=0 in (15), we arrive at the subgroup of the
extended Galileo group known as the Galileo group.
Formulas (15) do not define a faithful but only a projec-
tive representation of this group. Indeed, the group
law for the Galileo transformations (14a) has the form

g (B0, v, a® a) g (0D, v(», a@ q2)
=g (804 0, v L Ry@ ) RUa2) | yig® gV L g*),

(22)
But it follows from (21) that

U (863, vi2), a2, g, 0) U (80, v, a0, ai, 0)
= exp (i) U (01 4 82, v(t) L Riy(2), at) | R(Da(2) (23)
=+ V“’a{,”‘ ab“ s a,‘,“’()),

with phase factor
0 =V RFa + (1/2) el viP vt (24)

In other words, for b=0 the operators (20) satisfy the
group composition law (22) only up to multiplication by
the factor exp(iw,,), which does not change the norm of
the wave function.

We have shown that the invariance algebra of Eq. (1)
given by the operators (4) contains complete informa-
tion about the symmetry properties of this equation
under the continuous transformations. One can also
consider discrete transformations of the form

Lg=+—%qy 11

Xg *r Tg,y t——1 ] (25)
¥ (t, x) > P¥(t, x) =n,¥ (¢, —x); (26)
W (t, x) =TV (£, x) =0, ¥ (—1, x); (27)
¥ (t, x) > CW¥ (2, x) =n,¥™* (¢, x), (28)

where 7, =1. By definition, the operators (25)-(28)
satisfy the conditions P*=T?=C?=1, where I is the
identity operator.

It is easy to show that the Schridinger equation (1) is
invariant under P and CT but not under C and T. Of
course, this does not mean that there do not exist Gal-
ileo-invariant equations with other symmetry proper-
ties under the transformations (25)~(28). Therefore,
we consider the complete Galileo group, which is de-
fined as the set of transformations (14)—(18) and (25)-
(28), An arbitrary operator of such transformations in
the space of square-integrable functions can be repre-
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sented in the form s
(1Aep) (I-eqp) (1-gp)

U(B,v,a,a,,,,b,ep,BT,eC)EU(B,v,a,a‘,,b)P 2 T 2 (C 2

(29)

where U(0,v,a, a,, b) is defined in (16) and (20), and
€y, Ep, and € are parameters which independently take
the values +1 or -1.

The operators (29) satisfy the group law

U (0, v, a®, a®, b, o, e, o)
XU (B0, v, gtt) g0 p1) g? g ed’)
=U (00 4+ ePB™, vid L ePpPpP Ry@, it
+ e’ RWa® 4 e ePvig® q®
+ eeda®, b4 eb® 1 ePel v Rifa?
+ (1'12) E‘T"a‘c”a,;"ué.”va", aja“e'ﬂ’, 8(33’85?’, BEPSE:" *
U™(0, v, a, ay, b, p, &r, ec) =U (—ech, —epegecR ly,
— R (epeca—epvay); —eceqay,
—&cb -t eragv, — (1/2) eceragy,va, €p, e, e¢). (30)

We shall regard the group composition law (30) as the
definition of the 14-parameter group G Below, we de-
scribe the class of irreducible projective representa-
tions of the group G (30) corresponding to nonzero val-
ues of the invariant operator C, (13).

Irreducible representations of the algebra (6)=(10) in
the configuration space. The irreducible representa-
tions of (6)—(10) can be divided into three classes cor-
responding to the following values of the invariant op-
erators C, and C, (see Ref. 4):

L c;=m==0, c;=m2s(s+1), s=0, 1/2, 1,...;
II. ¢5=0; c;=0;
II. ¢,=0, eg=12> 0.

In Appendix 1, we find explicitly all inequivalent rep-
resentations of the algebra (6)-(10) in the momentum
space.

To investigate differential equations invariant under
the Galileo group, we use representations of the Lie
algebra of the extended Galileo group of the first class
in the space of square-integrable functions ¥(¢,x). Ir-
reducible representations of the first class are speci-
fied by three numbers: ¢, [the eigenvalue of the Casi-
mir operator C; (13)], m and s. The explicit form of
the corresponding generators P;, P,, J,, G,, and M is
given by

Py=p*/2m-+ey; P,=p, = —idldz,, M=m;
Ju:(xxp)c": Sm G, =1p,—mz,, (31)

where S, are (25+1) X(2S +1) matrices forming the rep-
resentation D(s) of the Lie algebra of the group 0(3),
and £, and m are arbitrary real numbers. It can be
shown by direct calculation that the operators (31) sat-
isfy the commutation relations (6)-(10). The invariant
operators (13) for the generators (31) take the form

Ci=2mey, Co=m, Cy=m?82=m2 (s+1).

Finally, the operators (31) are Hermitian with respect
to the scalar product

(¥, ¥,) = Sd% Wi, %) W, (¢, x), (32)

where ¥(¢,x) are (2s +1)-component functions:
W is the column (¥, ¥, +. ., Taory), ¥o = L,.
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In other words, the operators (31) form Hermitian
irreducible representations of the algebra (6)—(10).

In the case s =0, the generators (31) reduce to the
representation (4), which is realized on the solution
set of the Schrodinger equation. In the general case,
the space of the irreducible representation (31) can be
associated with the state space of a free nonrelativistic
particle with mass m, spin s, and internal energy &,.

Using (19), we can readily find the transformations of
the wave function ¥(¢,x) generated by the operators
(81):

¥ (£, x) =¥’ (¢, x) =exp (—iPa* —imb)
X exp (—iG,v,) exp (—iJ,0,) ¥ (¢, x)
=exp [if (', x') —imb] D* (8) ¥ (¢, x'), (33)

where D*(6) are numerical matrices forming the rep-
resentation D(s) of O(3):
D (8) = exp (—iS-), (34)

and x’, ¢’ and f(#’,x’) are given by (14) and (18).

By the Galileo transformations for the wave function
one sometimes understands the transition from ¥(¢,x)
to ¥"(¢",x"), where ¥”(¢”,x") is the function obtained
from (33) by the substitution x~x”,¢~ " [see (14b)].
Making such a substitution on the right-hand side of
(33), we arrive at the transformation

¥ (t, x) > ¥ (t", x") = exp [if (¢, x) —imb] D* () ¥ (¢, z). (35)

Formulas (14) and (33) [or (14) and (35)] determine
the irreducible representation D(m, £,, s) of the Galileo
group in the configuration space.

Below, we also use reducible representations of the
algebra (6)—(10) with the basis elements
. @ S
Bo=igri Py=pe=ringi } (36)
‘In = (X x P)n*!’ Su; Gc =1pg—MZa 4 Mg,
where 71, are numerical matrices that satisfy in con-
junction with S, the Lie algebra of the homogeneous
Galileo group:
[Tla! nD] =0; [na’ Sb] s ieubnﬂc; [Sm Sb] =i£uchc' (37)

Formulas (36) give the general form of the generators
of the Galileo group in the space of the square-integra-
ble functions ¥(¢,x) =the column (¥,,¥,,...,¥ ) gen-
erated by the local transformations

W (L, x) =¥ (1, x") =exp [if (, x) —imb] D (0, V) U (¢, x), (38)

where x", t”, and f(,%) are defined in (14) and (18),
and D(8,v) are numerical matrices forming a represen-
tation of the homogeneous Galileo group:

D(®, v) = exp (—iS8) exp (— inv). (39)

Discrete-symmetry operators. We now consider the
representations of the complete Galileo group G de-
fined by the group law (30).

If £,=€r =€ =1, then the group G reduces to the ex-
tended Galileo group G (21), which is a subgroup of G.
It follows from (30) that the factor group G/G contains
the eight elements {1, P,C, T, PC, PT,CT,CPT}, corre-
sponding to the parameter values &5, £p, £¢, ¢ =Eptg,
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Epr =EpEr, Ecp=EcEy, Egpr =EpEcEy, Where £p,E¢, Ep
=+1. The group transformation law for the elements of
the group G/G can be represented in the form

Elements I < T c PT cp CcT | cer
I ¥ P r c PT cp cT CPT

P P I PT PC T Cc CPT cr

T Z PT I cr P cPT Cc cP

c c CcP cr I CPT P i PT

PT PT r P CPT I G cp c

cp ce c CPT p cr 7§ PT T

cT cr CPT c T cep PT I P

CPT cePrT CcT cP P Cc T P I

We shall seek representations of the group (30) in the
space of square-integrable functions W(¢,x) with the
scalar product (32). We shall consider only the repre-
sentations of G which reduce on reduction with respect
to G to representations of the first class (when m #0).
The generators of G for representations of the first
class are given by (31), and it therefore remains only
to determine the explicit form of the operators P, T,
and C, which generate the representation of the factor
group G/G.

We conclude from (29) and (30) that the operators P,
T, and C must satisfy the following commutation rela-
tions with the generators P, J,, G,, and M:

PJ,=J,P; PPy=P,P; PM=MP, (40)
PP,= —P,P;, PG,= —G,P; (41)
TJ,=J,0; TP,=P,T; (42)
TPy=—PT, TG,= —G,T, TM=—MT; (43)
CJ,= —J,C; CP,= —P,C; CG,=—G,C; (44)
CPy=—P,C; CM = — MC. (45)

1t also follows from (30) that the operators P, T, and
C satisfy the conditions

C?=T2=p*—1; CP=PC; CT=TC; PT —TP. (46)

Since we are interested in not only faithful but also pro-
jective representations of the group (30), the relations
(46) must be satisfied up to a phase factor®:

C*=exp (ig,); T2 =exp (igs); P*=exp (igy);

CP=PCexp(ig,); CT=TCexp (ig5); PT=TPexp (ifs), (47)

where ¢, are real numbers, and we can set ¢, =¢,=0.

It can be seen from (40)—(45) that the operators P, T,
and C do not commute with the invariant operators (13)
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(for example, T does not commute with C,), and there-
fore only the space of a reducible representation of the
algebra (6)—(10) can serve as the domain of definition
of the operators P, T, and C. The generators of such
a representation for m # 0 can be chosen in the form of
a direct sum of the generators (31) (to simplify the cal-
culations, we set £,=0):
53 M=1E;
Jo=(xx P)a+sa; G, =tp,— Mz,
where S, are the generators of the reducible represen-
tation of the group O(3), and M is a numerical matrix
which commutes with S,.

It follows from (40)—(45) and (48) that the operators
P, T, and C satisfy the conditions

Py=Pi@M)™; Py=p,=—I (48)

Pz, = —z,P; Pp,= —p,P; Pt=1tP;
Tz, =z, T; Tp,=p,T; Tt=—1IT;
Cz, =z,C; Cp,=—p,C; Ct=1C,

(49)

where x, and { are operators of multiplication by the
independent variables. The general form of the opera-
tors satisfying (49) can be specified by the formulas
PY (t, x) =r¥ (¢, —x);
TY (£, x) =¥ (—t, X); } (50)
CY¥ (t, x) =rs¥* (£, x),

where 7, are numerical matrices.

From (40)-(45), (48), and (49) we find that the ma-
trices 7, must satisfy the conditions

Tols= —Tates rae1; ri=is (51)
rUSaﬁSuru: rzsa:Sarz; (52)
rors=rio; 1i=1, rirg=roriexp (igs); r4S, = Sar'; (53)
rary = rirgexp (igs); raro=rirgexp (ig,);
3= exp (is); raro=710rs (54)
where 7, is the operator of the sign of the mass.
ro=M-| M| (55)

Thus, the p}'oblem of describing the representations
of the group G for m #0 reduces to the solution of the
system of equations (51)-(54) for the matrices », and
S..

We give the solution of the system (51)—(54) in the
form of the following theorem.

Theorem 2.. All possible (up to equivalence) irre-
ducible matrices satisfying the system of relations
(51)—(55) can be labeled by the set of numbers (s, g4, &,,
£,,E5,M), where s=0, 1, 3, ..., €, and n=41,

The explicit form of the corresponding matrices is
given by the following formulas: for £,=1; €,=1; ¢g,,
€4,M=4%1

I o 01 10
"l:“(n 53])' ’1:(1 o)' "':(0 s,I) Ass

(56)
1 U)_ s (SEz 0 ) (A 0)_
"’:(0—1 i Se=\g 5,)} %=\oaf
for go= =1; £,=1; €;,&,,M=%1
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A e 0001
\0 0 0331 0010
00 —1 I 0
0 ou 3
i gk ( £
0 & 0 6" G021
Suooo A0 0O
i &0 B 0A00
Se=l0 0 s, 0 ;A‘"(ooao ;
000 8, 000 A
for g,=-1; €,,€,,,=%1
10 0 o 07100
Oel 0 0 1000
HNGD =T © ooorl’
00 O—aaI 0070
el 0
00 0 epeyd
n=lyo 0 o ) (58)
Oed0O 0O
i 00 0 S,0 0 0
0—10 0 0 5,00
"=lo or o] %=lo o0 s,0 |
0 00 —1 000 S

where S, are the generators of the irreducible repre-
sentation D(s) of the group O, and I and 0 are the (2s
+1)-row unit matrix and matrix with components Zero;
A are matrices determined up to the sign by the rela-
tions®

As, = —s3A; A2=(—1)2. (59)

Proof. Consider the relations (51) and (52). Using
Schur’s lemma and bearing in mind that the represen-
tations of the algebra (51) can be expressed as a direct
sum of Pauli matrices, we obtain irreducible repre-
sentations of the relations (51) and (52) in the form

() w0 () @

where s,, I, and 0 are the matrices defined in the
statement of the theorem.

We now consider the relations (51)—=(53). Since the
operators S,, 7,, and 7, can always be represented as
a direct sum of the matrices (60), we can readily show
that @,=+m and that the irreducible solutions of the
system of relations (51)—(53) are given by (60) and (61):

10
r1=n(0 631); n=-4+1. (61)

Finally, representing r,, v, and #,, S, as direct sums
of the matrices (56) and (57), taking into account the
relations

. * __ - —
ri=r; risrg; r9=r,

and using the equivalence transformations
T TR =Vr V1 (k52 3); ry—ri=Vry (V-1)*,

we obtain irreducible solutions of the relations (51)—
(54) in the form (56)-(59).

Note that the values of the parameters €, are related
as follows to the properties of the matrices r :
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TyTo == Bgl'gl'y; Tyl3== Eql'gl'y;
rars=ETyry; ri=gy(—1)%. (62)

Formulas (46) and (52)—(54) define all possible (up to
equivalence) representations of the operators P, T, and
C satisfying the conditions (40)-(45), (47), and (48).
From (40)—(45), (47), and (48), we conclude that

M =rgm. (63)

Therefore, the irreducible projective representations
of the complete Galileo group (30) corresponding to m
#0 can be labeled by the numbers €, s, m, €,, and N
and are given by (29), (48), (50), (56)-(58), and (63).

Note that the representations of a subgroup of G [in-
cluding the transformations (14), (15), and (26) and the
product CT, where C and T are defined in (27) and (28)]
are found in Ref, 19.

2. SECOND-ORDER DIFFERENTIAL EQUATIONS
FOR PARTICLES WITH ARBITRARY SPIN

In this section, we obtain two classes of Galileo-in-
variant systems of second-order differential equations
for particles of arbitrary spin and give their Lagran-
gian formulation.

Statement of the problem. The Schrédinger equation
(1) is invariant under the extended Galileo group and
describes the motion of a free spinless particle. It is
natural to consider whether there exist equations of the
form

i ¥t ) =H,(p) ¥ (¢, %), (64)

where H(p) is some differential operator, which, like
Eq. (1), have Galilean symmetry but describe particles
with arbitrary spin. The present section is devoted to
the derivation of such equations.

Definition 1. Equation (64) is Galileo-invariant if
the operator L =i (8 /8f) —H,(p) satisfies the conditions (2),

where {Q,} is a set of operators {P,, P,, J,, G,, M} sat-

isfying the algebra (6)—(10).
We shall seek the invariant equations (64) in the space
of 2(2s +1)-component square-integrable functions
q’i (tv :5)
2], v, oL, (85)

Woeti)

L 4 (Es X)=

We solve the problem of describing such equations in
two approaches, which are in general inequivalent. In
the first approach (I), the problem is formulated as
follows: To find all possible (up to equivalence) opera-
tors H} satisfying the condition (2) of Galileo invariance
if the generators of the Galileo group have the form
(36), where

S, ——(S“ 0): N, =k (0,4i0,) 5., (66)
s, are generators of the irreducible representation D(s)

of the group O(3), ¢, and o, are 2(2s +1)-row Pauli ma-
trices,

“fod) o= (o)s omi( 7o) wmi(y 7). o
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I and 0 are the (2s +1)-row unit matrix and matrix with
zeros as elements, and % is an arbitrary complex pa-
rameter.

Formulas (36) and (66) give the most general (up to
equivalence) form of the generators of the Galileo group
corresponding to the local transformations (38) of the
wave function (65).

We shall show below that the operators H: can always
be chosen to make Eq. (64) invariant under the product
P-T*C, where the operators of the transformations P,
T, and C are given in (50) and (56).

Substituting (36) and (64) in (2), we see that Eq. (64)
satisfies the condition of Galileo invariance if the Ham-
iltonian H} satisfies the conditions

[HL, Po)=[H], Jo] =0; (68)
[H1, G,]=iP,, (69)

where P,, J,, and G, are the generators (36).

In the second approach (II), the problem reduces to
finding all possible differential operators HI such that
the operators

PU—HI; Pll—p, —ia%; MY =a,m;
T = (x X Do+ Sa (70)
Gl =tp, — Mz, +nl1

satisfy the algebra (6)—(10). Here, g, is one of the
Pauli matrices (67), 7' are certain operators (whose
explicit form must be found), and S, are the matrices
(66).

It can be shown that formulas (70) give the most gen-
eral (up to equivalence) form of the generators of G
when the invariant operators (13) have the values |c,|
=m and c;=m?s(s+1), and Eq. (60) is invariant under
the transformation P* T, where P and T are defined in
(50) and (56) for g,=-1.

We require the generators (70) to be Hermitian under
the scalar product (32) [where ¥(t,x) are the 2(2s +1)-
component functions (65)], which is usually adopted in
quantum mechanics. An important difference between
the representations (36) and (70) is that the generators
H! and G} are not Hermitian under (32), but they are
Hermitian in the Hilbert space with the scalar product

(¥, ¥y) = j P, (71)

where M is some positive-definite differential operator,
or with respect to the indefinite metric (71) when i is
some positive-indefinite numerical matrix. The ex-
plicit form of M is given below. The more complicated
metric is a consequence of the local transformation
properties (38) of the function ¥(t,x).

We require the Hamiltonian H;' to satisfy the condi-
tion
(HI2 = (m + p?/2m)=. (72)
This is equivalent to the requirement that the internal

energy of the particle [the eigenvalue of the invariant
operator G,(13)] be equal to its mass.
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Thus, the problem of describing Galileo-invariant
equations of the form (64) reduces to the solution of the
system of commutation relations (68)-(69) for the op-
erators H! and Pi, GI, J%, M" (36), (66) and the rela-
tions (6)—(10) for the generators (70).

Explicit Form of the Hamiltonians H!. We give the
solution of Problem 1 in the form of the following theo-
rem.

Theovem 3.  All possible (up to equivalence) Hamil-
tonians H that satisfy tegether with the generators (36)
and (66) the commutation relations (68) and (69) are
given by

H' = o,am +2iak0;8,p, 4 (1/2m) Coppups; (73)

H}=(a/2) (0,~i0,) m+ 0sam — 2ak (10, — 0;) Sopa+ (1/2m) CapPaPre
(74)
where
Cop = Bap — 20k (0, + i05) (88 + 85.5.); (75)
a, @, and k are arbitrary parameters.

Proof. The general form of the Hamiltonian H} is
most readily found in the representation in which 1 =0.
The transition to such a representation is realized by
means of the transformation

Hi—(HY =VHW-, Pl (Pl
=VPWt=p,, Jis(JY) =VJIIW- (76)
=Ji, Gi— (Gl =VGV-'=1p,—maz,,

where
V == exp [(i/m) 0,0q] = 1+ (i/m) N Pa- )
The transformation (76), (77) reduces the generators

(36) to the direct sum of the generators (31).

From (68), (69), and (76), we find the general form
of the operator (#)":

(H1) =p*2m+ A, A=oyabm, (78)
where ¢, are the matrices (67), and " are arbitrary
complex coefficients.

Thus, in the representation (76) Eq. (64) takes the
form

i 5 W =(p¥2m +o,a4m) ¥, ¥’ =V¥, (79)

and the equation in the original ¥ representation can be
obtained from (79) by means of the transformation
which is the inverse of (76) and (77).

We show that the matrix A in (78) can be reduced to
one of the following forms:

A =0am+(a/2) (0, —ioy) m (80)
or

A= Ulum1 (81)
where @ and @ are arbitrary coefficients.

Indeed, the coefficient @, can always be made to van-
ish by means of the unitary transformation
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(HYY —exp (iagmt) (H)' exp (—iagmt)
+iexp (iaomt)—': exp (—iagmt) = (HY) —aym (82)
Further, we have the three possibilities

A=0, ay=0; b=1, 2, 3; (83)
A=t ai+ai=0, a,#0; (84)
A2=altaitai=a2+0. (85)

Equation (83) is identical to (80) for a=@=0. The
case (84) corresponds to a nonunitary representation of
the extended Galileo group (the invariant operator C,
=2mP, - P,P,=2m?4 is given by a nilpotent matrix) and
must therefore be rejected.

We consider the third possibility, i.e., (85). Suppose
@i +a3+0; then the transformation

AV AV,
Vi=b-+1i0gc + (0,4 i0,)d; Vi=b—ios
—(0y+41i0,)d; b=cos@; c=sing; (86)
1 ay+2d? \ | ad (a, —ia?) 1/2
o=gartg (25 ; dﬂ['éa(iﬁaza 3 (&7)

carries the matrix A (78) into the form (81). But if af
+a2=0, then by means of the transformation A
- V,AV 7, where

Vo=1-+(0y+4i0,) (f/2); V;'=1—(04+i0y) (f/2),

{0 et (@)
the matrix (82) is reduced to the form (80).
The operators (86) and (88) satisfy the conditions
VatlaVa' = %o, @ =1,2, (89)

where 1, are the matrices (66), k, are numerical coef-
fients (k, =exp(2ig), k,=1), and the parameter ¢ is
given in (87). It is easy to show that no operator exists
which satisfies one of the conditions (89) and trans~
forms (80) to the form (81).

Subjecting the operators (78), (80), and (81) to the
transformation that is the inverse of (76), we arrive at
the Hamiltonians (73) and (74). The operators (73) and
(74) obviously satisfy the conditions (68) and (69). In
addition, these operators exhaust all possible solutions
of the relations (36), (66), (68), and (69) up to the
equivalence transformations HL— V HIV ! +(8V,/0t)V 2,
where V, are the numerical matrices (88), which in ac-
cordance with (89) do not change the general form of the
generators (36) and (66). This proves the theorem.

Thus, we have obtained Galileo-invariant differential
equations in the form (64), (73), and (74). The invari-
ance of these equations under the Galileo transforma-
tions (14) and (38) can be verified directly. Indeed, us-
ing the relation [see (66)]

exp (7 iNgv,) = 4= NgVay (90)

we find that the operators (73) and (74) satisfy the con-
ditions

exp [if (t, X D@, V) [i 5-—H: (p) | D (0, %)

X exp [ —if (¢, X)] = i—p — H (p"), (91)
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where Hi(p”) are the Hamiltonians obtained from (73)
and (74) by the substitutionp, = pY” = —=i(8/8x"). It follows
from (91) that ¥” (¢”,x") (38) satisfies the same equa-
tion as the untransformed function ¥(¢, x):

| (¢, X') = HL (0) ¥ (¢, x°)

It is easy to show [and this is most readily done in
the representation (76)] that the Casimir operators
(13), constructed from the generators (36), have the
eigenvalues ¢, =1m, c,=m, and c;=m?s(s+1). Thus,
Eqgs. (64), (73), and (74) can be interpreted as the
equations of motion of a free nonrelativistic particle
with mass m, spin s, and internal energy +m.

Lagrangian formulation. Formulas (73) and (74) give
nonrelativistic Hamiltonians for particles with arbi-
trary spin. These Hamiltonians are determined up to
the arbitrary parameters a, @, and k, which can be
chosen to make Eqs. (64), (73), and (74) invariant un-
der the antiunitary transformation ©*=P*7T*C, where
the operators P, T, and C are given by Eqgs. (50):

¥ (¢, x) > OFY (8, x) =r¥*(—¢, —x), F=ryrar.

A necessary and sufficient condition for such invari-
ance of H: or H! is the simultaneous fulfillment of the
relations

a*=+a, K*==+k or a=0, a*—a, F =k, (92)

At the same time
{USAZ, if a*= —a, B*=—k or a=0,a*=a, k*=1I;
"=1As if a*=a, =k,

where A, are the matrices given in (56) and (59).

Under the restrictions on the parameters a, @, and
k given by formulas (92), Eqgs. (64), (73), and (74) are
invariant under the group G X F, where F is the group
consisting of the two elements F={0*, I}, where I is an
identity transformation. Note, however, that these
equations are not invariant under the transformations
(50) taken separately.

By Lemma i1, Egs. (64), (73), and (74) are also in-
variant under the Lie algebra of the Schrodinger group,
whose basis elements include not only the generators
P, G,, J,, and M (36) but also the operators

Py = p2/2m; D =tPy—z,p,+ 31/2 +(1/m) MuPus
A= t3f’0 —tD —mx%/2 4+ neity.

The operators P,, J,, G,, M (36) and P,, D, A (93)
satisfy the algebra (6)—(11).

(93)

The Hamiltonians (73) and (74) and the generators (36)
and (66) are non-Hermitian in the scalar product (32).
However, the Hamiltonian (73) is Hermitian in the met-
ric (71), where the positive-definite operator M is
equal to

M= VIV = i (8 — K) 0, — (k* R) 0] S22

+20%% (1 — o) (Se2e)?,

m

In addition, if the parameters a, @, and k satisfy the
conditions (92), the Hamiltonians (73) and (74) are also
Hermitian in the indefinite metric when # in (71) has
the form
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*—g, K*=k or k*=Fk a*=a, a=0,

- i {0'“ if
a*=—a, k= —F. (94)

vy e PR

If (94) is satisfied, then Eqs. (64), (73), and (74) can
be obtained from a variational principle. Indeed,
choosing the Lagrangia.n L(t,x) in the form

Lo(t, 9=+ (P22 —-"’§\F) —am¥o, ¥
o+ ai?(%,.s',%_-— 0,8, ) — o+ g:: cﬂ,,.g;";b, F— wit, (95)
if HL is given by (73), and
Lo (£, x)=—;— {‘I’———‘l’}—i-m‘{f[z (a,—m,)+act=] ¥
[ 0, — i0,) Ll 6z -gu—(c,—-ic,) S,‘I’]
e Zcu X, (96)

if the Hamiltonian has the form (74), we can show that
the Euler-Lagrange equations for the functions (95) and
(96) are identical to Eqs. (64), (73), and (74) for ¥(¢,x).
For ¥(¢,x), we obtain the equation

. 0

1o
where [H:] are the operators obtained from (73) and
(74) by the operation of transposition of all the ma-
trices in A} and A%

In addition, it is easy to show that Eqs. (95) and (96)
define real functions of ¥ and ¥ and their first deriva-
tives which are invariant under the Galileo transforma-
tions (38) and (66) and, therefore, L(¢,x) can be inter-
preted as the Lagrangian of a free nonrelativistic par-
ticle with arbitrary spin s.

¥ =[H7 ¥,

Explicit form of the Hamiltonians H;'. We now find
differential operators H.' that satisfy together with the
generators (70) the relations (6)—(10) and (72).

Theorem 4.  All possible (up to equivalence) differ-
ential operators H:' which are Hermitian in the metric
(32) and satisfy the conditions (6)-(10), (70), and (72)
are given by

H_f‘:a,[m+ PhacnlSs P) sin? 8, ]
= e
+ 0y ‘1/'__2551:1_9_,5_11_0! [a, 2m+bl (2m1:)’ ]1 (97)
where
ayz= sin 291/2; b:/a :0; ay= 1; btﬂ sin 29‘; a3y =b3fz
o % sin 293','2 = — -%- sin 293/2—13- sin Ba,fz (‘1 —-;— sin 9312) “2;
a;=b,=6,=0, s> 3/2, (98)
and 0,,,,6,,0,,, are arbitrary real parameters.
Proof. We show first that the operators H'} can con-

tain derivatives of order not higher than the second.

N

Indeed, suppose Hf,‘:E H,, where H, contains deriva-
i=0

tives of only i-th order. Then from (72), we obtain

HyHy—=HYHy =0 or Hy=0, if N>2. (99)

We represent the required differential operators H!
in the form of expansions in the spin matrices and the
2(2s +1)-row Pauli matrices (67):
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3
I 2 (aum+bu';—,;+"us'l’+du (52-:;)1 ) Guy
0

=l

where a,,b,,c,,d, are arbitrary real coefficients. Us-
ing the orthogonal projection operators'®'’
=TI Bp)pri—r’

r—r’

y yr'=—s8,—s+1,...,5s

r'#Er
which satisfy the orthogonality and completeness con-
ditions

AAp=60A,, 2 A, =1, 2 rhArﬁ (_S‘;_p_)il’
r r

we can rewrite Eq. (100) in the form

YV 2 2 [aum+(bu+r"du)2m+rpc,,]6,,A (101)

p=0 r=—g
The operators (101) obviously satisfy the conditions
(68). We require fulfillment of (77). Substituting (101)
in (72), using the orthogonality of the projection opera-
tors A,, and equating the independent terms, we find
that «,, b,, ¢,, and d, must satisfy one of the following
systems of equations:

3 3
Y al=1; 2 [rel4-a; (b +r2dy)] =1;
= =]
3 3 3
E‘_ er (b +r2d;) =0; 21 re=0; 3 (b+rid)2=1 (102)
= = =
or
ap=b=1;dy=cy=a;=b=c;=d;=0; i=1,2,3. (103)

The general solution of the system of algebraic equa-
tions (102) (up to linear equivalence transformations) is
given by the formulas

a,=1; gg=a,=0a,=0;
by=1; by=a,, bp=0b,=0;
_ Vasinge ,

52 4

(104)

cp=cy=cy=0;
dy= —(c))% da=‘,‘%" dy=d,=0,

where a,, b,, and 6, are given in (98). We can show
that Eqs. (103) are incompatible with (6)=(10).

Substituting (104) in (100), we arrive at the Hamil-
tonians (97). To complete the proof of the theorem, it
is now sufficient to find the explicit form of the opera-
tors 7! for which the operators (70) satisfy the rela-
tions (10) and (57). It is easy to show that n!* can be
chosen in the form

=[U, ogm]U", (105)
where

E+HMYo,
V 2E [2,5 (._. smﬁ_,)z]

is the operator which diagonalizes the Hamiltonians (97)
and the generators (70):

AnE=mt L (106)

UH}' = 0,E; U*G3'U = tp,— oymas; } (107)

U+ =73 P =Pl

The theorem is proved.

Thus, we have obtained Hamiltonians of nonrelativis-
tic particles with spin s in the form (97). Equations
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(64) with the Hamiltonians H'' are invariant with re-
spect to the Lie algebra of the extended Galileo group
(70), and hence, with respect to the Lie algebra on the
Schrodinger group, whose basis elements are given by
(12) and (70). These equations are also invariant under
the discrete transformation ©=P* T, where P and T are
defined in (50):

W (¢, x) = O (£, x) =, ¥ (—£, —x). (108)

Here, 0, is one of the matrices (67). We can show that
Eqgs. (64) and (97) are invariant under each of the trans-
formations (50), but only if 7, are given by certain
integro-differential operators rather than numerical
matrices.

Note that in the case s=3, 6, ,=7/4, k=i, a=1 Egs.
(64), (73) and (64, (97) can be written in the compact
form

(vup® —m) ¥ (¢, x) = ivs B ¥ (£, %) (109)

and

(Pt —m) ¥ (8 %) = (4 + 74— Vo) 2 ¥ (2, %), (110)

where
Yo =0y, Ya= — 200584, Vi =1VoViVeVs
are the Dirac matrices.

Equations (109) and (110) differ from the relativistic
Dirac equation only by the presence of the terms on the
right-hand side, which obviously destroy the invariance
under the Poincaré group but ensure invariance of the
equations under the Galileo group.

To solve specific problems using the above equations,
we may need the explicit form of the matrices S, in the
Hamiltonians H: and Y. The matrix elements of the
generators S, in the Gel’fand—Tsetlin basis® are given
in Eqs. (149) and (150). We also give Egs. (64) and (73)
for s=% and 1 in component form:

1. s=3; ¥(¢,x) is the column (&,, &,, X, Xa);

in———‘t-’i) O =amy, + iake . pD — a;: P

o3 (111)
(i W_;T) % =am® —iako- py,

where & and X are the two-component spinors
(8) ()
0, are the Pauli matrices.
2. s=1; ¥(¢,x) is the column (&,, &,, &3, X1, X2 Xa)}
(i g — L) ®=amy—2akpx ® — 2= [py —p (p-)1;
.8 p (112)

(l a_t_ﬂ) §=am® - 2akp Xy,
where X and & are the vectors with components ¥X,, X,,
Xs and &,, &, &;. Equations (112) are identical to (64)

and (73) if the matrix elements of the generators S, are
chosen in the form

(113)

(Sa)oc= —18apes

where £,,, is the absolutely antisymmetric tensor of
third rank.
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3. FIRST-ORDER EQUATIONS

Here, we consider systems of first-order partial dif-
ferential equations with constant coefficients, i.e.,
equations of the form

LY (t,x)=0, L=p,p*+psm, (114)

where ¥(¢,x) is the column vector

¥y (2, x)

¥, (£, %)

¥ (i, x)= n < 00}

¥, (£, x)
B, and B, are certain numerical matrices.

There is a well-developed theory of equations of the
form (114) invariant under transformations of the group
0(3) and the Lorentz group,®® but systems of first-or-
der differential equations invariant under the Galileo
group have been comparatively little studied.

The present section is devoted to the construction of
Galileo-invariant systems of differential equations of
first order for particles with arbitrary spin. Among
the equations obtained below, there are some which, in
contrast to the LHH equations, describe the spin-orbit
and Darwin interactions of particles with a field.

Basic definitions and formulation of the problem.
We consider the systems of differential equations (114)
and determine the conditions which the matrices 8, and
B; must satisfy if these equations are to be invariant
under Galileo transformations.

Generalizing the symmetry properties of the Schré-
dinger equation (1), we shall say that Eq. (114) is in-
variant under the Galileo group if the operator L (114)
satisfies the conditions (2), where @, are the genera-
tors of an arbitrary representation of the extended
Galileo group. We require the generators of the Gali-
leo group on the set of solutions of Eq. (114) to have the
locally covariant form (36), and the operators f, to be
specified by numerical matrices [in this, and only this,
case the finite Galileo transformations for ¥(¢,x) have
the local form (38)]. Then the condition of Galileo in-
variance can be formulated as follows.

Definition 2. Equation (114) is locally invariant
under the Galileo group if the operator L (114) satisfies
the conditions

J.L—LJ,=0; G,L—LG,=0, (115)

where J,, G, and J,, G, are the generators of the ex-
tended Galileo group in the representation

a= (XX P)n+§u; Gy =tpa— Mg -+ Mo} }

a=(XXP)a+Sa; §a=tpa'“_mxa+ﬁ‘a: (116)

J
7

and S,,7, (and 5,,7,) are matrices that form represen-
tations (in the general case inequivalent) of the Lie al-
gebra of the homogeneous Galileo group (37).

Substituting the generators (116) and the operator L
from (114) in (115), we obtain the condition of local
Galileo invariance of Eqs. (114) in the form of the fol-
lowing equations for the matrices B, (2=0,1,2, 3,5):
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BaPo—PBoSa =05 Sofs—PsSa=0;
ﬁnpa —PBotte=0; ;Inﬁ.-s —Bstte= —ifa;
Tlaﬁb '_ﬁbﬂc S iaubﬂm

(117)

where S,,1, and S,,7, are matrices satisfying the alge-
bra (37).

Thus, the problem of describing first-order Galileo-
invariant equations of the form (114) can be reduced to
the solution of the matrix equations (37) and (117).

Of particular interest for physics are equations which
admit a Lagrangian formulation. We investigate the
additional restrlctmns imposed on the matrices 8,, S,,
as S,,, and 7, by the requirement that Eq. (114) be de-
rivable by the principle of least action from an appro-
priately chosen Lagrangian. For this, we begin by for-
mulating the following assertion, which makes it possi-
ble to separate classes of equivalent Galileo-invariant
equations (114).

Lemma 2. Letmn,,S,,7,,5,,B, be a set of matrices
satisfying the conditions (37) and (117). Then the ma-
trices

B = BBxi o= S, Ma=14; }

o= BnaB™; 8, = BS,B, A

where B is an arbitrary nondegenerate matrix, also
satisfy the equations (37) and (117).

To prove the lemma, it is sufficient to multiply each
of Eqs. (117) from the left by the matrix B and use the
relation B'B=1.

By Lemma 2, each solution of the system of rela-
tions (117) determines an entire class of equations that
are locally invariant under the Galileo group:

B (Bup* + Bym) ¥ (£,x) =0, (119)

where B is an arbitrary nondegenerate matrix.

We require that Eqs. (114) admit a Lagrangian formu-
lation. The general form of the Lagrangian corre-
sponding to Eq. (114) (up to terms which do not contri-
bute to the equations of motion) is given by

L= (FBu o — o Bu¥) — FBem¥, (120)
where ¥=¥'B, and B is some nonsingular matrix.
From the condition of reality of the Lagrangian, we ob-
tain

(Bﬁu}i = Bpy; (Bﬁﬁ).} = Bfj;. (121)
By Lemma 2 and using (121) we conclude that the ma-
trices B, and B, can be taken to be Hermitian [which
corresponds to a Lagrangian (120) with ¥=¥*]. But
then from the requirement that the Lagrangian be in-
variant under the infinitesimal transformations

Y (14-iGyp,) ¥y W — (1 4-iJ,0,) ¥, (122)
where G, and J, are given by Eqgs. (118), we obtain the
followmg conditions for the matrices S, and 7, from
(117):

80— ks Fuml (123)

Substituting (123) in (117) and using the Hermiticity of
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the matrices §,, we arrive at the system of equations

SaBo—PoSa =0; (124)
Saf; —PsSa=0; (125)
N30 — foa =05 (126)
Nifs —Pane = —ifa; (127)
N3Py — Bsta = — 181 (128)
Bl = Pa, £=0,1,2,3,5. (129)

Thus, we have found that the problem of describing
Galileo-invariant equations of the form (114) that admit
a Lagrangian formulation is equivalent to solving the
system of equations (37) and (124)—(129) for the ma-
trices B,, S,, and 7,.

We formulate one further assertion, which will be
used below to calculate the explicit form of the ma-
trices B,

Lemma 3. Suppose the matrices S,, 7,, and B, satis-
fy the relations (37) and (124)—(129). Then the set of
matrices {S,,7,,8,}, where

Br=VIBaV, (130)
and V is an arbitrary matrix which commutes with S,
and 7,,

[V, 8] =

V, ol = (131)

also satisfies Eqs. (37) and (124)—(129).

Proof. We multiply each of the relations (124)-(129)
from the left by V* and from the right by V. As a re-
sult, using (131), we arrive at the equations (124)—(129)
for the B; determined by Eq. (130).

If the matrix V can be inverted, then 8, and B; are
equivalent solutions of the system of relations (124)-
(129). We shall seek solutions of these relations up to
the equivalence transformations given by (130) and
(131).

Canonical form of Eqs. (114). Before we turn to the
solution of the system of relations (37) and (124)-(129),
we investigate some properties of Eqs. (114); these can
be derived without using the explicit form of the ma-
trices B,.

It is well known (see Ref. 29) that relativistic wave
equations of the form (114) (where B, is an invertible
matrix) can be reduced to a standard (canonical) form
(including only a single matrix 8= 5:'8,):

BV pup"Y = m¥.

We shall show that the Galileo-invariant equations
(114) can also be reduced to a canonical form (in which
the operator L is expressed solely in terms of the two
matrices B, and B;). For this, we subject the function
¥(¢,x) in (114) to the transformation ¥(¢, x)— ¥'(¢, x)
=V ¥(¢,x), where

V =exp (—in-p/m). a3

The function ¥'(¢,x) obviously satisfies the equation
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LY (8, %) =0, L' =VtL7, (133)

where L is the operatoy (114).
Using the Campbell ~Hausdorff formula

exp (4f) Bexp (4) = {4, B)* —; }

(134)
{4, By"= [A*{A, By"],{4, By’ =B

and the commutation relations (124)—(128), we obtain

VipV = DV*aav:aa' p_’1
BoV =80 I:p ﬁfﬂmﬁom (135)
prsy: Bs +;‘ Bopa+ T Bop?,
whence
L' =V* (BoPo—Bapa+Bsm) ¥ = o ( Po— 2 ) -+ Bym. (136)

Substituting (136) in (133), we arrive at the equation
in canonical form:

[Bo (po— 2 ) +Bom ] ¥ (2, %) =0. (137)

Thus, an arbitrary first-order Galileo-invariant
equation (114) can be transformed to a system of sec-
ond-order equations in the form (137) (for the LHH
equations®™ this fact was established in Ref. 11). How-
ever, Egs. (114) and (137) become inequivalent after
the introduction of the minimal interaction with an ex-
ternal electromagnetic field (i.e., after the substitution
pu=~p,—eA,, where A, is the 4-vector potential of the
electromagnetic field).

Equations (137) have a form which is manifestly in-
variant under Galileo transformations. On the solutions
of Egs. (137), the generators of the Galileo group have
a quasidiagonal form given by Egs. (31), in which S, are
the generators of some reducible representation of the
group O(3) that commute with the matrices B, and B..

Using the representation (137), we formulate one ad-
ditional requirement which we impose on the matrices
B,. Namely, we require fulfillment of the condition

det Bup*+ Bsm)
= det [Bu (Po == %) T ﬁem-] =c (Pu— %)n, (138)

where ¢ is some nonvanishing constant, and » is an in-
teger (n#0).

The condition (138) means that Eq. (114) is of para-
bolic type.

Finite -dimensional representations of the Lie al-
gebra of the homogeneous Galileo group. We turn to
the solution of the system of relations (37) and (124)-
(129).

We consider first the relations (37), which determine
the Lie algebra of the homogeneous Galileo group,
which is locally isomorphic to the Euclidean group
E(3). Each solution of the relations (37), i.e., each set
of finite-dimensional matrices S, and 7, satisfying (37)
give a representation of this algebra.

The group E(3) is not semisimple, and therefore its
finite-dimensional representations are nonunitary and
are not completely reducible. The paper of Ref. 30 is
devoted to the description of the nondecomposable fi-
nite-dimensional representations of the Lie algebra of
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E(3). However, the results obtained in Ref. 30 have a
very general and, apparently, not very constructive
form. In addition, not all of the representations given
in Ref. 30 are inequivalent.

Below, we describe constructively a class of finite-
dimensional representations of the algebra (37). The
algebra (37) has two invariant operators:

Dy=8mg; Dy=ng0g, (139)
which are nilpotent matrices in the case of finite-di-
mensional representations, i.e., they satisfy the condi-
tions

DY =DY =0, (140)

where N and N’ are positive integers.

The algebra (37) includes the O(3) subalgebra formed
by the matrices S,. The representations of this sub-
algebra are well known and are given by an integral or
half-integral number s.

We consider only representations of the algebra (37)
that on reduction with respect to the O(3) algebra in-
clude not more than two inequivalent representations.
In this case, the matrices S, can be chosen in the form

ot
£}
Im @ Za

where 5,, and Z, are the generators of the irreducible

representations D(s) and D(s’) of the group O(3), i.e.,

matrices satisfying the relations
180, 8] = i€useSer Saa =5 (5 +-1); }
[Zo) Zp] = ieape ey 220 =5" (" + 1)

§,— §nm_ (M
7]

(141)

(142)

I,and I, are the n Xn and m X m unit matrices, 0 are
m Xn matrices with zeros as elements, and the symbol
A® B denotes the direct (Kronecker) product of ma-
trices. We also restrict ourselves to the case when the
representation space of the E(3) algebra includes not
more than two orthogonal subspaces invariant under the
action of the operator (139). Such representations are
described by the following theorem.

Theorem 5. All possible (up to equivalence) nonde-
composable finite-dimensional representations of the
E(3) algebra (37) which include not more than two in-
equivalent representations of the O(3) subalgebra and
satisfy the additional requirement that the invariant op-
erator D, (139) has not more than two orthogonal in-
variant subspaces can be labeled by the set of integers
(n, m, a), where

a=1,2; n<4; m<4; |n—m|<<2; nm£9.
The explicit form of the corresponding matrices S,
and 7, is given by
8o = ST o ST iy, i,

. (a{*m®sa a?m@ffﬂ) ;) _ pynm )t
{1 a;"”@K; a}“"®23 ? a [} £l

(143)

ST

where S;™ are the matrices (141), s'=s -1, K, are (2s
—1) X(2s +1) matrices determined by the relations

K(;Sb_szﬂ= isachc; } (144)

8,8, + KtKy = ise,p08; + 52040}
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a;" are the matrices with elements

St 8ig, pu2m, i, j<n,
lay"]iy=1q s—1
TET oL M

—(2s—1)-128;, j,n>m, i, f<m
[a8™)y=§ (25+1)-1/28; 5. n<<m,

kb, joy n=m;
’ : 14
(2s—1)-1128; jyn>m,i<m, j<n, (148)

25+ 1)=1128,, 5, n<m;

41
[ai™]yy = { =T Oimt sy N2,
iy, jyn<<m,

(a3 ]is= {

where % is an arbitrary parameter.

The representations Dn,m, a=1) and D(n, m, a=2)
are equivalent if and only if |n—m|=1.

Proof. The complete proof of the theorem will not be
given here. However, it should be noted that Egs. (143)
determine the general form of matrices 7, satisfying
the commutation relations [n,,S,]=i£,,,n, with the gen-
erators (141). We require that the matrices 7, (143)
commute with one another, and we use the relations’

K8y —K8a=i(s+1) eapekes

E Ky — 2K, =i(1—3)em.K,;

KoK KyKE = — 1 (25 +1) £ 5e; (146)
KiK, —KiK,=i(2s—1) auch'c; |

and we then obtain the following system of equations for
the matrices a™
(al™?2+ (2s — 1) a;™a™ = 0;
(s-+1)al™al™ —(s—1)a}™a;™ =0;
(s+-1)amai™— (s—1)a}™a}™ =0;
(af™2—(2s4-1) al™al™ = 0.

(147)

The condition that the invariant operator D, (139) have
not more than two invariant subspaces reduces to the
requirement that the matrices aj™ and af™ should not be
completely reducible.

All inequivalent solutions of the relations (147) are
given by Eqgs. (142) and (145). Further, the larger of
the numbers (n,m) is equal to the nilpotency exponent
of the invariant operator D, (139).

For completeness, we give the explicit form of the
matrices S, and K, in the basis |s,s;), in which the op-
erators 5% and S, are diagonal’:

82 |3, sa) =s(s+1) |5, 53
Sy s, 85> =853 |5, 83);

Sy |8, 53> = a5, sp+1 18 831 1)+ @35, 591 |5, 53— 1);

Sy |8, sy =1as,, sy+1 |8, 83+ 1) —iafy, 55-1 |5, 53—1); (148)
K, |s,s;5) =C:§‘_1 ls—1, 33)"‘0:;;,5:;—2 |s—1, 55 —2);
Ky |5, s9) =iCh*~! |s— 4, s —iChinla ls— 1, 5,—2);

Kg|s,83) = :&’_’ls'—i:s;):
where
3= —8, —8s+1,...,8

ah o1 =2V GG ED—s G 1);

it =V,

2 : (149)

Ch =t VB @t 1)

Gh = —;— Vsslss+ 1)
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The expressions for the matrices Z, can be obtained
from Egs. (148) and (149) by the substitution s~s’, s’
=s-1.

Explicit form of the matrices B, In solving the sys-
tem of equations (37) and (124)—(129), we restrict our-
selves to the case when the matrices S, and 7, realize
the nondecomposable representations of the algebra (37)
(37) described in Theorem 5.

We consider first the case of the representations of
the algebra (37) corresponding to N< 3, where N is the
nilpotency exponent of the invariant operator D, (139).
We require that the matrices B, satisfy the condition
(138). ‘

We give the solution to the problem in the form of the
following assertion.

Theorem 6.  All possible (up to equivalence) ma-
trices B,, S,, and 7, satisfying the relations (124)-(129)
and (138)—(140) (with N < 3) and the conditions of Theo-
rem 5 are given by the following formulas (150)-(153):

R e s N
: i N =

|Su ekt
o=t —5. | i (150)
-..C-I.Ka\
R s
Sa: Jl§a 1 Tla_%( Su | . )v c:(?g.—{)—ﬂz;
z, o o TP
s Eaitue
ﬂu""'(' 1 )3ﬂ5=2( : | H
. | ; =%
. —d™K}
ﬂu;_:,' d_’KG s Ea ; (151)
. Bl —2 ]
S, (. |dKf| - ;
Sa": |Ea W i) naT%" ¢ | : — H d=(25+1)_”2;
1 F"“ i % Eu Ea
5 R
e s v
Po= '
[ -
—':-R?I al
a2
TI al | T
g i | *
—al =11
[ s—ni
Sa| -
Saf -
S,= 8. ;
e,
( 1|5
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S.| + |e(s—1) K}
esKi
i el g
ﬁa=_s S" L]
. —esK,
—e(s—1 K, . . |
e =y
Sa .
3 - | —eKl 5
Vo= S Kil- 1. (153)
cK,| - : i :
s—+1
l cK, poi] &0
ﬁ(l: . . . ’I . 3
1 ;
)
( bf (s+0I| - ]
60T -
b2 o ,s
fs=2 ; i o e L ;
b2 - ~ ~
5 bl |1
{ bl | i
S, -
w8
S,= | Za ;
3 = =]
RE ) 2 3%
| . —dsK}| -
[—d(s+1)K! .
Ba=— d(s+1) K, ] : i
dsK, X
- =
. aK}
s—1 "
e e A s
MNe= 5, ’ (153)
2, .
aic: T = |5

where the symbols S,, Z,, and K, denote the (2s +1)
X(2s+1), (25 —1) X(2s =1), and (2s —1) X(2s +1) ma-
trices determined by the relations (144) and (146), I
and 1 are the (25 +1)- and (2s —1)-row unit matrices,
and the dots are matrices of the corresponding dimen-
sions with zeros as elements; a and b are arbitrary
numbers.

Proof. Using Schur’s lemma, we conclude that the
general form of the matrices B, and B, satisfying the
relations (124), (125), (129), and (141) is given by

ne®i| 0 ) 2(::,®Ii 0
ﬁ":( TP |x2®1)’

where x, and y, (and x, and y,) are unknown n Xn and m
Xm Hermitian matrices.

(154)

We require that the matrix B, satisfies the conditions
(126). Using (143) and (154), we obtain the following
equations for y, and y,:
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(@i™tyy—ysai™ = (0™ yo—ysa; ™ = (a]™)F gy — Y20 = 0. (155)

Substititing 8; (154) and 7, (143) in (127), we find 8,:

( A® S, iB*@Ki)
—BQK,|D®Z, ]’

oo

Pa= (156)

where
A= (a™)" 2y —2a7™; B=(a]™)} 1, —zy0;™;
D = (a}™} 2y —za™. (157)

Finally, substituting (143), (154), and (156) in (128),
we arrive at the system of equations

Aal™ @ 8.8+ Bfa]™ @ KKy — (al™ A @ 8,5,
+(a;™) BE{Ko = 25%; @ I8a;
Aal™ ® S.Ki+ Blal™ @ KoZ,
— (@™t Bt @ SpKi— (ai™ D@ KiZ,=0;
Dai™ @ 2.2, — Ba]™ @ KK} —(a}™* B! @ K K}
—(@i™ID® 23, =252y, ® 18,3

(158)

Expressing KJK,,S,5,, K} K,, 2,2, in terms of §,S,, Z,Z,,
S;, %, and §,,1,6,,1 in (158) by means of (144) and (146),
and equating the matrix coefficients of these linearly
independent operators, we arrive at the equations

{(alziay—zia,0,) (25— 1) + 21030, — aiz,a5) + h.c.=0;
(25— 1) (alalz, — alzia,+ alz,a;) + (s—1) alatr, —sria,0,= 0;
(alzpa; — z40585) +hoc.= 2 (25— 1) yy;
{5—1) (@atst,— afziay) + (s + 1) (25— 1) (alzy0,— 130,00} + h.c.— 03
(2s+1) (s—1) aleias + 5 (s— 1) 23050, + (52— 1) alalz,
+ 1) (25— 1) (elatz,— atzya,) =0;
(afziay — za850,) +hoc, =2 (25— 1) yg3
2a}z.a, — alalz,— ra.0, + 2atz,0,— alaiz, — mpa,a,=0;
2a}2,0,— alalz, — 2050, — (s— 1) (alza, — Zy0,83)
+ (s+1) (alaiz, — aiz,a) = 0,

(159)

where
A+he =A+ At ap=al™ k=1,2,3, 4.

For given a,, a,, a,, and a,, Eqs. (155) and (159) de-
termine a system of linear homogeneous equations for
the matrix elements (x,);; and (y,);;. Solving this sys-
tem for the matrices a,=aj" given by (145), we arrive
at the results formulated in Theorem 6.

We have obtained four inequivalent classes of Galileo-
invariant equations of the form (114), the matrices 8,
being given by (150)-(153). If the matrices B, have the
form (150), then the function ¥(¢,x) has 6s +1 compo-
nents, and Eq. (114) describes the motion of a free non-
relativistic particle with arbitrary spin s. Such equa-
tions are equivalent to the Hagen-Hurley equations®’
and in the case s=3; are identical to the Lévy-Leblond
equations.®

Equations (114) and (151) have 6s —1 components and
describe a Galileo particle with spin s’ =s -1. It will
be shown below that these equations lead to a constant
of the dipole interaction different from the one pre-
dicted by Hurley’s equations.

Equations (114) are of greatest interest in the case
when the matrices £, have the form (152) and (153).
These equations can also be interpreted as the equa-
tions of motion of a nonrelativistic particle with arbi-
trary spin. As will be shown below, it is these equa-
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tions (in contrast to the LHH equations) which permit
a Galileo-invariant description of the spin-orbit cou-
pling of a charged particle to an external electromag-
netic field (in the framework of the minimal-coupling
principle).

We give the solutions of the relations (124)-(129) for
the case when the representation of the algebra (37)
corresponds to N=4, where N is the nilpotency expo-
nent of the invariant operator D, (139). Such a prob-
lem has nontrivial solutions only for n=2, m=4, s=5.
The matrices B, are given by Eqs. (154), in which the
nonvanishing elements of the matrices x, and x, have
the form

(#0)13 = (@) 15 = (Te)oe = (Z4)as :T_:_T (24)e

= (24)31 = (T1)aa = 8 (T1)33 = (Z1)as
= s_i_l— (Z4)ae = (Z2)11 = (X242 = (Ta)ay = “(';_!‘s_"l','? (z2)ee = 1. (160)
Using Egs. (154) and (160) and the relations (143),
(145), and (124)—(128), we can readily find the explicit
form of the corresponding matrices B, and 8,.

We give some of the equations (114) and (150)—(153)
for s=0, 3, and 1 in component form:

o1 =0,
P i (161)
—ig.py =0, b
sj';_;{;?:?x—ia-p:r;zﬂ. ":(:.:) x:(:f.:)' (162)
Pox P < ®-+amy -+ 2ame =0,
P+ PPy + a2me + 2am (y + @) =0,
famify py—2am®y=0,
—p < g+ 2am (y -+ q) =0, (163)

where ¢, are the Pauli matrices; ¢,,Xas Pas Xar Pas Pu
(n=0,1,2,3; @=1,2,a=1,2,3) are single-component
wave functions.

The systems (114) with the matrices (151), (150), and
(152), respectively, reduce to Eqs. (163)—(165) (for the
given values of s). Equations (114) and (152) for s=1
[or, which is the same thing, the system of equations
(163)] can also be written in the form

{% (ﬁa 2 pa) Po-t [6@ = ﬁm“." 2af + % (ﬁn + ﬁa)J m"'ﬁal’u} ¥=0,

where B, (1=0,1,2,3,4) are the Kemmer —Duffin ma-
trices.

Equations (114) for vepresentations with arbitrary
nilpotency exponent. Above, we have obtained all pos-
sible (up to equivalence) solutions of Eqs. (124)-(129)
for the representations of the algebra (37) listed in
Theorem 5. However, this theorem describes only a
certain class of representations of the algebra (37) cor-
responding to N<4, where N is the nilpotency exponent
of the invariant operator D, (139).

Below, we obtain a class of equations corresponding
to arbitrary N. The equations are derived with allow-
ance for the circumstance that the extended Galileo
group G is a subgroup of the generalized Poincaré
group P(1,4) (the group of rotations and displacements
in five-dimensional Minkowski space), and, therefore,
every equation invariant under P(1,4) is automatically
invariant under G as well.
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We consider the system of partial differential equa-
tions
(Bur® -+ %) ¥ (20, 24, 23, 73y 7) =0,

(164)

8 -
where p, = —i p=0,1,2,3,4,8, are numerical ma-

ax,’
trices, and « is an arbitrary parameter.

We require that the matrices ‘.éu satisfy the relations
[Euv Sv?.l =1 (gukB‘v . guvﬁl)! (165)

where S, are the generators of the group 0(1,4); g,,
is the metric tensor: g, =diag (1, -1, -1, =1). If (165)
is satisfied, Eq. (167) is invariant under the group

P(1,4).%

As was pointed out above, in this case Eq. (167) is
also invariant under the Galileo group. Indeed, making
the change of variables

In_-%(%u'+‘£'a): z, ’—%(2;0_554) (166)
in (164), so that

o : S I M e i B

B % oz, | 07, O 2 g, oz (167)
we obtain the equation

(ﬁof’n—ﬁli’a"‘ﬁ;}’u +x) ¥ (-"E-'m :E'f,, x) =0, (168)
where

e 1] - )

puzla—&" Psz—l'Eq

ﬂoﬁé(ﬁo'?'ﬁs)- Bo = Fo— B (169)

The Galileo invariance of Eq. (168) can be readily
verified directly by using the following realization of
the extended Galileo group:

¥ AT Gesifa,
el M=p,=— l"‘é‘;: H

‘Iﬂ - (X X p)a 1= Sm Gu = :%Dpa"‘xaﬂ’f T Nay

P, e OB phe e
dxy
(170)

where
S.=(1/2) e4pcSter MNa= (1/2) (Soa + Sia).

The operator L =8, p, — B, ps — B, b, and the generators
(170) satisfy the condition (2).

Imposing on the solutions of Eq. (168) the Galileo-in-
variant subsidiary condition

DY (2o, 24, ) = —Ax Y (Zor 24, %),

we obtain from (168) a Galileo-invariant equation in the
form (114), where
ﬁaiﬁu; Bs=PBu+Al;

m=ulh, (171)

and I is the unit matrix.

Thus, with every solution of the system of commuta-
tion relations (165) we can associate a Galileo-invari-
ant equation (114), in which the matrices 8, and B, are
given by Egs. (169) and (171).

In contrast to the analogous relations for the ma-
trices that determine Poincaré-invariant equations,®
the complete solution of the relations (165) has not
hitherto been obtained. We use the special solution of
Eqs. (165) proposed in Ref. 31. We denote by S, the
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generators of a finite-dimensional irreducible repre-
sentation of O(1,5). Then the matrices

Spw=8uv; Bu=S8uw 1r=0,1,23 4 (172)
satisfy the relations (165). Substituting (175) in (169)
and (171), we obtain the matrices B, in the form

Ba=Sui . Bo=(8i0+5:0)/2; By=S5ig— S5+ M. (173)

Therefore, with each irreducible representation of

0(1,5) we can associate the Galileo-invariant equation
(114), (173). The generators of the Galileo group on the
solution set of (114), (173) have the locally covariant
form (36), where

M=m=x; Ma=(Sia+50)/2 So=eancShe/2. (174)

The finite-dimensional representations of the group

0(1,5), which is locally isomorphic to the group O(6),
are specified by three numbers (»,, #,, and n;), which
are simultaneously integral or half-integral.*® If the
matrices S, from (173) form the representation
D(3,3,3) of the Lie algebra of the group 0(1,5), then
the equations (114), (173) are equivalent to the Lévy-
Leblond equation® for a nonrelativistic particle with
spin s=3. The representation D(1,1,0) leads to Egs.
(114), (152) for particles with spin s=1. The matrices
(172) are identical to the Kemmer-Duffin matrices. In
the general case, Eqs. (114), (173) describe a multiplet
of nonrelativistic particles with spins s,, s,,..., where
the numbers s, characterize the representations of the
group O(3) in the irreducible representation D(x,, n,, n,)
of O(1,5).

One can show that the matrices (174) satisfy the con-

ditions
MaS.)>*1=0;  (M,8,)* =0, (175)

where s is the maximal spin of the particles described
by Egs. (114),(173). Thus, the equations found here
correspond to representations of the algebra (37) with
arbitrary nilpotency exponent of the invariant operator
D, (139),

4. NONRELATIVISTIC PARTICLE WITH ARBITRARY
SPIN IN AN EXTERNAL ELECTROMAGNETIC FIELD

The equations of motion of free nonrelativistic parti-
cles can be of real interest for physics only if they are
a first step in the description of particles which parti-
cipate in various interactions. One such interaction is
that of a charged particle of nonzero spin in an external
electromagnetic field.

It will be shown below that the equations obtained in
the framework of the minimal-coupling principle de-
scribe the dipole, spin-orbit, and Darwin interactions
of a charged nonrelativistic particle with an external
field, i.e., they take into account all the physical ef-
fects predicted in the order 1/m? by the relativistic
Dirac equation. The problem of the motion of a charged
particle with arbitrary spin in a constant magnetic field
is solved exactly.

Second-order equations for a particle with spin
interacting with an external electrvomagnetic field.
We obtained above the Schrodinger equations (64), (73),
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(74) and (64), (97), which describe the motion of free
nonrelativistic particles with arbitrary spin. To go
over to the description of the motion of a charged par-
ticle in an external electromagnetic field, we make in
these equations the usual substitution
Py = T, = pu—edy, (176)
where A, is the 4-vector potential of the electromag-
netic field. As a result, we arrive at the equations

L(n)¥(t,x)=0, L(m)=ia—H"(x, A), (177)

where Hg(m, A;) is one of the Hamiltonians obtained
from (73), (74), or (97) by means of the substitution
(176):

HY (, Ag) = Ogam + 5o+ edy -+ 2iako S

— (i) X[ (S-mpP— 5 S-H]; (178)
Hi (1, 4g) = 0sam + 3 (6,—i6;) m — 2ak (i0,— 0,) S. 1
—E o) T[S SH] 4oy (179)
HY (=, Al;)—cl{m‘f%ﬁ%ai [(s,ﬂ)zig SH]}
=4 (@ g+ g [ 8-2)— 5 8- H ]}
qpary YL BBl g (180)

s

In (178)-(180), the symbol H denotes the magnetic
field vector: H= —im X7,

Equations (177)—(180) are obviously invariant under
the gauge transformations

W (t, x) = W (¢, x) exp [ieg (2, x)], 4, — 4, —ﬂ;;m—x) (181)

We show that Eqs. (177), (178) and (177), (179) are
invariant under transformations of the Galileo group
(14), (38) if the potential A, transforms in accordance
with the Galileo law®

Ay > A;=A,-v.A, 4, — A} = R4, (182)
where R,, is the operator of the three-dimensional ro-
tation (17). The invariance of the equation

L(n)¥(t, x)=0, (183)
where L(7) is some linear operator which depends
functionally on 7, in (176), with respect to the Galileo
transformations (14), (38), and (182) means that the
transformed function ¥"(¢",x") (38) satisfies the same
equation as the original function:

L(a) ¥ @, x") =0, (184)

where L(7”) is the operator obtained from L(7) by the

. )
substitution 7, =7 = _{ W -eAj, and x,, t", and A%

are given by Eqgs. (14) and (182).

The condition of Galileo invariance of Eq. (185) can
be formulated as a requirement imposed on the opera-
tor L(m) [ef. (91)].

Definition 3. Equation (183) is invariant under the
transformations of the Lorentz group (14), (38) if the
operator L(7) satisfies the conditions

exp [if (¢, x)] D (0, v) L () D™t (8, v) exp [—if (¢, x)] = L ("), (185)

where f(¢,x) is the phase factor (18),
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5(0, v}_—_e.\'p(—ig-ﬁ') exp(—i;]--v);

D (8, v) = exp (—iS.0) exp (—in-v), (186)

and S,, 71, and 3,, ﬁ, are the matrices realizing repre-
sentations (in the general case inequivalent) of the Lie
algebra of the homogenous Galileo group (37).

If (185) is satisfied, then (184) follows directly from
(14), (38), (182), and (183).

Using the relations

Np=Ty+ VT;

A= Habﬂb; } (137)

exp [if (£, x)] T, exp [—if (£, x)] =7, +mv,

and Eq. (90), we can directly verify that the operators
(177) satisfy the condition (185) and (186), where
D(8,v)=D(8,v), and D{8,v) are defined in (39) and (66),
and; therefore, Egs. (177), (178) and (177), (179) are
Galileo invariant.

It is convenient to analyze Eqgs. (177) in a represen-
tation in which the operators (180)—(182) are quasidi-
agonal, i.e., they commute with the matrix ¢, or o,
(67). As in the case of the Dirac equation, the Hamil-
tonians (178)—(180) can be diagonalized only approxi-
mately. We show below that up to terms of order 1/m*
the operators (178), (179) for a=0, and (180) can be re-
duced to the form

(HY (, Ag))’ = o,am + o + eAy—eBoy S

dEq
azp

D
+~;'?[ "—% S:(axE—Ex ﬂ)"r%Qab

eBD
me

4 s(s 1) divEl+
~30u 2] o)

1dzp

[s-(a % H—H % 1)

(188)

(H(x, Au)]'=crs;m+%+e¢4,,+a(%); (189)

IHEI(:C; AQ}]'=U,(m+i+eA“-|— esin? 0, SH)

2m 2ms?

, esin? B
4253

L ok, A
*gQub ﬁT;,‘st‘:' l)dwEJ

eV 2sin®, [ b X
---—--.,;m,,s—(——as) S-(.‘l p. 4 H—HX.’T)

[;;-s-(u % E—E x m)

e V2 besin B 0, 1
i 2.4.'1:’.!" Qe dxp +o (F) ’ (190)

where E=i[7,7,] is the electric field vector, @, is the
quadrupole-interaction tensor

Qu =5 {3184, Sul+—2Buss (5 +1));

and B and D are arbitrary coefficients which can be ex-
pressed as follows by means of the parameters a and k:

(192)

(191)

B=ak?, D =k.

But if a#0 in (179), the approximate Hamiltonian
[A%(7,A,)] has a structure analogous to (188).

The Hamiltonians (188) and (190) contain terms cor-
responding to the interaction of a point chafged particle

m
with an external electromagnetic field (‘“ T eAU), and
also dipole (~S*H) , spin-orbit [~8*(7 XE -E xm)], Dar-
win (~div E), and quadrupole (~Q,,9E,/8x,) interactions.
The last two terms (which are P noninvariant and can
be made arbitrarily small in the limit D0, 8,~0) can
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be interpreted as magnetic spin—orbit and magnetic
quadrupole interactions. The approximate Hamiltonians
obtained by diagonalization of the relativistic equations
for particles of arbitrary spin'®!” have a similar struc-
ture.

We emphasize that, in contrast to the Dirac equation,
the Galileo-invariant equations (177), (178) and (177),
(180) [and the Hamiltonians (188) and (190)] are defined
up to the arbitrary parameters a, k, and 8, which can
be chosen, say, to make the constants of the dipole and
spin—orbit interactions correspond to the experimental
data. If

0,=nl4, a=1, k=2, s=1/2, (193)
then the first six terms in (188) and (190) are identical
to the Hamiltonian obtained by diagonalization of the
Dirac equation.®* However, the operators (188) and
(190) contain additional terms (which depend on the
magnetic field intensity), which can be obtained from
the generalized Dirac equation that takes into account
the anomalous interaction of a particle with a field.

Note that Egs. (177), (178) and (177), (179) can be ob-
tained in the framework of a Lagrangian formalism if
the parameters a, @, and k satisfy the conditions (92).
Indeed, making the minimal substitution 8/8x,—~ 8/8x,
+ieA, in the Lagrangians (95) and (96), we obtain the
operators'*

L(t, x)=Lo(t, x) + (¢, x); }

s o - (194)
L (¢, x)= L, (t, x)+ L™, x),

where L(t,x) and_f..o(t,x) are given by (95) and (96),
and L'"(f,x) and L'™(¢,x) are, respectively,

(e, x) = e {(TA,Y + 2ik¥0,5:4,¥

j 2% T av
£ ﬁ [1 ’% Capdp¥ —i¥ALCap 7o-
me_'{’.CabAaAb‘i’]} : (195)
271, x)= e (VA — 22k (044 10,) Sada ¥
LA L T4 O . .
o (B AY — VAo ) 5 A4 T} (196)

It is easy to show that the Euler-Lagrange equations
for the functions (194)—=(196) lead to (177), (178) and
(177), (179).

We give the explicit form of the operators which
transform the Hamiltonians (178), (179) for a=0, and
(180) to the form (188), (189), and (190), respectively:

(197)
(198)

V= exp (iC}) exp (iB7) exp (i43);
PI— exp (iCY) exp (iBT) exp (i4});

VI — exp (iC™) exp (iBY) exp (141, (199)

where &
Al= —iagk% : A?:Uslf%gis-n;
B:=os-ﬁ-’é;{2i“[3-n, n2],
+ik[2(S-m)? +eS-H] 4+ =S-E},
Cl=q, 5 {f¥(s-n)s+ik[s.u. ¢S-Hl,

m3

i _ 0B
+[(S-7)*, eA..]} e el
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Bl=o, —&:n—l{a,nz—}--%,—ﬂ(s-u)‘—es-ﬂl
+L:me' S.E} H
=0y oo {—‘Cifﬂ[s-n, e (L0 ) o5 1],
+iea, (2, Ag) V2S00 g 1o

% S § aBEI
— = (872, A} + 500 —

=" (0,—i0)S-m; BE:E’;—g(az—-im)s-E;
% 4 1
Ci= g (@ —io) [, Sem] 50,0

The Hamiltonians (178)-(180) and (188)—(190) are re-
lated by

H =VHV- i 2y,

where H is one of the Hamiltonians (178), (179), or
(180), and V is one of the operators (197), (198), or
(199), respectively.

Introduction of minimal coupling in a first-ovder.
equation. Making the substitution (176) in Eq. (114),
we arrive at systems of equations of the form

L(m) W (f, x)=0; L (n)=Bua*+pm, (200)
which can also be interpreted as the equations of mo-
tion of a particle with spin in an external electromag-
netic field.

Let us briefly discuss the properties of Eqs. (200),
which can be obtained without using the explicit form
of the B matrices. It is easy to show that these equa-
tions are invariant under the gauge transformations
(181). From the relations (124)-(128) we find by direct
calculation that the operator L(w) (200) satisfies the
conditions (185) of Galilean invariance (where D(9,v)
=[D"(6,v)]' Finally, Eqs. (200) can be obtained using
the variational principle from the Lagrangian

L (t, x) =L (¢, x) +167B, 4,7,
where L(¢,x) is given by (120).

For the further analysis of Egs. (200) and the physi-
cal interpretation of their solutions, we subject the
function ¥(¢,x) and the operator L(7) to the transforma-
tions

¥ > ¥=V¥ L(a)— L' (x)=ViL(m)V, (201)
where

V=exp (l—'—lm—") (202)
We then arrive at the equivalent equation

L’ (7) W' (£, x) =0, (203)

We find the explicit form of the operator L’(7). Using
(134) and the commutation relations (124)-(128), we ob-
tain

VifomgV =B, (“n + %Tl D E‘l‘ﬁ"]aﬂn adir:) ;
ViBantaV = Batta+ By [%-F -3% M- (mx H—H < a))
+<pxn-H;
VipsmV = Bsm 4 Bort,
+gbo[ Z— gl *H—Hxm) ]+ pxnH,
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from which it follows directly that )
L’ (m) =y (nn‘— 2%:') +ﬁ5m.-|-% (ﬁo‘I'E'i'%'ﬁ X "I'H)

+;‘.~ﬁo[ﬂaﬂa gf: +n-(xxH—H xu)]_

(204)

Equations (203) and (204) cannot be obtained from
(137) by the substitution p,~ 7, but they contain addi-
tional terms which depend on the intensity of the elec-
tromagnetic field. It will be shown below that these
terms describe interactions due to the particle’s spin.

Equations (203) and (204) can describe different phys-
ical effects depending on which representation of the
algebra (37) is realized by the matrices M- A simple
analysis shows that if these matrices form representa-
tions corresponding to N< 2, where N is the nilpotency
exponent of the invariant operator D, (139), then the
operator (204) does not include terms which depend on
the electric field intensity. Indeed, in this case 7,7,
=0, whence [and from the relations (128)]

Boﬂc =0. (205)
Substituting (205) in (204), we obtain the operator L’(m)
in the form

L' (1) =By (o — 4 ) +Bom + B x n-H. (206)

If H=0, and the electric field is nonzero, E+0, then
the operator (206) commutes with the spin matrices S,
and, therefore, Eq. (203) does not describe coupling of
the particle’s spin to the electric field. This result can
be formulated as follows,

Lemma 4. A necessary condition for Eq. (200),
where B, are matrices satisfying Eqs. (124)-(129) and
(37), to describe the coupling of the particle’s spin to
the electric field is

(Sama)®==0. (207)

The matrices (150) and (151) do not satisfy the condi-
tion (207). Therefore, Egs. (200), (150) and (200),
(151) (which include the LHH equations) do not describe
coupling (spin-orbit, quadrupole, etc.) of the spin to the
external electric field.

Further, we see that Eqs. (200) with the matrices
(152) and (153) [for which the relations (207) hold] de-
scribe the interactions listed above.

We now consider in detail Eqs. (203) and (204) for
the cases when the matrices B, are given by one of the
formulas (150)—(153). Denoting

O, (t, x)
¥ - (mg " x>) ;
x (¢ x)
where &, and &, are (2s +1)-component functions and
X is a (2s —1)-component function, and substituting the
explicit form of the matrices B, and 7, from (150) in
(203) and (204), we arrive at the equations

8 Ay dgi 1
i 0t =[5 +ed—E 8 H] 0, g=1.

(208)

Thus, Egs. (150) and (200) (the LHH equations) reduce
to the Pauli equation (208) for the (2s +1)-component
function &,(#, x).

Further, denoting
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D(t, x)
v (e, x)=(x.(t. x;), (209)
X, (t, x)
and substituting (209) and (151) in (203) and (206), we
obtain
i2X,=HX; X,=0=0,

F

I.H
o e

or, in the notation s’'=s~1,5=§,

H=2 _p L5 Hica, (210)

g_._

P L

Therefore, Eqs. (151) and (200) also reduce to the
Pauli equation for a particle with arbitrary spin but
predict a different property (compared with the LHH
equations) of the dipole moment of the particle (since
for s=s' the factors g and g’ are not equal).

We now consider the case when the matrices B, are
given by formulas (152). We take
¥’ (¢, X) to be the column (D4, Dy, Dy, %4, %a)s (211)
and substitute (152) and (211) in (203) and (204). After
simple calculations, we arrive at the expressions
LD, = {n,,_

+4.szH

-i-T“%;[s-E-}-E-S-(n xH—H xu)]

+m§%§rﬁ IS‘H*—(S-HH} D, =0; (212)

S.H
O, = —a®y; Oy= — = [”0 “m m+ ‘ﬂ'u Jcpi; } (213)

__GADKH 4. o

0= 8am2s ) 25— 1

Thus, Eqgs. (203) and (204) with the matrices (152) re-
duce to Eq. (212) for the (2s +1)-component function
®,(t,x) [the remaining components of ¥'(¢,x) can be ex-
pressed in terms of &, in accordance with formulas
(213)]. To find the physical meaning of the solutions of
Eq. (212), we subject the function &, and the operator
L to a transformation which makes it possible to elim-

inate the term

S'E " .
i corresponding to the unphysical
electric dipole interaction:

d)l—>(D_exp( )tD,,

L+L‘=exp( )Lexp(—l mm

Using the Campbell-Hausdorff formula (134) and the
identities

i[8-a, S H] =[S, Spls o+ (8-, #;

i[S-@ n?=eS(mx H—H x @),

=—38.(ax E—Exn) 450 ‘;f: +5(s+1) divE,

i[S-x, S-E]

we obtain
Tl n? e
L= dy— gt 8- H
aE,
azp

1 08
+Egae_M;T[_TS'(“XE"Ex“)+TOab

IH,
azy

) 40 (e?).

+8(s+1)div E+ 3 Qup

— 8- (mx H—Hx:t)]—}-o( (214)
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Like the approximate Humiltonians (178)-(180), the
operator (214) contains terms corresponding to dipole,
quadrupole, and spin-orbit interaction of a charged
particle with an external electromagnetic field.

Similarly, we can show that Eq, (203), (204) with the
matrices (153) reduces to the equation

_ [ eS-H e
Tkt =\m I FDm HE+Dm

% [S'-E J-“Ei,,TS' (xxH—H x::)]-}-o(e’)} %

which can be reduced by the unitary transformation

. - S'.m
X1 = Yy=exp (!m) b 4

to the form L'x, =0, where

eS'-H
L=y — e Zm tIFTom

8. (anxE—EXxm)

0H,
Oab Dzp,

+iﬁ(s +‘l)'b’m3|:_
+5 Qab
—va-S’-(:tx H—H xn)]+o( =

(215)

The operator (215) can be obtained from (214) by the
substitution s ~s’+1,8~8',a—~b.

We note finally that all the approximate Hamiltonians
(208), (210), (214), and (215) obtained by diagonaliza-
tion of the first-order equations (200) can be obtained
from the operator (188) by an appropriate choice of the
coefficients B and D. In other words, the second-order
equations (179) and (180) are more universal than Eqs.
(200), since they include the latter as special cases in
the 1/m? approximation.

It should be noted that in the framework of the Galileo
group equations in the Schrédinger form (177) are more
natural than equations of the form (200), since in non-
relativistic quantum mechanics the time coordinate ¢ is
distinguished and, therefore, need not necessarily oc-
cur in the equations of motion on an equal footing with
the spatial variables x,.

Anomalous coupling in nonrelativistic quantum me-
chanics. The substitution p,— 7, in the equation of mo-
tion is not the only possible way of describing coupling
of a particle to an external electromagnetic field. A
more general approach, widely used in relativistic
guantum mechanics, takes into account the so-called
anomalous coupling of a particle to a field. This is de-
scribed mathematically by adding to the equation of mo-
tion terms which depend on the electromagnetic field
intensity.

In the present paper, we restrict ourselves to a di-
pole anomalous coupling and consider equations of the
form

12 ¥=A] (v, 4) ¥
Hy (w, A)=H} (=, Ao)+—(AiE, + BiH) (216)

and

LY =Byt -+ Bym + - (CoHy + D, Eo), (217)
where E, and H, are the components of the magnetic
and electric fields, Hi(7, A,) is the operator (178), B,
are the matrices (150) and (151), and A%, B, C,, and
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D, are certain (as yet unknown) matrices which must be
such that Eqs. (216) and (217) are invariant under the
Galileo group.

We prove the following assertion

Theorem 7. - H! (m,A,) satisfies

the condition of Galilean invariance (185) if and only if
the matrices A and B] have the form
A; = kiﬂﬁ B:= klsa'*"k;“m

The operator 1 5

(218)

where k; and k; are arbitrary numbers, and 71, and S,
are matrices given by (66).

Proof. A detailed proof of Theorem 7 is given in Ref.
14, and therefore we shall give only its outline. The
invariance condition (185) reduces to the equations

D (8, v) (AL E,+ BiH,) D™ (8, v) = ASE.+ BLH:, (219)

where the matrices D(8,v) are given by Eqs. (39) and
(66), and

H; = —iegpnp e = Rapy; }

Ez =115, 7] = Ry By — (v x Hg. (220

Substituting (39) and (66) in (219) and (220), we arrive
at equations for A and B;:

(B3, 8y] =ieaueB2, [45, S3] = ieap.Al; }

[N A81=0, [Ma, BE] =ieap. AL (221)

N AN + N Af N0 =M BEN M BENa = 0.

The general solution of Egs. (221) is given by formu-
las (218).

Substituting (218) in (216) and subjecting the Hamil-
tonian Hi(w,A}) to the transformation

A (w, ) 18 (=, 4] =VAL Vi 2y
where
V=exp (iDs'T) exp( A - )avcp(uS) exp ( 1 “),
D=0k (k' —1); S=-72-r-n%-;{(k;—nk2)5-1{
— k(' —1)[S-E+ oS- (xx H—Hxa) |
+ 55 [Sa, Syl G2 ],

dazp

we obtain'?

B, A) = H (m, 4] + 5o Qo o2 (222)

dzp ?
where [HX(m, A,)]’ is given by Eq. (186) for the following
values of D and B:
B=k+o,(k, —ak?), D=ok(k,—1). (223)

Comparing (186) and (223), we see that the introduc-
tion of the dipole anomalous coupling in the second-or-
der equations (177) and (178) hardly changes the struc-
ture of the Hamiltonian in the 1/m? approximation [es-
sentially, all that changes is the coefficient of the term
which represents the magnetic quadrupole interaction,
since the coefficients (192) and (223) on the sets of

1
functions \I';=§- (1¥0,)¥ can in equal measure be re-
garded as arbitrary parameters].
We now consider Eq. (217). Requiring that the oper-
ator L satisfies the condition of Galilean invariance

(187), where D(8,v)=[D'(8,v)]!, and taking into ac-
count the relations (220), we find by direct caleulation
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that the general form of the matrices C, and D, is given
by the formulas

Co="F sascbbobs Da="4carcbfiefet (1 —28)B,, (224)

where k, and k; are arbitrary constants.

Substituting (224) in (217), using the explicit form of
the B matrices [(150) and (151)], and making some sim-
ple calculations, we obtain equations for the (2s +1)-
component function &, =B,¥ and the (2s’ +1)-component
function ¥,:

90,

1 =00, iZh_my, (225)
where
a, =i-1—eAIJ L AR
; T 2ms . (226)
— ot 8 He % [S., S.H] + 44 2,

and H can be obtained from (226) by the substitution
S—8',s~s"+1,

Subjecting the functions &, and X, and the Hamilton-
ians H, and H; to the transformations

O,V H,~UHU+i 5 U

w—Uts Hi>UH,O) i 30, } (220
where

U-e\p( lk"s") U’ =exp (_““_A;t!-sl—l;'m)’ (228)
we arrive at the operator (188), where

B=(1+k)2s; D=kyos. (229)

Thus, the Hamiltonians of particles with arbitrary
spin obtained from Eqs. (150), (151), and (217) in the
1/m? approximation are identical, up to the coefficients
D and B, with the Hamiltonian (188) obtained by diagon-
alizing Egs. (177) and (178). Therefore, the LHH equa-
tions (150) and (217) and Egs. (150) and (217), general-
ized to the case of dipole anomalous coupling of the par-
particle to the external field, also describe dipole,
quadrupole, and spin-orbit couplings.

Introduction of anomalous coupling in the Schridinger
equation. We have seen that the various Galileo-in-
variant equations (177), (178), (200), (216), and (217)
lead in the 1/m? approximation to the same (up to the
coefficients) Hamiltonians of particles with arbitrary
spin. To explain this fact, we prove the following as-
sertion.

Lemma §. Let L(m) be an arbitrary linear operator
which depends functionally on 7, (176) and satisfies the

condition of Galilean invariance (185). Then the op-
erator
£ (@) —exp (i %) L(x)exp (i LE) (230)

also satisfies the condition (185) with 7,=7,=0.

Proof. We apply to ﬁ(ﬂ) (230) from the left the oper-
ator explif(¢, x)] exp(—iS* 8) and from the right the op-
erator expl-if(¢,x)] exp(iS- 6). Using identities which
can be readily obtained by means of the Campbell-
Hausdorff formula,

exp {7 (1, %)) exp (i L) — exp (i 1) expif £, x)] exp(—in-v);

V. I. Fushchich and A. G. Nikitin 484



cexp (—i %% ) exp[—if (£, %))

—exp (in-v) exp ( —i L) exp [—if ¢, %)]

and bearing in mind that by definition the‘operatnr L(m)
satisfies the relations (185), we obtain

exp [if (¢, x)] exp (—i§.e) L () exp (iS-8) exp [— if (¢, x)] = ﬁ(n"),

i.e., f(rr) does indeed satisfy the condition of Galilean
invariance (185) with 7,=7,=0. The lemma is proved.

It follows from the lemma that an arbitrary Galileo-
invariant equation (183) can be reduced, by means of
the transition

¥ (£, x) > ¥ (g, x):exp(i%)‘!’(t, x) (231)

to a new wave function, to an equation invariant under
the Galileo group:

L (m) ¥ (1, x) =0, (232)
where the function @{t,x) has the simple transformation
properties (34) and (35) [in this case, the representa-
tion of the homogeneous Galileo group realized on the
solution set of the invariant equation reduces to a rep-
resentation of the group 0(3)].

By means of the transformations (230) and (231), the
equations (177), (178), (200), (218), and (219) consid-
ered above reduce to (232), where the operator L(n)
has the general form

E(a) =4t (mo— 3 ) + A2m+ ZBYH,

+-= BE [ Ea+ g (X H)g— 5 (H x ), |

e aE, aH,
+ o (O =+ 00 32,

(233)

and A*BY, Q% (a=1, 2) are matrices with the following
commutation relations with the generators of the rota-
tion group:

@ _n- o Nt o,
[4%, 821 =0; [Bz, 8p] =iew.Bc; } (234)

[Q%, Sel =i (acaQ@pd — €pci@aa)-

Thus, instead of the different Galileo-invariant equa-
tions considered above, we can investigate an equation
of the form (232), (233), which for an appropriate
choice of the matrices A%, B, and % is equivalent to
(177), (178), (200), (218), or (219).

If A=1,B}=S,, Q% =Q,,, where S, are the generators
of the irreducible representation D(s) of the group O(3),
and @,, is the tensor of the quadrupole coupling (191),
then Egs. (232) and (233) reduce to (212). These equa-
tions can be regarded as a Galileo-invariant general-
ization of the Schrodinger equation (1) for a (2s +1)-
component function to take into account the minimal and
anomalous couplings of the particle tothe electromagnet-
icfield (such generalizations were considered in a differ-
ent approachin Ref. 32). Thus, the introduction of the
minimal coupling in the first-order equations (152) and
(200) has been shown to be equivalent to the introduction of
anomalous coupling in the Schrodinger equation,

Nonrelativistic particle of arbitrary spin in a homo-

geneous magnelic field, We consider Egs. (216) and
(217) for the case of a constant homogeneous magnetic
field and find the eigenvalues of the operator HX(7,4,).
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It can be assumed that the intensity vector of such a
field is parallel to the third component of the momen-
tum, i.e., in(217) it is sufficient to set

Hy=H,=E,=FE,=E;=0; Hy=H. (235)

In accordance with (240), the vector potential A, can
be chosen in the form
A.D=A2=A3=U; Ay= —eHuz,. (236)
Substituting (178) and (240) in (216) and (218) and
simplifying the calculations by taking 2, =1, we arrive
at the Hamiltonian

eS-H
m

'H,=U,am+%+ + 2iakS.x

- (0, + i0,) (2a (kS - m)? — ek, . H], (237)

where k,=ak® - k] can be regarded as an independent
parameter.

We transform H; to a form in which it depends only on
commuting operators. This makes it possible to deter-
mine the eigenvalues of the Hamiltonian (235) without
solving equations of motion.

Using the operator
1 h i
U=?(1+0’37h_—=) (1+Tnan-a);
o i h
U= (1= nex) (1—0,=2s ), .
where 7, are given by (66), and k= o,am L n°H, we
: m
obtain

Hy= UH U =55 4 SH + 0y (a?m? + 2ak,S H)™. (238)

All the quantities in the Hamiltonian (238) commute
with one another and with H, and have eigenvalues as
follows®™:

O =g (@t 1) eH+pl), n=0,1,2, ...

2m
S0 =25,D; 83=—8, —5+1, eu., 85 6;0=¢D, e=+1,

from which we conclude that the eigenvalues of H. are
Eenuupy= (20414 255) s+ B ¢ (a¥m? 4 2aks,H).  (239)

Setting 2,=0, s=3 in (239), we obtain a formula that,
apart from the unimportant term eam, gives the well-
known energy spectrum of a nonrelativistic particle in
a homogeneous magnetic field (the Landau levels). I
ky#0 but by <<am, then

Eonuype= (20 41+ 285 (1 + eko)] 5
kjetH 28} 1

- 8am?® +o (F) :

In contrast to the case k,=0, Eq. (240) includes a cor-

rection which takes into account the deviation of the

particle’s dipole moment from unity and a correction

quadratic in the magnetic field intensity.

(240)
-+ eam 4+

The explicit form of the eigenfunctions of the operator
(237), which can be readily found using the results of
Ref. 17, is not given here.

CONCLUSIONS

1. The systems of first- and second-order differen-
tial equations (177), (178), (200), (216)-(218), and
(224) found above are invariant under Galileo and gauge
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transformations and describe dipole, quadrupole, spin-
orbit, and Darwin couplings of a particle of arbitrary
spin to an external electromagnetic field. An alter-
native method of Galileo-invariant description of spin-
orbit coupling was proposed in Ref. 10, in which the
LHH equations were used in Hamiltonian form. Thus,
the listed interactions are not purely relativistic ef-
fects and they can be consistently treated in the frame-
work of nonrelativistic quantum mechanics. In Ref, 38,
our conclusion®® concerning the nonrelativistic nature
of the spin-orbit interaction was discussed from a clas-
sical point of view.

2. Of course, equations of the form (64) and (114) do
not exhaust all possible linear differential equations in-
variant under the Galileo group. Thus, to describe a
nonrelativistic particle with spin s=1, we can use the
Galileo-invariant analog of the Proca equations:

(@mpy—p*) ¥y=0, v=0,1, 2, 5;
m¥y—p.¥.=0, a=1, 2, 3. }
Equations (241) are a special case of systems of equa-
tions of the form
C\¥V=_2mp,—p) ¥=0; C,¥=W,W,¥
=[m*S2 4+ mp(s X n—nx8)] ¥Y=m2(s41) ¥,

(241)

where C, and C, are the Casimir operators (13) for the
representations (36).

3. The generators (36) are non-Hermitian with re-
spect to a scalar product of the type (32) because fi-
nite-dimensional representations of the homogeneous
Galileo group are nonunitary. A similar situation ob-
tains in relativistic theory, in which nonunitary rep-
resentations of the homogeneous Lorentz group are
realized on the solutions of finite systems of equations,
and the requirement that these representations be uni-
tary is equivalent to the transition to systems of equa-
tions for functions with infinitely many components.
Therefore, it is of interest to consider infinite-compo-
nent equations invariant under the Galileo group. As an
example of such equations we can take the systems
(114) and (173) in which §,, are the generators of a un-
itary infinite-dimensional representation of the group
0(1,5).

4. After the present paper had been submitted, we
were acquainted with Ref. 37, in which it is also shown
that the requirement of Galileo invariance of the equa-
tions of motion of a charged particle in an external
electromagnetic field does not lead unambiguously to
minimal coupling of the particle to the field but admits
other types of interaction. This result agrees well with
the results of Refs. 8-14.

APPENDIX 1: IRREDUCIBLE REPRESENTATIONS OF
THE LIE ALGEBRA OF THE EXTENDED GALILEO
GROUP
We obtain irreducible representations of the algebra

(8)—(10) in the orthogonal basis |c,p,\), where |...)
are eigenvectors of the complete set of commuting op-
erators C, (13), P,, and A=PJ, P P
=(Pf+P:+P§)”2:

Cale, By, M=cale, p, M, a=1, 2, &

Pyule, p, M=pyule, b, A), p=0, 1, 2, 3; }

Ale, p, M=Arle, p, A}

(A.1)
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It is interesting to consider only those representations
that do not reduce to representations of a subalgebra
of the algebra (6)—(10).

We prove first the following assertion.

Lemma. The Lie algebra determined by the commu-
tation relations

Rty Aol [Ags Rl = [y Agl=mi — s

Gt Vs (A.2)

[os aﬂu]=—z"l?§3ab= (Ao—Ae), @, b, 6=1, 2, 3,

where ¢} is an arbitrary real number, is isomorphic
when c2>0 to the Lie algebra of the group 0(3), when
c3=0 to the Lie algebra of the group E(2), and when c?
<0 to the Lie algebra of the group O(1, 2).

Proof. We note first that among the four elements A,
of the algebra (A.1) only three are linearly independent,
since we can always set

A +Mg+Ag=00

The isomorphism formulated in the lemma can be es-
tablished by means of the relations

- - 2,‘/3 K AV D+ K —V I

1 » o . (A.3)
M= o7z K=V + K+ VI b= =7 (Kit Ko,
where
Ky=m8}, Ky=mS,, Kz=8,, if cd=m2>0;
Ky=Ty, Ky=Ty, Ky3=T,, if . ¢3=0; (A.4)

Ky=nS801, Kg=18p2 K3=S8y,, if ¢}=—0*<0,

and S, T,,S.5 (@a=1,2,3, @,8=0,1, 2) are the generators
of the groups O(3), E(2), and O(1, 2), respectively,
i.e., matrices satisfying the commutation relations

ism Sp]l=iegpeSe;
[T1, Tol= —iTy, [Ta, Tol=iTy, [Ty, T4]=0; } (A.5)
[Sol' Soz]: ' i‘SlBl [SOU Sl!l: 7i‘SU£l iSIIE! Sl!]“_‘ i-sol‘

By direct verification we can show that if the matrices
S,, T,, and S, satisfy the relations (A.5), then the ma-
trices A, (A.3), (A.4) satisfy the algebra (A.2) and,
conversely, (A.5) follows from (A.2)=(A.4). The lem-
ma is proved.

One can show that the algebra (A.2) is satisfied by the
operators

1

ho=Wyp™l; Ao= 273

eave (Wy, — W),

where W), are the components of the nonrelativistic
analog of the Lubanski-Pauli vector

Wo=Polg Wo=mdy3—(PXG),

in the frame with p, =p,=p,. We now formulate the fun-
damental theorem.

Theorem. An arbitrary Hermitian representation
of the Lie algebra of the extended Galileo group (6)-
(10) can be realized by means of the operators

Py=py, Pa=pa, M=m;

i 8 V3patp
Jag=— —_— =
¢ 1(PX ap)u*i’lu V39+P1+P2+Ps ;
i a (X pla €abe (Pb— Pe) hymp— ) p
Ge= —ip, + = L £ A.6
¢ Zailrage 204 (V 3p+pi+patps) L2

where A, are matrices which satisfy the commutation
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relations (A.2),

Proof. It can be shown by direct verification that the
operators (A.6) satisfy the commutation relations (6)-
(10),.i.e., realize a representation of the Lie algebra
of the extended Galileo group.

We show that by choosing all irreducible representa-
tions of the algebra (A.2) we obtain in accordance with
formulas (A.6) representations of the algebra (6)—(10)
corresponding to all possible values of the invariant
operators (13). Substituting (A.6) in (13), we obtain

Ci=2mpy—p?, Cy=m, Cy=m*j+A3-+A3-+Af. (A7)

Using the isomorphism (A.3), (A.4), we rewrite the op-
erator C, (A.7) in the form

Cy=m?(5§+8§+59), if

d=m?>0;
Cy=T}4 T3, if }

(A.8)

c3=0.

It can be seen from (A.8) that the invariant operator
C, can be expressed in terms of the Casimir operators
of the groups O(3) and D(2), the little groups of the Gal-
ileo group whose eigenvalues (together with ¢, and c,)
label all irreducible Hermitian representations of the
algebra (6)—(10). The theorem is proved.

Thus, the Hermitian irreducible representations
D(c,,c,,c,) of the algebra (6)—(10) can be divided into
three classes corresponding to the following values of
the invariant operators (A.6):

L —oo<ie<oo, —o0<ey<<0, 0< ey 00, cy=m2 (s+1);
. —co<e; <0, ca=cy=0;
III. —o <L ey < oo, 63=0, cz=r2>0,

(A.9)

Using the explicit form of the matrices S, and T, (see
Ref. 35) and the isomorphism (A.3), (A.4), we can
readily calculate explicit expressions for the matrices
A, in the basis |c,p,A):

Aole, by M)=A%e, B, A), a=I, II, III;
A 1 : A
Aile, py M= V3 (dfl as1les Py 7‘-+1)+ﬂ%, a-gle Py A—1));
e
413

Asle, P, M= OF apales o A1) 4B 4 le, B, A—1));

(A.10)
Ayle, P Ay=—(hy+ha)lc, B, A),

where the values of the index a depend on the C [this
dependence is given in (A.8)]. At the same time

MRS g i

o e =MV FAL VI Vil 0—M M £ 1);
e =l—VIFUT VI VsGsrD—Aral£1;  (A.11)

MIST, el =0Ty =0;
MU—ntq afly,, =r0 VUi oS, =rF VI i),
where n=0,1,2,..., 0<s@<1, and A and s are arbi-
trary integral or half-integral numbers.

Formulas (A.1), (A.6), and (A.9)=(A.11) (for fixed c,)
completely determine the explicit form of the genera-
tors of the Galileo group for all classes of irreducible
representations.

The class-I representations (which are usually asso-
ciated with a nonrelativistic particle with spin s, mass
m, and internal energy &£,=c,/2m) were obtained in a
different realization in Ref. 4, in which class-II repre-
sentations of the algebra (6)-(10) were also found;
these can be associated with a nonrelativistic massless
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particle. Such representations have the additional in-

variant operator C,=J,P,P™ and are one-dimensional

with respect to the index A. The class-III r;epresenta-
tions are infinite-dimensional with respect to the spin

index. The representations of this class of the Lie al-
gebra of the extended Galileo group are apparently ob-
tained for the first time in the present paper.

A distinctive feature of the realization (A.6) is the
identical and symmetric form of the generators Py, J;
and G, for all classes of the irreducible representations
(whereas usually®* the irreducible representations of dif-
ferent classes have entirely different realizations). In
the case m =0 and especially ¢,=0, the analytic expres-
sions for the operators G, simplify considerably (at the
same time, m=x,=0).

The connection between the representations (A.6) and
the realizations obtained in Ref. 4 is given by the for-
mulas

UalUY = Goi Ul 2U%=Jo3 UpPOUL =Py, a=1, II;

[ Aop ]
Up=ex (1 = arct —-—)
. F 2mp SR Pi-tbetpy 1’

B=I[(py— Po)?*+ By — P+ (P — po)? 1%

- Pa—D ) ,
(V31 (o P+ Prt-1
where P}, J%, G! and P%, Ji, GI are the generators of
the Galileo group of the classes I and II in the realiza-
tion found in Ref. 4, and P,, J,, and G, are given by
formulas (A.6).

Uyp =exp (Eiln arctg

Note that formulas (A.2) and (A.6) also determine
class-IV representations, corresponding to cZ<0.
These representations are non-Hermitian, although
they are generated by Hermitian representations of the
algebra O(1,2). However, the operators that form the
direct sum of such representations,

s 1Py n)_ A_M(M 0y _. (1 U)_
P"_(n Bt Hlo ‘(u -/’

Ja 0 5 Gy 0
Ja= ( 0 Jﬂ) ! G“I( 0 G,,) ?
where P,, J,, and G, are given by the relations (A.2)
and (A.6) with c3<0, are Hermitian in the indefinite
metric
(1, ¢2)=5 @] (p) 0,92 (B),

where

o= (3), =(31)

¥ and X are elements in the spaces of the representa-
tions D(¢,, ¢,, ¢;) and D(cf, c,, ¢,), and I and O are the
unit matrix and the null matrix of the corresponding
dimension.

APPENDIX 2: ON THE CONNECTION BETWEEN
REPRESENTATIONS OF THE EXTENDED GALILEO
GROUP AND THE GENERALIZED POINCARE GROUP
P(1,4)

The extended Galileo group G is a subgroup of the
generalized Poincare group P(1,4), the group of rota-
tions and displacements in five-dimensional Minkowski
space. This means, in particular, that every repre-
sentation of the group P(1,4) determines a representa-
tion of the group G, which in the general case is re-
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ducible.

The 15 generators J,,, (p,v=0,1,2,3,4,J,,=-J,,),
satisfying the following commutation relations form the
Lie algebra of the group P(1, 4)*:

[Py, Pv]=0; [Py, J'\,;.]:i(gwpz\,fgmpy);
[uvs Tagl=1(guadvo+ Evad v — Euodva— Evid o),

(A.12)

where g, is the metric tensor, and gy, = -g,,=1,k=1,
2,3,4; g, =0, u#v.

Going over in (A.12) to the new basis

b 1 »:
Py=Py— Py, M=5(Py+Py); Po=Poi K=Jos;

Tomg tatelser Gom=g WoatTua, Ga=Joa—Jsa, (A.13)
we obtain the algebra [isomorphic to (A.12)]
18y, Pal=[Bo, M1=[P, M]=[P,, Py]=0;
[Bo, Jal=[M, T, 1=I[G", Gil=IM, Gi1=0;
[Ba Tol=itancPe, [Pa, GEl=i8ap1; (A.14)
ar Tol=itabelci [Py, Gb]=iPy;
[Py, Gal=[Ga, G5)=0; [Ga, M]=—iPg;
[Ga, Jol=itapcGs; [Gar Bp]=—1ibaPo; (A.15)
(63, G]=—1i (¢abed e+ 80bK); [Pa> K1=[Jay K]=0;
[Py, Kl=—iBg; [M, K]=iM; [6%, K]=% iGE.

The commutation relations (A.13) are identical to (6)—
(10), i.e., determine the Lie algebra of the extended
Galileo group.

It follows from the above that any equation invariant
under the group P(1,4) is also invariant under the ex-
tended Galileo group. For example, the five-dimen-
sional Klein-Gordon equation

PuPMY =0; Py=py=—i—2—, p=0, 1, 2, 3, 4,
ZE

can be reduced by means of the substitution (A.13) to a
form manifestly invariant under the Galileo group:
(BMP,— B, Bg) ¥ =0. (A.16)

Equation (A.16) can be interpreted as the Schrodinger
equation for a particle with variable mass.

In Ref. 36, an arbitrary irreducible representation of
the group P(1,4) is reduced with respect to represen-
tations of the group G, i.e., a complete investigation is
made of the irreducible representations of G that occur
in a given representation of P(1,4) and explicit expres-
sions are found for the unitary operators which couple
the canonical basis of the representations of the group
P(1,4) to the G basis in which the Casimir operators
(13) are diagonal.

1f, Inonii and E. P. Wigner, Nuovo Cimento 9, 705 (1952).

2y, Bargman, Ann. Math. 59, 1 (1954),

35, Lie and F. Engel, Theorie der Transformationsgruppen,
Vol. 2, Leipzig (1890).

4J.-M. Lévy-Leblond, J. Math. Phys. 4, 776 (1963).

5J.-M. Lévy-Leblond, Commun. Math. Phys. 6, 286 (1967); 4,

488 Sov, J. Part. Nucl. 12(5), Sept.-Oct. 1981

157 (1967); in: Group Theory and its Applications (ed.
E. M. Loebl), Vol. 2, Academic Press, New York (1971).

6C. R. Hagen and W. J. Hurley, Phys. Rev. Lett. 24, 1381
(1970).

"W. J. Hurley, Phys. Rev. 3, 2339 (1971); D 7, 1185 (1974).

8V. L Fushchich, A, G. Nikitin, and V, A, Salogub, Lett.
Nuovo Cimento 14, 483 (1975).

. 1. Fushchich and A. G. Nikitin, Lett. Nuovo Cimento 16,
81 (1976).

Wy, I. Fushchich, A. G. Nikitin, and V. A. Salogub, Rep.
Math. Phys. 13, 175 (1977).

1A, G. Nikitin and V. A. Salogub, Ukr. Fiz. Zh. 20, 1730
(1975).

125 @, Nikitin and V. L Fushchich, Mezhdunarodnyi’ seminar
po teoretiko-gruppovym metodam v fizike (Intern. Seminar on
Group- Theoretical Methods in Physics), Zvenigorod (1979).

185, G. Nikitin and V. L Fushchich, Teor. Mat. Fiz. 44, 34
(1980).

Up, G. Nikitin, Ukr. Fiz. Zh. 26, 2011 (1981).

157, G, Nikitin, Ukr. Fiz. Zh. 12, 1000 (1973),

8y, I. Fushchich, A, L. Grishchenko, and A, G. Nikitin,
Teor. Mat. Fiz. 8, 192 (1971); A. G. Nikitin and V. I. Fush-
chich, Teor. Mat. Fiz. 84, 319 (1978).

11y, 1. Fushchich and A. G. Nikitin, Fiz. Elem. Chastits At.
Yadra 9, 501 (1978) [Sov. J. Part. Nuel. 9, 205 (1978)].

181,, H, Ryder, Nuovo Cimento 3, 879 (1967).

%R, H. Brennich, Ann, Inst, Henri Poincaré 13, 137 (1970).

20, Steinwedel, Fortschr. Phys. 24, 211 (1976).

41, V. Ovsyannikov, Gruppovo\i‘ analiz differentsial’ nykh
uravnenii (Group Analysis of Differential Equations), Nauka,

- Moscow (1978).

20, R. Hagen, Phys. Rev. D 5, 377 (1972).

231, Niederer, Helv. Phys. Acta 45, 802 (1972).

%y, 1. Fushchich and Yu. N. Segeda, Dokl. Akad. Nauk SSSR
232 801 (1977) [Sov. Phys. Dokl. 22, 76 (1977)].

%4, G, Nikitin and V. V. Nakonechnyi, Ukr. Fiz. Zh. 25, 618
(1980).

%y, 1. Fushchich and A. G. Nikitin, Lett. Math. Phys. 2, 471
(1978). :

211, L. Foldy, Phys. Rev. 102, 568 (1956).

28], M. Gel’fand, R. V. Minlos, and Z. Ya. Shapiro, Predstav-
leniya gruppy vrashchenii i gruppy Lorentsa i ikh primenen-
iya, Fizmatgiz, Moscow (1958); English translation: Re-
presentations of the Rotation and Lorentz Groups and their
Applications, Pergamon, Oxford (1963).

29G, Paravicini and A, Sparzani, Nuovo Cimento A66, 579
(1970).

g, George and M, Levi-Nahas, J. Math. Phys. 7, 980 (1966).

31y, I. Fushchich, Teor. Mat. Fiz. 7, 3 (1971).

#p Roman and J. P. Leveille, J. Math, Phys. 10, 1760 (1974);
E. Celeghini, L. Lusanna, and E,. Sorace, Nuovo Cimento
A31, 89 (1976).

$1,. L. Foldy and 8. A. Wouthuysen, Phys. Rev. 78, 29 (1950).

#1., D. Landau and E, M. Lifshitz, Kvantovaya mekhanika,
Fizmatgiz, Moscow (1969); English translation: Quantum
Mechanics, Pergamon, Oxford (1974).

35D, S.Lomont and H. E. Moses, J. Math. Phys. 3, 405 (1962).

%YV. I. Fushchich and A. G. Nikitin, J. Phys. A 13, 2319
(1980).

3TK. Kraus, Ann. Phys. (N.Y.) 37, 82 (1980).

*R. Chatterjee and T. Lulek, Acta Phys. Pol. A56, 205 (1979);
R. Chatterjee, Can. J. Phys. 57, 2072 (1979).

Translated by Julian B. Barbour

V. . Fushchich and A. G. Nikitin 488



