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The currently existing microscopic, semiphenomenological, and phenomenological models used to describe
nuclear reactions are reviewed. Their advantages and shortcomings are emphasized. Particular attention is
devoted to analyzing phenomenological models of nuclear reactions based on the use of master equations
(nonstationary variants of the exciton models, intranuclear cascade model, etc. ). A unified theory of nuclear
reactions based on quantum kinetic equations for finite open systems is discussed. Conditions for the

transition to these equations for the nonstationary Schrédinger equation in many-body theory are formulated.
It is shown that all possible models of nuclear reactions used in practice are approximate solutions to the
master equations for finite open systems. The reliability of the description of the experimental data in these
models is analyzed from this point of view, and consideration is given to their various modifications, which
make it possible to improve the agreement between the results of the various models and give a more accurate

description of the data.
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INTRODUCTION

Several new directions are manifested in the modern
development of nuclear physics. One of them is as-
sociated with an increasing importance of nuclear reac-
tions in both theoretical and experimental studies. In
the past, the most important questions in nuclear struc-
ture were “separated” fairly clearly from the mecha-
nisms of the nuclear reactions, which playeda subsidiary
part in nuclear studies. But nuclear spectroscopy has
now gone beyond the traditional framework of weakly
excited bound states of nuclei and encompasses the re-
gion of high excitation energies, in which the concept of
individual states of a system gradually becomes
meaningless because the resonances of the compound
system overlap to a greater and greater extent. As a
consequence, problems relating to nuclear structure
and the reaction mechanisms become ever more inti-
mately entwined. A second tendency is associated with
the accumulation of experimental information, improve-
ment in its quality, and an increase in its complexity.
To discover a new phenomenon or process on the back-
ground of ones already known, it is necessary to make
a quantitative analysis of the already known processes,
which significantly raises the requirements that must
be met by modern theory.

In this connection, we require a theory of nuclear re-
actions capable of giving a fairly complete quantitative
description of processes in a wide range of energies of
the incident particles and reaction products.

In the present paper, we shall restrict ourselves to
analyzing the state of the modern theory of nuclear re-
actions involving nucleons, We shall begin by con-
sidering briefly the main classes of theoretical models
used in this theory. These models can be divided into
two almost disjunct groups. In the first, we have the
theoretically complete microscopic approaches, which
demonstrate in principle how the theory of nuclear re-
actions should be constructed, The second group con-
sists of phenomenological and semiphenomenological
models used in practical calculations of nuclear reac-
tions. It is to this group that we shall devote the main
attention in our review. Unfortunately, the majority of
the models in this class had until recently no connection
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at all with fundamental theory. Many of them (for exam-
ple, the so-called pre-equilibrium decay models) were
based on the use of phenomenological master equations
(or balance equations). Until recently, the question of
the connection between these equations and the quan-
tum-mechanical approach in the theory of reactions re-
mained unsolved (see, for example, Feshbach’s review
in Ref, 1), However, in recent time some research
groups, including ours, have achieved successes in this
direction,>”® Therefore, in describing the existing
phenomenological models, we attempt to explain why
they “work,” using the theory of nuclear reactions
based on quantum kinetic equations for finite open sys-
tems.,

The final section of the review is devoted to con-
sidering the accuracy of the existing models and pos-
sible modifications that improve them,

Any correct theory of reactions is based on the non-
stationary Schrodinger equation for many-body sys-
tems:

ihd¥/ot = HY o
with appropriate initial and boundary conditions. To de-
scribe even the simplest case of potential scattering, it
is necessary to construct wave packets out of solutions
to the stationary Schrodinger equation

Hip=Ey )

and follow their evolution in space and in time. This is
a very complicated mathematical procedure, and it has
been properly treated in only a few textbooks (see, for
example, Refs. 6 and 7). The Lippmann-Schwinger
formalism uses the approximation of very long (in time)
packets and makes it possible to reduce the problem to
the stationary case with specific boundary conditions.
This formalism provides the basis of the R-matrix
theory and Feshbach’s unified theory of reactions,
which led to the creation of a large number of micro-
scopic approaches to nuclear reactions. In all the
listed approaches, the total Hamiltonian H is usually
divided into two parts:

HEHG'?"F- (3)

The part H) determines a system of basis wave func-
tions in an average field, and the "residual interac-
tions” V determine the intensities of transitions be-
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tween the states of the basis. The various methods of
choosing the basis correspond to different microscopic
models and we have, for example, the shell model in
the continuum,® the eigenchannel method,’ and Soloviev’s
model for low-energy resonance states.!’ However, all
these methods are usually too complicated for practical
use, First, it is very difficult to find a solution (di-
agonalize the matrix of the Hamiltonian) for a sufficient-
1y complete basis. Second, even if the basis is suffi-
ciently complete, the accuracy in the calculation of the
position of each resonance does not exceed a few hun-
dred keV, whereas the mean distance D between reso-
nances in the majority of real nuclei is considerably
less (for medium and heavy nuclei D=1 eV). This leads
to a paradox; for one can find the position and width of
individual resonances both theoretically and experi-
mentally, but one can only compare characteristics
averaged over a large group of resonances in an inter-
val AE of the order of several MeV. Besides this, all
the microscopic approaches based on the use of the
Lippmann-Schwinger equation have a further serious
shortcoming. The point is that this equation does not
have a unique solution in the case of more than two par-
ticles in the continuum (for example, incident particle
+target nucleus), and therefore these approaches can
be used only for energies that do not permit the escape
of two nucleons from the nucleus, i.e., in the region of
energies E <10 MeV of the incident particles.

1. PRACTICAL APPROACHES BASED ON
PHENOMENOLOGICAL MODELS

Because of these difficulties, a different group of
models is used for the practical description of nuclear
reactions, They are all purely or semiphenomenologi-
cal, One of the most popular among them is the optical
model, which describes the elastic scattering cross
section averaged over the energy by means of a single-
particle Schridinger equation with complex potential.
The use of this model ean be justified theoretically
(see, for example, Refs, 7 and 11-14) in the frame-
work of a microscopic description, The rate of ab-
sorption of the incident beam in this model is deter-
mined by the imaginary part of the optical potential,
the imaginary part being associated with the matrix
elements of the residual interactions V averaged over
a sufficiently large energy interval AE. Despite its
simplicity, the optical model makes it possible to
establish a connection with the fundamental equations
of the microscopic approaches, It is therefore the best
model for describing the averaged elastic (or total)
cross sections, However, it cannot be used without
further modification to describe inelastic processes.

One such modification is the Distorted Wave Born
Approximation (DWBA), in which the amplitude T';; of
an inelastic process is determined by an expression of
Born type

Ty ~ @y V1 %0, )
Here, ¥; and J, are wave functions of the elastic and
inelastic channels calculated in the potential of the opti-

cal model, The DWBA (and its high-energy modifica-
tions—the eikonal method and Glauber theory) also be-
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longs to the semiphenomenological class of models,
since (4) can be obtained from the microscopic ap-
proach (see, for example, Refs. 6 and 7), Such a de-
rivation shows, however, that the expression (4) is
suitable only for the description of direct reactions that
take place directly after the initial particle collides
with the nucleus. To the DWBA cross section it is
therefore necessary to add contributions from the com-
pound nucleus and pre-equilibrium processes. It is al-
most impossible to estimate these contributions, and
in practice they are used as free parameters to match
theory and experiment,

Because of this incompleteness of the optical model
and the DWBA, various purely phenomenological mod-
els are used in practice, and these have absolutely no
connection with fundamental Schrodinger equations.
They are all based on intuitive postulates, and there-
fore contain a large number of adjustable parameters,
whose physical meaning depends on the interpretation
of the particular model.

The best known model describing the energy and angu-
lar distributions of the secondary particles is the intra-
nuclear cascade model. Many books and reviews (see,
for example, Ref. 15) have been devoted to the descrip-
tion of this model. For many years, the model was
used as a basis for describing reactions with high-
energy (hundreds of MeV) incident particles. Recently,
however, some more or less successful attempts have
been made to apply the model to reactions with par-
ticles of lower energies, 1

It is usually assumed that the intranuclear cascade
model makes it possible to simulate in a classical man-
ner the history of the interaction between the nucleon
and the nucleus by means of a computer., The algorithm
of such an approach!? is as follows. Using a computer,
we “play” a set of cases of collision between the inci-
dent particle and the nucleus. In each of these cases,
the initial particles generates a cascade of secondary
particles, which leave the nucleus with definite energy
and momentum. The number of such secondary par-
ticles and their momentum distribution vary strongly
from case to case, However, if we consider a large
number of collisions and average over all the results,
we obtain the most probable distribution of the emitted
particles. One can follow the classical trajectory of
the incident nucleon within the nucleus until the first
collision, which leads to the formation of pairs of
secondary nucleons and holes in the Fermi surface of
the target nucleus, One can then follow the classical
trajectory of each secondary nucleon separately until
it leaves the nucleus or collides once more. The sum
of the energies of the holes produced in the cascade de-
termines the excitation energy of the residual nucleus,
The intranuclear cascade model is virtually the only
phenomenological model that predicts the angular dis-
tributions of the secondary nucleons, Another advan-
tage of the model is that it uses the experimental
values of nucleon—nucleon cross sections, and not ad-
justable parameters like the other models.

The algorithm of the model was proposed by Serber
and Goldberger!® in 1947-1948 and was based on
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analogy with the classical algorithm of the theory of
particle transport in matter.

Really serious attempts to justiry it in the case of
nucleon-nucleus interactions on the basis of the quan-
tum theory of multiple scattering were undertaken only
ten years later by Watson (see Chap. 11 in the mono-
graph of Ref. 6 and the references there), Watson
used the following approximations,

1. The gas approximation (the range of the nucleon-
nucleon interaction 7, is assumed to be much shorter
than the mean free path A of the particle in the nu-
cleus),

2, The de Broglie wavelength of the incident particle
is much less than Ay,

3. The approximation of quasifree scattering (the en-
ergy transferred by the incident particle to a particle
of the nucleus, E,, is much greater than the average
kinetic K. and potential ., energies of the particles in
the nucleus),

4. The approximation of closure (in Glauber’s studies
on quasielastic scattering, this approximation is called
the completeness approximation). It means that the
cross section of the quantum-mechanical process is
summed (or averaged) over all final states of the target
corresponding to emission of a quasielastic particle,

It is assumed that the excitation energy of the target in
the final state is in an interval AW=V{@/3)EoK,, less
than the energy resolution of the detectors or the beam.
Because of the influence of the Pauli principle, the gas
approximation is satisfied in a nucleus. In fact, it is
the Pauli principle that is responsible for the applica-
bility of the optical model, the shell model, and, es-
sentially, the entire formalism of modern nuclear phys-
ics. A large mean free path is a second but not too
stringent restriction of Watson’s theory. The third and
fourth restrictions are the most stringent, For because
of the large value of A, we can describe the nucleus
fairly well as a system consisting of a weakly interac-
ting Fermi gas in the average field U, Then K,, =U,,
=E; /2 (E; is the Fermi energy), and the third and
fourth conditions entail E, >AW > E.. Of course, the
energy E; of the incident particle must be greater than
E and, therefore, greater than K,, and U,, (this is
called the weak- coupling approximation), It is these
approximations that made it possible to reduce the
problem to the case of the scattering of a classical par-
ticle by a gas of unbound and uncorrelated nucleons,
i.e., to eliminate the coherence effect inherent in every
quantum-mechanical scattering problem. Watson ob-
tained a classical transport equation for stationary flux
of incident particles and homogeneous scattering medi-
um that is not changed in the rescattering process (in
gas kinetics, this is called the linearization approxima-
tion) in the single-energy approximation (i.e., only fast
particles with energy E; > E, were considered), All
these aspects together led to a partial justification of
the classical-trajectory algorithm of the intranuclear
cascade model, but they did not make it possible to de-
scribe the dynamics of the excitation of the nucleus
during the reaction process or, therefore, the spectra
of the secondary slow particles, These shortcomings
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in the theoretical justification made it necessary to in-
troduce into the algorithm an adjustable parameter—
the cutoff energy of the secondary particles (see, for
example, Ref. 15)—and led to the appearance of various
phenomenological modifications of the intranuclear cas-
cade model (allowance for reflection and refraction of
particles, specific allowance for the Pauli principle,!’
and so forth),

Since the cascade model can pretend to a description
of only the fast stage of the process, it is in practice
always augmented by the evaporation model, which
reproduces reasonably the spectra in the case of the
interaction of low-energy particles with nuclei. This
model is based on the analogy with a heated liquid, It
is assumed that the excitation energy which remains
in the nucleus after the fast stage is redistributed
among the large number of nucleons (compound-nucleus
model), so that one case use the concept of a thermal
distribution of a Fermi gas of nucleons within the resi-
dual nucleus (see, for example, Ref. 19), One can then
use the hypothesis of thermodynamic equilibrium be-
tween the heated nucleus and the saturated vapor of
emitted nucleons® ?! and obtain the following expression
for the probability of emission I(g) in unit time of a
nucleon with energy & from nucleus A with the forma-
tion of nucleus B with excitation energy E,=E,-¢
- Epg:

I(e)de=(pp (Eg)/pa(Ea)) 0 (Ep, ) (golle/n?h?) de. (5

Here, p(E) is the density of states at the excitation en-
ergy E,o is the cross section for absorption of the nu-
cleon with energy € by the compound nucleus B (excited
to the energy E,) leading to the formation of the com-
pound system A with excitation energy E, [this cross
section is usually replaced by the cross section o, ()
for the absorption of the nucleon by the unexcited nu-
cleus calculated in the optical model], g=2s+1 is the
spin factor, and .# is the reduced mass of the system
B +nucleon, Using now the connection between the tem-
perature T and the density of states

(d1n p/dE)|pagy=1/T (E,), (6)

we can obtain from (5) an approximate expression of
Maxwellian type for the evaporation spectrum:

I(e)de=C (e, T)exp (—e/T). (7)

Here, T denotes either the initial temperature T, (if
E, > Ew, Eg>>¢) or the final temperature T, (if £ < E,,
- Ey,), and the factor C is assumed to have a smooth
dependence on £, T, and some other parameters of the
systems A and B. Because of these uncertainties, the
expression (7) is hardly ever used to calculate the ab-
solute cross sections, and T serves as an adjustable
parameter in the description of experimental data by
means of Eq. (7). The listed shortcomings of the model
arise, as always, because there is no connection be-
tween the model and fundamental Schridinger equations.
Such a situation gives rise to a number of questions:
Can one use the condition of thermodynamic equilibrium
for a system in which there is no saturating vapor ?
What temperature characterizes the evaporation spec-
trum (7) if each new particle that leaves the system
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leads to a significant decrease in the excitation energy
(and this is the usual situation in the final nucleus),
etc? However, the evaporation model proved very help-
ful for describing the low-energy part of the spectrum
of emitted particles, This led to the creation of a com-
bined cascade-evaporation model, in which it is as-
sumed that the entire energy of the residual nucleus
after the cascade (which exists above all in the form of
of hole excitations) goes over into thermal energy and
leads to evaporation, In other words, it is assumed
that immediately after the cascade stage the nucleus
goes over into a state of thermodynamic equilibrium.
The cooling of the system during the evaporation stage
is taken into account in this approach phenomenological-
ly, and the Monte Carlo method and Eq. (5) for the
evaporation model are used to determine the energy and
form of the evaporating particle, The energy carried
away by the evaporating particle is then subtracted
from the excitation energy of the system, and Eq. (6)

is used to determine the new temperature of the sys-
tem. The evaporation formula (5) is then used again,

Of course, the theoretical justification of such a pro-
cedure, like the possibility of using the concept of
thermodynamic equilibrium for a finite open system,
remains open, However, even this combined model

did not make it possible to reproduce completely the
experimental spectra,

This prompted the development of a new group of so-
called pre-equilibrium models, which are based on the
following idea. The cascade stage of the process leads
to the appearance of a large number of holes in the
Fermi distribution of the target nucleus and a certain
number of excited particles above the Fermi surface.
However, the distribution of these quasiparticles is
still very far from the equilibrium thermal distribu-
tion, A time is required for such a system to arrive
at equilibrium by “mixing” its energy in two-body nu-
cleon-nucleon collisions. During this time, a certain
number of particles may be emitted from the system,
carrying away some of the excitation energy. The first
variant of such models was proposed by Griffin? (ex-
citon model), However, we shall consider more com-
plicated nonstationary variants of the pre-equilibrium
models, since, as we shall see later, it is easier for
them to establish a connection with fundamental Schrd-
dinger equations than it is for the simplified case of
closed (integrated over the time) forms of the pre-
equilibrium models. The most detailed variant of such
nonstationary models is the Harp—Miller-Berne mod-
el,2* 18 which uses master equations. The basic idea of
this model is very perspicuous, If we believe in the
validity of the evaporation model and that the nucleons
of a nucleus can “thermalize” like any quantum or
classical gas, we must consider what equations de-
scribe this process of thermalization in the statistical
theory of gases. Such a description is given by the
Uehling— Uhlenbeck equations®* in quantum mechanics
or the Boltzmann equations in the classical case.
Therefore, in the Harp-Miller-Berne model the nucleus
is regarded as a “can” filled with a Fermi gas at zero
temperature (step Fermi distribution). To describe the
reaction initiated by the nucleon, the initial particle is
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placed at the initial time £, in the “can” in one of the
free levels with high energy (Fig. 1a). To simplify the
calculations, the complete energy space of the single-
particle levels is divided into cells Ae (Fig. 1b). Each
i-th cell contains g; single-particle states:

LR

gi= S p (e) de, (8)

gy—e/2
where the density of the states of the Fermi gas is

p (e) de = gV,d2p/(2mA)?

— 4V, (2m)sfEe ¥ def(2mA)s. ®)

Here, g=2s+1 is the spin factor, V; is the volume of
the nucleus, m is the mass of the nucleon, and p and
¢ are the momentum and energy (measured from the
bottom of the nuclear potential).

Assuming that the population number in the cell is n;,
we can calculate the total number of particles in the
i-th cell:

N;=ng;. (10)

Such a system of particles will remain unchanged in
time if we do not allow them to collide with each other,
thereby exchanging energy. The transition probability
(in unit time) for the collision i +j— k& +! is taken in
the form

1)

Oijent =0y (1 4€5) [2 (81 +&5)/m] 2V, ;—'1, 8818 4y cpte,

where oy, is the cross section of elastic nulceon—nucleon
collisions averaged over the angles (or simply taken for
angle 90° between the velocity vectors of the colliding
particles). Because of the Kronecker & symbol, the
summation in the denominator is over only the states
within the nucleus that are allowed in nucleon—nucleon
collisions.

To obtain the master equation (balance equation), it
is simply necessary to follow the change in the number
of particles N; in each cell. This change occurs for
the following reasons. The collision of particles in
cells k and I generates a particle in cell ¢ and a particle
in cell j. The resulting change in the number of par-
ticles is, with allowance for the Pauli principle, Eq.
(11), and the energy conservation law,

AL (1> i)

= hzz} gt (1 =n) (1 —ny) 6 (e + &5 —ep — €1) 21818185 (12)
Collisions of the type i +j— & +I reduce N;:
danN =
Skt
=— ?l.; oijanttity (1 — 1) (1 —11) 8 (€ + &5 —ex —&1) 81888185 (13)
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FIG. 1.
model.

b
Schematic representation of the Harp—Miller—Berne
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Summing now the “arrivals” (12) and “departures” (13),
we obtain the well-known standard quantum master
equations
%= 2 oum 8 (g + e — ey —e1) [y (1 —y) (1 —ny)

klj

—nny (1—ny) (1 —m)] gagug;. (14)

(As usual, we assume that in the elementary collisions
Wit =Wyy—ij =W;5.) This equation describes the
process of thermalization in statistical physies, and
we know that its solution for large times leads to a
thermal distribution for the Fermi gas:

" = {exp (e, — Ex)/T] + 1), (15)

This means that the particles in a closed system (even
if it has very large dimensions) will exchange energy in
binary collisions until the system arrives in thermo-
dynamic equilibrium,

However, the nucleus is not a closed system, since
it can emit particles with energy in the continuum
€>Ep+E,). Therefore, an additional term was intro-
duced artificially into Eq, (14) in the Harp-Miller-
Berne model to take into account the loss of particles
from the volume of the nucleus to the “laboratory
volume” Q, in which their energy is £€,=6;-U (U is
the depth of the nuclear potential):

LEL (1> ta) = — 1810 810 (£ — U — &10). (16)

The probability w,_ ;, is assumed (in the spirit of the
evaporation model) to be proportional to the cross sec-
tion o,(e4,) of nucleon absorption in the optical model:

Wiia = Oqbs (Big) |28/l 32/ g8, s an

By analogy with g;, the number £, is defined as the
number of single-particle states in the external labora-
tory volume Q. Thus, in the model it is necessary to
solve the system of coupled equations

G D Ounergsd e+ eg— ey —en) Imymy (1 —ng) (1 —n,)
ELY
— 1 (1 —m) (1= )] — 00 102008 (8 — U —ey). (18)
A shortcoming of this model is its computational com-
plexity, In addition, the model does not enable one to
predict the angular distributions (however, this applies
in practice to the majority of pre-equilibrium models),

Despite the rather crude approximations [rectangular
well, averaging over the angular dependence in the nu-
cleon-nucleon cross sections ¢, (11)], the model does
not contain explicitly adjustable parameters and, in
contrast to the intranuclear cascade model, contains
very detailed information about the quantum-mechani-
cal properties of the system and its dynamics (the
population numbers of the individual single-particle
states of the quantum system). This brings it as close
as possible to the microscopic description of the nu-
cleus in the shell model and makes it very promising
from the point of view of establishing a connection with
the microscopic theory of nuclear reactions. It should
also be noted that in principle equations of the type (14)
can be obtained from the Schrddinger equation when
definite conditions are satisfied: many eminent sci-
entists have contributed to the development of different
approaches to such a transition (for example, Pauli,
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Bogolyubov, Landau, Born, Kirkwood, Van Hove,
Prigogine), Just the listing of these approaches and

the establishment of correspondences between the em-
ployed assumptions would provide the subject of a sepa-
rate monograph and, of course, cannot be made in the
present review, The main difficulty in our case is to
establish how well these assumptions are satisfied in
the case of nuclear reactions, We shall return to these
questions in the following section. Another difficulty is
that all the derivations of balance equations were made
for closed systems, and therefore led to Eqgs. (14) with-
out the specific term (16) in the Harp—Miller~Berne
equations, If the term (16)-(17) is regarded as an in-
tuitive guess, this form still does not stand up to
criticism, First, the division of space into interior
and exterior parts is essentially classical in nature,

In quantum mechanics, every continuum state is defined
in the complete coordinate space (0 <7< ), Therefore,
in a microscopic theory of nuelear reactions it is suffi-
cient to transfer a particle by two-body collisions from
a discrete state to the continuum [such transitions are
already included in the terms (12) and (13)]. No addi-
tional interaction of the type (16) is required to carry

a continuum particle out of the nucleus. The connection
between the probability (and, therefore, cross section)
of particle emission and the absorption cross section

of the form (17) is taken from the evaporation model,

in which it is postulated (see, for example, Ref, 13)
that the nucleus completely absorbs the incident beam
and forms a completely thermalized compound system,
avoiding the direct and pre-equilibrium stages, There-
fore, the use of Eq. (17) precisely for calculating the
pre-equilibrium process requires further justification
and can hardly give a correct description of fast pro-
cesses such as quasielastic scattering and direct reac-
tions,

As we have already said, the Harp-Miller- Berne
model gives a very detailed description of the pre-
equilibrium process by means of realistic parameters
obtained independently (the range and depth of the av-
erage nuclear potential and the free nucleon—nucleon
cross section). For this detailed description it is nec-
essary to pay— it is necessary to solve the coupled dif-
ferential equations (18). To simplify the calculations
(and the model), one can give up a detailed description
of the population numbers and characterize the state of
the nucleus by the excitation energy E and the total
number of particles (above the Fermi surface) and holes
(n=p +h) without worrying how this energy is distri-
buted between the particles and the holes, i.e., as-
suming that all the ways of distributing energy between
them are equally probable, Although it is customary to
refer to particles above the Fermi surface and holes as
“quasiparticles,” historically they were given the name
“excitons” in pre-equilibrium models, and the models
that characterize the state of the nucleus by the number
of excitons n were called exciton models. Instead of the
evolution of the population numbers n;(f), one studies in
the exciton model the evolution of the probability P(n, f)
for the presence of # excitons in the nucleus (Fig. 2).
The initial state in reactions with nucleons is charac-
terized by the exciton number n,=1., Then a binary
collision of the incident particle with one of the par-

V. E. Bunakov 511



ticles of the nucleus can change the energy of the inci-
dent particle and generate a particle-hole pair, i.e.,,
a system with exciton number =3 (in the exciton mod-
el, it is assumed that all possible configurations with
n=3 arise with equal probability). A subsequent colli-
sion between one of the two excited particles and a par-
ticle below the Fermi surface or between the two ex-
cited particles can lead to the creation of the following
states: 1) =5 (production of a new pair); 2) n=1 (one
of the particles fills a hole); 3) n=3 (a new two-parti-
ticle-hole state is formed). The probabilities A,, 2_,
and 2, of each of these events are determined in the
model by the average matrix element M of the two-body
interaction and the density of allowed final states:

Aot = (200/) { M |2 ppe (E). (19)

The number of allowed states p, for each type of transi-
tion was calculated by Williams?® for the case of an
equidistant single-particle spectrum with density g:

Aponso == Ay = (2a/A) | M |2 g2E>/(p 4T+ 1); }

Anon-z== A= (2n/h) |M|2gph (p+h —2);

Apon = A= (27/R) | M |2 [3 (p+-h)—2] g*E/4.

(20)

It is clear that equilibrium will be reached when the
rates of increase and decrease, A, and \_, respective-
ly, of the exciton number are equal, Hence and from
Eqgs. (20) one can determine (for the typical case gE
>>1) the equilibrium number of excitons: n= V2gE. It
can be seen from (20) that for small exciton numbers
n<<n the process of increase in the complexity of the
state predominates: A,> X_.. Therefore, from an initial
nonequilibrium state the system prefers to move toward
equilibrium, “mixing” the energy among an even great-
er number of particles. Using now the probabilities
P(n, 1), we can write down instead of Eq. (14) a different
system of balance equations?®:
dP(n, 1)/ dt=P(n—2,8) A (n—2)+P (n-2.1) ho(n+2)

—P(n,0) (A () =0 (). @1)
For given exciton number, one can find configurations
in which at least one particle has excitation energy ex-
ceeding its binding energy Epg. This particle can be
emitted from the nucleus. The probability of such
emission in unit time is defined in the exciton model as
follows:

I(n,e0) d oy = L2 E—EIEE) Tabs () [2ealofl ]2 SRR W i) .

Pn (E) ()0 2n?h®

Here, g,=¢ — U is the “asymptotic” energy of the emitted
particle (in the exterior region), g(€) is the density of
single-particle states within the nucleus, and the final
factor determines the number of single-particle states
in the laboratory volume [equal to g;, in Eq. (16) of the
Harp-Miller-Berne model]. The first factor in (22)
determines the relative weight of configurations with one

L ]
L
g -
n=3

m=1

-— M
s

n=5

FIG. 2. Schematic representation of the evolution of the
system in exciton models.
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particle in the continuum among all n-exciton configura-
tions of the nucleus. This factor replaces the probabil-
ity n,(f) in the Harp- Miller—Berne model [see (16)],
gince in the exciton model one makes the simplifying as-
sumption that all the ways of dividing the energy between
the excitons are statistically equally probable. The
other two factors in (22) determine the probability ¢,

of emission of a particle from the excited nucleus [cf.
(16) and (17)]. Our doubts regarding the use of the ab-
sorption cross section 0, in (22) were already ex-
pressed earlier in connection with the expression (17)

in the Harp—Miller-Berne model.

In more complicated variants of the exciton balance
equations,?®?® allowance is made for the emission of
particles [ignored in Egs. (21)]:

dP (n,t)Jat=P (n—2,t) A, (R—2)+ P (n+2,0) A_(n+2)

—P(n,0)[ A M+ () + 3 5 de I, (n, e,,)], @21a)
where ¥ denotes the species of the emitted particle, and
I(n,&,) is determined by the expression (22). From the
computational point of view, it is much simpler to use
the system of equations (21a) than Eq. (18) of the Harp-
Miller—Berne model. But for this simplicity a high
price must be paid, since the matrix element M [see
(20)] is now a free parameter of the theory which is
very difficult to relate to the experimental nucleon—
nucleon cross sections used in the intranuclear cascade
model and the Harp- Miller-Berne model (a more de-
tailed investigation of this question can be found, for
example, in Refs. 28-31), Since it is impossible to
determine the absolute magnitude of the energy loss

in the pre-equilibrium process, it is very difficult to
determine the temperature of the equilibrium part of
the spectrum in the framework of the exciton model.
Therefore, the uncertainty in M enables one to change
not only the absolute magnitude but also the profile of
the spectrum, In the majority of the later variants of
exciton models it is customary to take the initial num-
ber of excitons to be n;=3 in the case of reactions in-
duced by nucleons, However, the justification for this
choice has not yet been provided, nor has it been
established whether the exciton model encompasses

the stage of the direct reactions. All this has the con-
sequence that the exciton models do not predict the ab-
solute magnitude of the cross sections and are normal-
ized to achieve the best agreement with experiment.
Therefore, at the present time the exciton models are
effectively used to parametrize experimental data al-
ready obtained.

Although it is easier to solve Egs, (212) numerically
than Eqs. (18), the solutionnevertheless requiresa cer-
tain computer time. To avoid this difficulty, one can
use one of the many closed exciton models. Since the
calculation of

0 (ea) deg ~ 3 degI (n, €) 5 atP (n,t) (22a)
requires some knowledge of P(n, ), all these closed
forms of models use different additional assumptions
about [P(n, t)dt. (We shall not consider these models,
since they are described in detail in Refs. 29-33.) On
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the one hand, in view of the descriptive nature of the
exciton models mentioned above, the closed forms are
not much inferior to the nonstationary exciton models
when applied to experiments, On the other hand, they
are much easier for calculation and satisfactory pa-
rametrization of experimental data.

To summarize our brief survey of the existing posi-
tion in the theory of nuclear reactions, we present the
scheme in Fig. 3. [We have not included the statistical
theory in this scheme or in its study, despite the fact
that it is a good example of a practical semiphenomeno-
logical theory; this is because in the exposition that fol-
lows we use a variant of the statistical approach to nu-
clear reactions which is a good bridge from the Schro-
dinger equations (1) to the phenomenological models and
which partly overlaps! with more standard statistical
approaches. |

From the foregoing discussion we have seen that the
main shortcoming of the microscopic models is their
inapplicability (or excessive complexity) for practical
caleculations, The semiphenomenological models are
very practical but, unfortunately, do not cover the com-
plete process of the reactions. The phenomenological
models are also very practical but do not contain funda-
mental derivations linking them to the microscopic ap-
proach. This is bad not only from the theoretical point
of view but also because it makes it impossible to de-
termine the regions of applicability of the models and
leaves space for parameters that are very obscurely
determined (or are simply free) and for further modifi-
cations dictated by the inclinations of the authors rather
than physical significance. Despite all this, they all
give a reasonable description of the experimental data,
The question of why these models agree reasonably with
the experiments is of direct interest for theoreticians.

2. CONNECTION BETWEEN PHENOMENOLOGICAL
MODELS AND QUANTUM MECHANICS

To find the connection between the most general non-
stationary Schrodinger equation and the phenomenologi-
cal models, we investigate them in more detail. As we
have said in the Introduction, the microscopic models
generally use almost monochromatic (AE — 0) wave
packets and go over to the stationary equation (2). The
solution ¢ of this equation is obtained by diagonalizing
the matrix of the Hamiltonian using a basis of the eigen-
functions ¢, of H;:

} =S8 Capy. @3)
In theory In practice
P e— Phenomenological guesses? l
; s TR i
Long peckery Classical Master  Thermodynamic
LR simulation equations  equilibrium
i af
Hp=Ey 2 . Evaporation
Pr.-qulll:.:rrium |
HMB, non-
itionary excif
Microscopic ':m tun'u il
models 3

H=Hg+V

FIG. 3. Interconnection of the various models in the existing
theory of nuclear reactions.
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As usual, the symbol S denotes the sum over the bound
states and the integral over the continuum, The Lipp-
mann-Schwinger formalism makes it possible to relate
the coefficients C, to the S matrix and the reaction cross
sections. As H,, one usually takes (see, for example,
Ref, 8) the shell Hamiltonian of the model of noninter-

- acting particles. Then ¢, are antisymmetrized products

of single-particle functions of the shell model corre-
sponding to the configuration A, When at least one par-
ticle in the given configuration is in the continuum, the
index A includes the momentum p of this particle as
well. As the wave functions of particles in the con-
tinuum one can use the sets "’ (r) or uy(r). In our
problem, it is appropriate to use the function u!‘,” for
the initial configuration, since it deseribes an incident
particle with momentum p. For the other configura-
tions, it is more convenient to use the solutions ust,
since by means of them it is simpler to describe the
angular distribution of the secondary particles emitted
from the nucleus with momentum q. When we con-
sidered the phenomenological approaches, we pointed
out that the balance equations of the Harp~ Miller—
Berne model make it very close to the quantum-me-
chanical approach. Considering the term (16), we also
mentioned that the wave function of a continuum state
in quantum mechanics is defined in the complete co-
ordinate space. A good example of this kind is the plane
wave

¢k (r, t) = exp [ikr — (i/A) Et], (24)

which shows that a particle in a given state ean be found
everywhere (- = <7 < ) with equal probability, How-
ever, it must not be forgotten that a particle must move
in space and time, To see this motion in quantum me-
chanics, it is necessary to construct a wave packet out
of the plane waves (24):

Fe(r )= IA(E. E') gz (r, 1) dE". 25)

One can show (see, for example, Ref, 6) that the physi-
cal results depend only on the mean energy E and the
characteristic width AE of the distribution A but not on
the specific form of this distribution (in particular,
step, Lorentzian, or Gaussian form)., If we take for
simplicity a step function A with width AE,

1/2AE, E—AE<E'<E+AE;

A(E'E)={ 0, otherwise,

then from (25) we obtain (remembering that E =k% 2/
2M)
1 E-{—‘AE
oe(r, )= . j dE’ exp [ik'r — (i/) E't]
E-AE
sin (r—rt) Ak

=z exp [ikr —(i/h) E1] —ih 3%

=qg(r, )G (r\1). 26)
Here, v=Fkii/4 is the velocity of the particle, gy is a
plane wave with energy E equal to the average energy
of the packet, and G(r, f)=sin(v - vt)Ak x 1/ (r - vi)Ak

is a function which describes the evolution of the packet
as a whole and shows that at a given time the particle
of the packet can be localized in space with accuracy
Ar~1/Ak and that it is displaced in time along the
classical trajectory r =vf. ¥ we now place this packet
within a volume of radius B> A» (i.e., RAE>1), it will
propagate over the volume as a classical particle and
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spend the time ¢=R/v in it, However, if the volume is
small compared with the spatial extension of the packet,
R <A (i.e., RAR <1), the packet will leave the volume
in a time #=A7/v=#/AE = 7 (7 is the length of the packet
in time), This last case (7 — ) is the one usually con-
sidered in the stationary description of reactions. When
there is a scattering potential within the volume, the
emergence of the packet from the volume is delayed
(see, for example, Refs. 35 and 6) by the time f,.

~ — ifid Inf (E)/9E, where f(E) is the amplitude for
scattering of the particle by the given potential, There-
fore, the total time taken for the packet to leave the
volume is T +1,4. In the case when narrow potential
resonances exist, £, =7/ (I is the width of the reso-
nance). However, as we shall see later, such a situa-
tion hardly arises in the real Woods—Saxon potential.
All this shows that if we wish to observe the emission
from the interior region of the nucleus of particles that
populate the continuum states we must use the technique
of wave packets. We also see that the rate of departure
of the packet from the interior region of the potential

is determined by the time 7 =%/AE (or more precisely,
the time T +¢,). Therefore, in our approach we shall
use in place of the stationary functions the wave
packets ¢, (f):

)= A(Ew E) o (EL 1) dBi= 21 (0 G (O @7)
Here @, (t) = ¢, exp[- (i/%)E, t], and ¢ and G have the
same meaning as in (26). Instead of the usual expan-
sion (23), we now use the nonstationary expansion

¥(0)=SCh( e () =3 Th (8) 0. ), (28)
which gives a solution to the nonstationary equation (1),
Here, C, are averaged over an energy interval AE, and

(29)

describes the evolution of C, (f) of the given component
@, of the wave function as well as the evolution G, (f) of
the packets as a whole,

O )=CrL(t)61 (1)

By their nature, the balance equations are statistical.
Therefore, in all usual derivations of such equations
from the Schrodinger equation, it is necessary to op-
erate with quantities averaged over a large statistical
ensemble. In the case of nuclear reactions, we con-
sider an ensemble consisting of a large number of
pairs formed by “one target nucleus +one particle in
the incident beam,” This is a very natural ensemble
formed in any experiment that investigates nuclear re-
actions. Using the usual techniques (see the more de-
tailed derivation in Ref, 2), we can now go over from
the Schrodinger equation (1) to balance equations for
the coefficients (29):

8 (|30t = (2n/R) gnm-x! BAE (B, — Ex) [(1Cnr | —(IChD.  (30)
Here, V,,=(@,|V|®, ) are the matrix elements of the
residual interactions, 52E(E)=(1/7E)sin(E/AE) denotes
the “final” 6 function (nonvanishing in a neighborhood
AE of E=0), and the angular brackets denote averaging
over the statistical ensemble and will be omitted in
what follows,
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‘Equations (30), like all balance equations, appear
very perspicuous from the classical point of view: the
change in the probability is due to the balance between
the inflow and the outflow associated with the residual
two-body interactions. However, such an interpretation
is in general invalid in quantum mechanics, since suc-
cessive collisions will interfere with one another, and
the simple probabilities |V, |? in Eq. (30) will be aug-
mented by interference cross terms. Therefore, Egs.
(30) can be derived from the Schrodinger equation (1)
only if the following two conditions are satisfied.?

1) Wave packets are used which have a large spread
in energy (short packets in the time) such that AE> T’ g
where T, characterizes the change of C, in the time
t=i/AE, Inthe first stages of the reaction, I'y, is
approximately equal to the imaginary part W, of the
optical potential. Then this quantity gradually de-
creases during the process of thermalization to the
value equal to the reciprocal lifetime of the compound
state (to I'.omp in the case of isolated compound reso-
nances),

2) The “representatives” of the statistical ensemble
are completely uncorrelated, i.e., there is no correla-
tion between the particles of the incident beam,

Let us consider in somewhat more detail the condi-
tions of derivation of Eq. (30) and their connection with
the derivations used in statistical physics to which we
have already referred. As is well known, the main
physical condition needed for the derivation of a kinetic
equation in statistical physics is the gas approximation
(the mean free path A exceeds the range 7, of the two-
body interaction). This condition is satisfied in real
nuclei by virtue of the Pauli principle, For classical
particles with mean velocity v, the gas approximation
makes it possible to introduce a time scale, the colli-
sion time 1, =%, /v, and the mean free time f =X /2.
Roughly speaking, it is the condition 7 < % which
enables one in statistical physics to regard the motion
of particles in a rarefied gas as independent displace-
ment along free trajectories (left-hand side of the
Boltzmann equation) that are only occasionally per-
turbed by two-body collisions. However, in quantum
mechanics a continuum particle can be localized only
by introducing a wave packet with spread Ar and dura-
tion T =7#/AE. A more accurate localization of the par-
ticle within a given packet Ar is prohibited by the un-
certainty principle. Therefore, the collision time for
a sufficiently monochromatic particle (A7 > 7,) is now
determined by the packet duration 7 (it is this that pro-
vides the basis for the procedure of adiabatic switching
on and switching off of the interaction used by Lippmann
and Schwinger® on the transition from nonstationary to
stationary scattering theory). In the case of a mono-
chromatic wave (AE —0), it is impossible to speak of
the successive interaction of an incident particle with
each of the nucleons of the nucleus; for the amplitudes
of the two-body scatterings interfere, forming a com-
plicated diffraction pattern for the interaction of the
incident particle with the nucleus as a whole., I is this
that makes it possible in experiments with good resolu-
tion (using, for example, Glauber’s method) to recon-
struct the density distribution or the transition density
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of nucleons in nuclei from the obtained diffraction pat-
tern in the elastic and inelastic channels, - Therefore,
the meaning of the first condition becomes clear if we
recall that the mean free time in quantum mechanics

i8 #5% 7/ Wopu=1/ 'y . The condition AE> I'y, can be
written in the form 7 <#;. It replaces in the quantum-
mechanical case (7, < 7) the condition 7, <?, of the

gas approximation, For if the packet duration is
shorter than the interval of time between successive
collisions, the amplitudes of these collisions will not
interfere with one another (since nonoverlapping packets
do not interfere). An argument of this kind was used by
Friedman and Weisskopf!! in the time interpretation of
the optical model (see also Ref, 12). They pointed out
that for averaging over a sufficiently large energy inter-
val AE the packets of incident particles spend in the nu-
cleus a time 7 =7%/AE, which is sufficient for only one
or two collisions. On the one hand, this makes it pos-
sible to treat the residual two-body interactions in the
spirit of nonstationary perturbation theory, On the
other hand, the packets of particles trapped by the sys-
tem and forming a compound nucleus can re-enter the
elastic channel much later, and therefore will not over-
lap or interfere with the initial fast particles, This last
made it possible to divide the process into fast and slow
stages whose cross sections do not interfere with one
another, Our approach is a generalization of the idea
of the optical model to inelastic channels.

The meaning of the second condition is somewhat
deeper, since it actually makes the first condition more
precise. The point is that when we spoke of short
packets we did not say how they are obtained physically,
In a real experiment, as was noted by Austern,”3! each
of the physical packets of the accelerator has a very
small energy spread (i.e., 7=#/6E is very large com-
pared with even the lifetime of the compound nucleus).
An experiment with poor resolution recognizes only that
the accelerator beam consists of an incoherent (uncor-
related with respect to the initial phase) mixture of
these long-wavelength packets, whose energy “centers
of gravity” E, are spread over the interval AE, There-
fore, each of the packets separately gives a scattering
amplitude f containing all interference effects. It can be
roughly divided into a part f;, which depends smoothly
on the energy (and corresponds to the fast direct pro-
cesses), and a part f,, which oscillates rapidly over the
interval AE and corresponds to the slower stages of the
* reaction: f=f;+f,. The cross section o= |f|?= |f,|?

+ |fy|2+ /% fy+Ff} contains information about the in-
terference between the fast and slow stages. However,
for uncorrelated packets the averaging over the energy
eliminates all interference terms, and the mean cross
section will again consist of the sum of the cross sec-
tions of the fast and the slow stages averaged over the
energy, as in the case with short packets, Thus,
Austern demonstrated the equivalence of using in the
scattering problem short packets or an incoherent mix-
ture of long packets (i.e., a poor energy resolution),
This equivalence can also be demonstrated in density-
matrix language. Indeed, let us consider the density
matrix for a macroscopic ensemble whose parts are
subsystems consisting of one beam particle +one nu-
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cleus in the material of the target, In the representation
by means of the functions ¢, (t, t,) = ¢, exp[- (@/R)E, (¢

- 1,)] (@, are the wave functions of the shell model), the
density matrix of the system takes the form

Pride '=S mlc;: Cig; (31)

where C, are the coefficients in Eq. (23). To find the
correlation function and the dependence p(t), it is nec-
essary to know the dependence Ci(f) for long, almost
monochromatie packets in the accelerator, For the
transition probability, we can use the coefficients C.(t)
=(@, | ¥,(t)) obtained in nonstationary scattering theory
with long packets, i.e., with the adiabatic switching on
of the interaction at a time £, in the distant past as pro-
posed by Lippmann and Schwinger (see Ref, 36 or
Chaps. 3 and 5 in Ref. 6):

t
Ch(tito) = | (oa [V| ") exp (/) (By— Bx) (¢ —to)1dt's (32)

—ca

Here, #{” is the eigenfunction (23) of Egs. (2) and (3)
corresponding to the energy eigenvalue E;, and
(o | V]t = T,;(E;) is the amplitude for transition to
the state ¢, used in the usual stationary scattering
theory. Since the beam has an energy spread AE, av-
eraging over the ensemble means in the first place that
1 AE

?""”ES E—Eo Tk o (33)
(To simplify the calculations, we have chosen the Lo-
rentzian form of the energy distribution in the incident
beam,) Using Egs. (31)-(33), we can obtain for the
correlation function the expression

AEdE;

1
Prare (tiu tz) =E j (Et—-—Eg)‘-i—(AE.’Z)’

T3, (B;) Tagi (Ey)

ty
x | expl—(m) (Bry— E) (¢ —to)l @t

12

X expl(i/h) (Bi—Esp) (¢~ to)) t" (34)
Closing the contour of integration with respect to E; in
the upper or lower half-plane, depending on the sign of
t;— f;, and noting that (see, for example, Ref, 12) a
shift of the amplitude T,(E;) into the complex plane by
the amount AE is equivalent to averaging of it over an
energy AE, T,(E; +iAE)=T,(E,), we obtain

Pria (81, 1) = Oy (1) Cry (t2)
X oxp [ — [ti—ts]/e] exp [(i/8) (Esg— Ea) o] [idn)
where we have the following coefficients averaged over
the energy:

Ci.(t) =T, (E)) 65 (B, — E;) exp [(i/h) (E;—Ep) t]; T=h/AE. (35)

For simplicity, we have considered the case of a
smooth energy depéendence of the amplitudes 7,., When
the contribution from the formation of a compound nu-
cleus is important in the amplitude, it is necessary to
include in (33) an averaging over intervals AE of the
final energies E, and E,, to ensure that in the expres-
sion for pya,(ts, £;) the correlation-weakening factor
exp(~ |t;— t,|/7) again appears:
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Pighg (215 t2) = €XP (—|E;— 1] /T)

A (___BBdE g g7, 8Ey (T,
% | T s (B That (B0 53 (Brg— B

X 8AF (B, — Ej) exp [(i/4) (Eny — Eny) to]
exp {i/A) [(Eag— Ei) ty+ (B;— Epy) fa}.

It can be seen that when such averaging is performed,
the requirements on the interval AE; of the initial
states are made less stringent. As will be shown be-
low, this interval must be sufficiently large to include,
at given excitation energy, the levels of all the dis-
crete configurations A, i.e., many resonances of the
system,

Equation (34a) shows that averaging over the ensem-
ble of initial energies in the interval AE leads to the
disappearance of the correlations for amplitudes sepa-
rated by a time interval |t,—t,|> 7 =7/AE, and this is
the result that is obtained with short wave packets.
Thus, we have shown that averaging over the initial
energy (and, thus, by virtue of the conservation laws,
over the final energy as well) is indeed equivalent to
using short wave packets. Simultaneously, we see that
AE is the uncertainty of the energy of the compound
system as a whole and that it does not increase with the
time. Since the coherence time 7 in (34a) also remains
constant, we can, if we use short packets, ignore their
“spreading” with the time, as was done in (26).

However, to derive the master equations we must
also show that the nondiagonal elements of the density
matrix are small compared with the diagonal ones:
P> Paye For this, there are several possibilities. It
is simplest, as in statistical theories of nuclear reac-
tions, to assume random phases of the matrix elements
(@, |V|¥;), which is done in Refs, 4 and 5 by Weiden-
miller et al. However, one can use the absence of cor-
relation of the particles in the incident beam and av-
erage (31) over the time £; of switching on of the inter-
action. Then the oscillating factor in (34a) leads to the
appearance in the density matrix of the additional fac-

tor
To+T/2

exp [(i/4) (Ex, — Ea,) tol dty
To—-T/2

=exp [(i/%) (Er,— Eao) Tol

|-

hsin [(E, ,—E;,) T/h]
T(E,,—E;)

(352)

Since this factor is nonzero only in the interval | Eay

- E,,|< /T, it leads in conjunction with the final &
function of the expression (35) in the case T> tto an
additional smallness p,,; /p,m~ 7/ T when we integrate
or sum (for configurations of the discrete spectrum)
over the states A (such summation is always necessary
in the derivation of master equations). Note that since
we have invariance under a shift of the time we could
dispense altogether with the concept of the initial time
t, and perform the averaging (34) with respect to the
time # and obtain the same result because of the pres-
ence in the expression of the factor exp[(Ex, - Ex)t/7].
This “coarse-graining” of the time description was
used by Kirkwood® in deriving master equations for
classical particles and is equivalent® to the procedure
of separating the slow and fast processes in the evolu-
tion of correlation functions proposed by Bogolyubov,®
This fact in conjunction with the exponential correlation-
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weakening factor in (34a) shows that our averaging over
the ensemble is physically equivalent to the well-known
condition of correlation weakening used by Bogolyubov
in the derivation of kinetic equations. It is somewhat
more complicated to establish the physical connection
between our averaging procedure and the random phase
approximation, since the conditions for the validity of
this approximation are not known, It is however clear
that the approximation must be satisfied better, the
greater is the number of degrees of freedom of the sys-
tem that can participate in the process (i.e., for suf-
ficiently large A and, probably, excitation energies E),
In the derivation, we use the concepts of the mean free
path or the optical potential, which are also valid only
for systems with a large number of degrees of freedom.
In estimating the smallness of the nondiagonal elements
Py for discrete states, it is necessary to use the con-
cept of the density of these states, which is meaningful
(see, for example, Chap. 2 in Ref, 13) only for AE/E,
>>1, and this is the condition of applicability of the
usual statistical approaches in nuclear physics.

Having shown that the procedure of averaging over the
spread of energies of the system is equivalent to the
procedure of using short wave packets, we can’® use the
states (27) to construct the density matrix with coeffi-
cients (C,(f)). Using nonstationary perturbation theory
in the interaction V up to terms of second order (and
the condition AE > Wopt and the applicability of the gas
approximation to nuclei enable us to do this), and ig-
noring the nondiagonal terms in the density matrix, we
obtain Eq. (30). As was shown by Bogolyubov and
Gurov® (see also Ref, 41), the use of higher approxi-
mations in the interaction V leads to an additional
Hartree- Fock self-consistency condition for the aver-
age field in which the particles of the nucleus move,
Since, however, the parameters of the average field of
the nucleus obtained in Hartree— Fock calculations differ
little from the parameters of the “frozen” field of the
shell model (especially when allowance is made for av-
eraging over AE), we shall for the moment use only
Eq. (30) without the additional self-consistency condi-
dition, Therefore, the use of the non-self-consistent
basis of the shell model for constructing the packets
makes it possible to go beyond the framework of the
second order of perturbation theory. Of course, one
then loses the possibility of taking into account the
zero-sound excitation branch, We shall return to this
question somewhat later (and we shall also see that in
the construction of the evaporation model it is neces-
sary to take into account the change in the parameters
of the average field associated with the emission of par-
ticles). Allowance for the distorting influence of the
average field on the wave functions of the basis auto-
matically enables us to describe as well in rough de-
tails coherent effects such as quasielastic scattering.
Indeed, in the theory of multiple scattering of Gold-
berger and Watson (see Chap. 11 in Ref, 6) it is noted
that in the case when an incident particle in a collision
with a gas particle transfers momentum p </i/) to the
latter the scattered waves can interfere with one
another. This interference leads to the appearance of a
refractive index or a “pseudopotential,” which distorts
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the motion of the fast particles in the gas, Noting the
connection between the mean free path A, -and the
imaginary part of the optical potential, #/Ag = (/) W,p,
we see that coherent effects are important for energy
transfers E;, < W,,. The introduction of the averaging
interval AE> W, in our approach automatically divides
collisions into two classes, For E, <AE, we assume
that the system remains in the initial state ¢,; and the
continuum particle is only elastically scattered in the
average field of the nucleus, Elastic (or rather, quasi-
elastic because of the averaging over the interval) scat-
tering is automatically included in the problem, since
the continuum wave functions in the Slater determinants
@, are solutions to the scattering problem in the aver-
age field of the nucleus and have asymptotically the
form uf?) = exp (ikz) +f (6) exp(xikr)/r, For E,> AE,
the system goes over into a new state ¢,, and the in-
elastic incoherent scattering is described by the sys-
tem of equations (30).

Thus, we see that Egs, (30) are suitable for describing
experiments with poor resolution (with sufficiently large
AE), Therefore, the cross sections obtained by means
of the coefficients C, (see below) will describe only the
averaged behavior of the experimental cross sections,
This is the price that we pay for replacing the compli-
cated Schrodinger equations (1) by the much simpler
ones (30).

Equation (30) differs in one important respect from
the master equations of the type (14) that are usually
obtained. The symbol 3/d¢ in it stands for |G,|?7|C,|*/
df. In the terminology of fluid dynamics, this is the
“substantial” derivative, which describes the change of
|C, |? within a2 moving wave packet. We are situated
within a moving packet and follow the change in the num-
ber of particles in the packet due to binary collisions.
To determine the total change taking place within a fixed
volume in space (for example, within the nuclear volume
V,), it is necessary to go over to the “local” derivative
d ff? |2/dt, which is related to the substantial derivative
3|C|¥/at by

@ |To2/08 = d|Cy|2/dt — |T1|2 @ |G| 2/0t. (36)
Thus, if we wish to describe by means of Egs. (30) what
occurs within the nuclear volume [i.e., we wish to use
d/dt in (30)], we must add to the usual term describing
collisions [the right-hand side of (30)] the term
|C,|%8]| G, |*/dt, which shows that even in the absence
of collisions a continuum particle leaves the nuclear
volume in a time determined by the packet duration 1.
This is a specific property of an open finite system, and
distinguishes it from closed systems, for which all de-
rivations of kinetic equations have been made, If AE is
sufficiently small, so that RAE <1 [see the discussion of
Eq. (26)], where R is radius of the nucleus, the wave
packet G,(f) of continuum configurations (i.e., con-
figurations containing at least one particle in the con-
tinuum) can be approximated within the volume » <R by
a step function:

1, <i<ti+T;

G (b, 1) = {0! otherwise.

@7

For the interval T we can now replace é, in Eq. (30) by
C,. The presence of the extra term leads to special
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initial conditions for the solution of (30), namely, the
integration of (30) for each successive interval T must
be made with null initial conditions for C, belonging to
the continuum, This means that at the end of each inter-
val 7 wave packets of a continuum configuration leave
the nucleus and their population in the next stage begins
from zero, Each wave packet @, which leaves the in-
terior region of the nucleus in the time fy<f<{, +7 can
be registered in the region » -, making a contribu-
tion to the cross section for transition from the initial
state A, to the final state ) formed during the first stage
of the process. By definition® this cross section is
equal to the transition probability |C,(ty, %, + 7)|* re-
ferred to unit incident flux and multiplied by the num-
ber of allowed final states dp,:

dol/dpy. = | Ca (b, to+T)|2/F. (38)

Here, F is the incident flux:

F =0,|Ci, ()2 (9]
For narrow proton resonances under the Coulomb bar-
rier and for bound states, the outflow takes place, as
we have already noted, at the rate 1/t =I'/#=0, This
fact can be expressed differently by saying that all
bound- state configurations are localized the entire time
within the nucleus, and therefore they have G, (f) =const
for all values of f and the corresponding C,(f) vary
monotonically (there are no outflow terms),

During the following time interval {y+ 7 <t <f;+27,
the continuum configurations will again be populated by
transitions from the bound configurations excited during
the preceding first stage (note that because V repre-
sents two-particle interactions these are basically
“doorway” configurations of 3-quasiparticle type). At
the end of the new interval, the continuum packets again
leave the nucleus, making an additional contribution to
the cross section (38) of the preceding stage. Thus,
the cross section formed at time #, +27 is the sum of
the two components

(38a)

which can be called the contributions from the direct
reactions and from the “doorway” states. Proceeding
similarly for th= subsequent intervals ¢;, we obtain
contributions to the cross section from the excitation of
configurations which are more and more complicated:

1 Lo+T
Ogwr+ O 50,

t
W it
Ohg-+2 = i Ong=n ,
i

(38b)
or, going over from summation to integration,
do, 5 4 ¢ odoy (1) §1C5 12 ae
dpna, = 3 ;p,, = F 4 (40)

It should be noted that in the limiting case V=0 (ab-
sence of residual interactions between the nucleons) we
obtain from (38) and (39) a formula for the cross section
of scattering by the average potential U(r), For in this
case Eq. (30) gives simply the flux conservation law
ICy, @ 2= fCTlo(to) |2, As we have already said, the con-
figuration ¢ is constructed using the single-particle
functions " (»). To determine the angular distribution,
it is necessary to go over to the functions » ™ (r), i.e.,

to go over from C{%,, to C{3), using the following form-
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ula®: C{g =%, 0 SE'Chrly, Where SE' is the S matrix
of potential scattering of a particle in the state with mo-
mentum p into a state with momentum k. Using the
initial condition |Cy”(f,) |?=18,,,|Cyy(s) |%, we obtain the
relation C3), = | S£*[?|C,?|? and the scattering cross
section [see (38) and (39)"]0

dog.x/dp = |SBS|/vp. (41)

The same expression can be obtained from Eq. (40) by
noting that the entire process of the particle’s leaving
the interaction region of the potential occupies a time 7
(the integration over f is up to the time ¢, + 7). It is
easy (see, for example, Refs, 6 and 42) to write Eq.
(41) in the usual form in terms of the amplitude f(8) of
potential scattering:

doy /A% = | (q=p—k)|% (42)

Of course, the averaging over the energy AE leads to a
spreading of the diffraction pattern with respect to the
momentum transfer within Ag~1/); (and, strictly
speaking, the scattering itself is quasielastic). ¥ 1/
AR ~A, > Ry, the diffraction pattern (minimum at g
~1/R,,) is not completely spread out. But when A
<R (we shall consider this case later), the situation
tends to the scattering picture obtained for a classical
particle scattered by a potential of range R, .. In par-
ticular, the spreading of the diffraction pattern with re-
spect to Ag enables one to understand the so-called ex-
tinction paradox (see, for example, Ref. 43), which is
as follows. At high energies (E — «), the cross section
for scattering by a potential of range @ in optics and in
quantum mechanics is twice the corresponding cross
section ma® in classical mechanics due to Fraunhofer
diffraction, which has a sharp maximum in the region
of small scattering angles 6 < 1/ka, The averaging over
Ag means that it is impossible to distinguish experi-
mentally particles scattered at such a small angle from
incident particles that are not scattered at all. Of
course, the Markov-type equations (30) do not by them-
selves describe elastic scattering. However, in con-
trast to all other equations of kinetic theory, they take
into account the fact that the quantum-mechanical sys-
tem is “open” by means of the basis states u " and u™
of the scattering problem, This, in turn, makes it
possible to use correctly formulas for the S matrix of
the form (38)-(42), which determine the scattering
cross section. The averaged S matrices corresponding
to (38) are related to the coefficients C, in the usual
(see, for example, Ref, 6) manner:

|8%hl2=1Ca (ests + )| 2

We now show?®? that our master equations in the vari-
ous approximations will give the results obtained in the
microscopic and semiphenomenological models, Let us
consider the solutions of Eqs. (30) for the fastest stage
of the reaction (f;< {<{;+ 7) in the first order of per-
turbation theory in V. We again use the initial condition

|Eh (‘u)r"' — ﬁi.?.n |C_‘hu (fo)lz-

In the elastic entrance channel we can ignore the “re-
verse” transitions from the inelastic channels A:

d | Ca.y (to. = gy
el O B 10 (s )1 S| Va2 05 (Eng— Ea). | (43)
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Introducing the matrix element ¥, which is averaged
over the configurations A, and the density of states p,
in the inelastic channels, we obtain the law of attenua-
tion for a packet passing through the nucleus:

|Cag (83 ]2 = |Cay (1) |2 exp [ — (W/A) (£ —1to)]. (44)

The rate of absorption W in this expression is deter-
mined in the same way as the imaginary part of the op-
tical potential Wop (see, for example, Ref. 7) when the
latter is derived from microscopic theory:

W (Ex) =22 |V |2 pr. (Eng), (45)

where p, is the total density of the configurations of the
“doorway” states A, To find the cross section of the
inelastic process 2y — A in the same approximation, we
can ignore in (30) all transitions except A — A:

d |, (to, ) |2/dt=(2n/1) | Cy (to, 1) |2 (@7 | VI @552 BAE (Ep—Ey).  (46)

If we assume that the absorption in the entrance chan-
nel is small, [C,, (%, ) ’"Cx.,(tn)]s then from (38)- (40) we
can arrive at the following expression for the cross
section of the fast direct process:

(d034/0p2) = Famee 10”1V I G @n)
It can be seen that this is the Born expression with al-
lowance for the distortion of the initial and final states
in the average field of H,, Using (43) and (44), we can
introduce absorption in the channels A, and A, Then (47)
becomes exactly equal to the usual formula of the DWBA
[see (4)].

We shall now show that the purely phenomenological
models can also be derived as special cases of approxi-
mate solutions to Egs. (30) under different conditions.
For this, it is more convenient to go over from the
representation of the occupation probabilities |C,(#) |2
of the configurations to the single-particle occupation
numbers 7,(#) (this transition is deseribed, for example,
in Ref. 44). Then instead of (30) we obtain

M) _ T o
3 =T§I|V|;k1155“(8;+a;-—-e,,-—a;)

X [0} (g (4 — () (1 — ()
— (m) () (1— () (1 — ()] (30a)

Here, the angular brackets again denote averaging over
the statistical ensemble and will in what follows be
omitted; 7,(f)=7(f) | G,(t) |* by analogy with the expres-
gion (29); and G,(f) describes the evolution of the single-
particle wave packet with quantum numbers k., The
“substantial”’ derivative 3/9¢ on the left-hand side of
Eq. (30a) is related to the local derivative d/df by an
equation analogous to (31):

1yl 0t =| Gy |2 Onipl0t = drg/dt — ngd| Gy | ¥t

(31a)

Let us consider the connection between the “single-
particle” uncertainty of the energy Ae in (30a) and the
energy uncertainty AE of the complete system in (30).
At the inital time, the entire uncertainty AE is as-
sociated with the uncertainty in the energy of the inci-
dent particle; Az =AE, However, in each subsequent
two-body collision in the system additional quasipar-
ticles are formed with their own energy uncertainty.
The total uncertainty AE(f) in the energy of the system

V. E. Bunakov 518



is made up of the uncertainties A of the quasiparticles
Ng(f) formed up to the time #: AE=AgN, (). In the
ordinary nonstationary Schrodinger equation, Ag =AE
during the whole of the reaction. However, we have de-
rived equations for quantities averaged over the sta-
tistical ensemble of nuclei by means of Egs. (34) and
(35) and have seen that the value of AE does not change
with the time, This means that in the average over the
ensemble of compound nuclei Ag () =AE/N(#).

Thus, we have obtained the master equation of
Uehling- Uhlenbeck type (14) with the extra term
7,3 |Gy |?/dt which we attempted to find when discussing
the equations of the Harp-Miller-Berne model. The de-
tailed form of this term depends on the detailed choice
of the form of the packet A(E,, E}) [see Egs. (25) and
(26)], but it is clear that it differs from the correspon-
ding term (16)- (17) of the Harp—Miller-Berne model,
Let us consider first the case satisfying the condition
RAR <1, As we have already seen, the rate of emission
of particles is determined by the packet duration 7,
One can, for example, choose a Lorentzian form
A(E,E’), This has the consequence that

|G (8)]2=exp (—t/1). (32a)
Then the extra term takes the form
nd|G|2/ot = —nit, (48)

and we can write down Eq, (30a) in the interior region
of the nucleus:

% = Y oyub (4 &;— e —e1) gig;81

il

3¢ [Py (L — Ry (4 — gy — regity (1— 1) (1 — 1oy)] — mg /. (30b)
As we have already said several times, the most gen-
eral form for the rate of outflow, with allowance for
the presence of the average field, must be 7/ (7 + ;).
The most important contribution from #.; =- % Inf(e)/
Oe arises in the case of a narrow potential resonance.
Then the outflow term takes the form nI'Ag/%(Ac + T'),
and for I'<Ag —#I/#. In a rough description of Eq.
(30b), we shall ignore the existence of these reso-
nances for neutrons, and we shall assume that proton
resonances below the Coulomb barrier, as also bound
states, are infinitely narrow: I'—0,

In the expression (30b), we introduced the transition
probabilities w, g, = (/) | Vigu |*= (1/R) |Gty | V [, ) B,
which are related to the matrix elements of the two-
body interactions for the single-particle states u; of
the average field H, averaged over the directions of the
momenta p; (for the continuum) and the magnetic quan-
tum numbers (for bound states), We also replaced the
integrals over the continuum by sums, which led to the
appearance of the numbers g of single-particle states
and Kronecker deltas instead of the final 6 functions.
Comparing (30b) with the Harp—Miller—Berne equations
(18), we see that they differ in two important respects,

1) In our case, the form of the extra term is deter-
mined by the value of 7 and reflects the simple fact
that the packet of continuum states leaves the fixed
volume in a time 7 =#/Ag,

2) The densities p of the single=particle states needed
in the calculation of g [see Eq. (8)] for the continuum
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states are very different from the ones used in the
Harp-Miller-Berne model, In principle, they are
determined by the single-particle potential phase shifts
25/8k (see, for example, Ref, 45), but if we ignore
these quantities (26/2% <R, which means essentially the
absence of narrow single-particle potential resonances),
we can use”® the expression for a Fermi gas, which is
analogous to Eq, (9),

P (eq) de = (25 1) Vod po/(2nfi)® = 4nVy (2m)312 b2 de/(2mhd), (9a)

but, in contrast to (9), contains the asymptotic values
of the energy, £,, and the momentum, p,, and the g,
are much smaller than the “local” energies £ used in
the Harp—Miller-Berne equations:

. ) (49)
(U is the depth of the nuclear potential),

Both the differences between Eqs, (30b) and (18) are
due to the more correct treatment of the boundary con-
ditions for open systems made in the derivation of Eq.
(30b). We shall show later what important numerical
differences result from this,

The finite extent and open nature of the system also
lead to specific relaxation times of the system. During
the fastest stage £~ 7, the incident particle and the con-
tinuum particles produced in the direct reactions leave
the system, as we have shown, and there remain in the
system N,,(f,) quasiparticles in bound orbitals and a
corresponding excitation energy E (). Let us con-
sider the most complicated and typical case when the
system can still emit secondary particles [E.,.(¢) > Ey,)
and when the mean excitation energy per quasiparticle
is large:

Eexc”u) = Ecxcquu:" Ebd' (50)

In this case, when the excited particles collide with the
other particles of the nucleus (for N, < 4, the colli-
sions of the quasiparticles with one another can be ig-
nored) the probabilities for secondary particles to ap-
pear in the discrete states and in the continuum are
comparable, This means that there are comparable
probabilities for the process leading to a further
spreading of the Fermi distribution and an increase in
Naqu(f) and the probability of emission from the nucleus
of secondary particles, which reduces E «(f), During
this stage, which has a characteristic duration of the
order of a few mean free times #;, the pre-equilibrium
contribution to the cross section is basically formed,

~ The regime of the system changes abruptly when € ex(f)

becomes less than the binding energy:
Eexc(f)-'l-vqu(t) < Epas (503.)

When this stage has been reached, the collision of an
excited particle with a particle of the nucleus can no
longer (of course, on the average) “eject” a secondary
particle into the continuum, Therefore, the system be-
comes “quasiclosed” and a thermal distribution is
established in it over a time of order ¢, as in an ordi-
nary closed system. Of course, this state too is not in
perfect equilibrium. As long as E «(f) > Eyy, particles
can be emitted from the system. However, such emis-
sion must occur only through the collisions of excited
particles from the most distant (and therefore small)
ends of the thermal distribution, This greatly reduces
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the probability of particle emission from the nucleus
and increases the lifetime of the system in the new,
evaporation stage. Of course, evaporation leads to a
further decrease in Eex (). However, the thermal dis-
tribution of the system will now adjust adiabatically to
the new E . (f). We shall consider these questions in
more detail in the following section, and for the moment
we shall merely emphasize once more the basic features
of open systems: 1) the possibility of two processes that
differ strongly in time and their nature, the transition
between them being determined by the conditions (50)
and (50a); 2) the existence of a quasiequilibrium regime
with slowly varying temperature T(f) (evaporation model
with cooling). Since (see, for example, Ref, 13) -
T=Ee /Nqu, one can speak of evaporation only for tem-
peratures T=<E.,. There is also a limitation on the ac-
curacy of the thermal description. It is clear that one
can consider a distribution only for Age < T, Bearing in
mind the connection we have already discussed between
Ag and the total energy uncertainty AE, this last condi-
tion means that AE < Eexc.

Let us now consider the case of AE so large that
RAE>1, Tt is then possible to localize the wave packet
of a particle within the nucleus with accuracy Ar~1/
Ak, Once A7 becomes smaller than the characteristic
length (the mean free path in the case of a homogeneous
distribution of nuclear matter or the spread of the sur-
face in the Fermi-distribution model), one can use the
approximation of a local momentum, ‘ascribing the par-
ticle the momentum p(r) in the intervals between suc-
cessive collisions., Then the part of the quantum num-
ber k in Eq. (30a) will be played by the momentum
Dy, G4 (7, 1) takes the form (26), and the population num-
bers 7, (f) are transformed, by definition, into the
ordinary classical distribution function p(p,,7,?):

a8 ="y, (D1Gx (s )12 =p (0w, 7 0)- (51)

Instead of the master equations (30a), we obtain equa-
tions of Boltzmann type:

a—p(-r'ath)= Ydll: dp;dp Py fp (v, pis ) p (v s 8) [1

—p(ry P )1 [ —p(r. P 1)

—p(r. P ) p (o £) [1—p (r, pis )] 1 —p (r. Py D]} (52)

The collision term Py, = (/%) |(u,,u,, | Vlu,lu,.) |2
X 8¢ (g; +£;— £, — £;) contains in the matrix element an
integration over the volume AV~1(/Ak)%, The deriva-
tive 3p/dt is the ordinary substantial derivative, which
is related to the local derivative by the usual relation
dp/at = dpldt -+ (ploll) ¥ p -+ (3U/dr) dp/dp- (53)
The second and third terms in (53) are obtained from
the extra term 73| G|%/at in Eq. (31a), it being neces-
sary to bear in mind that now [see, for example, (26)]
the probability G for existence of a packet is nonzero
only in a neighborhood A7 of the point r=[p(r)/# ]:
|G(r,p, 1) |?= | G{r-[p@) 4]t} |*. Therefore

— 0|G|2/0t = (p/ol) V|G|2+ (plof) (8]G|*/dp) Bp/or.

(53a)

A local momentum p(r) can be introduced only in the
quasiclassical limit, when p(r)/2.4 =p?/24+ U (r),
where U(r) is the average potential of the nucleus; p,
is the asymptotic momentum outside this potential,
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Therefore (p/.4)3p(r)/dr=2U(r)or. This last relation
in conjunction with (532) and (51) leads to the classical
equation (53). Equations (52) and (53) differ from .
Boltzmann equations only by the allowance for the Pauli
principle. One can now use the well-developed compu-
tational methods of gas dynamics and transport phe-
nomena based on Boltzmann equations, One of the
methods of solution of these equations in gas dynamics
(see, for example, Ref, 46) is based on the method of
random sampling and is very close to the algorithm of
the intranuclear cascade model, In transport theory
(see, for example, Ref, 47), it is very common to
simplify the solution by using the linearization approxi-
mation, which means that the density of the medium in
the phase space changes very little when a fast particle
moves through it. When the dimensions of the system
are comparable with the mean free path, a good ap-
proximation is the method of successive collisions.

A fajrly accurate solution is then obtained by means of
the method of random sampling, which is identical with
Goldberger’s algorithm for the intranuclear cascade
model (which was in fact taken by Goldberger from the
transport theory of Ulam and von Neumann), In the
special case of a stationary incident flux and the single-
energy approximation (the scattered particles do not
lose energy) Watson’s transport equation discussed
above is obtained from the method of successive colli-
sions. Thus, the algorithm of the intranuclear cascade
model is a method of approximate solution (in the case
of linearization) of Eqs, (52) and (53). It should be
noted that in the case of very good localization of the
packet, Ar <7, (7, is the distance between the nu-
cleons), we have AE> Ey, and we arrive at the case
considered by Glauber and by Goldberger and Watson
(see above).

Completing our derivation of the phenomenological
models, we note that to obtain the exciton balance
equations (21) or (21a) we can also use Eq. (30), re-
calling that |C,(#)|*= P(r,?) is the probability of popula-
tion of configuration X in the nucleus, Averaging Eq.
(30) over the different configurations containing the
same number of excitons, we obtain an equation of the
form (21a), where again it is necessary to modify the
density of the continuum states that occur in the A,
[see (19) by analogy with Eq. (92)]. With regard to the
rate of outflow (22), we can by analogy with Eqgs. (32)
and (32a) assert that it is inversely proportional to .

Thus, we have shown that the considered master
equations for finite open systems overlap strongly with
the semiphenomenological models and constitute a good
“bridge” between the existing phenomenological models
and the fundamental Schrodinger equations. Therefore,
instead of the scheme in Fig, 3 we can propose the
scheme in Fig, 4. Again, we have not included statisti-
cal theory in the scheme, As we have seen earlier, the
discussed master eguations have a statistical nature,
since the nonstationary Schrodinger equations are av-
eraged over the statistical ensemble of colliding pairs
of the “incident nucleon +target nucleus” type, This
led to the nonstationary form of the master equations
(30). As we have already noted above, the group of
Agassi, Weidenmiiller, and Mantzouranis®® obtained
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FIG. 4. The part played by quantum master equations for
finite open systems in the scheme of modern models of nuclear
reactions.

results close to ours. They began with the stationary
Lippmann-Schwinger approach to the microscopic
theory of reactions and obtained equations identical
with the exciton balance equations (21a) integrated over
the time: [7df. In deriving their stationary equa-
tions,*® they used virtually the same conditions as we
did: averaging over an energy AE> 'y, and the random
phase approximation for the matrix elements, which,
as was shown above, leads to the same results
(vanishing of the nondiagonal terms of the density ma-
trix) as our ensemble averaging (35a), as time aver-
aging in Kirkwood’s derivation, and as Bogolyubov’s
method of correlation weakening. The need for inte-
gration over the time in their approach is undoubtedly
due to the circumstance that they began with Lippmann—
Schwinger equations, which are obtained from the non-
stationary Schrddinger equation (1) by integration over
the time in the case of an infinitely long wave packet

(T — ). The use of the Lippmann-Schwinger equations
led to additional restrictions in their theory—the im-
possibility of considering the case of several nucleons
in the continuum (i.e., the case when the energy of the
incident particle exceeds =10 MeV). Since we do not
use a Lippmann-Schwinger equation, our approach is
in principle free of these limitations and enables us to
understand the intranuclear cascade model for high en-
ergies, However, the stationary approach of Refs. 4
and 5 is closer to the mieroscopic theory on which the
ordinary statistical models are based. This makes it
possible to obtain many results of ordinary statistical
theory (for example, the Hauser— Feshbach formula) in
more general cases than usual,

Let us discuss briefly the choice of the basis of H; in
our approach, In deriving Egs. (30), we used the condi-
tion AE> I'y,,. It is natural to choose a basis such that
AE is smaller than the characteristic distance between
the states of the basis. For the basis of the shell mod-
el, this characteristic distance is of order 27iw =20
MeV, whereas I's, for the single-particle states is
equal [see (37)-(39)] to the imaginary part of the optical
potential W,,. It can be seen from this that this basis
can be used to describe reactions with nucleons of low
and intermediate (hundreds of MeV) energies, for
which meson production is not yet very important, We
have already pointed out that in principle Eq. (30) must
be solved simultaneously with the self-consistency con-
ditions, and not in the “frozen” field of the shell model,
It is readily seen (see, for example, Ref. 48) that the
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addition to our kinetic equations of such a self- consis-
tency condition leads to the possible appearance of solu-
tions of a new type of zero-sound vibrations, i.e., col-
lective excitations of the type of giant multipole reso-
nances). In practice, such an addition would make it
necessary to carry out time-dependent Hartree— Fock-
type calculations simultaneously with the solution of

the master equations, It is clear that such a “brute-
force” solution is too cumbersome from the computa-
tional point of view and needs to be done in an approxi-
mate manner. For the moment such effects can be ig-
nored, since the existing theoretical?® and experimen-
tal®® estimates show that the contribution of the zero-
sound excitations to the cross section of reactions with
nucleons is very small, One may also choose a larger
interval AE and go over to a quasiclassical basis (in the
approximation of a local momentum), as was done in
the derivation of the Boltzmann-type equations (52), As
we shall see later, one can also attempt to combine
features of different bases,

The inclusion of meson production in the master
equations does not present particular difficulties, How-
ever, the extremely short mean free paths of ™ mesons
[especially in the region of the (3,3) resonance] may
make it necessary to use very large averaging inter-
vals AE comparable with the 7-meson mass in the
theory. This question is currently under discussion
(see also Ref, 51),

We have restricted ourselves to the description of
reactions with emission of nucleons. Formally, it is
easy to include in the theory emission of clusters as
well, provided the microscopic description has a cor-
responding basis set. Unfortunately, such a basis does
not yet exist. This is also the main difficulty in at-
tempts to apply the kinetic approach to reactions with
heavy ions,’ It was suggested in Ref, 53 that the colli-
sion of two heavy ions should be described by a system
of Boltzmann equations together with time-dependent
Hartree— Fock equations, The proposal appears ob-
vious, but, as we have already said, even in the case
of collision of a nucleon with a nucleus the direct solu-
tion of such a system of equations is not yet possible,

Thus, we have shown that the existing phenomenologi-
cal models can be related to the fundamental equations
of quantum mechanics. We now consider the practical
validity of the approximations used in their derivation
and some possibilities of their improvement.

3. HOW RELIABLE ARE THE RESULTS OF
PHENOMENOLOGICAL MODELS?

In the present section, we consider only models that
have predictive power, i.e., that enable one to calcu-
late the absolute values of the cross sections and the
profiles of the spectra using parameters found from
independent experiments, The Harp— Miller—Berne
model and the intranuclear cascade model belong to this
class, A detailed comparison of the results obtained in
these models with experiments can be found in Refs, 30
and 16. Typical cases of such comparison, which make
it possible to draw conclusions about the accuracy of
the models, are given in Figs. 5 and 6, The Harp—
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FIG. 5. Comparison of the spectra of secondary protons ob-

tained in different variants of pre-equilibrium models for the
reaction **Fe(p,p’).

Miller—Berne model usually gives cross sections that
are 2—3 times smaller than the experimental ones.
Even smaller values of the cross sections are obtained
in the BNL (Brookhaven National Laboratory) cascade
model. A better description of the experimental spec-
tra is given by the ORNL (Oak Ridge National Labora-
tory) cascade model. The main difference between
these cascade models is that the latter uses a three-
step approximation for the nuclear density p(7) and does
not take into account refraction and reflection of par-
ticles on the boundary of the potential, while the form-
er uses a seven-step approximation for the nuclear
density and the potential and takes into account refrac-
tion and reflection. One must ask why it is that the
more detailed (and, apparently, more realistic) BNL
model gives worse results, It is also puzzling that the
classical ORNL cascade description should be better
than the Harp—Miller—Berne solution of the quantum-
mechanical equations,

Answers to these problems can be obtained using the
general approach set forth in Sec., 2. As we have seen,
both the cascade model and the Harp— Miller—Berne
method are obtained by solving the master equations
(30) for different averaging intervals (of course, in the
Harp-Miller—Berne model it is necessary to use the
correct values for the outflow and density of the con-
tinuum states). Another differences is that in the Harp—
Miller—Berne model the master equations are solved
exactly (numerically), while the intranuclear cascade
model provides only an approximate solution of the
Boltzmann-type equations (52). The main approxima-
tion here is that in the calculation of the right-hand side
of (52) in the intranuclear cascade model the spreading
of the Fermi surface due to preceding collisions is ig-
nored [this linearization makes it possible to “decouple”
the system of equations (52) and solve each of them
separately]. It is clear that this approximation can be

£,%62 MeV
_ORNL

Experiment

i “HMB
e i \
720 30 40 50 E,MeV
FIG. 6. The same as in Fig., 5 for the reaction *"Bi(p,p’).
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valid only in the first stages of the process,

To verify the conclusions, we integrated exactly Eqgs.
(30b) for protons with E, =39 MeV incident on *Fe and
209g; targets; we regarded these targets as consisting
of a mixture of proton and neutron Fermi gases in the
rectangular potential of the nucleus with radius R,;. Ig-
noring reflection and refraction (35/0%k <R,), we used
Egs. (9a) and (49) for the density of the continuum
states, In accordance with Eqs, (40), the cross sec-
tion of inelastic scattering is determined by the expres-
sion

dog/de = (g (t) dt-p (e)/F. (54)

Figure 7 illustrates the formation in time of the lowest
energy part (e =2 MeV) of the inelastic neutron spec-
trum [0, (f)~ [§ 7. (#')dt'] in the case of the **Fe target.

It can be seen that the process is divided into two clear-
ly distinguished stages. The fast pre-equilibrium stage
lasts about (5-10)¢; (the mean time between successive
collisions is #, =~ 10~% sec). At the end of this period,
the population numbers of the bound states are well de-
scribed by an equilibrium thermal distribution, where-
as the population numbers of the continuum states de-
crease with the energy much more abruptly. The second
stage, corresponding to the plateau in Fig. 7, is charac-
terized by much longer relaxation times (the integration
of our equations up to a time 107!® sec introduces a con-
tribution of the order of a percent relative to the cross
section of the fast stage formed up to the time 3 x 1072
sec, although the total contribution to the cross section
from the slow stage in this energy region exceeds the
pre-equilibrium cross section by an order of magni-
tude). During this stage, the rate of population of the
continuum states decreases strongly because of the ex-
ponential smallness of the population numbers 7 of the
bound states above the Fermi energy E; and 1 —n of the
vacancies below Ep, which make the main contribution
to the population of the continuum states. Since this
rate of population becomes appreciably less than the
outflow rate, it is this that determines the long relaxa-
tion times (10~15-10~1¢ sec in our case) in this stage,
The possibility of unambiguous separation of the two
stages on the basis of o(f) reaching the plateau is ex-
tremely important, since it makes it possible to investi-
gate the solutions in the fast and slow stages separate-
ly.

As we have already said, one can attempt to solve the
system of kinetic equations in the first stage using the
approximate method of an intranuclear cascade. Knowl-
edge of the kinetic equations for whose solution this
method is used makes it possible to modify the standard
algorithm of the intranuclear cascade model. First,
since Eq, (52) is symmetric with respect to the replace-
ment of n particles by 1 - # holes, the intranuclear cas-

ae/dE. mbiMeV
o oy

0 2 4 60 s

FIG. 7. Formation in time of the cross sections of secondary
particles obtained by solving Eqgs. (30b).
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cade model can also be used to calculate the de-excita-
tion of hole excitations, Therefore, in the calculation
we fixed all holes excited in the usual cascade process,
and then used the cascade algorithm to follow the de-
excitation of holes excited to energy E;— E,;. (The de-
excitation of holes in cells with larger energies leads
only to an additional spreading of the Fermi surface and
not to the emission of particles.) We introduced at the
start one further change into the intranuclear cascade
model, this being solely in order to compare the cas-
cade solution of the master equations with the exact
solutions in the identical model approximations. Cal-
culating the density of the continuum states (9a) needed
for the exact solution of Egqs, (30b), we ignore the nar-
row potential resonances below the centrifugal barrier
that arise for I >k, R, (I is the angular momentum of the
particle and &, is the asymptotic wave number). There-
fore, in the cascade calculations we determined the
value of ! for the secondary particles after each colli-
sion and eliminated collisions that generate particles
with >k, R). We used the intranuclear cascade model .
modified in this way to calculate the spectrum of the
secondary nucleons on the same targets %Fe and 2'°Bj
in the Fermi gas model and compared the results with
the spectra obtained in the fast stage by the exact solu-
tion of (30b). The results of the comparison for the
case of the secondary neutrons are shown in Fig, 8 (the
agreement for the spectrum of secondary protons is ef-
fectively the same). It can be seen that the correct al-
lowance for the continuum in the open systems modifies
the Harp-Miller—Berne and intranuclear cascade mod-
els in such a way that the agreement between them be-
comes considerably better than in the purely phenome-
nological approaches (see Figs. 5 and 6). In other
words, it can be seen that the modified intranuclear
cascade model is a good approximation to the exact
solution in the pre-equilibrium stage even in the case of

&
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% 7 ! it 1
gzs;__] zu’ﬂi(p,n}
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20
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4
A k& i 1
o & 6 24 £, MeV

FIG. 8. Comparison of the spectra of secondary neutrons ob-
tained by the exact solution of Eqs. (30b) (solid line) and the
modified intranuclear cascade model with the condition 1 < kR
without allowance for de-excitation of holes (broken line) and
with allowance for it (chain line).
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fairly low energies of the incident particles (accuracy
20-30%). Another very unexpected result of our cal-
culations is the relatively small contribution to the pre-
equilibrium spectra from the de-excitation of the holes.
As can be seen in Fig. 8, this process is important only
in the low-energy part of the spectrum, which is com-
pletely determined by the evaporation process (the con-
tribution of evaporation is not shown in Fig. 8, but it
usually exceeds by an order of magnitude the pre-
equilibrium contribution in the region of low energies),

Hitherto, our main aim was to compare two methods
of solution of the master equations in the framework of
the simple model of a Fermi gas without refraction.

We have seen that the intranuclear cascade model is a
fairly simple and reliable method for solving the equa-
tions. It would be very appealing to use it as well to de-
scribe the angular distributions of the secondary par-
ticles with allowance for refraction and diffraction on
the edges of the real nuclear potential, For this, we
return to the original system (30a) and consider what
determines the angular distributions of the secondary
particles. Suppose that in the interval = around the
time #; and in the neighborhood of the point r, within

the nucleus a particle in the continuum state u, interacts
with particles u; of the nuclear matter. This collision
during the interval T generates a new particle in the
continuum state u, with probability [see the solutions

of (30a) with the initial conditions #,(t)=#,(1)|G;(ry,
#)|? and all the remaining states above the Fermi sur-
face unoccupied]

1 (8g) & T3 1y (4)[G (ry, )2
x| Vigna|2 628 (5, + £ — & — £2). (55)

7
Using nonstationary perturbation theory, we can take
#,<< 1 and 7, << 1 and ignore the second term in (30a),
which takes into account the absorption of secondary
particles. Using the expression (40), we can integrate
(55) over all times ¢ for which the particle n; is within
the nucleus, Here, we use the quasiclassical nature of
the motion of the particle within the nucleus, i.e., the
fact that d¢; =dr, /v; and

5 | G (rys tl)l ity = Y %1
L(),
where the integration is over the paths of the motion of
particle ¢ within the nucleus. Ignoring the absorption of
the initial particle, n;(f) =~ n;(f;), we obtain from (40) the
cross section for the emission of secondary particles
with asymptotic momentum 7k, ;

d dI(r o a,
d{?:”‘ “‘)”.L r'(:) {ﬁ_’:ogl n;(r)lV,s,MPdp,}_ (56)

Comparing (56) with (47), we see that in the curly
brackets we have the cross section for knockout of par-
ticles % and ! by the incident particle from the nuclear
matter at the point r, the cross section being calculated
in the DWBA:

i 0t

v dpk - (56a)

dofdps =, (&) |

L(r),

Thus, the quasiclassical nature of the nuclear potential
has the consequence that particle ¢ moves through the

nucleus along the trajectory L(r;), knocking out second-
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ary particles successively., The same quasiclassical
property makes it possible to simplify even further
the calculation of the matrix elements ¥ ;;, = [ drydryy
X (ry)uf (vy) V(ry— ry)u;(r)u,(ry), since the integral here
is taken in a neighborhood Ar ~1/Ak of the point r. Be-
cause of the quasiclassical property, in the interior re-
gion of the nucleus u(r +x) =exp[(i/7)p(r)lu(r). Then

|V igna|® ~ O (i = Kl) |2y (x) 225 (r) | 22t (r) |22 (2) 2, (57)

where oy, is the cross section for scattering of free nu-
cleons with local momenta p(r). To deseribethe angular
distributions of the secondary particles produced in the
state u, at the point r, it is only necessary to find the
connection between the vector r and the asymptotic mo-
mentum 7k of the particle by expanding #,(¥) in partial
waves:

|up (r)|2= E%exp(iﬁt)x;(kr‘) P (%) Iz‘ (58)
1

Thus, the quasiclassical property of the nuclear poten-
tial makes it possible to simplify the finding of the angu-
lar distributions by using the algorithm of the intranu-
clear cascade model in accordance with (56)-(58). As
usual, the probability of collision of particle ¢ with the
particles of the nucleus is determined by the cross sec-
tions o, [see (57)], which depend on the local momenta
p(r), and by the density of the nuclear matter #,(r)
~p(p,, r) [see (56)]. The local momentum of the second-
ary particle p,(r) is related to its asymptotic momen-
tum by k& = VpI() + 24U ), and the direction of emis-
sion k/k is related to the vector r of the point of colli-
sion by Eg. (58). The sum over ! in (58) is determined
by the properties of the potential through x; (k7). In a
rectangular well, because of the sharp reflection on the
boundary, there-are many narrow potential resonances
below the centrifugal barrier, and therefore the summa-
tion must be extended to values I =0, Ry/fi. I the
Woods-Saxon potential with diffuse edge, there are
virtually no such resonances (see, for example, the
numerical calculations of Ref. 56), the wave functions
x; (t7) for 1> kR, (below the centrifugal barrier) are
exponentially small, and the sum effectively terminates
at I nx=FkR,. Therefore, the criterion ! <kR, introduced
in the modified intranuclear cascade model is a simple
but effective means of taking into account the diffuse
edge of the nuclear potential, This criterion has a very
strong influence on the profile of the spectrum of
secondary nucleons (Fig, 9)., In the ordinary cascade
model with refraction on the abrupt discontinuity of the
potential there is total internal reflection of particles
with I > 2R, which is the classical analog of a potential
resonance below the centrifugal barrier. Being re-
flected by the edge, the particle returns to the interior
of the potential until the next two-body collision decel-

d6/dE, mb/Mev
=

2 8 16 2% JZE,MeV

FIG. 9. Ordinary intranuclear cascade model (solid line)
and the cascade model with the condition 1 <kR, (broken line).
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erates it and enables it to leave the nucleus, augmenting
the low-energy part of the spectrum, When the energy
of the particle is so high that its motion is also quasi-
classical outside the nucleus, it is possible to use the
quasiclassical representation for the Legendre poly-
nomials and the method of stationary phase in (58) to
show that the expression (58) is nonzero only for motion
along 2 classical path from the point r to infinity, i.e.,
one can justify the classical refraction algorithm in the
intranuclear cascade model. Moreover, such an in-
vestigation shows that description of the angular dis-
tribution with accuracy A6~20° makes it possible to
approximate the Woods—Saxon potential by one step. To
a greater accuracy we cannot pretend, since we have
wave packets with 2 momentum spread Ap = Ag V.4 2¢€ .
An estimate of the validity of the path algorithm of the
intranuclear cascade model for the description of the
angular distributions of the secondary nucleons can be
obtained from the following considerations. To calcu-
late the angle of emission of a nucleon with accuracy
A8, it is necessary that the uncertainty in the momen-
tum Ap of the particle outside the nucleus be sufficient-
ly small:

Aplp, = A8. (59)

However, in the path algorithm of the intranuclear cas-
cade model we use Eq. (53), which is based on the fact
that the local momentum p(r) of the packet is related to
the central potential U(r) (refraction of a classical par-
ticle). We have already pointed out that for the validity
of the expression (53) the packet dimensions must be
less than the characteristic diffuseness dimension of
the potential, ! = 4,4a (2 is the diffuseness parameter of
the Woods—Saxon potential), i.e.,

Ap>Hh/l. (60)

Comparing (59) and (60), we see that the condition (60)
is more stringent than the requirement of quasiclassi-
cal behavior, We can now find a condition for the energy
of secondary particles for which the path description of
the angular distributions is valid:

&= Ae = pAploll &= (Ap)2/ofAB = ii2/oH12A8. (61)

Taking A6 20° and a= 0,7 F, we obtain the condition
£>12 MeV,

Thus, calculations in accordance with the modified
intranuclear cascade model with classical allowance for
refraction for states with I <2R; can be used to describe
the angular distributions of the high-energy part of the
spectrum of secondary nucleons (E =15-20 MeV). To
describe the angular distributions of particles with
lower energy it is necessary to include in the cascade
calculations allowance for diffraction on the edge of the
potential in accordance with Eq, (58). (Note that for
very low energies £ — 0, I —0, and we obtain from (58)
isotropic angular distributions,) But if we are inter-
ested in the spectra integrated over the emission
angles, we can attempt to use the classical refraction
algorithm in the softer part of the spectrum as well,
However, in the soft region it is not possible to take
into account only the fast processes, since the con-
tribution from the slow stage to the spectrum is here
dominant, One could calculate the slow stage by direct
integration of Egqs, (30b). (Examination of the two-body
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matrix elements V,,;,, of the wave functions in the
Woods—Saxon potential shows that if the total excitation
energy Eexc of the system significantly exceeds the ro-
tational energy E .ot of the nucleus as a whole, then the
angular distributions for the process of de-excitation
of the hole and more complicated states are isotropic.)
One can, however, significantly simplify the problem®
by using the results of the numerical solution of Egs.
(30b). The smallness of the continuum population num-
bers makes it possible to ignore the second term on the
right-hand sides of Egs. (30b) for #, corresponding to
the continuum:
ddr:h 2 D) 0 (8 + e — ey —8)
il

X gigsgiming (1 — ) — r:.,—k 62)

Further, one can use the circumstance that for the slow
stage the population numbers of the bound states are
well described by the thermal distribution (15). The
outflow of particles (and associated outflow of energy)
from the system merely has the consequence that the
temperature of the system becomes a slowly varying
function T'(f) of the time. Using this form for the popu-
lation numbers of the discrete states, we can write the
solution (62) in the typical case T <E ;< Ey in the form

7y (1) = Wignt exp [— (Eypqt €0/ T (2)], (63)
where ef =¢, - Ez— E,, is the kinetic energy of the emit-
ted particle outside the nucleus, and

EptBiy 2Ep=Epg -4

2 & gig1(e1=28;48;— &) Oy
e=Ep

Winm=r1

is the probability of emission of a particle with energy
g, from the heated nucleus, Substituting (63) in (54), we
obtain a formula for the evaporation cross section:
4o (ep) Wi 90 (€5)
= 3

dey, F
t

X 5‘ exp [— (B, 12T ()] dt. (64)
1y

The first factor on the right-hand side here is the cross
section for emission of a particle with energy ¢} by the
excited system, It can be seen that in contrast to the
absorption cross section in the usual evaporation model,
it is explicitly related to the matrix elements of the two-
body interactions w;;,;. Examining the limits of summa-

?]V E,=33 Mev
00F "L omNL

Our

% calculation
= 60F *
g
®
L] wle
ipai
BNL

1 L 1 1
0 20 40 60 80 100 o,deg

FIG. 10. Angular distribution of secondary protons in the
reaction %Fe +p.
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FIG. 11. Spectrum of secondary protons emitted at 60° in the
reaction 2®Bi+p.

tion in Wy, (€, < Epz—c¢3, Ep<g;,£5< Ex+Ey,), we readily
see that this cross section tends to o.,s(e}) in the case
T<E,, even when the contribution of direct processes
of inelastic scattering to oass can be ignored. Since the
temperature of our system falls during the evaporation
process, the temperature factor exp(- £/7T) customary
in the evaporation model is under the integral sign.
Using the thermal distributions for the population num-
bers of the bound states, we can derive from Egs. (30b)
an energy-balance equation for our system and find in
analytic form5’ the time dependence 7'(f) of the tempera-
ture needed to calculate the expression (64), We see
that our evaporation model differs in the first place
from the usual one by the presence of cooling, There
exists a phenomenological evaporation model® in which
the cooling of the system is taken into account by the
method of random sampling, We compared the results
of our calculations in accordance with Eq. (64) with the
results of this model and showed that the latter repro-
duces with small error (=~ 10%) the results of (64).

Thus, we have obtained a method of describing the
spectra and angular distributions of secondary nucleons
which is as simple as the existing phenomenological
models but does not contain adjustable parameters, To
describe the fast pre-equilibrium stage, we use the
modified intranuclear cascade model, and for the sys-
tem formed at the end of this stage we use the expres-
sions of the modified evaporation model, The calcula-
tions made in this way have been compared with the
available experimental data on reactions with protons
(E=39-62 MeV) on the nuclei *Fe, ¥y, *®pp, and
28p; T Fig. 10, we compare our calculated angular
distributions of secondary protons with E> 20 MeV in
the reaction *Fe +p with the experimental data of Ref,
59, We also plot the results of calculations in accord-
ance with the ORNL and BNL cascade models, It is now
easy to see what is the origin of the shortcomings of
both the cascade models, In the BNL model, allowance
is made for refraction on a step potential. The absence

100
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/
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a]i;lG' 12. Spectrum of secondary protons from the reaction
Y+p.
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FIG. 13. Comparison of the spectra of secondary protons
from the reaction 2®Bi(p,p’). The experimental data are

averaged over an energy interval AE=4 MeV.

of the criterion ! <kR, leads to a large number of total
internal reflections of a particle on the edge of the po-
tential, which, as we have seen, very strongly distorts
the spectrum, At small angles it is found to be better to
ignore refraction altogether, which is done in the ORNL
model. However, the latter gives underestimated yields
at large angles, since without allowance for refraction
large emission angles of the secondary nucleons are
improbable, Our modified intranuclear cascade model,
which takes into account refraction and diffuseness of
the nuclear potential, agrees better with the experi-
ments at both small and large angles. In Fig, 11, we
give an example of the calculation of the energy spec-
trum of the secondary protons emitted at angle §=60°
in the reaction *®®Bi+p, In Figs. 12 and 13 we show the
energy spectra of the secondary protons from the reac-
tions #¥Y +p and 2®Bi+p. The pronounced spread in the
hardest part of the spectrum in Fig. 13 is due to the ex-
citation of low-lying collective states of the target nu-
cleus ?°Bi, As we have already said, in a model in
which the density and the potential are not self-consis-
tent it is impossible to take into account such states. It
can be seen that even if we make simplifying assump-
tions such as that of a Fermi gas, step penetrability of
the Coulomb barrier, and classical refraction (but with
the condition I <kR;) the calculation yields reasonable
agreement (30-40%) with the experiments,

Thus, the master-equation method not only makes it
possible to unify all the various phenomenological mod-
els of nuclear reactions but also to understand which
of them are the most reliable in practical applications,
At the present time, we believe that the most promising
and practical method of calculation is provided by the
intranuclear cascade model (it is sufficient to take into
account in it classical refraction on a single-step po-
tential, but the condition I <kR; must be included) aug-
mented by the evaporation model with cooling (the model
of Ref, 58 can be used). One can include de-excitation
of holes in the cascade algorithm, although, as we have
seen, this only slightly changes the soft part of the
spectrum of secondary nucleons,
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