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A systematic exposition is given of the results of investigations which develop Blokhintsev’s idea of stochastic
properties of space on a small scale. On the basis of this idea and in the framework of Kershaw’s stochastic
model as developed by the present author for the relativistic case the basic equations of the stochastic

mechanics of Nelson, Kershaw, and de la Pefia-Auerbach are derived. In this stochastic theory, Sivashinsky’s
equations are obtained for the self-turbulent motion of a free particle, and the two-body problem is studied in

detail. The obtained results are given a physical interpretation.

PACS numbers: 05.40. + j

INTRODUCTION

In recent years, interest has significantly increased
in the investigation of stochastic processes and fields;
this is due in the first place to the fact that it has been
possible to establish an intimate connection between
the theory of stochastic processes, quantum mecha-
nics,'”" and Euclidean quantum field theory,®*® which
is known under the general name of stochastic quanti-
zation of systems (or stochastic mechanics). Studies
are made on the generalization of the ideas of the
stochastic quantization of Nelson and Fényes for con-
tinuous systems®'! (i.e., for systems with infinitely
many degrees of freedom), and also for particles with
spin,'’*!? and relativistic mechanics!! "¢ (see also the
other approaches of Ref. 17).

From the mathematical point of view, the most in-
teresting of the results obtained must be seen in the
fact that the dynamical equations of stochastic mecha-
nics are nonlinear partial differential equations which
admit linearization and that the obtained linear equa-
tions are formally identical with the Schrédinger equa-
tion if the diffusion coefficient D is taken equal to 77/
(2m).

This commonality of the mathematical formalism of
the two theories suggests the existence of a deep con-
nection between the theory of stochastic processes and
quantum mechanics. This problem requires further
detailed investigation (in this connection, see Refs. 18—
21). With regard to the problem of the connection be-
tween stochastic (Markov) processes and Euclidean
quantum field theory, Nelson® has finally formulated
Euclidean quantum field theory in the language of ran-
dom processes, and we now effectively possess the
solution to the problem of the unique correspondence
between the Euclidean and pseudo-Euclidean Green’s
functions,’? the investigation of which was already be-
gun by Schwinger,?® Nakano,?* Fradkin,® Symanzik,?®
Taylor,* and Efimov.%!

Besides this approach, other directions are also be-
ing developed in the investigation of stochastic pro-
cesses and fields. Some of them take as their point of
departure the hypothesis of stochastic properties of
the electromagnetic vacuum (stochastic electrodynam-
ics). The reviews of Ref. 29 present the basic ele-
ments of stochastic electrodynamics and its connection
with quantum theory. Stochastic electrodynamics is
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constructed as classical electrodynamics with radiation
damping of charged particles and interaction of them
with a background electromagnetic field with spectral
density

p(©) = (F/2n2c3) w®,

Other directions are based in some manner or other
on the concept of stochastic space.®®"*® In this case,
it is assumed that the origin of the random behavior of
particles (like Brownian motion) is the stochastic na-
ture of physical space. In other words, the stochastic
nature of the processes is regarded as the result of
the effect (or influence) of space itself on the physical
system. The present review is concerned with this
direction in the theory of stochastic processes, and
the main attention is devoted to a generalization of
Nelson’s stochastic mechanics to the relativistic case.

Stochastic space was considered in connection with
elementary-particle physics for the first time in Refs.
30-33 (see the review of Ref, 34). Frederick®® and
Roy®' considered mathematical spaces with stochastic
metric and quantized domain, respectively. Reference
38 is devoted to the construction of the relativistic
kinematics of massive and massless particles in a
stochastic phase space. The electrodynamics of par-
ticles with spins 0, 3, and 1 and weak interactions
were considered in Refs. 39 in the framework of sto-
chastic theory.

In Ref. 16, which develops Blokhintsev’s idea on the
influence on a physical system of space with a small
stochastic component, the present author considered
the motion of a particle whose coordinates in the sto-
chastic space R,(¥,) are determined by two parts:

Ty == Ty + by,

where x, is the regular part of the coordinate, and b,
is a random vector with distribution 7(b,) satisfying
the conditions

[ de () =1, dv(B)=>0;
nonlinear equations of motion were obtained for a

stochastic particle!™ in the nonrelativistic and relati-
vistic cases.

The attraction of the approach based on the hypothe-
sis of a gtochastic space to the description of stochas-
tic processes is that we have succeeded in generalizing
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stochastic mechanics to the relativistic case and de-
fining rigorously, in the mathematical sense, relati-
vistic integrals of Feynman type.? In addition, in this
scheme, as one would expect, we encounter the self-
turbulent phenomenon,*® which is characteristic of a
nonlinear system.

Hitherto, we have not particularized the form of the
space R,(£,), which will evidently depend on the opera-
tion of arithmetization of events. When we are speak-
ing of the nonrelativistic motion of particles, it is suf-
ficient to assume that space is stochastic with respect
to the component

x—+x=x-}h,

where b is a universal stochastic variable subject to a
probability distribution with 7(b)=7( |b|2), for example,

r(b)m(2nlz)'3’2e.tp{—~l§|g—’), (1)
where [ is a universal length whose significance is elu-
cidated in Sec. 6. This form of the distribution follows
from the homogeneity and isotropy of space.

In the relativistic case, such an operation requires
some explanation. In relativistic theory, the space ~
R,(%,) must be a Minkowski space. The indefinite met-
ric of this space leads to a number of specific prob-
lems, which are not encountered in Euclidean space.

These difficulties peculiar to the physical space are
associated with the requirements of invariance and the
condition of normalization of the probability of some
value of the interval b* =02 —b? in a space with indefi-
nite metric (for more detail, see Ref. 35). Thus, the
invariance requirement means that the distribution
7(b,) of the vector b, must be a function of the interval
b*=b,b*, and the normalization condition gives the
equation

- far@en =t

The simultaneous fulfillment of these two requirements
for 7(b,) is actually impossible in Minkowski space.
The above difficulties can be avoided by making the
following assumptions'®:

1. The stochastic nature of the space Ry(%,) is mani-
fested in the Euclidean domain of the variables g =xg
+bg.

2. Physical quantities are regarded as functions of
the complex time ¢ +i7 in the limit 7=0 (7 is a stochas-
tic variable), which ensures the hypothesis of a stoch-
astic nature of the Euclidean space E (X, 7) instead of
the Minkowski space R,(%,f). A justification of the im-
portance of the method with ¢ —£ +i7T in quantum field
theory and quantum mechanics can be found in Refs.

41 and 42, respectively.

In the framework of these assumptions, the present
author!® has succeeded in constructing an equation of
Smoluchowski type for the probability density p(x, ,s)
in the relativistic case; for p(¥,,S) there is a repre-
sentation of the form

p(aw s+As)= | d'yza Wk A49)p(@o+ivs x—V, 9), (2)
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where s is some invariant parameter (proper time),
which is interpreted in Refs. 16 and 53. The integra-
tion in (2) is over a four-dimensional Euclidean space
and a(yZ , As) is some integrable function of the vari-
able y2 =y% +y} +93 +9%. Relativistic invariance is
ensured by the fact that the algebra of the Lorentz
group and the algebra of the group of four-dimensional
Euclidean rotations are identical in the complex domain
(for more details, see Ref. 28).

Thus, if we begin the construction of a theory in a
stochastic Euclidean space, a relativistic invariant de-
scription of the motion of particles in stochastic space
can be realized.

Our exposition is as follows. InSec. 1, the stochas-
tic nature of space is treated from a random-walk point
of view. In the next section, we study the nonrelativis-
tic motion of a particle in a force field. We then in-
vestigate the motion of a relativistic particle in a four-
dimensional stochastic space and obtain equations of
motion for a particle that are formally equivalent to the
Klein—Gordon equation. Section 4 studies the two-body
problem in the nonrelativistic and relativistic cases.

In Secs. 5 and 6, Sivashinsky’s equation is derived in
the framework of stochastic theory*® for the self-tur-
bulent motion of a free particle and the obtained re-
sults are given a physical interpretation. Some appen-
dices are given at the end of the paper.

I am very grateful to G. V. Efimov for constant in-
terest in the work, stimulating discussions, and valu-
abl e advice, and also to B. M. Barbashov, D. A. Kir-
zhnits, and V. K. Fedyanin for helpful discussions of
the work.

1. STOCHASTIC SPACE AND RANDOM WALK

We consider the motion of a particle in the space
R4(X). We assume that the particle executes N dis-
placements; then its position R, after N displacements
is given by the expression

N
Ry= > vl
=

If the motion is uniform and rectilinear, then rj=v,.
We shall now assume that in each displacement r} the
particle makes a random displacement because of the
stochastic nature of space: b;=a,b, where a; is an
arbitrary sequence of real numbers, and b is a univer-
sal stochastic variable subject to the probability dis-
tribution (1). Then after N displacements in the sto-
chastic space, the position of the particle is determin-
ed by

N
‘D=Ro+35j§:('§ -+ agb). (3)

What is the probability W,(®)d® that the particle’s co-
ordinates after N displacements lie in the interval be-
tween® and ® +d® where & is determinedby Eq.(3)? In
sucha formulation, the problem can be solved by the meth-
od proposed by Markov. The application of Markov’s
method to the random-walk problem can be found in
Ref. 44.

The probability W (B)dB that after N displacements
the particle is in the interval (B,B +dB)
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N
B~®—Ry, B= 3 o (4)
i
is given by

Wi B) =55 | [ | dpexp(—ipB) 4 (o), (5)
where

Ay (p)= H { dbe (b) exp (ipab)
N
]‘[ @alz)” 3’-jdbaxp(m, — bj2/28).

To estimate Ay(p), we calculate the value of the typi-
cal integral

I — (21272  dbexp (ipab— [b|%/21%) = exp (— Pajp?/2),

and we then have
N
Ay () =exp (B3] ajp¥/2)
j=1
P : !
"'TNlpla)’ PN:IZE aj. (6)

i=1

:exp(

Substituting (6) in (5), we obtain

W (B) = (2nPy)~"* exp (— | B|2/2Py). (7)

We now determine D, which is called the dispersion.
This vanishes, D =0, when [ =0, i.e., when the space
is not stochastic. Setting

B = B,F (BT lim Py

= lim [2 2 o= limNP 2 af

N-oc
1 N 1 N .
~jmnar 3 et=tlin 4 3 @5l
i= i=
and denoting by D the quantity

N
lim 5 3 (812,
N=+00 j=’

where AB]=1IVna,, in which # is the number of dis-
placements per unit time, we obtain

2Dt =(B.
Thus,
%
D=—li lim 2 (ABL)e, (8)

After the determination of D, the expression (7) can be
written in the form

o (B) = ii_;]m Wy (B) = (4aDt) ™2 exp (— |B|2/4Dt). (9)
Since B=® - R,,
p (@) = (41Dt)™** exp (— | @ — R, |2/4Dt). (10)

As one would expect, our problem has been reduced to
a random-walk problem. In accordance with (9), a par-
ticle which makes # displacements per unit time with
each of these displacements b; =ba; subject to the
probability distribution 7(|b|?) is situated after time ¢
in the element of volume between B and B +dB with
probability p(B)dB or p(®)d® (when R, #0). It is known
from the theory of Brownian motion that the distribu-
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tion p(r,#;r,,u,), which determines the probability of
obtaining the position r of the Brownian particle at the
time ¢ if r=r, and u=y; at =0, is determined by an
expression just like (10):

p(r, i vy, ug) = (4nDyt) "% exp  — LS00 )

EDgt
for t> g™, where g =6ran/m, Dy =kT/mB =kT/6nan,
a is the radius of the Brownian particle, 7 is the coef-
ficient of viscosity of the surrounding medium (the
fluid), %k is Boltzmann’s constant, and 7T is the abso-
lute temperature. Thus, the introduction of the sto-
chastic nature of space leads to a Brownian type of
motion of a particle which in the absence of the sto-
chastic properties would move along a definite preas-
signed trajectory.

We now turn to the derivation of a differential equa-
tion for the probability density p(r,#). The derivation
of the equation is the same as in random-walk theory.
Therefore, we shall here give only theresults. As
usual, we make important assumptions:

1) The time interval At is chosen sufficiently large
for the particle to make a large number of displace-
ments in this interval but such that during this inter-
val the mean-square increment of r, i.e., (|Ar|2), re-
mains small; then under these conditions the probabil-
ity that the particle is displaced by Ar in the time A¢
is given by

¥ (Ar, At)= (4nDAZ)™**exp (— |Ar|2/4DA%) (11)

and does not depend on r.

2) It is assumed that the displacement of the particle
in space at a given time does not depend on the previ-
ous displacements; then

pr, t+A1= [ d(ar)p(r—Ar, ¥ (Ar, At). (12)

An equation of the type (12) is called a Smoluchowski
equation. Since (| Ar|? is small by hypothesis, we can
expand p(r - Ar,f) in the integrand in a Taylor series
and integrate the obtained expression term by term.
Going to the limit At -0, we obtain

ap/at = DAp. (13)

2. EQUATIONS OF MOTION OF A NONRELATIVISTIC
PARTICLE

In constructing the dynamics of stochastic particles,
it is customary to use the mathematical concepts of
left and right derivatives, by means of which the sto-
chastic and systematic velocities of the particle are
constructed.'”'"*® Newton’s law is used as the dynami-
cal equation.

However, Kershaw’s approach?® (see also Ref. 13) was
based on equations of Smoluchowski type for the proba-
bility density p(x,f) and the mean particle velocity
vix,I).

Despite the different interpretation of the stochastic
behavior of the system (the particle), the mathematical
method of the description of the stochastic processes
in our scheme will be the same as in the studies of
Kershaw?® and Lehr and Park'? which are based on the
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theory of Bohm®® and de Broglie’’ with hidden param-
eters. ]

In Sec. 1, we considered the random-walk problem
from the point of view of a stochastic space. The
greatest interest attaches to the study of the motion of
a particle in a space whose properties are assumed to
be stochastic. We now turn to this question.

If it is assumed that the displacement of the particle
in space at a given time does not depend on the previ-
ous displacements, then the following relation holds
for the probability density p(x,?):

il b [ otx—bs,, D (x—bx,, i Ox ADAGBx),  (14)

where ¥, (x - 6x, ,¢; 6%,,At) can be interpreted as the
probability that a particle at the position x —6x, at the
time ¢ is displaced through 6x, during the time Af and,
therefore, reaches the point x at the time ¢+ Af. In
the stochastic theory of Refs. 1, 13, and 16 with twice
the number of transition probabilities, one uses

¥ (x + 6x_,t;6x._, At), which is the probability that a
particle has moved from the position x + 6x_by 6x. in
the time interval A¢ prior to the time ¢ and thus occu-
pied the position at the point x at the earlier time ¢ — A¢.
Thus, the equation analogous to (14) takes in this case
the form

p(x, E—AD)= { p(x+8x., 1) W_(x+8x, & 6x, Af)d(6x).  (15)

For ¥,, we can here choose an expression of the form

(8x, —v,. (x, 1) At)? ]

'lfi=(4uDiAt)_3"aexp[f e
- 5

where 6x, =V,(x,#)Al + Ax, is the total displacement of
the particle inthetime Af, andD : are certain constants

of the type of a diffusion coefficient. SettingD =D _=D,
expanding p and @, in Taylor series, integrating over
6x,, and retaining terms of order Af;we obtain Fokker—
Planck equations for p(x, £).

aplot= —V (pv,) + DV3p;

plat= —V (pv_)— DV, } (16)
or

dplot = —V (pv); u= DV In p;

V= (Ve V)2 u=(v,—v.)/2 } (17)

In stochastic theory, v and u are called the ordinary
(or regular) and the stochastic velocity of the particle,
respectively, and v, and v. the forward and backward
velocity.

We now consider the motion of a particle in an exter-
nal force field F=—VU. Following Kershaw,® we can
derive equations of Smoluchowski type for the mean
velocities v, and v. of particles in accordance with the
formulas

va (X, tim)=N—1i S [vi(.\:?ﬁxi, f) == %fi (xF bx, £) |

3 A AL e AW e e 18)
valn, tF A ==L | [va (xot b, ) F S0 (o Oy )]

X p(x %= 6xp, t) ¥z (x £ 6xz, & 6xs, Af)d(Dxs), (19)
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where f, and f are certain external forces, and

N*=— 5 p(xE Bxa, ) Va (X F Oxs, 1} 6xs, Af)d (6xs)

are normalization factors. The upper and lower signs
correspond to v, and v., respectively.

Expanding v,,p,¥,,f,, and f] in Taylor series, inte-

‘grating over 0x,, and going to the limit Af -0, we ob-

tain from (18) and (19) four possible equations:

m ( a;;t + (vtv)vi) =fy +mD (2E§ﬂvi+v2\r*) s
m(SE + (v2V)ve) =te F mD (%(vpv;v*+szi)_ (20)
Going over to the variables v and u and adding and sub-
tracting Eqgs. (20), we obtain the following equations,
which describe entirely different processes:

dv—h du=—=Ff; deu-+hdey = Fi (21)
and

dv—hdy=—Fy; dut+hdu=— F, (22)
where

d,=dlit + (vV); ds=(uV)+DV? A=+£1;
Fi=a(+1) Fly=gE+0); Fimg (1)

Fiy=—d(l—1); Fi=a (1) Foy=5 -+
| Fi=g(f-1) Foo=g (1),

The left-hand sides of the obtained equations have a
definite parity under the time-reversal transformation.
Indeed, under f ——f

vV——v; de—>—d,;

u—u; d,—ds,

and we readily conclude that the expression d.v —xdgu
does not change, while d,u+xd,v (A =%1) changes sign
under the transformation { ——f. Therefore, the right-
hand side of the corresponding equations, which is the
force, must be chosen such that the individual equation
as a whole remains invariant under ¢ --£. This re-
quirement is satisfied if we assume that

I,—1i, f;—,—f'_ as t——1.

Then F does not change, while F; reverses its sign,
and F, - F (., and F{~--F{,, as t ==t and, therefore,
the four equations (22) actually reduce to two equations.
We also write down the equation

dulot = —V (vu)— DV (Vy), (23)

which follows from the continuity equation and the ex-
pression (17) for the velocity u.

We see that on the basis of the hypothesis of a sto-
chastic space and Smoluchowski’s equations we have
obtained in the framework of Kershaw’s approach the
same fundamental equations that were obtained by Nel-
son'! and de la Pefa-Auerbach and Cetto* (see also the
review of Ref. 5) by different routes. Note that Ker-
shaw could not obtain these equations, since he con-
sidered only one transition probability, for example
¥ (Ax, At).

Detailed investigations in Egs. (21) and (23) are made
in Refs. 1-5. In Appendix 1, we consider a question
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associated with the requirements imposed on the equa-
tions of stochastic mechanics. In particular, on the
basis of some mathematical assumptions about sto-
chastic processes, Nelson' obtained the first equation
in (21) with x =1 and (23) and showed that if one con-
siders a charged particle and takes the forces

F‘;:eE-i--E-va and Fi= —VU,

then these equations are equivalent to the Schrddinger
equations

respectively. Here D =#/2m,) =exp (R +iS),
R=—;—1np, gradS:%(v—i— %A),

and A, the vector potential, is related to E and H by
H=curlA, E= —124__gq,

Further, on the basis of the description of the mean
local motion of the elements of continuous media (en-
sembles), which leads to two different kinds of motion
during a short time interval A¢, de la Pena-Auerback
and Cetto! obtained Egs. (21) with A =1. These equa-
tions can also be reduced to Schrodinger equations for
the wave functions § and 3* if the Lorentz force is
chosen as follows:

e dA

e S

and

Fi=ZuxH+<DVxH.
They also showed* that the second equation of (21) with
A =-1 describes an Einstein process. Skagerstam® in-
vestigated Eqs. (21) and (23) from the point of view of
the theory of stochastic processes defined in a classi-
cal configuration space.

Recently, Davidson’ showed that in the Fényes—-Nel-
son stochastic model there is an entire class of differ-
ent dynamical schemes which lead to a Schrdinger
equation as the solution of a Markov diffusion problem.
As a result, the dispersion constant D in the Markov
theory is an arbitrary positive parameter.

Note that the first equation of (21) with A =1 agrees
with the continuity equation (17) or (23), and thus it
gives the correct classical equation of motion of a par-
ticle with velocity u+v in the external electromagnetic
field F =F{ + F{ (in this connection, see Ref. 4).

The remaining equations (22) have the same form as
the Navier—Stokes equations for “fluids” with veloci-
ties v and u if D is formally identified with the coeffi-
cient of viscosity. They are studied in Sec. 5.

Finally, we determine

lim L @x
Aoy T BF
By hypothesis,
N ]
——— o A
Bz =Az) = lim 2 3 aj— At lim > (Azj)2,

NESH oy i=t
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where Ax;=1Vna;, and n is the number of displace-
ments per unit time. We also have

(Az,)2=2D At = (Az ) =2D_At,

and hence
1(ax)2_ 3 i = 3
; X)? %R
AnTE —Tin W D Gat=g o

We have arrived at Nelson’s relation.

Thus, from the hypothesis of the stochastic nature of
space we have obtained Nelson’s mechanics, which is
identical with quantum mechanics. The connection be-
tween the Schridinger equation and the stochastic theo-
ry based on the hypothesis of a stochastic space can be
demonstrated by the following simple example. Sup-
pose that at £ =0 the wave function has the form

¢ (x, t=0)=N exp (—x3/2a2), (24)

where N is a normalization constant, and-q is a posi-
tive number; then for ¢ > 0 the wave function is deter-
mined by means of the Green’s function of the Schr&-
dinger equation:

o(x )= [ Kx—x, o, 0ax,
where
K (x, )= (42Dt)~"/% exp (ix?/4Dt).
After simple calculations, we obtain
k32 -3/2 2 1
lo(x, 12 =N2[ 1+ | exp {— 2 i ). (26)

We now consider the probability density corresponding
to the function (24), i.e.,

p(x, t=0)= N2exp (—x?/a?), (26)

and we attempt to determine p(x,#) by means of the sto-
chastic mechanics considered above. Since

u=DV Inp,

the velocity corresponding to the expression (26) is

h
ma?

uw(x, i=0)=— X,

and the solution of an equation of the type (16) for u’
=v, (v.=0) is determined by the relation
o (x, 1) = N¥/(4nDy)*/? 5 dx’ exp [ IR e "_’]

4Dt al
=m§£‘fmexp["“§:—/(1+%”' i

which is identical to the quantum-mechanical quantity
(25). The kernel

Gz, &, ', i'=0)= (4:‘1Di)'3"2 exp [_'(x—xr:;: (x") 1) :l

of this equation satisfies the Fokker-Planck equation

W . 8(x6) ot
T_ﬁ ax ax? G,

+D

where

xPp=—ud(x), B=#/(ma3).

3. RELATIVISTIC DESCRIPTION OF THE MOTION
OF A PARTICLE IN STOCHASTIC SPACE

As was pointed out in the Introduction, in the rela-
tivistic case we shall formally consider the motion of a
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particle which executes a random walk due to the sto-
chastic nature of the four-dimensional Euclidean space
E (%,7). Suppose the particle executes N displace-
ments; then its coordinates are determined by the ex-
pression
N
By=2 Pibu

=1
where §; is a sequence of N numbers, and the vector
b, =(by,b) is distributed with the probability
T(b)db=1 (b,,b"‘) dbb.

Here
be = bb* = bl -+ b2
The probability W (B, )d*B that B, lies in the interval
between B, and B, +dB, is given by
Wy (By) dB = d“B (2nPy) 2 exp (— B2/2Py), Py i—i 123,
Defining .
2Ds= By =B} =Bi=B}

or
N
lim - 123, npj (n=Nls),

we obtain
p(By)= JI\Tim Wy (By)= (4nDs) exp (— B2/4Ds),

where s is some positive scalar whose meaning will be
explained in Sec. 6. For the time being, it can be un-
derstood in the present case as the proper time of the
particle. Further, as in the three-dimensional case,
we define the “transition probability”

¥ (Ays, As)= (4aDAs)2exp (— lel ),

and then the Smoluchowski equation takes the form
Pe (zf. s+ As)= 5 dsysz(xl'f—-yﬁ, )Y (yg, As), (28)

where for convenience we have set y; = Ay, , and the
diffusion equation becomes

dop _ n &
—5a- = DO xpe, Oz=—7 t 5 (29)
If ¥(yg, As) depends on the point x3, for example,

— % (B2 -
v (Iﬁ:; Yz, As)=(4nDAs)2exp [ = W4—J;i£ﬂ’)-}-ij .

where (y))* =u*As and us = (uy,u) is the four-dimen-
sional Euclidean velocity of the particle, then instead
of (29) we obtain an equation of the Fokker—Planck type
in the Euclidean space:

dpplds = — iy, (puk) + DO gpe, 8= (8/0z;, V).

The question of the transition to pseudo-Euclidean
space (Minkowski space) now arises. In his monograph
on nonlocal interactions of quantized fields,*® Efimov
shows that when field theory is constructed from a
Euclidean basis the transition to the pseudo-Euclidean
domain can be realized by a displacement of the coordi-
nates such that x; acquires a purely imaginary addition,
while the coordinates x remain real. It is found that
the procedure for displacing the coordinate x; is deeply
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connected to a fundamental problem such as causality,
and it evidently also has a direct bearing on the rela-
tivistically invariant description of extended objects
(for more details, see Ref. 28). Using this idea, we
can write Eq. (28) in the form

p (zTyy 5 = As)
= [ dya¥e W Asi xFy, 2+i9)p(XTF ¥y ToF iV o)
where the variables x, = (x;,x) are pseudo-Euclidean
and ¥, can be chosen in the form

(ye—y? ]

V., = (4nD_ As)2exp [-— T

yI =(*iulAs, uids), D_=D,=D,

where . are four-dimensional velocity vectors. From
this we readily obtain the two Fokker-Planck equations

dplds = —d, (pus) +DOlp;  dplos — —o, (pux)—DOp,  (30)
or, in terms of »"* and u”,

dplos = — B, (pok); ub=-g (WE—uk)= —Dd"Inp, (31)
where

; 1 . a A a2 52

v = o (uh - uk); 5u=(’3§» V) ; O= —-!gs--(--aﬁ.

We now attempt to obtain equations of motion of a
particle, which in accordance with the correspondence
principle must take the form (20) depending on the
choice of the force field in the nonrelativistic limit.

In the framework of our scheme, relativistic equa-
tions for #* are obtain from the integral equations

1
N=

uk (zy, s+els)= S [u’; (x—ey, T+ iy, §)

-{—e:-—?—-:-F"_'.‘,(x—By, 9«'u+iys)] (32)
X p(x —ey, Zo+iyy, 5) Ve (x—ey, sp+ifu 5 Ye, A8)d'Ye;
;x 5Lui(x+ey. 2o+ iy, 8)

ul (zy, s—eAs) =

— %FI(X—‘— EY, xg+iya)] p(x+4ey, zo+ iy, 9)
X Wi (X+ey, To+ iV 5 Yo As)d'yg, (33)
where
Ve = (g (x—ey, zo+iv0 5 Ym 89)p (x—ey, 2o+ b, 9),
_{ 1 for u¥;
= —1 for u,

and F¥ and F}* are certain forces.

Expanding the expressions in (32) and (33) in Taylor
series, integrating over d'y, going to the limit As -0,
and making some calculations, we obtain the equations

m ( a;:% uJ,-u‘_lO‘,u":) =F% +mD (2%5\,0&4— Du’;) £

(34)

nl( ﬁ;} +u§6\-u§) =F*F mD (2 %5vu§+|:lu.i),

From this we obtain relativistic equations for »* and
.,

u .
i + 1 2
Doom— ADub =— Q5" Dot +ADp# = — @7 (35)
and

D — LD wm =-:1— f; Dcu“—l—lD,u“:—;-d);,“, (36)
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where D, =9/3s +v*3,;D,=u*3,+ D0, =+1. The func-
tions #;,...,%}" can be expressed in terms of F*

»++.,F* in the same way as in the nonrelativistic case.

#,”“(®™*) does not (does) change sign, and

Df - Oy and (Di“ —_ —(D'_P'l under § = —s.
Equations (35) and (36) in conjunction with Eq. (31)

are the covariant analog of (21), (22), and (17) in the
relativistic case,

Note that the left-hand side of the first equation in
(35) for x =1 is identical to the expression for the ac-
celeration obtained on the basis of some assumptions
in the framework of the mathematical approach of Nel-
son (see Ref. 14 and also Ref. 13).

We can consider the special case when only the Lo-
rentz force ®;{* is present; this is related to the elec-
tromagnetic field F** by

e e N i W L

Here, A” is the electromagnetic potential, for which
the Lorentz condition is satisfied:

A" =0,
In this case, it is usually assumed that the generalized
momentum is a 4-gradient of a world scalar S:

s ==mvll+:—A",

and then the first equation in (35) with x =1 and (31)
are equivalent to the Klein—-Gordon equation
(8"—-:—iA"‘)2qv— o =0. (37)

The proof is given in Refs. 1 and 13, and therefore we
shall not give it here.

The equations of (35) with x =1 were also investigated
by Vigier® in the framework of the approach of Ref. 4.
The external field in this case was chosen in the form

G — £ Py DfZF = £ P, 42 Do,

Such a choice of the field #;™* ensures consistency of
the second equation in (35) with (31) for A =1, as a re-
sult of which there is no overdetermination of the phy-
sical quantities p and v* (see Appendix 1).

The covariant analog of (22) is provided by Egs. (36),
which will be considered in Sec. 5.

4. THE TWO-BODY PROBLEM IN STOCHASTIC
THEORY

We consider first two interacting nonrelativistic par-
ticles. We shall investigate the problem in the frame-
work of a stochastic theory based on Smoluchowski
equations for the probability density p(x,,x,,¢) of find-
ing the first particle at the point x; and the second at
the point x, at the time # with relative velocities v(x,,
Xy,t) and vy(x(,X,,f).** It is assumed that the interac-
tion potential U(x,,x;) between two particles will depend
only on the difference x; —x, between their coordinates,
ie., Ulx,x,)=U(x; —%;).

The problem we consider was first studied by Ker-
shaw? for the probability density ¥ (Ax, Af), and he ob-
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tained equations that describe the motion of the center
of mass of the two particles and their relative motion.
As above, we shall investigate the problem of two bod-
ies in the framework of two transition probabilities ¥,
and ¥_. Here, for the first particle

WL (Axt, Af)= (@arAtim) ¥ exp[ —TalN ],

and for the second

VL (Axg, At) = @amAtlmy) Pexp [ — ﬂ;%ﬁi]

where 1-1 = 2D1m1 and 72 = ZDZmz.
Without loss of generality, we take 7,=7,=7. In
terms of the variables

rt=x{—x% R*=(mxi+ myx5)/(m; -+ my)

¥! and ¥ take the form

a (x3)

. (Art, A=) Slp: (Ax}, At)W2(Axt—Ar+, At)d®(Az!)

= (2ntAt/p)~2exp [—- "2(:\;?' J 5

where 8(x3)/3(r") is the Jacobian of the transition from
x; to r*, and p =mm,/(m,+m,). Similarly,

¥, (AR+, Af)

L j 3 (Ax, Af) ¥ (At, mi; AR*— 2 Ax) & (Az)

=T(RY

£ -3/2 M (ARY)?
= (2nTAt/M) exp | — 5 ],

where M =m, +m, is the total mass of the particles.
Suppose

V+(r, R, t)=(myvi+mywi)/M;
C+(r, R, t)=vi—v};

here
T =X 4 X] — X3 — X5 = X; — Xy;
R = [m (x{ +x7) +my (x3 4+ x3)[/ M = (myx, + mgx,) [ M.
Then the total variations 6R* and 6r* are determined
by the equations
6R*=V*At-+-AR* and 6r* = C+.A: -+ Ar+

respectively. Byanalogy withthe earlier investigations,

Wi OR*, At, 1, R, )= {2xvAt/M) " exp [ — M ER—_VoAt |

2tAt
and

Wi (6rt, A, 1, R, £)= (2ntAt/p) " exp [—M]

2TAt

and at the same time p(r, R, ) =p(x,,x;,£)3(x,X,)/3r,R)
satisfies the equation
p(r, R, t4+At)= [ p(r—brt, R—8R*, 1)
X Wi (brt, Af, r—&rt, R—6R*¥, i)
x Wk (B8R, A, r—6r*, R—68R*, t)d®(8r+)d® (BR*)
=p—AL[V, (pC*) + V5 (pV*) — D, Vip— Dy Vipl,

whence
%’:‘ ==V, (pC*)—=Vr(oV*)+D,Vip+ DuVie, (38)

where D, =7/(2u),D ,=7/(2M).

The corresponding equations for p obtained on the
basis of the concept of the transition probabilities ol
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and ¥? take the form
p(r, R, t—Af)
= [ o8, R+-8R-, 1) Wi ¥ad (6) & (OR") (39)

or

9pldt = —V, (p€7) — Vg (pV") — D, Vip— Dy Vo,
where

C=vi—vs V-=(mywi+myvs)/M.
From Eqgs. (38) and (39), we obtain

dpl/ot = —V . (pV,;)— Vg (pV.); }
U,=DyVelnp u,=D,V Inp.

Here

(40)

V.= ﬁ;- (V¥4 V7) = (myv, +myv,)/M;
V= (€ + €)= vy=—vy;
u, = %— (V*— V") = (myuy -+ mayuy) /M
1

u,:T(C*'—C'):u,—uz.

We recall that the potential U(r) acts only on the vel-
ocity C; then the equations for C* and V* have the form

VE(r, R, tiAt):-E-;i—SV*(r=F6r*. R F 6R, 1)

% p(r=F 6r=, R 6R*, t) TEWHA (6r=) & (BRY);
C*(r, R, tj:At):WE—j [C* (e br%, R 6R®, 1)
Es At%V,U (v 6r%) | p (r 7 br%, RF 6R*, 1)
X WEWH (6r%) d® (8R®),
where
N*= 5 & (6R*®) d® (5r*) p (r = 6r=. R = 6R*, 1) WEVE,
After some calculations, we obtain the equations
AV, —diu, = 0; &V, —dju, = —V,Uly, (41)
where
&=+ (Ve¥R) + (V:V,); di= (V) +(u,V,) + D, Vi+ Dy V.

Thus, the operators d; and d;, decompose into a sum
of two independent parts. Accordingly, we can seek
p(r,R,?) in the form of the product

p(r, R, th=p.(r, 1) 0r (R, 2),
and the variables V, . and u, , can be set equal to

Voir, R, )=V, (r, t); ur(r, R, t)=u,(r, 1)

V.(r, R, )=V (R, 1); u,(r, R, t)=1u.(R, ),
where pg, V. and u, describe the motion of the center
of mass (as the free motion of a particle with mass
my +my) and p,, V,, and u, describe the relative mo-
tion of the particles [as the motion of a particle of
mass p in the centrally symmetric field U =U(r)]; then
Eqs. (40) and (41) take the form

dpplit = —div (prVe); drVe—dau,=0 (42)
and

apy/ot — —div (p,Vp);  drVr—dpuy — — VU (r)/p, (43)

where
A% g0 % " i
dh=5;+(Ve¥a)i dr=(uVr)+DyVh di= % +(V.V.);
dr=(u,V,)+ D,Vi.
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Following Nelson, Egs. (42) and (43) can be linear-
ized by the substitutions

Hr= _;' Inp;; #g= "12‘ Inpp; w,.= 2D,V %y
u, =2DyVexg: V,=2D,9.5,;
Ve =2DyV gbpi
Pr =0y (r, £)=exp (%, +18,); pr=9r (R, ?)=exp (xp+ibz).

We then obtain the following two equations for ¢, and
Pr:

ap " - |
oDl (00, (44)

and
dpgldt = iDyVier

respectively. The last two equations are formally
identical with Schrodinger equations for ¢, and ¢g if
we set T=F, i.e.,

Dy —I2M; D, —Fl2p.

We now turn to the problem of two relativistic par-
ticles. In this paper, we consider the stochastic be-
havior of two identical and correlated relativistic sca-
lar particles, since this problem has physical interest.
Our investigation®® is based on equations of Smolu-
chowski type for the probability density p(x{,x},s,S)
for finding the first particle at the point x{ and the
second at the point x4 at the “times” s and s, and for
their relative velocities v4(x},x%,5,8,) and v} (%], x5,
§(,83), respectively.

For the direct generalization of the results obtained
above for the single-particle model to the two-particle
case, it was found to be mathematically more con-
venient to introduce the eight-dimensional configura-
tion space considered in Ref. 47.

In this space, the positions of two particles and their
relative velocities are determined by the eight-compo-
nent vectors X! and »* (i=1,...,8), respectively,
where

{XYicy, ... s={aty 2P}y, v=0,.... 8

{”i (X7, 5q, s} ={v}, v}}.

Here, x% and x3 are the coordinate vectors of each par-
ticle. The metric tensor g;; in this space is defined as
in Ref. 4T:

|

ooQooOoORrROCO

Bij=

CoOrO0OO0CQOO0O

Sro000CCCO

cooRr,rocOoOCOCC
,POOoOOOoOOCO

[ e e - = R R = B
o
OO0 OR OO0

and
X2 = X, X =g XX = () + ()™
If x{(s,) and «} (s,) are the trajectories of each parti-

cle, then in the eight-dimensional space their common
trajectory will be X¥(sy,ss).

As in the three- and four-dimensional cases, we
introduce the two-particle analog ¥(X’,s,s,,As, As,)
of the single-particle transition probabilities ¥(x,#,
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Af) and ¥(x*,s, As) used above. If the particles are
not correlated, ¥(X’,s,,s,,As,, As,) can be factorized:

¥ (XY, sy, 8, Asy, As)) =Wy (2}, s, Asy) Wy (2k, 85, Asy).

Without loss of generality, we choose the gauge Asy

= Asz =As; then the equation of Smoluchowski type for
p(X ,s;,sz) takes the form
p(X?, 8+ As, 8, 4 As)
= j Yep (X' FY', X141V, Xo4iVE, sy, 8)
XY= (X"F Y, X14i¥k, X54iVE, s, &, As, YE), (45}

where X' and Y7 (I=2,3,4,6,7,8) are the spatial parts
of the vectors X! and Y#, respectively.
Taking into account the explicit form of ¥*,

(Yy—vip
‘iDﬁAs ; }

W= = (4nD As) " exp [k

Yi=(xividAs, +iviAs, vlAs), (46)
we obtain from (45) the differential equations
dpldsy+ dp/dsy -+ 8, (pvi)—DiOp=0;
90198+ 9p/ds, + 8, (pvi) + D_Dp =0; } (47
1= 0/0X', —8;0'=[0 =D+ O

Here, we have setD =D,=D, where D is the disper-
sion, and »! and v} are the forward and backward velo-
cities. Going over to the variables

Vi Vi) ui= o (vh— )
and adding and subtracting Eqs. (47), we obtain

T+ g+ 9 (pv) = 0wl =

d5, ' Oig —D# lnp, (43)

where ! is the ordinary (regular) and u* the stochastic
velocity of the two-particle system.

In our scheme (see Sec. 6) conservation of mass (of
the probability density multiplied by the volume) means
that there is no loss of mass through any hypersurfaces
characterized by the vectors v} and v3; in this connec -
tion, we adopt the physical hypothesis that the total
number of particles (i.e., the pair in the real space-
time) is conserved. Then we can write

] ¢/ -
——,;1 Gom = (@0 v+ (dp-vy)
V3 % , Gp a
5x° .+ T—pe ox, Tt Vs
bt 6p . e
+ =0 (Bi=vile? i=1, 2)

and our continuity equation in the configuration space
becomes

a; (pv') =0, (49)

or, in terms of ' and u!,

—u'v; - Daty, = 0. (50)

In the case of a two-particle system, following Ker-
shaw,® we can derive equations of the type (45) for the
mean velocities »}(X’,s,s,) in some external field

*(X Sl,Sz)

vi (X7, si+eds, s,4eAs)

:\_‘:_5 (U; (X" —eY!, X14i¥h, X54iVE, s, 8)
+EE L (X’—EY’ Xi4i¥h, Xo+i¥E, s, &) |
>- qri (x’ » X1+iYE, X34-iVE, sy, s, As, YE)
vp{x&ar X1 +i¥VE, X+ iY, s, 8)d*Y g,

(51)
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where

Nt 5 Y g¥* (X — ¥, X14i¥, ..., Y
Xp(XI—eYI, W5 is8g)
are normalization factors; M is some effective mass
of our two-particle system; and
1 { 1 for v;L:
—1 for vi.

In our case, Egs. (51) lead to the differential equations

Bui

-|- a J—wfa,ui_F /W+D( ujaju;:+Du;), (52)

Adding Eqgs. (52), we obtain

Dt — Dot = o (Pl + Fi) = Fi/ M,

D, = 0]ds, + 8jdsy 4 v'a;, (53)

D,=u'd;+ DQ.
Equation (53) in conjunction with the continuity equa-
tion (49) is the covariant analog of the single-particle
case for a two-particle system.

Note that the left-hand side of Eq. (53) is identical to
the expression for the “velocity” obtained by Cufaro
Petroni and Vigier!’ on the basis of some assumptions
in the framework of the mathematical approach of Nel-
son'! and Guerra and Ruggiero.'

The coupled pair of nonlinear differential equations
(50) and (53) can be linearized if we set

v = 30, (54)

as in the previous papers of Refs. 1, 16, and 47,
where &(X*,s,s,) is the phase function determined by
the equation

O (XY, 54, s5) ——(sl+s2)+S(X )e (59)

Using the expressions (48), (54), and (55), on the basis
of Eqs. (49) and (53) we obtain the equation of Hamil-
ton-Jacobi type?’

(88" — 8,88'S/h — 2m2c2/h) R =0 (56)

for the two-particle system in the case when there is

no external force: F!=0. Here, we have set
R=p'/2, D=Fk/2m.

From Eq. (56) there follows a continuity equation of the
form

26;R8'S + R9,6'S =0.
Finally, we have a formal equation for =R exp (iS/%):
(O —2m2e2(h?) = 0. (57)
In the nonrelativistic limit, Eq. (57) leads to an ordi-
nary two-particle Schrédinger equation for y(x,x,,#)
=R(X;,X,,t) exp(iS/f), which decomposes into two
equations:

B (P (p ) 0

where P=R?=y*J, and

18)3 (’U:S)”

S F oo
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Here,
Q= —5—(ViRIR+ ViR/R)

is some potential, and it is usually called the nonlocal
quantum potential of the two bodies (see, for example,
Ref. 47).

We note in conclusion that the physical consequences
of the results obtained above are discussed in Ref. 47.

5. DERIVATION OF SIVASHINSKY'S EQUATION FOR
THE SELF-TURBULENT MOTION OF A FREE
PARTICLE IN STOCHASTIC MECHANICS

Sivashinsky*® noted a formal analogy between the
equation of a flame front and the Hamilton-Jacobi
equation for the motion of a free particle. He showed
that if in the equation for the flame front one intro-
duces terms with higher derivatives describing the
structural perturbations of the front, the front is un-
stable with respect to long-wavelength perturbations.
As a result, the original deterministic equation can
generate solutions of stochastic type. An attempt was
made to interpret the equation with higher derivatives
as a Hamilton-Jacobi equation describing the motion of

“quantum” particle.

However, in the framework of Sivashinsky’s approach
the choice of the potential (the self-interaction poten-
tial of the particle) which“ generates the turbulence”
in the Hamilton~Jacobi equation is not unique and does
not have a clear physical justification.

This section of the review is devoted to the deriva-
tion of a Sivashinsky equation for the self-turbulent
motion of a free particle in the framework of stochastic
theory on the basis of the hypothesis of a stochastic
space.’® We are therefore attempting to justify the
occurrence of the potential which generates the turbu-
lence in the equation of motion of the particle.

We consider first a scalar particle in the stochastic

space R,(%) with coordinates
X=x+bh.
Since in our model the real points of the space Ry(X)
are stochastic, these points cannot be used as the
basis for a coordinate system, and for the same rea-
son derivatives with respect to them cannot be for-
mulated. The stochastic nature of space is manifested
only in the microscopic world. Therefore, one can
take a macroscale of nonstochastic space mathemati-
cally continued from a stochastic microregion. Such a
mathematical construction ensures a nonstochastic
space to which the stochastic physical space can be
referred (see Ref. 36). In our case, this mathematical
construction reduces to averaging with respect to the
measure 7(b) at each point £=x +b of the space R4%).
Thus, by the physical quantity f(x,#) we shall under-
stand (f(&%,?)), averaged with respect to the measure
7(b) at a given time {. The assumption that the sto-
chastic component of the space R4(&) is small means
that
F (x i) =

(F(x+h, t»-—-idhr(b)f(x b, 1)

={1(x D +bi 51 (x. 1)
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i e [ (5 0 ) R (5 O PAL (58)
It is assumed that 7(b)=7(-b).
It should be noted that with a suitable choice of the
function 7(b) the method of averaging (58), which en-

sures the transition from the small to the large scale,
leads to an entirely new object!’:

Folx, )= E, o BV (x, )= [ dyK (s—3) £ (3, ),

and in the relativistic case

o

Fn (Ilh S) T

9= duK @—9) 1, o),

where

K= 352 oar (VY8 (2);

n=0

K (z,) 10 s (0)" 8 ),
and the coefficients ¢, (c}) depend on the particular
choice of the distribution 7(b) ['r(yf)]. In quantum field
theory, such an object has been investigated carefully
by Efimov*® from the point of view of generalized func-
tions K(x) whose space—time properties depend essen-
tially on different sequences of coefficients {c,}. Efi-
mov showed that an object constructed by means of such
generalized functions K(x) is smeared (nonlocal) in
space.

Thus, the procedure for averaging (58) in the frame-
work of our hypothesis leads to a nonlocal object. How-
ever, such averaging cannot change the physical na-
ture of the object (for example, if it was stochastic
before the averaging, it still is so after it) but merely
changes the spatial structure of the object, which is
smeared in a certain region determined by I. In cal-
culations of local and nonlocal objects such as the velo-
city v(x,t), the randomness effect which arises from
the fluctuation of the spatial coordinates accumulates
with the course of time, is manifested only in the dy-
namical aspect, and does not depend on the intermedi-
ate averaging procedure (58). Then in our case, the
local, f(x,t), and the nonlocal, F,(x,t), objects can be
assumed to be stochastic quantities. At the present
time, it is not clear how one should write down the
probability equation (an equation of Chapman-Kolmo-
gorov type) for a nonlocal stochastic quantity F (x, {).
Therefore, in a rough approximation, when the param-
eter [ is infinitesimally small, we shall assume that

F (x,t) is determined by a finite sum of the form (58).

The object
Fols, 8)=F(x, &) +fu(x, 7). (59)

when f(x,¢) is determined by a finite sum of a series
in the parameter !, possesses 28 like f(x,1), a local
property and, therefore, for F,(x,f) we can write an
equation of Chapman-Kolmogorov type.

1)An object of this kind was constructed for the first time by
Blokhintsev®! in quantum field theory for the special case
when b,= cY,, where c is a stochastic variable and ¥, are
the ordinary Dirac 'matrices.
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As a first approximation in the parameter I, we shall
ignore the second term in (59), i.e.,

(Fx, h=F(x, ) ~f(x, 1).

It is to this approximation that our previous results
apply, and in this section we shall not ignore the sec-
ond term in the expression (59).

We now attempt to obtain the general form of the dy-
namical equations of a scalar particle in the stochastic
space when a term of order I? is present in the expres-

sions for the velocity and the force in accordance with
Eq. (59):

O I g
Vi =Vi Vi, f-x-‘—'finL-

It is assumed that in Eqs. (18) and (19) [(32) and (33)]
of the Smoluchowski type for v, (v*) the small correc-
tions v{ and £} (v**! and F* ") occur only in a symmet-
ric combination with respect to Af and 6x (As and 6x%
=yg), i.e., they are even functions under the transfor-
mations Af—~-At and 6x ——5x (As ——As and bxg ——bx4).
In this case, v, and f, (v and F¥), which occur in Eqs.
(18) and (19) [(33) and (34)], are replaced by the ex-
pressions

. i | 1
Vi o ?_ Vi andf:+ Z fu
& &%)

tig)

where the symbol Z{_,_] denotes the operation of sym-
metrization with respect to the variables {...}; for
example,

2 Vi (x—y) = D vh (x+y) =3 [vh (x+¥) +vh (x—y)).
43 ¥}

As a result, we obtain equations analogous to (21),
(22) and (35), (36):

s 1
dov—Md;u=—Fj; (21a)
dou My = L Fy;
dev —Adyy = — Fy;
du-+ Adiu — ?11- Fi, (22a)
and

Dt — ADjub — —— fFm,

m (35a)
Dot ADpk = - @
Dk — Dk = @, }

m
Db ADjus == o3 (35b)

in the nonrelativistic and relativistic cases, respec-
tively.

Here

= (u¥) 4D (V2 4 VY, )

D;=u,+ D(0 + 202). (60)

Naturally, if we ignore the terms of order DI*v*
(DI*CF) in the expressions for d) (D!), then, as one
would expect, we obtain the old equations (21) and (22)
[(35) and (36)].
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In the limit v* =v~, i.e., u=0, we obtain from (21a)
and (22a) Newton’s equation

d.v—F/m
and also the equation

d.v—AD(V2+ BV v=F,/m
for the particle.

For F,=0, these last equations are equations of
Sivashinsky type for a free particle. For example,
setting A =-1, we obtain

d.v + Dv2v 4+ Di2viv =0, (61)
which is invariant under a Galileo transformation.

Note that for the system of equations (21a) [or (21)]
the condition D -0 in the “classical” limit is consis-
tent, since then the first equation of (21a) goes over
into Newton’s equation, and both sides of Eq. (21a)
vanish in the limit when D -0, We recall that F* is
the external force, which does not contain a stochastic
component, and the second equation of (21a) for x =1
agrees with the continuity equation (see also Appendix
1)

[i]
o+ (ev)=0.

Therefore, if the Lorentz force is introduced in a natu-
ral manner in our formalism, we can write

Fi= —mux (VY xv)+DV x (V xv)).

In the case of the electromagnetic field, it takes the
form

Fi—=ZuxH+-<DVxH.

Conversely, in the system of equations (22a) it is im-
possible to go over formally to the condition D -0 in
the “classical” limit, since in the expressions for the
forces F, and F) the ordinary and stochastic compo-
nents of the force are already present. It is entirely
possible that the stochastic part of the force does not
necessarily vanish even as D -0, and on the other hand
the stochastic velocity u=DV lnp vanishes in the limit
D —0. Then the stochastic terms on both sides of Eq.
(22a) do not vanish as D - 0.

A special method is needed to investigate the nonlin-
ear equations (21a), (22a), and (61), whose solution
goes beyond the scope of the present paper.

In Ref. 49, Eq. (61) was studied numerically and it
was shown that its solution behaves like a turbulent
process.

In this paper, we shall make only some general com-
ments about these equations. First, we note that Eq.
(61) is equivalent to the Hamilton—Jacobi equation only
in the case when the “flow” v=VS$ is irrotational, i.e.,
curlv=0. Otherwise, the solution of Eq. (61) grows
unboundedly with the time. For example, let us con-
sider the field v=(u,v,w), where

@i+ DVig - DI2yhg =0.

Note that divv=0. For such a field, all the nonlinear
terms in Eq. (61) vanish, and we obtain a purely linear
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equation for @(x,y,?):

u(z, ¥, 3, t)y=v(z, ¥, 2, )=0; w(z, ¥y, 3 i)=9(= ¥ t).

This equation has spatially periodic solutions of the
type

@ =Aexp (0 + ik - ikzy),
where
o= D (k4 k) — DI2 (K} + k)%

If k% +Ek:<1?, then the amplitudes of these solutions
grow exponentially.

The second question relates to the choice of the sign
of the parameter ». For example, if the terms of or-
der DI* are ignored, the second equation of (21a) for
A =-1 does not agree with the continuity equation, and,
therefore, the case x =-1 for (21a) is eliminated from
consideration altogether.

When » =1, the equation of type (61) obtained from
Eq. (22a) is such that for it there is no scattering in
the short-wavelength regions. It is well known that for
such equations an important problem —the boundary
condition—is not formulated sufficiently well. For this
reason, the case x =1 for (61) simply has no physical
meaning if one does not assume the existence of terms
with derivatives of higher than fourth order.

Since our approximation includes only terms with
derivatives of fourth order, the case x =1 for Eq. (61)
is eliminated. Of course, the questions posed above
remain valid in the relativistic case.

In the relativistic case, Sivashinsky’s equation (61)
now takes the form

Dav=—D (01202 vw, (62)
which is obtained from Eq. (35b) for «* =0 and " =0.

Thus, adopting the hypothesis of a stochastic space,
we have obtained Sivashinsky’s equation. We have
shown that the resulting instability of the uniform and
rectilinear motion of a free particle leads to random
fluctuations of its trajectory. Despite the purely clas-
sical nature of the original equation, typically quantum
effects are imitated: the uncertainty relation, de Brog-
lie waves and their interference, discrete energy levels,
and zero-point fluctuations.

As we have seen above, the self-interaction potential
of the particle [the right-hand side of Eqs. (61) and
(62)] which generates the turbulence in the motion of the
free particle has a stochastic origin. In other words,
the stochasticity, which disappears in the limit u=0,
renders the motion for v unstable and preserving thus
a memory of itself.

6. PHYSICAL INTERPRETATION OF THE RESULTS

In our approach, the following questions naturally
arise:

1. What is the physical meaning of the stochastic
nature of space in the nonrelativistic and relativistic
cases ?
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2. What is the universal length and what is its order
of magnitude ?

3. How is one to interpret the invariant parameter
s used in the construction of the relativistic dynamics,
etc.? Some possibilities that lead to a stochastic space
R,(%) were discussed by Blokhintsev.*

In the framework of our approach in the nonrelativis-
tic case, the stochastic nature of space leads to the
impossibility of determining the coordinates of a par-
ticle with an accuracy exceeding at the least the value
of the particle’s Compton wavelength. In the relativis-
tic case, it is harder to give this property a physical
interpretation. Formally, it can be interpreted as the
presence of fluctuations of the four-dimensional coordi-
nates of the particle in the Euclidean space E 4(%,7)
(i.e., as the presence of a random walk in the ima-
ginary time). By itself, such an interpretation has no
physical meaning, but the method has value as one
method of relativistic description of random processes
in terms of an equation of Smoluchowski type. It should
be noted that Eqs. (32) and (33) obtained above do not in
general bear any relation to the ordinary Smoluchowski
equations, which describe a stochastic consequence and,
therefore, the quantities ¥, which occur in these equa-
tions cannot be interpreted as transition probabilities.

By a universal (or fundamental) length, we shall
understand the following. Physically, the universal
length I is some characteristic distance over which the
corresponding notions about space and locality (causal
connection) begin to break down; in particular, stochas-
tic properties and nonlocality can be manifested if they
exist. The estimates made in Refs. 39 and 50 show that
1<1075-107"® ¢m. Other possibilities for introducing
the concept of a fundamental length in physics have
been discussed in Refs. 38, 31, 50, and 51,

A second important question is associated with the
evolution of the system on the transition from one hy-
perplane ¢, to another ¢,. Suppose the hyperplane ¢ is
characterized by a single timelike vector v,. The hy-
perplane ¢ is orthogonal to the world line g#(s) of the
particle, and the 4-velocity u* =d#®/ds =dx"/ds is the
unit vector tangent to the world line of the particle.

Hitherto, we have considered the evolution of the sys-
tem from the point of view of its proper time. For ex-
ample, by means of this concept we have derived the
probability distribution p(x, ,s + As) for the time s + As
from the probability distribution p(x,,s) for the earlier
time s, and we have also obtained a differential equa-
tion for p(x,,s). In reality, however, the proper time
and the coordinate x, =ct are dependent and related by
dx"/ds =¢V1 —g°=u", and in the rest frame of the par-
ticle they are simply equal.

Bearing this in mind, we attempt to derive an equa-
tion for p(x,) from a different point of view, namely,
on the basis of a geometrical object—a “differential
form” or “l-form” (for more detail, see Ref. 52);
then the development of the probability distribution p
is determined by means of an oriented family of flat
surfaces k=dp. Using only surfaces, it is impossible
to characterize fully the 1-form K; it is also necessary
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to specify an orientation. Suppose kis composed of the
surfaces of the constant values p=7,8,9,...; then the
direction from surface to surface is assumed to be
“positive” if p increases in this direction.

We now define the concept of the derivative along the
direction of the vector v. We take a certain vector v,
construct the curve #(»), which is determined by the
equation () — % =av, and differentiate the function p
along this curve:

d d
00 = (37 )1mo P& W) = (& ) 5,
The “differential operator”
By = (d/dh)

for x =0 along the curve #(\) - #, =\v, which carries
out this differentiation, is called the “operator of the
derivative along the direction of the vector v.” The
derivative along the direction 9,0 and the gradient dp
are intimately related. This is immediately seen by
applying 3, to the equation p(#) = p(#,) + (dp, 7 - Z)

+ nonlinear terms, which determines the “gradient,”
and calculating the result at the point %, which gives

dyp = {dp, dF/dL) = {dp-v).

In terms of Ref. 52, this result reads: dp is a linear
machine for calculating the rate of change of p along an
arbitrary vector v. Introducing v into dp, we obtain at
the output 3,p, the “number of intersected planes,” a
number which for sufficiently small v is simply equal
to the increment of p between the base and tip of the
vector v.

In the coordinate representation, the operator @, of
the derivative along the direction of the vector v is
determined by the expression

Oy =vid/oxh.
The notation and concepts are taken from Ref. 52.

Thus, the method based on the use of the concept of
the derivative along a direction warrants attention.
For example, when this method is used Eqgs. (32) and
(33) simplify significantly by virtue of the elimination
of the dependence on ! in the expression for ¥,, which
now takes the form

Y, = (4nDoAsy)2exp (—(Ay)*/4DAsy).

Here, s, and s. are the parameters which character-
ize the derivative along the directions of the vectors
u* and u“, respectively. In this case, Egs. (34) take
the form

dup/ds, =2u” dul+ D O ult + Fit/m;

dur/ds_ = — 2u¥ dut — D O ub 4 F*/m;
Ourlds, = 2u¥ dyuk + D O ut + F*m;
dubfds_ = —2u® dyult — D Qul 4 F¥/m.

By definition, the derivaties along the directions of u}
and u% are

Outt [, = wy Dy, OumfBs_ = ur o\uk,
and we therefore obtain Egs. (35) and (36) with

D.=vvdy; D,=u%d,+D0O.
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Equations of the form (35) with A =1 and D=3, were
obtained for the first time by Lehr and Park'? (see also
Ref. 12); they are, of course, equivalent to Egs. (35)
with D,=9/d3s + 23, and D, =43, + DO

Thus, the derivative with respect to s which occurs
in this review can be understood as the derivative along
the direction of some arbitrary vector »*. In the
special case when the particle’s velocity #* is taken as
the vector v*, we can interpret s as the proper time
of the particle. In our approach, conservation of mass
(of the probability density multiplied by the volume)
signifies the absence of mass loss through any hyper-
surface characterized by the vector v*; it follows
from this in particular that the probability density for
finding the particle along the world trajectory is con-
stant, i.e.,

ap _ i b v 3&“
w7 tVaRiiamnes (63)

This last equation expresses the conservation of the
mass (the probability density of the current) of the
particle.

Note that Eq. (63) recalls the equation that reflects
the absence of heat transfer and requires constancy of
the specific entropy (the entropy of unit mass) for a
fluid particle (see, for example, Ref. 52):

du/di =0 or dp/dt-+ (vV)p=0,

and the last equation expresses the conservation of
mass:

dplat+ V (pv) =0.

We now obtain the continuity equation for the proba-
bility density of the current in our case. We see from
(30) that the condition (63) leads to the following two
equations:

dulput)=D0Op
and

du (pu#)=—DDp.
Further, we determine the vectors of the four-dimen-
sional current:

Ph=pulyfhm g (FE F2) vk LI,
and then %* satisfies the continuity equation

dy¥=0. (64)
Since v*v, =c?, |p|*=%*"®,/c? is a world scalar and,
therefore, the equations

dugt=D0Olp!
and

a¥r=—D0Olpl

are already expressed in covariant form.

APPENDIX 1. INVESTIGATION OF THE EQUATION OF
STOCHASTIC MECHANICS

The description of a stochastic system is complete if
its probability density p(x,#) and velocity v(x,t) are .
known, since the stochastic velocity u is related to
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p(x,t) by

u(x, )y=DV Inp (x, #).

For them, we have obtained the equations

aplot+div (pv) =0; m (dev—dou) =1, (A_l)

and in the relativistic case
WF*=0; m (Dev* — Dyu¥)=F*,
In addition, there are equations for u and u*:
m (dou+dgv) =f
m (DeuM -+ Doty = F2, } (4:2)
On physical grounds, it can be asserted that these
basic equations must satisfy a number of requirements.

1. To ensure that the physical quantities p and v are
not overdetermined, it is necessary to require that the
last two equations for u and #* be equivalent to the
continuity equations for p and#%*, respectively.

2. We shall assume that in stochastic mechanics the
work done by a field on a particle is associated only
with the velocity v and does not depend on the velocity
u, i.e.,

(3 My =(v; (Sr=ittv-9).
In the absence of an external force, this condition
amounts to conservation of the kinetic energy in time.
3. In the relativistic case, we must have
vy, =c2,

Thus, on the basis of the first requirement we can
choose the form of the external forces f, and F, and
the requirements 2 and 3 impose the further conditions

(A.3)

Note that in the nonrelativistic limit the last condition
goes over into v-ds;u=0, so that these conditions are
interrelated.

(v-dsu)=0, vpDeut=0.

As external field, we now consider the electromag-
netic field and show that Eqs. (A.2) with external force

l‘i=%ux H+-:—DV><H', H=curl 4;

(A.4)

Fi =2 PWuyt = DOF¥, PV (_aAv_ 94y )

day dry
are equivalent to equations for p and %", respectively.
In the nonrelativistic case, we set

mv-}-%A:VS,

where S is the action. Then the first equation of (A.2)
with allowance for (A.4) gives

(A.5)

Applying the operator V to the continuity equation for p
and using the formula u=DVInp, we obtain

deu+-dgv= —ux curl v—DV x curl v.

%+V(u.v)-{-£?v (V.¥)=0. (A.6)

Using the well-known formulas of vector analysis,

V(uv)=uV) v+ (vV)u-tuxcurl v4+vxcurl u,
V(V-v)=4Av+V X (V x V), curl grad = 0,

we arrive at Eq. (A.5), which is what we wanted to
prove.
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As in the derivation of Eq. (A.5), the time component
of the second equation in (A.2) can be reduced to the
form

Doy + Dgvy = (uV) vy —0do¥ — DV 3V 4- DAv,. (A _7)
Here, we have used Egs. (A.4) and the equation (see,
for example, Ref. 54)

mo¥ = AR = — 353z,
Differentiating the continuity equation for #*, we find
Dty Dsvg=(u- V) 0g—udg¥ — DV 35¥ + DAvg -+ (v- V) ug—vdgu.

Since uy=Dd;lnp and u=DVlnp, (vV)u, —vd,u=0,
from which we obtain Eq. (A.7).

Similarly, we can easily show that the three spatial
components of the second equation of (A.2) are identical
to the vector equation

Deu+ Dgv = — vy Vg vpdgu— 1y Vg + ug8yv —u X curl v+Da, Vg
—Dagv—DV x curl v,

which is obtained by differentiating the continuity equa-
tion for#* by the operator V.

We now turn to the additional conditions (A.3). The
equation

v-B=0,

(A.8)

where
B=du=(u-V)u+ DAu

has a nondenumerable set of solutions (we assume that
B is an unknown vector), since it determines only the
component of B in the direction of the vector v, the
value of which is B,=0; however, the component per-
pendicular to v remains entirely arbitrary. Thus, if

B is regarded as the radius vector of some point M
relative to the origin O, the locus of the ends of all
vectors B satisfying Eq. (A.8) will be the plane perpen-
dicular to v through O. In the relativistic case, this
question was discussed in Ref. 15 from the geometrical
point of view.

To conclude this Appendix, we note that our equations
(A.1), (A.2), and (A.6) are nonlinear partial differential
equations, so that their direct solution is an almost
insoluble problem in concrete applications, Finally,
we give some special solutions of Egs. (A.1) for the
simplest case of free and uniform motion of a particle
with the initial conditions

(z—)?

RSt ]/151 exp[— e

]: v(r, t=0)=uv,.
These solutions have the form

1 (z—2xq—uv,1)?
Valyizes o F [% 1)

v(z, t)=(vg4bt (r— z,)})/(1 -+ be2);

u(z, )= —Vb (e—zq—ot) /(14 b27),

oz, t)=

]; b=4D3/12;

and their mean value and dispersion are
(v(z, t))= 5 dzv(z, 1) p (, 1) =u,;
(u (e, t))= 5 dzu (z, #) plx, t)=0;

(z(th= S dxzp (z, t)=1x¢-Lvet;
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In the case of a uniform translational and rotational
motion of particles (f=const), solutions similar to
those above can be readily obtained.

APPENDIX 2. CAUCHY PROBLEM FOR THE
DIFFUSION EQUATION

We consider the following equation in two-dimensional
space-time (x; and x;):

ap (zy, 74, §)
ds

43 92

=D00gp (24, 21, 9), De=—‘3ﬁ 5
i

Since the variables s and x; are related, this equa-
tion can be written in the form

(Ds_"-' )p(-'”m z1)=0, a®=1/D,

xg=ct.

We now investigate the Green’s function of the equa-
tion

(Ca—at ) 6 (ri—10s 1=t) = —8 (e1 =210 8 (t—t0),

where (x;,?) is the point of observation and (x,,,¢,) is
the source point. To construct the function G, we con-
sider first the two functions

1
Dy (5o 1) =5 5 exp (ipgro—ipyz;) & (1 T—P’) 0(p%) d*p;

Dy (sur 1) = | ex0 (—ipoza-tipia) 8 ( —i 28— pe) 0.p) a2p.

After elementary calculations, we obtain
Dy (o, .r,)=-:éi— exp[—-% (t—t,,)] S dp % exp (iozy+ipz,);
D, (g, .1:1)_ exp[ (t-—-ta)] 5 dp —(:T exp (—iwzy—ipz).

Here

ct=zxp=c (t—ty); T,=2,— Iy =R; m=l/p'—-%.
The quantities Dy and D, can be readily calculated by
means of contour integrals (see, for example, Ref. 55):
Dy = — - oxp (—pe (t—to) Fy (1 V TI—57) (1— 0 (R+cx));
Dy =1 exp (— pe (t— 1)) o (4 V BF—2709) 6 (c1—R),

w=c/2D,
The Green’s function is determined by
G(R, )= —c (Dy—Dy)
=—exp[-——n2¢2 (t—.fo)]?n( VR rztz)a(c‘[—-—|R|)
It is readily seen that, as one would expect,

lim a%G (R, )=
=00

= (,ﬁ_)

Vinbt L 4Dt )

We now solve the one-dimensional initial-value prob-
lem

: - 6
p(z, 1]3025 dryg [PGiguicT-,_.? dxyg [G aty =P Bty ]r.,:o'

whence
p e, N=pexp(—pet) {f (e+-ct) 41 (—et)

x+4et
e s‘ f(-l"m)di'm[%“(F‘-Vﬁzl’_("w—")z)

x=-ct

Ju (n Vear— {4’10—2)2)]

11.-,- ar
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x+ct
By 5 Iy (0 Vo —(zg, — z)2) v (240) dIm} y
x-ct

where

f(z10) =P (z10) )4’ "":-’-’m)—‘M L=D'

Here, @,(x) and Iy(x) are the well-known cylindrical
functions.

Finally, for comparison we write down the Green’s
function of the Schrodinger equation in the proper-time
representation:

i -%‘f—:-—ﬂ[hp, D=h/2m=1/a?,
or

(D,-}-ia' gz_) K (17— 2109 1—1g)= —& (t—10)  (x1—210)»

where
9 (R, ‘r)=——%rexp[—1—+——m'c ‘t] ['5‘0( 32— l)

—iN (z—lch‘l:'—-Rl)]B(ﬂmR);

T=t—1y R=z;—2,,

and in the limit ¢ - the function ¥{R,T) is equal to the
Green’s function

sl -1 2L,
G_—i(rinD!) I’exp(l -’u‘)t)

of the equation

i B\P
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