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The problem of CP and P invariance in quantum chromodynamics is reviewed in connection with the
complex structure of the vacuum state in non-Abelian gauge field theories. Various possible solutions to the
problem of CP and P conservation are discussed: the axion hypothesis (the existence of a light pseudoscalar
particle with semiweak interaction), the massless u quark, models with left-right symmetry, and some others.

PACS numbers: 11.30.Er, 12.40.Bb, 11.10.Np

INTRODUCTION

Non-Abelian gauge fields and the principle of spon-
taneous symmetry breaking are the basis for the con-
struction of modern models of the weak, electromag-
netic, and also strong interactions. The principle of
local gauge invariance was introduced by Yang and
Mills as a generalization of the requirement of iso-
topic symmetry imposed on the behavior of quantum
fields at each separate space-time point.

The concept of spontaneous symmetry breaking arose
in Bogolyubov’s studies in the theory of quantum-sta-
tistical systems with degenerate ground state. The
method of quasiaverages which he created is today well
known and is a universal means for studying quantum
systems whose ground state is unstable against small
perturbations that break a particular symmetry of the
problem. Quasiclassical analysis of non-Abelian
theories indicates degeneracy of the ground state asso-
ciated with the so-called topological charge.'™® The
presence of degeneracy indicates a complicated struc-
ture of the vacuum state in gauge theories, and this
has serious physical consequences. In particular, the
so-called 6 structure of the vacuum in quantum chro-
modynamics discussed in recent years can lead to the
violation of P and CP invariance in strong interactions.

The aim of this review is to consider the problem of
CP invariance in quantum chromodynamics and various
ways of resolving it. In the review, we give the basic
propositions of quantum chromodynamics, which is at
present the most popular theory for the strong interac-
tions. We introduce the concept of the 6 vacuum and
consider its properties. We make estimates of the
value of the parameter 6 (the parameter of CP viola-
tion) in quantum chromodynamics on the basis of ex-
perimental bounds for the electric dipole moment of the
neutron. We discuss the resolutions of the CP problem
associated with the hypothesis that the u quark has no
mass. We consider models with an axion, in which the
CP problem is solved by the existence of a light pseudo-
scalar particle that has semiweak coupling to the leptons
and the quarks., We discuss models with a discrete
symmetry group (in particular, models with right—left
symmetry, in which the parameter 6 of the CP viola-
tion is small). In the review, we consider other “non-
orthodox” possibilities discussed in the literature for
explaining the observed CP invariance in the strong in-
teractions.
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1. QUANTUM CHROMODYNAMICS AS THE THEORY
OF COLORED QUARKS AND GLUONS

Hope has been growing stronger in recent years that
quantum chromodynamics could serve as the basis for
describing strong interactions.® In this theory, the
strong interactions between hadrons are regarded as
the result of interaction between colored quarks, the
interactions being transmitted by massless vector bo-
sons (gluons) corresponding to the octet representation
of the color gauge group SU%(3).

The original argument for introducing the new quan-
tum number of color into hadron physics was the solu-
tion to the problem of quark statistics in the framework
of the composite quark model. In this model, the un-
excited baryon states are described by a wave function
that is symmetric with respect to the quark and spin
indices. For example, the A** resonance in the state
with J,=3/2 is described by the quark wave function

[A™, Jy=3/2(=|u t utut),

and all three quarks are in the energetically most ad-
vantageous s state. Then the total wave function of the
quarks is symmetric, which is in contradiction with the
Fermi statistics of the quarks, To eliminate this con-
tradiction with Fermi statistics, it was suggested in
Refs. 5 and 6 that the quark of each type may be in
three different (color) states, and the wave function of
the quarks in the baryon could be antisymmetric with
respect to the color indices. Thus, the A** resonance
would be described by the complete antisymmetric
wave function

[+, J3=3/2)=(1/V B) &' |u; § us } wp),
where i,7,k are the color indices.

Thus, a new symmetry group appeared in hadron
physics: the color group SU°(3). The hadrons so far
observed are singlets with respect to the color group
SU°(3). If all strongly interacting particles are color
singlets, it is natural to expect the absence in the free
state of quarks, diquarks, ete. (the confinement hy-
pothesis). At the present time, the investigation of the
confinement mechanism is undoubtedly one of the central
problems in the theory of strong interactions. We men-
tion that the hypothesis of “tripling the number of quarks”
is brilliantly confirmed in the description of e*e” anni-
hilation into hadrons, the decay 7°— 2y, and the produc-
tion of p*y” pairs.?
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The Lagrangian of quantum chromodynamics has the
form*

— — P A g ik (0, — ig4iha/2) — ml g (1)

Here, the‘symbol g denotes the colored quarks u, d, s,
O b skl

Fuy = 9,4y ayAL+ gfnbcAzA‘\:r;
and m is the mass matrix of the quarks.

Quantum chromodynamics has the important property
of asymptotic freedom (the effective coupling constant
tends to zero in the ultraviolet region). This makes it
possible to use perturbation theory to describe pro-
cesses taking place at short distances (e*e” annihilation
into hadrons, deep inelastic lepton—hadron scattering
etc.). In the infrared region, the effective coupling
constant a,=g?/4n increases. The hopes for explaining
quark confinement within hadrons are based on this cir-
cumstance. However, since the problem of strong
coupling has not yet been solved in quantum field theory,
quantum chromodynamics remains as yet an incomplete
theory.

2. TOPOLOGICAL CHARGE AND THE STRUCTURE
OF THE 6§ VACUUM

One can arrive at a complicated structure of the
vacuum in gauge theories either by using topologically
nontrivial gauge transformations or by using the path-
integral method. To be specific, let us consider a
gauge field corresponding to the group SU(2). The
Lagrangian of the gauge field

£= —Fj F™ 4
Foy=0,4%— 0y} + geareAuAl
has in the gauge Aj=0 the form

£ = (ANZ2— (Fi)214 (2)

and recalls an ordinary Lagrangian of classical me-
chanics if (A%)?/2 is identified with the kinetic and
(F4,;%/4 with the potential energy of the system. Va-
cuum fields are c-number values of the gauge field A
for which the field tensor vanishes, F§,=0. A vacuum
field is a “pure gauge” field and can be represented in
the form

A= AT =U9U; }

2 3
[re Tt = ieqpcV 27°, ( )

where U(x) is a unitary matrix.

We impose on the matrices U(x) describing admissi-
ble vacuum fields the condition

U (x) —1 (4)

as |x|— =, irrespective of the direction, i.e., the en-
tire spatial infinity is identified with a single point. +37
We emphasize that the condition (4), which is very im-
portant in obtaining the structure of the 6 vacuum, does
not follow unambiguously from known physical princi-
ples.

Using the condition (4), one can characterize the va-
cuum fields by the value of the topological charge’

1
"=E'1/72'F,S @z TregpdidiAn=0, £1, £2 ..., (5)
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which labels equivalence classes of vacuum gauge fields
with respect to continuous local transformations. We
emphasize that in perturbation theory all the vacuum
states | #) are equivalent and orthogonal.

In Refs. 2 and 3, on the basis of the quasiclassical
approximation, it was shown that there exist transitions
between different states |n) and |m), i.e.,

; {Nout| Mmyy) 7 0.

The presence of the transitions n=m for n+#m indicates
that the true vacuum in gauge theories must be sought
in the form of a linear combination of the vectors | n).

We consider a gauge transformation of the form
g (x) = (x2— 1)/(x2 4 1) — 2iox/(x2 + 1), (6)
where o represents the Pauli matrices.

To this transformation g(x) there corresponds a
transformation T(g) on the state space with the pro-
perties’

74T =1, TaT+=n+1, (M

where 7 is the operator of the topological charge.

From the requirement of invariance of the vacuum
state under T, i.e.,

T10) = exp (i) | 8) (8)

we conclude that the vacuum is a superposition of the
states |n) of the form"’

n: o0
|0)= 2 exp(ind)|n) (9)

e
and it is characterized by the parameter -7 < g<m.

We now consider how we can obtain a structure of the
vacuum of the type (9) by using the path-integral method
The expression for the vacuum matrix element of the
operator F(A) has the form®

(F (4)= | F(4) exp [iS () (D) | exp (i (4) (D4). (10)

Here S(A)= | d*x#x), and (DA) is the measure of in-
tegration with respect to the gauge field A with allow-
ance for the subsidiary gauge condition and the Fad-
deev-Popov determinant.

However, the expression (10) is formal, since the
fields A% over which one must integrate are not indi-
cated. The gauge fields A3 are characterized by the
topological number*

q= S dazaukuz-mg—ﬂ— 5 diz Tr FuvF s } (11)

?“v = awt?.pFLpJQ-

As was shown in Ref. 1, the topological number g is
integral for fields A, that at infinity are pure gauges,
the matrix of the gauge transformation having the

Note that in the Schwinger model, which has many features
in common with non-Abelian gauge fields (topologically
nontrivial configurations, anomalous axial current), the
structure of the vacuum is more complicated than the
expression (9). The vacuum in this model is characterized
by two parameters 6, and 0. 4
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asymptotic behavior (4). Thus, if one integrates over
fields with the asymptotic behavior (4) at infinity, it
must be borne in mind that all such fields are decom-
posed into classes characterized by integral topolo-
gical number q.

We now consider how the parameter 6 appears in the
language of path integrals. Without violating the gauge
invariance, we can add to the action #(x)=-F% F4 /4
for the gauge field aterm of the form 6(g?/64n%)eFe, 8FY s,
whichis a total derivative, Usually, such terms do not con-
tribute to the path integral when one integrates over fields
that decrease at infinity. However, in the case of inte-
gration over topologically nontrivial configurations the
contribution of this term is nonvanishing, For the La-
grangian

1 2 a
Lo= — g FisFiv+ 8 gf s e=M0FLeF,

(12)

in the case of integration over fields with the asymptotic
behavior (4) at infinity, the vacuum expectation value
of the gauge-invariant operator F(A) has the form?3
(O1F (4)|0) = S‘F(A)ex'p [iSq (4)] (DA4)
§ exp [iSq (4)] (D4)

g=+oo

=25 3 exp (i) | F(4) expli (4] (DA),,

g=—oc

(13)

where

S(A)= [z (—+FiFL); So(4)= [de2ote); 2z
=t

= 3 exp(ifg) [ exp(iS (4)] (DA);

g=-o
and (DA), is the measure of integration over the fields
with topological number q.

To calculate the path integral (13) over a topologically
nontrivial sector, one uses a quasiclassical method,
which is as follows.'® The fields A® are represented in
the form A}, =A% +A%%, where A%°! is a solution of
the Yang-Mills equations in Euclidean space-time with
topological number gq. Note that in Ref. 1 Belavin
found a solution for g=1 1, the solution for arbitrary
q being found in Refs. 11 and 12. Then the action
S(A, +AY) is expanded with respect to the fields 4%
up to the terms quadratic in A%

A [ 6

S(Anl +Aqu) = S(Acl) + 2 _151'—13;4
clt

ApAqudiz.

In this approximation, the path integral can be calcu-
lated. A detailed discussion of the problems that arise
in such a method of calculating the path integral is
given in Ref. 10,

We now consider how the problem of CP invariance
arises in quantum chromodynamics when allowance is
made for topologically nontrivial configurations in the
path integral or, equivalently, the complex structure
of the vacuum is taken into account.

One of the attractive features of quantum chromody-
namics (without allowance for instanton effects) was the
exact P and CP invariance of the theory. Indeed, the
matrix m in the Lagrangian (1), which may contain
CP-noninvariant ¥, terms because of the corrections for
the weak interactions, can be reduced to diagonal form
by unitary transformations of the left- and right-handed
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quark fields.

Proof (Ref. 4). The mass term in the Lagrangian (1)
has the form ;

qmq =g Mg+ gaMqs, (14)
where M* is the Hermitian-conjugate matrix. We
represent the matrix M in the form

M= My, (15)

where M" is a Hermitian matrix, and U is a unitary
matrix. By the redefinition of the right-handed quark
fields

(16)

(under this redefinition, the term describing the interac-
tion of the quark fields with the gluon fields in not
changed), the mass term §mgq can be described in the
form

Ugn=qn

amq =g M"qp + gaM"qy. amn
The Hermitian matrix M"* can be reduced to diagonal
form by a unitary transformation V applied to g, and

qr:

m;, 0 0
VMY = g iy 4 (18)

0 my, .
We finally find that as a result of the redefinition of the
quark fields the mass term gmg takes the form
(19)

However, when allowance is made for instanton effects,
the above proof becomes incorrect. This occurs be-
cause a transformation of the form

Emg:mufu-i-md(—fd{-m,ﬁ-{— N2

Iri — XD (i%) gri;  gr; — gy; (20)

has an anomaly, i.e., the gauge-invariant current
corresponding to this transformation is not conserved
in the limit m; =0,

The divergence of the current is

Ng?

9 un = oz~ Tr (FF), (21)

where
M =
Jun= _}]1 Grifudni;
=
N is the number of different quark species.

Therefore, under the transformation (16), an addi-
tional term arises in the Lagrangian (1);

Arg(Det U) 0,/ ya = N oEes (22)

which is important when allowance is made for the to-
pologically nontrivial configurations.

Tr (FF) Arg (Det ),

It is readily seen that a term of the form
(6g*/327*) Tr(FF) is P and CP noninvariant. There-
fore, inclusion of such a term in the Lagrangian of
quantum chromodynamics leads to P and CP violation
in strong interactions. As will be shown in the follow-
ing part of the review, the experimental bound on the
neutron dipole moment indicates that the parameter 6
must be less than [6| <10, It is therefore natural to
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ask why there is no strong CP violation in strong in-
teractions, i.e., why the parameter 6 is"so small. The
problem of explaining the absence of CP violation in
quantum chromodynamics is intimately related to the
problem of how the quarks acquire mass. Indeed, as
will be shown below, if the theory contains at least
one massless quark (the u# quark), then the strong in-
teractions will be automatically (for any choice of the
parameter 6) CP invariant. In modern unified models
of the weak and electromagnetic interactions, the
quarks and leptons acquire masses as a result of in-
teraction with Higgs fields. Thus, it is clear that

the weak and electromagnetic interactions must have
a direct bearing on the problem of CP conservation in
strong interactions.

Thus, allowance for the complex structure of the
vacuum in quantum chromodynamics, together with
the hopes of obtaining confinement and solving the prob-
lem of U(1) invariance, has led to a new serious prob-
lem—the problem of CP invariance.

3. BOUNDS ON THE PARAMETER 6 IN QUANTUM
CHROMODYNAMICS

As we have noted above, the Lagrangian of quantum
chromodynamics

L= — (Fu)e+ ; n [1D — ma] gx, (23)

where D=3 - ig(A?/2)),, augmented by the CP-violating
interaction

£ > %1 (8g%/32n%) Tr FF, (24)

leads to CP violation in strong interactions. We shall
obtain an estimate of the CP-violation parameter ¢ on
the basis of the known experimental bound on processes
with CP violation (bound on the neutron dipole moment).

The parameter which characterizes CP violation in
quantum chromodynamics is

(vac, 8] £ Tr (FF)|vac, 8) =k (8).

32!

From the explicit expression for k(6) in terms of a
path integral it follows that %2(8)=0 at =0 or ¢=7 (no
CP violation).

The equations for the divergence of the axial currents
have the form*3
8,J4° — (g%/32n2) Tr FF + imyqysgn, (25)

where 2J4°=q,Y .74, is the gauge-invariant axial cur-
rent. It follows from the translational invariance of the
vacuum that

(vac, 8]J% (z)|vac, 8) =0. (26)
From Egs. (25) and (26) we obtain
(vac, 0] i Tr (FF)| vac, 8+ imy, (vac, O[guvsas| vac, 6)=0. (27
We denote

(vac, B[qr, ngr, x| vac, 8) =0.54y; exp (i8y), (28)

where ¢,=Y¥ and 6,=6,. Interms of yj, and 6,, Eq.
(27) becomes

B o Tr(FF)|vac, )= pumy sin0y, k=1,2,.... (29)

(vaa, e] 32
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Note that (13) yields

AE (0 H T
aé ) —(vac, 0| o=+ Tr (FF) |vac, 6).

Here, E(f) is the shift in the energy of the vacuum as-
sociated with the introduction into the Lagrangian (23)
of the 6 term:

§ DAexp[i | £odz]

exp (IQEp) = -———5 DAexp (i | Zaa] f

(30)
where @ is the 4-dimensional volume in which the sys-
tem is contained.

In the approximation m,=0 (k=1,2,...,L), the La-
grangian (24) has the chiral symmetry group SU(L)
®SU(L).

The symmetry group associated with v, transforma-
tions,

7 —exp (ioxhays) g, (31)
is spontaneously broken'* [the vacuum is not invariant
under the transformations (31)]. A measure of the
spontaneous breaking of the symmetry (31) is the
presence of the nonvanishing vacuum expectation
values

(gnaw) = {@qs), i» k=1,2, ..., L.

If the quarks have nonvanishing mass, the symmetry
SU(L)®SU(L) is approximate. In what follows, we
shall basically consider the chiral symmetry SU(2)
®SU(2), the consequences of which agree best with
the experiments, this being due to the fact that the
masses of the u and d quarks are small compared with
the characteristic scale of the strong interactions. In
Ref. 15, on the basis of current algebra, it was shown
that

(uw) = (ddy = — fam3/[4 (my+my)]. (32)

In the lowest approximation in the masses of the # and
d quarks,

bo=1pa= — fam/[4 (my +my)). (33)
We consider the case 8 <1 (weak CP violation). T hen
Bymy = Oy, (34)

Using the equation 6 =6, + 6,, which is valid in the limit
m,, m,— 0, we find that

2 = oy fmEmymg
(vac, 6| 3§n’ Tr(#F) |vac, 8)= 1.’mu+‘1lrnd: T E(mu+-ma)® 8. (35)
Note that in the derivation of Eq. (35) current algebra
was used only in the calculation of (vac, 6|uu|vac, 6).
The same result was obtained earlier'® by a different
method.

To study the spontaneous breaking of chiral sym-
metry, it is convenient to use the effective-action
formalism.!” In the quantum-chromodynamic La-
grangian

N
L= _%“F;vF:w—; i Z EhE‘Iha
k=1

which describes the interaction of massless quarks with
gluons, we introduce sources bilinear in the quark
fields:
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s, =% —J;G_LEQ'RJ-FII-C-
We introduce the generating functional

§ (DA)dg dg exp (i8 7)
§ (DA) dgdgexp (i) *

W(J)=—1n (36)

It is readily seen that
¥ = (qLigh) = OW/8T}.

We make a Legendre transformation (going over from
the variables J} to the variables ¢f):

P(@) =W ()= | Tiejate — | (ig)* at. )

It follows from the definition of the functional I'(pf, )
that

8T /8k = —J1. (38)

Spontaneous breaking of chiral invariance means that
the following equation has a nontrivial solution:

I8y =0. (39)

Since we are interested in translationally invariant
solutions of Eq. (39) (¢} does not depend on x), it is
convenient to represent the functional I'(¢i, ¢}’) as
follows:
T(g}, 91f) = S [—V(9t, @) diz+Z (9, 9}7) (9,91 (8,977)
-} terms with higher derivatives] .
Equation (39) takes the form

av (9, ¢79)109i=0. (40)

If the quark masses are nonzero, the effective action
and the effective potential are
N N
T (@) =T (@}, 959+ | 3 mioida+ [ 3 myop*das

i=1 i=1

N N
Vg (92) =V (@s) — i; mpi— e§, m¥ (gi)*.

In what follows, we shall seek solutions of the form
@i=">8ip, [by virtue of the SU(N) ® SU(N) symmetry of
the functional I'(¢}, ¢}?), any solution can be reduced
by a SU(N) ® SU(N) transformation to such a form].

The effective potential depends on | ¢, | and 6, =arge,
as follows®: V(|¢;|,20;., 6; —0) is a periodic function
of 07, 8, - 0) with period T =27, and it can be repre-
sented in the form
V(Igil 8 =Vo(l o)+ cos 8V (| @; |) + cos 20V,
X(ee)+ ooy
a contribution to V(| ¢;|) being made by configurations
with topological number |g|=0 and to V,(|¢;|) by con-
figurations with |g|=1, ete.
The equation for determining the minimum of V is
avia | ;| =0, aviee; = 0. (41)

It follows from the explicit expression for V that the
second equation on (41) is satisfied for £8; =0 or
.0, =6+T.

The condition of stability of the system is

? Such a dependence follows from the definition (37) of the
effective action.
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a3V
—_— L:{g}ﬂ’

For nonvanishing quark masses, the equations for de-
termining the minimum take the form

avia | g; | — 2m; cos B; = 0; (42)
aV/a0; + 2m,, sin 8, = 0. (43)

It follows from Eq. (43) that
m;p; sin 0; = m;¢; sin 0;. (44)

This equation was obtained earlier [Eq. (29)] on the
basis of the equations for the axial curents. We find a
solution of these equations for 8, 8, «<1.

For small 6,, Eq. (43) can be written in the form

k(,z: 8,—0) = —k8;, (45)
where k=(1/2)(82V/36%),., and k, =m,9,.
The solution of Eq. (45) is
0 =—o (46)

o S N W
kg .
1/k+ g 1/k;y
F==1

If the quark masses are small, then %2>k, and (46)
takes the form

-2 Ouky = 05k =0 3 1/ks, (47
k ﬁ""‘l i=1

=

i.e., we obtain Eq. (35).

6,

Note that using the effective action the o model is ob-
tained naturally in the lowest approximation.

When current algebra is used, it is more convenient
not to consider the Lagrangian (24) but, redefining
the phases of the quark fields, to reduce the CP-non-
invariant term to the form?®®

—i0mymamg (mymy 4 mymg

+ mgmg) "t (yst + dys d + sy5) = 8L cp.

(48)

The CP-violating term (58) leads to triple vertices for
pseudoscalar mesons with coupling constants®

Gape = (0|8L o p| MEMOM®, (49)

where M® are the fields that describe the octet of
pseudoscalar mesons. Using current algebra and the
inequalities m, >m, and m > m, we can write the
expression (37) in the form

mymg

Gane= — 02 F22(0][Q3 (@2, [ vsgllIO), (50)

where F, is the decay constant of the 7 mesons, and @2
are the corresponding ST (3) generators.

Calculating the commutators in (50), one can obtain!®
the corresponding effective Lagrangian

Mylig

T rmgt M-

Lerr= 5 Cape M MM = — & OmiF 32 (51)
Here, M =\"M"°,

It follows from (51) in particular that the effective
Lagrangian for n— 77 decay is

Bm% mumg

Lesr= —mm“’ﬂ- (52)
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The strongest bound on the parameter 8 can be obtained
on the basis of the known experimental bound on the
dipole moment of the neutron®’; d, <1074 cm.

In Ref. 19, current algebra was used to calculate the
neutron dipole moment®: d,=5x107'%9 em. It follows
from (42) and (41) that § <2x107,

A simpler estimate of 6 can be obtained using the
following arguments.* The parameter # occurs in the
CP-violating Lagrangian (36) in conjunction with the
factor

MyM g, (Mymg -+ mym, +mgmg) ..

(53)

Therefore, the neutron dipole moment can be estimated
as

My Mimts
(mumg—+ mums—+ mgmsg)

1
=gy (54)
where A is the parameter characterizing the strong in-
teraction. For A =200 MeV and quark masses m,
=150 MeV, m,=4.2MeV, and m,="7.5MeV (Ref. 22)
we find that 8 <107,

We now consider what restriction on the parameter
8 can be obtained on the basis of the stability of the
system against a small external perturbation.?! We
add to the parameter 6 in the expression (24) the
source J(x) and make a Legendre transformation with
respect to the source J(x):

I‘(q>)=E(B+J)--5 Jpdiz; ¢=B8E(0-+J)/8J. (55)

The equation for determining the equilibrium ¢, is

OT/89] gmpo =0. (56)

The stability condition of the system at the equilibrium
point has the form

87T (9)/6¢2| gmge =0 (57)
or

= >0, (58)
In the approximation of a rarefied instanton gas,*

E@® =A(1—cos8), 4 >0 (59)
The inequality (50) then takes the form

cos B > 0, (60)

i.e.‘, |6| sm/2.

4. IS THE MASS OF THE v QUARK ZERO?

If the mass of at least one of the quarks (the # quark)
is zero, then the theory is CP invariant for any para-
meter 6 in the Lagrangian (9). This is readily seen by
noting that by making a transformation of the quark
field under which the classical Lagrangian (1) of quan-
tum chromodynamics does not change,

# —exp(i6j )u, i.e., by redefining the phases of the u
and the u; and u, quark fields, one can eliminate the
CP-noninvariant term in the Lagrangian, i.e., in this

9 A similar result was obtained in Ref, 16,
model was used.

in which a bag
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case the theory depends trivially on the parameter 6.

In the path-integral language, the absence of CP vio-
lation is due to the circumstance that the Dirac operator
D=d- ng in an external, topologically nontrivial field
has normalizable zero modes (tunneling is suppressed),
andBS

g =nhp— N,

where 7y is the number of right-handed normalizable
modes of the operator D, n, is the number of left-handed
normalizable modes, and g is the topological number.
Therefore, the topological nontrivial configurations
contribute to only the chirality-changing Green’s func-
tions.

The fact that the theory for m,=0 in CP invariant can
also be understood by the following considerations.
The parameter which determines the CP violation in
quantum chromodynamics is the vacuum expectation
value of the operator (g2/327%) Tr(FF).

The divergence of the gauge-invariant current
V2J5 =itj,j.u is

8,J% = (g%/32n2) Tr (FF). (61)

From the condition of translational invariance of the
vacuum in the gauge-invariant sector we have

{vac|Jys5]vac)=0. (62)
Using Eqs. (62) and (61), we obtain
<vac -5-%;‘-; Tr (FF) Ivac> =0, (63)

i.e., the absence of CP violation in the case of a mass-
less u quark.

The quark masses can be calculated by using the
equations of motion for the axial current. The
equations have the form

G, dp=—i[Q% HnmlO). (64)
where H, = uu + i dd+ m, ss; AS=g\, j,is0,9=(u,d,s);
A, are the Gell-Mann matrices; and Q2 are the genera-
tors of SU(3) axial transformations of the form
q —expliw,A;j)g.

Taking the matrix elements of Eq. (64) between the
vacuum and the single-meson states, we obtain

m?:fn=z}‘”—"ﬂ‘-'-§ﬂ H m}c‘fx=z}{’ ﬂ‘;-_m_'

mi{ fx _Z!IS ”'wd+”'s : (65)
where Z}/2= (0|u*|1r) §=1.2, 8::- 209 (0l | 1),
K=4,5,6,T; V' =q\'j; f, and f; are the constants of

the weak decays of the m meson and K meson, respec-
tively: ((OIAL]W,)zif,P“, 1=1,2,3; (OjAL]K,)
=ifyP,x, 1=4,5,6,7). From the relations (65), we

obtain
mg __mao—(AmB),, UxZilfx2i?)
my gl +(Amzju (szllz,{fﬂzim) »
N (66)
mg _ (2 IfaZ ) [2mdo— (AmE)y, — mEo]
e (aZiPItZ ) AmBduy—mhe

where (amfg),, is the square of the mass difference of
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the K* and K° mesons without electromagnetic correc-
tions.

It was shown in Ref. 24 that in the limit of SU(3)
® SU(3) symmetry

(micr— mico)y = (Mics — M)y

(87)

Here, the subscript ¥ denotes the square of the mass
difference due to the electromagnetic interaction. Since
the mass difference of the #* and 7° mesons is due
solely to the electromagnetic interaction, (Am?
=My, — My, — m2.+mZ;=—0,0053 GeV?2.
sume that SU(3) symmetry holds, then

Y
If we as-

Ful 2% = friZi2. (68)

In this case, we arrive at the following expressions for
the ratios of the quark masses?®?:
mg Mo —miy+mEs

—_——= - =1 .8;
my m%*— mgﬂ, + 2’";2:0_ m?‘,

(69)

2 2 2
mg _ Mot Mpe—Mae —204
Md m?(O—m_%ﬁ-'!-m%D

Immediately after the problem of CP conservation in
quantum chromodynamics had been noted, many
authors®~% jnvestigated the possibility m,=0.

As was shown in Ref. 25, assuming m,=0, we obtain
strong breaking of SU(3) symmetry: Z,#Z,. Indeed, if
we set m,=0 in Eqs. (66) and assume that (67) holds,
then

my/mg = —1 —mko/(Amik)u, = 46.8; }

Z12 121 2% e = — (AmB)ug/mio = 0.36. (70)

Note that for such a ratio of the masses of the s and d
quarks the predictions for the SU(2) mass splitting of
the baryons are virtually identical to the predictions
obtained for Z}/2f,=Z/?f,, and they agree reasonably
with the experiments. However, as was shown in Ref.
26, such strong breaking of S{/(3) symmetry (Z1/%f,/
(Z1'%f¢) =0.36) is in contradiction with the nonrenor-
malization theorems.?® In Refs. 27 and 28, another
possibility in which one can still take m,=0 was investi-
gated, but this leads to a mass difference for the AI=1
baryon splittings which is too large.

5. AXION MODELS

In the modern models of the weak and electromagnetic
interactions, the masses of the quarks and the leptons
arise as a result of spontaneous symmetry breaking
through the interaction of Higgs fields with the quark
and lepton fields. It was shownin Ref. 31that in models
in which there is an additional chiral U(1) symmetry
group the problem of CP conservation is solved auto-
matically even for nonvanishing quark masses. The
price to be paid for the resolution of the CP problem in
this case is the appearance in the theory of a light
pseudoscalar meson (an axion). 332

We consider the simplest model in which the mass of
the quark ¢ is produced by interaction with a complex
scalar field ¢:

&£ o =hgraP + haparot+V (9, ¢*), (71)

where V(¢@, ¢*)=Mg*@ — ¢2)?, the quark q interacting
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with the gluon field A} in the usual manner:

Lo = — (Fys)¥/4 +igDq+ (0g%/32a2) Tr (FF).
It is readily seen that the classical Lagrangian of the
model is invariant under transformations of the form
(72)

However, the effective potential V (¢, ¢*) of the model
(71) is not invariant under the transformation

¢ — ¢ exp(i6) when instanton effects are taken into ac-
count. On the basis of the definition of the effective
potential, one can show that

qr—>qr exp (—ia); gp—-ggexp (ix); ¢—@exp (— 2ia).

Vo (9, 9*)="Vop(pexp (2i0), g*exp(—2i0)).
At the point of the minimum of the effective potential
Veld@=0Vo/dg*=0; @_, = |@minlexp (—2i6),

and therefore there is no CP violation at the point of the
minimum,

This result can also be understood on the basis of the
following arguments. The gauge-invariant current

Ty (2) = qvus2/2—i (970,90 — 99,9*),

which corresponds to the transformation (72), has the
anomaly

(73)

It follows from Eq. (73), and also from the translational
invariance of the vacuum, that

<vac, B| 32‘?;, Tr(Ff)Ivac, B>=0,

i.e., there is no CP violation in the model.

0ul u(z) = (g%/3202) Tr (FF).

(74)

The vacuum expectation value (vac|¢|vac) is not
invariant under the transformations (72), so that if the
symmetry (72) were exact it would follow by Gold-
stone’s theorem that there is a massless particle in the
theory. - However, when instanton effects are taken
into account, the symmetry (72) is no longer exact, and -
the pseudoscalar a(x)==[¢(x) = ¢*(x)]/2i acquires a
mass:

me — .g“?‘: s ™ 5 <vac] oo Tr (FF (),

2r Te (FR) | vac> dér.

(75)

The Lagrangian of the interaction of the axion field
a(x) with the quark field q is

£ g0 = thyyyga.

A more realistic model*:*® ig based on the use of the
gauge group SU(2) ® U(1) of the weak and electromag-
netic interactions with two isodoublets of scalar fields.
The Lagrangian of the interaction of the scalar iso-
doublets ¢, and ¢, with the quark fields « and d is cho-
sen in the form

Lym=gy (Wd), g +g, @)z 9y dat+he. +V (@r 0o (76)

where
V (@10 @2) =V (o exp (ic), @, exp (if)); Pp=iTa@s.

The Lagrangian of the model is invariant under the
transformations

(1M

Up=+ug exp (ix); @;— ¢, exp (—ia); ]
dp=+dgpexp (iB); ¢, psexp (—ip),

Krasnikov et al. 44



which leads to automatic CP invariance for any 4.

We denote the vacuum expectation values by (¢,) =v,
and (¢ =v,. The field a(x)=-sinA Im¢? + cosi Im¢?;
with tan A=v,/v,, interacts with the quark and lepton
fields:

Lt =126}’ (z) [tgh X, migysp+otgh 2 mig Vs
a=313 =13

+etgh T mpepyserls (78)
Q=-1
A rough estimate® of the axion mass gives m, = G}/2A?
=100 keV - 10*!. Estimates based on current algebra®
give m, =23 N/sin(2)) keV (N is the number of quarks
with charge ¢=2/3). If the axion mass is m,<2m,,
where m, is the electron mass, then the axion will de-
cay mainly into 2y, and

@Gpy2 N .
On® sin?2h O

I'a—vy)=

But if m, >2m,, then the main decay mode of the axion
will be decay into an electron-positron pair, and

T (a—e*e) = (Gr V 2/8m) mom} ctg} (1 — 4mi/m3)" /2,

An extensive literature®™2 has been devoted to ques-
tions related to the axion. However, it was shown in
Refs. 38, 40, 43, and 46 that the existence of a light
axion with mass less than a few mega-electron-volts
contradicts the experiments.

It was shown in Ref. 40 that the existence of an axion
with mass 140 keV <m, <2m, contradicts reactor data.
The point is that a light axion produced in a nuclear
reactor could initiate deuteron disintegration, a+D
—-n+p, or the Compton effect a+e—7y+e. Using the
bounds on the cross sections of these processes, Ellis
and Gaillard® arrived at the above restriction. On the
other hand, in a beam-dump experiment axions can be
produced by mixing with #° and 1, whose production
cross sections are well known.

The parameter that determines the mixing of the
axion with the 7° meson is
3mg—my Bmy —mg
E.=E [(—m:-i-:n ) tg 7»—( e ) ctgl].
=26

In Ref. 40, in which the parameter £,, which deter-
mines the ¢-7 mixing, was used, it was shown that

o(pp +a+2)0(a+p—>2z) > 0 (10-%5) cm®. (79)

This product of the cross sections exceeds by more
than two orders of magnitude the experimental upper
bound O(107%") em®,

It follows that the existence of an axion with mass
m, <2m, contradicts experiments. *

In Ref. 45 it was found that the axion mass satisfies
m, >200 keV on the basis of models of red supergiants
(from the very existence of supergiants), In Ref. 37,

a model with a heavy quark g that does not participate
in the usual SU(2) ® U(1) weak interactions was con-
sidered. The heavy quark g gets its mass through in-
teracting with a charged scalar field ¢, the Lagrangian
of the interaction of the quark g with the scalar field ¢
~having the form (71). The model predicts the exis-
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tence of absolutely stable baryons containing the new
quarks.

The axion mass, m, ~A*/@,, is small in this model
(m,=1-10 eV for m,=100 GeV). The Lagrangian
which describes the interaction of the axion with the
gluon field has the form

a(z) gt
@y 32a2

zaA""’

Tr (FF).

The smallness of this interaction is achieved by
choosing a large vacuum expectation value.

6. MODELS WITH DISCRETE SYMMETRY GROUP

To explain the small CP violation in quantum chro-
modynamics, models of the weak and electromagnetic
interactions were based in Refs. 49 and 53 on the gauge
groups SU, (2) ® SUL(2) ® U(1) ® U(1) and SU,(2) ® SUg(2)
® U(1), respectively. The subscripts L and R mean
that the corresponding SU(2) gauge field interacts only
with left- or right-handed fermion isodoublets, re-
spectively. Before the spontaneous breaking, the dis-
crete symmetry L =R is imposed., This symmetry
means that the parameter of CP violation is zero before
the spontaneous breaking.

The interaction of the scalar fields with one another
and withthe fermions is chosen to make the mass matrix
for the quarks at the tree and single-loop level satisfy
the condition

Det M* — (Det M*)*, (80)

where M* and M~ are the quark mass matrices for the
quarks with charges @ =2/3 and @ =-1/3, respectively.
If the condition (80) is satisfied, there is no renor-
malization of the parameter 6 at the tree and single-
loop level. The renormalizaton of the parameter 0 at
the two-loop level in these models is 66 1072, which
does not contradict the inequality (58). In these models
the CP violation is superweak. 5

We mention also the model of Ref. 51, which is based
on the use of the gauge symmetry group SU(2) ® U(1)
® U(1) of the weak and electromagnetic interactions.
The CP violation in this model arises as a result of
spontaneous symmetry breaking (the vacuum expecta-
tion values of the scalar fields are complex). The CP-
noninvariant interaction is transmitted by a superheavy
boson of the U(1)' group. The scalar fields are chosen
to ensure that at the tree and single-loop level there is
no renormalization of the parameter 6.

7. OTHER POSSIBILITIES FOR EXPLAINING CP
INVARIANCE IN QUANTUM CHROMODYNAMICS

In Ref. 56, a model was proposed that makes it
possible to solve the CP problem by extending the
gauge symmetry group of the strong interactions to
the group G,. The gauge symmetry group of the
strong, weak, and electromagnetic interactions in this
model is G,® SU(2) ® U(1), where SU(2) ® U(1) is the
usual symmetry group of the electroweak interactions.

The Lagrangian describing the interaction of the
quark fields u, and D* (o is the group index of the
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color group G°) with the scalar isodoublets of the
group SU(2) ® U(1) is identical to the corresponding
Lagrangian for the Weinberg-Wilczek model®?:3* and
has the form

Line= gy EDF) duuf + g4 (@WEDE) $,D%
+ b +V (S, o) (81)

where

V{(¢us ¢a) = V (pu exp (i), ¢4exp (if)).
The Lagrangian (81) has chiral U(1) symmetry, and
therefore CP invariance is ensured automatically. The
introduction of the larger symmetry group G, of the
strong interactions makes it possible to obtain a heavy
axion. The group G, is broken by means of the Higgs
mechanism to SU°(3) ® G, (G, is a semisimple group).
The CP-noninvariant parameter 6 occurs in the Lagran-
gian in the standard manner:

Lo=L+ 3‘2—,?”' e
where F,, is the field tensor of the gauge fields of the
group G,. The instantons corresponding to the group
G,, lead to the appearance of an additional contribution
to the axion mass,

mg ~ gugal\in,
where A, is the characteristic scale of the strong in-
teractions of the group G,, and in order of magnitude
it is equal to the vacuum expectation value of the scalar
fields responsible for the spontaneous breaking:

G, — SU°(3) X Gpe

For example, if A, =10 TeV, the axion mass is m,

= 200 MeV, The existence of such an axion does not con-
tradict experimental data. Such a model predicts the
existence of new pseudoscalar mesons, “metapion,”
with mass m,=10-100 GeV. 58

8. THE PROBLEM OF CP CONSERVATION IN TWO-
AND THREE-DIMENSIONAL MODELS

It is well known that in two-dimensional models with
an Abelian gauge group (two-dimensional quantum elec-
trodynamics, the Higgs model) a complex structure of
the vacuum also arises. In such models, Wilson’s
criterion for the confinement of classical external
charges is

(oxp (i9) § 4y (2) ax* )y =exp[—E(R)7), T3 R,

where E(R) is the potential energy of the interaction of
the classical charges. By virtue of the equation

§ 44 (@) dh = | epoFyedia

the potential energy E(R) is intimately related to the
energy of the 6 energy. Namely,E(R)=R[E,~E,,(,/e2¢)-
It can be seen from this that for external fractional
charges the model possesses the confinement property,
but for integral charges there is no confinement. Note
that in the case E,=0 (Schwinger model) the classical
external charges can be in a free state. Therefore,

one can say that in two dimensions the requirements of
confinement for classcal charges and natural CP in-
variance are mutually exclusive.

We now consider how matters stand with the problem
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of CP invariance in three-dimensional space-time. It
was shown in Ref. 55 that in the Georgi—Glashow model
there is confinement. The action in this model is

5= @z [ 2 Fow+ (V) + 4 (@2— 1) 1
Fuv=0,Ay— A, + A, X Ay; Vi 9=0,9+4,X Q.

The “instantons” in this model are monopoles, which
have a long-range interaction. The action for a mono-
pole—antimonopole-type configuration with allowance
for the interaction between the monopoles is

=7 “( e=) 24“"' 27 Z |x:ffl;,,| .
In this model, the topologxcal charge is
0= [ 0l @2 Hy () = euugFye
If we define in this case the generalized action
So=5+10 | 0(z) %

1 . —
w3 Mw =e(e).

and consider what is the dependence on 6, then®® when
allowance is made for the interaction between the mono-
poles the generating functional

Zy= j exp [iSg] DA dg

does not depend on 6, i.e., the problem of CP viola-
tion does not arise in this model when allowance is
made for the monopole-monopole interaction. The
monopole—antimonopole plasma is electrically
neutral, which leads to an absence of a dependence on
@ for the physical quantities. It is possible that such
a mechanism could also work in four dimensions, but
this question requires additional study.

CONCLUSIONS

Summarizing, we can say that the problem of CP
conservation in quantum chromodynamics has not yet,
in our view, found an unambiguous convincing solu-
tion, In listing the ways in which this problem could
be solved, we should also bear in mind that this status
of the 6 vacuum itself in quantum chromodynamics is
not entirely clear. It is possible that allowance for
field configurations responsible for quark confinement
will give the key to the solution of the problem of CP
conservation.
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