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INTRODUCTION

During the last decade, mathematical physics has
been enriched by a new method of investigating nonlin-
ear evolution equations. Although it applies to the in-
vestigation of a comparatively small class of equations,
the importance of the obtained results explains the con-
siderable interest that they stimulate. During this
period of time it has been shown that a number of equa-
tions which are important from the applied point of
view belong to this class. Searches for such equations
continue, and their number increases with each year.
At the present time, there are about 20 known equa-
tions that describe nonlinear evolution processes and
can be investigated by this method. It has become
known as the inverse scattering method, and its es-
sence is as follows.

Consider the nonlinear evolution equation
oul/dt=F (u, duldz, ..., d"uldz™). (1)

Suppose that it has a solution u=ul(x, #), defined for all
x¥&E(—», o) and all > 0. Suppose in addition that as
x—1% the solution u(x, ) tends fairly rapidly to zero
for any fixed /> 0, so that, for example, the condition

{ t+lzhlu@ o)de<o @
is satisfied for all > 0. We now take the Schrodinger
operator L =- */ax* +u, in which this solution of Eq.
(1) occurs as the potential #=u(x, ), and consider for
it the standard scattering problem. By virtue of (2),
the equation

Lo={% (3)

for any real ¢ has two solutions ¢; and ¢; satisfying the
conditions

@y ~exp (—ilz), @,~exp(ilz), z—>—o0,
and two solutions ¥; and ¥, satisfying the conditions
' Py~ exp(—ilz), o~ exp(ifr), x—-+co.

It is easy to see that the Wronskian W(¢1, ;) =¢,¢,

- @{@, of the pair of solutions ¢; and ¢, is 2i¢ and,
therefore, W+ 0 for any £{# 0. Hence, for any real
£#0 the solutions ¢; and ¢; form a fundamental system
of solutions and, therefore,

Ya= N Soptp, a=1,2, (4)

=1

@,

where the elements S, ,; of the matrix S do not depend on
x (@,B=1,2). Further, it is easy to show that the
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solutions #; and ¢, admit analytic continuation with
respect to { into the lower half-plane. Hence, by vir-
tue of the equation

Suu=W (by, g2)/2i (5)

it follows that the element S;; of the matrix S also ad-
mits analytic continuation with respect to ¢ into the
lower half-plane. At the same time, the zeros Z,,
m=1,...,my of the function Sy; lying in the lower
half-plane are, by virtue of Eq. (5), points of the dis-
crete spectrum, i.e., for {=¢,, Eq. (3) has a solu-
tion @(x, ¢,) with asymptotic behavior

T ——00;

{ exp (ilnz),
T\ Cmexp(—ibma), x> 0. (6)

Therefore, the solution ¢ (x,¢,,) is integrable with re-
spect to x on the complete real axis, i.e.,
Ni= j @2 (z, Ln) do << o0,

Because the potential u=u(x, ) in the definition of the
Schrodinger operator L depends on the time 7 as on a
parameter, the scattering data will also be functions of
t. A natural question arises: Could it be possible to
determine the dependence of the scattering data on the
time without solving Eq. (1) itself but only by assuming
that the potential u=uwu(x, ) satisfies Eq. (1) and the
condition (2)? If the answer to this question is in the
affirmative, we could, instead of directly solving Eq.
(1), first find the scattering data for the Schrodinger
equation at /=0 on the basis of the initial data for Eq.
(1), then continue the scattering data to all #> 0, and,
finally, having solved the inverse problem for the
Schrodinger equation, find the solution to Eq. (1) for
all £= 0. And although a prio¥i it is not clear whether
this route will be shorter or simpler for the actual
determination of the solution to Eq. (1), there is no
doubt that the availability of a new mathematical for-
malism may make it possible to find new properties of
already known solutions to previously studied equa-
tions. This is what has happened! It was found first
of all that the equations which can be investigated by
the inverse scattering method have very special solu-
tions of the solitary-wave type. These solutions, which
have become known as solitons, are characterized
above all by the fact that after interaction with one
another they reestablish their initial form. Further,
it was found that for such equations an arbitrary solu-
tion of the solitary-wave type decomposes with increas-
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ing / into a finite number of solitons. Last, but not
least, it was found that any solution of such equations
satisfies an infinite number of conservation laws.

The idea of applying the inverse scattering method
to the investigation of a nonlinear evolution equation is
due to a group of American scientists, which at various
stages in the investigation included Gardner, Green,
Zabusky, Kruskal, and Miura. In 1967, they applied
this idea to the investigation of the Korteweg—de Vries
equation, which is well known in the theory of nonlinear
waves: )

Uy — Butl, -+ Uy = 0. (7

The basis of their investig‘a.tion1 was a fact that they
had noted, namely, that the operator
Q — 6/3t - 3392° — 3 (u-+ ) 8/0z (8)

carries any solution of Eq. (3) into an (in general, dif-
ferent) solution to the same equation if the function
u=u(x, ) in Eq. (8) and in the definition of the Schro-
dinger operator L satisfies Eq. (7). Indeed, since the
commutator of the operator @ with the Schrodinger
operator L has the form

[Q, L]= u,—Buu:+u,,:x+3u: (L—E3,
it follows from Eqgs. (3) and (7) that [@, L]¢ =0, i.e.,
(L—12) Qp=0. (9)

Equation (9) proved to be very fruitful. Using it, the
authors of Ref. 1 found that if a solution to Eq. (7) sat-
isfying the condition (2) is substituted in the Schroding-
er operator, then the dependence of the S matrix on the
time will be determined by the equation

a8/at-+ [T, §]=0, T =diag (—4iC3, 4i%).
For by virtue of Eq. (8) and the definition of the solu-
tions @1, ¢, and ¥y, ¥ of Eq. (3)

Qi =4il'p; Qo= —4ilgs Quy=4ily; Qo= —4il.  (10)
In addition, in accordance with Eq. (4)

Esr a8
Qo= 2 ( E,B ‘Pﬂ‘i‘SaaQ(Pa) , e=1,2.
p=1
Using Egs. (10), we then obtain
40Py = (08 4/0t 4 4iL*S 1) @+ (88 15/ 0t — 41078 15) o
— 4Ly = (980y/0t + 41038y) @1+ (985y/ 0t — 4iL5S ) @,

i.e., in accordance with Eq. (4), we have

38 fat=0; 85 ,/0t —8it3S,, =0;

0S5,/0t 4 8iL38, = 0;  8S,,/dt=0.
It follows from this in particular that the element S1; of
the matrix S does not depend on the time. Nor, there-
fore, do the positions of the zeros of this function.
Thus, the points of the discrete spectrum and, there-
fore, their number do not change with the time if the
potential u=u(x, #) in the definition of the Schrodinger
operator L satisfies Eq. (7) and the condition (2).
Finally, for the eigenfunctions of the discrete spectrum
we have in accordance with the equations

Qo= —4ilhgs; Qb = 4iloy
and the condition (8)
Qipy = (9C /1) Py + CraQpy,

18,
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BC /0L -+ BIEEC = 0.

Thus, by means of the operator @ we can determine
the time evolution of all scattering data for the Schro-
dinger equation. This enabled the authors of Ref. 1 to
apply the inverse scattering method to the solution of
the KdV equation. In the series of L:ot«tzpersH which fol-
lowed Ref. 1, these authors made a comprehensive
analysis of the obtained solution, as a result of which
they proved the existence of solitons and conservation
laws and established a number of other interesting
properties of the KdV equation. In particular, it was
established in Ref. 5 that the KdV equation is a Hamil-
tonian system with infinitely many degrees of freedom.
Somewhat later, Zakharov and Faddeev proved® that the
KdV equation is a completely integrable Hamiltonian
system, and they found variables of the action—angle

type.

Soon after the publication of Ref. 1, Lax® found that
the operator”

» a a
= — _—
A=4 P 3 (u % T35 u)

which is intimately related to L and @, satisfies by vir-

tue of the KdV equation the relation
aL/at+[A, L]=0, (11)

i.e., the operator A plays the part of the Hamiltonian
in the well-known Heisenberg equation of quantum me-
chanics. The relation (11) was an effective means for
finding equations amenable to investigation by the in-
verse scattering method. By means of a suitably cho-
sen pair of operators L and A, which came to be known
as a Lax pair, several equations that have applied im-
portance were investigated.'®?” The first paper was by
Zakharov and Shabat,'® who investigated the nonlinear
Schrédinger equation

iyt +uluPu=0, %=>0. (12)

As Lax pair, they introduced the operators

i 0 u ot N2
T?'a-:-+ u 0fr Ku—ifpz’
lul?/(14p) il

—iuy  —|uPl—p)}"

_qlt+p 0
L=i 0 4—p

a2
dx?

10
A=-pl01

When these operators are substituted in the left-hand
side of the equation

aL/at+1i[A, L]1=0.
The result is zero if the complex-valued function »
=ulx, t) satisfies Eq. (12).

However, in 1973 Ablowitz, Kaup, Newell, and
Seegurla made an analogous investigation of the equation

Uy =sinu, (13)

which is encountered in various branches of mathemati-
cal physics and is known as the sine~Gordon equation.
They were the first to eschew the search for a Lax pair
generating Eq. (13), and obtained this equation as the
condition for the existence of a fundamental system of
solutions v = h)a, p], a,f=1,2, common to the two linear
systems of equations

DThe relation @ =8/8¢ +A +38/8x (L — £%) holds.
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ovylox+ilvy =q (2, t) vy, }
Ayl —ilv,= —q (2, v, (14)

and

dv, /0t = (i/4L) (vy cos u +v, sinu),

du,/ 0t = (i/4L) (v, sin u—v, cos u),
it being necessary to set g =—u,/2 in the system (14).
They showed that in this manner one can obtain the non-
linear Schrodinger equation, the KdV equation, and the
modified KdV equation.'®

The approach proposed in Refs. 18-20 was so en-
couraging that after their publication the Heisenberg
equation (11) was also regarded as the condition of com-
patability of two linear equations:

(L—mg=0, g+A4¢=0.
However, neither the Heisenberg equation nor the con-
dition of compatability provides the most adequate ex-
pression for the idea underlying Ref. 1. As ,we have
already noted, the key point in the use of the inverse
scattering method is the existence of a pair of linear
operators L and @ with the following properties.

Suppose the operator L acts on variables which we
shall nominally call spatial; suppose, further, the op-
erator L depends on the time # as on a parameter, and
suppose, finally, ¢ =e(x, ¢, 1) is a solution of the equa-
tion

(L—") =0, (15)

Let us now consider the conditions under which there
exists a linear operator @ such that for any ¢ satisfy-
ing (15) it happens that =@ ¢ also satisfies (15), i.e.,
the equation

(L—m) Qp=0 (16)

follows from (15). It is easy to see that if such an op-
erator @ exists it is not unique, since the addition to

@ of any operator of the form g(L - 1) with arbitrary
operator g preserves the considered property of the
operator @. Further, it follows from (15) and (16) that
for any ¢ satisfying (15)

Q. L—mlg=0.
This equation means that in the situation we are con-
sidering there exists an operator R such that we have
the operator relationship

[Q, L—n]= R (L—n). (17)

Equation (17) is invariant under the commutative group
G, of transformations generated by the operator L of
the form

Q—Q+g(L—m), R—R-I[g, L—n],

where the operator ¢< G;. This important property
of (17) will be widely used below.

To make the equations obtained by means of (17) dif-
ferential with respect to £, we take the operators  and
R in the form

0=3 Cu-sgz» B=D Reriip, (18)
s=0 =)
where @, R;,s=0,1,...,s act only on the spatial
variables and depend on f only as on a parameter. Sub-
stituting Eqs. (18) in (17), we obtain the following rela-
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tions for @, By and @y, Ry:
[Qo, L—n]= Ry (L —m); (19)

50Qo OL/0t+(Qy, L—n] = syly L0t + R, (L—). (20)

Further, the relations which follow from (17) for @,
and R for s>1 (if s,>1) do not depend on (20), and
therefore the use of operators @ and R of the form (18)
with sy >1 does not give anything new compared with
the first-order operators. Therefore, in all that fol-
lows, we shall restrict ourselves to the case sp=1.
Finally, if @, is the identity operator and R, the null
operator, the relation (19) is automatically satisfied,
and (20) takes the form (s;=1):

aLIot+[A, L—n]=F (L—1). (21)

There is an intimate connection between the relations
(19), (20), and (21). For if Q, and R, satisfy (19) and
o and @ satisfy (21), it is readily seen that the opera-
tors

Qu=5Qot; Ry=s5,(QoF + Ryt — Ry#)

satisfy (20). Therefore, in this case, the equation gen-
erated by the relation (20) contains all solutions to the
equation generated by the relation (21). Moreover, if
@ and R, satisfy (19) and @, and R, satisfy (20) and
there exist @;' and (Q, - Ry)™, then, as is readily seen,
the operators

A = (1/5) Q7*Qp;  F = (1/50) (Qo— Ro)™! (R — Ro@7'Q1)
satisfy (21). It follows that in the case under consider-
ation all the solutions to the equation generated by the
relation (20) also satisfy the equation generated by (21).
Thus, in this case (20) and (21) generate the same equa-
tions. And although in general there exist pairs of op-
erators @, and R, which satisfy the relation (19) but for
which at least one of the operators Qﬁl or (@ —Ru)'1
does not exist, no equation is at present known which
could be obtained by means of (19) and (20) and not by
means of (21). Therefore, in what follows, we shall
consider only equations generated by the relation (21).
Further, we restrict ourselves to cases in which the
spectral parameter 7 is a scalar quantity and, there-
fore, (21) can be written in the form

ALIt + [ A, L]= 2 (L—n). (22)

For a large class of operators L, we shall describe all
pairs of operators & and 4 that depend rationally on the
spectral parameter 7 and for which (22) is equivalent to
a system of differential equations. All the equations
obtained in this manner have several infinite series of
conservation laws. However, the use of the inverse
scattering method for the actual determination of the
solutions to these equations by no means always suc-
ceeds because the inverse problem itself has so far
been solved in comparatively few cases.

1. DERIVATION OF EQUATIONS GENERATED
BY A MATRIX OPERATOR OF FIRST ORDER

We now turn to the systematic study of equations gen-
erated by different classes of operators L. We begin
with the simplest class of first-order differential oper-
ators. Namely, let L be an operator of the form

L=A"1(d4u), (23)

where 9 is the operator of differentiation with respect
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to the spatial variable x, A is a diagonal matrix with
different diagonal elements A, €C, »=1,...,7%, and
u=ulx, t) is a square matrix of order 7y with vanishing
diagonal elements. In addition, we assume that among
the diagonal elements of A none vanish. In fact, all
the obtained results are invariant under the substitution
A—A+2AE, where E is the unit matrix, and A is a com-
plex parameter, and therefore this assumption is not
important. However, to give meaning to some expres-
sions of the type (23), we shall assume that the assump-
tion is satisfied.

We now describe all solutions of the operator relation
(22) that are differential operators of the form

F= i,‘ Bmd™ (24)

A= X &mdm, 5
m=( m=

whose coefficients depend rationally on the spectral

parameter 1. However, by virtue of the assumptions

we have made any operator o of the form (24) for n>0

can be represented in the form
A=A +g(L—n), (25)

where g is a differential operator of order n—1, and
4" is an operator of zeroth order, i.e., simply a ma-
trix. Setting further

#=%"+lg, LI, (26)

we find that if the pair of operators «, # satisfies (22),
then the pair of operators d' B obtained by means of
(25) and (26) also satisfies (22). It is also easy to see
that if o, % were to depend rationally on 7, the &', &’
obtained in accordance with (25) and (26) would also de-
pend rationally on 1. Moreover, if 4, % were poly-
nomials of 7, then &', #' would also be polynomials.
Further, it follows from (22) that 4’ also has zeroth
order, i.e., is a matrix. Using this fact everywhere
unless stated otherwise, we shall assume that the op-
erators & and # are simply matrices. In this case,
using (23) and (22), we can readily prove the equation

B =4 — AT4A,
and then (22) can be expressed by means of it in the
form

Ouldt— A0z —[u, A1+n[A, A&]=0. 27

This equation is the condition for the existence of a
common fundamental solution of the two linear systems
of equations

dpldz 4wy =nAg; d¢/dt+ Ap=0.

We now attempt to satisfy (27) by means of a matrix
o that depends polynomially on 7, i.e.,

A S A, (28)

m=0
Substituting (28) in (27) and equating to zero the coeffi-
cients of the different powers of 7, we obtain the sys-
tem of equations
(A, dg]=0; 9
[\ Ayl — [, Apet]— 04 1/82=0, m=1, ..., n } 29)
/it — dApfde—(w, Ap]=0 (30)

Thus, if the matrix A; is diagonal, and the matrices

A, .. .,A, for n>0 are such that the condition (29) is
satisfied, the evolution equation that follows from (27)
has the form (30). The structure of the obtained equa-
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tion is entirely determined by the matrix A,. It is
therefore necessary to consider the solvability and na-
ture of the solution of Egs. (29).

Equations (29) represent a recursion relation that
connects the elements of the matrix A, to the elements
of the matrix A, for m > 0. It is therefore natural to
attempt to determine successively the matrices
Ay, Ay, ..., A,. Indeed, it follows from (29) that the
elements A, ,, of the matrix A, off the main diagonal
can be readily determined by means of the equation

To
A m_1, uv
A yv= ﬁ {lm:‘.“__i_ E (@urAm-y, rv— Apy, ururv)} i (31)

r=1
However, to find the diagonal elements of the matrix
A, we obtain the differential equation

aAm. ML
o E (A, prtbrp— tyr Ay ). (32)
r=1

And although the right-hand side of this equation obvi-
ously does not contain the element 4,,,,,, its determin-
ation nevertheless requires one quadrature. However,
as was shown for the first time in Ref. 21, if the dia-
gonal elements of the matrix A, are taken to be inde-
pendent of x, the right-hand side of (32) for any m >0
can be represented in the form

Z (Am. urur;n_uurAm.ru) = ;_1 Pm,us

r=1
where p,,,, is a polynomial in the elements of the ma-
trix u and its derivatives with respect to x up to order
m—1. It follows that if

A, =diag (ay, ..., a,),

where the elements a, do not depend on x, then the ele-
ments of the matrices A, for m>0 are polynomials in
the elements of the matrix u and its derivatives with
respect to ¥ up to order m - 1, and the coefficients of
these polynomials do not depend on x and ¢ but depend
only on the diagonal elements of the matrices A; and

A, or, more precisely on their pairwise differences

M, = A, and a, —a,. Further, it follows from Eqgs. (31)
and (32) that (29) determines the matrix A, up to a con-
stant diagonal matrix. At the same time, of course,
the matrix A,, also depends on how we have used the
arbitrariness in the choice of the constants of integra-
tion in the determination of the diagonal elements of the
matrices A,, with m’<m. Among all these solutions,
it is necessary to distinguish one special solution,
which is obtained under the condition that at all the
stages the constants of integration are zero. This solu-
tion is characterized by the property that the elements
of the matrix A, in this case are either zero or quasi-
homogeneous polynomials of rank m in the elements of
the matrix » and its derivatives with respect to x up to
order m - 1.2 By means of this solution, any other
solution to Egs. (29) can be obtained in accordance with

2)The polynomial § of the elements of the matrix » and its
derivatives with respect to x is said to be quasihomogeneous
of rank m if when A**! is substituted in @ in place of the
elements of the matrix «®) =8 /8x* each monomial @, takes
the form c,A™, where ¢, is a nonvanishing constant.
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the equation

m Ty
Aymidet- NS o Hmy
=

llﬂifl

' do not depend on x.

m>0,

where c

It should be noted that the definition of the matrices
A,, does not depend on the degree » of the polynomial
(28). Therefore, determining by means of (29) the ma-
trices A,, for any m >0, we obtain the possibility of
taking polynomials of the form (28) with arbitrary n= 0.
The equations of the form (30) thus obtained can be
written by virtue of (29) in the form

up=[A, Ap], (33)

which is in complete agreement with the assumption
made earlier concerning the vanishing of the diagonal
elements of the matrix «. Since the elements of the
matrix A, . are polynomials in the elements of the ma-
trix «# and its derivatives with respect to x up to order
#, Eq. (33) is a system of #y(r; —1)8 differential equa-
tions of first order in f and n-th order in x. Because of
the basic importance of this assertion, we shall give
its proof.

2. SOLVABILITY OF EQUATIONS (29)

Consider the equation
040z + [u, A]—n[A, 4] =0, (34)

which is obtained from (27) by omitting the term 3u/2¢.
The general solution to Eq. (34) can be written in the
form

A=qAyp™, (35)

where ¢ = ¢(x, 1) is a fundamental solution of the sys-
tem
oglox - ug =nAq, (36)

and the matrix A, does not depend on x. We now as-
sume that the matrix « =u(x) in the system (36) satis-
fies for any x e (==, =) the condition

] Il (z) [l ds < o, (37)

where |lu||=max, 21 !ua5| . We assume further that the

diagonal elements of the matrix A are purely imaginary.

Under these conditions, the system (36) for any real
has a fundamental matrix of solutions which satisfies
the condition

lim ¢ (2, m) exp (—nAx) = lim exp (—nAz) ¢ (x, n) = E. (38)

a—+—00

Indeed, we set

¢ = exp (nAz) ©. (39)
Substituting this expression in (36), we obtain a differ-
ential equation for &:

@, +exp (—nAx) u (z) exp (MAz) D=0,
From the last equation there follows the integral equa-
tion

®=0y— | exp(—nAz)u(z)exp (mAz) D (z, 1) dz, (40)

-

which can be solved by successive approximation. In-
deed, we set ®;=E, and for m >0 we determine ¢,
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by means of the recursion relation
£y

@y~ E— | exp(—nAz)u (2) exp (nAz) Dy (3, 1) d.

—oc

We now show that the series

Dot 2 (Op—Dpy) (41)

converges uniformly with respect to ¥ on any half-inter-
val (==, ¢], where c is arbitrary. Indeed, the differ-
ence

VYu=0pn—Dp, m>0, ¥ =E,
for any m > 0 satisfies the recursion relation

Y exp (—nAz)u(

z) exp (nAz) Wiy (2, 1) dz.

From this we find that for any m >0

x

¥ (2, I | 1 @) 1l Wonet 0 )l
Using this inequality and induction we can readily prove
the inequality

| ¥ (s W) il<m. (Y llw(z)lldz)",

-0

from which our assertion about the convergence of the
series (41) follows directly. It then follows that the
matrix & defined by means of (41) is a solution to the
integral equation (40), with & ~E as x— —=, and on the
basis of (39) we see that (38) is correct.

The fundamental matrix of solutions of the system
(36) obtained above has one further remarkable pro-
perty, namely,

nAz) ¢ (z, M) = E, (42)

the transition to the limit being uniform with respect to
x on any half-interval (=, ¢], where c is arbitrary.
Indeed, setting in (40)

O=Dy+ ¥, Oy=E, (43)

lim ¢(z, ) exp(—nAz)= lim exp(—
N=>*oo N+ too

we obtain an equation for ¥:

x

¥=f( W— | exp(—nAz)u(s)exp (1A2) ¥ (2, 1) ds, (44)
where
fee — ’[? exp {—nAz) u(z) exp (MAz) dz.

—c0

Remembering our earlier assumption about the vanish-
ing of the diagonal elements of the matrix », we have

fp.v = ‘; v (2) exp [ (by—2ny) 2ldz, pesv, fuu=0

In accordance with the Riemann-Lebesque theorem and
by virtue of the inequality (37), |f,.| =0 as n—s=, and,
as is readily seen, the passage to the limit is uniform
with respect to x on any half-interval (—=, ¢], where ¢
is arbitrary. It follows that the solution of Eq. (44)
satisfies the condition | ¥ | —0 as 7=+ uniformly with
respect to x on any half-interval (-, ¢]. Hence, it
follows from (39) and (43) that Eq. (42) holds.

Now suppose that the matrix 4, in (35) is diagonal
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with different diagonal elements a,, =1, ..., 7. Sup-
pose that a, does not depend on x or the parameter 7.
By (38) and (42),

lim A= lim 4= A,. (45)

X —00 N0

Now suppose that the elements of the matrix » have con-
tinuous derivatives with respect to x of any order that
for all x € (—», =) satisfy the conditions

[l (3) || dz < o, (46)
where 4™ = a"u/ax", k>0. Under these conditions, the
solution (35) has an asymptotic expansion as n—1= of
the form

A~ i A ™, (47)
m=I}

where the matrix A, is by virtue of (45) the same as in
Eq. (35), and A,, for m > 0 satisfy (29) and a certain
additional condition which will be given shortly.

We begin with the construction of the asymptotic ser-
ies (47). We determine the matrices A,, for m >0
successively in accordance with Eq. (29), determining
the elements off the principal diagonal by means of Eq.
(31) and the elements on it by means of the equation

Ty A

Amn= 3 | (Ao ur (8) s (2) s (2) Ay 1 () d. (48)

s}
r=ql —o0

Using (37) and (46), we can readily show that the ma-
trices A,, defined in this manner for all w >0, >0 and
any x € (—=, =) satisfy the inequalities

[, A @ldz<oo; § 149 @) 11 as< oo, (49)
where A% =234, /ax*, £>0. I follows from this in
particular that Eq. (48) is correct.

We show that the series (47) defined thus is an asymp-
totic expansion of the solution (35); for suppose

n
Ki=4— 3 Aan™

m=0

Then by (29) and (34)

OK 1z +[u, K l—1lA, Kil=—[A, dpnln™ (50)
Setting now
K,=o#w9™, (51)

where ¢ =¢(x, 1) is a fundamental solution of the sys-
tem (36) satisfying the conditions (38) and (42), and
using (36) and (50), we obtain an equation for %,:

% Jor=—g A, Applgn™.
Using (36), we can transform this equation to

O 10z = {0 (¢ 1 A sy @) 02— @1 (DA p4y/ 0 4 [u, Apy]) g} =40,
i.e., in accordance with (29) we have

05 /0 = {0 (97 Ay @) 0z — ¢ A, Apig] @} n—+0,
Hence, using (51), we obtain

K ={4p+

~q (r, M) \ Gz, M) A Apes ()] @ (2, W) dzg™t (z, M)}t

—

It follows from this equation in accordance with (42)
and (49) that 71"K, —0 as 17—+ uniformly with respect to
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x on any half-interval (-, ¢]. Therefore, the series
(47) really is an asymptotic (as 7—+=) expansion of the
solution (35).

In the polynomial p(z) =det|Ay - zE| we now substi-
tute the solution (35) in place of z. We obtain the ma-
trix equation p(A) =0. In this equation, we substitute
the series (47) in place of A. Grouping the terms with
the same powers of 7 and equating to zero the obtained
sum, we find equations of the form

‘1_ p,'}f AT g o DY (52)
r=1 k=0

where p, is the coefficient of z" in the polynomial p(z),
and P, is apolynomial in the matricesA,,A,..., A, _;,

with P;=0. It is easy to see that on the left-hand side
of Eq. (52) we have a diagonal matrix with elements
p'a,)A,,.. on the principal diagonal. It follows that
Aypp=0for p=1,...,%, and for m >1 the diagonal
elements of the matrices A, can be expressed poly-
nomially in terms of the elements of the matrices

Ay, ...,A,1. Using these facts, we can readily show
by induction that the elements of the matrices A,, are
polynomials in the elements of the matrix » and its
derivatives with respect to x up to order m-1. Fur-
ther, it is easy to show that the elements of the ma-
trix A, either vanish or are quasihomogeneous poly-
nomials of rank m in the elements of the matrix u and
its derivatives with respect to ¥ of corresponding or-
der.

It follows from (31) and (48) that the elements of the
matrices A, for m > 0 are homogeneous polynomials of
degree m in A,,=(X, —A,) ' with u#v. It is clear from
this that Eq. (29) has a solution A,, which depends poly-
nomially on the elements of the matrix » and its deriva-
tives with respect to x not only for purely imaginary 2,
as was assumed earlier, but also for all complex
values that at least satisfy the condition A, # X, for u
#v. Finally, it must be noted that the conditions (37)
and (46) are also not necessary for the solvability of Eq.
(29). To see this, we multiply the elements of the ma-
trix # by an infinitely differentiable function w(x) which
vanishes forx < x,and is equal to unity forx =x, >x,, and
we then reduce the case of an arbitrary infinitely dif-
ferentiable matrix « to the case considered here, since
for x> x; Eqs. (29) with the matrix » and the matrix wu
are identical.

We now drop the requirement that the diagonal ele-
ments of the matrix «# vanish. It is easy to see that in
the investigation of the solvability of (29) this require-
ment was used just once, namely, in the proof of Eq.
(42). If we drop this requirement, Eq. (42) is violated,
but we do have the equation

ﬂliiﬂ @ (, m) exp (—nAx)

= lim exp (—nAzx) ¢ (z, 1) =0 (x), (53)
oo

where

x
o =diag (04, ..., Orp)y Or=exp { — | w(2)dz), r=1, ..., 70

—x

Indeed, if ¢ = ¢(x, n) is a solution of the system (36)
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satisfying the condition (38), then ¥=0 ¢ is a solution
to the following system satisfying the condition (38):

O/ 0z v = 1A, (54)

and the diagonal elements of the matrix » vanish.
Therefore, Eq. (42) holds for the solution of the system
(54). Hence, for the solution of the system (38), Eq.
(53) holds. Further, it is easy to see that the replace-
ment of (42) by (53) does not lead to any difficulties in
either the proof of (45) or the proof of the asymptotic
properties of the series (47). Thus, if the conditions
(37) and (46) are satisfied, and the diagonal elements
of the matrix A are purely imaginary, then the solution
(35) of Eq. (34) has in the limits n— 4w an asymptotic
expansion of the form (47) irrespective of whether or
not the diagonal elements of the matrix u vanish. We
shall make essential use of this remark in the following
section.

3. CONSERVATION LAWS

Equation (33) has a number of remarkable properties.
First of all, it has #; infinite series of conservation
laws, i.e., there exist #; infinite sequences of quan-
tities 7, m >0, r=1,...,%, which are polynomials
in the elements of the matrix « and its derivatives with
respect to x of corresponding order such that when any
solution of Eq. (33) is substituted in T,

()T,,,,-r'df: 0‘.\',,,,” "ﬁ.l‘, (55)

where X, are also polynomials in the elements of the
matrix » and its derivatives with respect to x of suffi-
ciently high order. At the same time, the polynomials
Ty do not depend explicitly on the number # of Eq. (33),
while the polynomials X, . do depend explicitly on .
The quantities T, can be determined in terms of the
trace of the matrix AA, ., by means of the equation

T e =8 Sp (Adyas)/9a, (56)

To prove (55), we require the important equation
OF /O =m 04, /0a,, (57)

where the tilde over the matrix « denotes the transpose,
and the variational derivative 67T,,,/6% is defined by the
equation

Sy 5 (_1)'<_‘iﬂm utn = 2 (58)

! dzh gu ' ark

Equation (57) was proved for the first time in Ref. 21,
We shall prove (57) first for the case when the ele-
ments of the matrix « vanish identically for x <x,. We
shall assume that the elements of the matrix » have
continuous derivatives with respect to x of any order
and, therefore, they all vanish identically for x < x;.

In addition, we shall assume for the time being that the
diagonal elements of the matrix A are purely imaginary.

We consider the functional

s
%g

H= ( sp(A4) dz, (59)

Xo

where A is the solution (35) of Eq. (34), and x{> x, is
arbitrary. We now find the variational derivative 6H/
6 for variation of the elements of the matrix u at the
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point xE(x, x§). By Eq. (35),

*y

88 = { Sp (ASqApy™ - AqAgdy) dr, (60)
where 8¢ is a variation of a solution ¢ = ¢(x, n) to Eq.
(36) that satisfies the condition ¢ = exp(nAx) for x < %4
and the variation 6¢™ of the matrix ¢™ is obviously
equal to

Spt= —q7t (8g) gL (61)
The variation d¢ satisfies the equation

9 (8¢)/0x 4 ubp— nAbg = — (Su) ¢

and the condition 6¢ =0 for x < x,. Setting
8= g, (62)

we readily find
Oy = — (f’ (Gu) T,

i.e., for x>x; we have

ik \ G (2, n) du(2) g (2, w) dz. (83)

Substituting (61) and (62) in (60), we obtain

*o

SH — { Sp (AqDAeg™ — AqdDg-t) da. (64)
Using (é;), we integrate by parts in (64), obtaining
5H=39 Sp {'f (z, ) S (97 (2, M) A (2, n), 4] dz
: X ff-"‘.\(-l" 1) du (-‘f‘)} dz.
We then obtain directly

"D

2= () | 197 (2 ) A (2, )y Aol dagt (2, ). (65)
We now find the matrix 3A/37. By virtue of (34), we
have an equation for B=23A/an:
B[z - [u, Bl—n[.\, Bl=[A, 4)].

Suppose B=¢B¢™. In accordance with (35) and (386),
there now follows an equation for 4:

F [0z = [¢ ' Ag, Ap).

Integrating this equation and using the equation 94/
dm=0 for x < x, we find that for x > x,

3—,’,1 =q(z, M) \ (97 (2, ) Ng (2, M), Aol dag™ (e, m). (66)
Note that in deriving (65) and (66) we have not used the
assumption that the diagonal elements of the matrix «
vanish. Moreover, to obtain the diagonal elements of
the matrix 6H/6u, we need to vary the diagonal ele-
ments of the matrix u, i.e., to consider the functional
(59) for the case when the diagonal elements of the ma-
trix # are nonzero.

From (65) and (66) there follows the equation
6H/617+0A/61] =@ (z, M J (M) ¢! (x, ), (87)

where

wF

0

T = [ 197 (3, 0 Ag (2, ), 4] da.

*o
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The quantity J determined in this manner tends to zero
as n—+» faster than any negative power of 7, i.e., for
any n>0,
lim 0 (q) =0. (68)
N+ oo
Indeed, by virtue of Eq. (67) the quantity J(n) is equal
to the value of the matrix exp(-nAx)(6H/5%) exp(nAx) at
the point x =x;. In accordance with (59), the matrix
8H/6% has in the limits 77—t an asymptotic expansion
of the form

s < Hm m
Eu nf—:la ISE ' (69)
where
\.-6
= | Sp(Ad,,) da. (70)

Since A, does not depend on #, nor does H; depend on
u, and therefore, 8Hy/6it=0. Further, H;=0, since
the diagonal elements of A; vanish, as we have already
noted. Finally, for m >1 we have 6H,/8%=0 at the
point x =x,; for since the elements of the matrix A,
are quasihomogeneous polynomials of rank m >1, the
elements of the matrix 6H,,/6% are quasihomogeneous
polynomials of rank m —1>0, i.e., do not contain
free terms. Since the elements of the matrix » and all
its derivatives with respect to x vanish at the point x
=xy, it follows that 6H,/6%=0 at the point x =x; for
m>1. Thus, we have proved Eq. (68). By virtue of
this equation and on the basis of (67) we find that the
asymptotic expansions as n—z~ of 6H/5% and 3A/2n
differ only in sign. Further, it is easy to show that the
asymptotic expansion as 7t of 3A/37 has the form

0‘4 S -
T 2 m A+, )
m=|

It follows that the asymptotic series (69) and (71) differ
only in sign. Hence, for any m >0,

SH ot /80~ A e (72)

From the last equation and (56), (58), and (70) it fol-
lows that (57) holds for the case #=0 for x < x,. How-
ever, multiplying the elements of the matrix » by an
infinitely differentiable function w(x) which vanishes for
x < xy and is equal to unity for x> x, >x,, we reduce the
case of an arbitrary infinitely differentiable matrix « to
the case considered here. Further, taking into ac-
count the nature of the dependence of the right- and
left-hand sides of Eq. (57) on the diagonal elements of
the matrix A, we can readily show that this equation
holds for all complex A, satisfying the condition A, # A,
for pn#v.

We now show how the quantity T, defined by means
of Eq. (56) varies with the time if any solution of Eq.
(33) is substituted in it. We have

L o du'® (<p T A PAns
A q g \ _ITmr, )__ mr [‘ nﬂJ)_
[T B ( -t Sp Z FG] > T oz

We set

o« sl
sp{ & B enp[n a0 P |
Nt 2t ST ugsmoml g g 17

Z

mnr

=1 =0
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Then

i M,,,,
at Tmr = Sp (

[ \ An+!]) me‘-

Then by virtue of (57)

7l 48
Tmr = m'emnr T 3s Zmn"

8

at
where
rrm‘* Sp { aAm [1\ AnH]} .

We now multiply the equation

8Ama1 [ LT N
[A‘ aay ]_ " e, ]“61 day 3

from the right by A, and add it to the equation

A, A

t=0

multiplied from the left by 3A,/9a,. As a result, we

obtain the equation

a4 a4 i 4 X

Dom (A, Al — 252 (A, A+ [ A, 2 4, ]
_['“ MAm 4 2 (4w )
=M Ty, oA e \ day

from which there follows

w20 1A
@mnr Hmﬂ n-i, 77 Tsp ( {aa:" An)'

Solving this recursion relation, we readily obtain

o [
Oanr = ox Sp ( : f)ZHh An lr) .
h=0

We now set
-\'wn r )-mnr':— Zmnr!
where

n
7 Amsr
¥ mnr = M Sp { _\_\_“ _ﬁ:{: An—i: ) .

It is readily seen that the quantities X, defined in this
manner satisfy Eq. (55).

Note that by virtue of Eq. (72), Eq. (33) can be writ-
ten in the Hamiltonian form

0= [\, 8H ,/8u],

where

L1544

Ly |

Sp(\ Apa) dir.

Further, it is readily seen that by virtue of (33) the
following Heisenberg equation holds:

dL/at+4[P, L] =
where the operator P has the form

P= i Ay L, (73)

m=0
The analogy between Eqs. (28) and (73) also holds in a
more general case. It is based on the equation

A=Pig(L—), (74)
where
n—1 n-m—1
g—— E 2:' Aan—m—h—l]lk_
m=—=0 k=0

Indeed, substituting (74) in (22), we obtain
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dL/ot+- [P, L1=Q (L—n),

where the operator @ =#-[g, L], depends polynomial-
ly on the parameter 7. Since the left-hand side of this
equation does not depend on 7, we have @ =0.

4. THE CASE OF RATIONAL DEPENDENCE OF THE
OPERATOR & ON THE SPECTRAL PARAMETER

We now consider the case when the operator # de-
pends rationally on the spectral parameter 7. Bearing
in mind what we have said above, we shall assume that
the operator # has zeroth order, i.e., is simply a ma-
trix. On the basis of this, we set

n Mo i
e S “up
A= D A" 2 z o (75)
-t fare

where the matrices A, and ay, do not depend on 7.
Then by virtue of (27), [A, 4,]=0; the matrices A,
for m=1,...,n, if n>0, satisfy (29); the matrices
«,, satisfy the conditions

Oty 0 = 11y ol — 0 [\, el — [\l 20 pag] =0, (76)

where a,,=0 for p>p,, and, finally, the evolution
equation that follows from (27) has the form
Ha
M LA, 4,4 T 1A, @l (77)
=

In the general case, Eq. (76) for the matrices a,,
does not have a solution whose elements are polynomi-
als of the elements of the matrix » and its derivatives
with respect to x. Therefore, in the general case Eq.
(76) must be integrated simultaneously with Eq. (77).
To obtain a unique solution in this case we must speci-
fy not only the value of the matrix « at /=0 but also
the values of the matrices o, , at some x =x;. How-
ever, in some cases the system of equations (76) and
(77) can be reduced to a single evolution equation. We
shall consider this in more detail somewhat later, and
we shall now show that the system of equations (76) and
(77) has #, infinite series of conservation laws of the
form

0Tyt = BX pynr/O2, (78)

where T,, is defined by means of Eq. (56), )Emnr:Xm"r
- X’m, and X,,. are determined by the manner describ-
ed in Sec. 3 and do not depend explicitly on the matric-
es @,,, while the quantities X, are polynomials in the
elements of the matrix «# and its derivatives with re-
spect to ¥ and depend linearly on the elements of the
matrices «,, and their derivatives with respect to x.

Indeed, suppose

Ko 2

N \: “up :\ -
R e e AT
p=1 p=1i =
where
iy
s 2 “_‘,,)T(,}_i),n Cps Pk == TN (Pyes K.

n=1ip

Then from (76) there follows an equation for ,:
oy [0 -+ [ty cg) — [N, 2] =0, k>0, (79)

and the evolution equation (77) has the form
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Oulot— dA, /0 —[u, A,]+(A, &) -0,

Using (29), we can write this equation in the form
up=[A, Apeg]—[A, @yl (80)

Let us now consider how the quantity T,, defined by
means of (56) varies with the time if we substitute in it
any solution of Eq. (80). In accordance with the re-
sults of Sec. 3, we have

a

o
. = o iy [ 8%ty 1
— — o < mr 1

Bt Toy= oz Amnr Sp(_::) T l_A' Bzt J) .

We now set

o s=1

Zw=5p (X ¥

(—1)°[A, = Bl & 0wy \

e 0a*=9=1 1 929 gue 1°
Then
a7 Tne =5 Nounr— 8P (22214, o)) —2 Zo. (81)
Suppose
Orurn = Sp (G2 [\ o) —Sp (e [A, S22) . (82)
We multlply the equation
[ ' ey J ["‘ %]H%%:O

from the left by @, and subtract from it (79) multiplied
by 84,.1/2a,. We obtain

34y, ) 04 [
'Eh[- ' ﬂﬂ’j : [ :-1(4\» o J [\ %H"ﬁj

i ,t :‘?A._l \
o riFrlr

Ay
—_— ]-r

:‘ Hy o | |
Hence, in accordance with (82),
24
e =, ____L! !g Ldnai),
mrh 1, 7y R+t P dar )

Solving this recusion relation, we obtain

m-1

()nur—‘——SD( \_ Cipts

ddmoay
e LS

Then in accordance with (82) we obtain

ﬂAnhh ]
dx dar

Sp (@[ S22 ) =sp (3 N
he=1

We now set

Y opr=mSp ( Ny %—"—'} :
k=1
Suppose, further, X,, = = Y, + Z,p and X = Xy — Xy -
Then, using (81), we see that Eq. (78) holds.
We note finally that by virtue of (76) and (77) the
Heisenberg equations holds. Indeed, we set

Rg Iy

= \" Ap L™ 4 u\‘ '.\‘;1 p (L—=nu)P.

=i

m=0
Then by (75)
HAw=Pdg(L—n).
where
n-:i l!—-ﬂ’:— 1
g=— _\_. : AmL n—m—h-lnlr
m=0 h=0
o J)"
N R

s
+ 5 Y ap 3 (—n) ™ (L —m) ™

Hence, in accordance with (22),
aL/at+[P, L|=Q{L—), (83)
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where the operator @ =% —[ g, L] depends rationally on
the spectral parameter 7. Since the left-hand side of
(83) does not depend on 7, it follows that @ =0, i.e.,
the left-hand side of the equation vanishes by virtue of
Eqs. (76) and (77). Note that in the above arguments
we have not used the explicit form of the operator L but
only the fact that it does not depend on the parameter 7.
Therefore, the argument also goes through in the more
general case. The connection between the relation (22)
and the Heisenberg equation was established for the
first time in Refs. 22 and 23.

5. DIRECT AND INVERSE SCATTERING
PROBLEMS

To find the solution of Eqs. (33) and (77), we use the
inverse scattering method. However, the possibilities
of this method at the present time by no means cor-
respond to the arising needs. The case of second-or-
der matrices (7,=2) has been most fully investigated.
In this case, we shall use the approach originally ap-
plied by Gel’fand, Levitan, and Marchenko to the solu-
tion of the inverse problem for a second-order equation
(the Szt;urm—Liouville equation or the Schrodinger equa-
tion).

Thus, we consider the system
g /dx+ Uy =it\eg, (84)
where

0 ul

D'_UO

A 1 0

where the functions u =u(x) and v =v(x) satisfy the con-
dition

[ @+ p@)de<ee. (85)
In accordance with the results of Sec. 2, the system
(84) for any real ¢ has a fundamental solution ¢~

= ¢ (x, £) satisfying the condition

Lim ¢~ (@, Dexp (—iAa) = lim exp(—itAa) ¢~ (z, ) =E,

and a fundamental solution ¢ = ¢’(x, £) satisfying the
condition
lim ¢* (r, §)exp (—ilAz) = lim exp (— ifAz) @* (2, {) = E.

These two solutions are related by
et=gS, (86)

where the matrix S =S5(¢£) does not depend on x, Fur-
ther, by virtue of the inequality (85) the first column of
the matrix ¢~ and the last column of the matrix ¢" ad-
mit analytic continuation with respect to ¢ into the low-
er half-plane, and the last column of the matrix ¢ and
the first column of ¢* admit analytic continuation with
respect to £ into the upper half-plane. Indeed, let us
set

o =exp (iLe) By 9f, =exp (—ilz) M, (87)

Then in accordance with (40) the vector & =(&;, &;) sat-
isfies the system of integral equations

Dy =1— \‘ u (z) exp (—2ilz) 0, (z, §) dz;

x (88)
Oy= — | v(2)exp Qite) D, (2, 7) d.
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We now set
Oy=Wy; O,=exp (2ilz) ¥, (89)
Then the system (88) takes the form
V=1— [u@ V(s 0 dz;
g . (90)
W, =—exp(—2ilz) | v(2)exp (2iLa) ¥, (5, ) de.

To solve the system (90), we use for ImZ < 0 the meth-
od of successive approximation. The obtained solution
satisfies the condition
[Wy— 1|+ |¥a] =0, [T} - oo,

uniformly with respect to argé for —T<argf< 0. It
then follows by (87) and (90) that the first column of the
matrix ¢~ satisfies the condition
|91z (=, §) exp (—ile)— 1|+ |¢q (2, Dexp (—ila)] >0, |L] - oo,

(01)
uniformly with respect to argf for —7<argé< 0. Simi-
larly, we can prove that the last column of the matrix
¢~ satisfies the condition

1972 (@, ) exp (i6)] + |95 (2, L)exp (ige) —1] >0, |g] o0, (82)

uniformly with respect to argt for O<argt <.

We consider now the integrals

Ty % \ {47, (=, §)—exp (iLe)} exp (— ity) d;

s (93)
Ky=g | wale Dexp(—ity) .

-

We show that for vy >x

Kyy= Ky =0, (94)
To do this, we take in the ¢ plane a contour C with
clockwise orientation bounded by the interval [ =R, R]

of the real axis and the lower half of the circle |¢| =R,
and consider the integral

Io=—— § 1 (=, Desp (it (s —p) L.
c

where
f=0% (2, §)exp(—ilz)—1.
By the analyticity of the integrand, I =0. Further,
suppose
Io=1Ip+1I%,
where

R
Ip=— 5 f(z, T) exp (it (z—y)) dL.
-R

Using Jordan’s lemma and also (91) we find that for
y>x

lim I =0.

R-s+co

It follows that limg..Ip=0, i.e., K1 =0 for y >x.
Similarly, K;; =0 for y>x. In (93) we now make an
inverse Fourier transformation. Using (94), we ab-
tain

vi=—exp (iLe)+ | K (e, y)exp (i) dy;
- (95)

®
Py = 5 Ky (x, y)exp (ily) dy,
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Eqs. (95) holding in the half-plane Im¢ < 0.

Similarly, using (92) we show that the last column of
the matrix ¢” can be represented in the form

o= | Kil(z, y)exp(—ity) dy;

— 00

Lk (06)
Pn=exp(—il2)+ | Ku(z, y)exp(—ity) dy,

Eqgs. (96) holding in the half-plane Im&= 0.

Equations (95) and (96) can be combined in the single
matrix equation

o =exp (itAx) + [ K (@ y) exp (iLAY) dy. (97)
Substituting (97) in (84) and making some simple cal-
culations, we find that the kernel K(x, y) for y < x satis-
fies the equation

- K (z, y)+A-%K(x, YALLT (2) K (2, ) =0 (98)

and on the straight line y =x the condition

AK (z, D) A1 —K (x, ) =U (2).
i@y,
u(2) = —2K {2, 2); v(2)=—2K, (z, 2). (99)

Further, in accordance with (86),

8y = q:ﬂ";z_ ‘T;:‘FL; 8= ‘T':’Q(F;a* Y :‘2:

Sy = ffl_l(l‘;-;* ([T:‘l o S =4LY ;2'7 (frzq a1
It follows from these equations that Sj; is an analytic
function of ¢ in the upper half-plane with Sy;; —1 as |§|
—o  and Sy is an analytic function of ¢ in the lower
half-plane and Sp; ~1 as |£| ==, To the zeros of the
function 513 in the upper half-plane there correspond
points of the discrete spectrum, i.e., if S;3=0 for ¢
=&, then there exists a constant C,, such that

ok (&, L) =Crtpa (2, i Oh( Ba) =Cupi(a. &)+ (100)

1t follows from (100) that for £ =Z,, the system (84) has
a solution which decreases exponentially as x =%,
Similarly, to the zeros of the function Sy; in the lower
half-plane there also correspond points of the discrete
spectrum, i.e., if Sy =0 for £ =&}, there exists a
constant C¥ such that

e

@i (2, &0 =Cllgy, (x, &h): @R (2, §O) = Chgy, (2, &) (101)

Therefore, the system (84) for £ =&} has a solution
which decreases exponentially as x —+©.

The set of the S matrix, the zeros &1,...,¢
function Sp; in the upper half-plane, the zeros
s B §* of the function Sy, in the lower half-plane,
i 150 the Ernatants C, and C¥ in (100) and (101) are
called scattering data. The finding of the scattering
data from a given matrix U is called the direct scatter-
ing problem. The inverse scattering problem consists
of determining the matrix U from the scattering data.
This is achieved as follows.

w, O the

Suppose Sy; does not vanish on the real axis, and the
zeros of Sy in the upper half-plane are all simple, i.e.,
if S11 =0 for £ =¢,, then S{1(£,)#0. Further, we con-
sider an equation that follows from (86):
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P11/ =911+ (Se1/Syy) 9y

It follows from this equation that

(102)
Ii=1,+1I
where
Ii= | [HS D —exp(ite) | exp (—ity) d
oo 3 Sl ey
m=1
L= | (5 (@ O—exp (itw)| exp (—ily) dL = 2Ky (2, );
Iye= jm S8 03 (2, exp(—ily)dL
{ Ki(z, 2) \ S exp [ — i (4-9)) dC ds.
Setting
S P Sa® ) .
fu (W) == J' Sfi(;) exp (—ifw) dg;
gu=1 2 ({.S}‘(lr(k,;,;, exp (— ilm¥),
m=1
we write (102) in the form
Ky (, J)+j Ky (x, 2) fi(z2+y) dz =gy (. ). (103)
Consider the equation
(I-;;/Su =5 + (S21/810) 42
It follows from it that
J::JQ’TJ?.« (104)
where
= \ '*11:2‘( )‘) exp (—ily)di=2ni 3| %;'iexp(—icmy);

m=1
o

o= | an (@, ©exp (—ity) dt=2aKs, (2, u);

5.0 P (z. t)exp (—ily) dC
= | Few(—il@+uld
:_ 1|.

+ | Kn 2 j T exp[— it (s 4 y)) g da.

—c

Setting

1 9% (= Cm) \-m)

=i Gy exp (—ilmy),
we write Eq. (104) in the form

Ky (2, )+ fi@+0)+ | Kn(z 9 fi(a+y)ds=gu (2, ). (105)

We now assume that S;; vanishes nowhere on the real
axis and that its zeros in the lower half-plane are all
simple, i.e., if S =0 for £ =¥, then S§(2%)+0.
Similarly (see above), transforming the equation

(Ptz/S::z o (Siz'fsai} (Fﬂ g ‘r;z: {[‘2:/512 " (SI‘EISEZ) ‘P'.:_l. - P2y

we obtain
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Kua(z, 9)+ (@ +1+ j s (z, 2) fy(a+y) ds=gu (, ¥)i

x (108)
Eu(o i)+ | Ku(e, 2 fa(2+y) ds=gn (s, ),

fy cw)=%5 S exp (itw) dt;

g

= —i 3 HEH oxp (itty);
n=

gam— —1 s‘ —‘pf; (Z(EE)") exp (iZ7y).

In the expressions for g,, we now replace the solu-
tion ¢, by means of Eqs. (100) and (101) by the solu-
tion ¢, «,B=1,2. We also use the representation
(97) for the solution ¢~. We obtain the equations

Eu= 5 Ky (2, 2) g, (2 +y) dz;

—o

=g (r+¥y)+ 5 Ky (z, 2) g, (z+y) dz;

!-..-‘—.H

Ea1 =g ( wﬂy)vL ng(r. 2) gy (z+y) dz;

x

= | Kai(@, 2) g2 e+ 1) ds,

where

myp

3 [4 . : .
gy (w)=i m21 T&n)ekp (—imw);

o _ct .
ga(w)=—i3 TGy P (ilkw).
n=1

We now set
Fi=fi—gn Fy=fo—
As a result, Egs. (103), (105), and (106) take the form

Ko, )+ | Koz 2) Fy(@a+y) dz=0;

-0

Ky (x, y +Fg(x+y)+j Ky (z, 2) Fy(z4y) dz=0;

x

Ko (2, )+ Fi(e+9)+ | K (o, 2) Fy (3-+y) de—0;

Kn (e, 9)+ | Ku(a, 9 Fy(s+y) ds=0.
These equations can be written in the form of the single
matrix equation

K@ p+F@+n+ | K@ 8 F ety ds=0, (107)
where

o F

o F

Thus, using the scattering data we determine the ele-
ments of the matrix F. Further, we solve the integral
equation (107) and find K(x, y). Finally, by means of
Eqs. {99) we find the functions » and v, i.e., the ma-
trix U in Eq. (84). Such is the scheme for the solution
of the inverse problem.
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In general, the solution of the integral equation (107)
is not a simple problem. However, in one case a solu-
tion can be obtained explicitly. This is the case of the
so-called reflectionless potentials, when the S matrix
has diagonal form. Then the kernel F of the integral
equation (107) is degenerate, and, therefore, the prob-
lem reduces to the solution of a system of linear alge-
braic equations. It is precisely the reflectionless po-
tentials that correspond to soliton solutions of non-
linear evolution equations.

6. REFLECTIONLESS POTENTIALS

Suppose the S matrix has a diagonal form, i.e., Sp
=5:=0. Then on the real axis we have S1;5; =1, and,
therefore, the function Sj; admits continuation with
respect to { into the lower half-plane as a meromor-
phic function with simple poles at the points ¢ §, ...,£ * o0
Similarly, the function Sy; admits continuation with re-
spect to £ into the upper half-plane as a meromorphic
function with simple poles at the points &y, . . ., L',,,D.

It follows that the functions

g my

[ml'1 () [[ ¢—tw
e T Sz*-'_,;‘:—szz(g)

[l &—tw I ez

m={ n=y

are defined in the complete complex plane of £ and do
not have singularities in it. Further, it is readily seen
that

lim g™7"™8, (£) == lim £~ ™8, () =1.
15[ o0

(e

It follows directly from this that at least either Si(m,

= ny) or Sy(ny> my) is bounded in the neighborhood of
the point at infinity. Hence, by Liouville’s theorem we
find that either S; or S; is a constant, whence by $;5,
=1 it follows that both the functions S; and S, are con-
stants, and this is possible only if my=n;,. From this
last fact and the circumstance that S;; —~ 1 as |C| mweg
and Sp; —~1 as |¢| —= it follows that

su= 11 (85 om0 (55)-

m—t me=1

(108)

Thus, in the considered case specification of the 24,
points &1, . . ., &, £, . . §* completely determines
the § matrix. We also spec1fy the 2/, constants
Cy,...,Cp,Cf,...,C} . By means of these data,
the kernel 1él of the integral equation (107) is complete-
ly determined. It has the form

™o

s Cm
Fi=—i 3| Tl(~—t‘\l7 (—itmw);
me=1

Z LT (.?:* exp (ifhw),

m=

where S{1(¢,) and Sf,(£}) are determined by Eqs. (108).
We now set
No=(2 { on(x td ona e, L) ™%
Na=(—2 j 95 (2, ) on (2, Lhydz) ™%,
Then
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N =(—iCm/8}, ) *;  Ni=(—iCh/S;, (G2)">.

For suppose ¢=(¢1, ¢;) is a solution of the system (84),
and $= (4, %) a solution of the system (84) for £=¢’.
Using (84), we can readily prove that

(109)

Differentiating this equation with respect to ¢ and then
setting {'=¢, we obtain

% ( t:? Po— ﬁ,;? "’71) =1 (@l + Palpr). (110)
Similarly, differentiating (109) with respect to £’ and
then setting {'=¢, we obtain

‘;_; (‘P( aa—‘léﬂ - 6;1;_;,) = — 1 (Qfe+ @2p1)-
In Eqs. (110) and (111) we now set

C=0% (2, Ln)i  ®2=¢}, (2, L)

Y1=05 (@, Ln);  Po=¢5(z, Ln).
Further, we integrate (110) with respect to the spatial
variable from x to® and (111) from —= to x and sub-
tract the one result from the other. Then, using (100),
we obtain

A (Pspa— @aps)/da =1 (E—T') (pypa+ Papy).

(111)

811 ) =—2Cn | 03, (2, L) s (2, L) . (112)

Setting in Egqs. (110) and (111)
Pr=05 (x, Th);  ea=o5 (=, Go)
Py = (P;E ("E' ;:n). Po= (P?.vla (1'1 cr*n)v
we obtain similarly

oo

52, (@) =2iCh [ o, (2. Th) 43, (@, Th) do.

—c

(113)

We now note that if v =—#% in Eq. (84) then the points
R, S ¢f, . .., tn, can be numbered such that
Ex=Fnpm=1,...,my. I then follows in accordance
with (108), (112), and (113) that Cx= —C,,,m
=1,...,my. Therefore, the quantities Ny, ..., N
N, ..., Nn, defined above satisfy in this case the condi-
tion Nt=N,, m=1,...,m,

Now suppose

my
Ky =m§‘ Npupys, m (2) exp (—ilmy);

mg (114)
K= mgl Nipa, m (2) exp (iGhy)-

Substituting (114) in (107), we obtain the system of lin-
ear algebraic equations

my

Pu.erZ NV

=1

exp (i (L} —Im) 2)
W P12, u="0;
exp (i (Ch—5) x)

my
=2 Nullt T(Ch—Gw

n=1

Put,ut Pia, m= Niexp (ilnz).

The matrix R of this system has the form
E M

Suppose the matrix R, is obtained from R by replacing
its m~th column by the column

(0, ..., 0, NYexp (illz), ..., Ny, oxp (ifh2))-

Suppose further
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A=det R=det |[E-+MM|; A,=detR,,

Then by Cramer’s rule

Pit,m=An/A;  Pro, m=Amoim/A. (115)
We also set
mg
Ky = mgl NmPay, m (z) exp (—iLmy);
(118)

mo
Ep= T Nipa, m () exp (iGhy).

Substituting (116) in (107), we obtain the system of lin-
ear algebraic equations

my
p?.i.m'i'z Nmer. 5(§E—;m)

u=1
mp "
e oD (i (T — G 2)
— 2 Nuli TCh—G

=1

Pas, n+ Npexp (—ilnz) =0;

Pat, pn+ Paa, m=0.
Suppose the matrix R}, is obtained from R by replacing
its m -th column by the column
(Nyexp(—igz), ..., Nmg exp (—ilmz), 0, ..., 0).
Suppose further
Ay =det Ry,
Then in accordance with Cramer’s rule,
(117

Using (99) and in accordance with (114) and (115), we
have

Pat. m=—ARA;  Pag, m= — AR, +m/A.

u(z)= —% > NiAmermoxp (ilhz);
m=|
, (118)
v(2) =+ 3| NpAliexp (—ima).
m=1

Formulas (118) give expressions for the required poten-
tials. Further, using the definition of the matrices R,,
and R}, we can readily prove the equation

my

[ A . e Ahn " i
s InA= b lr—‘\‘m - exp (—ilma) + N ;’" ex])(:(;;x)J.

m=1
Hence, by virtue of Eqs. (114)-(117),
Ky (z, x)+ Koy (z, ) = — 8 In Aldx.
In addition, from Eq. (98)
Ky, (x, D)3z +u(z) Ky (o, 7) = 0;
dKy, (2, 2)/da+ v (2) Ky (2, 2)=0.
Using (99), we now find that
d[Ky (x, &)+ Kqs (x, 2))/de=u(z)v(2).
Thus,
2 1ln A oax? =—u(x(x).

7. EXAMPLES

Let us now consider what equations can actually be
obtained by the method described above in the case #;
=2. Setting

1 0

A :!U g

l,‘ (':t:: ;; ’ Ay =

%m ﬂml
ym Sml’

in accordance with Eq. (29) (the matrix « is replaced
in it by U)

(A, Apt] — (U, Ap] — A4,/ =0,
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we obtain the following recursion relations for the ele-
ments of the matrix 4,:
Oz — U+ uym =0;
21+ (ot —Op) 4 — O/ = 0;
2Pmes+ (Gm—08p) v+ OYp/0z =0
08/ 0z + VP py — Uy = 0.

(119)

From the first and last equations of this system it fol-
lows that d(a,, +6,)/8x=0, i.e., a,+0,=c,, where
Cnm does not depend on x. Taking c¢,,=0, we obtain 6,
= —q@,. On the basis of this remark, the system (119)
takes the form

O/ 2 = VP — upms
Brmss = — Uty + (1/2) 0P/ (120)
V= — Vo — (1/2) dym/dz.

We take the matrix A, in the form A, = diag(c, —c),

i.e., ay=c,By=v;=0. Then, using the system (120),

we find
fy=—cu;
Bo= —cu,/2; v,=cv,/2;
B3 = cuP/2 — cu, . /4;
oy = ¢ (UVy — U 0)/4;
Be = Beuua /b — cUarnl8;  Yi= — Bewrwro/h + evyral8.

YW= —ev; ay=0; 1
Oy = — cuv/2;

Va == cut?/2 — cv .. /4;

(121)

Further, the equations defined in accordance with (33)
have in our case the form

=243 U= —29,44.
For n=2, we obtain in accordance with (121) the sys-
tem

Up = CUW — ClUyy/2, Vr= — CUL® 4 cyr/2.

For ¢ = —2i and v = #u, this system is equivalent to a
single equation for the complex-valued function u
=u(x, f), which is known as the nonlinear Schrodinger
equation:

i+ Uy = = 2 |u|?u.

(122)

For n=3, we have in accordance with (121)

U+ Beu /2 — Clbyyypldy U= 3oULVL/2 — CUryylb.
For ¢=4 and v=uz, the obtained system reduces to the
single equation

Ut Uypy = = ﬁu'zuxa

(123)
which is known as the modified KdV equation.

Each of the equations (122) and (123) has an infinite
sequence of equations, which by analogy with the higher
KdV equations could be said to be higher for the non-
linear Schrodinger equation or for the modified KdV
equation. In the case of the nonlinear Schrodinger
equation, the higher equations have the form

Uy =2g441, k>0, (124)

where the functions g, and f,, for v =# are determined
by the recursion relations

fml 0 = g — (— )™ gm; Gmar = — f -+ (1/2) Ogpu/dz,
and for v = —u by the relations

Ofm!02 = — Ugm~+ (—1)™UGmi  Gmsr= — Ufm+ (1/2) dgm/oz.

Equation (122) is itself obtained from (124) for k=1.

Similarly, in the case of the modified KdV equation the
higher equations have the form

k>0, (125)

U= 242,
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where the functions g, and f,, for v =« are determined
by the recursion relations

Ofml0z =1+ (—1)"ugm; Em+s= —ufm+(1/2) dgn/oz,
and for v= —u by

Ofl 07 = —[1+(— 1™ ugm; gms1= —Ufm-+(1/2) dg, /2.
Equation (123) itself is obtained from (125) for k=1.

We now consider what equations can be obtained in
the case 7)=2 which we are considering by means of
a matrix « that depends rationally on the spectral pa-
rameter. We consider the simplest case when the ma-
trix & of the form (75) has a unique pole of first order
at the point n=0. In accordance with (77), the evolu-
tion equation has the form

Ui+ [A al=[A, Ay, (126)

where the matrix o satisfies in accordance with (76) the
condition

Aoz (U, @] =0, (127)

and the matrix A,.; is determined by means of (29).
We take the matrix U in the form

a0y

.A| 0
T

Then it follows from (127) that

O°=| -—ﬁf.:—-?gl’

(128)

where f=/(6) and g=g(6) is an arbitrary solution of the
system

f'—2abg=0; g'—2f=0.

For 4ab = -1, the general solution of this system has
the form

f=pcos0-+vsin0; g=2usinO—2vcosh, (129)
and for 4ab =1 the general solution has the form
f=pexpOivexp(—0); g=2pexpb—2vexp(—0). (130)

Using the system (119), we find

Afn+1
fnv1 —Inn

Apy= | {tli)n b

)

where the functions f,.1 and g,.1 are determined by the
recursion relations

fpliz =14 (—1)"1abg,0.; gniy= —faBe(1/2) dg,/0x.

It follows that (126) determines a noncontradictory sys-
tem only for n=2k+1, 2> 0. Inaccordance with (128),
this system consists of two identical equations of the
form

Out+ 28 = 2gpsa, k220, (131)

In addition, to this family we must add one further
equation

B0+ 2¢ =0, (1317)
which is obtained if in the expression for the matrix
d we retain only the pole term. Formally, Eq. (131)
can be obtained from (181) for .==1. Then Eqgs. (131)
with 2> 0 are higher equations corresponding to (1317).
If in (129) we take u=-1/4 and v=0, then (131') is
transformed into the sine—Gordon equation

By =sin0.
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But if in (130) we take p=~1/4 and v =0, then (131/)
is transformed into the Liouville equation

_Br=exph.

To investigate all the equations obtained above for
definite boundary conditions, we use the inverse scat-
tering method. To use this method, we must find the
time dependence of the scattering data for the operator
L if the coefficients of this operator satisfy one of the
above equations.

We begin by considering the case when the matrix &
has the form (28), i.e., it depends polynomially on the
spectral parameter. Suppose that the functions u
=ulx,t) and v =v(x, t) in the matrix U tend for any fixed
t= 0 sufficiently rapidly to zero as x —#,

By the definition of the matrix &, the operator 3/d/
+d carries any solution of the equation (L - 1)@ =0 in-
to a solution of the same equation. Indeed, in accor-
dance with (22),

(OL/aty ¢ — (L—mn) A =0,

In addition, differentiating the equation (L — 1)@ =0 with
respect to /, we obtain

(OL/9t) @+ (L—) g =0.
It follows from these equations that

(L—mn) (g + Ag) =0,
i.e., ¥=0, + ¢ satisfies the equation (L — NP =0 if
@ satisfies this equation. Therefore, in the case under
consideration there exist matrices I', and I'. which do
not depend on x and are such that

dgtlot -+ Agt =g Ty dg/ot+ A =g T, (132)

Going to the limit x == in the first of Eqs. (132) and to
the limit x === in the second, we obtain

T, =T_=T = A" =diag (v, o) = diag (en", —en®), (133)

where # is the degree of the polynomial (28). Further,
by virtue of the equation ¢* = ¢’S we obtain from the
first equation (132)

(O~ 1ot+ A¢™) S + ¢ 0S/dt = ¢~ST.
Using the second equation (132), we obtain from this

a8/t 1T, §]=0, (134)

§=exp(—Tt)Syexp(I't),
where Sy does not depend on ¢. It follows from the last
equation that the diagonal elements of the matrix S do
not depend on the time. This means that the positions
and numbers of points of the discrete spectrum also do
not change with the time.

* We now consider how the constants C,, and Cf in Egs.
(100) and (101) change with the time. Suppose

‘{T = (‘FTI (-'-'-'; ;m)' rPEl ('ra Cm)); 2= (¢712 (x, Tn), P2z (-'L'a L:m))'
Then from the consideration of the asymptotic behavior
as x ~° we obtain

(810t -+ A#) ¢ = y191, (135)

and by considering the asymptotic behavior as x ===
we obtain

(18t + A) 7 = y293. (136)

At the same time, the diagonal elements ; and % of T’
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are taken in accordance with (133) for n=1,, =it,,.
Further, using the equation ¢;=C,,¢;, we obtain from
(135)

(ICm/0t) 93+ Cry (810t + ) 93 = 7(C 3.

Hence, on the basis of (136)

OC /Bt = (y—Y3) Come (137)

An equation for C} is obtained similarly, and it has the
form

8CH/0t+ (p1—72) Cr =0, (138)

where the diagonal elements 7; and ¥, of I are taken in
accordance with (133) for n=n} =it*. At the same
time, for Eq. (124) the matrix I has the form

T = diag (en?, —e P*) = diag ((— 1)*12ig2", (—1)"2i(?).

In particular, for £=1 (the nonlinear Schrodinger
equation)

T = diag (222, —2iZ2). (139)

With regard to the discrete spectrum, it does not exist
at all for » =u, while for v =-#% the points of it form
pairs ¢,, £h=£,. For Eq. (125), the matrix T has the
form

T'=diag (en?1, — e?™1) = diag ((— 1)*4iL2"1, (— 1)14igzhsy,
In particular, for k=1 (modified KdV equation)

T'= diag (— 4iL2, 4iC3). (140)

For v=u there is no discrete spectrum at all, and for
v =—u the points of the discrete spectrum form quartets
Tos Emy = Emy = £ if £, #=L,, and duets ¢, £, =—£,, other-
wise.

Thus, specifying u =u,(x) for /=0, we can, by solving
the direct scattering problem, find the scattering data
for £=0. We then continue the scattering data for >0
by means of Eqs. (134), (137), and (138). Finally,
solving the inverse scattering problem, we obtain the
solution u=u(x, f) for > 0. At large ¢, the main part
in the kernel F(w) of the integral equation (107) is play-
ed by the soliton terms, since in accordance with (139)
and (140) the elements Sy, and Sy; of the matrix S oscil-
late with the time, and the quantities C, and C} de-
fined in accordance with (137) and (138) increase expo-

nentially with the time in general either as ¢ =% or
f=—eo,

For the sine-Gordon equation, the inverse scattering
method was used to find solutions 8 =68(x, {) satisfying
the boundary conditions

02k, r—o00; 0—>2kn, z——o0, (141)
where %, and k. are arbitrary integers. For the given
boundary conditions, the solution can be found by the
method described above with the only difference that
in this case one uses the inverse scattering method to
find not the solution ¢ itself but the derivative 6,, and
the obtained result must be integrated to find the solu-
tion. It is found that if the condition (141) is satisfied
at =0, then it will also be satisfied for any £ >0, i.e.,
the quantity k=%, — k. does not change with the time.
We note only that in this case the matrix I" has the
form

T = diag (i/4L, — i/4L),
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and the discrete spectrum, as in the case of the modi-
fied KdV equation, forms quartets £y, £yy —Epy = L if
£, #*—Em, and duets &,, £, =-f, otherwise.

The inverse problem for the Liouville equation is
strongly degenerate. We therefore give a different
approach to the solution of the Cauchy and Goursat
problems for this equation. To solve the Goursat prob-
lem, we consider the Liouville equation in the form

0,1 = Zexp (— 0). (142)

We find a solution 8 =6(x, t) satisfying the conditions

0(z,0)=f(2), x€(—o0,00);
0(0,)=g (1), netwa,w).} (143)
with f{0) =g(0) =c. The required solution has the form
0=1n [ (z) Py (£) + 2 (=) 2 (O (144)
where
¢y =exp [%f(-ﬂ—‘:_J: P2=10 (-"3)5 T;fs) H (145)
0
t
vi—exp [z eO—7]i w=v 0[5 (146)

=

Indeed, it can be verified by direct substitution that the
solution (144) satisfies Eq. (142) and the conditions

(143). This solution is unique.
The uniqueness is proved as follows. It is readily
seen that )
I=0,.+03/2 (147)
does not depend on £, and
J =0, +03/2 (148)

does not depend on x if 8 =0(x, {) satisfies Eq. (142).
We now set

8= 1In @2, (149)
Substituting (149) in (147), we obtain

D — [D/2=0, I=F.+ f2/2. (150)
Hence

D =04y (2) + €295 (2), (151)

where ¢; and ¢; are a fundamental system of solutions
of Eq. (150) determined by Eqs. (145), and c; and ¢,

do not depend on x. Further, substituting (149) in (148),
we obtain

DQy—J D2 =0, J=gu+gi/2. (152)

It follows then in accordance with (151) that

o= CyyPy (£) 4 eiafa (B); €a= oy Wy (£) + ca00p (2),

where ¥y and » are a fundamental system of solutions
of Eq. (152) determined by Eqgs. (146), and ¢, , @, B
=1,2, do not depend on x or f. It is readily seen that
the solution obtained in this manner satisfies the con-
ditions (143) only for ¢,; =¢,,=1 and ¢, =¢,, =0.

To solve the Cauchy problem, we take the Liouville
equation in the form
B, — 0y =8exp (—0).
We find a solution 6 = 6(x, ) satisfying the conditions
0(e, O)=7f(z); 0:(z, 0)=g(2);
The required solution is

2€(— oo, o0).

0=1In [@; (x—12) Py (@ 1) -+ @ (2 —1) Py (x+1)12,
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where ¢1=¢1(£) and ¢, = ¢,(¢) are a fundamental system
of solutions of the equation
 Pr— Me/8=0, (153)

and ¥ = ¥1(n) and ¥ =¥, (n) are a fundamental system of
solutions of the equation
o — Np/8 =0.

We also have

M= —8exp [—/(O]+2f" (5)—2g" Q) +1f (E)—g Q)2

N = —8exp [—f(m)]+2f (m)+2¢" () -+ 1/ ()+g ()2,
In addition, the solutions ¢; and ¢; can be chosen arbi-
trarily but subject to the condition ¢y 93 — @i, =1, and
the solutions ¢, and y, are chosen subject to the condi-
tion 104 = P{, =1, so that

(154)

— i (@) $u(@) + @y (201 (2) — @3 (2)s (2) (155)
+ e (2) 92 (2) = g (2) exp [f (z)/21/2.

We show that this is possible.
Fo=exp [f (2)/2); Fi=I[f (x)+ g (2)] Fy (x)/4;
F_=[f'(2)—g (2)] Fy (x)/4.
Suppose further
Py = Fo (z) @2 (z) — F_(2) g, (2);
o= —Fo () 91(z) + F_(z) @y (2).
Then it can be directly verified that ¥, and ¢y defined
in this manner satisfy Eq. (154) if ¢, and ¢, satisfy
(153). Inaddition, ¥ — {yy =1 if the analogous equa-
tion holds for ¢, and ¢,;. Finally, by means of the
equations
Wi = Py (2) @i (2) — {[F (2) F-(2) + 11/F (2)} 92 (2);
P2 = — Fy (2) ¢ (2) +{[F+ (2) F_(2) +11/Fo (2)} @4 (2)
we can readily show that (155) holds. But from this

the uniqueness of the solution to the Cauchy problem
for the Liouville equation follows.

1 () py() + @3 (2) P (2) = exp [f (2)/2]; }

Suppose

Finally, it should be noted that a similar approach
was used in Ref. 25 for the construction of a global
solution to the Liouville equation. In Ref. 26, the
Liouville equation is investigated by means of the stan-
dard inverse scattering method. In recent years, the
interest in the Liouville equation has to a large extent
been stimulated, on the one hand, by the application of
the Liouville equation to the theory of a relativistic
string,”"**® and, on the other, by the connection dis-
covered in Ref. 29 between the Liouville equation and
the Born-Infeld equation for a scalar massless field in
two-dimensional s;:na.ce—time.30 The connection between
the Born-Infeld equation and a relativistic string is
considered in Ref. 31.

8. THE CASE WHEN THE OPERATOR L DEPENDS
ON THE SPECTRAL PARAMETER

Hitherto, we have considered the case when the oper-
ator L of the form (23) does not depend on the spectral
parameter. However, the method used above can also
be applied when L depends rationally on the spectral
parameter. Let us consider now the case when the
matrix « in (23) has the form

ko

= e Uyp (x, )
=3 uwp(z, HlMr4 3 N B,

—iP
h=0 p=1p=1 -t
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where the integer %, satisfies ky> 0.
the matrix # in the form

Further, we take

o= 2 A"+ v,
m=0

where

Fos j 2 gz, t) (z, t)
ey T
At the same time, the points 3, . . .,&,, ¢, .. sty
lie in the complex ¢ plane and are all different.
We now set

oo

=2 up(z, YLk, =7 wy(z, HTH
=0 =

Suppose the matrices A,, m=> 0 are such that for m=0

(A, 45)=0; (156)
for lsms<ky, if ky>0,
m=1
(A Anl— 5 [up, Appei] =0, (157)
and for m >k,
m—1
(A, Anl— 3 #n Amonosl— 2= Amosy-1=0. (158)
k=0
Consider the equation
G/t — O A0z — (1, A)+4Lhti[A, A4]=0, (159)

which is obtained from (27) for 1 = g**, Ip this situa-

tion, Eq. (159) is equivalent to the system of equations
Qugldt =[A, Ani]—I[A, vy];
Jup/dt = [A, An+h+il_[A Up4]

k=1

— 2 lu, n+h_x1+ [um LN BN

Py—P (160)
OupfOt+ 3 |  Vier i paal =05

q,, q

vyq/0z+ ZD [Uves ¥y, gal =0y
=

where Vs is equal to the value of the matrix

1 o1
g U B

at the point £ =¢,, and V, ; is equal to the value of the
matrix

s' aZ.;s (2 Api* ™ +0)

at the point {=¢,

The system (160) has a number of remarkable prop-
erties. First of all, the matrices 4,, defined by (156)—
(158) are such that their elements are polynomials of
the elements of the matrices u, and their derivatives
with respect to x of corresponding order. Thus, the
system (160) is a system of differential equations.
Further, the system (160) has 7, infinite series of con-
servation laws of the form (55). Finally, the approach
considered in this section can be extended to the case
of an arbitrary number of spatial variables. The
proofs of all these assertions are contained in Ref. 32.

Finally, we note that the method used here to find the
equations generated by the operator relation (22) is as
follows. For the case considered here, we transform-
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ed the relation (22) to the form (27), and then consider-
ed the stationary equation (34) obtained from (27) after
neglect of the term 9u/3¢, and found the exact solution
A of Eq. (34). Under definite additional restrictions
imposed on the operator L, we then constructed the
asymptotic expansion

4~ 2 4ar g
of the previously obtained exact solution A of Eq. (34).
Without additional restrictions on the operator L, the
series (*) is a formal solution of Eq. (34). However,
all the remarkable properties of the terms of the
series (*) remain after the additional restrictions have
been dropped Finally, the partial sums of the form

n=m n ‘U

= 0‘4 =A™
of the series (*) give all (up to equivalence) operators
o and #=A"[A, ] that depend polynomially on the pa-
rameter 1 and for which the relation (22) is transform-
ed into a nonlinear evolution equation of the form (33).
It can be shown that this program can be realized not
only in the case of first-order operators but also in the
case of operators of arbitrary order. The central
point here is the study of the stationary relation

[4, L]=B (L—n),

obtained from (22) after the term 9L/3t has been drop-
ped and the construction of a formal solution of the
form

A~ S 4™ B~ X Buw™

m=0 m=0

for this relation. Then the operators

A= S Agrm F= S B
m=q m=q

give all (up to equivalence) pairs of operators that de-
pend polynomially on 7 and for which (22) is transform-
ed into a system of nonlinear evolution equations, This
program is fully implemented in Refs. 22 and 23. The
same program can also be implemented in some other
cases.
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