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A general scheme is proposed for describing channeled beams of high-energy charged particles. It is based on

studying the “z evolution” of a small subsystem in dynamical contact with a large system. A formally exact
equation is obtained for the single-particle distribution function of the particles in the beam at different depths
of penetration into a crystal. The first two approximations of this equation are studied. A connection with the
continuum potential of Lindhard’s theory is established. The asymptotic state of the particle distribution at
large depths of penetration into the crystal is studied. The manner in which crystals have a forming influence

on beams of high-energy protons and ions is discussed.
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INTRODUCTION

In the last decade, an important direction in theoreti-
cal and experimental investigations has been the study
of the interaction and behavior of high-energy charged
particles moving in crystals at small angles relative to
the symmetry axes or planes of the system. There is
by now an extensive bibliography on this problem. !5
The majority of physical effects encountered here are
associated with the appearance of a specific orientation
dependence in the observed phenomena, this being due
to the interaction of the moving particles with the me-
dium and the anomalously low energy losses of the par-
ticles.® This is explained by the particular nature of
the motion of the particles, which is called channeling.
It has been shown that this nature of the motion arises
as a result of the strongly correlated influence on the
moving particle of groups of ions in the crystal situated
in symmetry planes or axes of the system. In this con-
nection, it would be interesting to study the possibility
of effective formation of beams of high-energy charged
particles by channeling in crystals. The approach that
we shall use to describe this phenomenon is presented
briefly in Ref. 7 and is based on the methods of classi-
cal nonequilibrium statistical mechanics and the theory
of stochastic processes.®? We shall not dwell here on
the justification for the classical description of chan-
neling, since this question is discussed in detail in the
literature.'® We shall merely mention that at the pre-
sent time there are no serious experimental data that
discredit the classical description of channeling for
protons and ions, and it is to the description of their
motion that we shall apply the proposed scheme.

The existence in the channeling problem of a small
effective parameter—the ratioe = |Ve|/V,<« 1 of the
mean transversal component of the particle’s velocity
to its longitudinal component—makes it possible to de-
velop a perturbation theory with respect to this param-
eter and study successively the effects that arise in
each order in the expansion in €. The adiabatic ap-
proximation,**!? in which one ignores processes of en-
ergy exchange between the channeled particles and the
crystal (the S and £ systems in the terminology of Refs.
7-9), corresponds to the theory of the o( £) approxima-
tion. Therefore, it enables one to describe only the
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“input characteristics” of the channeling. In this ap-
proximation, the part played by the crystal reduces to
forming effective “walls” of the potential energy, which
determine possible directions of channeling of the par-
ticles in the channels of the motion. Such a description
agrees completely with the description of the motion of
the particles by means of the continuum potential of
Lindhard’s model.! An important feature that is not
taken into account in the adiabatic approximation is the
fact that as the particles move in the channels they are
subject to an “irregular” dynamical effect produced by
the ions of the crystal; this is responsible for proces-
ses in which energy is transferred between the S and £
subsystems and can lead to a significant change in the
state of the S subsystem. The effects associated with
allowance for the mutual influence of the S and Z sys-
tems appear in the theory of the o(€?) approximation.
One can approach their description in two ways, which
correspond to different particularizations of the physi-
cal situation.

1) If the perturbing influence of the S system on % is
such that the change in the state of the £ system com-
pared with the S system can be ignored and the %ir-
regular” part of this perturbation is small compared
with the “regular” part, then the “irregular” perturba-
tion can be approximated by the influence on the S sys-
tem of certain stochastic perturbing forces, which de-
pend on the time. Specifically for channeling, this
means that the average intracrystalline field produced
by the ions of the lattice can be regarded as the “regu-
lar” effect of the & system on S, while the influence of
the thermal vibrations of the ions about the equilibrium
position can be taken into account by introducing weak
stochastic forces. A Hamiltonian approach to the sta-
tistical description of the effect of perturbations of this
kind is developed in Ref. 8. The equations then ob-
tained for the distribution function of the S system have
a Markov Fokker-Planck form, and their coefficients
can be expressed in terms of the spectral characteris-
tics of the perturbing forces. The effects associated
with the description of channeling by means of equations
of this type are described in Refs. 13-18,

2. If the influence of S on Z cannot be ignored, which
corresponds to the channeling of particle beams with
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high density of the “transverse” energy, or the effect
of the thermal vibrations is not assumed to be small,

it is necessary to treat the problem using a Hamilton-
ian H(S)+ H(Z)+ H,,, that does not depend on the time.
The second approach is more general in its formulation
and must include the first approach as a special case.

In the present paper, we develop a general scheme
for describing channeled beams of charged high-energy
particles; the scheme is based on studying the “z evolu-
tion” of a small subsystem in dynamical contact with a
large system or a thermal reservoir. We obtain a
formally exact equation for the single-particle distribu-
tion function f(zS ) of the S subsystem, this equation
describing the change in the distribution of the particles
in the beam with its depth of penetration into the crystal
in the plane of the phase variables transversal to the
direction of channeling z and V,. We study the o(€) and
o(&2) approximations of this equation. We establish the
connection between the o(&) approximation and Lind-
hard’s theory of the continuum potential. We show fur-
ther that the z evolution satisfied by the single-particle
distribution function f(zS,) of the S subsystem when al-
lowance is made for the mutual influence of the S and Z
systems on each other in the o(&?) approximation is a
dynamical stochastic process whose asymptotic state
as z — is completely determined by the thermody-
namic state of the crystal and the nature of the interac-
tion between a channeled particle and the ions of the
crystal.? Studying the equation of this process and its
asymptotic state f(«,S,), we discuss the manner in
which crystals have a forming influence on beams of
high-energy charged particles. Anticipating, we note
that there is a qualitative difference between the ef-
fects that crystals have on beams of heavy ions and
protons. The study of processes of z relaxation is im-
portant, since it follows from the data of Refs. 19-21
that an appreciable change in the state of the S system
already occurs at relatively small depths of penetration
(z) of the particles into the crystal.

1. FORMALLY EXACT EQUATION FOR THE 2
EVOLUTION

We begin by giving the basic concepts and assumptions
behind the proposed description.

The state of the complete system (the crystal plus the
channeled particle) will be described by the total dis-
tribution function D(!SZ), where S are the phase var-
iables of the channeled particle, £ are the phase var-
iables of the crystal, and { is the time. The evolution
with respect to ¢ of D(tSZ) is governed by the Liouville
equation

2 D(152) =J1(SZ) D (:53), (1)

where

1"We shall not take into account the influence of the subsystem
of free conduction electrons in the erystal on S, which can
be done by including corresponding additive interaction terms
in the treatment. 2
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M is the mass of the channeled particle, N is the num-
ber of sites of the crystal lattice (for simplicity, we
shall assume that at each lattice site there is one ion
with mass m;,), U(R) is the potential of the interaction
between the channeled particle and the lattice ions,
a*V,=a,V, +a,V,, +aV,,, and the function D({SZ) can
be assumed normalized to a constant,

j (dZ) (dS) D (1SZ)=C,

which does not depend on the time; C may be unity, the
particle number density, etc.

We shall obtain a closed equation for the reduced dis-
tribution function f(zS,), this equation describing the z
evolution of the channeled particle [or the beam of
particles, depending on the normalization of f(zS,)] in
the “plane” of the phase variables perpendicular to the
direction of channeling.

We orient the coordinate system in which we shall de-
scribe the motion of the particle to make the z axis
coincide with the direction of channeling. Otherwise,
the coordinate system can be chosen arbitrarily. Then
in the channeling problem there is a one-to-one cor-
respondence between the time of motion and the position
of the particle along the z axis; the z coordinate is un-
iquely related to the time { and vice versa. In view of
this one-to-one connection between f and z, it is im-
material which parameter is used to describe the evolu-
tion of the system, i.e., the change in its state. For
the study of channeling, it is convenient to take the po-
sition of the particle along the z axis as the evolution
parameter, since the equations can then be formulated
in a form convenient for obtaining an expansion with
respect to ¢. We note that the fact of a one-to-one
correspondence between z and ¢ is a consequence of
physical observation. As a result, we have

BB, (OB 0

£=3+(%) @)
But 3¢/3z =(V:)™. Finding 3/8¢ from (2) and substitut-
ing it in Eq. (1), we obtain

L D@, Va5 51, )
=;—zﬂ(31_z) D' (t(s), V,, 81, 3 2), (3)

where

J(S Z)=JI(S1)+ T (Z)+ Mins; J(S1)
=—V,;-Vg,; 8, ={Vi, Ri}.

In what follows, we set D’(¢(z),V;,2,S,,Z)=D(z, V,,
S,,Z), and then

LD (t@ V5 S0, D) =% D (2, V0 Suy B
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'35 D Vi S0 D)= JI(S43) D (s, V., S, ).

Equation (3) cannot yet be regarded as the Liouville
equation for the z evolution of the system S+ Z, since
it does not preserve the normalization of the function
Dz, Ve, 8,,3), 1.0,

j' (dV.dS, d2)D(z, V,, 8., 5) =g (2).

This can be seen directly by integrating with respect to
Ve, 5,, and Z both sides of Eq. (3). Therefore, we
carry out a further reduction of the phase space:
Ve,S,,Z=8,,Z. To this end, we shall assume that

the dependence of D(z, V;,S,,Z) on V; is completely de-
termined by the deterministic evolution parameter z
and the stochastic variables S, and Z, i.e., V; is not an
independent variable of the description but an observa-
ble of the z-evolution process on the S,, Z phase space
of events. Hence,

= D(3,V,(3, Sy, 5), 5., 3)

=2 .'i. D(z, V,(2, 8, Z), §1, Z) “)

av, S z
= DaVs (5 5., 3), 5, Sl

We substitute (4) in the left-hand side of Eq. (3) and
equate the coefficients of the terms of the equation 3/
aVe D(z,V4,S,,Z). We obtain an equation for Vi(z,S,, Z):

i

-
a v @
sz(zs¢z)=—m%l§U(R—n) (5)

or

V. (s8,%)= l/ vie=

where V,=V2E /M = V«(zS,2)|,-,(z =0 corresponds to
the entry of the particle into the crystal); the subscript
7 of U means that the z coordinate of the vector R is
replaced by 7. The above discussion is completely
analogous to Bogolyubov’s well -known hypothesis about
the reduction in the description for renormalization of
perturbation theory and the elimination of a “secular”
dependence on the time in studies in kinetic theory.??
From (6), we have

Z 31 (R—rpdr , (6)

i=1

o

oo z N
© 1 e (n—1)11 ¢ 2 a e
7, (5,5 — 7 % v (r i dt 3, 5 Uz (R—1))
n=f

i=t

=%+F(5Si2). (7

After these transformations, Eq. (3) takes the form

3 D(8.8) =[ 7+ F (:5.3) | 1 (5.3) D (35, 3), @)

where

a
=D (2, V,, (25,5), §,5)=-2D (25, 3).

It is readily seen that the normalization of the funetion
D(z8,5), which satisfies Eq. (8), is conserved under the
z evolution. Note that the transformations made on (3)
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are identity transformations in the sense that any solu-
tion of Eq. (8) is a solution of Eq. (3) and, conversely,
any solution of Eq. (3) with the subsidiary condition (5)
is a solution of Eq. (8). Thus, our assumption about
the nature of the dependence of D(z,V,,S,,Z) on V, is
equivalent to a restriction of the integral manifold of
(3). Equation (8) is the basis of the further investiga-
tion. It will be regarded as the Liouville equation de -
scribing the z evolution of the S and £ systems. To
obtain an equation for the function f(zS,), we shall fol-
low Ref. 9; the definition of the function A(zS,Z), or,
which is the same thing, the choice of the projection
operators,®? is uniquely dictated by the boundary con-
ditions of the problem:

D (28 1 Z),—0=1 (08 ) D, (Z),

where D (Z) is the Gibbs distribution for the crystal,
and f(0S,) is the initial distribution for the particle.

We define the projection operators P, and 2 by
ﬁa=5(dz)...; B=D,(3) B, (9)

and the functions A(zS,Z) and f(zS,) by

f(28,)=DB,D (z8,2); A(28,8)=[1—DP] D (28, 5). (10)
Note that
A (28, 2);m0=0. (11)

Using the definitions (9) and (10), we can obtain from
Eq. (8) the following system of equations for the func-
tions A(zS,Z) and f(25,):

1680 =Py [ 5=+ F(:5.9) | 1(5.3) Dy (D) 1 (35.)
+ B, [—;u—+ F(z5,3)]T(S,2)A (5. 2);

L A@S,Z)=[1—P] [%4—!’ (28,%)] T (S,3) A (25, 3)
+U—P] [+ F (28,3) | 1(5.3) Dy (2) 1 (:5.)-

(12)
From the system of equations (12), we must eliminate
the function A(zS,Z). For this, we consider the equa-
tion

(28,5 =2 (2) (25, 3), (13)

where Z(z)=[1 —13][1/V0+F(z818)].11(sl2). The solution
of (13) with any initial ¢(0,S,, Z) can be formally repre-
sented in the form

@ (25, %) =Texp [J dtf(t)](p([), S D) (14)

The symbol T denotes the operation of ordering with
respect to the parameter z.

We introduce the operator I'(z), which is the left in-
verse with respect to the operator of the time-ordered
exponential of the operator #(z), i.e.,

f'(z)Texpffdr.f(t)]:l. (15)
g |
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After this, in the second equation in (12) we go over
from the function A(zS,Z) to the function (2S,Z) in ac-
cordance with

A(z8,%) = Texp [5 ax 2 (1) ]| $(25.3). (16)
0
For #(zS,Z), we have the equation

2 v, D)= @ U—PI[ - +F(S.3)] .
% I (S.2) Dy (2) f (281); (251 2)em0=0. an

Hence, for {(zS,Z) we have

¥ (28,5 = Y dri' (1) 1—P [—‘}0-1- F (38,2 ]I
" X (S, Dy (2)f (55.), (18)

where J1.(S,Z) means that the coordinate z in the ex-
pression JI(S,Z) is replaced by 7. Using (16)-(18), we
obtain

A (zSLZ)=Te.\'p[£ &£ (v) d'r] j' T (x)
i}

X U= P) [+ F (5.2) | e (5.12) Dy (B)  (55.). (19)

We substitute (19) in the first equation of (12), obtaining
a closed and formally exact equation for f(75,):

L 18D =Py [+ F (a8, 5) | 1 (5.2) Dy (D) (:5.)

—i—Pno[%-}—F(zSLX)] J (S, 2) Texp[i Z(v) d'c]

x | 5T (5) 11— P) [+ F (15.3) | 1. (5. 2) Dy () (35). (20)

at—

As we have already emphasized several times above
(see also Ref. 7), Eq. (20) has a formal nature. To
obtain genuine physical information, we shall develop a
perturbation theory for (20). To this end, we ascribe
to each physical variable a definite characteristic scale
of its measurement, which renders Eq. (20) or the
system of equations (12) dimensionless. It is then pos-
sible to check the order of magnitude of each term of
the equation. Thus, we introduce

R=eR; ryj=er;; V,=0v,V,;
Vo=VoVy Vo= V2E,AT; U(R) = OU (R). ] (21)
For channeling, the following relations between the
scales of the quantities (21) are characteristic:

vy iVo=e 1y Qp/(Mvi) ~ 15 Do/ (Vodvy) ~ e; } (22)
Dy Ep= 20, M3 /(MAMVE) ~ (04/V)® ~ (8); | ~ a.

Note that &, contains an effective factor related to the
number of ions that interact simultaneously with the
particle.

2. THE o (£) APPROXIMATION

Using (21), we make Eq. (20) dimensionless and re-
tain on its right-hand side quantities of order o(€).
We obtain the simple equation
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2 j(sS)) = —]/ ;ga vl.vﬂlf(zsl)a-‘,—z;_u.?

N
x (3 Vr,UR=1;)), Vv, f(54), (3)

i=1

where (...)y denotes averaging of the quantity within
the brackets with respect to the Gibbs distribution for
the crystal. Equation (23) describes the motion of a
particle of mass M in the field of the crystal lattice
without allowance for the processes of energy exchange
between them. Equation (23) can be obtained directly
from (8) by seeking D(zS,%) in the form D(zS,Z)
=D,(Z)f(zS,), i.e., by completely ignoring the change
in the state of the crystal subsystem as a result of the
z evolution. It is therefore natural to call (23) the
adiabatic approximation. The part played by the crys-
tal in this approximation reduces solely to forming the
relief of the potential energy surface in the configura-
tion space of the particle and ensuring the possible di-
rections for channeling of the particles. The entire
phase space of the states S, of the particle is divided
into two parts, which do not intersect in the process of
the z evolution; the first corresponds to the trapping of
particles into a channel of the motion in the given di-
rection of channeling, while the second corresponds to
dechanneling and ensures the spatial distribution of the
particles in scattering experiments. It is natural to
expect that Eq. (23) describes the picture of the chan-
neling at very small penetration depths and, essentially,
is suitable only for calculating the energy characteris-
tics of the capture of particles in channels of the mo-
tion and for describing the scattering of particles by
crystals in the channeling regime at small penetration
depths z.

3. AXIAL CHANNELING OF POSITIVELY CHARGED
PARTICLES

We now consider the caleulation of %, U(R -z,));.
For simplicity, we shall assume that the crystal has
the symmetry of a cubic lattice and restrict ourselves
to the harmonic approximation for it. Then in accord-
ance with Ref. 26,

v (0) + % 3 v (gon) exp [—n2Wy (g0)]

<i UR—2)) =
j=1

n=1

1
v
% cos (ngyz) % - % N v (gum) exp [ — m2Wq (g)] cos (mgy)

m:

' v (gol) exp [ — I2We (g0)] cos (Igon)

1

A
+!’

T e

4= S vlgo VnEm® ) exp[— (n2+ m?) W ()] cos (ngoz)

v
n, m=1
ES

X cos (mgoz) + o= 3} v (g0 VAT ) exp [— (12 + ) Wo (q0)]

n, =1

x c0s (Igay) c0s (ngo2) + 5 3} v (ol Fm).

1, m=1

% exp [— (I2+ m2) W (0)] cos (Igoy) cos (mqyz)

o

+2 3 v VwEFm L)

n.m, I=1
% exp [— (n?+ m? -+ I%) We (q0)] cos (Igoy)
X €0s (mgqz) cos (ng,z) 2), (24)

where v=Q/N, Q is the volume of the crystal, n, m, I
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are positive integers, N is the number of sites, o
=27/a, ais the lattice constant, »(k) is the Fourier
transform of the particle -ion interaction potential, and
Wo(q,) is the Debye -Waller factor. In the special case
under consideration, it is given by the expression®

We (‘h) o (;“)(:qg:n 2 S lll§ (@ ° {25)

The actual form of (24) for(Y Y, UR -r,)),. is due to the
special choice of the coordinate system in which the
motion of the particles is described (Fig. 1). Indeed,
in accordance with (24), a maximum of the potential
energy corresponds to the particle position R,=0. [For
positively charged particles U(R —r,) >0,] In the case
of axial channeling, it is convenient to choose the coor-
dinate system as shown in Fig. 2. The z axis coincides
with the “middle” of the channel for the motion of the
particles, which corresponds to the minimum of the po-
tential energy of the field of the crystal lattice.

Such a choice of the coordinate system is associated
with the following substitution in Eq. (24):

cos [mgoz] —- (—1)™ cos [mgoz]; cos [lggy] — (—1)" cos [Igey].

Finally, (24) can be represented in the form

<§j UR—1)),

=1
oo

=2 3 v(gum) exp [—nWe (go)] {cos (qonz)

n=1
+ (—1)" cos (gonz) + (—1)" cos (geny)]}
+ —j— > v(gVritE)
xexp [—(n%+12) H.’e (90) {(— 1)" cos (Igoz) cos (ngyz)
+ (—1)* (—1)" cos (Igoz) cos (gony) + ( —1)" cos (Ig.y)

v (g0 V¥ +m2+ F) exp [— (n? + m?+ 1?)

X We (g0)] cos (ngyz) (= 1)' (— 1)™ cos (Igoy) cos (mgyz).  (26)

B 0o
xcos (goya)}+5 X

n, m, [=1

We now turn to Eq. (23). It has the structure

2 j(s8.)=ed(s8,)}(:S.), (27)
where
A@ES)=—V V Vv,

N
1
T S Ve, UR—1) ) Vv, .
e @ ", D)V,

Taking into account the expression (26) we see that the
coefficient of the small parameter, A(aS ), can be
represented as a sum of two operators: the operator-
valued fuut:tionA1 (S.), which does not depend on z, and
the operator-valued function A,(zS,), which oscillates

YFor some forms of long-range potentials, »(0) does not exist.
However, the value of the potential energy (24) can always be
redefined by this component.
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Y
FIG. 1.

rapidly with respect to z. Equations of such type can
be solved by the method of averaging? developed in
nonlinear mechanics. The essence of this method is
that Eq. (27) can be approximated to a definite degree
of accuracy by an equation of the form

2§81 =20 (S.)/(:S.), (28)
where

Q(8.) = lim - £ dv A (38.) = 4((S,).
In what follows, we shall denote averaging of the opera-
tors by a bar. Since the operation Vg, commutes with

the averaging, we can average the expression (26) di-
rectly:

(2 UR—1)),

=1.o+1 3 viaom)exp 1 —mWo (g
X [cos (mgoz) (—1)™ + cos (mgoy) (—1)™]

(flo Vrimt )

=i

R
R

a[‘:./a

n,

x exp | —(n* -+ m? We (go)] (— )™ (— 1)" cos (rgoz) cos (mgyy). (29)

But the field (29) is none other than the continuum po-
tential model proposed by Lindhard for the classical
description of channeling, an additional averaging over
the phonon vibrations of the lattice® having been made
in (29). The central idea of this model is the assump-
tion that the channeled particle does not feel the in-
dividual ions of the lattice but interacts directly with
rows or planes of strongly correlated ions. Thus, the
o(€) approximation, or the adiabatic approximation, of
Eq. (20) leads to Lindhard’s model. The individual in-
fluence of the ions can be taken into account by solving
(23) perturbatively, the averaged solutlon being taken
as the zeroth approximation.
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4. HARMONIC APPROXIMATION FOR THE
TRAJECTORY OF A CHANNELED PARTICLE

The solution of the averaged equation (23),

218 =~V 35 Vi Va,f(S.)

m e PR (Z Va,UR—1)) Vv, [ (z51), (30)

can be represented in the form

f(a8,)=g(T.S1), (31)

where g(S,) is the initial distribution function and the
operator T, is defined on S, by the equations

]/ M s
ﬂ_y - t= 2E. z;
dt b
N
a a X 2 L (32)
LG A UR—)), 5
a a = 1
r 2
T?t_p“: —-5; Q:LlU(R-l'j)>27
=

In (29), we restrict ourselves to the first term. Such
an approximation can be justified in the case when U R)
has a long-range nature, which actually corresponds
to the channeling of heavy ions.? Then the main con-
tribution in the sum (29) corresponds to small values

of (n,m). From (32), we finally obtain
Bz — — 2y (gy) sin (g02) exp [— W (o)l -
. 33
b= —22 v (g0) sin (go0) exp (— We ()]

The system of equations (32) with the known restric-
tions on the initial conditions (small values of V§ and
V%) describes oscillations about the position of equi-
librium, which can be calculated in the harmonic ap-
proximation:

gor € 1/2; qoy € W2}

a* a2
Wz=4m(9fh)1: 6_

R (Ogo) = 02 (6) = ,“, v (go) exp [— We (g0)]-

— R (Og,) u3 (34)

The operator T, corresponding to the harmonie approx-
imation is

Ly )® ()= (r) e (y,):

] i e
£ cos( —Z—E?mez) Esm(!/mmez} (35)
— we 8in ( ﬁ—mez) cos (l/’ .:2.’ u)az)
Here, the symbol ® denotes the tensor product. Note
that by virtue of the approximate solution of the prob-
lem (32) the operator T is not defined on the whole of
the phase space. One can obtain estimates for its do-

main of definition. This corresponds to the interior
points of the ellipse'!
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atob+ Vi = (0ea/12)%;
vod+ V= (vea/12)%. (36)

The trajectory of the particle in the harmonic approxi-
mation has the form

[al=[]eo (VT owt) + 35 (1o (1 5 ow)- - 87

where [3°] and [,V:'] are the initial position and velocity
of the particle at the point z =0.

Further, we use perturbation theory to take into ac-
count the terms of Eq. (23) neglected in the averaging
and obtain the corrections to the harmonic approxima-
tion of the trajectory (37) in the case of channeling.
With allowance for the terms of rapidly oscillating na-
ture with the largest magnitude, the equation of motion
for f(zS,) in the harmonic approximation has the form

LS == o

+V/ 2 IR (0g) +h (Bgo2)] [w 7=+ V77 68,

VJ. VRJ_f(ZSJ.)

(38)

where
1 (Bgp2) = M,, v (9 V'2) exp [—2We (40)] €0s (902)
— 28+ (4, V/3) exp [— 3We (g0) c05 (q02).
Using the expression (37) as the zeroth approximation
for the trajectory of the channeled particle, we obtain
for the trajectory of the particle in the harmonic ap-

proximation in the first order of perturbation theory
the expression

[:E:;]:[::{:)) ws(""'l ﬂ_’n 2)+ s”mm‘”el/gg )

(39)
where
Agwy ()= (5 + S dr Vrz"_én #(Bgem) {ai:—e el
v 0 )
xsin(?ws Z'Ién-r}._l_(:’:)mn ((l)a l/ %T)};

= & () +V T oo {2 ]

xsin(Qwe V —2‘151—01:)#%6—(:;) sin? (ma V ;’an)}

Allowance for the oscillating terms in Eq. (23) leads to
a modulation in the amplitude of the channeled particle,
this being determined by the individual influence of the
ions of the crystal.

Using the expression (29), we can estimate the criti-
cal angle of entry of the particles into the crystal gov-
erning the capture of particles into the channeling re-
gime. For axial channeling in a cubic crystal,

N N
M (Vo sin a)?
Wosinagt <E U (R—r,)>:x=am=<2 U (R_'J)>;zo :
j=1 y=0 i=1 Y=a/2

__— N N
<v UR—1)t=¢ gl U (R—rj)>,;~<j§’ U(R— r,)>,-§:g. (40)
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Then, since sina,~ a, at small @,, we have

—_—_—
O = (< gt UR— r])/\vf;::%,.g,fﬁ‘o)”z, (41)

F]

5. PLANAR CHANNELING OF POSITIVELY
CHARGED PARTICLES

We now consider the situation when the direction of
the channel of the motion of the particles makes an
arbitrary angle with a crystallographic axis. Again,
we shall assume that the crystal has cubic symmetry
and the harmonic approximation applies. By virtue of
the translational symmetry of the lattice, definite sel-
ection rules with respect to k exist for averages of the
form (2o), exp(~ik *r));. However, if our coordinate
system in the case of planar channeling is arranged in
such a way that the symmetry axes of the crystal are
not parallel to the axes of the coordinate system, the
selection rules with respect to k will differ somewhat
from those earlier. We denote by o, x, ¥, z the coor-
dinate system in which we consider the motion of the
particles. We direct the z axis along the channel of the
motion of a particle. We choose the coordinate system
0,x,x',y', 2’ to make its axes ox’, oy’, 0z’ coincide
with the directions of the principal crystallographic
axes of the cubic crystal. Thus, as can be seen in
Fig. 3, the channeling direction oz makes the angle o
with the direction of the crystallographic axis oz’. The
axis ox coincides with the axis ox’. Equation (23) is
written down in the coordinate system o, x, ¥, 2’. The
selection rules for the correlation averages with re-
spect to the crystal subsystem can be established very
readily in the coordinate system o, x', ¥', 2z, since in
it the principal symmetry axes of the group of transla-
tions of the crystal coincide with the directions of the
coordinate axes. Expressing the value of k °r; in the
coordinate system o, x', ¥’, z’, we have

kory=kex,+ k.z;+ kyy;s
£y~ (42)

y;=Yyjcosa —zjsina;
z;=zjcosa | yjsina,

whence
k.ry=k.zj+yj (k,cosa+k, sina) + zj (k;cosa— kysina)  (43)

and

— iz} (k, cosa —ky sin @) s (44)
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Since the axes ox, oy’, oz’ coincide with the principal
axes of the translational symmetry of the crystal, the
average (44) must not be changed by a translation in

the directions ox’, 0y’, 0z’ by an amount that is a multi-
ple of the lattice constant. Hence, for k,, &, k, we
have

k;=go (ncosc + 1 sin a);
ky=qo(lcosa—nsina);
kex = gom, (45)

where q,=2m/a;n, m, | are positive integers between
—co and +eo,

Under rotations of the coordinate axes, the square of
a vector is invariant, and therefore (k’)>=(k)’. Using
this, and also the explicit form of the expression for
the Debye -Waller factor,? we obtain

N
= ? v (k) exp (ik - R) o <;§; exp (—ik-ry) )

=1 3 v@VETmETB) exp((—n?—1—m2) We (g0)]

n,m,l

X exp [igoma] exp [igon (z cos o — y sin a)] exp [igy! (2 sin & -y cos &)].

(46)
In what follows, to describe the channeling effect, it
will be convenient to displace the coordinate system
0, X, 3, z by a vector b to make the channeling axis oz
coincide with the line of the minimum of the potential
energy on the energy surface corresponding to the given
direction a:

b= (by, by, b)) =(by, bycosa—bysina, bycosa+bysine). (47)

As a result, (46) can be rewritten in the form

N o
(BUR=—D), =1y O+ 3 vig)
J=1 n={
X exp [ —n2We (g)] {cos [ng, (z cos & —y sin &) + ngobs]

+ 08 (o7 + ngeby) + cos [ngy (2 Sin @ -+ 003 &) + ngobyl)

S vlgo VRTTmE) exp [ — (v2 -+ m2) We (g0)]
n, m=1
X {cos (mgoz 4 mygeb,) cos [ng, (z cos & — y sin @) + ngebs)
-} cos (mgyz |- mqyb,) cos [rg, (y cos .+ z sin &) -+ ngeb,])
g A e
+= 3 v(@Vn*+PR)exp[—(n*+12) We (g0)]
n, =1
X {cos (ngyz cos e — ngy sin ay + lggy cos o -
-+ lgoz sin o+ ngobs + bagol)
—+-c0s (Igoz sin o + ngpy sin o + lypz sin & + ngeby + bogol)
+ 08 (Igoz sin o + ngoy sin & -+ lgey cos & —ngyz cos o
i
—ngobs+bagel)} + - 3
n, m, l=1

v(0VEEmTE)
X exp [ — (n? 4 m?+1%) We (go)] cos (mgox - mgoby)

X {cos (ngyz cos & — ngey sin o+ lggy cosa
+ lgoz sin & + ngobz + Igybs) + cos (Igyz sin o
~ ngoy sin &+ lgoy cos ¢ — ngyz €os ot — nqghs + Iggby)}. (48)

The expression (48) must be used to find the coefficients
in Eq. (23). The case a=0 corresponds to axial chan-
neling. We shall again solve Eq. (23) by the method of
averaging, which will correspond to its solution up to
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terms of order o(€):

<§ UR—r)), =lim 1 §<d1: i U:R—r)),. (49)
J=1 ] =1

The subscript 7 in U, indicates that the z component of
R is replaced by 7. As a result, for Q¥ UR -r,)), we
have

N— oo
(BUR—1)),=vO+2 3 v(gm)
j=1 m=1

X exp [ — m2We (go)] cos (mgox + mqoby)

o

+2 3 V(@ VT B)exp[— (+n%) We (g)]

1, n=1
X €05 [(ng, sin o+ lgo cos &) y + bolge — byng,] A (lg, sin o —ng, cos o)
+4 N vig VT mETE) expl— (n+m2+12) Wo ()]
n,m, 1
X cos (mgox + mqob, ) cos [ (ng, sin o+ lgy cos &) y + bylgo — byngol
X A (lgo sin o — ngy cos a). (50)

In (50), @+0, and A(x) is the Kronecker delta:

1, 2=0;
M“)={ 0, z540.

In (50), the directions of the axis of the channel of the
motion of the particle are distinguished when the fol-
lowing equation is satisfied:

Isinaa —nrcosa =0; o=tan™ n/l (51)

We call these directions channels of the motion of the
particles. We relate the indices » and [, which deter-
mine the direction of channeling, to the Miller indices.*
For this, we consider Fig. 4, in which a determines
the direction of channeling, ox’y’z’ is associated with
the principal axes of the translational symmetry of the
crystal, and ox’dz is the plane along which the channel-
ing occurs. Note that, like the Miller indices, the di-
rection « is specified by the smallest numbers. Thus,
we express n and [ in terms of the Miller indices of the
plane along which the channeling of the particles takes
place. Let the Miller indices be (o, £, I"). Note that
k' is always negative; this is due to our choice of the
coordinate system. The oz axis is directed along the

channel of the motion of the particles. Then
o = —arctg (I'/k"); (52)
A (Igy sin & — ngo cos @) = A (I + K'n/l'). (53)
96 Sov. J. Part. Nucl. 12(1), Jan.-Feb. 1981

In (53), I and = are always integers strictly greater
than zero. It follows that 2'n/l’ must also always be
an integer. Therefore, the sum in (50) must always
begin with the term [ and the following assertion is
true: The nonvanishing terms in the sum (50) are those
which satisfy the condition

rn=Vlp; le==kp, p=1,2 8,.... (54)
We now consider the determination of the coordinates
of the vector b. It is readily seen that the previously
formulated conditions on b give

b, = a/2; (55)

bylgy — bsngy = mp. (56)

Equation (56) for b, and b, must be sought for the
smallest possible non-negative b, and b,. This follows
from the definition of b, whence

by =0; by = —(an/2) U/K. (57)
Using (53) and (54), we can readily represent the ex-
pression ng,sina + g, cosa in the form

ngy sina 4 lg,cos o = pg, V I3+ K2 (58)

Using (52), (53), (57), and (58) and going over in (50)
from summation over z# and [ to summation over p, we
have

v (gom) exp [— m2We (20)]

Bl oot
(ZUR=£)),=1v(O+2
J=1 1

8 318

X (—1)™ cos (mgoz) + = 3 v (qop VIEFF?)

=1

X exp [ — (I'2 -+ k'2) pPWa (g0)] (—1)? cos [g, V' T2 +4- K2 pyl

+2 3 (@ VEFEEEETY) (=) (1)
m, ﬁ:I

X exp{—[m?+ p?(I'*+k'2)| We (g0)}
X cos (mgoz) cos (gopy V 72+ k'2). (59)

Finally, as in (40), we redefine the field (59) by a con-
stant, so as to make the channel axis of the motion of
the particles correspond to the zero of the potential en-
ergy:

L4=

N
(S0 R=—))s=>{JUR=-)%

=23 v (gum) expl—m2We (go)] (— 1)™** sin? (mgox/2)

+2 5 v@op) VIFF R exp [ — p2 (12 + k%) We (go)]

p=i

X (— )P+ sinz [ 242 Y T2 T2 |

+ A S v (@ VT ERETE) (— )" (=1

p,m=1
X exp[— (m*4 p? (k'2+1'%) We (g0)]
X [eos (mgyz) cos (g, VTEL K2 py)—1]. (60)

The expression (60) can be used for an analogous treat-
ment of planar channeling. Note that in this case the
symmetry between the x and y coordinates character-
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istic of axial channeling is lost:

ol N
max \Z U(R—r;)/z,:# max \‘,_, U(R—'J)\'.
= (y=0) j=! =0) j=1

Therefore, there exist two critical angles o and o
of entrance:

(B, |
o) = x(y=0) i=1 .
G Eop : X
]- (61)

ma)% ’; UR—rj)>5 12
(x=0)
a® =\ ) :

Eo

where af is the angle between the axis of the channel
of motion of the particles and the x component of the
velocity, and af’ is the corresponding angle with the y
component. Similarly, the frequencies of the oscilla-
tion of the trajectory of the channeled particle in the x
and y directions are different. In the framework of the
approximation considered earlier, we have

(03)? ~ 2%

v (g0) exp[— We (g0)];
(0B)? = v (qo V TT3RE) exp[— (I'2+K'%) Wo ()]
_AUr4ry n-H 2) 3 (q ]r———-"'-"1 +l.=+krg) expl— (14121 k2) We (o). (62)

2(1’2+k 3)

If the direction of channeling is such that the relations
(51) are not satisfied, i.e., the direction of channeling
does not coincide with the channel of the motion or the
channel of the motion corresponds to large Miller in-

dices, then for 3 ¥, U(R - r,)); we have

i — 00
(SUR—1)), =+ 3 v
u=t gl
X exp [ —nr2We (go)] ("'”"“sinz(%zﬂ) . (63)

This will correspond to motion of the particles in one
plane, and the problem (23) reduces to a one-dimen-
sional problem.

6. THE o (£2) APPROXIMATION

We consider the following order of the expanded equa-
tion (20); to be able to ignore the effects associated
with the noncollectivized influence of the ions of the
crystal on S, which lead to a rapidly oscillating de-
pendence, we shall average directly the system of
equations (12). We introduce a Fourier representation
of the interaction potential in accordance with

N N
S UR—r) =5 3 v (k) exp[ikR] | exp[— ik,
i=1 h i=1

where  is the volume of the crystal, and v(k) is the
Fourier transform of the function U(R). Then after
averaging with respect to z, we obtain fordl},,

N
T =4 3 kv (k) explik,R,] Y exp (—ik,r))
ky j=1

1 1
X [ﬁv"i *-HTVV;L

Tz = (s v (k) = v (K)psmo- (64)
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As a result of our transformations, the system of equa-
tions (12) is reduced to the following form in the o( £2)
approximation:

f(le)w—ﬂ(SJ.E)f ZSL)“"(E Ve, U

Jumi

5 (d2) 2 Ve, TR—1) 5o

i=1

“ri)>z

VHA (28, 5);

(65)

A(zS 2)——«.;? (S.Z)A(28,3)

+V [Min— (Mg Y205 (3) f (25,)

——DU(Z)PnJIi A(z8,Z); J(Sy Z)Afﬂ(SE”msl,

From Eqgs. (65) we eliminate the function A(zS,Z),
(A(2S,Z),.,=0) and retain on the right-hand side of the
resulting equation terms of order up to o( £3):

a1 @S =5 —V.Va,
+ {3V, T®=17 ), 57 Vv, | 1(82)
P

z
i 7 . . .
o Sdth_L S ikyv (k) v (k) expli (ky - k1) R.]

LITE i

+5 77 O (D] 1@S.). T=5, (66)

where 9=k, T°, in which k, is Boltzmann’s constant and
T° is the absolute temperature;

Dy (T) = _. Yexp(—ik rj)exp [T ()] 2 exp | —ikiry Ve
7

O ep L b 3 i sl
—\Z exp[—ik,rf |2 { X exp[—ikirf] )z
i 7

We shall call the integro-differential part of Eq. (66)
the collision integral. An equation of the type (66) was
obtained for the first time in Ref. 9 in a study of the
evolution of small subsystems in weak dynamical con-
tact with a thermal reservoir. It was also shown in
Ref. 9 that this equation describes a stochastic process
which, under the assumption that the system is nearly
spatially homogeneous, converges as { — « to a Maxwell
distribution with respect to the momenta (Z is a spa-
tially homogeneous system). We investigate the .
asymptotic behavior of Eq. (8) as z— = without assum-
ing that the dynamical contact between the systems S
and Z is weak and in the case when Z is a harmonic
crystal, ®®

7. ASYMPTOTIC BEHAVIOR OF EQUATION (10) AS

z—)-oo

We transform the collision integral of Eq. (66) to
Fokker-Planck form. By this we shall mean that it has
a representation in which we separate explicitly an
operator construction C which vanishes on the Maxwell
velocity distribution, i.e., C®,(V,), where &,(V,) is the
Maxwell distribution. For this, it is sufficient to
transform the part of the collision integral of the form

Qizﬁﬁﬁvvigdt 3 kv (k) v(kL)

Ry R

1 i

x exp (i (. -+ k2) Ry ] o e (7) 1 (351). (67)
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We propose the following method of transformation.
Integrating by parts, we transfer the derivative with
respect to 7 in (67) from the function &,, (T) to f(7S,).
For af(7S,)/a7, we use the equation itself, i.e., we
make one iteration and substitute in the obtained ex-
pression the quantities that contribute to the collision
integral of Eqs. (66) to order not higher than o( €2).
However, it is convenient to formulate Eq. (66) from
the beginning in such a way that when this procedure of
transferring the derivative is carried out we obtain in-
stead of af(7S,)/97 a small quantity of order higher than
o(&), so that it can be ignored directly. For this, we
consider the system of equations (65).

We introduce the notation

L=J(8.)+ = +J1(Z); A=T(8,)+ i)

Vo= T Tz o 3 kv (k) X
k.l.
. 2 9 ! 1 .
x exp [ik; -R_-]?exp{—lk-_-v]-mVV;J ) (68)
G@=exp[ -2 ]i W=d(E)+V;

J (z) =exp [:—D A] ; R(z)=exp I-IZ—D-E (Z)} .

Since the operators A andJ(Z) act on different varia-
bles of the functions S, and Z, they commute, i.e.,
[A,d1(Z)].)=0. Hence,

G) =J(@) R @) =R @), (69)

and we shall use this equation frequently in what fol-
lows. For A(zS,Z) in the notation of (69) we obtain
from the second equation of the system of equations
(65) with allowance for the initial condition

A(zS'LS.)=VL°
I

1
X7 Vi | Do(® 1 (5.) +

p-{ T

G (z—1) [w_-‘z Vo, UR—r)
=i

" 21‘,%] % 6 (s =) [ ¥'— 3 Va, TR=1) -9,

—D, (%) PQ.TIE:] v, VLD 5 47,6 (T, —1y)

x[\}r* 2 Ve, U (n—r,)—v ‘—Da(E) Py, .m]
X S diG (t1y—1) [IF_ EVRLU(R—_I'J)MLJ'V\'A ]D"(E)HTSL)' (70)
] i ’

The series (70) is none other than a formal Neumann
series®® for one of the integral representations of Eq.
(65). If it is substituted in place of A(zS,Z) in Eq. (65),
we obtain a formal closed equation for the function
f(2S,). Now we need the equation of the o( £2) approxi-
mation. Therefore, in (70) we must separate the terms
that have order not higher than o(g), and we can ignore
the remainder. We consider

i ;%Sdﬂ;(z_ﬂ[\y S‘va L_r(n—-l-,«)rlJ ‘.):_]
0

X Do (Z) f (v81); .sl~—a"’+a& % (71)

The first term is
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(1)__1_z 0 4 TR —
A= E{dta(z T)[%vnlvm )

~(3 Va0 R=5)), |5 V. (5 Dy (D). - (72)
We follow the

We transform the second term A{®,
chain of equations

z
»l ——
AP =~ [ 456(6—9) 5 9, TT=2) 5,00 ) £ (<52)

=EA [ a6 (—v) 5 3 ikuv (k1) explik, Ry)
0

"1

x 3 expl—ik. £} 1~ Do ()  (15.)

> v (k) explik, -R (7)]

(E
= 95
0 k

X o (3 expl—ik. -5f (1)]) Dy () 6 (—) § (15.)
i

=H%§ {-ﬁ-Zv(kJ_)‘
0 By

x explik, Ry (1)] D) expl —ik,rf (1)]1G (—7) Do (2) 1 (¥51)}

i

& 2 v k1) [ exp (k. R, (r))]z exp[— ik, -rf (%))
LA

-[»-idt
0

% G (—7) Dy (2)f (t8.) + [ dr - 3 v (ku) exp ik Ry (O] -
0

k)

% 3 expl—ik. -rf (0l (6 (—7) Dy (B) ] (vS.)).
In the transformations, we have used the equations

1

mj

V,1D0(D) = —5- Dy (2): 6 =) =€ () 6 (—);

G(—=1) @Ry, Vi oo 15 VF L)
=¢R@ V@1, ... @ V@ .
G(—1)9(..)¥(..)=6(—1e(...)G(—1)¥(...);
216 (—7) rf]1=V] (1)

and introduced the notation

X expl—ik, i ()] = exp[—iky ¥ (9] -2

where ¥ is a function that does not depend on 7. This
arbitrariness in the transformation of A{® is due to the
circumstance that any function which does not depend
on T can be taken into the expression to which 3/3¢ is
applied. This arbitrariness can be eliminated by re-
quiring that ( A%?), =0. This property held before the
transformation of A{®. Hence,

x:@ exp [—ik, -rf ;.

Now 3/37[G(-T)D,(Z)f(rS,)] has an order of magnitude
higher than o(€). Indeed,

2 (6(—9) Do () 1 (S)1=Do (D) 5 1 (—1) (5]
In (65) we make a change of variables, replacing o(g )

by g(rS,)=J(-7)f(S,7). As a result, we obtain for
g(78,) the equation
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2 g(38,)=J (1) By 3, Ve, UR—17) 7 Vv, A (=5, 3),

1
MV,
7
from which it can be seen that 9g(2S,)/az ~o( &), since
A(zS,Z) itself is ~o(e). Finally, we obtain for A, up
to order o( £?)
z N
A=y 5 @6 (z—) [ 3 Vo, TR—r)— <Z Vn, U®—xj) | -
0 i =1
v g e e
X Dy(3) [ 57 Vv, + 4|1 08.)— 5 [ STR=r)

= (2_ UR=1)), | Do(3) [ (:5.)+56C (2)

X [RTER—1)—{ZTR—x;) 5[ Dy (D)f(05.). (73)
In (73), we separate the terms of order o(1):
Ay w——[}] TR—r)— (X T®=17) ), | Do (2) 1 (:5.)
) [Z TR—r)—¢ 2 TR=1)x | Do(2) 1 (0S1).  (74)
i

It can be seen from (73) that when the derivative is
transferred we obtain terms that renormalize in the
equation for f(S,z) the term which describes the influ-
ence of the crystal field, and also terms with memory
that are ®proportional” to f(0S,). Such terms occur in
all orders of the series (70). They owe their appear-
ance to the terms of the series (70) that contain a num-
ber of operators ijx equal to their order in 1/V,: we
separate them:

A* (z8.5) = =" A% (z5_Z);

A

—1)n
=t ,n) Sdrlg(z*fﬂ
0

Lo | 406 (Tpy—a)

0

Tn-1
| T T
X 2 Vo, U(R—rx)) w Ve
i

'1’ PN oy 1
x};, Vo, U®=1) -

V100 (D) f(waS ). (75)
7

To prove the proposition formulated below, we also
study the function A¥ (in the brackets, we shall indi-
cate instead of the arguments the order of the consi-
dered quantity):

i

A W)=~ [ an6a—7) 3 Vo, TR—1) ==V,
0
1

xA‘,‘(r,o(i)):—V-o-e——jduG :
0

& y——— i
(3—71) 2; Ve, U (R_TJ)TI. Ve

x[3 Ucn—r,)—@ TR=77), | D (5) f (1:5.)

G(z)ﬁdns(—r)?va TR=1) 7y Va6 (w)

x[ZU(n—r, <Ev(ﬂ—r,)> | 2o (®)1(05.)

z_éra(z){dr, - [G( War o vik)

}:_;_,.\'l

% v (k1) exp lik Ry +iki R, ] - Dy (k. K1) Dy (9) f (1S0) |

N

— 5 Sdr.G(z—n)Z Vo, TR=T;) - Vs G ()
i=1
N

x SV TR—1) Dy () [ (05.) =g g 2 v(k)v(kL)

£ .
i=1 kiR
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x expli (ky +ki)-Ryl 3Dy (k;, K2) Dy (5)f(38.)

— g 6 D v (ka)v (k) exp [i Gk +K) Ry] - Dy (ko K0)
Ryk)

X Dy (Z) f (08.)—

"

E dv,G (z2—1y) $‘ Ve, UR—r))

% ML, V46 (3) [2 TR—r))— <Z U (R—r:)>=]
=1 =1

X Dy (Z) f(t4S1).

In these transformations, we have used the equation
VyiDy(Z)= -V $Do(Z)/9 and arguments from Proposition
2 in Appendix 1; in the Appendix, we also introduce the
functions D,(k™), ..., k(") and study some of their prop-
erties. Thus, the function A¥o(1)) can be represented
in the form

AT ()=—357 92 m D) vk vk exp i (k + ki) Ryl
By k)
X ZL!Dz (ks k1) Do () f(251)+ G (2) VDo (2) f (05 1), (76)

where ¥, can be readily established by comparison with
the previous expression. For ¥,, we have the property
(¥pz=0. 77)

Proceeding further in exactly the same way, we can
show that for A*(e(1)) we have the representation

MW= 3 vED) ...y
AR e B
wexpli (k¥ L+ ... +kT).R,] Dy (kP ..., k™) Dy (Z)f(z5,)
4G (2) Waf (05.) Dy (B), (78)
where

(— 1yn+1
¥n = ~grgr— 2
ktl, k"“

V(D) ... v (R)

X exp [I(km S kl2l+kn) R, ] D (k(].l 5 k‘im)

£ i dtG (—7) Fa (V)5

@,(7) is a function which satlsﬁes the equation (@,(T)p
=0. If necessary, the form of @, can be found for each
n, but the general expression for it is not very compli-
cated. By means of Eq. (78) and Eq. (A.2) in Appendix
1 we can readily find the “renormalization” of the crys-
tal field under the assumptions we have made:

—PU‘I lnt"3 (ZS *’) "‘TL > Ll E‘It

£ FoTgrgn

v(ED) v (B exp (kP + ... +kT)RyT .

383 n
voeena Ry

X e D (KL ooy KE) Dy (E)f (28 1)

e D PoT 16 (2) ¥aDo ()1 (05.)

n=1
=
1 iy
u.\'p[ﬁ—8 U(R—r;]J
cado j=d F(:5.)
]n\ in 1 N s
o[t 7)),
j=1
e {2 1 68+ B TG (0) ¥ 2 f (081, (79)

n:
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Equation (79) contains terms associated with the mem-
ory of the system, i.e., terms that contain the function
floS,). We show that such terms become unimportant
when z — «, i.e., for large z:

{Tim G (2) ‘Fn e

e el
TG (2) - gmgr nl@nQn 2

R

KP)-Ry1Da (B2, ... B,

V(D) L ov(ED)

xexpli(k®+4- ...
+ (T 6(2) 5 G(-r)&(r)dr)z.
¥ 0
In accordance with the principle of correlation weaken-
ing for the structure moments (Appendix 2), we have

v(EY) ... v (&)

IJE)I -_.“ k(!!)
4 oo +ED)R1 D, (kP

X exp [i (k"
<ﬂ-J' -?'z E

"y
waluy BIR) 8

v (D) .. ov (BT
R e
+k"l]) R i(D (k(l.)

x exp [i (k¥ + . couy B NE=0D

by virtue of Proposition 1, Further,

456 (—7) §a (7)),

o g

{ TiaeG(2) j G(—1) (@ vy, =(TineG (3)
0

— (41 Tg 6~ % (),
i}

The quantity f 2 d7{d1},,G(z —=7)@,(7)) tends in the limit
z — = to zero; fo G(-7)@,(t)dr is some operator func-
tion. When it is applied to the function Dy(Z), we al-
ways obtain an expression of the type

§ 6(—0) 8 (0 Dy(B) dr = { 16 (—) ¥, (v) Dy (2),

0 0
where ¥ ,(7) has operator structure only with respect to
the variables §,, so that with respect to the variables
of Z the quantity f 5 drG(—7)¥, (1) is simply a function of
the state of the crystal, and therefore an expansion in
normal oscillations holds for it and in the limit z — o
the principle of correlation weakening is valid, i.e.,

<1;mG(z) [6(—ntumary, =g, Az ()

5 j 6(—) (P (D2 dr=0.
0

Thus, we see that for large z the terms of the trans-
formed crystal field containing a memory become un-
important; the memory is “erased” by the z evolution.
Thus, at large z we have the following substitution un-
der transformations of the indicated type:

=—%VH; 1n<exp(——é—2 U(R—r;))>z%"rl. (80)

To obtain the renormalization of the collision integral
under these transformations, it is necessary to sepa-
rate all the terms in the expansion (70) for A(zS,Z) that
contribute to the order o(€). The direct realization of
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this program entails in this case very cumbersome
calculations. However, one can proceed differently.
We note that the asymptotic formula (80) uniquely re-
covers the form of the projection operator, which is
associated, in its turn, with the obtaining of a well-
defined type of equation from the Liouville equation for
the complete system.?® Therefore, knowing the pro-
jection operator, we can obtain the asymptotic form of
the “collision operator” in a shorter manner by begin-
ning with Eq. (8). Equation (66) was obtained with the
following initial conditions, which are obvious for the
channeling problem:

D (28 Z)emo = Dy (Z) f (25 1 )04
which corresponded to the pair of projection operators

Bo= [ @3)..

B=D,(3) B,

The asymptotic formula (80) dictates the following pair
of operators:

o= @2)...; P=P(S.5)B, (81)

where
4 N
exp| ——= U (R—r1y) | Do(Z)
ey T3 ]

o L = pest
e ey
i

D,(S,Z) is the Gibbs distribution for the system 5, +Z.
Note that the system §, is two-dimensional both with re-
spect to R, and V,, and the interaction between S, and
has the form U(R -r;). Proceeding as in the derivation
of Eq. (66) once more, but with the pair of operators
(81), we obtain in the o(&?) approximation the following
equation for f(zS,) to describe the z evolution of the
system S at large z:

21 (=51)
= (= Vua, + PP (S.3) T 1 (:5.)+ € (F (55.))
Q(f(tS1)

=7 idtvv F; F (1) [ 37 Vv, + Va ] £(082); (82)

N
(F; F(T))=P, f_ Ve, UR—r) R(T)P(S.Z)

N N N
X [S{VRLU (R—r;)—P,P (S.Lz)_iz Ve, UR—1)l.
j= J=

In the high-temperature limit, or for weak interaction
between S and Z, when @3}, UR-r,)«<1~5in 0 (1
with respect to 6) the approximation (80) takes the
form of the equation obtained in Ref. 27. It follows
from the operator structure of the “collision integral”
that the Maxwellian momentum distribution function
makes it vanish. Thus, we have shown that irrespec-
tive of the initial distribution f(0S!) of the beam of par-
ticles channeled through the crystal f(zS,) tends at suf-
ficiently great depths of penetration z into the crystal
to some stationary distribution with Maxwellian distri-
bution with respect to V,. The z evolution of the func-
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tion f(zS,) is described by a typical equation of Fokker—
Planck type but of non-Markov form.

To conclude this section, we give some qualitative
arguments for estimating the order of magnitude of z at
which thermalization of the beam arises as a result of
the z evolution of the system. In the thermalized state
fo(8,), the state of the S system is completely deter-
mined by the thermodynamic state of the erystal and the
nature of its interaction with the erystal and does not
depend on the initial state f(0S,) of the beam at entrance
into the crystal. Therefore, to estimate the order of
magnitude of z, we shall assume that thermalization is
determined by the time of complete loss of “memory”
of the S system, i.e., when one can ignore the terms in
the expansion (79) associated with the memory of the
system, which provides the justification for going over
in the description from Eq. (66) to its asymptotic var-
iant (82). The randomization process of the system in
the z evolution is itself determined by the terms of or-
der o( €2), and in the derivation of Eqs. (66) and (82) we
must take them into account in all the series which
arise in the expansions. At large z, the correlation
functions which occur in the coefficient of £(0S,) in Eq.
(79) are damped as V,/z, i.e.,

\' —-(ﬂmG (2) Yn)soco ~ EB/2.

We can ignore the memory of the system if €¢B/z has
order o(£€*. In analyzing the order of magnitude of the
terms in Eqs. (66) and (82), we proceeded as follows.
For each physical quantity we introduced its character-
istic scale (21) and made the equation dimensionless.
The dimensionless parameter then obtained for each
term of the equation indicated its order of magnitude:
€zyB/z ~[1]zy/z ~ €%, where [1] denotes a dimension-
less quantity of order 1.

For channeling, the characteristic scale of the
lengths is a distance of the order of the distances be-
tween the ions in the crystals: zy,~1 A, e2=F2 /B,
For protons E% =5 eV (Ref. 1), and we take E, to be,
for example, of order 0.5 MeV; £€2~10"°-10"%, so that
z,=10°-10° A. For heavy ions E%=10% eV (Ref. 2), and
for the same values of E, we have z, =10°-107 &,

8. STATIONARY STATE

The limiting state is found from the condition of sta-
tionarity with respect to z, i.e., 3/f(2S,)/3z=0, and
the condition that the “collision integral” vanish. The
second condition leads to the Maxwellian momentum
distribution, and to determine the dependence of the
distribution in the R plane we have the equation

expl-—-? U(R—— rj)

(eo[~—5 ZTE=]),

x 3 Ve, TR=1) ), Vvlfo (S1)=0. 83)

—V.iVr,fy (S;H‘<

"MI:ZHM‘:

Up to a normalization constant, the solution of (83) is
MV
fn(Sl)=ﬂXP[——§§—

‘i]<exp[—%—20(ﬂ~rﬂ])z. (84)

101 Sov. J. Part. Nucl. 12(1), Jan.-Feb. 1981

where

1

NTBR=r)=- 3 v(k)exp[ik.R,] Zexp[-—lklrl]_eUu-
i

R0 =1

(85)

The part of the interaction corresponding to 2, =0 in

the sum (85) is included in the constant ©U,. The con-
stant U, is chosen on the basis of the condition that the
potential energy of the particle vanish in the field of

the crystal lattice at the center of the channel of the
motion. Equation (83) admits the introduction of such

a constant:

Uymtn (exp{ b9
0 n<e\p( ei:u

v(k;)%zexp[—iklrf])>z, (86)

We now discuss some effects of the formation of a
beam of high-energy particles by crystals. To be spe-
cific, we investigate the case of axial channeling
through a crystal with cubic Bravais lattice (Fig. 5).%°
In Fig. 5, the numbers 1, 2, 3, ... denote the ions of
the crystal; the z axis coincides with the channeling
direction; a is the lattice constant; the ions 1, 6, 5, 3
lie in a plane perpendicular to the channeling direction.

We consider

O (R, )——— 3 vk )explik R,] > exp(—ik,rf). (87)

k=0 i

In (87), the summation is over all positions of the ions
of the lattice. We introduce the indices I, m,, where [
labels the close-packed chain of ions of the crystal pa-
rallel to the channeling direction, and m, marks the
position of the ions in chain I; then j={I,m;}. Because
®(R) is independent of the coordinate z, we have

(D(Rl)m;U(R—r,-):‘.;[](R—rj—z)=(I)(R—z), (88)
where z is any vector with the coordinates (0,0,z). In
(87), we separate the summation over [ and s, and for
each fixed [ we sum over m,:

DR =~—5
k.

s v(ky)

xexp ik R, ] S exp[—ik.r7]
i
1+m & T A Ty
=33 [ (Vet+®m -2,
i -0

(89)

where A*=Q and r] are the coordinates of the intersec-
tion of the chain [ of ions of the crystal cell with the

X
1 2
’/r_-___/*
|
i 4
| | | |
L |
5 | z
/i/ o=ttt
Y N
5 8
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plane oxy. In what follows, by the unit cell of the crys-
tal we shall understand a two-dimensional structure in
the oxy plane formed by I chains of lattice ions.

When the function f(zS,) is normalized to unity, it de-
scribes the probability distribution for the state of the
particle over all possible realizations of its states. It
includes not only states corresponding to energy cap-
ture of the particle in the channel (we shall call such
states below -barrier states) but also dechanneling
states, i.e., above-barrier states. When f(zS,) is nor-
malized to the transversal density of the particles, it
will describe accordingly the fraction of the particles
that are in the channel of the motion and the fraction of
dechanneled particles. Let us make more precise
these concepts of below- and above-barrier states. To
each energy state of a particle there corresponds a de-
finite accessible region of the unit cell of the crystal. &
We consider the simplest case of a square lattice
formed by chains of atoms (Fig. 6). The points in Fig.
5 indicate the positions of the chains of atoms parallel
to the channeling, and the hatched region corresponds
to the accessible part of the unit cell corresponding to
energy E,. As E, increases, the region A increases
and it can be assumed that it is joined to the similar
regions of the neighboring unit cells, as is shown in
Fig. 7. Then the particle cannot be localized within
one unit cell and will go over to its neighbors. We de-
note the critical value of the energy E, at which this
begins to happen by E,. Channeling is characterized
by the relation E, > ©."* The critical value of E; in
the considered case of a lattice of cubic symmetry
(Fig. 5) is determined by the minimax principle

E .= min max<$ 5(11—_~|-,J>2 = max min <f U(R——r,)>z (90)

Further, we classify the states of the particle (or beam
of particles, depending on the method of normalization)
as follows. We say that the state ¢(S,) of the particle
S is a below-barrier state if

Eive={ (@5.)9(5.,) EL<E., (91)

where

We say that states for which the opposite relation to
(91) holds are above-barrier states. The physical
meaning of these assertions is clear. When the state
opposite to (91) is realized, an energy greater than the
energy corresponding to capture of the particles is

102 Sov. J. Part. Nucl. 12(1), Jan.-Feb. 1981

«concentrated” in the channel, and it is natural to as-
sume that in this case the particles can leave the chan-
nel. Let ¢'(S,) be some initial distribution of the par-
ticles in the beam at the entrance to the crystal for
which (91) holds, and suppose there exists a certain

" dispersion with respect to V, in the distribution of the

particles:

Ve = [ aSVig' (5.).

We shall assume that the beam is directed parallel to
a crystal axis. In accordance with (84), its dispersion
at sufficiently large penetration depths will be

(Vi), =20/ M. (92)

Therefore, if

(Vi) =>20/M (93)

we shall observe an improvement of the dispersion
characteristics of the channeled beam of particles. But
if

(Vi )gr < 20/M, (94)

then we shall observe a deterioration. The improve-
ment of the dispersion characteristics of the beam of
particles will also occur for above-barrier initial
states. However, in this case it is natural to expect
delocalization of the beam in the R, plane due to tran-
sitions of the particles to neighboring channels of the
motion (to neighboring unit cells). (We shall here as-
sume that by virtue of the inequality E, > 9 the final
stationary state of the beam of the particles is a below-
barrier state.) Let us consider this in more detail.
Suppose the initial distribution f(0S,) is an above-bar-
rier distribution. (We again assume that the beam is
directed parallel to a crystal axis: We shall still re-
gard V(V2) as sufficiently small compared with V,, so
that we can meaningfully speak of channeling, € <«1.)
Then besides the cooling of the beam of particles as a
result of the z evolution, i.e., the decrease of V(V})
with increasing z, delocalization of the beam due to
transitions of particles to neighboring unit cells in the
R, plane will be observed. Two competing processes
will be observed: a) heat transfer between the beam of
particles and the crystal, leading to a forming influence
of the crystal on the beam; b) delocalization of the
beam of particles. If the heat-transfer processes pre-
dominate over the dechanneling processes, then, after
a certain z’, the delocalization must cease, and there-
after the beam must be subject to only the forming in-
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fluence of the crystal. The mechanisms of these pro-
cesses require more detailed study.

We consider briefly some distinctive aspects of the
forming influence of crystals on beams of light and
heavy channeled ions.

Protons. A feature of the interaction of protons with
rows and planes of ions is the short-range nature of the
forces,® so that almost everywhere in the plane of the
unit cell a proton can be regarded as a free particle,
and it is only when the crystallographic rows or planes
are approached to very short distances R, | ~a/2 that
the repulsive forces occasionally increase. This
makes it possible to approximate the interaction of the
proton with the ions by a set of rectangular wells (Fig.
8).

For a proton, U, is of order 5 eV, U,/0>1, and
therefore the probability of finding a proton in a region
of R, corresponding to such a potential energy is negli-
gibly small and the stationary distribution can be ap-
proximately represented in the form

MV ;
fﬂSﬂ:%exp[-—-Wl (a—_ifm, a3 b. (95)

Thus, the proton can be assumed to be distributed with
almost equal probability in the plane R, of the unit cell.

Ions. Ions are characterized by a long-range inter-
action with the rows or planes of lattice ions. For ex-
ample, for channeling of copper ions through a copper
crystal between the rows (1,1, 0) the interaction func-
tion has the form shown in Fig. 9. The position R,=0
in Fig. 9 corresponds to the position of the ion at the
center of the channel of the motion. This nature of the
interaction has the consequence that the probability of
finding the ion at the center of the unit cell of the chan-
nel will be many times greater than it is at the peri-
phery, and the probability will decrease rapidly as the
periphery is approached. All this justifies one in say-
ing that the crystal tends to “focus” a beam of heavy
ions toward the center of the channel.

Of course, this description indicates only the qualita-
tive difference of the forming influence of the crystals
on beams of high-energy particles corresponding to the
nature of the interaction between them and the ions of
the crystal. In deriving Eqs. (66) and (82), we ignored,
as we have already said, the electron subsystem of the
crystal, whose influence on the system § cannot be tak-
en into account by the function U(R). As a justification
for this approximation one can argue that the investi-
gated forming influences of the crystal on a beam of
particles are determined by processes of heat transfer

Up

I
J | 8/2
=

o)
e
|

-a/2 g +a/2
FIG. 8.
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between the S system and the crystal. But in these
processes the electrons of the Fermi fluid in the crys-
tal play a small part at ordinary crystal temperatures
compared with the ions of the crystal, since only a
small fraction of the electrons in the immediate vicini-
ty of the Fermi surface participates in the heat-trans-
fer processes, #®

APPENDIX 1
Structure expansion for P§ (ST)

P} (SE)=exp [_%E} U(R—r;)]/(exp[—-é— g U(R—r;)])z. (A.1)
3 3

In P¥(SZ), we omit the subscript L of S. For the
present treatment, this is unimportant. We call the
following expansion of P¥(SZ) the structure expansion,
and the functions D (%, ..., k,) structure functions:

P3(SZ)=1+4 | (—1)" e,.é,.,,, [T ¥ () exp [iksR) Dy ry - -, kn). (AL 2)
n=|{ =1

We obtain an equation for determining D,(,, ..., %,).

By virtue of the definition, the structure function is

even with respect to all permutations of its arguments

k,.

oxp [—%— 2 U®—ry |=P3(s3) (exp[—-% p U(R-—r;)])z. (A.3)
J 7

We write the exponentials in (A.3) in terms of series
and use the Fourier representation for the interaction
potential. After this, we equate the functions in (A.3)
on the two sides of the equation that have equal powers
of the Fourier representation of the interaction. We
obtain

n
RnGksy eos k)= 3 e Doy s ) Mo G, o or k). (A0 4)
m==0

In (A.4), we have introduced the notation

n N
By (kyy ooy kn)=[] [ exp (—ik{'r,)];
j=1 e=t

l'l-'rn (kb-'- ] kn)=<Rn (kl- .-

.
In what follows, we shall call the function M,(%,, ... k)
the n-th structure moment. Equation (A.4) can be re-
garded as a recursion relation for determining D, in
terms of R, and M,,:

n—1
1

Dn (i oo ) =Rty eos knd— 3 s Do) Mmoo (A 5)
m==0
Dy=0, Dy(K)=Ry(k)—My(K), M,=1. (A.6)
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The recursion relation (A.5) and the conditions (A.6)
make it possible to express D, solely in terms of a
combination of the functions M, and R,. We state some
of the propositions which we use. )

Proposition 1.

(D ks +ees knd)g=0 (A.7)
Equation (A.7) follows directly from the property
(P¥(SZ)p=1. Let ¥(k,,... , k,) be any function sum-
mable with D (k,,...,k,) and symmetric with respect

to all permutations of its arguments ;. In

D,(ky, ... k,), we introduce a time dependence:

D (K, e kn)=R () D (s, «un ken). (A.8)
We define the following operator f‘n, which acts on
Dy s B

(A.9)

TaDh (ers «oes kn)= R DL TR

N Tl .
Ris -y kR

Proposition 2.  Under the sign of the operator T,

(A.10)

N
[ ; .
—= Di=n 3, exp[—ikV;(—1)] kVs(—7) Dt .
=1

Proof. Note that under the sign of the operator f‘u

L=

Tn 3 ¥ () Di (b -oen k) =mE ¥ (k) DY (kg +ees kn)i (A.11)

1

we have omitted the index i of ¥(%) on the right-hand
side of (A.11), since it is unimportant under the sign of
I,. Using (A.11), we can readily prove (A.10) by in-

duction. Indeed,
N
i -;-';D: (ke woss E)=Ty {n S exp [ —ikry (— 9] KV (—7) BEy
j=1
n—1 ' ” ;
+ 2 ara= 77 P G e Jem) M }
m=0

N
=1 [ 3 1ikV; () exp [—ike (— )] nBEy
=t
N n—1 "1
_nz exp [—ikey (— D) [EY; (—D)] ) ﬁhn;_lun_m]
i=i m=1{
N
=Tnn Z exp [—ikrj (— 7)) [ikV; (—7)] Dy,

=1

i.e., it follows from the assumption (A.10) for n<n,
that (A.10) holds for n=n,+1:

RL (kgy oeny )= R (1) R 1y +ens k)i
MYty ooy kn)=R () Mn (b1, <euy Bn)=Mn(k1s «ovs kn)-
APPENDIX 2

Principle of correlation weakening for the structure
moments

We prove the following property of the structure mo-
ments for a harmonic crystal:

MPr@d, ... n)
m N T N
=[] [} exp(—ikpr)] @) 1] [ expl—ikyr)Dnce
=1 1=t jmmtt 1j=1
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m N m N .
={ T exp(—ikyr, )35 3 expl—-iksor 1105
\;l;[x [L;l i /E\jq__g_M [!’:Ii 1y ]/

=Mm(l, «or m) Muom (14my ooy 0). (4:12)

For r,(t), we can use an expansion with respect to the
normal vibrations of a harmonic crystal.?® We intro-
duce the notation

aN
£y (=R} 3 w0

A=1
u} (1) =8}aexp [—iwaf]-+ 54" a* oxp [ioat];
8h= iR\ (2M N @y)212 € exp [ig-RY];
lat, aly=—1, i={B} ") A={a Sk
pY ()=1; -8 exp (—iwpt),

(A.13)

where R} is the equilibrium position of site j of the
crystal lattice, S’ is the number of ions per lattice
site, q is the wave vector, and S labels the branch of
elementary excitations of the harmonic crystal. Using
repeatedly the equations

exp A exp B=exp {(1/2) [4, B}exp [d+B];

v ok v v (A' 14)
pi (1) By (O=pj O p; O)

and making fairly lengthy transformations in the spirit
of the calculations of Ref. 28, we obtain

L -
upds om=]1[ 2 oxp [1k;R |

=t B
3N 1 m—1 m
x[[exe[—5 2wy D wiy+b e
v =1 k=l+1
. 2
AN
=i

3N , o n J
xllaxp[—? X W, 2 p}’:-i-h. c.J

l=m+1  h=lil

L2 5¥
o[ —4] S oif Lol 2

eo[-i55 ]

xaxP{__ii"zv (i 28 Zn‘, B3 (#)+h e)} .

=1 I=m+1

n n
1
X exp [-"7| 2 !‘}!‘ E “}’1
I=m+1 l=m+1

(A.15)

where z” =exp[-hw"/6], h.c. is the complex-conjugate
expression, and R," under the summation sign denotes
summation over the equilibrium positions of the ions.
Ast— o,

3N v m n
z
l;lexp{—-i_’v (,sz,y},’ 2 p.}’:’{-h. c.}t_‘w-a-i.

l=m+1

(A.16)

Hence, for (A.15), we have the limiting relation (A:12).
[Equation (A. 14) holds only for operators whose com-
mutator is a ¢ number.]

Now suppose @(S,,...,V;, Ty,...) is a function defined
on the phase space of the system S+ Z and square-in-
tegrable with respect to the variables v, and r;, so that
a Fourier transform of it is defined. The vectors v,
and r, describe the deviation of ion ¢ from its equilibri-
um position. It is these vectors that determine the
state space of £, since the equilibrium positions of its
ions are fixed. We consider

LGOS 10 uns Yoo Ty - Do (A.17)
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For this quantity we can formulate the following propo-
sition.

Proposition 3.

AT G @ @S o ves Voo By - g = (L V2@ (S 10 -oey Vs by - Dy

(A.18)
The validity of (A.18) can be proved as follows. For
(A.17), we introduce the Fourier representation:

(TL REP(S s eeny Vo, Tty oel)p

:ﬁ%ﬂ S oxplikeR] v (ka) @(S, kg <vns kivans Ly oons )
kl' """Nﬂ.

Gosiily

N

x <2 exp [—ik, +rj] G (t) oxp [ikyeTs ++oe +ikysr -Ty]
J=1

% oxp [ilye vy 4 ovot 1|Nv,.r]>£,

where @(S,ky, ..., Bya1s Lys« - - 5 1y) is the Fourier trans-
form of the function @; L is some sufficiently large
volume in the v; space, so that in the limit I — « the
sums over [ can be replaced by integrals; R, =r} +n,,
where n, is the equilibrium position of ion j and r} in its
thermal deviation from n,;. The introduction of a “box”
in the velocity space is of an auxiliary nature, and need
not be done. Further, for r] we use the representation
(A.14) and note that v " (¢)=d/df r"(f). Then an expres-
sion for the expansion in normal vibrations can also be
readily obtained for the vectors v}. After this, (A.18)
follows from the principle of correlation weakening for
the structure moments.
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