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A constructive proof is given of the complete integrability of a large class of two-dimensional nonlinear
systems including, in particular, the duality equations for the Yang-Mills fields for arbitrary embedding of
the subgroup SU(2) in an arbitrary simple Lie group. General solutions are constructed explicitly for the
generalized two-dimensional Toda chain, which corresponds in the case of fixed ends to simple Lie algebras
and infinite-dimensional contragredient algebras for the corresponding periodic problem (multicomponent
generalizations of the sine-Gordon equation). A number of other two-dimensional nonlinear systems are
integrated, including Volterra equations (difference Korteweg—de Vries equations) and the supersymmetric
generalization of Liouville’s equation. The method developed for integrating the nonlinear equations is based
on an explicit realization for these systems of a Lax-type representation by operators that take values in the
corresponding algebra and the theory of representations of the corresponding groups.

PACS numbers: 11.10.Np, 11.10.Lm

INTRODUCTION

The present paper continues our review in Ref. 1 de-
voted to the construction of exact solutions of cylindri-
cally symmetric equations of gauge fields and it con-
tains a further development of the group-theoretical
method of integration of a large class of nonlinear two-
dimensional equations of mathematical physics.

The main conclusion of constructive nature that fol-
lows from the results presented in the first part of the
review consists of the proof of the complete integra-
bility of the system of cylindrically symmetric duality
equations in 4-dimensional Euclidean space R, for the
classical Yang—Mills fields in the case of minimal em-
bedding of the subgroup SU(2) in an arbitrary simple
gauge Lie group G. We obtained the following general
solutions of the nonlinear system:

r
%2 (24, 2.)/02,02_==exp ;_]l kapts (249 3-)s

1<e<r, 1‘0=z,.+120, (1)

(k is the Cartan matrix of G of rank #), which describe
the corresponding field configurations and are deter-
mined by 27 arbitrary functions; we also identified 7-
parameter subclasses of these solutions corresponding
to instantons and nonsingular monopoles.

In the time which has elapsed since the writing of the
review of Ref. 1, many of the questions listed in the
conclusions to that review as the subjects of further
investigations have been solved (see Refs. 2-6, 44, and
45), namely:

1) the construction of an invariant method of integrat-
ing the system (1) without recourse to information about
the explicit form of the root systems of each type of
simple Lie algebra separately;

2) the integration of the system (1) in the case of non-
semisimple Lie algebras, including infinite-dimensional
contragredient algebras and superalgebras;

3) the finding of a Backlund transformation for sys-
tems of the type (1);
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4) the generalization to the case of arbitrary embed-
ding of SU(2) in an arbitrary Lie group G (the construc-
tion of the corresponding duality equations of the gauge
fields and their integration), ete.

The possibility of explicit realization for the consid-
ered equations of a pair of operators of a Lax-type
representation that take values in the algebra of the
corresponding group made it possible to reformulate
the problem of integration of a large class of nonlinear
systems, including (1), in terms of the fundamental con-
cepts of the theory of group representations and to con-
struct general solutions to them. As a result, the in-
tegration procedure presented in Ref. 1, which has a
semi-intuitive nature and involves great computational
difficulties for groups of the type E, and E, (which have
cumbersome root systems), has acquired considerable
generality and simplicity. These circumstances have
prompted us to write a continuation to the review of Ref.
1, the final text of which has been based on lectures
givenat seminarsat Serpukhov,Dubna, the P.N. Lebedev
Physics Institute, the Leningrad Branch of the V.A.
Steklov Mathematics Institute, and Moscow State Uni-
versity, and at Symposia on the theory of solitons (Kiev,
1979) and group-theoretical methods in physics (Zveni-
gorod, 1979).

The equations of the gauge fields considered in the
review constitute an essentially nonlinear system,
which, in particular, ensures a unified description for
an arbitrary simple group of instanton, monopole (dyon),
and meron configurations, which are the basic non-
linear objects in the theory of gauge fields. In addition,
depending on the choice of an adequate algebraic struc-
ture and grading in it, the equations of this type des-
cribe a large class of nonlinear effects in other very
different fields of theoretical physics and mechanics.

The system (1), in particular, is encountered not only
in the theory of gauge fields but also, for particular
choice of the matrix k, in the physics of the solid state
and plasmas, the theory of electrolytes, aerodynamics,
nonlinear optics, cosmological models, etc. In the one-
dimensional case (X=X q(2,+2.)) for the Cartan matri-

© 1981 American Institute of Physics 48



ces k of simple Lie algebras it is equivalent to the
generalized (finite, nonperiodic) Toda chain (see, for
example, Refs. 7 and 8), for which numerous studies
(for example, Refs. 7-20) in recent years have been de-
voted to the study and construction of exact solutions.
For the generalized Cartan matrices of the contra-
gredient infinite-dimensional algebras,? the system (1),
which can be regarded in this case as a multicomponent
generalization of the sine-Gordon equation; deseribes
corresponding Toda chains with periodic boundary
conditions. When Z,-graded Lie superalgebras are
taken as the Cartan % matrices, one again obtains in-
teresting systems, in particular, the equations of “N
waves” of nonlinear optics. A large class of nonlinear
equations, in particular the Korteweg—de Vries equa-
tion, is obtained as a special case of the system (1) cor-
responding to the continuous generalization of the ma-
trix k to a continuous spectrum of indices a and 3.
Thus, many well-known two-dimensional equations of
mathematical physics (see, for example, Refs. 22-25)
that arise in different branches of physics and are
treated in the framework of different mathematical
methods are special cases of (1) for a definite choice of
the matrix & or its continuous analog.

As was noted above, the system (1) arises as the real-
ization of the duality condition of a gauge field that
takes values in the algebra of the gauge group G in the
case of minimal embedding in it of the three-dimension-
al subalgebra su(2), which occurs in the definition of the
diagonal group.'! In the case of arbitrary embedding of
s#(2) in g, a much more general system is obtained, and
it will be seen from what follows that the developed
method of integration applies not only to compact but
also to noncompact, nonsemisimple Lie algebras and
also to infinite-dimensioanl contragredient algebras and
Lie superalgebras.

Another important feature of the system (1) is its in-
timate relation to numerous nonlinear differential—
difference equations of first order in the derivatives.
In particular, a finite system of the form

ON2a/02. = Nyg (Nagsr— Nag_y),
1<a<r+1, Ny=Nyrsy=0,

ON 2 4/02, = —Npey (Nzu—Naa-z):

} (@)
(the functions N,, 1<a <2r+1, depend on the two inde-
pendent variables 2, and z_) is the Backlund transfor-
mation for the system (1) in the case'of a Cartan matrix
k of the series A,." Because of this, one can construct
general solutions of the system (2) that depend on 27 +1
arbitrary functions if one knows the explicit form of the
general solutions of Eqgs. (1) for the series A,. In what
follows, we shall refer to the system (2) as two-dimen-
sionalized Volterra equations because of the circum-
stance that in the one-dimensional case, N, =N, (2),
t=z, —z_, this system is a special variant of the equa-
tions which Volterra introduced in connection with prob-

1n the one-dimensional case, the Bicklund transformation
for the Toda chain (of infinite length) was obtained, for ex-
ample, in Refs. 11 and 26 (for detailed bibliographies, see
Refs. 8 and 24). ’
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lems of ecology?” (in particular, to study the dynamics
of the coexistence of species). In applications in phys-
ics, this system arises in the study of the fine structure
of the spectra of plasma (Langmuir) waves and under
the boundary conditions aa— e const describes the
Propagation of a spectral packet of Langmuir oscilla-
tions on the background of thermal noise.® A detailed
review of various appliecations of chains of infinite
length for N,(t) and other nonlinear differential-dif-
ference systems associated with them, including non-
linear induction—capacitance circuits of ladder type,
which are used in radio electronic circuits, is contained
in the collection of Ref. 8. (Also given in Ref. 8 are
special solutions of these equations, in particular of
soliton type, obtained both by means of a Backlund
transformation as well as by computer calculations.)
The periodic problem for a one-dimensional Volterra
chain (Korteweg—de Vries difference equation) is con-
sidered in Ref. 24. In Ref. 11, the inverse scattering
technique is used to develop a scheme for its integration
for rapidly decreasing initial conditions, and a Lax pair
of operators and integrals of the motion are found.

In the review, we shall use the following notation:

G _is an arbitrary simple Lie group of rank 7;

J is the Cartan subgroup of G;

Z* are the maximal nilpotent subgroups of G;

G,Z*,and# are the complex hulls of the groups G, Z*,
and (.‘f‘; respectively;

¢ is the Lie algebra of G

b is the Cartan subalgebra of g

R, and R_ are the systems of positive and negative
roots of g with respect to §;

k is the Cartan matrix of g; 6,=2 PN Foe

vq are the elements of the diagonal matrix V which
symmetrizes the Cartan matrix: Vk=¢Tv,

X:; are the elements of the root space of root j,
*)E Ry,

h o are the generators of § corresponding to the simple
roots a.

For the algebras considered in the review in connec-
tion with the problem of integration of nonlinear sys-
tems (including infinite-dimensional contragredient al-
gebras) the grading is specified by a Cartan element &
of the algebra (or an element that does not belong to the
algebra), with respect to which all the generators of the
algebra are divided into subsystems with fixed eigen-
value of their elements under the action of . The em-
bedding of the 3-dimensional subgroup SU(2) in the
group G is canonical and is specified by an embedding
vector or its Cartan element 4, which together with
the generators L* and L~ satisfies the usual commuta-
tion [k, L*]_==2L* [£*, L~]_=h. The set of genera-
tors that correspond to positive and negative roots of g
and commute with 2 form together with the elements of
b a subalgebra g,c g, which is called the invariant sub-
algebra. We call the corresponding group G, the in-
variance subgroup; it is a gauge group of two-dimen-
sional space' and in the case of minimal embedding oaz
SU(2) in G is isomorphic to II®U(1). We denote by Z*
the maximal nilpotent subgroups of G,; Z! is the factor
group Z2°/Z *, and  is the number of positive roots of

8/80.
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We shall call the eigenvalue A of an operator-valued
quantity A (which takes values in g) with respect to i,
i.e., [k,A]_=2A, the order of A. In accordance with
this, we denote by R'2 and R®® the subsystems R, and
R_ that correspond to the generators of g having the
orders +2 and -2, respectively; E,, and R_ are the re-
maining roots, i.e., R.=R:/R¥; 7 is the number of
roots R(?,). It is obvious that in the case of minimal em-
bedding the systems R(E) and R'? consist, respectively,
of all positive and negative simple roots of g, and 7, =7.!

We represent an arbitrary element g of G in the form
of a modified Gauss decomposition:
g=M*N"gi=M-N+g5, (8)

where {M*,N*} € Z;,8, € G,, which is identical with the
usual one for G,=117®U(1), when Z; = Z*, G, =3, and

gi=expH* €9 (Inthe form given, this decomposition
is valid only for finite-dimensional groups.) From (3)

there follows the obvious identity

(M)~ M* = N*gj (ga)™ (N)™ (4)

in accordance with which the group parameter (for ex-
ample, the Eulerian angles of the three-dimensional
subgroups of G) of the elements N*, g5(g5)™" are func-
tions of the group parameters of the elements M*,

By A N {R,} =0 we shall denote the absence of genera-
tors corresponding to the roots of a certain subset
R,C R. in the decomposition of the operator-valued
quantity A spanned by elements of g.

All the basic concepts of the theory of Lie algebras
and groups used in what follows are contained, for ex-
ample, in the monographs of Refs. 29 and 30.

1. CYLINDRICALLY SYMMETRIC CONFIGURATIONS
OF YANG—MILLS FIELDS FOR ARBITRARY
EMBEDDING OF SU(2) IN AN ARBITRARY GAUGE
GROUP

1. Equations of motion; the action and the topological
charge.

We consider a Yang-Mills fieldA,(x), x € R,, 0<p
<3, that is cylindrically symmetric with respect to the
total angular momentum J =M+L, where M = -ixXV are
the operators of spatial rotations, and L are the genera-
tors of some subgroup SU(2) of G, which is, in general,
arbitrary (not necessarily semisimple). Then in ac-
cordance with Ref. 1, the components of the field A, (x)
can be parametrized by four operator structures W"
=W*(r, t), =%, t=x,, which are scalars with respect
to the total angular momentum, [J, W*]_=0,

Ay =W?, A=nW!L+-MW24nx MW3, (5)

where n=x/r. [The quantities W* can be represented in
the form of the linear combination W* =33 (3 @7 (7, W'
of the operators W*, which are invariant with respect
to the total angular momentum, this last having a spec-
trum of [ eigenvalues which is fixed by the embedding
of the'SU (2) subalgebra in the simple Lie algebra g."]

The electric E and magnetic H intensities of the gauge
field can be calculated in accordance with the usual
rules, and in the system n=(0, 0, 1) can be represented
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in the form

o= (1/2) [Dsyr De ) Ho= —(4/2) (a2 2{(W?, WLA-RY
Es—Hy=—(2s 2 (D, W) ExtHa= : (6)
= (e + 27 (D W)

Here we have introduced the notation

{Ey, Ey}={iEs, EyxiBp); {Hy Hi}={iHs, HyxiH}5
W., =—WiFiWe, W= (z.+2.) {{L*, £iW*—W?_
—(zs+ 2 L¥)

(D, ;W) =W, + [W,,, W]_ are covariant derivatives,
{#, L}={iL,, L,*iL,} are the generators of the SU(2) sub-
group of G with h the Cartan element that determines
the embedding, 2z.=t ¥it, and W, ,=8W/2z. It follows
from (6) that F,,._ =2E, is the tensor of the gauge field
W, of the twq-—dimensional space, E: and H. are the
covariant derivatives in the curved space of the sources
of the field W*, and V=2H, plays the part of the inter-
action of the sources with one another.

In accoi‘dance with the expression (6) for the field in-
tensities, the densities of the actionS=-m Jdz,dz_s and
the topological charge @=— (1/16m) [ dz,dz_q have the
form

5= Sp{(1/2) (54 + 2.)% (F2,._+- V) — (D, W) (D W?)
— (D W (D: W) (0]
q=Sp{—(zs+ 22 Fopo V + (D W) (D, W*) — (D W) (D, W)}
(8)
(cf. the corresponding expressions for the minimal em-
bedding in Ref. 1). Thus, the Lagrangian of the system
describes the interaction of the charged fields Ww* and

the gauge field F', .- with self-interaction in the two-
dimensional curved space.

The equations of motion can be obtained in terms of
these fields by varying the action functional (7):

[D.., Dol W= [WE, VL, [Dyy, Food-=[W* (D))
— (W=, (D W) (9)

where [ , |, denotes the anticommutator.

The self-duality equations are a special subclass of
this general system:

(D, W*)=0; (D.,W)=0; [D,, D: l=[W", W', (10)

and they follow from (6) by equating the components of
the electric and magnetic field intensities.”) Their ex-
pression in the form (10) also requires the additional
substitution W,:= W, th/2(2, +2_), W*= (2, +2_)W*,
which “straightens” the space and cancels the terms

2)Note that Eqs. (10) are differential equations in two-dimen-
sional space for the functions u¥ (z,,2.) and f} (z,,2.), which
oceur in the definition of the operators

W,*=Eu;gi, W*=Effxg_fo (*)
where gJ are the generators of go, [#, gl)-=0,X_, are the

generators of g, which have the order 2 with respect to £,
and (4, X,,.=22X,,.
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= (1/2)(z, +2_)"2" in the expression for H,., The cor-
responding equations for anti-self-dual fields are ob-
tained from (10) by the obvious substitution W*=w-,

The system (10) can be rewritten in the form of the
relation

01024+ W, +W*, 802+ W, -+ W] =0, (11)

which is a realization of a Lax-type representation® for
Eqs. (10) (cf. Ref, 33), which desecribe cylindrically
Ssymmetric Yang- Mills fields for arbitrary embedding
of SU(2) in the gauge group. [It is obvious that the
forms of expression (10) and (11) of the self-duality
equations are equivalent, since the terms [DH,D‘_]..
-[w=,w*l., (0,,Ww~) and (D,-W") on the left-hand side of
(11) have different order (=2 and 0) with respect to the
Cartan element 4.2 ]

We emphasize that hitherto we have not made any as-
sumptions about the properties of the gauge group, ex-
cept for requiring it to have a three-dimensional sub-
group SU(2). This circumstance, by virtue of the pos-
sibility, as we shall see in what follows, of completely
integrating the considered system on the basis of the
representation (11), enables us to obtain a large class
of completely integrable systems of nonlinear equations
in two-dimensional space and to find their solutions
explicitly.

2. Integration of the duality equations for compact
groups.

The representation (11) can be regarded as a condi-
tion for the vector A, =W +W* to be a gradient vector,
i

A=g78. A =gg.., (12)

where g e G. In the parametrization (3), the expres-
sions (12) take the form

Az = (g8 (N (M)t M-, N*g

+(g0) ™ (V)™ Nigi+ (gd)t &b - (13)
A, = (ga) ™ (N7) =t (M)t MY, N-g5
+(g0)™ (N7) ' N5+ (20) £5, 2. (14)

In accordance with the definition, the decompositions of
A, and A, with respect to the generators of g contain,
besides the elements of 8,, only the positive and nega-
tive roots of g/g, of order +2 and -2, respectively; in
other words,

AZ-I-H{R-v ﬁ+}zo; Az_ﬂ{ﬁ'+. ﬁ.}:O (15)

With allowance for these conditions, we obtain from (13)
and (14)

M =0; M =0, ie, M*=M*(z,), M~ =M~ (z); (16)
(N )N N{R}=0; (17
(VN5 N{BY=o0. (18)

Because the parameters of the elements N * N ahEaTs
can be expressed by virtues of (4) in terms of the para-
meters of M* and M~, the conditions (17) and (18) must
also be reformulated in terms of these elements, thus
reducing the problem to their determination. We show
that each of the relations (17) and (18) is a system of
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% -7, equations that in accordance with the identity (4)
connect the first derivatives of the group parameters of
the elements M* and M~, To see this, let us, for ex-
ample, consider (17). Because M* depends only on z,,
the realization of the condition (17) in (14) does not de-
pend on the form of the element M*, which can be set
equal to the unit. Then Eq. (4) can be rewritten in the
form M- =N"g7 (/)" (N*)™, as a consequence of which
the elements N* and g}(27)™! in it also become the unit,
and therefore in (17) we can replace N~ by M=, Simi-
larly, in (18) the element N* can be replaced by M™,
As a result, the system (17)-(18) is equivalent to the
conditions

(MM N{B) =0; (MM 50 (R =0, (19)

by virtue of which the » parameters of M* and M~ are
connected by z — 7, equations, and, therefore, each of the
elements " and M~ depends on n - (1 — 7,)=7, arbitrary
parameters, which are funections of 2, and z_, respect-
ively.

We now turn to the solution of the system (19), which
can be rewritten in the form

My =M+ :m Psa (24) Xias

iy (20)
Mpam=ME B i (5 Xy

where X, , are the elements of g corresponding to the
roots *a € R?); ¢, (z.) are arbitrary functions of their
arguments. The solution of Egs. (20) (like the §-matrix
equation; see, for example, Ref. 34) can be represented
in the form of an anti-Z.-ordered exponential with
Lagrangian L*= 3 aex? @1 o(2:)X s o

+
,Mi‘:gi exp 5 E*(zi) dzy, (21)

or, in terms of repeated integrals of retarded com-
mutators (see, for example, Ref. 35),

m
M#*=exp 3 -;-T j S 5 H dz()8 (z‘i_"’-——zi’)

m=1 i=t

X RE (D, ..., am);
Rt =L{; R}, =[L7, L¥]_;
RY =L, (LF, L§)).+ (L3, (L7, LE) ) (22)

RY =2 (LY, (L3, (LF, L) )]+ 21LF, (L}, (LE, LTl
FALE, (LF, (L5, LYL)L)L+2ALE, (L, (L, L3
Ru= X \LEJALE (LR [...LE LELLLLL,

L .

where

P N | s i TR
2y =2y 0(2)= {0, el Li=Lx(2'Y,
At the same time, because the groups considered here
are of finite dimension, the series in the exponential of
the expression (22) contains a finite number of terms.

Thus, Egs. (21) or (22) solve the problem of inte-
grating the system (10), since the group parameters of
the remaining unknown elements N* and £0(85)7! can be
expressed by means of the identity (4) in terms of the
parameters M*.

3. Monopole configurations. Like the special case of
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minimal embedding considered in Ref. 1, the above con-
struction of general solutions of the duality equations in
R, for arbitrary embedding of SU(2) in G solves also the
problem of describing spherically symmetric monopoles
(or dyons) in Minkowski space (with Higgs field ¢ in the
adjoint representation of G) in the Bogomol’ nyi-
Prasad-Sommerfield limit.** The Hamiltonian density
#for purely magnetic, time-independent solutions is
given by the expression

& = (1/2) Sp 2 + (1/2)Sp (D)2 = (1/2) Sp (H = Do)? = Sp (H-Dg),

23

where H is the magnetic intensity of the Yang—Mills( :
field A ,=(0, A) parametrized by the structures W=W(t)
[See (5)] and (D(P)ED‘P, o LAs ‘P]--

In the Bogomol'nyi—Prasad—Sommegfield limit, any
solution of the differential equations H=Dg (H=-D¢)
realizes a minimum of the energy E=|dx%>[d’x
Sp(H* Dg), the minimum being determined by the for-
mula

2n S drSp {12 (D) — W+, @)_[W-, 9L},
0

(Dep) = 9. —W*, Q).

(24)

Comparing (24) with the integral over t of the action
density s given by Eq. (7), in which the structures W,,
and W* satisfy the self-duality equations and the transi-
tion to the static limit is made, we see that they are
equal for W°=¢ and W=W . Thus, the preimages A=A
and ¢ =A, of static self-dual fields (4, A) in R, are
monopole solutions in Minkowski space with Higgs field
in the adjoint representation of G containing an SU(2)
subgroup embedded in an arbitrary manner.

To describe nonsingular magnetic monopoles, it is
necessary to go the the static limit in the above expres-
sions for the general solutions of Egs. (10), which are
determined by 27'? arbitrary functions, and ensure that
the energy functional (24) is finite by imposing appropr iate
boundary conditions. Then the parameters [the con-
stants of integration of the system of ordinary differen-
tial equations for the functions # and f (%), which de-
pend in the static limit on 2, +2_= t] cease to be inde-
pendent and are connected by algebriac relations (cf.
Ref. 1).

The energy M of the monopole system and the matrix
of its magnetic charge g, are determined by the ¢~
asymptotic behavior of the magnetic field H,=n-+H and
the Higgs field ¢ in accordance with the formulas?

M = lim 4n2 Sp (Hep)and Hy = golbar?,
o

b e
where
Hy=—(2){ 3 15 1 Xp Xgl— 12k}
i,JeR®
o=01/2) 3 (ui—u3) o +(1/2) t™h
4. Topological charge of the dual configuration. By
means of simple algebraic manipulations, the density

(8) of the topological charge of a self-dual system can
be expressed in terms of the operators w*and W,, :

q=Sph(W, ..— Wz+.z-"_(W+W_)‘z+z—]- (25)
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The last term in Eq. (25) can, by means of the equation
E,=H, and the relation W* =(1/2) [, W], be reduced to
the form .

— Sp h (WHW") pas = (1/2) SP R [ (2, + 5
X (W — Wz+.z—)].z_+zm|

whence

q=Sph {[(1/2) 8%/8z,0z_ (2, + 2.2+ 1) (Woe s — Wer 2 )b

or, making in the derivation of Eqs. (10) the substitution
W= W, *h/2z2,+2.), we obtain
q="5ph{((1/2) 8%/6z,0z_ (2. + 2.)*+1]

X [Wez— Wu.z- + k(2. + g_)_al}- (26)
Because SphW?*=0, in the final formula we can replace
W ., identically by 4 ,,, which are defined by the expres-
sion (12). Then, using the decomposition (13) and in-
troducing the notation % =g5(5)™", we arrive at the
equations

SP 2 (Wz—.z-!- = Wz+.z-) = Sp 13 ('-g\;lj&o,u).b
| — 32)8z,0z_ 37, Sp (Roh), 27

where T o are the parameters of the Cartan element

exp Y)ahaT o in the Gauss decomposition for %, and they
can be expressed in terms of the higher vectors gliod of
the fundamental representations of G with weight {14

={0,...,0,1,0,...,0} in accordance with the formula

=1
T, = In Bla! (M*)1M7). (28)

Indeed, taking the matrix element of both sides of the
identity (4), (M*)™*M~ =N"Z,(N*)™", between the states of
highest weight {#={/,, ..., [}, we have

< I (MHM-|l> =t (M+)M")
=<l|exp E‘.' hoTe|l > =exp Slata
3 3

(g{'} is the highest vector of the irreducible representa-
tion of G with highest weight {/}). From this formula
(26) follows. Substituting (27) and (28) in the right-hand
side of (26), we obtain the following final expression for
the density of the topological charge (or action) of the
self-dual configuration:

1 1 a2
0= — 5|5 5 (& + 22 1]
{1,)
82 E a ((M*)‘XM_)
Rl e (29

where £ are the coefficients of the decomposition of the
Cartan element & with respect to the generators of §
(the components of the embedding vector); Sp (hafig)
=(1/2W ok os=(1/2)Vskso. We recall that for minimal
embedding ¢ .= 64, since in this case all the positive
simple roots have order +2 with respect to the Cartan
element & of the embedding: [k, Xal-= Fa talks, Xal-
=3 gt pkapX o = 2Xo. Notethatthe chargeofthe magnetic
monopole is also determined by the static limit of Eq.
(29).

5. Concluding remarks. The main result of the pre-
sent section is the construction of general solutions of
the self-duality equations (10), these guaranteeing, when
appropriate boundary conditions are imposed, a de-
scription of cylindrically symmetric instantons and non-
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singular monopoles for arbitrary embedding of SU(2) in
the compact gauge group G. The proposed invariant
method of integrating Eqs. (10) is based on explicit re-
alization of a Lax-type representation by the pair of
opera.tors“l,t (12), which take values in the algebra,
All the constructions of subsection 2 can be completely
transferred to the more general case when the operator-
valued structures W* in the representation (11) contain
contributions of the generators of the algebra up to a
certain order |s| = 2, these leading to the following
modification of Eqs. (20):

ls] '
Mi=M*3 3 g (34) Xioe
o P=2 ger{
Since we are unaware of any physical applications for
generalizations of this kind, we shall content ourselves
with noting the possibility of integrating such systems.

In the following sections, particularizing the form of
the algebras and the choice of the grading in them, we
consider anumber of nonlinear systems of mathematical
physics and, in particular, the two-dimensional gener-
alized Toda chain (both finite and with periodic boundary
conditions); these systems admit complete integration
on the basis of general formulas of the type (11) and
(21). We note that if the “kinetic” part of the equations
of the resulting system associated with particular alge-
braic structures is to be the two-dimensional Laplacian,
the corresponding invariance subgroup must be Abelian.

2. INTEGRATION OF TWO-DIMENSIONAL
NONLINEAR EQUATIONS ASSOCIATED WITH
FINITE-DIMENSIONAL ALGEBRAS

1. Generalized two-dimensional (finite,, nonperiodic)
Toda chain. An important example of the concrete re-
alization of the general results of Sec. 1, whose use is
not restricted to the theory of gauge fields, is the case
of minimal embedding of SU(2) in a simple compact Lie
algebra g. For this embedding, the Cartan element &
satisfies the commutation relations [r,X.0]=x2x,,
with the generators X ., of 8 corresponding to the sim-
ple roots, the invariance subgroup is Go=NT@®U(1) (Ref.
1), and the formulas (*) in footnote 2 are rewritten in
the form W,, =3 odahe, W*= TofiX. 0. Then the Lax-
type representation (11) leads in conjunction with the
relations

lhas kgl =0; [hg, Xipl = o kguXyp,

[Xoy X gl =bogh, (30)
to the following system of equations for «% and f* -
(lnf;-). fo e (ku_)c; (lll. fa). 7 =F (ku+)q; } (3 1)
u;, :_—RE, P f;fav

whence, introducing the functions Pa=(Inf ;)f;, which
are invariant under G,, we have

(32)

This last system describes the generalized Toda chain
with fixed ends (p,=p,,, = - =) and goes over into the

system (1) as a result of the substitution Pa= Yl BogXs
because of the nondegeneracy of the Cartan matrices &

of simple Lie algebras.

P, z+z-=§l kuﬂ eXP pg, igagr.
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In accordance with the general scheme, the solution of
the system (32) is determined by the element

K = (M) M~ = N-exp (H) (N*)1, (33)
in which the elements M* satisfy the equations
M =Mt T G4 (20) X o =ML
e 2 " (34)
M =M e 0 (5) Xog= ML, M* €Z*=2ZF

and are expressed by Egs. (21).
Here, expH=g; (g})™ =exp YiaHoho, &y =expH* €

The Gauss decomposition (33) makes it possible to
determine explicitly N* and expH and thus to find the
functions f :, in terms of which the solutions to the sys-
tem (32) are expressed. The calculation of the explicit
expressions for N* is a fairly laborious problem. How-
ever, we shall show that the solution to the system (1) is
completely determined by the functions H, in (33). To
this end, we substitute the decomposition (33) in the ex-
pression for

KK, ok, K Kt B, (35)

obtaining

exp(—H)(N)' N ,_exp H +H,, —(N*ytN*, = (N1 LN+,
—exp H(N*)* N?,, exp (—=H)+H, 4 (N)IN7,,
= — (N IL+N-.
From this we obtain the relations
(NN . =expHL-exp(—H); H., — (NN,
=(N*1L-N+—[;
(V)N =exp(—H)Lrexp H; H, ., + (NN,
= — (N 'L*N- [+

(36)

Then, introducing the current-like operators J,,
=exp(-H)L +expH andJ,_=H,_+ L~ - (N*)~1], -N*, we
find from the condition of their compatibility in the
form [8/02,+d,,, 8/02_ +J,.].=0

Hooo el exp (—H)L+exp H]_. (37

Using (34) for the operators L* and the commutation re-
lations (30), and decomposing the element H with re-
spect to the generators #, of b, we obtain from (37)

H o= ;ﬂ‘Pﬁu.‘Pm [X_, EXP(— z‘.‘ thv) Xipexp (GE Hekn)]
= agﬁ'P-aCPw exp [_' (kH)Bl [X-m Xﬂi]_

= § P1aP_qXp [— (kH)y] k.

ie.,
He, 2= — Q10 (21) 9-q (2) exp [ — (kH)q], (38)
or, introducing the functions
to=—H,+ ﬂgka]; In[@,5pg]5
exp (=) =exp = 3 kb1 (019 () 9.9 1) (39)

x gad (1)t a1y,
we see that x, satisfy the system (1).

The density of the topological charge of a self-dual
configuration for minimal embedding of su(2) in g is a
direct consequence of the general formula (29) for
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t o = 0a, which, after summation over the indices a and
B with allowance for the equation

S Inted — — (vz), 2= 02024 02 Ing™,

o
can be represented in terms of the highest vectors E{"}
of the irreducible representation of G with weight {v} :
(40)

9= _{(1"‘2} 6:2:_ (z++z_)2+1] azf;z_ In

B M)
(‘++z-)‘n°) g
For the solutions of the system (1), we give one fur-
ther derivation of Eq. (39), this derivation generalizing

in an invariant manner the solutions (1) for the series
A,! We denote by X; and X;, respectively, an element
of the eigenspace of the i-th root of the left and right
regular representation of G, and by iy and o the gener-
ators of the corresponding regular‘represehtagiong of
the Cartan subgroup % We have [¥v,Y_=0vY={X;hd,
f E{&;,ﬁq}. In accordance with the definition £ (k)
=(L|K|l) of the highest vector of the irreducible re-
presentation of G with weight 11},

X =R, EV=0Y i€Rs

ol = — ol = 12" (41)

It is easy to show by directly verifying the fulfillment of
relations (41) that the determinant of second order

Mg gl
det (E X:f” i )
b h o0 ol

is none other than the highest vector g{-"m} of the ir-
reducible representation of G with weight {Lw}

={2l; - kg, 1<B S7} with proportionality factor lg,
which is determined with allowance for the equation
glth(k)| =1. We shall also require a formula that ex-
presses § 1} in terms of the highest vectors of the fun-
damental representations of G (see, for example, Ref.
29):

(42)

- lrl1 1
by virtue of which

E(z) X E(ll
et (“ s

VR i e (1gh —kg,
%-aal'}ifﬁ,agm) el i TR R
Taking as K in G the element (M*)~'M" in which M"
=M*(z,) satisfy Egs. (34), we obtain

d r A1 M-I = ¥ el
g0 e — S @ua (U Xea (T MD=— 20wl LT |y

Pl

At = D () X
Taking £} in (44) to be the highest vector &'} of the
fundamental representation and noting that

X el = Xeltal =0y p#a,
we obtain

; s d A
L g0 — g (R o8 e ) X (4D)

and, using (43), we find

1 1(3“«’3“:‘1’ ) Pa? (EUE}XO‘E“M )
de & = — 2 a

(L yeti b aP-als s, T

”:‘(. i s, zﬁ:_ £ lAuE“a}-'\aX—:v:.“n:

= — (P+u'§9_u?-.”“a}7ku'ﬁ} = —Q;aP-a B['!ﬂ ig“ﬁllihﬂ'ﬂ.

(46)
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Comparing (46) with the system (1), written down for the
functions

X,=exp(—x) 1<asn;

R, g T e CakTy (4n)
det( E )=_[] X5 "ah,

Xa.; z_Xa. zert BEw 5

we arrive at the expression (39) for the solutions of the
system (1).

2. Examples of completely integrable self-duality
equations for nonsemisimple Lie algebras. We here
consider the nonlinear equations at which we arrive in
accordance with the general scheme developed in Sec. 1
by taking as gauge group a connected Lie group G re-
presented in accordance with the Levi-Mal’tsev theo-
rem (see, for example, Ref. 29) as the semidirect pro-
duct of its solvable and semisimple subgroups. In what
follows, we shall restrict ourselves to connected Lie
groups possessing Abelian invariance subgroups and,
therefore, nonlinear systems of the form

(48)

Za, .= D, (2).

It should be noted that the problem of distinguishing such
groups among all connected groups is fairly complicated
and there is as yet no general criterion for their selec-
tion.

Since the Lie algebra a of the group G can be decom-
posed into the direct sum of its radical N and semi-
simple subalgebra g, with

g, sl. = g; R, R R; [®, ol-= R, (49)

it is natural that the structure of the system of result-
ing nonlinear equations (48) will have the same nature,
i.e., will contain as subsystem equations of the type (1)
corresponding to the subgroup G.

a) We consider as G an arbitrary simple Lie group G
with commutative multiplet 1} 1ying in its adjoint re-
presentation. Then the operators 4., which realize the -
Lax-type representation for the system (10), can be re-
presented in the form

4y, =3 o+ fi K+ UsHa FiY sl (50)

where &, f%, Uk, Fy are functions of z,and z_;

{X g1 SO 7} are the generators of 8 corresponding
to the simple roots; and {Y,,,Hy, 1< < #} are the gen-
erators of g{1} which satisfy in accordance with (49)
the commutation relations

[Ha Rﬁ]_=0: [Hﬂ..X::B]-=$k5u.Y=ﬁ; }

51
[krn Ytﬁ]—= -l kBmY:th [Xm Y-ﬂ]w = GctﬂHaﬂ ( )

With allowance for (50) and (51), the representation (11)
in the considered case leads to Eqgs. (31) for uy and f 5
and to the system

(Falfa), 2o =(EUas (F&IfE), 2= — (RU )
U;;. z-_Ua. I (F&fa+ Faf&)‘

whenece, introducing the functions p«= Inffzand 04
= Fy/f a+Fy/fa we finally obtain

Po, 242 =§ kua exp Pp;  Oe, zez- =25.; kuﬂuﬂ exp Pp- (52)

We shall not give here the results of integrating this
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system because they can be obtained by taking as gauge
group the direct product G ®G of two simple Lie groups
with subsequent contraction operation.

b) As a second example, we consider the semidirect -
- Product of the group SU (2) and the commutative multi-
plet Rir} of dimension / with respect to the angular mo-
mentum of the group SU (2), the generators of the multi-
plet satisfying the following commutation relations with
the generators  and X, of the subalgebra s« (2):

By Bl =2mRy; [Xs, Rpl.=V{F m) (£ m 1) Rpay. (53)
In accordance with the general scheme, we set
Ar =uth 42X, 4 f#Ro 4 fER,,. (54)

Then the representation (11) leads to equations of the
form (31) for #* and f* and

o=, = VITFD (17 — 41
(/1. =VICTD fis (1117, = VIOT 1) fi;
whence for the functions p=1n(f*f~) and o =7 WA v/ i
we obtain
Pz =2expp; O ., =1(l+1)oexpp. (55)

It is easy to show that the system (55) has the general
solutions
p=In[D, ., O_ . (D, +D)2;
0= (@s+ @y [ L _8=(0) s, {0

] (56)
30T (@, +oym 0L [, 4 mw)m_'}

for integral I. Here, ¢.($;) and ©:(z;) are arbitrary
functions of their arguments.

3. Two-dimensionalized system of Volterra equations
(difference Korteweg—de Vries equations) as Bdcklund
transformation of the Toda chain and their complete
integration. Here, we integrate the finite system (2) of
Volterra-type equations. The proposed method of con-
structing general solutions of this system, which depend
on 27 +1 arbitrary functions, is based on the circum-
stance that this system can be regarded as the Backlund
transformation for the two-dimensionalized (finite, non-
periodic) Toda chain.

It follows directly from the system (2) that the func-
tions

Pe=In (N?.G—lNEa); pa==In (NoaN g r1), I<agr,

satisfy the equations

Pa,zz = 2expp, —€XP Pat1—€XD Pa-y, Py =Pr41=—00;
P, 2. = 2 XD Pz — XD Pyt — XD Pi-1, )= prys——oo, L (57)
1<er,

which describe the two-dimensionalized (finite, non-
periodic) Toda chain associated with the series A, (32).
In other words, the system (2) can be regarded as the
realization of a Backlund transformation for Egs. (57).
Since the general solutions of the system (57) contain
27 arbitrary functions, whereas the general solutions of
(2) are determined by 27 +1 arbitrary functions, the
Backlund transformation (2) for the system (57) poses-
ses a functional arbitrariness in the form of one arbi-
trary function. The scheme for integrating the system
(2) consists of establishing a connection between the 2#
arbitrary functions &, ,(z,) and ®_2_), 1 <a s7, which
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determine in accordance with the results of subsection
2 the general solutions of the system (57) for p,,

1<a <7, and the 27 functions 9.(2.) and ®’ (z_), which
determine the solutions of (57) for p’%. The solutions of
the system (2) are completely determined by the rela-
tions

NoaiNag=exppg; N2alNouy1 =exppi, (58)
ISa<r,
and the equation

Ni,z=—expp, (59)

by means of which the missing arbitrary function is in-
troduced.

We illustrate this construction for the example of the
simplest case of the group SU(2) (r=1), for which the
system (2) has the form

Ns, 2= —N{Ny; N'_’, =N, (Na—‘Nl); Nﬂ. T NP_NJ- (60)
Substituting the well-known general solution
expp(=NN,) = 4P, /(1-8.8_) of Liouville's equa-

tion into the first of the equations (60) and integrating
them successively, we obtain

Ni=u' i~ 0, (O 44D, ))/(1 — ©,0);

Vo=t 1o /1~ Ou0) -0, @05 | (61
Nyt BB B 1—0,0_
iy o =D (O_+ud_ 7 *

where @,(2,), ¢_(z_), and “(z_) are arbitrary functions
of their arguments, Thus, the Backlund transformation
which is realized by the system (60) and relates the
solutions p and p’ of Liouville’s equation leads to the
replacement of the arbitrary function ®_(2_) in exp p
by the arbitrary function ®_(z.) +4(2_)®_ . in the solu-
tion expp’ (=N,N,). >

We require explicit solutions of Eqgs. (57) in poly-
nomial form; in accordance with the reduction scheme
of Ref. 1, they can be written conveniently for the series
A, in terms of the functions exp(-xo)=X,,

Xomoxp(= 3 ile),  t<ascr, (62)
which satisfy the system [cf. (47)]

X&,“z_xa.‘—)(’u, zqu, = ‘—Xc:—ixa+1.
Xo=X.p1=1.

1<exr, (63)

The solutions of the system (63), which depend on the 27
arbitrary functions @, ,(z,) and ®_(2_), are given by

Xo=(—1)""8 (%), o<cas<r: (64)

Xy=X=[4,(@) A, (@) 1 4 :‘;‘, (=1)*Die0,],  (65)

where A,(X) are the principal minors of the matrix
Xzzﬂ = X. O I SRR S |
S —

[ p——
-1 p—1
and A, (®,) and A, ($.) are the determinants of the ma-
trices
Qp, o= Dig, o,... 24
\—V—J

B
and

cDﬂ. _— = (D—a. At Iy
B
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respectively. Therefore, in accordance with (64) for
X,, we arrive at the following expression for the func-
tion expp, =X, X;2= —(InX),, ..

exppy= l_ E (— 1)‘1 Dyg, z+[D—a, z_
-+ E (D+ePp, 2o — Dia, z+m+ﬂ) (D D-p,:.— Dz, z-mkﬂ)l i

a<fh
x+3 (=10, 01", (66)

and this is needed for the solution of Eq. (59). Equation
(59) in conjunction with the equation NN, =expp,

= - (InX),, ._ enables us to find an expression for N,
N,=(InX), . +8(2.), where g(z.) is the arbitrary func-
tion which realizes the functional arbitrariness (of one
function) of the Backlund transformation noted above.
Then for the function N,, we obtain N, = expp,[(InX), ,_
+£(z_)]™", whence, using the second of the equations (2),
N,.,_=N,(N; - N,) =expp] — expp ,, we have

expp, =expp;— Y2 (¥)2{[¥2 uE),..— Y (uZ)]
-+ (1/2) u® [Yfz.z,z__ Yz,z_z_zi}=
=(¥)={— ; (=) Oier, 2, (Pt uloa,2 ),z

+ uf{lﬂ (@145, 2p— Py 1, P1p) [(Poa - uPoc, 2)
X (Bp+uD-p, )2~ (Pog+ UPog, 2) 2 (Pop+UD-p, )] L, (67)

where
T (112) ¥, e W0 WL e A S(=1E®s Do
Y =1+ 2y (1) @iy (Pog +u P, o)
o

and the functions # and g, which depend on the single
variable z_, are related by

g— /(-1 n A, (D)), =u" (68)

The expression (67) makes it possible to find explic-
itly the transformation connecting the functions &, and
&_,, which determine the solution of the Toda chain (57)
for po, 1<a 7, to the functions &!, and ., which
determine the solutions p, 1S a <7, of the same sys-
tem. It is simplest to arrive at (67) by noting that the
denominator of the expression on the right-hand side of
(67) contains the product ¥’ 2(¥')? of the squares of two
polynomials, one of which is equal to the denominator of
Eq. (66) for exp p,, whereas the other, Y’, corresponds
to the solution exp pj. Thus, the result of integrating
the Backlund transformation for the system (57) can be
represented in the form®’

X, = Xo (@4 ©), Xo==Xo (D, O_+ud- ;). (89)
This enables us by means of the relations (58),

Nago1Nog=e€xp Pa (D, CD__);
NN ong1 = exp po (P, O_+ud-, ),

and knowing the general solutions X, of the system (63)
and Eq. (67), to reconstruct the general solutions of the

3)0ne can see the validity of Eq. (67), which actually already
contains the result of the transformation &],=%,, and @,
=§_y+U D,z directly by substituting the expressions
expp ==0nY), ., .» CEP pl=—(n¥),,,, and N\ =Y /u¥
into the equation expp] —expp; =Ng .= [N;'exppy), 4., which
has to be verified; one then obtains the chain of relations
{(ny /¥),,, —(nY),, . % /v, =y Yy, .~ Y,
-7, Y —ul¥Y,, ..~ Yzl e Nh =0 which completes
the verification.
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system (2), which depend on the 27 +1 arbitrary func-
tions €,q, ®-a, and u(z_), L<sasr. The final expres-
sions for the functions Ny, and Ny have the form

1

Ay (O_+u®

L2 z) r+1 . A
et ] K Xa (KaaXa)

vy (70)
] M %o (N,

P

A (@)

N20.=u [-——_Ar(m_+u®_l z-,

Note that Egs. (2) in the case of an even number of
functions N, can also be regarded as a Backlund trans-
formation connecting the solutions of the ‘system (57) for
the algebra A, to the solutions for A,_,, which actually
corresponds to replacement of the boundary conditions
Ny=N,p1,=0 by Ng=Nypsy = 0. If the solutions (70) ob-
tained above are used, this procedure reduces to trivial
operations, the condition Ny, ., = 0 leading to the ordinary
differential equation A (&_+u®_ . )=0, which connects
the 27 +1 functions @, ¢, ®-a, and %, namely, u~t
= —[In(@y+ Ta @®@- )], ._, where a, and a, are arbitrary
constants. The solutions of the system (2) then ob-
tained for an even number of functions N, depend on 2%
arbitrary functions. [We emphasize that the vanishing
of A, (€' 4), which ensures fulfillment of the boundary.
condition N,, ., by no means entails the vanishing of all
the remaining functions, since the presence in (70) of
the common factor A, (®.) is compensated for N,,

1 <a <27, by the corresponding dependence on it of the
functions X4.]

The solutions of the system (2) in the one-dimensional
case can be obtained from the constructed general so-
Jutions (70) of the two-dimensionalized Volterra equa-
tions by the substitution €,q=C,a €XPM o2y, ®_q
=C_ o EXp(— MR ), 4(2.)=2Uy= const. The functions X
and X', which determine in accordance with (65) the so-
lutions X, and X%, take the form

X = [[] dgmaW2 exp (¢ 3 mp)l
1 =)

—1/ir+1)

T
x 14 Ei (—1)Vd, exp (imy)];
¥= :

i e 1)
X' = [n dam.‘l’z (1 + Urnmg) W2exp (t SEi mB] Al (
1 =

x 14 Et (—1)Vdy (1 + uemy)exp (tmy)],
Y=

where dg=Cioloa, t=2,—2_, WEW(M,,. .., m,) is the
Vandermonde determinant (cf. Ref. 1).

Thus, the solutions of the one-dimensional Volterra
equations are characterized by 27 + 1 arbitrary para-
meters do, Mo, and 4, and can be written in the form

e 1r+1) Ag (X') Agey (X)
Nagr =03t [ TLA+uome) ] e aas )
[5#1 J o (X)Ag—1(X") (72)

Naw=ug [ TI (1-+ugmy)| ™" Satiiiecy)

p=1

where A 4(X) and A,(X’) are the principal minors of the
matrices X oz=d " 2X/dt***7 and Xis
=q%8=2x7 /t®*=2, In the case of an even number of
functions N,, the parameters da, Ma, and u#, cease to be
independent.

The one-dimensional Volterra equations of the type
considered above are intimately related to the nonlinear
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differential-difference system
Ma.t=(1+Mv=z)(Ma+l—Mu—l)' (73)

which can be made finite by imposing the boundary con-
ditions M_1=—MN1,151': -

Ra, 4= (1— %) (Ras1— Ray), 0<a<V, (74)
where Ry=—-iM,, R_, = -Ry, =1,

The connection between the solutions of the Volterra
equations and the system (74) is given by the relations
(see, for example, Ref. 8)

No=(14Ry) (1—Ray), 1<a<N, (75)

which are a finite discrete variant of the Miura trans-
formation.*” Knowing the solutions of the Volterra
equations, we can readily construct the exact solutions
of the system (74) in accordance with Eqgs. (75) and one
of Egs. (74). Indeed, the first equation in (74), R, ,
=(1-R})(R, - 1), and the relation N,=(1+R))(1-R,) en-
able us to eliminate R, and reduce the problem of find-
ing the function R,=f~!1 -1 to integration of the equation
Jie+ (N, =4)f +2=0, whose solution has the form

f=—2[1+ 3 (=1)*dexp (mat)J_l {Ft+cpexp(—ag

o
1) mm?H\.

+ 3 (— exp (mat)} , A=u'—4, ¢,=const. (76)

After this, the remaining unknown functions R,,

1< a <N, can be expressed algebraically in accordance
with (75) in terms of the known functions Ny and R,,
The final expression for the solutions can be repre-
sented in the form of the continued fractions

14+ Ry=52 —
2—Ng_,
I—Nes
1<aKN . (77)
N
T,
2—N,

1T—17;

In the case of an odd number of functions R,, the gen-
eral formulas (77) are not changed except for the de-
pendence noted above that arises between the para-
meters do, M, and u,.

As we have seen, the decisive factor in the construc-
tion of the general solutions of the Volterra equations
(and their two-dimensional generalizations) was know-
ledge of the general solutions of the corresponding Toda
chain, for which the former serve as the Backlund
transformation. In this connection, it would be inter-
esting to construct an analog of Eqgs, (2), which would
play the part of the Backlund transformations for the
generalized Toda chain (32) corresponding to an arbi-
trary simple Lie algebra.

Note that for the equations of the two-dimensional
Toda chain with periodic boundary conditions the Back-
lund transformation in the form (2) obviously leads to
the conditions N,=N,,, N,y 4, =N,, which, generally
speaking, make it possible to integrate (2) in this case
on the basis of the solutions for the periodic Toda chain
(see the following section of the review),
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3. INTEGRATION OF TWO-DIMENSIONAL
NONLINEAR EQUATIONS ASSOCIATED WITH
INFINITE-DIMENSIONAL GRADED ALGEBRAS

In this section, we consider systems of equations with
€xponential nonlinearities of the form

Pa, 2,z = (k €xp p)g; (78a)

(78b)

with arbitrary numerical matrix k; for degenerate k, the
connection between these systems does not have the
nature of an identical substitution of functions
(Pa=(kx)s). The representation (11) of Lax type in the
case of compact algebras suggests a method for con-
structing a pair of operators for the systems (78).

| Za, 22 =exp (kz),

To this end, we introduce a system of 3» operators
Xia, ko, 1 Sa <7, making them satisfy the commuta-
tion relations

0
hg e, " =
[huu Xiﬂ ‘_ﬂ:kﬂzxiﬂ ) [X-Mu X—BL— uﬂhm (79)

where k is the matrix which occurs in the system (78).

The relations (79) were studied in a number of papers
(see, for example, Ref. 21), in which they were clas-
sified under certain restrictions on the matrix k. If
(719) is to be accorded the nature of an algebra (finite-
or infinite-dimensional), it is necessary to investigate
the properties of the m-fold commutators
[¥wo e [ s sy, Xia ll=X:q .. .a,, which be-
long to the invariant subspace C,,, with grading *m,
The requirement that there be an invariant bilinear
form in the representation space makes it possible to
determine the norm of the element Xy 10+ .8, i0 the
form le,_ O (X—l!m.. - X+01.. s 'am) ((‘X+Q’X-8)
=04g) and calculated by means of the Jacobi identity, the
relations (79), and the definition of X ty,...,q, (as
multiple commutator).

The algebras that arise in this manner are classified
by calculating the dimension D(m) of the invariant sub-
Space with grading m (i.e., the number of linearly in-
dependent elements with nonvanishing norm). As quan-
titative criterion, we choose the ratio limit

lim In ( ‘1§1 D(s))/Inm=d. (80)

These are the following three possibilities:

1) d =0, which corresponds to finite-dimensional sim-
ple Lie algebras;

2) 0<d = const <w; the algebras which arise in this
case are infinite-dimensional and are called algebras of
finite growth;

3) d ==, which corresponds to infinite-dimensional,
unbounded algebras.

In the first two cases, one can make a complete clas-
sification of the matrices k (the so-called generalized
Cartan matrices), i.e., one can list them all and as-
sociate generalized Dynkin schemes with them, Natu-
rally, semisimple Lie algebras arise as a special case
of algebras of finite growth for which the determinants
of the matrices # are nonvanishing,.
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By means of the generators (79), we construct a pair
of operators A ,, in the form [cf. formulas (*) in foot-
note 2]

Aoy = Dlha+ 5 Xradi Ar= T ko faX-a). (81)
Then the Lax-type representation

[0/02,+A,,, 8/0z_+A,_]=0 leads to the system (78a) for
po=Infafa.

To find the solutions of the system (78b), we introduce,
as before, the operators M *, defining them as the solu-
tions of the S-matrix-type equations

M%, =M*L*; L* =% 0sa (2) Xue (82)

where ¢ 1(2:) are arbitrary functions of their argu-
ments expressed in the form of anti-g;-ordered expo-
nentials (21). We emphasize that in the general case
the series in the arguments of the exponentials (22) are
not bounded and contain an infinite number of terms
(semisimple Lie algebras are an exception). For in-
finite-dimensional algebras, the concept of a group
element becomes meaningless (at the same time, nil-
potent infinite-dimensional subalgebras can be expo-
nentiated, and the elements M* exist), and therefore the
element K = (M*)™*M~ cannot, in general, be given a rig-
orously defined meaning. For this reason, we shall
consider the solutions of (82) in the form of a series of
successive approximations, the operators & or, ulti-
mately, the functions ¢, a® -« playing the part of a
“gmall parameter.” Then, substituting in K the expres-
sions for M* up to some p-th order and determining to
the same accuracy the elements of N * and exp H from
the relation

K =~ N-exp (H) (V)™ (83)

we conclude (repeating literally the arguments of Sec.
2.1) that H= 334 hoH, satisfies the system of equations

H,z,z_zii‘, exp(——H)ﬁ*epo];} (84)

Hg, 2:0 &= —§GraGa €XP [— (kH)g).

Here, the symbol = signifies fulfillment of the corres-
ponding equations up to terms of p-th order in powers
of Q+aee PraPeoyes e Pocy- To make the transition
from (54) to (78b), it must be noted that the functions
¢.qand ¢_qare related by

S gl =0, 3 Ingqid’ =0,
o o

where A is the set of left eigenvectors of the matrix
b with vanishing eigenvalues: (\‘k),=0. In the case of
nondegenerate matrices &, all the functions ¢ :o are
functionally independent. Thus, the problem of solving
the system (78b) for infinite-dimensional algebras is
now concentrated around the problem of investigating
the conditions of convergence of perturbation-theory
series.

To obtain closed explicit expressions for the functions
exp(-%), which give the solutions of the system (78b),
we introduce “generators of the highest vectors” Ry
and R7, of the fundamental representations of the al-
gebra defined by Eqs. (79), making them satisfy the fol-
lowing commutation relations and orthonormally condi-
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tio.n:
[Xius H?]—- . 0;

lhe, RE)-==£ ﬁaaﬂﬁ:}
(Ri» BE)=8ap. s

(85)

By means of these generators, we find from the expan-

sion (83) in an obvious manner
expH,=(M*Rz(M*)™, M R% My
=? (=1 (ags - . s En)s ({313 PR ﬁn).-

vy Brs @n .. oy | &), &y =

X (0 | oz .-

(86)

[the last equation is obtained using (85)]. Here, we have
adopted the notation

2y b 2
)= dz} dz} dz%
(0gy + v vy @n)x Pra, 025 | Piq,d2x - .. QianZs

which is a multiple integral of the indicated sequence of
functions; the scalar product in (86) for the vectors
N ) =[X_apeeeo) R () oyBa..Ba=[Xspy- 830y
R7,] can be calculated by means of the Jacobi identities
and Egs. (79) and (85). Note that the expression (86) for
exp H is purely algebraic, and it determines this quan-
tity as the scalar product of two vectors M*RE(M*)"1,

For the solutions of the system (18b), we obtain by
means of Egs. (83), (84), and (86) the following formal
final expression, whose domain of convergence requires
an additional investigation:

n r
exp (—xq) =exp (— "‘_;1 s, In Fasie)exp (— i;’:_,ﬂ AL In feefr)

x (M*Ra(M*)™', M RE (M), (87)
where (kp®)a =0.1<s <m; (BA)o=Egdy, n+1<t

< y(E,+0), and the functions ¢ s, Which occur in the de-
finition of L* in (82), are related to fiu(n+1<s <7) by

GiaP-a= H (f“f_s)‘\a' (88)
s=n+1

From (87), we can obtain a formal solution of the
Goursat problem for the system (78). To see this, we
make the solutions of (82) satisfy the initial conditions
M* =1 for z,=a, and M~ =1 for z_=a_. Then as follows
from (86) and (87),

esp(—xu)|z_ia_=0£?xp[—i;l pen fas (24) *l;m_i I+ Infye (z:)],

i.e., the functions f,;, 1 s Sn, are determined by the
values of exp(—%,) for fixed z_=a.. Similarly, the
functions f_g, 1 s <n, can be found from the values of
exp(— %) for z,=a,. This gives the solution of the
Goursat problem for the system (78b).

In the case of algebras of finite growth, when k is
identical to their generalized Cartan matrices, one can
make a general estimate for the terms of the p-th ap-
proximation in (86) by showing that for functions ¢ i«
that are bounded on the intervala, <z, <b,,a_<z._ <b._
but otherwise arbitrary the series in (86) is absolutely
convergent. To prove this assertion, we require the
following two facts from the theory of representations
of graded algebras of finite growth, which we give with-
out proof (see Ref. 38). The generalized Cartan matrix
of such an algebra is negative definite and has exactly
one vanishing eigenvalue. The mutual scalar products
of the basis vectors of the fundamental representations,
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containing equal numbers of raising and lowering
OPeTators Ry oy...an=[X oy, .. o, RY )., and Rioun.., an
2[X, an,....c0» B2,), have the same sign, being positive
for even » and negative for odd n, (- 1)" (Rt Be)
>0. We denote by p2 the unique eigenvector of the ma-
trix & with vanishing eigenvalue, (ku®),=0. For all al-
gebras of finite growth u3>0,% and we normalize this
vector by the condition minu®=1. The system (84) cer-
tainly has a solution of the form Hu= g H, under the
condition — paHoy), 4, =@ +op_ o for all a, i.e.,
Prclf~ o= PaPsP- OF @, 0=pS@., @_o=¢_. At the same
timez Hn = jqﬂ+d3+ Iﬁf’-dz-, and f‘+= Eﬂl #ng'pﬂ E‘_
=2ia X_a@.. Then for M*, we obtain the final ex-
pPressions

Mr=exp 3 piX,q j dzyp, =expX, (g.);

3 (89)
M =exp 3 Xox j dz_p.=expX_(¢.).

To determine X., we have

X, 1= She =l b, Xopl ==+ = BbkgaX up.

Substituting (89) in (86) and using the following property
of the multiple integral,

I Qdz, j‘@dza St qu;dz,,: ( j [0} dz)u/n!,
we find
exp Hy = (M*Ry (M%)™', M™Rg (M)
= exp ( — Mg 5 dz,p; Y dz_tp-)
- E (_1),, (\ W-;:h)“ (“ q‘_dzu)"

n!

Xz.p‘.'xpr“,... WY (RGE i Be  )

ie., 37 waus. .. uRzs, . 0 R, )= (S

To estimate the terms of the n-th approximation in
(86), we consider the functions Y+a and ¢@_ o, which are
bounded on the intervals (a,, z,) and (a_, z_) and for
which [@_of SM_, |@, .| M, < oM* (the last inequality
follows from the normalization adopted for the vector
K&=1). For the n-fold integrals in (86) we have the
obvious estimates

[ (@Be ... Bo)- | <M (z_—a)/nt;
@ on)s |[SMIRE, .. poa (2, —ay)"n! (90)

Substituting (90) in (86) and using the above sum rule
and the positive definiteness of the scalar products of
the basis vectors, we obtain the following inequality for
the n-th term of the series S,:

| 8n | <MIM™ (3, — a.)" (2. ~-a_)"/n!

Thus, the series which determines the expressions for
the solutions of the system (78b) in the case when k
coincides with the Cartan matrices of graded algebras
of finite growth is absolutely convergent and gives the
solutions of the Goursat problem for the system (78b),
the solutions depending on the necessary number of
arbitrary functions. We note that formally the series
(86) also gives the solution of the system (78b) for ar-
bitrary matrices %, but the problem of its domain of
convergence requires an additional investigation.
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Among the equations of the system (78b) correspon-
ding to infinite-dimensional contragredient algebras of
finite growth, the best known are the sine—Gordon
equations

P2 =2exp o —Zexp (—gW); (91)
¢'Fe. = exp 209 — 2exp (— g'¥). (92)

These equations follow from (78b) for matrices k of the
form (_373) and (_273), with e Va2y 2x, and @@

=X, - 2%,, respectively. Solutions of these equations,
which depend on two arbitrary functions, are construct-
ed in Ref. 6 and are a direct consequence of the general
expressions of the present section:

exp o/2 = pl/2 (2.) /2 (z.) X (X (), (93)
exp (— @) = qiq (24) @y (z) X2 (XP)~2 (94)
@) .oy i
Xo'=Xo |¢¢z=¢;{' X' =%, thZ:"';iﬂ
a=(M*Re (M), M"RE(MY)™Y, a=1, 2; (95)
F

M* (z,) =, exp j 425 [Que1 (22) X ot + @us (23) X 2a].

The infinite series that arise when the expressions for
X o are written out in the case under consideration are,
as was shown in the general case for algebras of finite
growth, absolutely convergent. As an illustration, we
write down the first eight terms in the expansion of X,
in powers of ¢, ,¢_, (X, is obtained from X 1 by the
obvious substitution ¢, = ¢.,):

Xi=ZU=1"Seal Xej2 =1~ X} 24 2) X1 2
—A4 X P—2 )X} 1244 X112 +8| X3 2
—8IXI1P—8| X} |2—16| X3 |2+8) X} |24+16 | X¢ |
+16 | X312+32) X3|12—16| X7 |2—16 | Xi|2
—16] X3|2—32| X]|2— 64| X7 |24 32| X |2
+32| X312 464 X312+ 64| X3 |24-64 | X2 |2+128 | X3 |2

Here, iXleEXfaXf.x; the superscript is the number of
the approximation, and the subscript is the serial
number of the term of the approximation:

Xir=(« Xii=(12)s; X2 =(122).; XL =(121);
Xi = (1212). = (1221, Xio=(1221); X3, - (12129).
+(12212).; X1, (12191), + 2 (12211) ; Xia=(12211).;

X = (1221200, + (121221).; X%, (121211). + 3 (122111) ,;
Xi5=2(122112), + (121219)
+(122121) + (121221) . X%, =(122112)..

To conclude this section, we indicate one further pos-
sible way of solving the system (78b), which we write
in the form

Ta, 2oz, = PugQ_g exp (kr)a; & L2z = [exp -'ELA+ exp ( _-il)n E-]—v (96)

where =33, hox,, and the operators L* are deter-
mined by (82). We shall regard the functions PP
in (96) as small quantities, with respect to which an
iteration procedure can be performed. Expanding the
solutions ¥ of the system (96) in quantities of the cor-
responding smallness order,
§ ';:l!l’
s=1 =1
we obtain for the terms of the n-th approximation from
(96)

E(n)‘ I E

LI

Ty IR Y. 3 B, 5 w4om)
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where [, +2,+...+(n=1)],_,=n~— 1, and

(B oy B 1 1*]. are the sequence of J;-,. . ., lh-,-fold
commutators of the mutually commuting operators
(1), -+ +Z(y-1) With L*. Then, using the standard tech-
nique and making some fairly lengthy calculations, we
arrive at the formal perturbation series

Lo = :‘: == 1)11 (eetg, - - s )t (@P2s - vs Bn)-
X (RzXsags «ovr Xtans X _pnrover X_pRe). (98)

Going over from the functions X to the exponentials
exp(—¥ o), we arrive at the previously obtained expres-
sions for the solutions of the system (78b). Note that
from the point of view of physics this transition cor-
responds to allowance for disconnected diagrams in the
calculation of the vacuum expectation value of the S
matrix.

CONCLUSIONS

The investigation of the self-duality equations for cy-
lindrically symmetric Yang-Mills fields made in this
review completes the problem of constructing the gen-
eral solutions of these equations for arbitrary embed-
ding of the subgroup SU(2) in an arbitrary simple gauge
Lie group and ensures 2 unified description of instanton
and monopole configurations. The method developed
for integrating the nonlinear systems (10) that arise is
based on the theory of group representations and ex-
plicit realization of the Lax-type representation (11) by
the operators (12), which take values in the algebra of
the corresponding group (which is not in general com-
pact or simple). It is found that the proposed general
scheme for integrating the self-duality equations en-
compasses a large class of nonlinear systems of the
type (1), (2), (52), (55), (74), and (78), which are asso-
ciated with finite-dimensional Lie algebras (both simple
and nonsemisimple) and infinite-dimensional contra-
gredient algebras of finite growth, which are encounter-
ed in numerous physical applications. In particular,
the equations that describe the generalized two-dimen-
sional Toda chain with fixed ends and periodic boundary
conditions are included among those listed above. It is
important that all the above equations, which at the
first glance are in no way related, are presented in the
framework of this method as concrete realizations of a
single algebraic construction, and the possibility of
their complete integration is due to this algebraic basis
of the equations.

We thank B. S. Arbuzov, A. A. Kirillov, D. A. Leites,
Yu. I. Manin, M, A, Mestvirishvili, S. P. Novikov, Ya.
G. Sinai, O. A. Khrustalev, and A. B. Shabat for numer-
ous helpful discussions of the questions touched upon in
this review.

APPENDIX 1

The methods developed above for integrating non-
linear dynamical systems associated with grading al-
gebras can he generalized to the supersymmetric case.
The odd elements of the corresponding superalgebras
are associated with anticommuting (spinor) fields which
take values in the Grassmann algebra. Here, we con-
sider in detail the supersymmetric generalization of
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Liouville’s equation associated with a superalgebra of
the type B(0, 1) (O Sp(2, 1)), the aim being to follow in
detail the differences between the integration of super-
symmetric equations and ordinary equations.

The supersymmetric Liouville equation corresponding
to the action Ty
dz,dz_d0,d6_[-1/2@D_D,® +exp@], has the form

D_byb=expd, (A.1)

where

=B (22, 0)=p (26) —: 00 (22) —: 11200F (z2)

is a superscalar field consisting of the two scalar fields
p and F and the Majorana spinor w*, which are func-
tions with anticommuting values; the superscalar field
depends on the coordinates 2z, of the two-dimensional
space and the Grassmann variables 6= (8+);and 6

=(-: 6., 8,). ByD.we denote the operators of super-

differentiation, D »=F 8/00s +0:8/02+; DL =% 8/,
D.D_= —-D_D,. Inthe components of the superfield
&(F=expp), Eq. (A.1) has the form
P zyz =0XP 2p-€XP pote,
w?;?-:exp pa¥, (A.2)

and in the case @*=0 it goes over naturally into the
ordinary Liouville equation and is identical to the one
obtained earlier in Ref. 40.

The superalgebra B(0, 1) (see, for example, Ref. 41)
congists of the five elements i, X+, and Y, which
satisfy the commutation relations

[he Xalo= % 2X3; (b Y lo= Va5 [Xy X )=V, Yolo=hs } (A.3)
[Xi, Yilo=0; [Xi, Yzl-=Yui [Va, Yali=F 2X ;. C
We introduce the following operators A ; which take

values in the algebra B(0, 1):

Ap=uth+ g FYFY s,

(A.4)

where u*(z,, 2.) and ¢ *(z,, 2.) are ordinary functions,
and ¥%(z,, z_) are anticommuting functions, (@¥*?
=y*y~ +9~¢"=0. Then the representation of “zero cur-
vature” for the operators A,

(0102, + Ayr 3105+ A)-=0, (A.9)
leads to the system

u,, —ul + o+ V=0 6

9T, =+ mEQT, ¥ FuteT=¢7¥" } e

and after the obvious change of variables Y-
= exp2p, ¥*=w*(¢*)*? this reduces to Eqs. (A.2).

The representation (A.5) is the condition for the op-
erators A : to be gradients, i.e.,

(A.T)

where g is an element of the complex hull of the super-
group G (Ref. 42) with generators (A.3), and it can be
represented in the form of the Gauss decomposition

A:th‘E‘,_i,

$)The matrix realization of the Lax representation for (A. 1)
contained in Ref. 40 corresponds to the special representa-
tion B(0,1) in the framework of our approach.
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= M*N-exp H = M-N*+exp H". (A.8)
in which M* and N* are elements of the complex hulls
of the maximal nilpotent subgroups of G Spanned by X,
and Y., and H and §' belong to the Cartan subalgebra of
G. In what follows, for simplicity we take the gauge
H'=0, in which #* =0 and ?” 2.=0. It follows from Eqs.
(A.4), (A.7), and (A.8) that the elements M* can be re-
bresented in the form M* =exp(m*x, +e*y ), where
m*(z,), m*(z_) and €(z,), £7(2_) are, respectively,
ordinary and anticommuting functions of their argu-
ments (cf. (21)). The identity (M*)=M~- =N~ expH(N )™,
which follows from (A.8), makes it possible to deter-
mine the group parameters of the elements N*
=exp(h'X, +E,Y,) and eXpH = exp(*h) in terms of the
arbitrary functions m* and £*, which parametrize M*;
namely,

(A.9)

eXP(—7)=1— m*m~— e*e~, T —(e* | 1% :T)expr, }

mE=m* expr,

Substituting (A.8) with the elements M*, N *, and expH
[which are known in accordance with (A.9)] in (A.7) and
comparing the result with (A.4), we find the following
final expression for the general solutions of the super-
symmetric Liouville equation:
PE= ], deted Yexpl)r);
== (e*z.’z_ -+ m‘m;k} expr;
P, (A.10)
A=1— mtm—;
Y=e, (1— R“le‘*e‘)—[~l‘1rr|_:_ (e*+-e~mt);

exp2p- ('":+_:'e+*':+) (m7_ — e~ )exp2r.

The above method of integrating the supersymmetric
Liouville equation (A.1) can be generalized in a natural
manner to arbitrary graded superalgebras. The core
of the problem is in the construction of the elements
N* and expH in (A.8) from known M *, which, as in the
case of “ordinary” graded algebras, satisfy equations
of S -matrix type. To solve the nonlinear equations as-
sociated with the graded algebras characterized by a
Cartan matrix (in general, generalized),® it is nec-
essary to know the value of the element expH in (A.8),
whose parameters can be determined by calculating the
matrix elements of the known operator (M*)"'M~ pe-
tween the highest and lowest vectors of the basis. How-
ever, the simplest example of the supersymmetric
Liouville equation already shows that the calculation of
the highest vector of the element (M*)™'M~, which is
equal to 1 -m*m~ - €*e”, is not sufficient for the de-
scription of the complete solution (A.10) of the system
(A.1),

Note that the supersymmetric generalizations of the
sine-Gordon equations (see, for example, Refs. 40 and
43) P ;4;- =2 expD — 2 exp(=p) andp, . = 2 expp — exp(-2p),
which have a nontrivial group of internal symmetries in
ordinary space, are apparently related to the superal-
gebras of finite growth with Dynkin schemes

@and @

and may be integrated like them. All these questions
require further investigations.
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TABLE I. Table of highest roots of the simple Lie
algebras, *
T
f';i Ry Ty, ., A= E ny fgi Al ks :EWT_:I_{:‘+JI" e
i=1
Cr Ty A+poyy Aty Ln,, D, A—=MNpy, T—mn,, a1, T gy
r>1 veey 2M—qp r>2 ATy g T gy oey
2:rt—::,_,—n,.ﬁ:t]
G, (13), (23 Fy (1232), (1242), (1243), (2043)
B (101212), (112211), (111212), E, (1112322), (1212322), (1212313),
(112212), (112312), (112322) (1212323), (1212423), (1213423),
(1223423)

E, (12024524), (12323534), (12324534), (12324634), (12324635), (12424635),
(13424635), (23424635)

*The highest roots are arranged in order of ascending height.
To simplify the expression of the highest roots of the excep-
tional Cartan algebras, we have written out only the coeffi-
cients of the expansion in the simple roots 7, 1< <7,

APPENDIX 2

To facilitate the use of the obtained expressions for
the solutions (39) of the system (1) in the case of sim-
ple Lie algebras, we give here explicit formulas for the
highest vectors E{‘ of the irreducible representations
of the corresponding groups. As is shown in Ref, 39,
they are completely determined by the system of highest
roots of the group, one of the possible forms of expres-
sion of these being given in Table I. Then the highest
vectors are expressed by the formula ¢ (g)
=17 [D; (@)]¥, where D; are the principle minors of the
matrix a,, =Sp(X_,K X, K™) of the adjoint representation,
and they are reckoned from the maximal root s of the
system of highest roots: Ks=3n L5, Ay
= DJa=s-s+1 @5. In the case in which we are interested,

K =(M*)""M~, so that

b = SP{IM*X _q (M*)1] [M=X} (M-)-1]).
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