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Some aspects of the quasiclassical theory of nuclear rotation are considered. By a generalization of Kirzhnits’s
method, it is possible to study the smooth characteristics of a rotating nucleus, in particular the changes in the
density distribution and the shape at high spins. Shell effects can also be taken into account by direct

summation using Poisson’s formula.
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INTRODUCTION

High-spin states are a new field of study in nuclear
structure. Particularly interesting are the evolution of
the shape with increasing angular momentum, the be-
havior of the smooth part of the deformation energy and
the role of shell fluctuations, and the influence of ro-
tation on the average field. As in other branches of
nuclear physics, the quasiclassical approach adequate-
ly reflects the physical essence of these phenomena.
The shell-correction method provides a typical example
of a quasiclassical treatment in which the physical
characteristics are divided into averaged and fluctuat-
ing quantities.

In recent years, there have been several studies on
the quasiclassical theory of rotation. Brack and Jen-
nings' studied the smooth part of the rotation energy
in the framework of a generalized Thomas—Fermi
method, and many aspects of the shell fluctuations were
studied in Ref. 2 by the method of summation of classi-
cal trajectories. Some problems in the quasiclassical
theory of rotation, including an analysis of the smooth
part of the deformation energy and the angular momen-
tum, and also the shell corrections to the angular mo-
mentum, are analyzed in Refs. 3 and 4. The main re-
sults of these investigations are included in the present
review.

To describe the averaged part of the energy and the
angular momentum, we generalize Kirzhnits’s method,*
which was originally developed to calculate the density
in atomic physics. The smooth parts can be represent-
ed in the form of expansions in the quasiclassical
parameter £ =7/(PgL) < 1, where L is the character-
istic distance over which the potential varies appreci-
ably. In the zeroth order in £, we obtain the results of
the Thomas-Fermi method; the following order (£2)
leads to quantum effects such as Landau diamagnetism
and Pauli paramagnetism. These corrections are im-
portant for the correct description of the density in the
surface region of a nucleus.

By means of a variational method for the density func-
tional, we have studied in detail the effects of the re-
distribution of the density as a result of rotation. It is
found that for nuclei with 4 > 100 the assumption of the
drop model with additivity of the drop energy and the
rotational energy® is well satisfied. However, for light
nuclei (40< A < 80), the effects of the redistribution of
the density that are not included in the drop model be-
gin to have an influence. Because of the compressi-
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bility of nuclear matter, the density at the center of
the nucleus decreases, and the surface layer becomes
radially inhomogeneous.

To consider the shell correction to the total angular
momentum of a rotating nucleus, we generalize the
method of Kirzhnits et al.® to the problem of the rota-
tion of a spherical nucleus, i.e., to the problem of the
alignment of the angular momenta of the nucleons. We
use Poisson’s formula to calculate the sum over the
principal quantum number, and we carry out quasiclas-
sical quantization. We have shown that this procedure
leads to the exact quantum -mechanical result, and one
can see clearly the origin of the smooth part and the
shell fluctuation associated with level crossing.

1. QUASICLASSICAL HARTREE—FOCK
APPROXIMATION

To construct our quasiclassical theory of the rotation
of nuclei, we use Kirzhnits’s method,* by means of
which one can obtain a consistent quasiclassical ap-
proximation of the Hartree—Fock method. We give
here the main relations of this method without allow-
ance for rotation.

In Kirzhnits’s approach, a central part is played by
Wigner’s quantum distribution function, which can be
represented in the form

1(r, p)=exp(—ipr) p exp (ipr), hi=1, (1)

where p is the classical momentum, f is the momen-
tum operator,

p=6 (es —h) (2)

is the density operator defined in accordance with the
Hartree-Fock method, and €r is accordingly the Fermi
energy and & the single-particle self-consistent Hamil-
tonian:

= P, Ve (1) = ey G7 (12) (1 — Py, (3)

Knowing the distribution function fir,p), we find the
ground-state expectation value of the single-particle
operator 4 =4(r,p), which is

@=w@a)=[ar (i p B (e p). 4)
We can also calculate directly the mixed density
P £) =16 (ex—ey) Gy () gy (r)

(5)

=2 [ e (plr—r' ) r. p),
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where the factor 2 takes into account the spin and we
consider only one species of particle. In particular,
for the density we obtain, setting » =7' in (5),

P =0, 1) le=r=2 | G5 (5, B): (6)

The quasiclassical approximation is introduced by ex-
panding the function f(r, p) with respect to the param-
eter £ (see the Introduction). In accordance with (1),
it is necessary to know the action of the operator func-
tion p=6(ey — /) on the plane wave exp(ip-r). It is ex-
pedient to represent the density operator in the form

p—=0(pi— (7
where
p2=2p (er—Vare) (8)

is the square of the local Fermi momentum. Since the
potential t?HF itself depends functionally on P, or, equi-
valently, on the densities p(») and p(r,7’), the relation
(8) is an integral equation for the self-consistent cal-
culation of p,.

To determine the action of 6(p3 —$*) on exp(ip- 1),
we shall use an operator Taylor expansion applied to
an eigenfunction of the operator & (Ref. 4):

¢@+b)=gl+b—g¢ @+b b a2
+q" (a+B) {[B, (B, al— [a, (B, an})/6

S 9
+9"" (a+b) [b, al*/8+40 (&%), o

where a is an eigenvalue of a.

Setting @ =—p*,b=p}, we see that (9) really does give
an expansion in powers, the first term being the zeroth
degree and the following the second degree in §. By
means of the definition (1), we obtain from (9)

(e p) = O (B2 — p) + (Ap} + 2ipVp}) & (p5 — P*)/2
+ [(Vp2)2—2 (pV)*pI18" (P} — P?)/3 (10)
— (pVpR” (p} — P72,

The first term of Eq. (10) gives the smooth, quasi-
classical part of the expectation values (4) and, in par-
ticular, the density (6). The terms of order #2,i%,...
take into account the smooth quantum corrections as-
sociated with the density inhomogeneity at the surface
of the nucleus. Besides the smooth quantum correc-
tions, we must also include the fluctuating shell effects.
These are considered in Sec. 5.

2. QUASICLASSICAL DESCRIPTION OF ROTATION
WITH INCLUSION OF THE SMOOTH QUANTUM
CORRECTIONS

We consider here the problem of the rotation of a
spherical nucleus around the z axis with angular fre-
quency w. Quantum mechanically we are dealing with
the alignment of the angular momenta of the individual
nucleons, but after averaging over the single-particle
levels we obtain a classical picture of the rotation (see
also Sec. 5). To find the smooth part of the total angu-
lar momentum M, we generalize Kirzhnits’s method,
though for simplicity we shall not consider questions of
the self-consistency, and we shall replace the Hartree—
Fock potential by a local potential V of the average
field. Some aspects of the self-consistency will be dis-
cussed in Sec. 3.
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To include rotation, we use the Hamiltonian
B = h—ol, (11)
where
[=—ilrx V],.
The corresponding density operator is
p=0(er—F), (12)

and to determine the distribution function (1) we setad
=—$% and 6=2u(ep - V +wl,) =by + 2pwl, in (9), since
[f,, V]=0 and [l;,é]=0. In all the commutators [8,a],
ete., in (9), the operator b can be replaced by 50,
which corresponds to the case without rotation. Bear-
ing in mind that in the order linear in w

&' (b -+ a) exp (ipr) ipV p; =8’ (b+a) exp (ipr) ipV p;-
+exp (ipr) 8" (b+ a) 2polip¥ pj,

and noting that I, exp(ip- r)=1, exp(ip- ), where [,
=xp,—yb, is the classical projection of the angular
momentum onto the z axis, we obtain for the distribu-

tion funection in the leading order in w
fo(r, )= (52— B+ (Ap:+2ipV pi) & (pi— p?)/2
+ (VP —2 (V) pi) 8" (pi—p*/3 v (13)
— PV p)% 6" (ps — PB)I2+16" (p;— P*) 2pelpV o5

This expression contains the local Fermi momentum
shifted because of the rotation:
P2 =2 (e (@) — V (r) + ol,). (14)

Knowing the distribution function f,(r,p), we can cal-
culate the total angular momentum M using the rela-
tion (4):

A‘[r—“tl‘(ﬁ Ez);2 5 dsrj (;:53 ('!'zJF‘fz)fm(rp) (15)

Obviously, it is only when w#0 that there is a nonvan-
ishing angular momentum M #0; for a spherically sym-
metric distribution function

{ plito=0
and
L 1(r, ppp=0.

We calculate first the density by means of the ex-
pression (6). The corresponding result will be re-
quired to calculate the angular momentum, and it is
also of independent interest. To calculate the inte-
grals over the momentum in (8) with the distribution
function (13), it is convenient to introduce the new
variables p’ and r’ in accordance with

p=p +ploxr], r=r (16)
Then the arguments in (13) are transformed as follows:

pi— pto=2p (ep—V + pos? (2% + y7)/2) — p2 = pr' — P'*. (17)
In the p' space, we obtain a Fermi sphere with radius

Py = {21 (er — V + [ho? @@ + p2)/212 (18)

Obviously, Eq. (16) can be understood as the transition
to an intrinsic frame, the centrifugal potential —pw?(x*
+y?%)/2 being added to the potential energy because of
the rotation.

L. Miinchow and H. Schulz 404



Carrying out the transformation (16) in Eq. (8), we

obtain for the density p () the result

1
Po (r) = — (202 (er — Vo) **

1 vy (VI)2
X[ikﬁ( (BF—VQH)" +"‘(EF‘*Veft'P)—']1 (19)

where we have introduced the effective potential Vets
=V(r) - pw’(x* +9%)/2. This expression for the density
Pw contains a volume effect of the redistribution of the
density which is due to the appearance of the potential
Vet and the dependence of the Fermi energy on the ro-
tation frequency, and also smooth quantum effects,
which arise because of the gradient terms in (13). A
similar relation was obtained in Ref. 1 by Kirkwood’s
method.

Qualitatively, the influence of rotation on the density
distribution can be readily understood in the Thomas—
Fermi approximation, when the gradient terms are
omitted (Fig. 1). In this approximation, there is a
centrifugal barrier, and the Fermi energy is lowered,

Aep =ep (0) — e (0)

1
= —5 not S py/3 (22
o

which leads to a decrease in the density at the center
and to an increase at the edge of the nucleus. How-
ever, in this model the behavior of the density is not
correctly described in the neighborhood of the turning
point, and it is necessary to take into account quantum
corrections (see Sec. 3). The results of a numerical
investigation of the redistribution of the density are
given in Sec. 4.

We now turn to the calculation of the total angular
momentum M given by (15) in the order linear in .
The terms containing the operator , can then be omit-
ted immediately, since

I § 't (cp) =0 (09)

in accordance with (19).
Applying the transformation (16), we obtain

L=L+po (224 y2); I,—2'p,—y'pi. (20)
We represent the single-particle angular momentum as
a sum of an intrinsic part and a collective part. From
the latter we obtain

MO =po | @+ pa () dir=o, (21)

i.e., a generalization of the well-known result that the
principal part of the total angular momentum is deter-

FIG. 1.
rotation frequency w in the Thomas—Fermi approximation.

Dependence of the density and the potential on the
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mined by the classical formula with moment of inertia -
J determined by the density p, (which thus contains
corrections for the inhomogeneity). Ignoring the depen-
dence of the density on the frequency w, we obtain the
result of the Thomas—Fermi approximation.

It is now interesting to consider the quantum correc-

tions associated with the term 2, in (15):
oM =2 { ar | 22 fo (v, ). (22)

It is obvious that the terms in f,(r,p’) that do not con-
tain the momentum p do not contribute to the correc-
tion 8M in the order linear in w. In the remaining
terms, the momentum occurs everywhere in the com-
bination p+ Vv, which after the transformation (16) gives

pV =p'V +ipol,.

Having f,p%:ﬂ for an axisymmetric potential, we im-

mediately conclude that only the third and last terms

of the expression (13) for the distribution function make

a contribution to 6M. From the third term, we obtain
sM® =2 {aw [ SE 1 (—2)
X (p'V +ipol;) p'Vpid” (p;F— p'3).

In the calculation, it is important to bear in mind that
the commutation relations that follow from Eq. (16),
[Ay,0:]=pw and [A,,p}]=-pw, must hold, and then

oM™ =% -i% " Do () dor,

or, introducing the density of levels at the Fermi sur-
face,

g(ex)=4 [ po(r) aor,
we have
SM® =2 g (&) w0 (23)

The contribution of the last term in (13) can be cal-
culated similarly:

d3p’ yrige o0 ’ 7
M =2 S dir (22’)3 Lid" (p*—p'?) 2pel,pVpi= —g (er) 0.

As a result, we obtain
M = 8M® + SM® = —g (ep) 0/3. (24)

It is interesting to note that the final expression for 6M
does not contain a gradient dependence. It can be seen
directly that

8M { 2% gy,
It follows from this that the correction 6M is due to
the gradient terms of the density and is thus a surface

effect. It is only after integration by parts that a de-
pendence of the level density arises.

The expression (24) recalls the well-known expres-
sion of Landau diamagnetism. The analogy is in fact
deeper, as was shown by Dabrowski.’

Besides the quantum correction from the orbital mo-
tion, it is also necessary to take into account the spin
polarization, To do this, we include the term -w§, in
the Hamiltonian and calculate the expectation value of
the total spin,
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(§,) =tr (6p8,) = X (60) v (S2)ww,

and since!®

8 — 8By,
(8p)vv= L;:F‘B_)m (S2)vvs

we have

B =Ms=5 5| o(en. ) @¥r.
Using the quasiclassical expression (19) for the density,
we obtain

Mg = g (ey) w/4 (25)

in complete analogy with Pauli paramagnetism. Using
(21), (24), and (25), we arrive at the complete expres-
sion for the terms of first order in w:

M=o — g (ep)i2. (26)

To estimate the role of the quantum correction to the
total angular momentum, we use the relations

T~ (215) pR2A; g (ew) ~ 241 (8/303) "% R2AMY.

Thus, we find 8M/M ~A™%/3, As follows from the cal-
culations in Sec. 4, the quantum corrections are a few
percent of the total angular momentum. However, as
is discussed in the following section, they are impor-
tant for the correct description of the density in the
surface region.

We note finally that the procedure we have described
for calculating the density can also be used to deter-
mine the current

j= ;T(v —Vp(r, ) fe=r

1t follows from the expression (6) for the mixed den-
sity that

j—2 | 2 (2L ) fotr . (27)

After the transformation (16), we obtain for the collec-
tive part of the current j , = [wxr]p,.,(r). The expres-
gion for the quantum correction is rather cumbersome.
It is given in Ref. 8, in which a quasiclassical approach
similar to Kirzhnits’s is used.

3. SELF-CONSISTENCY

In considering the rotation hitherto, we have ignored
self-consistency, using the approximation of an exter-
nal potential. Formally, the relations for the distribu-
tion function f (r,p) remain valid, but the appearance
of the self-consistent potential Vyy leads to an addi-
tional dependence on the frequency w. For simplicity,
we consider only the direct part of the potential Vy,
for which we can write

Vi s (1 9057 (12). (28)

and we use the schematic momentum-dependent poten-
. tial

7 (12) = ag (| ry—ra ) (By — o). (29)

Because of the momentum dependence, the potential Vy
acquires a term proportional to w? in the case of rota-
tion. For the trace in (28), we have in accordance with
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the definition of the distribution function

tr (pp@7 (12))

| i e dory dryag (|1 —ra ) (B — P’ (30)

4 (Dy— Po)?] T (s D) Fu (T D)

For the integration over the momenta, we again use
the transformation (16), and then

Pi— P PPy i ¢ (1= 1) (31)
and in (30) we obviously acquire the term
o d* d?
ap® | H%%-(E—:;’ a3y d3ry g (|3 — 1y ))

(32)
X (@ % (ry—13))% fu (210 Py) fuo (X20 P2)-
which contributes to V in accordance with (28). How-
ever, for the 5-functional interaction g( |r, - r,|)=8(r;
-1,) the contribution of the term that depends directly
on w? vanishes. The situation here is analogous to the
influence of a magnetic field on spin—orbit coup].ing.9
Assuming for simplicity fo(r,p)=0(pi —p*), we obtain
for the & force from Egs. (28) and (30)

V= (8a/15n?) (319> pif* (r) — 20V, (1) (33)

Thus, the self-consistent potential contains a depen-
dence on the frequency w through the density p,(v). The
second term in (36) has the consequence that Eq. (8) for
the determination of the Fermi energy can be repre-
sented in the form

1 8a 5
7 B 6% + g (B0

— 2aVip, — 5 ho? &+ 1) = oz (a), L

which is the law of conservation of energy. To be con-
sistent, we must include all the gradient terms in the
distribution function f,(r,p), using the expression (13).
There then appear additional gradient terms in the
kinetic energy, which we have not written out. The
self-consistency equation (34) thus becomes a nonlin-
ear second-order differential equation for the deter-
mination of the density p.(r). It is important to note
that the local Fermi momentum p§, which vanishes at
the classical turning point, disappears from the treat-
ment. The usual difficulty of the Thomas—Fermi meth-
od associated with divergence of the quantum correc-
tions at the turning point is thus eliminated. However,
Eq. (34) still contains the centrifugal term —u wi(x?
+y%)/2, which, as we discussed in Sec. 2, leads to the
appearance of an unphysical barrier. The quantum
correction 6M [(24) and (25)] compensates this term in
the surface region. To see this, we introduce the en-
ergy functional

E’ = tr (ph'). (35)
Then, using the relations (11) and (15), we have

M = — 3E'8o. (36)
Therefore, in the order quadratic in w

E' (0)= B (0)— 3 pa S (@2 + %) p— 6:“ (333" dor,  (37)

where for the total angular momentum M(w) we shall
use the expression (26), including the quantum correc-
tion. We now note that the self-consistency condition
(34) is the Euler—-Lagrange equation for the variational
principle 8E ' =0 with the additional condition
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A = [ pw(r)d .

It is easy to see that because of the quantum correc-
tion in (37) a rotational term appears in the self-con-
sistency equation (34):

“‘P-mzl(x!"r'yz) —(3:rt3)“3p52""’/18n2];’2. (38)

The quantum correction, which is proportional to ptid.
compensates the classical centrifugal energy in the
surface region, where P, =0, and because of this the
barrier disappears.

In conclusion, we note that because of the complexity
of the direct solution of the variational equation (34),
in which it is necessary to take into account systemati-
cally the quantum corrections and use a realistic inter-
action, we shall solve the variational problem approxi-
mately. The corresponding results will be presented
below.

4. INVESTIGATION INTO THE EFFECTS OF THE
REDISTRIBUTION OF THE DENSITY

To investigate the effects of the redistribution of the
density, we use the expression for the energy, defined
as afunctional of the density.® Suchan approach inthe
case without rotation!? showed that a simple form of
the functional makes it possible to recover the averag-
ed results of calculation by the Hartree—Fock method
with good accuracy. Generalizing this approach to the
case of rotation, we assume

Elp1=[Wd | (~2+L)pasrtn [ (voram+ wr P (39)
where
Wy=-16.44 MeV, p =0.159 F3,=78X174 MeV : F

The functional (39) can be understood as an approxima-
tion to the energy in the laboratory system, E =E’
+wM, where E’ is given by (35), and M =VIT+1)=I.
To solve the variational problem 6E =0 with the addi-
tional condition A = [ pd®, we use a parametrized form
of the density, determining the set of parameters by
requiring E[p] to be minimal. Such a procedure for the
case without rotation was discussed in Refs. 10 and 11,
We use the following analytical forms of the density:

P1 = po/{1 + exp [(r — R)/a]}; (40)

Pix = Po sinh (R/a)/ cosh (R/a) +coshf/a); (41)
Prx = px (1 + (9/2) (po®K) (r2 — i)

i =) fo @+ ) am. (42)

We introduce the form py, to take into account expli-
citly the volume effect of the redistribution of the den-
sity; K is the coefficient of compressibility.

It is clear that the main influence of rotation on the
density consists of a deformation of the shape of the
nucleus. Accordingly, we take

R =Ry (1 — B.Yye (8) + Y ©)); B > 0.

Besides the parameter Py of the central density and the
deformation parameters B3,B4, we also take into ac-
count the possibility of anisotropic variation of the
diffuseness parameter a, taking a =a, +a, sin’6. Thus,
the complete variational calculation contains the four
parameters py,8;,8,,a,.
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For qualitative estimates, it is convenient to expand -
the energy E[p] (39) in powers of a,/R,, which cor-
responds to the drop model (for simplicity, we do not
take into account the angular dependence). Using the
parametrization (40), we have

Ejd= —|Wy|+| Wyl (1,54 NPo/2ag) (ag/Ry) + 3| W, (aj/RY)
+ D12 {4 AR [1 4 (7/3) (nay/ Ry)?). _ (43)
From the relation (43), we obtain an estimate for the
decrease in the central density due to rotation with
spin I:

8p/p = (p—p)/p = —(113) Evor/ | Eyey | ~ 1247813, (44)

Accordingly, we have an increase in the radius: 6R/R
~(1/9)E ot/ |E vy | . Similarly, tixing py=p, we obtain

a maximal estimate for the increase in the thickness of
the surface layer:

ba 1408 Ep, a3 -
;;- i 3 Esru:t (Tﬁ) e B, (45)

Including also the deformation, we can see? that

(5/4m)' /2By ~ rot/ Esurt. (46)

From the estimates we obtain the expected order of
magnitude of the effects of the redistribution of the den-
sity and the deformation due to rotation. It is obvious
that it is only in light nuclei and at maximal spins I ~A
that the rotation has an appreciable influence on the
density distribution.

The result of numerical calculations with variation
of the parameters a,,8,, By is shown in Table I. It can
be seen that without the inclusion of deformation one
obtains an appreciable decrease in the central density,
Wwhich corresponds to (44). When allowance is made for
the variation of the parameter a;, there is an increase
in the thickness of the surface layer, which for 4 =40,1

TABLE I. Dependence of the density distribution and the shape
on the spin I for nuclei in the region 40 <4 <100}

[

Parameters Bs Bi |[az, F |Re, F V;_'”v g"_', E, MeV | In]
A=40 — — — 3.9 3.4 |0.144{ —3%5.01| o
=042 F - — — | 4.07 | 3.52 [0.128] —283.31( 40

— — | 0.44 | 3.93 | 3.55 J0.136]| —290.07 40

052| — {0 4.00 | 3.64 |0.128] —303.28 49

0.53| — [0.06/3.92| 3.66 0.1321 —304.20( 4

0.54 10,06 — [3.99] 3.65 0,127 —303.85| 40

0.56 | 0.08 | 0.07 | 3.9 3.69 [0.132) —304.97| 40

0.57 [ 0,08 | 0.07 | 3,90 | 3,70 0.132| —308.27 40

A=60 — — — | 4.46 | 3.80 |0.148| —640.85 1]
a,=0,43 F — — — | 4.59 | 3.89 10.137| —512.35| €9
— — | U6 [ 4.52 | 3.91 [0.141)| —513.36 60

0,48 | — — | 4.52 | 4.01 |0.136 —520,28| 60

0.49 f — | 0.05 | 4.46 | 4,03 (0,139 —530.02] 60

0,49 | 0,05 | — 4.51 | 4.02 |0.136| —529.84 60

0.5 | 0.06 | 0.05 | 4,45 | 4.05 ]0.139| —530.77 60

0.52 | 0,07 [ 0L05 | 4.45 | 4.06 |0.139 20,22 | 60

A=80 — —_ — | 4.9) | 4.3 Jo.451| —895.66] «
ag=0.43 F - — — [ 5.01 | 4,20 [0.141] —750.28| 8,
— — | 0.04 | 4,97 | 4,24 |0.144] —750.083| 8)

0,45 [ — — | 4.94| 4,32 {0,140] —768. 80

0,46 | — o4 |4.9) | 4.33 {0,143 —769,26| 89

0.46 1 0,05 | — 4.9 | 4.33 |0.141 —769.19| 80

0,47 | 0.06 0,04 | 4.89 | 4.35 |0.143 —769.99| 80

0.48 [ 0.06 | 0.04 | 4.89 | 4,36 |0.143] —768.56] 8o

A=100 — — — |5.28 | 4.4) |0.152[—1156,93 0
a,=0.44 F —_ — — | 5.381 4,47 {0.144| —997.15 100
— — | 0,08 [ 5,34 | 4.48 |0.146| —997 83| 100

0.43 | — — [ 5.31 | 4.59 |0.14%|—1016.68| 100

0,44 | — | 0.03|5.27 ]| 4.60 [0.146 —1017.21 | 100

0,44 1 0.04 | — | 5.3 | 4.60 |0.144|—1017.22] 100

0,45 | 0.05 | 0,04 | 5.26 | 4.64 |0,146 |—1017.92] 100

0.46 | 0.05 [ 0.04 | 5.26 | 4.62 |0.146 —1016,58 | 100
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I[h]

FIG. 2. Dependence of the diffuseness parameter at the equa-
tor a=a,+a, on the spin I for different values of the coefficient
of compressibility K.

=40 is 259 on the equator. At the same time, the cen-
tral density is increased. The inclusion of deformation
decreases the anisotropy of the diffuseness, and the
central density again decreases.

All the results in Table I were obtained for the den-
sity parametrization (41). For the density py, similar
data are obtained in accordance with (40). However,
the density pyy; (42) gives in a number of cases at I=A
a decrease in the binding energy by 10-15 MeV, the
variations in the parameters being approximately the
same as for the density py;.

Naturally, the results we have given here are sensi-
tive to the choice of the coefficient of compressibility.
The parametrization of the energy functional in the
form (39) corresponds to K =295.92 MeV. To demon-
strate the influence of compressibility, Fig. 2 shows
the spin dependence of the diffuseness thickness and
at the equator @ =a, +a, for different values of the co-
efficient of compressibility. Finally, let us briefly
discuss the influence of the Coulomb energy. Assum-
ing p,=p,, we include®

& Sp;p () pp ()

Ecoul=T =l

d3r ddr'

in the energy functional (39). Not only the deformation
but also the effects of the density redistribution are
then increased, as can be seen from Table IL. Thus,
for nuclei with A < 100 the decrease in the central den-
sity and the increase in the density on the equator can
lead to interesting consequences. For heavier nuclei,
the assumption of additivity of the drop and deforma-
tion energies assumed in Ref. 4 is completely justified.

5. ALLOWANCE FOR SHELL EFFECTS

Hitherto, we have considered only the smooth part
M(w), ignoring the shell effects. However, for the case
of the rotation of a spherical nucleus the appearance of
an angular momentum M(w) is a purely quantum effect
due to the crossing of levels as the frequency w in-
creases. When the term wf, is included in the single-
particle Hamiltonian, the spherical shells (nlm) are
split with respect to the quantum number m (Fig. 3).

As long as there is no crossing (w < w,), the total
angular momentum is zero. When the lowest unfilled
level crosses the Fermi limit at w =w,;, an angular
momentum appears abruptly, corresponding to excita-
tion of a particle—hole state. With further increase in
the frequency there are new jumps, which directly re-
flect the shell structure. It is only after averaging on
the scale of the shell splitting that a smooth dependence
of the angular momentum on the frequency appears.

A shortcoming of our description is the introduction

of averaging from the very start. It can be shown that
one can carry through a quasiclassical treatment with
the inclusion of shell effects® by generalizing the meth-
od developed to calculate the shell effects in the den- -
sity.® It is here necessary to take into account quanti-
zation in the framework of the Bohr—Sommerfeld meth-
od.

We first determine the total angular momentum in

TABLE II. Dependence of the density distribution and the deformation on the spin I when

allowance is made for the Coulomb energy.’

Parameters AR SRR T e O T el Peou | Trat | 11
A=40 — — —_ 3.96 3.45 0,138 —315.94 18,52 — 0
a,=0.42 F 0.61 | 0,08 = 4.04 3.74 0421 | —220.14 | 7440 | T72.20 40

0,63 | 0,10 0.08 3.9 3.79 0,127 —230.17 73.66 70,08 40
A=060 — — — 4,54 3.86 0,140 —482.19 | 157,19 — 0
a,=0.43 F 0,58 | 0.08 — 4.58 4.4 0.428 | —477.90 | 15040 | 87.89 60
0.61 | 0.09 | 0,07 4.49 4.18 0.432 | —379.45 | 149.25 | 85.43 60
A=80 - | = - 5.01 6.2 | 0441 | —636.48 | 256.33 — ~
ap=0,44 F 0.58 | 0.66 — 5,02 4,47 0,432 —519.93 | 246.25 | 101.84 8)
.61 | 0.09 0.07 4,93 4.53 0.435 —524,31 | 244.53 96.60 8)
A=100 — — — 5,36 4.48 0.145 | —777.63 | 375,90 — 0
2,=0,46 F 0.60 | 0.07 £ 5.37 4.8 0,133 | —652.43 | 358.56 | 108.68 100
0,85 | 0.4 0,07 5,28 4,87 0.137 | —653,56 | 355.65 | 108.28 100
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FIG. 3. Crossing of different single-particle levels as the ro-
tation increases.

accordance with the quantum-mechanical formula

M(w)=2 > B(ep—av-#mm)ms | um [2 d3r. (47)

Here, v=(n,l), and the limits of summation can be
seen in Fig. 3. To calculate the wave function, we
must use the WKB approximation,

Yum = (Cofr V' py ) 8in (Sy + n1/4) ¥ipm, (48)

where S, is the truncated action, S,=[7 o (rdr, p,
is the classical radial momentum bo=[2u(e, -V)=(
+1/2)*/7*]'%, and », is determined by the left-hand
turning point for motion in the potential well with orbi-
tal angular momentum I. Finally, the normalization
coefficient c, in (48) is found by means of the relation
Cl=2u/7,,, where 7, is the time required for the par-
ticle to pass from the left-hand turning point {r) to the
right-hand turning point (»,), i.e.,

Moy = Sfp.drlpv; (49)
r1
we now replace the sum over the principal quantum
number # in (47) by an integral, using Poisson’s for-
mula:

L] o b
S jf(n) cos (2knn) dn. (50)
=g h=-o a

Using the Bohr-Sommerfeld quantization condition

Snv=5‘p.,(r)dr:m(u+‘ll2). (51)
we then obtain for the total angular momentum M from
(47)—(49)

I ] R AT S 9.
M (o) =2p 2y N j dr L!Qj T cos (2knn)

Im = (52)
% (1-+sin 28,) | Yy, |2
In what follows, we shall ignore the contribution of the
term containing sin2S,, since it describes shell fluc-
tuations of the density, which are unimportant after
integration over the radius.

In (50), we integrate, replacing the variable » by the
energy £, and we determine the upper limit by means
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of the relation
£ — ey (0) +mo, (53)

and we find the lower limit g,,, from the requirement
P1(€m1a) =0. Bearing in mind that 08,/ 8¢, =Ty, =ndn/
dg,, we obtain

M@)=2£m 3 (—pfar [ o2 cos (2hSy(e).  (54)
©min

We divide the sum over & into two parts. In the first,
we set k=0. Then denoting the corresponding fraction
of the total angular momentum by M'"’, we obtain after
integration

2

= 2 M Suim, (55)

im

M© () =

where Sy;,, which depends on the projection m, is the
action

Soim = | (2 (€—V)— U+ 1/22/r9*2 dr. (56)
It can be shown that M’ is the smooth part of the total
angular momentum M and is approximately equal to
My [see Eq. (66) below]. This could be expected,
since for =0 we have

Sta=[ 1)o@ e,
which leads to the neglect of the shell fluctuations. To
calculate the remainder in (52) corresponding to k#0,
it is only necessary to take into account the first term
after integration by parts. Then

¢ de 97, e i ik g
g"\ Sy %0 (2kSotm) g e (J:SD;,,,)..
min

Taking into account the relation (49), we obtain

mwA N (57)
To calculate the sum over k, we note that the argu-
ment € can be equal to one of the eigenvalues g, for
definite values of the projection m and the frequency w.
Therefore, using the quantization rule (57) for the in-
terval ¢,,< E<¢e,,; we can write

Sotm = [Sotm] + (n + 1) =, J (58)

where [Sy;,] varies in the range —7/2 < [Soim] < /2.
Using the definition of the function [Syim], We obtain
from (57)

E' (=)t Biﬂz'fzkso:mi 4 2' (—)* sin.(z.';’[‘S,,m]) = —[Sumls  (59)

from which we obtain the shell correction in the form

MO = —2 5 m (Sypl. (60)
im
Together with the smooth part (55), this gives

M=2 3\ m (Sym—[Soim))- (61)
im

To understand the significance of this expression, we
consider briefly the determination of the particle num-
ber by the same method. For the one-dimensional case
without rotation we have by analogy with (61)
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FIG. 4. Dependence of the particle number N and the functions
S, and [S;] on the Fermi energy £y for one-dimensional motion.

N= 2 (Sy (er) IS0 (ex)]) = NO -+ N0, (62)

This relation makes it possible to determine the num-
ber of particles as a function of the position of the
Fermi energy. As a function of £, the expression
[Ss(eg)] has discontinuities on the passage through the
eigenvalue ¢z =¢,, while the action S; continuously in-
creases. The combined behavior of both parts of the
function N(eg) can be seen in Fig. 4. Each time a new
level passes through the Fermi energy, the number of
particles increases discontinuously.

For the angular momentum given by Eq. (61), the be-
havior is similar. We consider first the values of the
frequency w for which there is no crossing of the
shells (see Fig. 3, w <w;). For all possible values of
m, the argument £ =g +mw then takes values in the
interval €,;< €< €, (£, is the last occupied shell,
and g, is the first unoccupied shell), and in accord-
ance with (58) and (61)

M=-i—2m(n+1)n=0
Im
in agreement with the quantum-mechanical result. We
recall that for a closed shell without crossings the
smooth part is nonzero, M‘**#0, so that we have a
case when the shell correction completely compensates
the smooth part. In the general case

IM©(d = — IM® 0w, &= ey, (63)

from which it follows that M =const, € #¢,. We now
consider the first crossing of the levels at w=w (&, »
—g,)/ (I’ +1) (see Fig. 3). Then the lower value of the
argument €, €.,,=¢€p —wl(m ==1), passes through the
point &,;, and simultaneously &€, = &g + wl’ (m’'=1")
intersects g,4+. These intersections are accompanied
by discontinuities of the functions [Sy;,]|=%r at m ==
and m' =1’, whereas S;;,, remains a continuous function
in the neighborhood of €,;,€,4.. Using Eq. (61), we ob-
tain the total angular momentum M =2(I +1’) in agree-
ment with the quantum-mechanical result.

It is convenient to investigate the general case nu-
merically.’ The result of such a calculation for A =208
is shown in Fig. 5. For the potential V(r), we have
used the Woods—Saxon formula with parameters taken
from Ref. 12. The Fermi energy was fixed by specify-
ing A. Figure 5 shows only the total angular momentum
of the neutrons, and the spin—orbit coupling was not
taken into account. In the calculation, the sum over
(I,m) takes all values for which levels exist. The
maximal value of  has the order Rpy. Up to frequen-
cies w< 0.6 MeV/#, the quasiclassical calculation in
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FIG. 5. Dependence of the total angular momentum M on the
frequency w. The exact quantum-mechanical result agrees with
M=M®+M®" for w<0.6 MeV. The mass number is A =208.
Only the contribution of the neutrons is shown.

accordance with (61) agrees with the exact quantum-
mechanical expression. It is interesting to note that
although the smooth part M‘? also contains a sum over
(I,m) [see (55)] it is numerically found to be exactly
straight, though M < My;. This can be understood
by seeing how M is obtained in the present approach.

Using (61), we can readily derive approximate ex-
pressions for M and M. To calculate M7, it is
sufficient to expand the action §;;, with respect to w
subject to the condition that this function is every-
where continuous. From the equation

dr
Suim = Sat (e5) + pmo | =T (64)

we obtain, retaining for convenience the factor
I 7 1m|?a2 in (54),

L = s Bl o
MO = = P,ws dr dQ ﬁﬂ_. nbalYlml Pe(Er) (65)
By means of the quasiclassical expression'?®
L
1412 &
3 me|Vimfp= S sinre (66)

m=-1

and after replacement of the sum over ! by an integral
from I =0 to l=Rpy, we obtain

MO = o S 7 5in? @ dr dQ (2 (ep— V)2 = M1r, (67)

which agrees with the result (21) of the Thomas-Fermi
method. Note that the upper limit of integration is
chosen in such a way that the contribution of the cor-
responding level can be ignored. This explains the dif-
ference between the numerical value of My, and M‘?
(see Fig. 5).

For the approximate calculation of the correction
M*'", we use the expression (59) and again expand Sy;,,
around €5 [see (64)]. It follows from (60) that

MO=2 Sm (| VinPdrd@ 3, cos2hSy (— )t S Ehomt)
W P’ (68)

As in the case of the relation (65), we can now calcu-
late the sum over m in the quasiclassical approxima=
tion,

1
! » 141/2)2 . . r
(_\_' msin (2komTe) | Vi, 2= L% sin BJ, (2koty sin O (1+4-1/2)),

n==1 (69)
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and finally integrate over 6, which gives

MO=2 5 3 (—)* [ dr (4172 cos 2k8y 2r @i 12)
k=1

(70)

This expression can be used for asymptotic estimates.
Its structure is similar to that of the expression ob-
tained in Ref. 2 by summation of the classical trajec-
tories.

For low frequencies w -0, it follows from (69) after
summation and integration over I that M’ =—p1%0 i
accordance with the general result (63). For estimates,
we can restrict ourselves in (70) to the contribution of
the last occupied (nl) and first unoccupied shell (n'l’)
and take into account only the first term of the sum
over k. Then, taking I'=1], we obtain for the amplitude
of the shell correction M‘" ~(4/m)I*2j,(2wmy,l). The
first minimum of this expression is reached at W =Wmnia,
and wpyy, =0.87/(27,,l). Bearing in mind that Ty ~mAr/
Ae, where Ac is the mean difference between the levels
near the Fermi surface, Ae=2¢,/(34) MeV, we obtain
Wnia=0.84e/al ~w, where w, is determined by the
first crossing of the levels: wy=(g,p —£,,)/(1+1'). As
the frequencies increase, M "’ is damped, reflecting
the decrease in the quantum fluctuations at high spins.
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