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INTRODUCTION -

During the last decade, the physics of intermediate
energies has been intensively developed. It studies the
interaction of elementary particles with nuclei in the
energy range up to 1 GeV, i.e., the region between par-
ticle physics and nuclear physics. The rapid develop-
ment of this branch of physics is due to the following
circumstances.

a) The accumulation of a large number of fairly accu-
rate data with error that frequently does not exceed the
10% level. The most important part here has been
played by the meson factories commissioned since the
beginning of the seventies.

b) The development of the theory of interactions of
elementary particles. It is hard to overestimate the in-
fluence of ideas from current algebra, the covariant
formulation of the theory of interaction of two nucleons
(the Bethe-Salpeter equation, dispersion relations), the
unified theory of electromagnetic and weak interactions,
and, more recently, quark models on the development
of the physics of intermediate energies.

¢) The development of the theory of systems of sev-
eral nucleons on the basis of the Faddeev equations,
the method of hyperspherical harmonics, and the varia-
tional method.

d) The appearance of powerful computational tools.
For the exact analysis of experimental data and theo-
retical calculations this is very important.

In traditional nuclear physics, a system of N nucleons
is described by the nonrelativistic Schrddinger equation.
As interaction potential, one takes the simplest two-
nucleon interaction of exchange type, and potentials of
more complicated nature (three-particle, etc.) are not
considered. The presence of other particles in the nu-
cleus is also not taken into account explicitly. Solving
the Schridinger equation with appropriate boundary con-
ditions, one can obtain the wave function of the problem
and then the values of experimentally observable quan-
tities. To calculate the observables associated with the
effect of some perturbation on the system, one takes
the interaction operator J in the form of a sum of sin-
gle-particle operators J, over all the nucleons in the
system (impulse approximation):
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il (1)

In such an approach, one immediately faces the ex-
tremely nontrivial problem of the accuracy of the solu-
tion of the Schrédinger equation; this must always be
borne in mind when calculations are compared with ex-
perimental data. It is well known that at present the
Schridinger equation can be reliably solved only for two
nucleons. The situation in the case of three-nucleon
systems is also more or less satisfactory.

More serious difficulties arise in this scheme when
the interaction of elementary particles with a system
of nucleons is considered. For example, very early in
the development of nuclear physics (Refs. 1 and 2; see
also Refs. 3-5) it was noted that it is not a simple mat-
ter to satisfy the charge conservation law in the de-
scription of the interaction of radiation with a nucleus.
For clarity, we consider a two-nucleon system. The
current perturbing the system can be written in the
form

T =L (7Y opp oo, S —mls
=i

£ s+ uPed g o X B =il (2)
=1

where pu$ and 4} are, respectively, the isoscalar and
the isovector magnetic moment of nucleon i; o; and 7,
are, respectively, the spin and the isospin operator for
this nucleon; and p, is the momentum operator.

In accordance with the current conservation law, we
must have

VI ()= —ilH, p (). (3)

Here,H =T +V, T =3%.,p}/2M,and V is the two-particle
potential. For nonrelativistic nucleons, the charge
density is given by

o) =3 & (1) (r—ri). (4)
i=1
Calculating the commutator [T, p]., we see that the cur-

rent J, taken in the impulse approximation (2), satis-
fies the condition

VI=—ilT, pl.. (5)
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But, for example, for a potential of the form
V(r) = (v4%;) 1 (04, Oz, 1) xp (—r/ry)/r (6)

with range »; =mc/f the commutator [V, pl. does not
vanish:

Vs Pl = (% X 72 f3 (04, 05, ¥) exp (—r/ry)/r, (7)
This “nonconservation” of the charge merely indicates
that the single-particle current (2) must be augmented
by an essentially two-particle part, namely, an ex-
change current of the same range as the potential em-
ployed in the calculations, Thus, in the given case al-
lowance for the exchange currents is a necessary con-
sequence of the requirement of charge conservation,

In practice, it may happen that the exchange terms
are small and the experimental data can be described
satisfactorily without them. However, there are now
definite proofs for the existence of two-particle elec-
tromagnetic isovector exchange currents of single-pion
range, since allowance for them proved decisive in the
explanation of experimental data in numerous cases for
which other interpretations are not available.

Less satisfactory is the situation with regard to the
experimental confirmation of the presence of exchange
currents in weak processes, which is explained by the
inadequate number and accuracy of the data even for
few-nucleon systems.

There are also a number of uncertainties in the treat-
ment of isoscalar exchange currents. These currents
are actually the relativistic correction to the main ap-
proximation, so that the currect allowance for their
contribution entails the consistent allowance for all the
other small corrections of the same type, and at the
present stage in the development of theory this cannot
be done in practice,

In the present review, we discuss the present theo-
retical and experimental status of two-particle ex-
change currents and their significance for the physics
of intermediate energies.

In Sec. 1, we briefly review the development of the
general formalism within which investigations on this
problem have been and are being made. We then dis-
cuss in detail the low-energy theorems which are the
theoretical basis for the construction of the exchange-
current operator,

Section 2 is devoted to methods of constructing effec-
tive current operators and a potential. We discuss in
detail the method of renormalizing the wave function,
which has given rise to numerous disputes in the litera-
ture.

In Sec. 3, we consider the problem of constructing a
consistent scheme for calculating exchange currents in
the framework of the Chew-Low model and we compare
the predictions of this model with the predictions of the
low-energy theorems for the electromagnetic exchange
currents. The complexity of the situation in the case
of isoscalar exchange currents is illustrated by calcu-
lations of the static moments of the deuteron,

Unfortunately, due to lack of space, we cannot con-
sider the experimental situation with regard to axial
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exchange currents nor give the results of the corre-
sponding numerical calculations. For the same rea-
son, we have omitted a discussion of some other theo-
retical approaches to exchange currents, in particular,
the scheme based on the method of hard pions.®®

The literature contains several papers of review na-
ture'®*® on exchange currents. A deeper acquaintance
with the subject will be facilitated by the comprehen-
Sive book edited by Rho and Wilkinson,'* which collects
together the majority of the material up to the start of
1978. More recently, the problem of exchange currents
has been discussed extensively at the Workshop on
Few-Nucleon Systems and Electromagnetic Interactions
at Frascati,'” at the Conference on Meson—Nucleus
Interactions at Houston,'® at the Conference on Nuclear
Physics and Electromagnetic Interactions at Mainz,
and at the Eighth International Conference on High En-
ergy Physics and Nuclear Structure at Vancouver,'”

1. THE S-MATRIX FORMALISM

1.1. General definition of the exchange current

The meson theory of exchange currents first took
shape in the classical paper of Chemtob and Rho,!®
They gave a general classification of the structure of
the two-particle exchange current and analyzed in de-
tail the case of single-pion exchange, using the results
of Adler'® on the electro-, photo-, and weak production
of pions on the nucleon. Among the contributions of the
different single-boson exchanges, the contribution of
the single-pion operator is as a rule decisive, and
therefore the basic concepts of the theory of exchange
currents can be introduced conveniently by considering
this example. Other exchanges are treated similarly.

The operator of the single-pion exchange current is
shown graphically by the Feynman diagram in Fig, 1,

, Here, J (k) may be either a vector current [isovector
Ji(k), isoscalar J5(k)] or an axial-vector current

J g‘,‘(k). It is assumed that the standard Feynman rules
can be used in the calculations. The fact that the nu-
cleons in the initial or final state are nuclear particles,
Le., they are not free, is taken into account by using
nuclear wave functions as the bra and ket vectors,

The general diagram in Fig. 1 is in reality a set of
many Feynman graphs corresponding to different ele-
mentary contributions to the amplitude for pion produc-
tion on the nucleon by the current J(k). A detailed
analysis of this important amplitude using the methods
of current algebra will be made later. Here, we de-
scribe the basic graphs that are taken into account in
some way or other in any model calculation of the op-
erator of the single-pion exchange current (Fig. 2).

7 a7
Y (5) FIG. 1. Exchange current of
T single-pion range.
7 2
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FIG. 2. Individual contributions to the single-pion exchange
current.

The first three diagrams are generated by the Born
part of the amplitude of pion production by the current
J(k). The remaining graphs reflect the contribution to
this amplitude of low-lying many -particle states—the
isobar A(1236), vector mesons (p, @, @, Ay, . - =)

We define the exchange-current operator J {3, from
the S-matrix element of the Feynman diagram as fol-
lows:

8= — (2ai) 8 (Py— Py} T§nes- (8)

For the electromagnetic interaction (with a real photon),
g, denotes the polarization vector of the photon; for the
weak interaction, it denotes the lepton current L,.

Since the nuclear wave functions are nonrelativistic,
it is necessary to go to the nonrelativistic limit in the
exchange -current operator as well. Then instead of
diagrams 2a and 2b we obtain a set of time-ordered
diagrams (Fig. 3). Diagrams 3a-3d should not be in-
cluded in the exchange-current operator, since they are
already taken into account in the correctly constructed
nuclear wave function (together with the part of dia-
grams 2a and 2b that contains the positive-frequency
part of the nucleon propagator).

The part of the exchange current associated with
diagrams 3e and 3f is called the recoil current. The
problem of the correct allowance for this current has
not yet been solved satisfactorily. We shall return to
a fuller discussion of it later. The exchange current
represented by diagrams 3g and 3h is called the pair
term.
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FIG. 3. Nonrelativistic approximation for the exchange cur-
rent 2a and 2b.
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After the transition in (8) to the nonrelativistic limit,
the exchange-current operator J%,, can be transformed
to the coordinate representation J,\%,, in accordance
with

Ty (K, 1y, 1) 8 (0y— ) 6 (r2 — ) = (xy, 131/ aba Ty, T2

1 [ 5 A . . ol )
= e | 0P; AL APy dPaexp [— 1 (— X —EPyFriPy £5P)]
vt (238 (py -+ o+ k— Py — D) Tiihny + (1 —2).  (9)

If the current J2),, depends only on the difference q=p;
-p,, then for J%,, one can obtain the expression

gy Y B exp (—ikry)
AMER = (_2__”3_

[usa exp (jan) Tty (@) + (1 —2). (10)

The explicit dependence of J3),, on the momenta p, and
p, leads to the appearance in J L2)., of velocity terms.

This approach to the single-pion exchange currents
(it is called the Chemtob-Rho method for the S-matrix
method) was widely used in calculations of reactions
and static characteristics of light nuclei at the beginning
of the seventies. At that time, there were effectively
no other approaches to exchange currents; they were
developed later. The Chemtob~Rho method proved very
fruitful. Its use made it possible in many cases to
eliminate discrepancies between experimental data and
calculations in traditional nuclear physics. Particu-
larly satisfactory agreement was achieved for proces-
ses with the participation of vector isovector exchange
currents (isovector magnetic moment of the three-nu-
cleon system, the radiative capture reaction n+p—~d
+y, n+d—t+y, the reactions e+d=-n+p+e’, y+d—n
+p). The results of the actual calculations are dis-
cussed in the following sections.

1.2. Low-energy theorems for the amplitudes of pion
production on the nucleon and the structure of the
single-pion exchange current

Having outlined the Chemtob—Rho method, we turn to
a detailed study of the amplitude of pion production on
the nucleon by the current J (k). As we have already
noted, this amplitude plays a fundamental part in the
construction of the operator of the single-pion exchange
current.

Formally, it correspond to the process
J (k)4 N (p)—a"(g) + N () (11)

and admits a standard representation in the form of a
current matrix element:

T2 (@ B) = (N (p2) 7 (@)1 e Q)N (P03 (12)
25 (q, k) = (N (p2) 7 (@) 13 OV (py)). (13)

Here, the indices n and j denote the isospin states of
the pion and the current. The index S denotes the iso-
scalar current.

The matrix elements (12) and (13) have the isospin
structure
Ty = (p2) (i Ththny + ang Tidm} u (P13 (14)
T35 == (1/2) 1 (p2) TRt (P1); } : (15)

a) = (1/4) (5, T

DA n invariant normalization of the states is used:
(VRN (P)y= (21)38(P—P') Py /M < mg)lanla’)y = (271)%24,5( —q°)-
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FIG. 4. Amplitude of pion production by the current jx(m on
the nucleon in the Born approximation.

Each of the amplitudes T{%),,, 79 can also be decom-
posed with respect to the invariant operators 0, in the
sSpin space:

G §
Iy = _El ViO, (Vi); Ty= ‘\:1 40, (4,), (16)
i= =

where the coefficients V, and A; depend only on the kin-
ematic invariants of the reaction. The explicit form of
the operators O, is given in Refs. 18 and 19. Note that

when all the particles in the radiative amplitude 7, are
on the mass shell it contains only four terms.®

The amplitudes (12) and (13) are made up of two
parts—the Born and the non-Born:

This (g, B) = T35 (g, k) ]p+ Tiian (g, k) (17)
T35 0, ) = (735 (g, k)ln =+ T35 (g, &). (18)

By definition, the Born term is a sum of pole graphs
containing single-particle (nucleon and pion) intermedi-
ate states of renormalized perturbation theory (Fig. 4).
In this way, the non-Born part of the amplitude T is
also defined.?

Born approximation. The Born amplitudes can be pa-
rametrized in a model-independent manner. For
pseudoscalar 7NN coupling

73 (@, B)lo = — g (pa) {wa¥s 15 J4 8

~s 1
-I-Ji(k)wﬁ—?s%

s (29— r
—2ia} L BY () 1) u (py);

(19a)
735, @ Bl = — gt (22 {avs gy Tha ()
+ T4 (k) stﬁ} u(py); (19b)

I3 (k)

(T3, k)ln = — g () {Tuvs Wﬁf

+Jff(k)—i@_%mmn}u<p,), (19¢)
where M and m are the nucleon and pion masses, The
operators of the isovector currents J { &)%) and the
isoscalar current J5(k) in the spin-isospin space [the
Fourier transforms of the single-nucleon parts of the
currents J7 ., (x), J;(x)] can be written in the form

T (k) = (172) v [FY (k) y.— (1/2M) FY (k2) 03 keuls (20)
Tin (k) = (1/2) 75 [F 5 (k%) ya—iFp (k%) o] ys; (21)
TR 0= [ P ) v o FS ) 0 ). (22)

I the case of production by the axial current, there exists
a special type of pole diagram corresponding to the contri-
bution of the single-pion pole to the axial current. We asso-
ciate the diagrams of this kind in which the virtual pion line
is joined to a nonpole graph with the non-Born amplitude.
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Here, the form factors are normalized as follows:
FLO=F(0)=Fs0)=1; F}() =%y =3.70;

F5(0) =us—= —0.12; Fa(0)=g,=1.25, (28)

where %y and g are the isovector and isoscalar anom-
alous magnetic moments of the nucleon, and g, is the
axial constant of 8 decay of the nucleon, The form fac-
tor of the induced pseudoscalar F (k*) can be repre-
sented as the sum of a pion pole term and a nonpole
part F (&?):

Fp (k%) = 2fag/(k*+ m2) + Fp (52). (24)

Here, f,~94 MeV is the weak decay constant of the
pion, and it is related to £, by the Goldberger—Treiman
relation £, =(g,/g)M.

It is usually assumed that the form factors FY(k? and
F (¥ have a dipole dependence on the momentum
transfer, i.e., the dependence is described by (1 +%%/
my)?, where m%=0.71-0,84 GeV/c.® For the axial.
vector form factor F,(k%)/F,(0)=(1 +k*/m2)2, but the
mass m, is not determined so well as m,: m2=1-1.5
(GeV/c).® I it is assumed that in the limit of a pion
with zero mass the axial current is conserved (the hy-
pothesis of partial conservation of the axial current;
see below), then the form factor F(k?) has the repre-
sentation

Fp (k%) =2M [F, (k) — g,/k? (25)

[the relation (25) is satisfied up to small correction
terms ~m®, which arise when the pion pole in the axial
current is shifted from the point £2=0 to the point z*

= -m?].

Since the vector currents J {(x) and J5(x) are strictly
conserved, the corresponding total amplitudes must
satisfy the transversality conditions (on the pion mass
shell, i.e., for g®= —-m?)

BIY (¢,B)=0; (26)
kT35 (g, k) =0, (27)

With allowance for the explicit structure (19a) of the
Born amplitude [T}],, the condition (26) yields a low-
energy theorem of the type of Low’s theorem,? which
relates the non-Born part of the isovector amplitude to
the parameters of its Born part:

kTP (9. k)= —k, lnjln
= —2igu (py) ' y; [FY (k%) — F% (k)] u (py). (28)

It is readily seen that the Born part of the isoscalar
amplitude satisfies the transversality condition by it-
self. Therefore, the non-Born part is also transverse
by virtue of (27):

T3 (g, k) =0. (29)

Since FY(0)= FY(0)=1, it follows from (28) and (29) that
the expansion of the amplitudes T and T7® with re-
spect to the 4-momentum %, begins with the linear
terms. This assertion is essentially equivalent to the
Kroll-Ruderman theorem,?? according to which the am-
plitude of pion photoproduction at threshold, i.e., at
k,~m, is, up to small terms ‘*m/mnm, given by the
Born graphs alone. We emphasize that it is only in the
case FY(k®)= FJ(k?) that the Born part of the isovector
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amplitude T is by itself transverse. This is the sit-

uation in the vector-dominance model, in which F

and FY are described by the single monopole formula
FY (k%) = Fx (k) = (14 k&/m) ™"

As is shown in Gourdin’s review,? the behavior of the

form factors F) and F) predicted by vector dominance

agrees well with the data on pion electroproduction up
to ¢°= 2 (GeV/c)%

Concluding our discussion of the Born approximation,
we make a remark which will be important in connec-
tion with the uniqueness of the decomposition of the
isovector amplitude T} into the Born and non-Born
parts. It is obvious that on the pion mass shell 4°
= —m? the decomposition is unique, since all the pole
contributions are exhausted by the graphs in Fig. 4,
and the vertices in these graphs can be expressed in
terms of the residues of the total amplitude at the cor-
responding poles. In particular, the form factor
FY(E? is the residue at the pion pole (see Fig. 4c). The
total contribution of the pole graphs is equal to the am-
plitude (19a). At the same time, if the 4_momentum g,
is off the mass shell (it is necessary to leave the mass
shell in, for example, the method of current algebra),
then not all the pole contributions are taken into account
by the expression (19a). The point is that in the gen-
eral case the graph 4c contains the off-shell amplitude
1™ q - k) + Ji() = 1(g):

MmN, (g, k) =i (g2 + m?) g dixexp (—igx)
X (0] T {a" () T4 (O} a™ (g— k) (30)

which only for g*= -m? reduces to the form factor
FY(B?):

M, (42 = —m?) = (20— k) Fx ()", (31)

Thus, if the definition (19a) is retained for [T%]5 off
the mass shell, then the off-shell part of the non-Born
amplitude of pion production will necessarily contain
pole terms ~(q*+m?)/[(g —k)*+m*] generated by the
terms in the expression (30) that remain after separa-
tion from it of the vertex (31). Evidently, it is more
consistent to define the Born amplitude for g*# —m® in
such a way that in this case too it contains all the pole
terms and on the mass shell is equal to the amplitude
(19a). This can be done by replacing the vertex (31) in
(19a) by the value of the amplitude (30) at the pion pole
(g =k)*= —=m? In what follows, we shall adopt such a
point of view.

Non-Born amplitudes. We now consider the non-Born
parts of the amplitudes (12) and (13). They are deter-
mined by the contribution of the many-particle inter-
mediate states, and therefore the analysis of them is
a much more complicated and model-dependent prob-
lem than the analysis of the Born parts. Here, there
exist several approaches. One of them consists of
considering diagrams of the type shown in Fig. 5,
which take into account the contributions of excited nu-
cleon states (isobars) and heavy mesons (w, p, @, 4A,).
Such diagrams are calculated in the most systematic
and consistent manner in the hard-pion model.**
This model consists of a list of simple rules that en-
able one to write down for any process the complete
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FIG. 5. Non-Born part of the amplitude of pion production
by the current J§ 5.

set of diagrams required by the dynamical principles
of vector dominance and chiral symmetry that underlie
this model.*’ Another approach, which is to a consid-
erable degree model-independent, is based on the low-
energy (soft pions) theorems of SU(2)*SU(2) current
algebra (see, for example, Refs. 25 and 26). Although
these theorems fix only the leading terms in the mo-
menta % and ¢ in the momentum expansion of the am-
plitudes T, (g, k), T1%(q, %), this is sufficient in many
cases. There are two ways of deriving low-energy
theorems. One, the most perspicuous, proceeds from
the concept of phenomenological chiral Lagrangians
(see, for example, Refs. 24, 27, and 28 and, in appli-
cation to problems of exchange currents, Refs. 6 and 8).
We shall use a different and more traditional method
based on the standard reduction technique.®'

There are two types of low-energy theorem: for ma-
trix elements with emission and absorption of “soft”
pions and for the matrix elements of “soft” currents
with given divergences. The relations of the second
type are called generalized Low theorems (their deriva-
tion and numerous applications are considered in detail
in the classical paper of Adler and Dothan®). Both
forms of the low-energy theorems'® apply in this situa-
tion. The theorems of the first type can be used to es-
timate the amplitudes (12) and (13) in the limit ¢, ~ 0,
while the theorems for the currents are constructive in
the limit 2, ~ 0.

The limit q,=0. We consider first the case of iso-
vector currents J{ and Ji,. We reduce the pion in the
matrix element (12) off the mass shell, use the condi-
tion of partial conservation of the axial current (PCAC),

Bud 3y (@) =m? (gaM/g) 2" (%) 5 (32)
and go to the limit g, ~0. As a result, we obtain for
the amplitude (12) in this limit the representation

Tion (@ B> — g { N (P FE O, T oy -1 N (P

+au 5d"n= exp (—igz) (N (p) |T {3 (2) T sn (O} N (m))} . (33)

where F2(0)= [ d*xJ?%(x,0) is the axial charge taken for
x,=0. The expression (33) is the sum of singular pole
terms corresponding to the Born graph in Fig. 4 and a
nonpole term. Since we define the Born amplitude here
in terms of the pseudoscalar TNN coupling, it is neces-
sary to go over in the pole terms from the pseudovector
vertices ~g¥sT,, Which correspond to insertions of the
axial current } 2, in the external lines of the matrix
element (N (p,) |J{(0) |[N(p,)), to the pseudoscalar

3The hard-pion method was applied to the calculation of ex-
change currents in Refs. 6-8.
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vertices ~y;7,. Finally, we have
T (@ 8) — ¥ (e = T3y (k—g)

+ﬁf" [¥s5Tn, ji’ (52 (k)] — 2igy,asy %ﬁ% Chi5m
o g?s"n?;:? Ty (k) + Heam (k) % g‘\’s‘fn} u(p) yn+0(g), (34)
where C,=1, C,,=0, and ¥ is the isospin wave function
of the pion.

We now consider the origin of the different terms in
(34) and discuss their meaning. The first term is the
commutator term;

(N (P2) | [F5 (0), T35 (O)1] N (1))
= —u(pg) Tisn (k—q) u (py)s (35)

By virtue of the current-algebra commuation relations
IF5(0), 7350y ()] = —€™mJ T, 5, (386)

this term reduces to the expressions (21) or (20). In
particular,
T k—0) = a3 {Faltk— ) va—i [ 2wt

+Fplla=02 ] k—ahn} v (37)
where for the form factor of the induced pseudoscalar
the representation (24) is used. The last two terms in
(34) are the singular contributions of the Born nucleon
graphs (see Figs. 4a and 4b). They arise from the sec-
ond term on the right-hand side of (33). The anticom-
mutator [y,7,,J{,,(%)], arises on the transition to the
pseudoscalar 7NN coupling (we shall call it the “PCAC
term”).*’ The term with the pion propagator present in
the vector amplitude 7}%(g, k) corresponds to the pion
pole contribution to the matrix element of the time-or-
dered product of the currents in the relation (33) when
that relation contains the vector current J (0) (Fig. 6).

The amplitude M, ,(q,%) in the numerator of this
term is determined by

eV My, 5 (0, 8) = 7 [ dzexp (—iga)
X A0 | T{I3 (2) T, ()] 2t (g— k), (38)

where, as before, f,=(g,/g)M. The structure of this
amplitude in the framework of PCAC and current alge-
bra is discussed in detail in the review of Ref. 30. Us-
ing the results given there, one can show that

W (1. 1) = — B +2 (b, —het) 22 )
— kg +0 (g2), (39)

whence
0 M, 2 = (¢ — k)i — (29— k)5, FX (k2)

1—FY (&
+Ug— kP — g2 by — 2 kg2 10 (g9 (40)

(we have ignored in (39) the terms ~[k,q, - (gk)5,,],%
which do not contribute to the contraction g M) It
is readily seen that the part of the total pion pole con-
tribution to the amplitude (34) that arises from the
commutator term (37) and the first two terms in the
expression (40) corresponds exactly to the contribution

“The sum of the PCAC term and the Born terms is equal to
the Born amplitude for pseudovector tNN coupling.
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FIG. 6. Pion pole contribution
e to the matrix element [d%exp
(=ige) (N(p) IT{JEp (%)
(0} N (py)).

of the graph in Fig. 4c to the amplitude (19a) at q°
=-m?® The remaining part is associated with off-shell
effects. Note that the fourth term (-#,4% in Eq. (40)
can be omitted, since its contribution is exactly com-
pensated by the analogous contribution from the com-
mutator term if the reduction factor (g?+m?)/m? in this
last term is retained before the passage to the limit
q,~0. Note that in the pion terms of the vector am-
plitude the leading dependence on q, is retained as in
the singular nucleon terms. The point is that to cur-
rent-algebra accuracy the pion mass is effectively in-
distinguishable from zero, and for this reason the con-
tribution of the terms with the pion pole 1/[(q - %)%+ m?]
in the region ¢,~0,%°~0 is, strictly speaking, singu-
lar. Note also that the limiting value of the vector am-
plitude is transverse with respect to the 4-momentum
k, only up to the neglected regular terms linear in q
(off the mass shell, current conservation leads not to
the transversality condition but to the Ward identities).
If, however, we set g, =0 and m*=0 in all the terms in
(34) that are regular for %+ 0 and assume that % »
=(pa-1),, then the condition (26) is rigorously satis-
fied (in a world with massless pions, such an amplitude
would be physical and correspond to production of a
pion with zero energy by the current J§).

Using the representation (34), we can write down ex-
plicit expressions for the non-Born parts of the ampli-
tude (12) in the limit g, =0 in terms of the current form
factors J{ and Ji,. If we adopt the standard hypothesis
of the possibility of smooth extrapolation of the nonpole
amplitudes from the unphysical region ¢~ 0 to the re-
gion g~m, it is to be expected that the obtained expres-
sions will be good approximations for the physical val-
ues of the non-Born terms (i.e., taken at g%= —-m?. For
the non-Born amplitudes, we shall use the parametriza-
tion

TR(g =0, k) = (py) (a5 (k) ysOribin

a3 1B (k%) yovs.— ix (k2) yskal} w (py); (41)
T3 (g =0, k) =iu (po) {ai p (%) K
+ai [id (1) oppky — i (k2) My} u (py). (42)

To obtain the required relations, it is necessary to
compare (41) and (42) with (34), having first separated
from (34) the Born contributions. As we have already
noted, accuracy is needed in the treatment of the con-
tribution of the Born pion graph (see Fig. 4c) when the
external pion line does not lie on the mass shell, In
this case, as the vertex for absorption of the vector
current by the pion it is necessary to take the value of
the amplitude M (%, ) (30) at the point (g - &)2= —m2,
The condition of conservation of the vector current
fixes the amplitude M,(qg, %) at this point to terms
~q,q*+m?):
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My (g, k) = (20— K)s Fr (K)
4k, (2 m2) (1 — Fx (k2))/k2 40 (2, m*q) (43)
(in deriving (43), we have used the commutation rela-
tion

W i(x, 0), " (0)] = —e™™a™ (0) 8 (x)).

It can be seen from comparison of Egs. (40) and (43)
that the pion terms in the limiting amplitude Ty (34)
contain not only the purely pole contribution ~ (%, q)/
(g —k)?+m? but also the nonpole contribution ~[1

- FY(k*]/k%. Comparing the amplitudes (41) and (42)
with the expression (34) in the light of this remark, we
obtain

@ (k2) = — (g/2M?) F3 (k?);
B (k%) = — (g/Mg.a) [Fa () —gaFl (k)
-~ 1—FY (k¥

() = Ty ()28 (%)
o g Fale)—eaFa(

R = e

p (k?) = — (g/M) Fp (K*); ]

A (k%) = (g/2Mg,) F (KY); (45)

o (k) = (g/2M2g 1) [F} (k) — gaF 4 (%)) I

In deriving the last of the relations (44), we have used
the representation (25). Note that the amplitude (41)
with the form factors (44) satisfies the condition (28)
for k,=(p, - $,),. The Kroll-Ruderman theorem is
satisfied explicitly, since it follows from (44) that the
amplitude (41) begins with terms linear in k,. At the
same time, the form factor B(k?) begins with quadratic
terms:

B (k%)= —(g/Mga) [Fa(0)— gaFy (0)] k240 (k).
In the limit 2,~ 0, the form factor a(%?) in the ampli-
tude (42) reduces to the expression

a (0) = (g/2M2g.) (1 — gh). (46)

One can show that the low-energy theorem (46) is none
other than the well-known Adler-Weisberger relation®
(see below).

We now consider the isoscalar amplitude T*%(q, k)
(13). Its Born part is determined by Eq. (19¢). The
non-Born part in the limit g, -~ 0 can be calculated on
the basis of PCAC and the commutation relation

[F5 (0), 75 (0)).=0. (47)

Proceeding as in the derivation of the representation
(34), we find

13 (g, 1) —=> () {57 (s, I3 (B + 00 s TR CK)

- T5 () 5 gvstaf u(p) ¥540 @) (48)

Thus, the non-Born part of the isoscalar amplitude in
the limit g, — 0 contains only the PCAC term and re-
duces to the expression
T3S (k, = 0) = — (@/4M) & (p2) TusOrukuF3 (k%) (P), (49)
where we have used the definition (22).
The limit k,=0. We now turn to the discussion of the
other limiting case q,#0, k,—~0. This limit is of

interest for the following reasons. Since the pion in
the graph in Fig. 1 is virtual, there are, in general,
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no grounds for ignoring the dependence of the corre-
sponding vertices on g, (the nuclear wave functions
may be sensitive to the momentum dependence of the
operators of the exchange currents). At the same
time, the 4-momentum %, corresponds to real parti-
cles (photons, leptons pairs, ete.) and in a number of
cases (for example, in B decay) is small.

As we have already noted, the vector amplitudes T
and TS reduce in the limit &, ~ 0 to a sum of Born
graphs, ie., their non-Born parts in this limit vanish.
In the case of the axial amplitude, this doe not occur.
Applying the PCAC condition to the current JI,, we can
relate the non-Born part of the amplitude 5] at &, =0
to the parameters of the off-shell amplitudes of TN
scattering.'®*®

For the amplitude T 2(q,%=0) we choose a paramet-
rization analogous to that used in (42):

T (g, k=0) = iu (p2) (a7 (4%) 02
1257 (1B (g%) Oangy— 2ia’ (gB) Myal}u (py)- (50)

From the PCAC condition (32) we find

(N (p2) 7" () | 83 (O] N (Pa))
= —iky (N (p2) 7 (@) | Jou (O] N (p1))

—m2M (g4/8) (N (p) @ (@) % ()] N (ps))- (51)
The matrix element on the right-hand side of (51) is
directly related to the 7N scattering amplitude, in
which the pion with isotopic index j and momentum k&,
is off the mass shell:

(N (po) 7 (@) | 7 (O)] N (po)y = —[4/(k2 +mA] TR (g, k), (52)
where
T (0. Ky =2 (p) @S T™ P 4 PT™ Oy e (53)

(p) T “u (py)

= — (o) [A™ = (v, vp, @2, K?) — kB™ (v, vm, g% B) 1w (Py)- (54)
Here, vy and py are the standard kinematic invariants

v=—(py+ ps) k/2M; vp=qk/2M. (55)
It is clear that the relation (51) must be satisfied sep-
arately for the pole and nonpole terms of the matrix
elements on its left- and right-hand sides. Here, how-
ever, it is necessary to bear in mind a subtlety. The
contraction of the Born amplitude [T %], in (19b) with
the 4-momentum %, contains both pole and nonpole
parts. Indeed, using the obvious identities

IR I | —
G TP = — i g v l
'

. (56)
1 o 2iM
kys i (pz— WM = s+ 7vs i(Pz"a_lk)-—'i'M » |

we can readily obtain
nj . Mg, j m?
o (T8) 5= — i~ (T2)s s

2igs

+ 554 G (p) aifu (p) +0 (R), (57)

where (T ™M), is the Born part of the amplitude (53):
(T:}.)D = _E(P'.’) [igtn"r’a Wﬁff’—j&w igTivs

+igT s W igr,n.'s] u (). (58)

On substitution in the relation (51), the pole term in
(57) is exactly compensated by the Born part of the off-
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shell 7N amplitude on the right. The nonpole part of
the contraction (57) eancels with the zeroth term in ki
in the non-Born part of the amplitude by virtue of the
well-known self-consistency condition of Adler.3? Ag
a result, we obtain

BTy = —i JI:“ ke, a(:_.). T?ijh;u-Fo(kz). (59)

where T is the non-Born part of the amplitude (53).
The relation (59) makes it possible to express the form
factors y, B8, and o in (50) in terms of the invariant
amplitudes A™¥ % and B*™¥®) at the point k,=0°

V(@) = (ga/8) 10A™ Vduglny _pame;

B(g®) = (ga/g) 10A™ “av) gy po; 60)
b i i)

&' (¢%) = (gaig) B 4 o™ {—‘/a\"l\:vnﬁkan-

Comparison of the last of these relations with Eq. (46)
shows that (46) really is the Adler-Weisberger rela-
tion®:

(1/g5) —1 = (221%g%) [B™ O 2 fav]oy__pam.

It is in fact the condition of consistency of the low-en-
ergy expansions of the axial amplitude at the points g,
=0and £, =0,

Exchange curvents. We now consider what are the
consequences of the structure of the amplitudes Ty
and T ;% predicted by current algebra for the calcula.
tion of the exchange currents. We consider first the
case of the vector isovector current. In the limit of
small ¢, the amplitude T¥, which must be substituted
in the general diagram in Fig. 1, is given by the ex-
pression (34). Aswe have already said, the positive-
frequency parts of the nucleon propagators in (34) must
be included in the nuclear wave function, The remain-
der of the amplitude (34) generates the exchange cur-
rent, whose parts corresponding to the different terms
in (34) are shown graphically in Fig. 7. The first two
graphs (7a and 7b) represent the pair term and arise
from the last two terms in (34). Diagram 7d corre-
sponds to the pion pole contribution to the amplitude
(T})g (see the graph in Fig, 4¢). In accordance with
what we have said earlier, as vertex 7J,7 in this dia-
gram it is necessary to substitute the off-shell ampli-
tude (43). However, at small ¢, and %2, the off-shell
effects can be ignored and this vertex specified to good
accuracy by the standard expression (31) [as can be
seen from (43), there will be a difference in the small
terms ~(1/6)m*r,)*~ m*/m?2, where {r,)? is the mean-
square radius of the pion]. The contact diagram of Fig.
Tc can be obtained by substituting in the graph of Fig.

1 the non-Born part of the vector amplitude, i.e., the
expression (41) with the form factors (44). At the

i)

1 2
a b c d

FIG. 7. Operator of the vector isovector exchange current
constructed using the amplitude (34), The current is given
either by the sum of diagrams a, b, and d or the sum c and d.
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threshold, the PCAC term and the commutator term
cancel each other almost completely [the Kroll-Ruder-
man theorem; see the discussion after Eqs. (44) and
(45)], so that the contribution of this diagram is neg-
ligibly small, i.e., the exchange current is given by the
diagram sum Ta+7b+7ec. It is interesting to note that
there is a different and equivalent graphical represen-
tation of the vector isovector exchange current of sin-
gle-pion range. It can be shown that the PCAC term
[the second term in the amplitude 77/ (34)] in the non-
relativistic limit at the threshold exactly compensates
the total contribution of the negative-frequency parts of
the Born nucleon graphs. In other words, the contribu-
tion from the pair term (72 +7Tb) can be compensated by
part of the contribution of the contact graph 7c, namely,
the part associated with the PCAC term. As a result,
the operator of the single-pion exchange current con-
structed on the basis of the soft-pion isovector ampli-
tude T'}¥ (34) can be represented equivalently either by
the diagram sum 7a +7d or by the sum Te+7d. In the
latter case, the graph 7c contains the amplitude T
with PCAC term subtracted. The “truncated” ampli-
tude is equal to the non-Born amplitude corresponding
to determination of the Born amplitude in terms of the
pseudovector 7NN coupling, and is given at the thresh-
old by the expression (before the transition to the non-
relativistic limit)

T3 (g ~ 0,k ~ 0) = —T (pg) 0 (g/M) ysvsu (py). (61)

As we have already noted, the use of such an ex-
change —current operator explained the majority of dis-
crepancies between the calculations and the experimen-
tal data. The remaining discrepancies could be ex-
plained (with some reservations) by an exchange current
with excitation of an isobar (see Figs. 2d and 2e). In
the considered case, the amplitude (34) at the threshold
is gauge invariant, and the exchange current in Fig, 7
has the advantage that together with the single-particle
current it satisfies the charge conservation law (3) if
the potential (6) is determined by single-pion exchange,
i.e., has the form

V= o (54%) (0,V) (0,%) 22L=mr) (62)

Note that the operator of the vector exchange current
with excitation of the isobar A(1236) is transverse by
itself,

Summarizing, we can say that the case of the vector
isovector currents can be well described by the low-
energy theorem (34).

In the case of the axial-vector current, the situation
is more complicated. In this case, the single-nucleon
matrix element of the sum of the commutator term and
the PCAC term has at the threshold the form

= % 1
u (ps) {wn.ik MggA 5 Tr [(1 —ga) VL—;_.;;UJ.;LU:_?)I! ]

—i 357 Fo (k) kidos} u (py). (83)

At the first glance, it might appear that here, as in
the vector amplitude, canceling occurs. However,
since g2~1.5, it is only partial, Moreover, having ob-
tained the nonrelativistic approximation for the matrix
element (63),
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—ﬁg—i(l—-g‘:‘a)(pﬁpzwrr:f,- (1—gaturjoxa, (64)

aly,
ga A
we see that there is a large contribution from the iso-
vector anomalous magnetic moment of the nucleon (%,

=3.7).

Taking into account the result (64), one can show that
the amplitude T (g, %) [see (34)] leads to an exchange
current whose spatial and time components in the clas-
sification® in powers of 1/M~v/c have, respectively,
the order O(1/M?) and O(1/M). In addition, the spatial
and time components of the single —particle axial cur-
rent (21) have the order ~O(1) and O(1/M). The situa-
tion here is the opposite to that which obtains in the
case of the vector isovector current, for which the spa-
tial and time components of such an exchange current
are ~0(1/M) and O(1/M)?, whereas the spatial and time
components of the single-particle current (20) are ~O(1/
M) and O(1).

With regard to the isoscalar exchange currents, it
can be seen from Eqs. (48) and (49) that an appreciable
contribution arises from only the pair term. For both
the spatial and the time component, this contribution is
only the relativistic correction [~o(1/M?)] to the im-
pulse approximation (22). As we shall see later, calcu-
lation of corrections of this type requires particular
care.

1.3. General low-energy theorem for the operator of the
two-particle axial exchange current

Above, we have analyzed in detail in the framework
of SU(2) xSU(2) current algebra the structure of the
single-nucleon pion production amplitudes that occur as
blocks in the operators of the single-pion exchange cur-
rents (see Fig. 1), However, the direct use of the re-
sults of current algebra for these amplitudes in the two-
nucleon operators is not completely consistent. In par-
ticular, the kinematics of the process in Fig. 1 is such
that part of the total dependence of the corresponding
exchange—current operator on the 4-momentum &, is
associated with the 4-momentum of a virtual pion,
whereas this additional source of % dependence was not
taken into account in the derivation of the low-energy
theorems (34) and (59). Let us explain this. The ob-
servable variables in the process in Fig. 1 are the 4-
momentum K, (corresponding to a photon or a lepton
pair) and the nucleon 4-momenta; as a basis set of these
momenta, it is convenient to take

Po=(p1+pD/2 ¢=(ps—Pi+ Pa—P2)/2; }

A (85)
D= (pa-+ pa)/2.

In the kinematics (65), the intermediate pion in the dia-
gram in Fig. 1 carries the 4-momentum (G+(1/2)k),.
Thus, to determine the real dependence of the operator
of the single—pion exchange current on k, it is neces-
sary to know the dependence of the amplitudes (12) and
(13) simultaneously on the 4-momenta £ and ¢ (for ¢°
#-m?). Tt will become clear in what follows that at
small %, direct substitution of the amplitude (50) with
the form factors (60) in the diagram in Fig. 1 is a very
good approximation. However, in advance it is not ob-
vious that in the case of other boson exchanges the pro-
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cedure of direct substitution in the two-nucleon diagram
of the limiting values of the corresponding single-nu-
cleon amplitudes is as justified. 1t would therefore be
desirable to find the general form of the restrictions
imposed by current algebra on the operator of the two-
particle exchange current. Such a program was real-
ized in the papers of Futami, Fujita, and Ohtsubo®*
and also Ohta.*® They applied current algebra and the
PCAC condition directly to the two-particle matrix ele-
ment of the current

M sny=AN (F) N (P Tr.o (O] N () N (P2 (66)

without a preliminary particularization of its structure.
In what follows, we shall consider the case of the axial
current, which is the most complicated.

The generalized Low theorem obtained in Refs. 33-35
for the amplitude M, makes it possible to relate the
non-Born part of this amplitude in the limit &, ~ 0 to the
pion absorption amplitude, and also to the invariant
amplitudes of nucleon—nucleon scattering (and, thus, to
relate the exchange—current operator to the potential of
the two-nucleon system). We give, with slight modifi-
cations, the derivation of this theorem, following bas-
ically Ref. 35. It is analogous to the derivation of the
low-energy theorem for the amplitude T in the limit
k,—~0 (see the previous section).

We represent the matrix element M}, (66) in the form

of the sum
Miy = (Mh)™ + Mia, (67)

where (MZ,)** includes all the terms with nucleon and
pion poles:

(i)™ =) i (7 {T (ipl Qo) 5 T ()
T (18) -ty T (Qipie o)+ (1= D} (Po) ulpy)
-4 .!f:A knixmz Mi: (68)

Here, @, =p,+k,Q=p; —k, T is the nucleon-nucleon
scattering operator, and Mj is the matrix element for
the absorption of a pion with 4-momentum F
R e .o 1 j rpa
M= (p) u(py) {T (P3P Qup2) 5 T5 ()

T 09 7 T QiR pip) (1 D} u @) u ) + Wi (69)
As usual, the bar denotes the non-Born part of the am-
plitude:

T = i (51 i (p) T () () w (2o (29)

where T/(k) is the corresponding part of the operator
of the source of the pion field in the momentum repre-
sentation. In the amplitudes (68) and (69),

T (k%) = i Fa (k%) vavs/2; (71a)
T (k) = ig, (k) vs1';

71b
gr(O)wgr(4m2)=g-} (7ib)

The PCAC condition (32) applied to the amplitude M,
can be written in the form

Ty M, = (M g.a/g) Im?/(h2 -+ m?)] M. (72)
Using identities of the type (56), we readily obtain
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B ()™ <2 () i (2}) {T (03}, Qume) & VF (1) y,
+ 3 VFa (0T Qi pup) + (1 2)bu(py) u (py)
I EL (D %Tiﬁﬂﬁ&owa. (73)
Substituting (73) in (72), we find

kMo = — () u (AT (00}, Qi) (1/2) ©F 4 (1) y,
FW2)TF 5 () 95T (@1} Pape) + (1 <= 2} w(py) w ()
+iM (galg) M. (74)
The term of zeroth order in k, on the right-hand side
of (74) vanishes by virtue of Adler’s self-consistency
condition, which in the given case has the form®

w(pp)u (py) iTx (0) u (py) w(py)
= —u(p)u(p) {T (PP}, p17) 5o T} (0)
+T8(0) g3 T (ipi pap) + (L)} u(py) u (). (75)

Differentiating the relation (74) with respect to k, we
find that the part of the amplitude M, of zeroth order
in k, can be expressed in terms of the coefficient of the
linear term in the & expansion of the right-hand side of
(74):
M, (k= 0) = M, (k= 0) + TTE, (k —0)
= —u(2) u(p)) {5 T (7ip}s Quta) lhmo - Pam,
+ 7 T8 5 T Q3% PuPlica (D} u (py
=ML E ) E(P) - T (W) 0 (p0) (), (76)

where 1\7;‘1 and MY are the first and second terms on the
right-hand side of (76).

The relation (76) is one of the possible forms of ex-
pression of the low-energy theorem that we wish to ob-
tain. The first term in (76) is determined exclusively
by the parameters of the NN scattering amplitude and
does not depend on the details of meson theory. The
second term is determined by the parameters of the
non-Born part of the amplitude of pion absorption by the
two-nucleon system and is to a large degree model-de-
pendent. It is important to emphasize that theorem (76)
is the most general restriction imposed by the PCAC
condition on the operator of the two-nucleon axial ex-
change current and is satisfied in any particular model
of current algebra.

A different form of the low-energy theorem (76). In
the original papers,*-* theorem (76) was formulated
directly for the exchange-current operator, which is
the most convenient from the point of view of the tran-
sition to the static limit. In accordance with what we
have said earlier, it is necessary to identify with the
exchange-current operator the part of the matrix ele-
ment Mj, that remains after subtraction from the Born
term of the contributions of the positive-frequency
parts of the nucleon propagators (these contributions
are already taken into account in the nuclear wave func-
tion). In other words,

M = WP 1 3, (77)
where M{P" ig the term with excitation of a nucleon—
antinucleon pair obtained from the nucleon part of the
matrix element (68) by replacing the total nucleon prop-
agator by its negative —frequency component:

1 1 ViV MEAQLiyQ—M (78)
o .
g+ 2VIEF@ o+ VL@
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We denote by M ** the part of the total amplitude of
pion absorption that remains after separation of the

positive-frequency components of the nucleon propaga-
tors:

M= M W= (p}) i () (T3P
+T% &)Y u (p) u (py). (79)
Further, using identities of the type

2V T4 ivQ— a1

T et T = (k—2iM) v,= 14 (0) G (0) 79, (80)

we can readily show that
(P E(PR) o T3 () o . (p) s ()
= =3tz {MH Tl (k= 0)— AP} 4 0 1. (81)
Here, ﬂgi (k=0) is defined by (76), and AMY py

AMEY =t~ (pip}, Qupa) 0% (04, 1)

— 0¥ (P1, @) ¥ (3P}, Pup2) + (1> 2} o, (82)
where

Y (PiPyy PaP) = —u (p)) u(pl) T (PiP3 Pypo) u(py)u (po); (83)

P (Q, p) = —iu(Q) TV u (p). (84)

After the substitution
T (k) = T (k) — T57% ()

and the use of the relation (81), the low-energy theorem
(76) can be rewritten directly in terms of M et

M (k= 0)
=AM — M5 U () () 5 Th (Bacou(pyu(p).  (85)

The representation (85) is convenient in that it associ-
ates the operator of the two-nucleon axial exchange
current with experimentally measured quantities: the
two-body nuclear potential V(r,,r,), the single-nucleon
density of axial charge

w:_%}"rj{—%iun(en_en)} ] (86)
and the two-nucleon part of the source J ), of the pion
field. The quantities V, pA/, and Ji3) are determined,
respectively, by the Fourier transforms of the matrix

elements (83), (84) (for & .=0), and the matrix element
of pion absorption:

iu (py) u (p}) T (k) u (py) u (py).

Going over in the static limit to the configuration space
in accordance with the rules® 3

a Py .

T 1 (PiPe Papo) =V (1, 1) iy
a ’ 2

WT(IHPV Ple) = —ll‘,V (1'1, l'z)| 521'2; (87)
] e [ o

ET (PiPss pyp2) = o T (pip,, pyp2) =0,

we can write the low-energy theorem (85) for the total
two-particle exchange current in the x representation,
this being defined as the integral of the density of the
exchange current;

=30 ) lamo = | @I (). (88)
Then theorem (85) becomes
I gty g, (89)

where the individual terms are determined by the Fou-
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rier transforms of the first and second terms in (85):
2
3 mtzi{l/(r,, ), ) %(r!p:‘i+p;&if,)]‘; (90)
s=1

P =i (Meale) ViIS () limo; (91)
T (k) = (k2 + m) 683 (k). (61a)
2

Here, ¢!¥(k) is the projection of the operator of the
pion field (in the momentum representation) onto the
subspace of two-nucleon states.

Note that the relation (89) is the analog of Siegert’s
well-known theorem? or the electromagnetic exchange
current [in this case, the exchange current contains
only the single term J{*'**, which is determined by an
expression of the type (90) but with replacement of the
axial density pM by the charge density e((1 +7%)/2)s
X6(r —rg)]. This is natural, since Seigert’s theorem
is simply the nonrelativistic form of the standard Low
theorem for the two-nucleon matrix element of the
electromagnetic current.

The single-boson exchange model. To conclude this
section, we apply theorem (76) to the case of single-
boson (in particular, single-pion exchange, and com-
pare the obtained predictions with the results of direct
substitution in the diagram in Fig. 1 of the limiting val-
ues of the amplitudes of pion production on individual
nucleons.

In the single-boson exchange model

T (P;P;s Qipz) =T (Q;P;- P1P2)
=T (—a— (1/2)R)(7+ (1/2) k)2 + mb)*TBa (g4 (1/2) k), (92)

where I'"(g) is the invariant vertex function for ab-
sorption of a meson with 4-momentum ¢, isospin in-
dex n, and mass my (for simplicity, it is assumed that
the vertex functions do not contain a dependence on by
and p,).

The non-Born part of the operator Ti(k) in the same

model has the structure
T (k) = A% (k, -+ (12) B 1/1@+(1/2) B>+ mi) ™
% Ta (g+(1/2) k). (93)

The operator A™(k, g) is defined such that
~iwi(p))A™ u(p,) is equal to the non-Born amplitude for
production of the meson B with 4_-momentum g, on the
nucleon by a pion with 4-momentum k.

Substitution of the special representations (92) and
(93) in the general relation (76) with allowance for
Adler’s self-consistency condition (75), written for
the amplitude A% (%, q),

T (o) A (0, 3) u(p) = oo 4 (P T3 (— ), Tilw (p),  (94)
leads to the relation
W, (e =0) = (M50 + M5

X (g4 m3)"i2 () T (@ u (pa) + (1 < 2), (95)
where

MmO =1 82 () [ - T (=D T ] oo (96)

M= Mo g (o) 8 T (K —g = k)| u e (9T)

The contact term (96) describes the coupling of the ax-
ial current to the meson source at the same point. It
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appears because in the kinematics (65) the single-nu-
cleon vertex for emission of a virtual boson contains a
dependence on the current 4_-momentum [Eq. (92)].

As a first example, we consider single-pion ex-
change. In this case, T'(-g)= r7(g?, where the last
vertex is determined by (71b)., The quantity

— {u(p}) A% (ks 9) w (py)
is equal to the non-Born part of the 7N scattering am-
plitude T%(k,q) introduced earlier [see Egs. (51)—(54)].
In the framework of the standard current-algebra
hypothesis of smooth extrapolation,

o ()~ g O =g (—m*) =g,

and the derivative 3g,(g?)/8q* must be very small.?’
Therefore, in the considered model the term (96) is
negligibly small. Further, it can be seen by compari-
son with the low-energy theorem (59) that in the given
case the term (97) coincides with the limiting value

of the non-Born amplitude for pion production by the
axial current T%(g,k=0) (50), with the only difference
that in the form factor of this amplitude ¥(3°) (60) there
is now an additional contribution:

(because %, also occurs in the operator A% through the
4 -momentum of the virtual pion). To current-algebra
accuracy, this contribution can be ignored, since it is
of higher order than the expressions (60). Thus, in the
model of single-pion exchange the amplitude (95) is
actually identical to the results of direct substitution in
the diagram in Fig. 1 of the limiting value (50) of the
single-nucleon amplitude Tr(k, 3) [with form factors

(60)].
In the case of the exchange of a p meson,
I% (@)= (1/2) i gomn [Va— (#v/2M)Tuptpl ", (99)
where g,yy is the p-meson-nucleon coupling constant,

From Eq. (96), we obtain

MIRERY T (0 (1/2) (gpxa/AM) %y 0ra Vg Al (P)- (100)

It can be shown that in this case too the contact term
can be ignored. For example, the contribution of the
exchange current which it introduces to the p-decay
amplitude of tritium (*H and *He in the S state) is ap-
proximately 0.2% of the contribution of the impulse ap-
proximation.®

Hitherto, we have studied the exchange ~current op-
erator under the assumption that the nucleons are free.
However, the presence of the additional degrees of
freedom in the nucleus not only leads to the appearance
of exchange currents but simultaneously changes its
wave function. Moreover, some of the exchange cur-
rents (the potential exchange currents) are related in
the most direct manner to the determination of the po-

5 phenomenologically, the form factor g,( q%) is described by
the formula g, (¢%)=g(A2—m?)/(A}+q®), where AZm
72m®. Hence

92:(g%)/89° ~ gH{AR—m )~ g/Tim3
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tential and the wave function of the problem. We shall
now discuss this question.

2. EFFECTIVE OPERATORS

The question of the renormalization of the wave func-
tion and its relation to the recoil current has been
widely discussed in the literature, -2 Ultimately, it
was shown to be intimately related to the problem of
determining the potential currents, By these currents,
one understands the exchange currents which can be
obtained by joining the line of the external perturbation
to the diagram which occurs in the definition of the po-
tential (elastic interaction of the current with the had-
ron). For example, the currents in Figs. 2a-2¢ are
potential currents, whereas the currents in Figs. 2d-2f
are nonpotential (at the vertex AJB, the hadrons A and
B are different).

At the present time, we cannot solve exactly the dy-
namical system of equations for the system of nucleons
and mesons. One can eliminate the meson degrees of
freedom from the wave function of the system (the nu-
cleus), but an effective interaction Vess between the nu-
cleons then arises. It recalls the presence of the me-
sons in the nucleus. In the case of perturbation of the
nuclear system by the single-particle current J(1)
=J,(1), one can proceed similarly. In addition, besides
the effective potential Vs there also arises an effec-
tive current operator J,,, which contains not only the
renormalized initial sing1e~partigle current JAB(I) but
also many-particle components J,, i.e., exchange cur-
rents.

The elimination of the meson degrees of freedom
from the wave function of the nuclear system is not a
unique procedure. It can be done either by the method
of unitary transformations®***! or by the projection
method.**** In both methods, the meson-nucleon sys-
tem is described by a Hamiltonian H consisting of the
free part H° and the meson-nucleon interaction A-.

The wave function |¥) of the system satisfies the equa-
tion

H|¥)=E|¥)
and contains both purely nucleon components |&,)
=1|¥) (n is the operator of projection onto the nucleon
subspace) and the meson part |3,)=A [¥XA=1-n).
These functions satisfy the system of equations

(101)

H | By} + Hys | By = B D)

Hn| D)+ Han|Dyr) = E|By). (102b)

Here, H,,=nHn, and the remaining operators are re-
lated to H similarly. Using Eq. (102b), we can express
|®,) in terms of |&,):

(103)

Then from (1022) we obtain an equation for the purely
nucleon wave function |&,):

1@ae) = [1/(E— Hpa)] Hpn| D).

1
TME—H .,

Hogel By = (Hnn -+ H HAT,) |Dy) = E|Dy). (104)

Equation (104) is not a standard Schrédinger equation,
since the effective potential

Vetr = Hun 1/(E— Han)) Hay (105)
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dgpends on the energy. Moreover, the wave function

| ®y) satisfies the nonstandard normalization condition
(@y |1+ Hop [1/(E— Hpp) 2 H g Dy = 1, (106)

which makes a probability interpretation of it difficult,

For succinct exposition of the formalism, it is con-
venient to introduce the operator

J =1+ Fyn, (107)
where

Fpp= 1 H ——-—-—1 R

A= Fo,y Han E— a0, A
= 1 1 1 1 1 I
= F—mia dant E—ah, A Fo i anckias

=FoLpog (108)
=Tt 1 1 T P 4 I

R=H'1H E_H,MR HILH E—H?\AH L (109)

Equations (103)-(106) can now be written in the more
compressed form

Do) = Fan| B (103a)

Heopr Dy = (Hun+ HoaFan) | D) = E|Byy; (104a)
Vetr= HunaFpq; (105a)
(&’N“‘:‘(ﬁF)nﬂdiN):((TJN”JU)M;&'N)E 1; (106a)
1) = 1D+ |By) = T | Dy, (110)

Using the definition (108) and Eq. (104a), one can
show that F satisfies the nonlinear equation
(IF, H].-FHF)sn= Hpy (111)
Equations (103a)~(106a) and (110) are basic for both
methods.

The projection method. To reduce the normalization
condition (106a) to standard form, we introduce the
function |&g):

(112)

It also satisfies Eq. (104a) but it is correctly normal-
ized, i.e.,

(D) = 2112 (E) | Dy

(Dy| D) =1, (113)
provided
z_}ET =14-(Ou | (FtF)an| Py = 1 + N (E). (114)

To eliminate from Eq. (105a) the energy dependence,
one assumes that the energy E is near the unperturbed
energy, i.e., E=E, Then in the second order in #*

(115)

The effective current operator is determined by the
equation

i_"eprr= (HIF“’)W-

(1T (1) )= Z (EXOx | T+ T | D)
= Z (E)(Di|J i Div), (1186)
ie.,

Jhe= T8 ()T =T (1) + T (117)

Here, jR(l) is the renormalized current of the impulse
approximation, and J%, is the operator of the many -
particle exchange current obtained by the projection
method.

If the current J (1) can be represented in the form

T ()= JV 4 M N (118)
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where J¥ and J* are the interaction of the current with
the nucleon and the meson, and J™V is the possible con-
tact interaction (Fig. 8), then in the second order in H
the two-nucleon part J » has the form

Tox @)= [JMNFw Rt JMN | FMpa

AP ORI - B ROl (119)

[j?Ex(Z) is shown graphiecally in Fig. 9]. The first two
terms in (119) correspond to the contact terms in Figs.
9a and 9b; the third, fourth, and fifth terms are the
pion exchange current (Figs. 9¢, 9d, and 9e), and the
last term is the recoil current (Fig. 9f).

In the same approximation in the interaction,

1

Z1ED (120)

Equation (120) is the result obtained for Z(E,) by Chem-
tob and Rho.*®

— 4 (O (FOHF®) 0| Dy =1 4 N (Ey).

In this manner, the contribution of the exchange cur-
rents to the electromagnetic form factors were calcu-
lated in the elastic e~d reaction®® and in e-*He scatter-
ing.** For example, for the first reaction in the case
of unpolarized particles one can write down the effec-
tive differential cross section in terms of the electro-
magnetic form factors as follows":

do/dQ = (do/dQmote {[FE (k) + (1/48) (K*Fo (k%))7]

+ (142 tg2 5 ) (R/OM?) (Fac ()% (121)

Here, (do/d)yy. is the effective differential cross sec-
tion for a point nucleus, 0 is the scattering angle, and
2 is the square of the momentum transfer. The charge,
quadrupole, and magnetic form factors are defined as
follows: '

F. (k2) =V an(11] MG (k)|11);

Fo (k) = 12V3% ¢4 Mgpwt (9 10),

FQ (0) =(p;
Fac () = 255 04478 () 14), Fae (0) = o
M () =2 1y (kr) Ve (@3) pr (8) P

THE ()= | 17 (k) Y354 @7) Iz () &°r-

(122)

The nuclear state |11) is described by the deuteron
wave function with projection J,=1; p; and J, are the
total charge density and the total spatial component of
the current. In the impulse approximation, they are
given by the sum of the corresponding single-particle
expressions (20). Finally, @ and up are the quad-
rupole and magnetic moment of the deuteron.

FIG. 9. Two-particle exchange currents obtained by the pro-
jection method; a and b are contact terms, c—e correspond fo
the pion current, and f to the recoil current.
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When the correétions from the exchange currents to
pr are calculated, a contribution to the form factor
F(k?) arises from the recoil current (see Fig. 9)**:

Fre(z) = (m/200) (g2/4m) GS (k) IT (k2); )

R= _i- g drj, (I‘—;-) (2K, (z) -+ 4 V Zuwk, ()

] (123)
u (K (z) — 2K ()], Ko (z) = (Ko (2)
— K (z))/z, z=mr.

Here, K (x) are modified Bessel functions, and » and w
are the S and D components of the deuteron wave func-
tion.

Since I®(0)#0, it might seem that the deuteron has
acquired a spurious charge. The situation is saved by
the factor Z(E,), which in accordance with (116) renor-
malizes the contribution of the impulse approximation
FA(r®). Indeed, since the correction N® to (120) is
small and F4(0)=G%(0),

(Z (Eo)—1)FI (0)=—N (Ey) G3(0)

— — (m/2D0)2 (g¥/4m) IE (0) GE (O). (124)

Comparing (123) and (124), we see that for =0 the con-
tribution to the form factor F, from the recoil current
is completely compensated by the contribution from the
renormalization of the wave function. However, as can
be seen in Fig. 10, which is taken from Ref. 43, there
is no such cancellation far from the threshold, and the
effect may be appreciable. It was this result that stim-
ulated criticism in Refs, 36—39, whose authors assert
that it is preferable to take into account the renormal-
ization of the wave function by the transformation
method. We now consider this method.

Transformation method. Instead of introducing the
correctly normalized wave function by Eq. (112), one
can make an additional transformation® of the wave
function |&,) by an operator Uj, such that the new wave
function |&y),

&) =U 0| Dxds U= )] =72 (125)
satisfies the standard normalization condition
(D | Dy) =1, (126)

The operator J is defined in (107).
In accordance with (110) and (125), l:I:N> is related to

o0

a.cot

w20
K, E72

FIG. 10. Dependence of the form factor F, on E'. Curve A
corresponds to the impulse approximation, curve B to allow-
ance for the pair term, and curve C to allowance for the con-
tributions of the pair term, the recoil current, and the wave-
function renormalization.
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| ¥ as follows:

|q’)=“"[(J+J)nn]'”2I®N)- (127)

Equation (104a) in terms of the function |®y? can be
written in the form

H Oy = U ByqU | Oy) = E|Dy). (128)

Using (101), (111), and (126):(128), one can find the
connection between H{,, and H,,, and the original Ham.-
iltonian H;

E=(Oy | Hin| Oy)=(¥ | H | V)
=D | [(J'Tand ™2 Bogr (T T Ynd 72 | D)

=Dy | [(J)gal " 2T HT (T )l ™2 | D). (129)

The effective potential is determined by the equation

(130)

The effective current operator J at¢ is defined by ana-

logy with HT,,:

Hor= 1T+ )anl 2 P HT (TN )] ™2 = B 4+ VE,

Jete= 1" )anl ™2 7T () T (T )l ™2 = F o (1) 4 F L. (131)

Here, the operator J Tx hasa meaning analogous to that
of JE, in (117).

The transformation U,, is a component of the matrix
of the unitary transformation U(F) of the function o
used in Ref. 36. The operator U(F) transforms the
subspaces of functions |$y) and |&,) in such a way that
the new functions are normalized in accordance with
(126), and the new Hamiltonian H' = UHU* is diagonal
(H},=H;,=0), Eq. (110) being the condition of diagon-
ality of H’. In deriving Egs. (130) and (131), we pro-
ceeded somewhat differently from Ref. 36 with the aim
of following later the parallel between the projection
method and the transformation method,

We consider V7, and jgx in the second approximation
in the interaction, i.e., we take F in the approximation

F (E)) = F (Ey) + F® (E,); (132)
(T T anl "2 2 4 — (4/2) (F* F) . (133)
Then, using (130), we have
1;1'"'_: ;r"_ H?m= (HIF(”+F"”H'
+ PPN — (172) [H°, PO, (134)

In this case, we have obtained a complicated nucleon
interaction containing terms quadratic in p. In the
same approximation, proceeding from (131)-(133), we
can obtain the two-particle effective current operator
JEx(2):

TEx @)= (PUPFO 4 pO° JUV 4 g

+F(2)1‘ J“M_i_ I;(l)f'j.ﬂiF(i)+F(i)+ j-NF(l)
— W I, FO FOL = TEx @)~ 1/2) (3, FY FY,),,, (135)

where J 2x(2) is the operator of the two-particle ex-
change current (119) obtained by the projection method.
The anticommutator in (135) is represented graphically
in Fig, 11.

In the nonrelativistic limit (the operators of the ex-
change currents are calculated to terms of order 1/M 2
inclusive) the recoil current F®tJ¥F®) anqg the anti-
commutator in (135) cancel completely irrespective of
the value of k%% Therefore, if we calculate the con-
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FIG. 11. Contribution to the ex-
5 change current from the wave-
o function renormalization in the
transformation method,

tribution of the exchange currents to the electromag-
netic form factors of the deuteron by the transforma-
tion method, curves B and C in Fig. 10 coincide,

In the same limit, the contact term and the pion cur-
rent of the transformation method are equal to the
same currents calculated by the S-matrix method,*

It is clear from (119) and (135) that this is also true for
the analogous currents of the projection method,

It is evident from what has been said that from the
theoretical point of view the two methods of defining the
wave function are equivalent. They are merely two
technically different approaches to the calculation of
the matrix elements (¥ |0 |¥). We emphasize that the
main difficulty is as follows:; It is not clear which ef-
fective potential (V'T,, or ¥2,,) corresponds to the phe-
nomenological wave functions used in practical calcu-
lations of the matrix elements. This defect of the pres-
ent scheme of calculations must disappear in a more
perfect theory, and all the basic elements (potential,
wave functions, ...) will be constructed on the basis of
a unified field-theoretical approach.

3. HAMILTONIAN FORMALISM

To make practical calculations, it is necessary to
know the Hamiltonian H of the system. In the case of
interaction with an external electromagnetic field, the
Hamiltonian density can be represented in the form

H = GO+ S} + b, (136)
Here, # is the density of the free Hamiltonian, #°1
is the Hamiltonian density of the strong 7N interaction,

and #,,, is the Hamiltonian density of the electromag-
netic interaction.

We consider in more detail the individual terms in
(136). The density of the free Hamiltonian of the sys-
tem of nucleons, mesons, and photons can be repre-
sented as a sum of three terms:

FHO == R+ G g+ S (187)
o= p* (ee-p +BM) 3 (137a)
S yp= T 4 V. Vo 4 mig*tg-
+(1/2) [(7%)2 + Vo Vg, + m2g]; (137b)
Sy = (1/2) (H? +E2); (137¢)
o= =(1/V'2) (py i) 7= = (1) 3) (m, F iny) = 8L/
[9* (2), 7% @)-lime =97 (2), 7 ()] |imp = 16 (x—x'); (138)
[ (), ¥F ()] limrr = 80pd (x—x');
(e (2), P @)+ = = [YE (@), Pf (2")]4 [emer = 0.

In Eqgs. (138), . is the Lagrangian density of the sys-
tem,

The Hamiltonian density of the electromagnetic inter-
action, which arises after the substitution 8,~ 8,
—ieF, A, for the derivatives of the charged fields in the
Lagrangian density and the inclusion of the nonminimal
Pauli term, has the form
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L =t [—eF,a-A -+ eF,®— (e/2M) pFoo-B
+ i (e/2M) BFaee-E] p+ie (9* Vo~ — 7 Vp*) -A

+ie (ntpt —agT) @+ e2prgrAl (139)

Here, F; are the electromagnetic form factors of the
nucleon:

Fi=(2) (F{+Fit), i=1,2 (140)
A, is the potential of the electromagnetic field:
Ay =(A, 1D). (141)

The Hamiltonian density of the strong 7NN interaction
is uniquely fixed at low energies by the principle of
chiral invariance,? in the framework of which the TNN
vertex is a pseudovector quantity:

Hi=i -f;; By vs0ud s ¢ =T-@=T'¢"+T Q"+ TP}

} (142)
flm=g/2M; fi/4n=0.08.

However, we choose the pseudoscalar TNN coupling

i = —igy*Brsdy, (143)

to which one can always make a transition from the
coupling (142) by an equivalence transformation. It was
this interaction that was the point of departure for
Friar®®%%7 and other authors**™* in their calculation

of the exchange corrections to the electromagnetic form
factors of the lightest nuclei.

Dyson transformation. It is well known that, using a
Dyson equivalence transformation, one can go over
from the pseudoscalar TNN coupling not only to the
pseudovector TNN coupling (and back again) but also to
a certain mixture of a pseudoscalar and a pseudovector
7NN interaction. This transformation has the form

H' —exp (iS) (H—id/dt) exp (—18); ¥’ =exp (i8) ¥, (144)
where
s=1{ daprrspp @, r=—n@2m, (145)

and p is the mixing parameter of the two types of TNN
coupling.

Applying the transformation (144)—(145) to the Ham-
iltonian H (143) containing the pseudoscalar 7NN cou-
pling, we obtain in the first order in g

1= | @2 = O+ Hin—ig | B ()
~ipg S Byt ([57555 +—le Bm'sﬂu#) $(x)
+ipe < | @yt {(0-A+00) [Py, 41

+T}ITB(“'B_M'E) [Fa, ¢1+}¢(!). (146)

For u=1, only the pseudovector coupling remains in
H'.

Although the transformed Hamiltonian H' depends
explicitly on u, the elements of the S matrix do not con-

tain a dependence on p. This is the physical meaning of
the equivalence theorem.

Foldy-Wouthuysen transformation. It is natural to
require that the wave function of the nuclear system
contain only mesons and nucleons (and not antinucleons).
The meson—nucleon component of the wave function can
be separated by means of a new unitary transforma-
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tion, which decomposes the original state space into
the subspace of meson-nucleon states and its ortho-
gonal complement. The structure of this transforma-
tion can be found from the requirement that the trans-
formed Hamiltonian density #" should not, to terms
~1/M™ and higher, contain odd Dirac matrices coupling
the negative- and positive-frequency components of the
nucleon wave function 3. Sucha transformation was
proposed in Ref. 48 by Foldy and Wouthuysen. It has
the form ’

H' — exp (iTy) - . . exp (iT) (H' —id/at) exp (—iTy) ... exp (—iTy),

W — exp (iT5) ... exp (iT) ¥, (147)

where

7= [ @ vt t=—gr B0 (148)
and 0,., is the odd part of the Hamiltonian obtained at
stepi -1, and

0y =a-p—ig (1— 1) By +u (2/2M) v
—eF,a-A 4-i(e/2M) pa-EF, -+ipe (g/2M) v; [Fy, 1.0
+ipe (g/4M>?)  [Fa, $1 o -B. (149)

Applying this reduction to the Hamiltonian H' (146),
we find that to terms ~M 2

H"=S (Hcr+Hys) dox; (150)
o= b+ (M —(fim)o.V$-+ie(fim) [F,, $]_0
% A eF @ —pyo-B)  (x) +
Lie (¢ Ve — @ Vo) A e (nrer—amgT) O; (151)

S 5= ¥ (P2 —F, [B, Al —(//2m) (1+1) [(5-B), $ls

e (j/m) [Fay $1+(0-E)—ie(f/2m) (14 p) [(o-p), [Fy, $1-Dl+

e (fi2m) (1 —p) [Fy, $1+(0-E)

e (f/2m) (1+p) [Fy, $1 (0-A) ¥ (). (152)

Here, g/2M=f/m and py=(e/2M)F,+F,). The Hamil-
tonian ¥, corresponds to Chew-Low theory*® (see also
Refs. 50-52) as applied to the description of pion photo-
production on a nucleon at rest. Note that H 1, does not
depend on p. It is convenient to write it in the form

SHor= (M—(j/m)6-9) 8 () +ir A+ pxy®+1x-A

L Gt ep D+ ix-A, (153)
where
ir=e (fim) 0 (Tip2—Ta@y) 8 (x);
py=eF8 (x); jy=nnV X 08(x); (154)

jx=e (VP — ¢V P2}
=€ (Mapy— T4 P2)-
In the nucleon part of the Hamiltonian ¥y, we have
gone to the limit of a point source.

Such a theory is gauge invariant, and the total current
j=jy+i,+3; and the total charge density p=py+p, sat-
isfy the continuity equation

p(x, 9+ V-j(x, 1)=0. (155)

The third term in (153) is an example of the contact
interaction shown in Fig. 8, and j,- A is the interaction
of the field with the meson current.

The Chew~Low theory predicts the following ampli-
tude of photoproduction of a pion with momentum ¢ and
isospin projection g on a nucleon at rest®®58;
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e-T ('L k)ﬂ——' ie ( ,’m) [(UB)—z(qg) o-(q—k)

e | eoe
e

iim%'—%--’mzpu(q, k) g, (w). (156)
Here, k is the photo momentum, and P, is the op-
erator of projection onto the state with quantum num-
bers a=(2J,2T), where J and T are the total angular
momentum and isospin of the 7N system. Also,

hg (0) = (1/¢%) exp (i8c) sin 8,5 w2=q2+ m2,

(157)
where 8, is the phase shift of 7N scattering in the
channel with quantum numbers «. The first term in
the square brackets in (156) is due to the contact inter-
action j;* A in (153). It is equal to the threshold value
of the negative-frequency part of the nucleon Born am-
plitude in Figs. 4a and 4b. The second term corre-
sponds to the contribution of the vertex i;*A. In this
approximation, the amplitude (156) is equal to the Born
approximation (19a) for the pion photoproduction ampli-
tude (without allowance for the contribution from the
magnetic moment of the nucleon).

The third term in (156) takes into account the strong
interaction of the p-wave pion with the nucleon in the
final state; this interaction is satisfactorily described
by the Chew-Low theory in the effective -range approx-
imation,

Isovector exchange curvents. Using the amplitude
(156), one can construct the exchange-current operator.
Graphically, it is represented in Figs. 2c-2e.and Figs.
3g and 3h. Such an operator of exchange type was used
by Gari and Huffman®* and then by Thakur and Foldy*
in calculations of the reaction

n+p->d+y
with thermal neutrons (»,=2200 m/, sec).

(158)

In this reaction, it was noted® that the experimental
cross section®®

Oexp=(334.2 = 0.5) mb (159)

differs by =10% from the effective theoretical cross
section calculated in the impulse approximation;

G140 =(302.5 = 4.0) mb, (160)

This difference was explained for the first time by
Riska and Brown.”” They took into account an exchange
current similar to the current used in Refs. 53 and 54
but took the Born part of the photoproduction amplitude
from the low-energy theorem and calculated the cur-
rent with isobar excitation in the quark model.

The calculations made in Refs. 53 and 54 (see also
Ref. 58) confirmed the result of Riska and Brown. It
was found that ~65% of the effect is determined by the
first two terms in (156) and the remaining ~35% by the
current with isobar excitation. The decisive point
here, however, is allowance for the admixture of the D
wave in the deuteron wave function, since the exchange -
current corrections arise basically because of this
wave. As an example of a concrete calculation for the
reaction (158), we give the results of Ref. 59 obtained
with allowance for violation of the charge independence
of the nuclear forces in the 'S, channel. The potential
of the np interaction was chosen to make it describe the
experimental value of the np scattering lengths: a,
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=-23.T2 F,

The results of calculations for the reaction n+p—d
+y with inclusion of the exchange currents are given
below*® (the contribution from these currents is given
as a percentage, and the contribution 652 from the ex-
change current with isobar excitation is represented
separately; the deuteron wave function is calculated
using the Reid hard-core potential,® and o, a is the ef-
fective cross section in the impulse approximation):

a; 4, Mb 558 85D

oy, mb 85D az, mb

305.6 1.7 1.30 3243 1,84 335.9
Note that this value of o;, agrees well with the value
(160), which Noyes® obtained for Opp-

To a greater extent than in the reaction (158), the
exchange currents are manifested in the analogous re-
action of thermal neutron capture by deuterium;:

nt+d—t4q. (161)
However, the theoretical and experimental uncertain-
ties are here greater than in the reaction (158). The
results of measurements of the effective cross section
are shown in Table I, which is taken from Ref. 61. It
can be seen that the data obtained by the activation
method from the tritium yield are in satisfactory agree-
ment with one another (they are equal to within three
standard deviations). The accuracy of the data obtained
from the yield of y rays is not nearly so good.

It should be noted that the data of Ref. 61 are prelim-
inary.

The calculations of Hadjimichael®® (see also Ref, 67)
showed that the cross section in the impulse approxi-
mation is

0;4=0,29 mb, (162)

whereas allowance for the exchange currents caleu-
lated in the projection method led to the result

0;=0.52 4+ 0.05 mb. (162a)

We see that the exchange currents here change the re-
sult by approximately 100%. As in the case of the re-
action (158), it proved to be important to take into ac-
count the tensor forces in calculations of the nuclear
wave function, and the D-wave admixture explains ~40%
of the effect. The sum of the contributions from the
recoil current and the wave-function renormalization
leads to a 9% correction to Ops

The isovector electromagnetic currents also satisfac-
torily explain the experimental value of the isovector
magnetic moment p§*®=2.55354 nuclear magnetons of
the system of three bound nucleons:

B = 2 [ CH) — p CHe))

1 ; 1 1 1

== (1+4xy) (paprs'J.—? PD)—FPn‘f“Suv- (163)
TABLE I. Results of measurements of the effective
Texp for the reactionn+d—¢+v.

Year 1952 1963 1963 1968 1979
Ggxp, Mb 0.570(10) | 0.353(35) | 0.600(50) | 0.520(9) | 0.487(24)
Method Activation n, ¥ n, ¥ Activation ny, ¥
Reference Ref. 62 Ref. 63 Ref. 64 Ref, 65 Ref. 61
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Here, the admixtures of the S, §', and D waves in the
wave function of the three bound nucleons are nor-
malized by the condition pg +ps +pp=1. The first two
terms in (163) correspond to calculations with the cur-
rent in the impulse approximation, and 6,y is a possi-
ble correction. In Ref. 68, the admixtures of the S,

S’, and D waves were obtained by solving the Faddeev
equations with the Reid soft-core {RSC) potential®®:

ps=0.807; psr=0.017; pp=0.086. (164)

Then from (163) for the correction 5}% we have the
value

8i2 =0.401 nuc. magn. (165)

The calculation in Ref. 68 (see also Ref. 69) of the cor-
rection using the operator of the two-particle current
obtained in the S-matrix method is in satisfactory
agreement with (165):

(166)

6£V =0.419 nuc. magn.

In the above calculations of the electromagnetic iso-
vector currents, the exchange effects are 10-15% of
the contribution of the impulse approximation, and for
the reaction (161) are even comparable with this con-
tribution.

In the deuteron electrodisintegration reaction

et+d—e+n+p (187)
the effect of the exchange currents may exceed the im-
pulse approximation by even an order of magnitude.”®"*
This reaction is convenient in that the disintegration of
the deuteron occurs because of a virtual photon, whose
energy and momentum are not related to each other.
This extra degree of freedom compared with the reac-
tion y +d—n+p makes it possible to choose a geometry
of the experiment in which the contribution of the ex- -
change currents to the cross section d20/dQdE, (E, is
the energy of the scattered electron) is manifested
maximally; for the electrons are scattered backward
(8=180°), and the relative energy E,, of the np system
does not exceed a few MeV.

For the reaction (167), the exchange-current operator
has been calculated in the framework of S-matrix the-
ory™ or in the static Chew-Low model,™ i.e., the pion
and contact currents and the current with excitation of
the A(1236) isobar have been taken into account. In
Ref. 72, the isobar-excitation current was not consid-
ered, but instead admixtures of Na(1236), NN'(1470),
and A(1236)A(1236) configurations in the deuteron wave
function were taken into account. Since the momentum
transfer can be appreciable in this reaction, it is nec-
essary to retain a dependence on it in the vertices at
which the photon interacts with a nucleon or a meson,

In Fig. 12, which we have taken from Ref. 72, we
show the results of calculations for the reaction (1617).
The figure shows well that the prediction of the im-
pulse approximation for momentum transfer k2=10 F*
is approximately ten times smaller than the experi-
mental value of k2d°c/ddE,, which agrees well with
calculations that take into account the exchange cur-
rents (%, is the momentum of the incident electron).

The exchange currents in the reaction (167) are

214 Sov. J. Part. Nucl. 12(2), March-April 1981

100

£lrel) - 1.5 Mav
a=180"

10

-, MeV.mb.sr'

d?g
Hrrr
deEf )

s

Boa

ﬂ?

0.01 L i L i : !
gr 2T e W

FIG. 12. Double differential cross section for the reaction
e+d—n+p. The continuous curve is the impulse approxima-
tion and the broken curve is obtained with allowance for the ex-
change currents. "

clearly manifested in the d*o/dQ0dE, spectrum and at
other values of the electron scattering angle (6= 90°)
for energies E,, near the threshold energy.™™

It obviously follows from what we have said that the
existence of isovector exchange currents has been es-
tablished rather reliably.

Isoscalar exchange curvenis. The picture is quite
different in the case of isoscalar exchange currents.
The part they play is well illustrated by the example of
the deuteron magnetic moment. In the impulse approx-
imation,

WIA = (1 4-%) (1—(3/2) po) +(3/4) pp nuc. magn., (168)

where py, is the D-wave admixture in the deuteron:

Pp= S w? (r) dr. (169)
0
The experimental value of the moment is
uexp = pld | Sup=0.8574 nuc. magn. (170)

The value of py is not known too well (4-8%), since an
appreciable part of p, is due to the contribution of short
distances, where the wave function has been inadequate-
ly studied. If it is assumed that 6, =0, then from
(170) we obtain py=3.9%. However, realistic poten-
tials® ™" lead to the range of py values

5.5%< pp<<Th. (171)

At these values of pp, the correction duy, varies in the
interval

0.009< 8pp<<0.0176 nuc. magn., (172)

i.e., the correction for the nonadditivity of the nucleon
magnetic moments in the deuteron is of order 1-2%,
which is much less than the radiative corrections in the
case of isovector currents. It is difficult to calculate
such a small quantity, since appreciable contributions
are made to it by not only the single-pion exchange
currents but also the single~boson (p, w) exchange cur-
rents, the relativistic corrections to the impulse ap-
proximation, and, possibly, two-boson exchange cur-
rents. Although many studies (Refs. 7-9, 47, 78, and
79) have been devoted to this problem, it cannot be re-
garded as solved, since it is directly related to the
interaction dynamics of two nucleons at short distances,
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for which a satisfactory theory is at present not avail-
able. The complexity of the problem can be gauged
from the calculations made in the recent papers of
Refs. 47, 78, and 79.

In Ref. 47, Friar attempted to solve self-consistently
the problem of the deuteron magnetic moment using the
Hamiltonian (150)~(151); in Hys, he also included terms
~f/M® They also depend on the mixing parameter u
(the question of unitary freedom was also considered in
Ref. 37).

In contrast to the isovector exchange currents, the
isoscalar exchange currents are a relativistic correc-
tion to the impulse approximation (and therefore the
contribution from them is small) and depend essentially
on the parameter u. Since the matrix elements must
not depend on u, it is important that the wave function
be constructed in a self-consistent manner (the poten-
tial must be constructed using the same Hamiltonian
as the exchange currents). For 6 Ly, Friar obtained
the expression®

Buﬂzﬁu%wté(xw%) %—,ﬁ?u § w0t (i — 301y 12087 .
0
(173)
For a point nucleon, h,=exp(—m»)/mr. The term

51° does not depend on y. The problem is to find the
wave function for at least one value of u. The simplest
choice is = -1, since the nuclear potential constructed
Wwith the Hamiltonian (150)~(152) has in this case a form
close to a static potential of Reid type® (if u=-1, then

Jtys (152) does not have terms containing ¢ and ¢- p).
Then*’ ¢

¥ (w)m (1 —ilg) ¥ (—1) =V, +AY, (174)
where
Up= — g o A+ {[0,-B), (03 Viho)],
+1(02-P), (04 Vho)l.}, (175)

i, i
Apo=2 [wohw e Y2 L1 4y fioo tualt— 3hgsry - 2000 ar. (176)
[1]

It can be seen from (168), (170), and (176) that the
terms which depend on u in 6 kp and Apy compensate
each other. The structure of the transformation Ug in-
dicates that a change in the wave function occurs only
at short distances. If u=1, then for the RSC wave
function® we obtain the change App =+1.71%. The value
of duf decreases by the same amount.

In this case, only the total matrix element, which de-
termines the deuteron magnetic moment, does not de-
pend on i, and, therefore, it is the only observable
quantity. Both the D-wave admixture in the deuteron
and the correction Gug are separately unobservable and
are only computational quantities.

In the same way, one can find the correction F(#?)
from the exchange currents to the charge form factor:
Fe (k%) = FI* (k%) 4 FZ (k?); |
P (k2) = S j C(r) jo (kr/2) dr;
2 (177)

FE () =k (46— (u+ 1) 65

X S ki (r) kejy (kr/2) [C () + 4V 2 Q ()] dr:
0
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Co=w(r+uw2@); @ M =w(r) [ )=V 8w (),

Where G} and G§; are the isoscalar electric and mag-
netic form factors, respectively. Again, it is only the
sum of FIA(%?) and F(k?) that does not depend on I

(a p dependence enters FIA through the wave function).

The sensitivity of the calculations to the value of the
parameter u requires self-consistent calculations of
the wave functions (potentials) and all the remaining
quantities. However, at the present stage in the de-
velopment of theory this is unrealistic. Therefore,
case is needed in the interpretation of the numerical
results in the cases when the intermediate calculations
depend strongly on the choice of M. Apart from the al-
ready considered case of the deuteron magnetic mo-
ment, such a situation can also be expected to obtain in
the case of the isoscalar magnetic moment of the bound
state of three nucleons, :

Hadjimichael™ calculated the corrections to the im-
pulse approximation for the magnetic and quadrupole
moments of the deuteron. He constructed the operators
of the exchange currents of single-boson (7, p, w) ex-
change in the projection method. In addition, he took
into account the corrections from the terms of higher
powers in 1/M in the operator of the single—particle
current, the correction from the minimal substitution
P—p —ieA in the part of the nuclear potential that de-
pends on the momenta of the nucleons, and also the
corrections from the isobar configurations in the deu-
teron. In his calculations, Hadjimichael used numer.
ous realistic potentia.ls—semiphenomenological and of
the single-boson exchange type, these giving a pp ad-
mixture in the range

4.57% << pp << 7.52%. (178)

However, he did not succeed in achieving agreement
between the theoretical predictions and the experimen-
tal data simultaneously for the magnetic and quadrupole
moments by any of the potentials. For example, using
the RSC deuteron wave function® ( bp=6.41%), he ob-
tained

bup=0.0152; §05=0.0131. (179)
These values must be compared with
Sup = B —p5' = 0.0143; 805 =0Q5"—Qh' =0.0060.  (180)

The difference between the calculated value 6Q3 and

8@, greatly exceeds the experimental error in Qg
=0.2860+0.0015 F2, On the basis of this, Hadjimichael
commented that the situation could be rectified by taking
into account the contributions from the two-boson ex-
change currents. We note that his calculations corre-
spond to the value u=-1.

The correction from the two-boson exchange currents
to the deuteron magnetic moment was calculated by
Jaus™ in the formalism of quasipotential equa-
tions.'®*"® In principle, one can in this scheme also
construct in a self-consistent manner the potential
(wave function) and the matrix element of the current
operator between two bound states. 3%

To be specific, we consider the interaction of a
bound state of two nucleons (deuteron) with a current.
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The deuteron wave function satisfies the equation

(2M = Mo+ 5 ) 0 () = — g § Y (B, W 0 (),
V (p. k)= (MY EEn) 2 uy (p) ua (— p) 7 (B, k) g (R) iz (— 1K), (181)

where M), is the mass of the deuteron, and E2=q*+M?*
Equation (181) was obtained from the Bethe-Salpeter
equation® by the Blankenbecler —Sugar reduction.®

The matrix element of the current operator J , be-
tween the two bound states has the form
T L ’ " ” 1
(P|J;=(0)IQ)i—2_,:TD'(T;}T S d3p’ d3p"g* (P — ‘I]
" a1
xar (=9 p+ga)e (Pt a) ;

M2

Ao = (o) @) T (— P K (2 D @ (= (182)

where
P= ((1/2)q, iMp); Q@=(—(1/2)q, iMp); p=(p, 0); ¢={(q, 0.

The potential ¥ and the current Ku can be represented
as a series in the numbers of boson exchanges:
ﬁii’“’+1712’+__,;
A=AV AP+ AP +... .

(183a)
(183b)

Here, ﬁ{f” ig the single -particle current. If in (182)
we substitute A=A, we obtain the impulse approxi-
mation. By analogy, A"’ and A{» represent the ex-
change current in the single- and two-boson approxima-
tions, respectively. The operators of the exchange
currents can be constructed on the basis of the field-
theoretical amplitude of the process

N4N-—>N+N+y.

The current operator of two-boson exchange’™ is
shown in Fig. 13.

From Fig. 13a, it is necessary to remove the part al-
ready taken into account in the wave function. Note
that it is necessary to include the dependence on the
momentum transfer (to introduce form factors) in the
elementary vertices (TNN, pNN,...). This dependence
ensures convergence of the diagrams. For example,
Jaus described the vertex N(p,) +7%(q)~ N(p,) by the
pseudovector interaction

— (fim) Tn¥uduVsF = (— %),
where

(184)

Fa(—q?) =(A2—m2)/(Ai+4¢9; A= T2m2, (1185)

T
} \V’ \)(/ \x,u
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FIG. 13. Operator of the two-boson exchange current. The
heavy lirLe corresponds to the A(1236), the wavy line to the
current J,. Exchange of a boson B(r, p, @) is possible.
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The choice of the form factor for the pNN vertex is
important. Vector dominance predicts the following
momentum dependence of the form factor:

Fo(—g?)=AJ(AR+¢%, Ap== 1450 MeV. (186)
This choice is clearly preferable to the normalization

Fo(—g8)=(As—mp)/(A3+47), (187)
since calculations with the form factor (187) are very

sensitive to the value of A, For the form factor (186)
and A, taken in the interval
1200 MeV < A,<C 1800 MeV, (188)
the results are almost stable.
Using the RSC deuteron wave function,’ Jaus ob-
tained from the two-boson current the correction

(189)

In addition, he calculated the relativistic correction
to the impulse approximation,

Ap(2=0.0093 nuc. magn.

Ap(p) = —0.0093 nuc. magn., (190)

which completely compensates the effect from the two-
boson exchange current (189). Because of this cancel-
lation, the entire effect reduces to the contribution
from the single-boson exchange current,*®+**

AF&{):O.OMG nuc. magn., (101)

and the wave-function renormalization due to the higher
corrections:

Aup= [pp/(1 +xs—ApT)] Ap”s  Ap”= —0.0216. (192)

As a result, for the correction to the deuteron mag-
netic moment we obtain the value

8pg,=0.013 nuc. magn., (193)

which lies in the middle of the interval (172).

However, in Jaus’s paper,” the range of admissible
s p
pp values is narrower:

6.17% << pp=<6.75%. (171a)

The extreme points of this interval correspond to the
values of p,, from the potentials of Refs. 76 and 77,
which are calculated with partial use of dispersion the-
ory. Accordingly, for Su, we have instead of the inter-
val (172)

0.012<< 8p,<<0.016 nuc. magn. (172a)

For values A, <1100 MeV, the correction ouy is out-
gide the interval (172a).”

Note that calculations of this kind go well beyond the
scope of the low-energy theorems. In addition, one
must consider the consistency of the procedure of di-
rect introduction of form factors at the vertices of Fey-
man loop diagrams in the light of the fundamental re-
quirements of gauge invariance and unitarity. This
problem is not discussed by Jaus. Even if Jaus’s ap-
proach is correct from this point of view, it is not
clear why a restriction should be made to the two-boson
approximation. Indeed, comparison of the contribu-
tions of the single- and two-boson approximations (191)
and (189) shows that they are of the same order. The
choice of the renormalization (192) must also be justi-
fied.
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Large momentum transfers. Hitherto, we have dig-
cussed mainly the effect from the exchange currents in
the region of threshold energies. Despite the indicated
difficulties, many attempts (see Refs. 43-45, 93, and
94 and also Refs. 10-17) have been made to take into
account the contribution of the exchange currents to the
electromagnetic form factors of the lightest nuclei at
large momentum transfers. Fairly detailed calculations
were made**® for the electromagnetic form factors
A(%®) and B(?) of the deuteron, which oceur in the dif-
ferential cross section of elastic ed scattering (121):

(194)

These calculations showed that at large values of k2
the contribution from the isoscalar exchange currents
can be appreciable and lead to better agreement with
the experimental data up to k%~ 40 F-2. However,
equally good agreement can be achieved® in the frame-
work of the quasipotential equation of Gross without al-
lowance for exchange currents, which, in the light of
our discussions, emphasizes once more the uncertain-
ties associated with allowance for the isoscalar ex-
change currents.

d0/dQ = (do/dQ)yye, [4 (K) + B (k)tan?(0/2)).

In connection with the treatment of form factors at
large momentum transfers, there has been much dis-
cussion of the possibility of describing them in terms
of the new, quark nuclear physics.®"" In the frame-
work of the quark counting rule,®*® the form factor of
a system consisting of N quarks has in the asymptotic
region the behavior

Fy, (k) ~ (k2)'~", (195)

Such behavior for F, is also predicted in the model
of a relativistic harmonic oscillator'®:

%) = N o] — ¥l S
FNq(k)_(1+2Mﬁ-c) e:\p( r 77 I+k'I2M§,q)’

(196)
where M Ny is the mass of the system of N quarks, a,
=N*/?, and k is the elasticity coefficient of the oscil-
lator,

In Ref. 93, the results are given of measurements of
the elastic form factors of hadrons (m,n, p) and the
lightest nuclei [normalized to the asymptotic behavior
(195)]. As can be seen in Fig. 14, the asymptotic re-
gime is reached for the deuteron at values %2> 4 GeV?
for the nuclei *He (N=9) and “He (N=12) there are data

10°
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' , Neutron, N=3
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.:\g ."?-l N=§
& }
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FIG. 14. Elastic form factors of hadrons and the lightest nu-
clei for large k? divided by the asymptotic behavior (195), %
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in only the pre-asymptotic region. One can therefore
say that the quark structure of the nuclei ®He and “He

is not manifested appreciably down to distances ~0.1 F.
In addition, comparison of the predictions of the quark
model with the available data for the deuteron form
factors is premature, since these data are actually still
at the edge of the asymptotic region.

CONCLUSIONS

We shall here attempt to list the main points of the
material presented in the review and give a brief com-
parative characterization of the different approaches to
the construction of the operators of the exchange cur-
rents,

In the review, we have mainly considered the prob-
lems of vector exchange currents, Following the his-
torical development, we began by discussing the Chem-
tob—Rho formalism (the S-matrix formalism; see Sec.
1). On the basis of a low -energy theorem of the type of
Adler’s theorem, we studied the properties of the basic
element that occurs in the operator of the two-particle
exchange current, namely, the amplitude for pion pro-
duction on a nucleon by the axial and vector currents.
We considered two limits: the soft-pion limit and the
soft-current limit. A similar approach was applied di-
rectly to the operator of the exchange current. This
made it possible to discuss Siegert’s theorem on a
unified basis for both the vector and the axial current,

In the S-matrix method, the final and initial pair of
nucleons, whose coordinates occur in the definition of
the exchange-current operator, are treated as free.

It was shown in Secs. 2 and 3 that the successive elim-
ination of the meson degrees of freedom from the nu-
clear wave function in the framework of the Hamiltonian
formalism leads to the requirement that the nuclear
potential and the exchange-current operator be con-
structed in a self-consistent manner. Two difficulties
of the theory were noted.

1. At the present time, it is not possible to eliminate
in a unique manner the meson degrees of freedom from
the nuclear wave function, which ultimately must be a
solution to a Schrédinger equation with a two-particle
potential (cf. the transformation method and the pro-
jection method in Sec. 2). This lack of uniqueness can
also appear in the construction of the exchange-current
operator, particularly in the case of large momentum
transfers.

2. The nature of the 7NN coupling has not been fully
studied, and therefore one can, using a Dyson trans-
formation, always introduce a linear combination of
pseudoscalar and pseudovector TNN coupling with an
undetermined mixing parameter (unitary freedom),
Since the TNN vertex occurs in both the potential-en-
ergy operator and the exchange-current operator, these
operators must, in general, be constructed in a self-
consistent manner. At the present stage in the develop-
ment of the theory, this also cannot yet be done.

Note that there exists a value of the parameter u for
which the exchange-current operator constructed in the
framework of the Hamiltonian formalism is equal to the
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exchange-current operator obtained by the S-matrix
method.

If it is sufficient to know the exchange-current op-
erator to terms ~(v/c)?, the unitary freedom is not
manifested (there is no dependence on p). At the same
time, the contact term (see Fig. 7c) and the pion cur-
rent (Fig. 7d) constructed by the S-matrix method are
identical to the same operators constructed by the
method of unitary transformations and the projection
method (see Figs. 9a-9¢). Sucha situation obtains for
the vector isovector exchange currents.

For the example of the calculations of the deuteron
magnetic moment in Sec. 3 we have demonstrated that
unitary freedom can also be manifested significantly in
the treatment of the isoscalar exchange currents.

In comparing the predictions of the theory with the
experimental data (Sec. 3), we first discussed vector
isovector exchange currents. Here, the conclusion is
unambiguous, and their existence has been proved be-
yond doubt. They need to be known only to accuracy
(v/¢)% the predictions of both the S-matrix method and
the method based on the Hamiltonian formalism (static
Chew-Low theory for the pion production amplitude)
are virtually identical and agree well with the existing
data on the reactions n+p—d+y,n+d-~"H+y (the neu-
trons are thermal), e+d—-n+p+e’ (large scattering
angles), and also with the data on the isovector mag-
netic moment of the bound state of three nucleons. The
vector isovector exchange currents can be regarded as
firmly established in nuclear physics.

The situation is quite different in the case of iso-
scalar vector exchange currents. They constitute only
a small relativistic correction to the impulse approxi-
mation, and their contribution depends strongly on the
parameter of the unitary freedom. Therefore, they are
difficult to distinguish on the background of the other
relativistic effects of the same order. Here, there is
in fact no reliable theory as yet. Evidently, the prob-
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