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The review is devoted to automated computer processing of data obtained in measurements of discrete
nuclear spectra. Such data are processed in two stages, the first being carried out interactively on a graphical
display, while the second step, which is fully automated, solves the succession of monotypic nonlinear
problems generated in the first step. The algorithms of both stages are considered in detail. The requirements
that the algorithms must satisfy in order to be universally applicable to the given class of problems are
discussed. The construction of such algorithms on the basis of regularized iteration processes is also discussed.
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INTRODUCTION

Automation of spectrometric investigations involves
in the first place the use of computers to accumulate,
transmit, sort, and store experimental data and also
to control the spectrometric experiment. These labo-
rious processes can be formalized and described with
comparative ease by means of the languages available
for modern computers. It is natural to begin auto-
mated investigations with them. In the present paper,
we consider effective ways of approaching the problem
of automated mathematical processing of data obtained
in measurements of the discrete spectra of nuclear ra-
diation. In other words, we shall be concerned with a
natural extension of the process of automating spec-
trometric investigations.

The present review is based mainly on experience
accumulated in the Department of Nuclear Spectroscopy
and Radiochemistry at the Laboratory of Nuclear Prob-
lems at Dubna from 1969 on. The author is very grate-
ful to the head of the Department and the director of the
Laboratory of Nuclear Problems for providing him
with the possibility of collaborating with this outstand-
ing group of investigators for a number of years. Of
course, all comments in the review that might appear
contentious or erroneous are solely the responsibility
of the author and not of the group.

1. FORMULATION OF THE PROBLEM AND
METHODS OF ITS SOLUTION

1.1. Preliminary comments. By the spectrum we
shall mean the distribution of some physical quantity
(for example, the intensity U of radiation) with respect
to some parameter (for example, with respect to the
energy E of the radiation). The function U(E) describ-
ing the density of this distribution is usually called the
spectral function.

The task of nuclear spectroscopy is fairly clear from
its name. The following stages can be distin-
guished"'*®: detection of the radiation, analog-to-digi-
tal conversion of the signals, accumulation of informa-
tion, preliminary processing of the data, calculation
of the basic parameters of the spectrum, calibration
with respect to the efficiency and the energy, and inter-
pretation of the results (construction of decay schemes,
search for suitable nuclear models, etc.).
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The development and improvements in the technical
means of detection of radiation and the recording of
signals has led to a situation in which for many years
already it has been impossible to imagine a serious
spectrometric investigation without the use of comput-
ers.®% As regards the amount of computational work,
the most laborious stages are the preliminary process-
ing of the data and the calculation of the parameters of
the spectrum,. It is on these stages that we shall con-
centrate our attention in what follows. Without in any
way belittling the intellectual and technical difficulties
present in the other stages of nuclear spectroscopy, it
can be asserted that it is in these two stages that the
investigator encounters the greatest mathematical dif-
ficulties.

These two stages are characterized by the following
features:

a) a large amount of information is fed in;

b) it is expedient to involve the human intellect in the
preliminary processing;

¢) the main mathematical problem to be solved is
nonlinear;

d) a large number of calculations must be made;

e) a comparatively small amount of information is
extracted. '

In considering these features, we shall assume that
the preceding stages have been completed, i.e., the
measurements have ended and the accumulated infor-
mation is stored in the computer memory (or in ma-
chine-readable form).

1.2. The basic problem of spectrometry. Any real
measuring apparatus has a specific response function
K(E,e), and it is not the spectral function U (E) but the
instrumental spectrum A(E) which is obtained at its
output:

b
AE)=| K(E, U (e)de, (1)

where @ and b are the lower and upper limits of the
sensitivity region of the spectrometer.

Equation (1) is a Fredholm integral equation of the

 first kind (see, for example, Refs. 1, 4, and 6-8).

The solution of this equation, i.e., the finding of the
unknown function U (e) for given A(E) and K (E, e), is
the basic problem of spectrometry. We note some fea-
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tures of this problem;

a) it is improperly posed!;

b) the spectrometer response function K (E,e) is by
no means always known with sufficient degree of accu-
racy, and serious difficulties are encountered in an at-
tempt at specifying it analytically or measuring it di-
rectly;

c) the instrumental spectrum A(E) is by nature a con-
tinuous function, and in the process of analog-to-digital
conversion it is subjected to a “quantization” with step
equal to the conversion step. Mathematically, this is
equivalent to integrating the true instrumental spectrum
within each conversion step. Because of features a)
and b), one resorts to solution of the basic problem of
spectrometry in the form (1) only when it is impossible
to simplify it and reduce it to another, easier problem
as, for example, in the case of bremsstrahlung or mod-
erated neutrons, whose spectra are certainly continu-
ous.®® The feature c) is very often simply ignored.
This is very understandable, since the spectrometric
problem is sufficiently complicated in its own right!?
and its solution by traditional methods frequently leads
to insuperable difficulties, so that one attempts to avoid
additional complications associated with allowance for
integration.

1.3. The case of a discrete spectrum. The spectrum
is assumed to be discrete when it consists of individual,
clearly separated lines. This means that the natural
width I' of the lines is much less than the distance AE
between them. Ignoring the natural width, such a spec-
trum is conveniently represented in the form of a lin-
ear combination of a finite number of delta functions;

U (e) = ;l A (e—ey), (2)

where e, are the characteristic energies of the spectral
lines, A, are the intensities (amplitudes) of the corre-
sponding lines, and & is the number of lines in the
spectrum.

Substituting (2) in (1), we obtain
R
4(E)= 3 AK:(E), (3)

where we have adopted the notation K ,(E)=K(E, e). It
can be seen that when the investigated spectrum is dis-
crete, the response function decomposes into 2 inde-
pendent components, and the integration reduces to
summation over the components with the weights A,.

Equation (3) expresses the density of the distribution
of signals at the output of the spectrometric circuitry
before the analog-to-digital converter. Following the
established terminology, we shall call the conversion
step the channel width of the converter. In practice
one usually employs (or, at least, attempts to) con-
verters with constant channel width, so that we shall
restrict ourselves to this case, assuming for simplicity
that the channel width is unity. We shall assume that
all the channels are numbered, the numbers being equal
to the values of the upper threshold ¢=1,2,...,Q. Ob-
viously, the total number of channels is Q. Since the
converter reacts in the same way to all signals that
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arrive between the lower and upper thresholds of the
given channel ¢, the total number Y of signals recorded
in this channel is obtained by integrating the distribu-
tion (3) within the thresholds:

q

Yo=3 4 5 K (E)dE, q=1,92, ...,0. (4)

i=1 -1

The relations (4) constitute a system of nonlinear equa-
tions for the unknown parameters of the spectrum,
which occur linearly on the right-hand sides of the
equations (the line intensities occur explicitly and lin-
early, while the remaining parameters occur implicitly
and nonlinearly under the integral). It is important that
the left-hand sides of (4) are measured directly. Gen-
erally, these are the numbers of pulses measured in
the channels of the analyzer, but the left-hand sides
may also be powers of the photographic density on a
plate used as a detector in a magnetic spectrometer for
conversion electrons,' the counting rates of the detec-
tor in an @ spectrometer at different currents of the
magnet, etc. In this exposition, we shall usually be
thinking of only the numbers of pulses in the channels
of an analyzer, but the conclusions remain valid for
other discrete spectra.

The set of numbers ¥, constitutes the data that are
accumulated by means of the spectrometer when its
detector is exposed to a mixture of » monochromatie
lines of different intensities. The complete image of
the required spectrum U(e) is hidden in these data.
The aim of the solution of the system (4) is to recon-
struct this image, i.e., to find the individual discrete
lines in the experimentally measured spectrum. It is
clear that the solution of this problem depends on the
resolution of the spectrometer (the half -width of the
instrumental line). We note that, as a rule, the reso-
lution of a given instrument depends weakly on the en-
ergy of the radiation.

Since the resolution of the spectrometers used is al-
ways worse than one would wish, the aim of the solu-
tion of the system (4) can be formulated differently as
the reliable extraction of the greatest possible amount
of useful information hidden in the experimental data.
We shall show in what follows that if suitable algor-
ithms are employed this aim can be well achieved even
for lines separated by less than the resolution, In oth-
er words, by a more accurate solution of the system
(4) one can “improve” the spectrometer.

Note that when the channel width is appreciably less
than the half-width of an individual line (which is the
case, for example, in scintillation spectrometers), the
corrections for integration of the instrumental spec-
trum within an individual channel become negligibly
small, and the comment made earlier ceases to hold.

1.4. Generation of a succession of monotypic nonlin-
ear problems. The circumstance that all real spec-
trometers have a finite resolution leads, in conjunction
with the physical fact of nonuniformity in the distribu-
tion of the lines over the spectrum, to very important
consequences, &t

First, the images of the true lines {V,} in the mea-
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sured spectrum are grouped naturally into clusters,

in which the distances between the neighboring lines
are comparable with the half-width % of an individual
line, i.e., if the distances exceed the width, then by
not more than a few times (for example, by 2-3 times
in the case of a Gaussian profile of an individual line).
In contrast, the distance between neighboring clusters
is greater than the maximal distance between neighbor-
ing lines within a cluster.

Second, the contribution of an individual line to the
number of recorded signals Y, is extended to only the
channel numbers g corresponding to the given cluster
of lines. The contribution of the lines of a given clus-
ter to the channels of the neighboring clusters is neg-
ligibly small compared with both the recorded numbers
of signals and the unavoidable errors of measurement.

Third, since lines of a given cluster are close to
each other, and the resolution of the spectrometer de-
pends weakly on the parameter with respect to which
the spectrum is represented, it can be assumed toa
good accuracy that the resolution is the same for all
lines of the cluster (and, of course, changes slightly
on the transition to the neighboring clusters).

Suppose a cluster of lines lies completely between the
channels with numbers from g, to g, We shall call the
ordered set

(5)

a section of the spectrum. By the definition of a section
and the consequences just listed, the equations of the
system (4) which correspond to the set (5) are indepen-
dent of the remaining equations of the system and can
be solved separately. Therefore, if the complete
spectrum is divided suitably into sections, the system
of nonlinear equations (4) decomposes into a finite num-
ber of independent nonlinear systems of lower dimen-
sion, these corresponding to the different sections. In
this case, we can speak of a partial decomposition of
the original spectrum, or we can say that the system
(4) generates a succession of monotypic nonlinear
problems*® involving processing of sections of the type
(5). If we can construct a universal algorithm®® for
solving the problems in this succession, the problem

of automating the processing of discrete spectra will

be to a considerable extent solved.

(Yq}q:qj,,. q;,,-*-h ceandg

The reduction of the original problem to a succession
of problems of reduced dimension considerably facili-
tates data processing on a computer, since it reduces
the requirements on the operative memory of the com-
puter, and also the total number of necessary elemen-
tary operations. This is very important, since without
such reduction the processing of spectra by minicom-
puters is not possible at all.

For example, the y-ray spectra of isotopes in the
region of deformed nuclei may consist of several hun-
dred individual lines. One such spectrum, measured
with a spectrometer with a semiconductor detector and
recorded in 4096 channels, usually breaks up into
around 50-100 sections and therefore generates a suc-
cession of the same number of monotypic nonlinear
processing problems. In a limiting case, an individual
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section may contain only one line. The average length
of a section is 30-50 channels, which is considerably
shorter than the length of the original spectrum.

The decomposition of the spectrum into sections is
by no means a formal problem; moreover, its solution
is not, as a rule, unique. To make the decomposition
correctly, one must be able to recognize single and
overlapping lines and clusters of them; in complicated
cases, one also requires imagination, experience, and
intuition. Since we have not yet learnt to program these
attributes of the mind sufficiently well, participation
of the human intellect in the decomposition stage is
particularly important. If a sensible separation of the
sections from the original spectrum is made, the final
values of the calculated spectral parameters hardly
depend on the method of decomposition (if, of course,
the method remains sensible). Therefore, the problem
of processing the spectrum still has a unique solution,
although the decomposition is not unique. The algor-
ithm that is employed is of great importance for achiev-
ing uniqueness of the solution. As we shall see
later, a good algorithm for processing the sections
can also indicate a bad decomposition. It is also help-
ful to invoke additional physical considerations; for
example, a sharp drop in the value of the half-width of
the lines of a given section from the general smooth
dependence unambiguously indicates trouble.

Thus, if the spectrum has been measured and sen-
sibly divided into sections, to solve the succession of
monotypic nonlinear problems we must:

a) construct a suitable mathematical model of the re-
sponse function K,(E) of the spectrometer. The model
must clearly depend on at least two parameters—the
position p, of the line center and its half-width k, (since
the line is usually smeared, one usually takes the full
width at half maximum; for brevity, we shall use the
expression “half-width”);

b) augment the mathematical model by terms which
take into account the presence of background signals
in ¥ ;

c) substitute the explicit form of the chosen model
into the relations (4);

d) for each section of the spectrum, i.e., for each of
the succession of problems, specify initial approxima-
tions for the required unknowns, including the param-
eters of the background terms;

e) solve the individual problems of the succession,
applying to each of them a suitable iteration procedure
chosen in accordance with the universal algorithm for
processing the given succession;

f) for each of the problems in the succession calcu-
late the propagated errors of the required parameters
at the point of the solution that are due to the inaccu-
racy of the initial data as well as the incompleteness of
the adopted model.

1.5. Construction of a mathematical model of the
spectrum. The physical processes responsible for the
detection of radiation by the detector have a compli-
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cated and undoubtedly statistical nature. This is true

in all cases of measurement of discrete nuclear spec-
tra. When models of definite spectra are constructed,
the nature of the interaction between the radiation and
the detector should be taken into account as far as pos-
sible. To be definite, we shall take the example of y
spectra measured by semiconductor detectors, the case
which is encountered most frequently. The arguments
which follow apply to a single monochromatic y line.

The instrumental line. The interaction of y rays with
matter has been fairly well studied. In the material of
the sensitive volume of the detector, a ¥ ray can under-
go one of the following three processes: scattering,
the Compton effect being the most important among the
various kinds of scattering; total absorption with trans-
fer of the energy to one of the bound electrons (photo-
electric effect); and formation of electron—positron
pairs with loss of energy equal to the rest energy of
the produced particles (obviously, this is a process
with a threshold)., Combinations are also possible such
as, for example, the formation of a pair with the sub-
sequent total absorption of the remaining y ray, etc.!®
At the energies in which we are interested (10 MeV),
production of heavier pairs does not occur.

Each process of interaction of ¥ rays with the matter,
like every possible combination of the processes, leads
to a characteristic distribution of the signals at the
spectrometer output. The sum of these distributions
is the response function of the spectrometer for ¥ ra-
diation of the given energy or, as one says, the single-
line profile. Because of the multiplicity of the physical
processes, this profile is fairly complicated even in
the case of a monochromatic detected spectrum. Satis-
factory analytic expressions describing this profile do
not exist, the attempts to find such expressions having
so far led to severe difficulties. Let us attempt to es-
tablish the extent to which the efforts expended on over-
coming the difficulties are justified.

The aim of the processing of the spectrum is the re-
liable determination of the intensities and energies of
the individual lines. All the important information
about these physical quantities is concentrated in the
total-absorption peak, whose area and position are,
respectively, equal to the intensity and energy up to a
relatively simple (but not necessarily linear) calibra-
tion transformation. It is also expedient to include in
the processing the peaks of simple and double emis-
sions, since they may be helpful in identifying the lines
of complex spectra consisting of a set of monochromat-
ic components. With regard to the Compton part of the
spectrum, in which we can also include the backward
scattering peaks, the contributions of the individual
lines are so mixed up in it that its processing appears,
at least at the present state of our possibilities, hardly
possible and perhaps unnecessary.

Thus, because the individual components of the in-
strumental spectrum of an isolated ¥ line in a semicon-
ductor spectrometer are not equally informative, we
introduce the following additional definitions and condi-
tions.
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1. Only well-defined peaks in the distribution of the
signals will be regarded as lines of the instrumental
spectrum, Physically, such a line corresponds to a
total-absorption peak or, less often, peaks of simple
or double emission. The profiles of isolated instru-
mental lines are similar (only the retarded annihilation
peak is broadened).

2. The instrumental lines will be identified, i.e., an
unambiguous connection between peaks and particular
v lines of the investigated spectrum will be established,
after processing of all sections of the spectrum.

3. All the remaining components of the instrumental
spectrum will be included with the background (together
with the true physical background).

4, The resolution of the spectrometer will be deter-
mined relative to the concept of the instrumental line
introduced above,

With these stipulations, all the conclusions drawn
earlier can be applied to the y spectra obtained from
semiconductor detectors. Note that this is character-
istic of only the specific spectrometers considered.
For example, the same conclusions apply to magnetic
spectrometers for internal conversion electrons with-
out the introduction of additional conditions.

Analytic description of the instrumental line. The
concept of the instrumental line having been clearly
defined, we can now review descriptions of its profile.

-a) If the spread of signals from the detector is due
solely to random (statistical) factors, a normal dis-
tribution of these signals can be expected:

K B)= (5 )ew [~ (57)]: (6)

where the center of the distribution p is a measure of
the energy of the absorbed y ray, the variance ¢ is
related linearly to the half-width,

(7

h=2)2In20,

and the intensity is measured by the area of the instru-
mental line, which is simply equal to the amplitude A
introduced earlier (in this section, we omit the line-
number index i).

The distribution (6) is the oldest, most physical, and
most frequently used model, and it entered semicon-
ductor spectroscopy from scintillation spectroscopy.

It has been used by so many authors that we should be
hard put to say who was the first.

b) For many detectors, the assumption a) that the
spread of the signals is due to purely statistical factors
is an oversimplification.!™'® The sequence of physical
processes by means of which the incident y ray is
transiormed by the detector into a signal of definite
amplitude is very complicated,'® and attempts at theo-
retical calculation of the distribution of the signals
(see, for example, Ref. 19) have not yet found practical
application in the processing of spectrometric data.
There are two main reasons for this. First, the theo-
retical expressions which are derived are themselves
fairly complicated and inconvenient; second, they also
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contain unknown parameters and even unknown functions
such as, for example, the efficiency of carrier collec-
tion. Even when these two problems are absent, the
actual calculation of the signal distribution is made
under inadmissible simplifications, and we are ad-
vanced no further.

Under these conditions, it is natural to avoid both
the simplicity of the distribution (6) and the inconven-
ience of the theoretical calculations. This can be done
either by a tabulated specification of the single-line
profile or by introducing into (6) additional additive or
multiplicative terms. Such an approach may be termed
empirio-phenomenological.

c) Tabulated specification of the single-line pro-
file?*"22 ig the most empirical approach to the construc-
tion of a mathematical model of the spectrum. If we
are to implement it, we must have at our disposal a
sufficiently dense set of pure reference lines over the
entire investigated energy range. This condition, and
also the greater demands on the operative memory for
storing the tabulated tables somewhat detract from the
obvious advantages of this method.

Correction terms to (6) are usually selected on the
assumption that the Gaussian distribution plays the
leading part but its “tails” are distorted for a number
of reasons (incomplete carrier collection, imperfec-
tions of the electronics, etc.). Many different ways
have been proposed for analytic description of asym-
metry of the instrumental line (see, for example, Refs.
23-26). The main methods are reviewed in Refs. 27—
29, in which a comparative evaluation of the different
methods is made. This involved the measurement of
single total-absorption lines with statistics of more
than 10° pulses and a background of the order of sev-
eral hundred events per channel. The gain and channel
width were chosen to make the half-width of the total-
absorption peak equal to about 30-40 channels. Under
these conditions, the corrections for integration of the
signal distribution within one channel of the analyzer
become insignificant. The x* test was used to compare
the different asymmetry models for optimal values of
the parameters, and the following conclusions were
obtained: The central part of the total absorption peak
is described well by the Gaussian distribution; asym-
metry is manifested only in the tails of the pure Gaus-
sian and at low counting rates is appreciable only to the
left of the peak; the asymmetry can be most accurately
described in the form of two additive terms, which are
called the step and tail functions; the total distribution
function of the signals near the maximum of the total-
absorption peak can be represented in the form

F(i)=G @)+ () +D ) +B (), (8)

where i is the channel number, B(i) is a linear back-
ground, the Gaussian is given by

G (i) = Hg exp [ — (i —ig)*/207], (9)
the step function by
8= (1,2) He [l —exf ((i,— i)/o } )], (10)

the tail function by
1 Hpexp[(i—e)/pl. i<ig (11)
Dm:{ Hpexp | — (i —e)%28%], i=iy,
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and i, is the point at which the two parts of D(i) are
joined:

iy=c—28%p. (12)
We see that five additional parameters must be intro-
duced to give a complete description of the asymmetry.
For their accurate determination, it was necessary to
stretch the investigated spectrum considerably and
adopt a special procedure to calculate the initial ap-
proximations for the parameters. At the same time,
the main physical information is still contained in the
parameters of the Gaussian. For this reason, such a
complete treatment of the profile of a single total-ab-
sorption line can be recommended only in the case of
particularly accurate measurements. Perhaps in the
future it will be possible to use it as well for routine
spectroscopic investigations, in which one must at
present accept half-widths of the order of ten channels,

d) In our work on computer processing of discrete
spectra we adopted at an early stage the symmetric
Gaussian (6) to represent the single-line profile (Refs.
4, 10, and 30-35). The advantages of this model are
obvious: a clear and unambiguous physical interpreta-
tion of the parameters is combined with simplicity,
which is of the greatest importance for program imple-
mentation, especially with minicomputers. Its initially
obvious disadvantage in failing to match exactly the
real profile of the instrumental lines proved to be
short-lived. The technological developments in the
production of semiconductor radiation detectors and
also analog and digital electronics led to widespread
use of spectrometers with instrumental distribution of
the signals only slightly different from a normal dis-
tribution. In this sense, one can say that universality
was added to the advantages of the model (6).

Many investigations made using the model of a sym-
metric Gaussian demonstrated convincingly that it can
be successfully used in physics experiments (see, for
example, the reviews on the Dubna YaSNAPP pro-
gram,®®*? and the conclusions drawn in the preprints
of Refs. 38-43 on methodology). It was shown in Ref.

44 that the model could be used in precision y-ray spec-
troscopy.

The construction of a mathematical model of the
spectrum in a given fixed section is completed by the
addition of terms which take into account the back-
ground. Following the proved tradition, we shall rep-
resent the background by a polynomial in the channel
number, In this representation, it is not necessary to
take into account the integration of the background over
one channel of the converter, since the definite integral
of a polynomial of given degree within each channel
leads to a polynomial of the same degree.!’ We shall
not restrict ourselves to representing the background
by a straight line, since this does not allow us to take
into account the possibility of Compton peaks from
lines with higher energy coming within the investigated
section, In general, the coefficients of the background

Dindeed,

q .
| amdz=gn—Zgm-if. b (—n,
g-1
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polynomial as well as its degree are unknown. The
coefficients of the polynomial are found in the process
of solving the nonlinear problem for the given section
together with the remaining unknown parameters. The
degree of the polynomial can be determined in accord-
ance with known statistical criteria®® by processing the
same section with different fixed degrees. In fact, the
need for such a detailed approach to the background
arises comparatively seldom. It is much more often
the case that the physicist, specifying the initial ap-
proximations, correctly guesses the appropriate degree
on the basis of previous experience. For the majority
of sections, a linear background is indeed the most
suitable; in approximately 10% of the cases, one must
approximate the background by polynomials of second
and third degree; cases of higher degree are extremely
rare and should be regarded with suspicion, since the
behavior of polynomials with such degree is rather
free (and certainly does not correspond to the physics
of the phenomena under consideration), which may lead
to a distortion in the values of the parameters of the
spectrum. In the first place, this applies to low-inten-
sity lines.

Formulation of the nonlinear problem for processing
a section of the spectrum. Substituting the explicit
form (6) into the equations of the system (4) corre-
sponding to the section (5), and making some simple
manipulations, we obtain the final form of the system
of nonlinear equations which must be solved in order
to process the data for the section:

k ‘ I 4 3
Yemgyx 2807 (57 (5550 ]+ S oe. 1)
where

9= Yat1 ..0s Qe (14)

and we have adopted the following notation for the error
function:

J(@)={ exp(—w)du. (15)
The other symbols have the following meaning: o is
the single-line variance, S, is the area of peak i, P;
is the position of the center of peak 7, % is the number
of lines in the section, [ is the degree of the polynom-
ial, and g; are its coefficients. The number of equa-
tions in (13) is obviously

m=g.—q,+1, (16)
the number of unknowns is

n=2k+1+2, (17)
and

mn. (18)

The relations (13)—(18) give the explicit form2-14:4¢
of one of the monotypic nonlinear problems in the suc-
cession generated in the processing of discrete nuclear
spectra.

1.6. Features of the succession of problems gen-
erated by discrete spectroscopy. We have already
pointed out some general properties of the problems
generated by spectroscopy. Let us now consider how
these properties are manifested in the succession of
problems to which the initial problem (1) for a dis-
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crete spectrum has been reduced,

a) The nonlinearity of each problem in the succession
is due to the nonlinear dependence of the model on the
parameters. Therefore, one must have recourse to an
iteration procedure which begins with certain initial
approximations to the unknowns. The initial approxima-
tions are selected individually for the separate prob-
lems.

b) The problem is overdetermined, the number of
equations usually exceeding the number of unknowns.
On account of the overdetermination, one does not
solve the original system (13) on each section but rath-
er its corresponding averaged problem, the derivative
(Jacobi matrix) of the right-hand side of (13) being
taken as averaging operator.®” This operation is anal-
ogous to the transition from the conditional equations
to the normal equations in the case of the least-squares
method.

c¢) The problems are approximate because of the un-
avoidable spread of the measured AY_,. Inthe absence
of systematic errors, the spread is assumed to be
purely statistical. The different degrees of accuracy
of Egs. (13) are taken into account by the introduction
of a diagonal matrix of statistical weights W, the ele-
ments of the matrix being inversely proportional to the
squares of the spreads.

d) Ill conditioning of the linear steps in the solution
procedure is a common phenomenon in successions of
spectroscopic problems. It may be due to any one of
the reasons given below, and also combinations of them.

1. The presence in the section of relatively very
weak lines. In this case, the matrix of the linear step
(see below) contains columns whose relative magnitude
is much less than that of the others, and the numerical
inversion of the matrix is difficult.

2. The presence of lines of approximately equal in-
tensity very close to each other. In this case, the ma-
trix of the linear step contains pairs of almost linearly
dependent columns.!? The numerical inversion of such
a matrix again presents difficulties.

The inaccuracy of the initial data, although itself not
capable of leading to ill conditioning, aggravates the
effect of the two factors mentioned above. The uni-
versal algorithm for solving the problems must meet
the requirement of being able to recognize cases of ill
conditioning and must be able to adopt appropriate
measures to ensure stability of the iteration process.

e) A certain number of complete problems for finding
hidden features can in principle occur in the succession
of problems,* i.e., there may be one or several sec-
tions in the succession which are so complicated that
the intuition of the physicist operator by itself is in-
adequate to determine the number of lines % in the sec-
tion. In such cases, the algorithm must satisfy the
very stringent requirement of being able to determine
objectively the number of lines.

Before we consider the construction of the universal
algorithm for solving the succession of nonlinear prob-
lems, we consider some related questions.
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1.7. Iteration procedures for solving the systems of
nonlinear equations. Among the existing iteration pro-
cedures (see, for example, Ref. 48) that can be used
to solve the problems (13)—(18), we shall consider only
the ones that are actually used in the practical process-
ing of discrete spectroscopy data. We introduce the
notation

Y =col {Yglegy s gty o2 ¥ ER™ (19)
. @), TERY (20)
Fe C! is the nonlinear operator of the right-hand side

of (13), which maps the n-dimensional Euclidean space
R" onto R™. Then (13) can be written in the form

z=col (0, Sy, Piy ++» Sky Prr Gor - -

Fz—Y =0, (21)
or, with the notation

Fz—Y =fz, (22)
we have

fz=0. (23)
We also denote the derivative of the operator f by

1 (@) =10fu/0zy) = |0F 0z, (24)
where

p=And, e (25)
and

ve=1, 2, ..., B (26)

To take into account the approximate nature of the orig-
inal equations (13), we introduce a diagonal matrix of
weights W, whose nonvanishing elements are equal to

w,, = 1/(AY,)% (27)

The averaged problem now takes the form

S (28)
f (z) Wfz=0,

where the bar over the operator denotes the transpose.

Its approximate solution is usually taken to be the vec-

tor ¥ for which the functional

0=V fzWtz/(m—n) (29)

is minimal. This functional is the weighted mean quad-
ratic deviation of the left-hand side of (23) from zero.
Therefore, a solution satisfying the criterion of a min-
inum of @ is also a solution in the least-squares sense.
The presence of the normalization with respect to the
degrees of freedom m —n transforms the square of 6
into the well-known*® statistical x® criterion.

Employed methods of solution. We shall assume that
all the considered iteration processes of solution of
(28) begin with some initial approximation to the vector
of unknowns x°. The specification of the initial approx-
imations is considered later (see Sec. 2).

a) The most widely used method of solution of the
posed problem is the Gauss-Newton method:

20 ot =gt — [V ()] f (2 Wiz, (30)

in which we have the matrix of the linear step
U (31)
V(') =T (=) Wf (2),
and the superscript ¢ is the number of the iteration.
The second term in (30) is called the vector of the lin-
ear step of the variation of the unknowns.
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The advantage of the method is the rapid convergence
(not worse than linear) near the point of the solution,
and the main disadvantage is the small radius of con-
vergence. This method is widely used to process dis-
crete spectra,?®*®-5! although its successful use depends
to a large extent on felicitous specification of x°.°° We
note that g priori information such as bounds on the
range of variation of the parameters and so forth?® gen-
erally improves the convergence but does not guaran-
tee it. Because of the features of the problems dis-
cussed earlier, the Gauss-Newton method frequently
diverges and in principle is not suitable for solving the
complete problem of finding hidden features.

b) The desire to achieve convergence of the iteration
process even when (30) diverges led to a number of
modifications of the Gauss-Newton method.

1. Damping of the linear step of the process, which
is achieved by multiplying the vector of the linear step
by a positive constant smaller than unity (sometimes
by a diagonal matrix of damping coefficients that are
different for the different components of the vector).
This modification was used, for example, in Ref. 52;
it cannot be called universal and, moreover, it greatly
reduces the rate of convergence of the process.

A particular kind of damping by multiplicative regu-
larization was used in Ref. 21, Besides the disadvan-
tages mentioned above, multiplicative regularization is
also disadvantageous in that it changes to the greatest
extent precisely the elements of the matrix of the linear
step V that least need it.

2. The matrix of the linear step V is kept positive
definite, which makes it possible to carry out the itera-
tion even in the case of an ill-conditioned step. More
frequently used than others is the Levenberg—
Marquardt method, which is a kind of additive regular-
ization of the process, the additive term being found by
means of empirical rules. Such an algorithm was real-
ized, for example, in Refs. 53 and 54.

¢) The difficulties encountered in implementation of
the Gauss—Newton method prompted some authors to
use the so-called quasi-Newtonian methods or vari-
able-metric methods. In these methods, the matrix of
the linear step V is not calculated and instead the in-
verse matrix V7 is constructed directly from some
initial approximation, which is improved in each itera-
tion. One of these methods was realized in the pro-
grams of Refs. 17 and 55. The disadvantages of the
variable-metric method are the slower convergence
with greater number of unknowns and their basic un-
suitability for solving a complete problem for finding
hidden features.

d) Besides these methods, use is also made of the
method of statistical adjustment,®®-%? It is a variant of
classical direct search by trial and error which uses a
number of auxiliary measures aimed at accelerating the
progress of the wandering vector x toward the solution
% to the problem. The estimate of the errors of the re-
quired parameters in this method is of course also
purely statistical.
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In the statistical adjustment of the parameters of the
processed spectrum we minimize the functional (29) di-
rectly without recourse to its derivatives. The main
advantage of such a method is its speed, even when
implemented on small and medium computers; this
makes it very helpful for control purposes during an
experiment. However, the method encounters charac-
teristic difficulties in the processing of sections con-
taining a higher number of overlapping lines or a com-
bination of lines which differ strongly in intensity,
Therefore, this method cannot be used to construct the
required universal algorithm for solving the succession
of monotypic nonlinear problems of discrete spectro-
scopy.

Regularized iteration processes. The content of the
previous section illustrates fairly fully the character-
istic difficulties that must be overcome in the creation
of a universal algorithm for solving the succession of
monotypic nonlinear problems generated by discrete
spectroscopy. Similar difficulties are inherent in other
problems.

For a large class of improperly posed problems, a
method of regularizing the construction of approximate
solutions has been developed by A. N. Tikhonov’s school
(see, for example, Ref. 1). In various papers (Refs.

9, 15, 47, and 60-63), Aleksandrov developed and jus-
tified regularized iteration processes (R processes)
for solving systems of nonlinear equations. Among the
R processes, a process of the type ERP with exponen-
tially decreasing regularizer is particularly suitable
for the solution of our discrete spectroscopy problems.
It is realized in accordance with the scheme!5-

2% gttt =gt — [V () I T (2F) Wi, (32)
where
al=alexp(—ri), (33)

and o’ and # are positive constants; I is the unit ma-
trix.

To avoid the premature termination of the R process
when a first (possibly, local) minimum of the functional
(29) is attained, the criterion for leaving the minimum
is not 2 minimum of @ but a minimum of the param-
eter'*®

0= i, 1>e—t, (34)
=1
where
6 =0(z!), (35)

and p, are positive weight coefficients whose sum is
normalized to unity:

: (36)
Np=
= P i

We shall call & the length discrepancy or, more pre-
cisely, the discrepancy of the length in s iterations.

It is obvious that the weight coefficients can be chosen
in such a way that for monotonic nonincrease of 6 the
criteria of minima of (29) and (34) are satisfied in the
same iteration.

The propagated errors of the required parameters
are estimated by the same method!®*® for the R proc-
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ess (32) as in the case of the process (30). The purely
statistical errors are calculated in accordance with

et =V V(@) e, (37)

and the more real “total” errors, which also take into
account the inaccuracy of the adopted model, in accord-
ance with

el =20 (3). (38)

In the solution of a complete problem for finding hidden
features, the matrix V(%) is certainly degenerate and
the estimate (37) cannot be made, In such cases, it can
be replaced by a similar estimate, in which one uses
instead of the operator V(%) the regularized operator
V(%) + aI (& is the value of the regularizer in the itera-
tion in which the solution ¥ is attained). This leads to
distorted values of ! for at least the parameters of
“spurious” lines. Since the strategy for solving the
complete problem foresees a repeated processing of the
section with corrected number of required lines, the
distorted error estimates and are corrected subse-
quently.

The R process is capable of overcoming all the diffi-
culties listed above. Its only disadvantage is a slight
decrease in the rate of convergence compared with the
Gauss-Newton method, espeically in the initial itera-
tions, for which the regularizer is still large and acts
as a damper. According to our estimates, the R proc-
ess leads on the average to a solution in 7-10 itera-
tions, and the slower convergence is completely offset
by its unique positive features. Naturally, the R proc-
ess must occupy a central position in the universal
algorithm for solving the problems we are considering.

A regularized iteration process with exponentially
decreasing regularizer was implemented for the first
time in the program KATOK,*'%% Later, an improved
variant of the program was written in FORTRAN!2"1¢
and the program KOLOVOK was developed.*® It uses
the autoregularization iteration process ARP, which
is realized in a program packet with the general desig-
nation REGN-C ®MPIL.5

1.8, Condition of the itevation steps and renormali-
zalion of the opevalors in the spaces R" and R™, We
have already noted that the linear steps in the iteration
process used to solve the individual problems in a suc-
cession are as a rule ill conditioned. A quantitative
measure of the condition of the »-dimensional linear

problem
Ax=0b
is the condition number® of the matrix A:
cond A=||A||.|| 41|, (39)

where [|All is some norm of the matrix A. For Eu-
clidean norms, which we shall use in the present paper,

cond 4 =g/g,, (40)
where g, and g, are the largest and smallest of the sin-
gular numbers of the matrix. It is well known® that the
condition number gives an upper bound on the transfer
of relative errors of the right-hand side of the initial
system to the solution vector (for accurate matrix),

Il d |I/ll = |[<cond A || db /|| Bl (41)
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and also for the transfer of relative errors of the ma-
trix of the problem to the solution vector (for accurate
free term):

Il dz Az |<cond Al A/ All. (42)

Since numerical calculations on a computer always in-
volve at least rounding errors® (and in practice there
is always a set of additional sources of errors), it fol-
lows from the estimates (41) and (42) that it is worth
attempting to lower the condition number of the prob-
lems to be solved by an appropriate transformation.
This transformation cannot be orthogonal, since the
condition number is invariant under orthogonal trans-
formations in a Euclidean metric.

The simplest transformations of this type are repre-
sented by the class of nonorthogonal nondegenerate
diagonal matrices. They are widely used in computa-
tional practice and are usually called scaling transfor-
mations. We prefer to use the expression “renormal-
ization,” since these transformations essentially change
the norms of the transformed vectors and the corre-
sponding norms of the operators, which are consistent
with them. A good choice of the renormalization coef-
ficients can significantly lower the condition number of
the matrices which participate in the process, and this
is the justification for using these transformations.

For example, for an arbitrary nondegenerate real
2 X 2 matrix
A= (“u ﬂsz) (43)
dyy @2
one can express the singular numbers explicitly as the

positive square roots of the eigenvalues of the positive-
definite symmetric matrix A4, from which we obtain

/" Sp(AZ)+ V Sp? (AA)—4 det * (AX)

dA4= ’
sl Sp(AA)— V 8p* (Ad)— 4 det T (44) (44)
where
Sp (44) = e}y + aj, + 6% + a3 (45)
and
(46)

det (AZ_) = (@483 — 12821)%

It is readily shown by means of the Cauchy inequality
that the difference Sp%(AA) —4 det’(AA4) is always posi-
tive, i.e., the condition number is real and positive.
Multiplication of the matrix A from the right by a diag-
onal renormalization matrix of the type

= 9 )
changes its trace and determinant:

Sp (A'D) = a2, +a+ k* (a3, + a5); (48)

det {A'E'-} = k2 (44825 — B12821)* (49)
where

A'=A4D. (50)

Substituting (48) and (49) in (44), we can obtain the
explicit dependence of the condition number on the re-
normalization coefficient (it is readily seen that the
condition number depends only on the ratio of the diag-
onal elements of the renormalization matrix, so that
the form (47) does not restrict the generality). Investi-
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gation of this dependence shows that for
- a}, +ah,
k=ky=)/ S (51)

there is a minimum equal to

cond A’ (k) =V (1 [cos Z])/(1 — |cos Z]), (52)
where
|cos Z| =V (@11842 + 824820)%/ (a3, + al)) (a},+a3,): (53)

and the angle Z can be regarded as the angle between
the column vectors of the original matrix A in the basis
before the renormalization transformation. Therefore,
it is only when these vectors are orthogonal (for ex-
ample, for a,,=a, =0 or for a,, = az,=0) that one can
make the condition number equal to unity. In all other
cases, the change in the condition number as a result
of the transformation (50) is bounded below by the ex-
pression (52).

One can regard k, as a measure of the equilibration
of the columns of the matrix A; then the transformation
(50) with %=k, transforms the original matrix A into a
matrix A’ with columns equilibrated to the maximal ex-
tent possible for the given values of the elements of A.
In the same way, one can derive expressions analogous
to (51)—(53) for the case of renormalization and equi-
libration with respect to the rows, which occurs when
A’ is multiplied from the left by another diagonal ma-
trix D'. These expressions are in fact identical to
(51)—(53) with the elements a,, and a5 interchanged.

We give a numerical example. Suppose we have the
matrix

(1.01]300

2.59E—3
5.09E—2 )

1.34E —4

Its determinant is detA= 3.509E-6, and the condition
number is condA = 3.28104E + 5 (to six significant fig-
ures). The optimal renormalization of A is obtained in
accordance with (51) for k= 3.89935E + 2, and the ma-
trix then becomes
., (1.01E00  1.00993E00
& =(5.09E——2 5.2251313—-2)

with condition number condA’=1.49485E+ 3. Similarly,
making an optimal renormalization from the left for
K = 1.95805E+1, we obtain

v 1.01000EQ0 1.00993EOO)
~19.96630E —1  1.02311E00/’

for which condA” =1.52284E + 2, i.e., a number which is
more than three orders of magnitude smaller than the
condition number of the matrix A.

If we work with a decimal computer and wish to avoid
additional rounding errors associated with the renor-
malization, we must set [y’ = 10INT(logkp'’ +0.5), which
in our case gives 1000 on the right and 10 on the left,
respectively. After renormalization, the matrix A
takes the form

1.01E00
(5.09E—1

1™

2.59E00
1.34E00)

and its condition number falls to 279, which is some-
what worse than the minimal value 152.

In the case of binary computers, for the same pur-
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pose one must take k}''= 2INT(logyky"” +0.5). For the
matrix A, these coefficients are 512 on the right and
16 on the left, the matrix itself becomes

(1.01000]3‘.00

4=\ 8.14400E —1

1.32608E00
1.09773E00) ’

and the condition number falls to 1.61647E + 2, which is
very close to the minimum. This is readily understood,
since the integral powers of 2 form a denser mesh than
the integral powers of ten, and as a result “binary” re-
normalization is almost optimal.

Thus, from our consideration of 2 X 2 real nondegen-
erate matrices, we can draw the following conclusions.

1. It is possible to achieve a change in the condition
number of this class of matrices by means of a diagonal
nonorthogonal renormalization transformation applied
from the right and the left, i.e., with respect to the
columns and with respect to the rows.

2. The possibility of reducing the condition number
by means of a renormalization is associated with an
equilibration with respect to the columns and rows of
the matrix to be transformed.

3. If the matrix to be transformed is not equilibrated
with respect to the columns and with respect to the
rows, optimal renormalization from the right and the
left leads to a minimum of the condition number of the
transformed matrix.

4. The numerical value of the minimum admits a
simple geometrical interpretation.

5. In the practical solution of actual problems on a
computer, one can carry out a near-optimal renor-
malization, modifying only the orders of the elements
of the matrices without introducing additional rounding
errors. Because of the exact invertibility, such re-
normalization may be very helpful.

So far as we know, these conclusions have not been
proved in the general case of n-dimensional square ma-
trices. Nevertheless, the simplicity and geometrical
naturalness of the conclusions suggest that such a proof
is in principle possible, and the accumulated experi-
ence of the practical use of these conclusions (see Sec.
2) is an additional argument in favor of their validity.

Before we turn to a discussion of the features of the
renormalization of nonlinear overdetermined problems
of the type (23), let us consider which of the sources of
ill conditioning of the linear steps (see Sec. 1.6) can be
avoided by means of a renormalization transformation.
It is clear that if two individual lines of the spectrum
are close together, so that a pair (or pairs) of columns
of the matrix of the linear step is (or are) nearly lin-
early dependent, the multidimensional analog of the an-
gle Z will be small and, thus, not affected by the re-
normalization. However, differences in the amplitudes
of the lines of the spectrum can be overcome by intro-
ducing a corresponding unit of measurement for each
line. Therefore, renormalization of our problems will
enable us to process the sections of the spectrum as if
all the lines in them had approximately the same inten-

sity.
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This is a very important simplification. In fact, if
one does not employ such a renormalization, the un-
regularized method of Newton is virtually useless under
real conditions. '

We now return to Eq. (23). We set

z=C3, (54)
where the renormalization matrix has the form
C =diag (5, €35 ...s Cn)- (55)

If we denote by G the nonlinear operator which carries
z € R" into Gz € R™, we obtain in place of (23) the new
equation

Gz=0, (56)
and, as is readily seen, for its derivative we have

G' (z) =[0Gy /0zy] = [(0fy/0zv) (d2v/02v)] =" () C. (57)
All the expressions and estimates (19)-(38) remain
valid if we substitute in them z, Gz, and G'(z) instead
of x, fx, and f’(x), respectively. Note that the trans-
formation (54) led to a renormalization of the rectangu-
lar matrix f'(x) from the right, i.e., with respect to
the columns in the space R", whereas the elements of
the space R™ (the vector ¥ and the null vectors in Egs.
(23) and (56), as well as the vectors fr and Gz) re-
mained unchanged. Therefore, the discrepancy @ is
invariant under the transformation that we have made
of the vector of unknowns.

In principle, one could also carry out a renormaliza-
tion with respect to the components of the vectors in
the space R™. However, the actual form of Eq. (23)
suggests that these components are of the same order
of magnitude, and the use of weight matrices conceals
still further the differences between them. This means
that for the type of problems generated in the case we
are considering a renormalization in R™ is not neces-
sary. Equilibration of the matrix G'(z) with respect to
the columns leads to a linear-step matrix that is equi-
librated with respect to the columns and with respect
to the rows; this is by virtue of the very method of
construction of V(z) from G’(z) |see (31)].

The transformation (54) also admits an interesting
interpretation in terms of the metrics of the dual spaces
R"and R™. Indeed, the differential of the discrepancy
can be represented in the form

d0 = Wizf' (x) da/(m-—n) 8 (z) = WGzG' (z) dz/(m—n) 8 (z).  (58)

The denominators of the fractions on the left and right
in the identity (58) are identical, and the numerators
can be regarded as the scalar products of pairs of dual
vectors with metric tensors f’(x) and G'(x), respective-
ly. The stronger is the difference between the elements
of the metric tensors, the greater is the degree of
anisotropy of the corresponding pairs of dual spaces.
The renormalization reduces the anisotropy and thus
facilitates the iteration process, making it take place

in a less “oblate” space. One can also say that it makes
the anisotropy comparable with the accuracy with which
numbers are represented in the computer.

We still have to establish how often a renormalization
should be made when we solve a given nonlinear prob-
lem. Should it be done once at the beginning of the iter-
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ation process, at every iteration, or in some other
way? It is comparatively easy to find the answer to
this question.

Modern computers usually work with an accuracy
equivalent to six or seven significant figures in the
decimal system. Keeping a certain number of places
for calculations with reasonable rounding errors, one
can evidently accept a linear-step matrix whose ele-
ments differ by three or four decimal orders. This en-
ables us to construct the matrix of the derivative (the
Jacobi matrix) from elements with maximal differences
not exceeding 1.5-2 decimal orders. If we make a first
renormalization before the beginning of the iteration
process with respect to the values of the components of
the vector of the initial approximations, and if these
components are separated from the components of the
solution by not more than two decimal orders, the first
renormalization can well be the only one for the given
problem. Otherwise it is desirable, and sometimes
necessary, to make a second renormalization, if the
vector of the unknowns has departed sufficiently far
from the initial approximations.

2. UNIVERSAL ALGORITHM FOR SOLVING THE
SUCCESSIONS OF NONLINEAR PROBLEMS
GENERATED BY DISCRETE SPECTROSCOPY

We recall that when the time comes for the universal
algorithm to be applied we assume that the measure-
ments have been completed and that the accumulated
and sorted information is in a form suitable for direct
use in the computer, i.e., the spectrum or spectra are
stored in the operative or peripheral memories.

2.1. Preliminary processing of raw experimental
data. The preliminary processing is none other than
the necessary preparation for the calculation of the re-
quired parameters of the spectrum. Attempts to auto-
mate this stage have been made by many people; a good
review of the results achieved and the main directions
in the development of the automatic search for peaks
and division of the spectrum into sections can be found
in Ref. 66. In our view, none of the proposed solutions
can be regarded as satisfactory for the purposes of in-
vestigative spectroscopy, although many of them are
perfectly suitable for applied problems (for example,
in activation analysis), in which the nature of the mea-
sured spectra is well studied or the conditions of mea-
surement (statistics, mixture of isotopes, etc.) vary
in relatively small ranges. For example, methods of
automatic search for peaks may work well or badly,
depending on an externally specified sensitivity param-
eter. If the sensitivity threshold is too low, nonexis-
tent parasitic lines may be “found,” but if the threshold
is too high, low-intensity lines may be lost. For any
given spectrum, the optimal value of the threshold can
be found empirically, but we have only a vague idea of
the way in which the threshold depends on the conditions
of measurement. In fact, the existing situation is per-
fectly natural. The peaks are usually sought with re-
spect to a formal parameter, whose calculation more-
over is done improperly (for example, by numerical
differentiation of the spectrum), and from this one can-
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not expect much. It can be asserted that the problem of
automatic searching for peaks is analogous to the prob-
lem of shape recognition, and thisis afairly complicated
problem still far from solution,

Therefore, at this stage we believe it is expedient to
give up complete automation of the preliminary proc-
essing of the discrete spectra and concentrate attention
on a semiautomatic variant in which the human mind
can work in conjunction with the computer by means of
a display. It seems to us that such an approach corre-
sponds best to the present level of our capabilities and
makes it possible to include in the preliminary proc-
essing human (and as yet unprogrammable) qualities
such as imagination, intuition, the ability to recognize
shapes, learning based on accumulated experience, and
so forth.

The majority of mathematical operations in such a
preliminary processing of the spectra are elementary
and can be described without recourse to formulas. It
can usually be implemented on a minicomputer, al-
though a powerful computer in a multiprogram regime
may be used (in practice, this is seldom). Our treat-
ment is based on the assumption that each individual
problem in the succession can be regarded as a prob-
lem for finding hidden features.**%” This is not a lim-
itation; moreover, spectroscopic problems are typical
representatives of this class, and a feature is here to
be understood as each of the lines (peaks) of the spec-
trum being processed.

In its most general features, the algorithm for the
preliminary processing -in the chosen variant includes
the following stages:

1) the spectrum is displayed (fully or in part);

2) a section containing an isolated cluster of lines is
separated from the spectrum;

3) for the chosen section, one specifies the number of
required features, the degree of the background poly-
nomial, and the initial approximations for the unknown;

4) from the initial data for the section and the data of
the preceding operation, a standard array containing
the results of the preliminary processing of the section
is constructed;

5) the standard array is put into the peripheral mem-
ory of the computer (or transmitted to a different com-
puter) for the further and final processing;

6) if all the sections of the spectrum have been ex-
hausted, the preliminary processing is ended; if not,
the above sequence is repeated.

Some of the above operations are elementary and
hardly require further discussion. We shall therefore
consider only two of them, namely, the specification
of the initial approximations and the structure of the
standard array. We shall also discuss the language of
intercourse with the computer during the preliminary
processing.®”

a) The specification of the initial approximations by
means of a point display reduces to the indication of
some characteristic points for each required feature.
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Points in the set that form the graphical image are in-
dicated or distinguished by the operator, who is guided
by his experience, intuition, etc. In this case, the in-
itial approximations can be expressed as elementary
functions of the coordinates of the characteristic points.

The number of characteristic points needed to calcu-
late the initial approximations of one required feature
is called the multiplicity of the characteristic points.
Note that the multiplicity is not necessarily equal to the
number of parameters which determine the given type
of feature. If discrete spectra are processed by means
of the Gaussian model (6) of the single-line profile,
each feature is determined by three parameters: the
amplitude (area) of the line, its position, and half-
width. But for the calculation of their initial approxi-
mations, it is sufficient to know the coordinates of two
characteristic points: one at the maximum of the puta-
tive peak and one to the right or left of the maximum
where, in the opinion of the operator, the peak “ends”
(i.e., disappears into the background). In other words,
the multiplicity of the characteristic points is equal to
two.

Suppose that the coordinates of the maximum and
minimum of the i-th peak “seen” by the operator on the
display screen (we use the quotation marks, since the
operator may note or merely suspect the existence of
a line where it cannot be seen in the literal sense of the
word) are, respectively, (g7°%, Y 7*) and (¢7'", ¥ ™).
Then as initial approximations one can take

7 = |gmax — gmin); (59)
89 == ,qim“ —qimin, | Vimax e V;ninl : (60)
P =gmx, (61)

Further, since we assume (see Sec. 1.4) that the half-
width is the same for all lines of a given section
(strictly speaking, almost the same), it is natural to

assume
h

B = 3 a (62)
and then the variance of the Gaussian curve can be
found from (7).

It remains to find the initial approximations of the co-
efficients of the background polynomial. For this, it is
sufficient to tell the computer what degree of the poly-
nomial the operator regards as suitable; no additional
characteristic points are specified. One can then set

ag=min {Volomgy g1, .10 003 (63)
a‘l’na:=_,,=a?=0. (64)

The determination of the vector of initial approxima-
tions in a section containing three peaks of different in-
tensity on a background in the form of a polynomial of
second degree is shown in Fig. 1. From the coordi-
nates indicated by the operator for the characteristic
points,

min,1(551, 1213), max.1(557, 1369),
min.2(560, 1341), max.2(565, 1616),
min,3(577, 749), max.3(570, 2316),

we obtain in accordance with Eqs. (59)-(64) the com-
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FIG. 1. Determination of the initial approximation by means
of a point display (artificial example). The maxima and min-
ima of three lines are indicated by the operator (black points),
and the background is the continuous curve, which is repre-
sented by a polynomial of second degree. The initial values of
the components of the vector of initial approximations are
given in the text,

ponents of the vector of the initial approximations,

x°= col(2.55, 936, 557, 1375, 565, 10969, 570,
600, 0, 0),

where the order of the parameters is the same as in
(20). The exact solution to the problem of this artificial
example is known,

(2.2, 800, 557.5, 2400, 564.5, 7200, 570.5, 1209,
—85 -1)’

and comparing the two vectors we see that some com-
ponents of the initial-approximation vector are fairly
far from the corresponding true values, although in or-
der of magnitude they are close to them. The last two
coefficients of the background polynomial are an excep-
tion, which violates the single-renormalization condi-
tion for the problem (see Sec. 1.8); however, this vio-
lation is only apparent, since the renormalization with
respect to the background variables can be made inde-
pendently of their initial approximations.!?*¢ Note
that the origin of the background polynomial in the ex-
ample is shifted by nine channels to the right of the
start of the section, i.e., it is at channel 559.

The specification of the vector of initial approxima-
tions on the display is a simple but rather crude opera-
tion. Nevertheless, having at our disposal a powerful
algorithm for solving the systems of nonlinear equa-
tions, we can still find the point of the solution under
these conditions. It is hardly worthwhile attempting to
make the initial approximations more accurate by a
more complicated preliminary processing |by using
extra characteristic points, making Eqs. (59)—(64)
more accurate, etc.]. The effort expended in this man-
ner is not justified by the corresponding increased ac-
curacy of the unknowns. In addition, algorithms based
on regularized iteration processes are capable of han-
dling problems in a succession at an accuracy of the in-
itial approximations as described here.

b) The structure of the standard array, which includes
both initial data of the section (i.e., the coordinates of
the points of the spectrum) and the results of the pre-
liminary processing (the coordinates of groups of char-
acteristic points of corresponding multiplicity, the cho-
sen degree of the background polynomial, etc.), is a
question of convention. Any format which suits the
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program for the final processing of the sections can be

regarded as acceptable. Nevertheless, in view of the
size of the problem and the large number of sections
which must be processed, one must aim at a sensible
organization of the format, whose structure should
combine simplicity and flexibility; the demands on the
memory should also not be excessive.

One of the possible solutions to the problem is shown
in Table . This format® combines

1) bytes, which are the shortest addressable memory
units in the majority of modern computers;

2) a variable length, which makes it possible to store
economically successive standard arrays in the periph-
eral memory of the computer;

3) the possibility of checking the transmitted infor-
mation in accordance with the byte cyclic sum (and, if
the working code is chosen appropriately, also on the
basis of the parity of each byte);

4) independence of the working code;

5) the possibility of transferring both integer numbers
and floating -point numbers.

An even more economic structure can be used if one
dispenses with specifying all the abscissas in the stan-
dard array and includes in it only the initial channel
number in the section and adopts a constant abscissa
step for one channel (in this case, one loses the possi-
bility of omitting the channels which are maverick and
do not fit in the spectrum for instrumental reasons).

Obviously, the total length of the standard array in
the format of Table I can be expressed in bytes as fol-
lows: :

L =81 + (m + HE) (4 1)- (65)

For example, for the section in Fig. 1 for v=3 and y= 4
(ASII code), we obtain 81+ (31+2X 3) X (3+4)=340
bytes.

Special cases of such a format were realized with a
Minsk-2 computer® (because of the particular architec-
ture of the computer, a constant array length of 4008
words was used), and also with the minicomputers HP -
21MX, 1ZOT-310, and EC-1010 (Refs. 12-14 and 46)
(with variable length using the ASCII code).

TABLE L
.Numbers of bytes Content
1-2
Total length L of standard array
expressed in bytes in the form
3—66 of a binary integer
87—68 Array identifier:
69—170 m: length uffsectlo.n in channels
n: of required p

1—72 k- number of required features
73 I: degree of background polynomial
T4 H: multiplicity of characteristic points
75 v: length of one abscissa in bytes_
76 y: length of one ordinate in bytes

77—80 Reserve (for service information)

81—80+mv m successive abscissas, each with length of v bytes m ordi-
nates in the same order as the abscissas, each with length
814 mv—80+m (v4y) | ofy bytes
81+m (v-+p)—80 k groups of H(y ;y)gsyllgacacl‘lj; t;h: ﬁlxlst v hyte;in “l:h
- group represent the abscissa, an followin; ytes the
+(m+Hk)o+y) dinate of the cor ding ch istic pgi{n
81+ (m+ HE)(v+¥) Control byte which makes up the cyclic sum of the
il array to 377g or 11111111,
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The sequence of standard arrays, which is the output
information of the preliminary-processing algorithm,
and the corresponding division of the original spectrum
into sections are fed to the input of the program which
implements the algorithm for solving the succession of
nonlinear problems.

¢) The language of intercourse with the computer in
the preliminary processing must be as convenient as
possible for the operator and also maximally adapted
to the type of problem to be solved. It follows from this
that it must be simple. The commands of the language
can be divided into two groups.

I. The necessary commands:

1) illumination of the points of the spectrum (several
or one, according to choice);

-2) displacement of the image to the left or to the right
through the spectrum;

3) indication of the start of the section;
4) indication of the end of the section;

5) indication of characteristic points of the necessary
multiplicity for one required feature;

6) specification of the degree of the background poly-
nomial;

7) construction and readout of the standard array of
the data for the section (the array is constructed as the
preceding commands are executed, and the final com-
mand merely implements the readout).

II. Additional commands giving greater convenience
to the operator:

1) smoothing of a maverick point using the ordinates
of its neighbors;
2) extinguishing of additional illumination;

3) calling of the following section of the spectrum to
the screen (if the spectrum is put into the operative
memory section by section, this command must be put
in group I);

4) command for shifting the markers (i.e., the points
with additional illumination);

5) commands for changing the scale of the ¥ axis
from linear to logarithmic and vice versa;

6) omission of a maverick point (as an alternative to
smoothing);

7) clearing of the system;

8) setting the multiplicities of the characteristic
points;

9) input of spectrum identifier (with automatic num-
bering of the sections in accordance with their readout
order), etc.

A more detailed description of the commands of the
language is given in Ref. 67.

An individual command can be made in a diagrammat-
ic manner (for example, by means of a light pencil
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pointed onto the images of the light points on the screen)
or by a program command decoder (using the
control panel). To prevent the execution of commands
made by the operator which violate the correct se-
quence of the preliminary processing of the section, it
is expedient to introduce a square “syntax matrix” of
the language. The number of rows and columns of the
matrix is equal to the number of commands of the lan-
guage, the rows corresponding to the last command
given and the columns to the command that follows it.
The elements of the matrix are equal to unity if the
corresponding sequence of commands is permitted, and
zero if the sequence is not. In this way, the computer
can check the correctness of the given commands; of
course, this does not guarantee error-free preliminary
processing, but it does completely eliminate purely
technical errors.

2.2. Solution of the individual nonlinear problems in
an automated regime. We now consider the central and
most important part of the universal algorithm —the
part which solves the individual nonlinear problems of
the succession in an automated regime. The input in-
formation in this stage is the succession of standard
arrays, and the output information is the values of the
required parameters of the spectrum (20) and their
propagated errors (38). The general strategy of the
algorithm is as follows*?33;

1) the Gauss-Newton method is applied to the succes-
sive problems;

2) if a divergence of the Gauss—Newton method is
found, the corresponding problem is solved by the
regularized iteration process;

3) if a divergence is found here too, the problem is
declared to be unsolvable and the standard array of the
next problem is called.

Obviously, the frequency of occurrence of the last
situation can serve as a reciprocal measure of the uni-
versality of the algorithm.

Geneval description of the algovithm. We listthe main
stages of the algorithm.

Al. Introduce the number of problems in the succes-
sion to be processed.

A2, Introduce one standard array of data; transform
it to a form convenient for calculation; calculate the
components of the vector of initial approximations x°%;
carry out automatic renormalization on the basis of the
values of the components of x%,

A3. Solve the renormalized nonlinear system of
equations by the Gauss-Newton method (30); after each
iteration, test for convergence of the iteration process
and satisfaction of the criteria for ending it; if there is
no convergence, go to A4; if the process is advancing
stably and the criteria for ending it are satisfied, go
to A6.

A4. Beginning with the same vector of initial approx-
imations, solve the renormalized nonlinear system of
equations by the regularized iteration process (32);
after each iteration, test for convergence of the process
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and satisfaction of the criteria for ending it; if there is
no convergence, go to A5; if the process is advancing
stably and the criteria for ending it are satisfied, go to
AB.

Ab. Declare the particular problem to be unsolvable
by means of the employed algorithm; remove the input
data of the problem; go to AT.

A6. Calculate the propagated errors of the required
unknowns; by a transformation which inverts the renor-
malization, go over to the physically meaningful values
of the unknowns and their propagated errors; extract
these values.

AT, Test whether all problems of the given succes-
sion have been processed; if unprocessed sections re-
main, go to A2; if all the problems have been ex-
hausted, declare the processing of the succession to be
complete; the processing of the following succession
(if there is one) can be begun by starting the algorithm
again at Al

Preparation for solution. Stage Al is so elementary
that we can turn directly to stage A2, which prepares
for what follows. Here, various points must be made.

First, the standard array contains integer data, and
for a start these must be transformed to a format with
floating point. If an external exchange code was used,
it must be converted to the internal working code of the
particular computer.

Second, using data on the dimension of the particular
problem at the start of the standard array (see Table
I), it is necessary to extract the coordinates of the
characteristic points and use (59)—(64) to calculate the
components of the vector x°, which must be arranged
in order in accordance with (20).

Third, it is necessary to consider the renormaliza-
tion, for which we must get a good understanding of the
dependence of the model (13) on the unknown param-
eters. Therefore, we consider (13) and, taking

Pi=(g—p—1)/0V'2; (66)
Ty=(g—p)/o V2, (67)
write
1 k ' & B 4 J
Yq=2ﬁ Zst V(T =T (P)1+ ) ayf. (68)

=1 j=0
Then, differentiating with respect to the parameters,

we obtain in explicit form the components of the deriv-
ative of the operator:

g'—f=ﬁ;—i§ssalﬂexp(—Pt)—T:BXP(—-T?)]; (69)
af188,=(LI2VR) [/ (T))— T (PY]; (70)

0110py == loxp (— P —exp (= TD); (71)

. 8f/da;=q’. (72)

Investigation of the dependences (68)—(71) shows that,
as one would expect, the contribution of an individual
line is significant only over a restricted interval to the
left and to the right of the position of the maximum;
this applies not only to the instrumental spectrum (68)
itself but also to all its derivatives (except the param-
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eters of the background, which we shall consider later).
The magnitude of this “interval of significance” does
not exceed the parameter ¢ by more than 3=3.5 times;
outside this interval, Eqs. (68)~(T71) give negligibly
small values. In addition, it can be noted that all the
terms in the equations, except the areas S;, are near
unity. Therefore, a renormalization with respect to
the areas is required. A renormalization with respect
to the remaining parameters is not necessary, and as
the coefficient of area renormalization one can take the
area itself or an integral power of the base (10, 2, or
other) close to it.

We demonstrate this for the artificial example of a
section in channels 546-554 containing one line with
an intensity of 10000 pulses; the half-width of the line
is 2.355 channels, and there is no background. The
center of the distribution of the signals before the
transformation is at the mark corresponding to channel
549.5. The data for the section are given in Table II
(note the shift of the maximum due to the integration
within one channel).

The Jacobi matrix in this case has dimension 9 X3
and is represented by the last three columns of Table
II. From it, we construct the matrix of the linear
step,

1.720E+7 —1.250E+3  5.000E—6
V(z)= ( —1.250E+3  2.712E—1 —6.000E—10),
5.000E—6 —6.000E—10  1.251E47

in which the columns and rows are not equilibrated by
up to four decimal orders, and the eigenvalues are,
respectively, 1.729E+7, 1.2510E+7, and 1.8085E —1.
By virtue of its method of construction, the matrix V
is positive definite and its singular numbers are equal
to the eigenvalues. Therefore, its condition number is
9.5604E + 7 (note that two pairs of elements of V are
nonvanishing only because of rounding errors). The
inversion of such a matrix requires some precaution-
ary measures even when one is working with a decimal
computer with 12-place mantissa, which was used to
calculate the example.

If we renormalize in accordance with (54), taking

1 0 O
C=(O 10% 0) y
00 1

we obtain the new linear-step matrix

1.729E+7 —1.250E47 5.000E—6
V(z)z(—1.250E+7 2.712E+7 —6.000E—6
5.000E—6 —6.000E—6 1.251E 47
TABLE II
q Fx o1 /00 8j/08 aj/op
546 2.37E00 2.98E+1 2.37E—4 —8.57E00
547 5.98E+1 4.08E+2 5.98E—3 —1.67TE+4-2
548 6.06E4-2 1.50E 43 6.06E —2 —1.12E4-3
549 2.42E43 —1.82E+2 2.42E—1 —2.23E4-3
550 3.836-+3 —3.52E+3 3.83E—1 —1.60E—9*
551 2.42E--3 —1.82E -2 2.42E —1 2.23E-+43
552 6.06E-+2 1.50E4-3 8.0BE—2 1.12E+-8
553 5.98E--1 4.08E-4-2 5.98E —3 1.67E4-2
554 2.37E00 2.98E4-1 2.37TE—4 8.57E00

*QObviously because of rounding errors; the exact value is zero.
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with eigenvalues 3.5718E+7, 1,2437E+7, and 8.8046E
+6; its condition number has been reduced to
4.0567E00. It can be seen that even in the simplest
cases one can achieve a significant decrease in the con-
dition number of the linear-step matrix of the problem
by a simple renormalization. For more complicated
sections containing lines of different intensities, the
gain with respect to the condition number can exceed
what has just been demonstrated by seven decimal or-
ders.

With regard to the renormalization with respect to
the coefficients of the background polynomial, for the
majority of which the initial approximations are zero,
we can point out the following two features:

1) to avoid excessively high values when the channel
numbers are squared, cubed, etc., it is more conven-
ient to place the coordinate origin at a point within the
section (the transfer applies only fo the background and
does not affect the parameters of the spectrum);

2) after the transfer, one can calculate the coeffi-
cients of the renormalization with respect to the back-
ground variables using the mean value of the corre-
sponding degree over the section rather than the initial
approximations for the coefficients.

Thus, the algorithm of the automatic renormalization
must contain the following steps.

Bl. Extract the corresponding area of the line from
the x° components.

B2. Separate the characteristic from the mantissa.

B3. Ascribe to the mantissa a constant lowest char-
acteristic (for example, 1) and take the new number as
the corresponding component of the vector 2l

B4. Ascribe the characteristic to the component of
x° to the unit mantissa (to ensure that the product of the
two obtained numbers is equal to the original compo-
nent of the vector x°) and retain the obtained integral
power of the working base as element of the matrix C.

B5. Test whether all the lines of the section have
been exhausted; if not, return to Bl; if so, go to B6.

B6. Calculate the mean values of the degrees of the
polynominal with shifted origin and select the integral
powers of the base nearest to them.

B7. Construct the diagonal renormalization matrix C;
place on its diagonals units in accordance with the inte-
gral powers of the base obtained in B4 and B6, observ-
ing the order of the components in accordance with (20).

B8. Proceed to the iteration process (see A3).

In the example we have given (see Table II and the ex-
planations to it) we have for simplicity ignored the ma-
trix of statistical weights. In reality, the individual
equations of the nonlinear system to be solved have dif-
ferent accuracy and, therefore, different weights.
However, this fact does not alter the renormalization
principle,

Critevia of convergence and termination of the proc-
ess. When the preparation for calculation has been
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completed, we can proceed to the solution of the prob-
lem for the section by means of the classical Gauss—
Newton method. We shall use it in the pure form (30)
without recourse to modifications.

As the criterion for convergence of the iteration
process we shall take monotonic nonincrease of the
discrepancy (29) from iteration to iteration. If ina
given iteration the discrepancy is greater than in the
preceding iteration, it is necessary to abandon solution
by Newton’s method and apply the regularized iteration
process (32). Somewhat later we shall see that an in-
crease of the discrepancy is not the only sign of devia-
tion from normal progress of the process.

From the set of criteria for terminating the iteration
process in processing programs,'?%3 four have been
used.

1. The completion of a fairly large number of itera-
tions, which is the same for all successions of prob-
lems.

2. A discrepancy is obtained which is lower than a
certain constant, this being the same for all problems
of a given succession and for all successions.

3. Vanishing of the increments of all unknowns to
within the corresponding propagated errors.

4. A vector is obtained on the left-hand side of (23)
with all its components not larger in modulus than a
certain constant whose value is characteristic for the
particular problem being solved and is calculated auto-
matically (uniform approximation criterion).

The criteria for convergence and termination are
tested after the completion of each linear iteration
step. Before the start of the first iteration, it is nec-
essary to calculate the discrepancy 8(x°) of the initial
approximations; this is needed to test for convergence
and, in addition, is used in the calculation of the initial
value of the regularizer (in the cases when it is not pos-
sible to find a solution by Newton’s method; see below).

As the constant of uniform approximation one ean
take *

Ay= m! (73)
where q is taken from (63).

If Newton’s process is found to diverge, it is natural
to attribute this to degeneracy or ill conditioning of the
linear-step matrix V of the problem. These two con-
cepts are basically different from the point of view of a
rigorous mathematical approach but become indistin-
guishable and can go over inio each other in actual
computer calculations. The limited accuracy with
which numbers can be represented and its consequences
(accumulation of rounding errors, possible overflow,
and so forth) smear the sharp boundary between degen-
eracy and ill conditioning. If we return to the unrenor-
malized matrix V of the example in Table II, we see
that if we work with five significant decimal figures it
appears to be degenerate, whereas in reality it is ill
conditioned.

In this connection, it is helpful to consider the steps
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of Newton’s process at which ill conditioning may be
detected, which can happen despite formal satisfaction
of the criterion of a nonincreasing discrepancy. Note
that by means of the renormalization we ruled out the
possibility of overflow, and we therefore now look for
additional criteria for the appearance of degeneracy
and ill conditioning, ignoring the steps in the algorithm
in which overflow could be expected. There exist at
least two such criteria which can be followed without
modifications of the process (30).

Cl. The execution of the linear step of the iteration
requires inversion of the matrix V. When V is in-
verted, one can also calculate its determinant, and as
soon as it takes a value equal to the computer zero V
must be regarded as degenerate in the particular com-
putational situation.

C2. As we have already noted, the matrix of the lin-
ear step is positive definite by construction. The diag-
onal elements of the matrix V itself, as well as of its
inverse V™, must be positive. If V is sufficiently ill
conditioned for the actual accuracy with which the cal-
culations are performed, negative diagonal elements
of V™ cannot be ruled out. Therefore, it is necessary
to test the signs of the diagonal elements of V™ and, if
a minus is found, regard V as insufficiently well condi-
tioned for the normal progress of Newton’s iteration
process. 'z

In either case it is necessary to terminate the solution
by the Gauss-Newton method even if the discrepancy
does not increase and go over to the regularized itera-
tion process.

Regularized processes. The ERP process is the most
powerful tool at our disposal. It can be used either in
the form (32)—(36) or with the following modifications.

First, the value of the regularizer can be bounded be-
low by the introduction of an additional term:

ot =0 (09) exp (—7t) + 0 . (74)

Second, the choice of the initial value of the regular-
izer can be made to depend on the discrepancy of the
vector of the initial approximations;

{ exp (ro0®+r), 0°<<O .. ; (75)
al (00) =
exp (ro8,.. +1), 0°>0%.x,

max

where ¥, a., »°, and 62 _ are positive constants chosen
by means of a computational experiment and are the
same for all problems of a given succession as well as
for all processed successions.

The lower bound on the regularizer is introduced in
order to prevent the ERP process becoming the Gauss—
Newton process through the regularizer’s taking the
value of the computer zero (since if we have arrived at
this stage, the given problem cannot be solved without
regularization). The reason for the dependence (75) is
to begin the solution of the problems with relatively
good initial approximations at smaller values of the
regularizer. It is only when the vector of the initial
approximations is so far from the point of the solution
that the discrepancy 6° exceeds the constant 69 that
(75) goes over into (33).
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Third, it is desirable to foresee the possibility of
automatic joining of the ERP process to the R, process,
in which the value of the regularizer does not change
from iteration to iteration. This can be done if the ERP
process is continued until the achievement of a mini-
mum of the length discrepancy (34), after which it is
necessary to go back one iteration and begin from it the
R, process to seek a new and lower minimum of the
length discrepancy (34). Thus, using the R, process,
one can improve the solution found by the ERP process.

The criterion of convergence of the ERP process is
modified during the iterations:

1) if the number of iterations is not yet sufficient for
the calculation of the first length discrepancy (and note
that then the value of the regularizer is still fairly
large), all three criteria of the previous section re-
main in force;

2) if it is possible to calculate the length discrepancy,
the criterion of monotonic nonincrease of 8' ceases to
hold, and the process is regarded as divergent if situa-
tions C1 and C2 are encountered.

If a divergence is found, we assume that the concrete
problem is unsolvable by the universal algorithm and
go over to the special regime for removing its initial
data.

The criterion for terminating the regularized iteration
process remains a minimum of the length discrepancy
defined by (34). At the same time, the criteria 2, 3,
and 4 cease to hold, and they should not be tested for.
The testing for criterion 1 can be retained to avoid go-
ing into a cycle, but termination on the basis of this
criterion must be regarded as an indication of possible
difficulties in the particular problem being solved.

Estimate of the errors and extraclion of the informa-
tion. A special regime for extracting the data of a sec-
tion for which the problem cannot be solved by means
of the universal algorithm is foreseen in stage A5. It
could be called an impotence regime, but it is also a
regime of organized transition to the next problem
without breakdown of the fully automated processing of
the succession of problems. If the initial data are
properly prepared, this regime is not used.®

The statistical propagated errors of the required pa-
rameters are estimated after each linear iteration
step. If a particular problem is solved by the Gauss-
Newton method, such an estimate is necessary to test
in accordance with criterion 3; at the same time, the
two additional criteria C1 and C2 for normal progress
of the calculations are also tested. However, if the
solution is sought by the regularized iteration process,
criterion 3 is eliminated, and the occurrence of C1 and
C2 indicates that it is necessary to go over to the spe-
cial extraction regime A5.

Once the solution to the problem has been found, it is
necessary to make the final estimate of the propagated
errors and extract the results. The algorithm for this
procedure is as follows.

D1. Calculate the matrix which is the inverse of the
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unregularized linear-step matrix at the point of the
solution and test for the presence of situations C1 and
C2. If at least one is present and:

1) the solution is found by Newton’s method, then
proceed to A4;

2) the solution is found by the regularized iteration
process, then proceed to D2,

But if the situations C1 and C2 are not found, then
proceed to D3.

D2. Calculate the matrix which is the inverse of the
regularized linear-step matrix at the point of the solu-
tion and test for the presence of situations C1 and C2.
If at least one of them is found and:

1) the solution is found by the regularized iteration
process, then proceed to A5;

2) the estimate is made in the special extraction re-
gime A5, then take the absolute value of the negative
diagonal eélements and, staying in the same regime,
proceed to D3.

But if the situations C1 and C2 are not found, then
proceed to D3.

D3. Calculate in accordance with (37) the statistical
propagated errors and in accordance with (38) the total
propagated errors.

D4. Extract the data for the solved problem, the
discrepancy at the point of solution, the calculated val-
ues of the required parameters and their total propa-
gated errors, and also information about the method
used to find the solution.

D5. Proceed to A7 (this step does not relate to the
algorithm for calculating the errors and extracting the
results, but, since it is elementary and follows direct-
ly after the extraction, we mention it here so as not to
get involved with it in more detail).

2.3. Solution of the complete problem for finding
hidden features by means of the universal algorithm.
The details of the universal algorithm for processing
the data of discrete spectroscopy have been described
earlier (Refs. 4, 11-14, 33, and 67). The algorithm
consists of two parts, of which the first is implemented
in an interaction regime between the operator and the
computer and generates a succession of monotypic non-
linear problems; the second part is fully automated and
solves all the problems of the succession without the
intervention of the operator. An important element of
the second part of the universal algorithm is the regu-
larized iteration process with exponentially decreasing
regularizer.

The reader may have noted that at all stages of the
universal algorithm we are dealing with a certain fixed
number of required features, which, in the case of dis-
crete spectroscopy, are the lines of the spectrum to be
processed that lie within the given section. The num-
ber of these lines is specified by the operator during
the preliminary processing. But as we have already
noted, there are sections in real spectra which are so
complicated that the operator is unable to determine
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“by eye” the number of required lines. Such sections
generate complete problems for finding hidden fea-
tures.*

In solving these problems, we shall use a charac-
teristic property of regularized iteration processes of
Newton’s type'® to which attention was already drawn
in Ref. 34, namely, the attempt to use the regularized
iteration process to find a number of features that is
greater than the true number for the given concrete
problem leads to a pseudosolution, in which there are
either features with zero or negligibly small amplitudes
or pairs of features with different amplitudes but whose
remaining parameters are equal or very nearly equal.
In real computational situations, combinations of these
two cases can also be encountered.

Thus, regularized iteration processes of Newton’s
type have the property of sifting spurious features in
definitely degenerate problems.

In the solution of the successions of problems gen-
erated by discrete spectroscopy, equal or nearly equal
parameters indicate coincident or nearly coincident
positions of two lines in a given section. This occurs
because, in accordance with the adopted model, the
half-widths of all the lines in the section are assumed
to be equal. Proximity of positions must, of course,
be estimated on the basis of the resolution of the spec-
trometer that was employed. For example, if the sin-
gle-line half-width is 5-6 channels, the calculated
positions of two peaks separated by less than 0.25-0.3
channels may be regarded as completely coincident.

On the basis of this property of regularized iteration
processes, we can indicate two possible ways for solv-
ing a complete problem by means of the universal al-
gorithm. For brevity, we shall refer to a section of the
spectrum that generates such a problem as a “complete
section.”

a) Processing of a complete section in a semiauto-
matic regime.

al. In the preliminary processing stage, the com-
plete section is treated like all the others, i.e., the op-
erator indicates the number of lines that he notes.

a2, After this, the complete section is processed to-
gether with all the others in the succession.

a3. The results of the “final” processing of the com-
plete section are examined specially with a view to
finding features with negligibly small amplitudes or
with very small separations of the positions; in addi-
tion, its discrepancy at the point of the solution and the
obtained value of the line half-width are compared with
the corresponding values in the neighboring (normal)
sections. If the results of such examination are satis-
factory, the problem is regarded as solved. Otherwise,
the preliminary processing of the complete section is
repeated with specification of a new—larger or small-
er—number of features, the section is included in a
new succession (see a2 above), etc., until a satisfac-
tory solution to the problem has been found.

b) Processing of a complete section in an automated
regime.
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bl. The preliminary processing of the complete sec-
tion is repeated several times with different numbers
of features indicated by the operator; these begin with
a value that is definitely below the expected value and
end with one that is definitely above it. Accordingly,
the complete section generates not one but several
monotypic nonlinear problems. All these problems be-
come members of the succession on an equal footing.

b2. The generated succession of problems is processed
in accordance with the second part of the universal al-
gorithm in the automated regime.

b3. The series of solutions obtained for the complete
section is analyzed separately from the remaining re-
sults of the processing and the same criteria as in a3
above are used to select the one which agrees best with
the results of the processing of the neighboring (normal)
sections,

Method a) requires less computer time but greater
human involvement than method b), to which we there-
fore give preference.

Note that the use of additional physical information
about the neighboring sections actually becomes neces-
sary only when there is a very poor accuracy of the
measured data (in the case of inadequate statistics).
Spurious features of “ordinary” complete sections can
be sifted only by means of the regularized iteration
process. In fact, there is no need to bother about its
inclusion in the processing—the universal algorithm
calls it automatically when necessary.*® Some of the
physical estimates of the significance of the results of
the processing are also amenable to automated program
analysis,13:14:46

CONCLUSIONS

Both parts of the universal algorithm were realized
for the first time in 1969-1970 on a Minsk-2 computer
at the Department of Nuclear Spectroscopy and Radio-
chemistry at the Laboratory of Nuclear Problems at the
JINR, Dubna, and they have been used since then regu-
larly in research studies (Refs. 10, 11, 33,69, and 70).

In recent years, improved variants of the programs
have been developed for the minicomputers HP-2116
and 21MX, IZOT-310, and EC-1010'#"; the program
KOLOVOK*® has also been developed for the computer
EC-1040. Intensive work is in progress on the im-
provement of the programs for the initial processing of
the spectra and also more complete automation of this
processing. The reliability of the estimates of the
propagated errors of the parameters of the spectrum
have been investigated specially™ by the method of
comparative calculation. The conclusions of this work
indicate that the estimates of the accuracy of the al-
gorithm can be trusted and satisfy the requirements of
high-precision spectroscopy.**

The reliability of operation of the algorithm is recog-
nized to be exceptionally high.* In particular, the
regime DUMP, which corresponds to the impossibility
of processing a given section, is observed only for def-
initely erroneous input data. The universal algorithm
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and programs developed on the basis of it have been
used to process a huge amount of experimental materi-
al and important physical information has been obtained
(Refs. 35—44 and 71-97). The algorithm itself has been
considered from various points of view in Refs. 5, 66,
71, and 98-101. It is assumed that the strategy of the
approach to the processing of spectroscopic data will
remain essentially the same when the research program
YaSNAPP -2 is completed; the new technique and new
program developments are largely oriented toward the
interactive regime, which must lead to more active
participation of the physicists in the processing of the
data and, ultimately, to more physical estimates of the
required parameters of the spectrum.
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