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A semimicroscopic approach to the theory of resonance nuclear reactions based on the shell model is
presented. It is applied to the analysis of the basic parameters of analog states and analog resonances in the
energy-averaged cross sections for the interaction of nucleons with spherical nuclei, The conclusions of the
theory are compared with experimental data and the results of other comparable theoretical approaches.
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INTRODUCTION

In a period of less than 20 years, analog states and
resonances have come to constitute a rapidly developing
branch of low-energy nuclear physics. Experimentally,
analog states are manifested as narrow resonances in
the cross sections for the interaction of nucleons and
¥ rays with nuclei. The specific feature of analog res-
onances which distinguishes them from other giant
resonances is the smallness (on the nuclear scale) of
their total widths. This is the basis for asserting that
isospin is conserved approximately in medium and heavy
nuclei. Thus, the interest in the study of analog reso-
nances arises from the possibility of obtaining infor-
mation about: 1) the mechanism of nuclear reactions
(in the first place, with nucleons), 2) the mechanism
of the breaking of the isospin symmetry of the nuclear
states, and 3) the structure of the ground state and low-
lying states of nuclei whose analogs are excited in re-
actions or to which analog resonances decay.

In the present review, we propose a description of
the main parameters of analog resonances on the basis
of the shell approach to the theory of nuclear reactions.
The results are compared with some experimental data,
and also with the conclusions of other comparable the-
oretical approaches. In Sec. 1, we present aspects of
the theory of resonance nuclear reactions. On the basis
of the methods of the theory of finite Fermi systems,
we formulate a variant of the shell approach to the the-
ory of nuclear reactions (semimicroscopic approach).
We parametrize the energy-averaged amplitudes and
cross sections of resonance reactions in the region of
an isolated doorway state. In Sec. 2, analog states and
resonances are investigated in the framework of the
shell model without allowance for their coupling to com-
plex configurations. We consider the isobar symmetry
of the Hamiltonian of the shell model and study the
Coulomb structure of the symmetry energy, the Coulomb
mixing of states with different values of the isospin,
collective analog states and isotopic splitting of multi-
pole giant resonances, and the natural proton widths
of analog resonances; we also formulate a method for
taking into account strong coupling of proton channels
of analog-resonance decay. In Sec. 3, we investigate
the formation of analog resonances, i.e., the coupling
of the analog states to the continuum and configurations
of complicated nature. In terms of the shell model and
the optical model parametrized in a definite manner,
expressions are obtained for the basic parameters of
analog resonances (partial proton and neutron widths,
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widths for “decay” into complicated configurations,
etc.), and we investigate the asymmetry and fine struc-
ture of analog resonances and also quasielastic (p,n)
scattering. In the Conclusions, we discuss some open
problems, The bibliography in no way pretends to com-
pleteness and is given only to the extent needed for the
exposition.

1. ASPECTS OF THE THEORY OF RESONANCE
NUCLEAR REACTIONS

Shell Approach to the Theory of Resonance Nucleay
Reactions. Resonance nuclear reactions with nucleons
and low-energy y rays constitute the most important
source of information about the reaction mechanism and
structure of highly excited nuclear states. The diver-
sity of the phenomena (the various types of resonances
and the different decay channels of resonances of a
given kind) and the large body of experimental data
(partial cross sections, strength functions, etc.) make
it desirable to have a unified approach to the descrip-
tion of not only the structure of nuclear states but also
the reaction mechanisms. For not too high excitation
energies, such an approach can in principle be based
on the shell model. The shell model and its most sys-
tematic formulation in the framework of finite Fermi
systems' have been fairly well investigated in their ap-
plication to the ground state and low-lying states of
nuclei. Therefore, theoretical and practical interest
attaches to an investigation of the possibility of applying
the shell model to the description of the parameters of
the cross sections of resonance nuclear reactions and,
consequently, to the structure of highly excited nuclear
states.

A literal application of the shell model to the descrip-
tion of highly excited states of medium and heavy nuclei
and the corresponding resonance nuclear reactions with
nucleons and y rays encounters certain difficulties,
which are associated with the need: 1) to include in the
treatment a large number of shell configurations (not
only particle~hole configurations but also many-par-
ticle configurations: two-particle-two-hole, three-
particle—three-hole, etc.); 2) to take into account the
continuum states for the nucleons; and 3) to introduce
new phenomenological constants to describe correlations
of the nucleons at short distances. The existing ap-
proaches attack these difficulties in different ways. For
example, in the monograph of Ref, 2 the simple con-
figurations are coupled to the many-particle configura-
tions at the level of a parametrization of the energy-
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averaged reaction amplitudes. In Ref. 3, the main
attention is devoted to the problems 1) and 3) mentioned
above. In the framework of the shell model with con-
tinuum, the basis of many-particle configurations is
restricted, and therefore such a model is used for suf-
ficiently light nuclei.®

One of the ways to apply the shell model to the de-
scription of highly excited states of medium and heavy
nuclei and the corresponding resonance nuclear reac-
tions is based on the existence at sufficiently high exci-
tation energies of a “hierarchy” of states, which is
formed by simple and complicated configurations. Giant
resonances in the reaction cross sections correspond
to isolated simple configurations. Among the system-
atically encountered giant resonances there are single-
particle resonances, multipole giant resonances, and
isobar analog resonances. The coupling of the simple
configurations to the more complicated ones leads to a
fine structure of the giant resonances and, when the
cross sections are averaged, to a modification (from
the “natural” values) of the parameters of the giant
resonances.

If one eschews a description of the properties of in-
dividual resonances of the compound nucleus and goes
over to a description of the energy-averaged cross sec-
tions for the interaction of nucleons and y rays with
nuclei, one can formulate on the basis of the shell mod-
el a semiempirical approach to the theory of nuclear
reactions. In this approach, the parameters of the
average cross sections can be expressed in terms of
the shell model and a (phenomenological) optical model
based on it. It is important that the optical model is
not introduced into the theory a priori, since there do
not exist a priovi prescriptions for such an introduction,
but it arises as a result of averaging of the “micro-
scopic” equations for the reaction amplitudes. In this
approach we have the following features: 1) the shell
model is used to describe the simple configurations
(with allowance for their coupling to the continuum) and
also the correlations of nucleons at large distances; the
parameters of this problem are determined by an an-
alysis of the properties of the ground state and low-
lying states of the nuclei; 2) the coupling of the simple
configurations to the many-particle configurations is
taken into account on the average by means of an optical
model for the nucleons which is parametrized in a def-
inite manner; the parameters of this problem can be
found from an analysis of the cross section for elastic
scattering of nucleons by nuclei and the reaction cross
sections. Thus, the semimicroscopic approach has the
following advantages: 1) it enables one to overcome to a
a certain extent the difficulties listed above when the
shell model is applied to the descritpion of resonance
nuclear reactions with nucleons and y rays; 2) it is
fairly “economic” in its choice of tools; 3) it is fairly
productive, since it enables one to obtain a quantitative
interpretation of various parameters of various giant
resonances in the framework of a unified description.
An example of the application of the semimicroscopic
approach to the analysis of single-particle resonances
is contained in the review of Ref. 5.
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Tyansition to the Optical Model by the Methods of the
Theory of Finite Systems. The transition from the shell
model to the optical model to describe the energy-av-
eraged reaction amplitudes is made most congistently
by the methods of the theory of finite Fermi systems
(Green’s-function method). This is not fortuitous, since
the single-particle Green’s function for a Fermi sys-
tem contains in principle all information about the re-
laxation of the single-particle degree of freedom. We
give the basic properties of the single-particle Green’s
function G(x,x’) (Ref. 1) needed for what follows. By
definition,

Gz, o) = —i(0 | T (z) ¥* (=) | 0); z=(r. 1), (1)

where ¥(x) is the operator of nucleon annihilation in the
Heisenberg representation, T is the time ordering op-
erator, and the expectation value is taken with respect
to the ground state of the system of N particles (in the
considered case, with respect to the ground state of
the shell-model Hamiltonian). The transition to the
Fourier representation with respect to 7={ - ¢’ and
expansion with respect to spherical harmonics is made
in accordance with the relations (r=1)

G, x';1)= S G (r, r'; &) exp (—iet) de/2x;
1 (2)

G(r,r'; &) =—= > Gyn (r, '; &) @gim (0) Dfim (),

ilm

where ®,,,,(n) are spherical spinors. Let 'r‘x[,E”(r) be
a regular solution of the radial Schridinger equation
with shell-model potential, so that (iy;; () = E)Xg; ()
=0. (For E >0, the functions X,z are assumed to be
normalized to a & function of the energy.) Then the
Green’s function G, (,7; €) can be represented in
the form

Gy (r, 7’5 e)= %‘1 Yoegt () Xorst (') Geji (€)- (3)

[The assumption that Gg(e) is diagonal is discussed
pbelow.] For the Green’s function Gz(g), we have the
Lehmann expansion ‘

B (E) M
Grle) = 3 D + B e =0 (68 (). ()
€ ¢ ¢

Here, M is the chemical potential, and E, and E,, are
the energies of the excited states of the systems of N
+1 and N — 1 particles, respectively. In accordance
with (1)=(4), the Green’s function corresponding to the
motion of the nucleons in the average field of the shell
model has the form (here and in what follows, we ignore
pairing)
G (e) > Goz () = [1—n (E))/(e— E +18) +-n (E)/(e— E—id)

= Gi¥ (e) + Gz (8), (5)
where n(E) are the population numbers. The Green’s
function G(r,»'; &), which corresponds to motion of a
nucleon in the nuclear medium, satisfies the Dyson
equation

G(rir's0)=Golry 75 ¢)
+ [ 6utri i ) To(ris ras €16 oy T )iy

=Go(r,7'; &)+ S Go(r, ry; €) T (ry, 7o €) Gy (ra, 75 €) drydry. (6)
Here, T, and T are, respectively, the irreducible and
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reducible self-energy parts, and for sufficiently large
values of | - | they are rapidly varying functions of
their argument because of the virtual excitation of
many-particle configurations.

In the analysis of the energy-averaged reaction am-
plitudes, it is necessary to calculate the Green’s func-
tion for complex values of &: &—pu—g—w+i/8gn(s— )
(I is the averaging interval). In the absence of isolated
doorway states, when it is justified to assume that
correlations at short distances (of the order of the
reciprocal Fermi momentum K;!) play a dominant
part in the formation of Ty(r,»’; & — u+1il8gn(e - 1)),
this last can be parametrized in the form

To(r,r'; e—p+ilSgn (e—p))=Ah(r; e—p) 8 (r—r’), (7)

where Im Ar(v; €= n)=—wlr; |e—|)Sen(s — 1) (Ref. 1).
After this substitution, the function G(r,»’; £ -
+iI8gn (- p)=g(r,r’; € -u) is in accordance with

(6) and (7) the Green’s function of the radial Schrodinger
equation with the optical-model Hamiltonian

(hj—e) g (r r'ie—p)=—8(r—r'); ]
by (r e—p) =hou (r) + Ak (r; e—p).

@)

In connection with (7) and (8), we note that: 1) the
optical model arises for both positive and negative
energies; 2) the optical correction to the shell-model
potential is not calculated in the framework of the semi-
microscopic approach but rather is parametrized by
means of a small number of phenomenological param-
eters.

The procedure for averaging the amplitude for scat-
tering of a nucleon (or y ray) by a nucleus, f(E), is
based on the analytic properties of the amplitude. The
assumption that simple poles of the function f(E) cor-
respond to resonances of the compound nucleus leads
to the well-known relation (see, for example, Ref. 2):

T(B)=f(E+il), @)

where the averaging interval satisfies I>>d=p™ (d is
the average energy interval between resonances with
definite values of the angular momentum and parity).

We now analyze the average amplitude for scattering
of a nucleon by a nucleus in the framework of the shell
approach, The reducible self-energy part T determines
the diagonal element of the S matrix of a nucleon with
energy E>0 corresponding to the given values jl:

S (E)=exp (2i8;) — 2ni S AR () T (ry 1 6= E) g2 () drar’. (10)

Here, 6,(E) is the phase shift for scattering of the
nucleon by the shell potential, and x (¥ = exp(# i5,) Xy
Equation (10) is derived by means of the relations (5)
and (6) in the same way as for scattering by a potential.®
In accordance with (9) and (10), we have the expression

S(E)=S8 (E+il)
= exp (2i6y) — 2ni j %o (r) To(r, v’y E4-11) ¢’ (r') drdr’, (11)

where the function () is determined by the relation
{Tox Ph={Tx{} (the brackets {...} denote integration
over the configuration space). In accordance with (6)
—(8), after the substitution E —E +il, this function sat-
isfies the equation
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0 O =280)+ [ aolr, s B ARG Byysp () ar, (12)
i.e., it is an eigenfunction of the optical-model Ham-
iltonian: (k- E)x'3’=0. On the basis of (11) and (12),
we conclude that

§ (E) = exp [2iE— 2], (13)

where £ and 7 are the real and imaginary'parts of the
phase shift for nucleon scattering by the optical po-
tential. The assumption that the nucleon decay of the
resonances of the compound nucleus occurs through the
different channels in a statistically independent way
leads to the assertion that the average T (and, there-
fore, S) matrix is diagonal with respect to the indices
a that label the nucleon channels:

Syar = 8aor 0XP [2iE, — 21,]. (14)

The single-particle Green’s function determines a
quantity that is very important in applications, namely,
the polarizability #(w), of the nucleus corresponding to
the external single-particle field V. If V=33, V(i) is a
multipole operator, then Im #(w) determines the cross
section for absorption of ¥ rays of the corresponding
multipolarity and is proportional to the imaginary part
of the amplitude for scattering of y rays through zero
angle. Therefore, in accordance with (9)

Im & (0) =TIm & (0 - il). (15)
By definition,

Flo)=3 1V l* (mrrm—575—) - (16)

where the subscript s labels the excited states of the
system. The polarizability #(w) is determined as fol-
lows by the single-particle Green’s function';

P={Vop[V1}; V=V+{Fop[V]}. (a7)

Here, 0p[V] is the change in the single-particle density
matrix induced by the weak field, and V is an effective
field, which differs from the external field V because
of the polarization effects due to the effective inter-
action F of the nucleons in the particle-hole channel.
The change in the density matrix to first order in the
field V is dp[V]={AV}, where 4 (w) is the so-called
response function, which is the change in the density
matrix induced by a unit field. An explicit expression
for this function can be obtained on the basis of the re-
lations (1)-(3):

Ary r'5 0) = 3 tasita (1) % (F') %6 () %6 (') Aup (0);

ab
(18)
A (@)= | G,(e)6s(e— w)exp (—isr)de/2n,

50—

where #,, is a geometrical factor that depends on the
multipolarity of the external field and the quantum num-
bers j I, and j,[,. For fields of monopole symmetry,
which are the ones essentially considered in the present
paper, £,,=1,6,,=(2j,+1)8,,. In (17), we express P(w)
and V(w) in terms of the response function, assuming
that the effective interaction is taken in the form
F(r,,r,) = Fo(r, —r,):

& (o) ={VAV} = { V() A(r, ' @)V (r; o) drdr'; (19)
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V (r, @)=V (r) 4 (Fl4znr?) 5 A(r, r'; @)V (r'; w)dr'. (20)

These relations make it possible to obtain an expres-
sion for Im#(w) in a form convenient for applications to
problems in which the continuum is taken into account.
Multiplying Eq. (20) term by term once by V*, and a
second time by V, and integrating over the configuration
space, we find in accordance with (19) and (20)

Im & (0) = Im {V*47). (21)

We now analyze the average response function A(w)
=A(w+il). An explicit expression for this quantity
in terms of the shell and optical models with exact
allowance for the continuum can be found only in some
limiting cases. We take into account initially the
damping of only the single-particle (but not the single-
hole) states. This approximation corresponds to the
following substitution in the expression (18) for
Ag(w): Gy(e) ~Ggle). Calculation of this quantity in
this case in accordance with (18), (4), and (5) leads
to the formula '

A (©) =1 (Ep) G (Bv+ 0) — G (Ey+ o)
= — (1—n(Ey)) Ga(Ey+ 0)+ G (Ev+ o). (22)

Using these expressions for A%°(w), and also the ex-
pansion (3), we represent the response function (18) in
the form

APo— AP AT

ATy 75 @)= A tabia (ry 15 Eato) (2(By)
—n(Ep+0) %o () % (')

A 15 0)= 3 tartta (1) Xa ) (2 (B +0) 657 (Eyt-o)
—(1—=n(By+0) 65 (Ey+ ) % (1) % (')-

(23)

The decomposition of A*" into two terms is done in such
a way that ImA%" =0, as follows from the Lehman ex-
pansion (4). Therefore, after the substitution w —w
+1iI, we can calculate A%" to order (w/D)* (D is the en-
ergy interval between the single-particle levels with
equal values of the angular momentum and parity) with-
out allowance for the coupling of the single-particle
configurations to the many-particle ones, i.e., by the
substitution G~ G&). Thus, on the basis of (23), (8),
and (5) we obtain the following expression for the av-
erage response function A?% = A% , A% in terms of the
shell and optical models:

AM(r, ¥ 0)= 3 taf (75 Ev-t) (v (Ey)
—n(Ep+ o) % (1) % (r');
A, 15 @)= 3 ke () Ka ') (0 (Ept0)

—n(Ep)) (Ey-— Eq+ o)™ 9 (r) 45 (')

(24)

Formula (24) for Im A%" is used for quantitative inter-
pretation of the valence mechanism of the (yn) reaction
near the threshold in Ref. 5.

Similarly, the response function can be calculated
with allowance for the damping of only the single-hole
(but not single-particle) states. This approximation
corresponds to the following substitution in the expres-
sion (18) for A,,(w): G,(€) =Gg,(e). In this case, cal-
culation of the corresponding quantity in accordance
with (18), (4), and (5) leads to the formula
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A% (@) = — (1 —n(E,) Gy (Ba—0) + G5 (E,—w)

=n(E,) Gy (Ea—0)— G (Eq—0). (25)

Using this expression for A%" and also the expansion
(3), we represent the response function (18) in the form
Aﬂoh=A;'nh+ Asnh;
Ay 7' o)== 3 taka (1)1 (') (2 (Ea— o)
—n(E.) G (r, r'; E;—aw); ;
At (r, 7' @)= f._;: tap¥a () %a (r') (0 (Ea—0) GE” (Eq—)
= (i =ik (Eu_m)) GE-}(EQ_ ‘9)) X (?‘) Lo ()"'),

(26)

where Im4%"=0. After the substitution w ~w+il and
on the basis of (26), (8), and (5), we obtain the fol-
lowing expression for the average response function
AP* = Ab™" 4 A% in terms of the shell and optical models:
AP, 15 o)== B tasta () %a () (2 (Ea—e)
—n(Eq) g (ry '3 Eq—w);
APy 7 0)= = 3 taita () 0 () (2 (Eu)

—n(Eys— o) (Ea— Ey—o0)™ % (1) 1 (1)

27

Naturally, if the effects of damping of quasiparticles
are included, Eqs. (24) and (27) lead to the well-known
expression that takes into account exactly the contri-
bution of the continuum to the response function:

A (r, 7 @)= (gmzubgm, (r, s Ey+ o) n{E) 1 (1) % ()

=] a%) taboit (r, r‘; E,— (!)) "‘(Eu) Xa (r) Xa (r’)v (28)

where g, is the Green’s function that satisfies Eq.

(8) with Ar=0. In this case, the substitution w—~w+1il
defines the rule for avoiding the poles in the expansions
of the Green’s function withrespect to the eigenfunctions
of the Hamiltonian k, The given expression for the
response function is the basis for analyzing collective
excitations in the random phase approximation with al-
lowance for the continuum,™®

One can take into account simultaneously the con-
tinuum and the damping of the particle and hole con-
figurations in the approximation corresponding to an
additive contribution of the damping of the particles and
holes to the imaginary part of the response function.
This approximation is valid in an energy interval out-
side a giant resonance (with the given multipolarity)
with energy w,:

(v—ogt>w% |Red|> |ImAl. (29)

This approximation corresponds to the replacement in
the formula for A, (w) of the product of the two exact
Green’s functions by a sum”:

GoGy — GoGop + Goals— Goolob. (30)

This relation is a variant of perturbation theory in T, in
the Dyson equation (6). In this approximation, we find
the average response function in accordance with (30),
combining Eqs. (24) and (27) for A" and A%, re-
spectively, and the two equivalent representations for
APoto (28) corresponding to these expressions:

== ;fph"—{— AP g PaMe
A_fh' il I:ﬂz,}

= - =I+A_,
Al el TR ST

T7he 4 APk, PRy T
=AM+ A7 +A;”‘+A;’°"_{
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where ImEf 0. We give the explicit expression for
one of the two equivalent representations of ImA:

ImA(r, r'; m)=1ml‘§b tavga (s 75 Ep+a) (n(Ey)
—n(Ey+ ) x4 (1) %o (') — ﬂ%‘.) tavta (1) Xe (') (7 (Eg— ©)
—n(E,)) (g (ry % Eu-m)_goib}(r! Tt Eu—fﬂ))}- (32)

For comparison with the results of other papers, it is
of interest to go to the limit in this expression in the
case when the existence of the continuum is ignored.
Using a first iteration of the integral equation for the
Green’s function g(»,7’; w) and the approximation Wap
=W, 0,5, We oObtain on the basis of (32)

Im 4y, (@) = [(n (E) —n (Ey+0) we,
+ (7 (Ea— @) —n (E,)) wyp (Ey — Ep— )2 (33)

In such a form, a formula for Im4,,(w) was obtained in
Ref. 10. Formula (33) differs from the value obtained
in Ref. 11 (see also Ref. 5):

Im 43 (0) = (1— 1 (E,)) r (Ey) Im Ay (a). (34)

This difference, which arises from the neglect of the
correlations in the ground state, leads to a quantity
ImA’(r,7'; w) that is approximately half of ImA(r, r'; w)

Another approximation for A(r,»’; w) in the case of
arbitrary  is the relation (24), in which the Green’s
function g, ]('r, 7’y Ey + w) is calculated with modified
imaginary part of the optical potential: w(E, +w - )
=w(Ey+w—p)+w(e - E,). Such a modification, which
amounts to an approximate allowance for the damping
of both the particle and the hole states, can be obtained
by the methods used in Refs. 5 and 11. When the con-
tinuum is ignored, for small « we obtain in this ap-
proximation the expression

Im Ay (0) = [(r (Es) — R (Ep + 0)) (Wae (By -+ 0 — 1)
+wua(H_Eb))] (Eu—Eb—w)uz’
which agrees better with (33) than Eq. (34). Therefore,
instead of A"(r,7’; w) it is preferable to use the ex-
pression (24) modified in the indicated manner for the
semiquantitative description of multipole giant reso-
nances,

We note finally that the assumption of diagonality of
the Green’s function G.(g), like the approximation
W,y = WagOgp, cOrresponds to the inequality w<D. This
inequality has a simple physical meaning: The re-
laxation time of a single-particle state is long com-
pared with the time taken by a nucleon to traverse a
distance of the order of the nuclear diameter. The op-
posite inequality corresponds to a “black” nucleus,
when it is not justified to take the shell basis as the
point of departure.

Alternative Method for Transition to the Optical Mod-
el and Parametrization of the Average S Matrix for
Nucleons in the Region of an Isolated Doovway Slate.

We present here an alternative method for going over

to the optical model based on explicit allowance for
many-particle configurations. The perspicuity of the
results, the possibility of establishing a connection with
comparable approaches, and also of obtaining a pa-
rametrization of the average S matrix for scattering of
nucleons by nuclei justify the interest in such an ap-
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proach.*® At the same time, some results of the
method can be “controlled” on the basis of the more
systematic approach presented above.

At sufficiently high excitation energies, there exist
not only single-particle configurations but also many-
particle configurations: two-particle-one-hole, three-
particle-two-hole, ete. (to be specific, we consider odd
compound nuclei). As a rule, the matrix elements of
the interaction of the many-particle configurations ex-
ceed the energy gaps between them. It is therefore
convenient to introduce the so-called “unrenormalized”
levels of the compound nucleus |%), which are deter-
mined by diagonalizing the shell-model Hamiltonian on
the basis of the many -particle configurations. Resonance
scattering of nucleons is realized through the coupling
of the single-particle continuum states |E) to the states
[A}, this being due to a certain effective interaction H',
Expressions for a diagonal element of the T matrix in
Eq. (10) can be obtained by summing a perturbation
series, i.e., by the methods of the theory of quantum
transitions®?:

(EIT|By=2(E | H' | W(E—E)*M\|U|E;  (35)
MU D= H'| By+ 3 Mae (B) (E—Ex)* W U B),  (36)
Do (B)= X (M| H' | E')(E— E'+i8) (B H' | 1. (37)
Note that, literally, the summation over the virtual
single-particle states E’ in (37) is extended only to
unoccupied states. However, allowance for the cor-
relations in the ground state (in the considered case,
allowance for virtual excitation of single-hole con-
figurations) makes it necessary to extend the summation
over E’ to all states. We need not dwell on the proof
of this assertion, since it is confirmed by the result
which follows and is already well known. Indeed, if we
define the wave function X3(») by the relation
(AUIx&D =(\|H'|x 5D, then in accordance with (36) and
(37) this function satisfies the integral equation (12):

X () =18 () + [ golr, 75 BYTo0", "5 E)xi? () v’ dr", (38)

where T',(r, 7' E)=2(H'|)\}(MH')(E —E,)™" is a model
representation of the irreducible self-energy part for
E >y [strictly speaking, from the expression given for
T, we should subtract an energy-independent quantity
to achieve T,(E —p - 0)]. After the substitution E —E
+1l, and on the basis of (35) and (38) and also the re-
lations (10)-(13), we conclude that the S matrix for
scattering of a nucleon by the nucleus, averaged over
the resonances of the compound nucleus, is identical
to the S matrix for nucleon scattering by the optical po-
tential. The assumption of the statistical independence
of the different decay channels of the resonances of the
compound nucleus has the consequence that the averége
S matrix is diagonal with respect to the indices that
label the decay channels.

We now turn to the description of resonance scat-
tering of nucleons with excitation of an isolated door-
way state, ignoring initially the coupling to the many-
particle configurations. Let |d) be the wave function
of the doorway state (a collective particle—hole state
“constructed” on the single-particle state |b)), and
71r) be the field which realizes the coupling of the
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doorway state to the single-particle continuum states.
The amplitude of the nucleon width of the doorway state
is determined by the matrix element of this field:
(le'|E}~f x,(r)tj[(r)xf,g(r) dr., The actual form of the
field 7 depends on the nature of the doorway state. For
collective particle-hole excitations, this field is deter-
mined by the so-called transition density and the ef-
fective interaction in the particle~hole channel; for
analog states, ¥ is determined by the average Coulomb
field (see below). Equations of the form (35)-(37), in
which the substitution (A|H'|E) —(d|H'|E), in which the
lead in the single-channel case to the single-level
Breit—-Wigner formula

8,4 (E) = exp (2i8oq) [1-— illa (E— Ea— (M)aa) ™1, (39)
where
Tho= —21m (To)aa = 2tasn (By) | § w78 ar[* 40)

and it may be called the natural nucleon width of the
doorway resonance.

We now take into account the coupling to configura-
tions of complicated nature of both the doorway state
and the continuum states. In this case, a diagonal ele-
ment of the T matrix is determined by a sum of two
terms in accordance with the two possible mechanisms
of attachment of the nucleon to the nucleus:

(E|T|E)=(E|H'|d)(E—E)"{d|U]| E)
+};,-(E1H‘|A)(E—E;,)"(JL|U|E). (41)

The transition amplitudes {d|U|E) and (A|U|E) are char-
acterized by a system of coupled equations that is ob-
tained by summing perturbation series:

@\ U | By={(d|H'| B+ (g)aa (E— Eg)*(d|U| B
+2d | M (E— BT AU Ey
A 42)
<A|U|E>=<MH'1E>+§;HU, (E— Ew)™ (M|U|E)
(A S| D (E—E)Hd| U E).

The effective matrix element of the interaction
(d|##|») consists of two terms, one of which corresponds
to “direct” interaction of the states |d) and |x), and the
second to interaction through the continuum:

@|H | M=(d|H" | M+an; }

= D (| H' | B (E—E'+is)" (B | H' |2, (43)

Since the scattering outside an isolated doorway reso-
nance is accompanied by the excitation of only many-
particle configurations, it is natural to seek a solution
of the system (42) in the form

(MU | Ey=(\| U | EY+ (| U™ | E)
and, therefore,
(E|T|Ey=(E|U" | BY+(E|T™| E),

where the “background” amplitudes are determined by
the relations (35)—(37). Solving the system (42), we
obtain the following expression for a diagonal element
of the S matrix:

Saa (B) =805 —2ni(d | H' | EVyy(E— Eq—aa)™, (44)

where, in particular,
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@8 | Byy=@ | H' | )+ 5 @] 8 | M (E—Ex? (|U" | E). (45)

After the substitution E — E + iI in (44) and with allowance
for (14), the expression for the average S matrix can be
represented in the form

Suq (E) = exp (20E,) {oxp (—2n,)— i exp (2ig,) TL(E—E,+ (/2) T},

(46)
where I‘; is the effective (elastic) nucleon width of the
resonance, ¢, is the resonance mixing phase, and E -
and T are the energy and total width of the resonance,
respectively. If the statistical hypothesis

@IH MM H [E)=0 (4

is valid or this equation is a consequence of specific
selection rules, then it follows from (38), (40), (43),
and (45) that ¢, and T, can be expressed in terms of the
shell and optical models:

oxp 21 (ga+ Ea)I T = 2ttaun (Ey) ( § %72 dr)”. (48)

The generalization of (39) and (46) for the case when
several nucleon decay channels are open is straight-
forward:

S (E) =exp [i (Ea+ Eo)] {exp [ — (e +Ma?)] 8’
—iexp[i($a+ pa) (THY* (TI)2 (BE— B, +(1/2) T) ). (49)

In the approximation of independent nucleon channels,
the expressions for the inelastic nucleon widths are
given by relations of the kind (48). Allowance for cou-
pling of the channels has the consequence that the field
¥ becomes complex. In this case, Eq. (48) is modified:

exp (2 (9o + B T = 2atan (By) [ 27 *1odr § 9 wii2 dr- (50)

In the absence of many-particle configurations, such a
inodification ensures unitarity of the S matrix.

Thus, the proposed method permits one to parame-
trize the average S8 matrix for nucleons with excitation
of an isolated doorway state on the “background” of the
excitation of the many-particle configurations and also
to indicate a method for the transition to the optical
model in the formulas for the effective nucleon widths
of the corresponding giant resonance.

In conclusion, we note that a similar approach to the
description of the coupling of simple and complex con-
figurations is widely used in Ref. 2. Evidently, an un-
fortunate choice of the basis (in particular, the states
|2) could include single-particle states of the discrete
spectrum, contradicting the definition of the irreducible
self-energy part) prevented the authors of the mono-
graph of Ref. 2 from establishing the connection between
the shell approach and the predictions of the optical
model, and this reduced the practical value of this -
variant of the shell approach.

Average Cross Sections of Resonance Reactions. The
energy-averaged cross sections for the interaction of
nucleons with nuclei are determined by the average S
matrix when the resonances of the compound do not
overlap. In an energy interval near such a resonance
(which is a component of the fine structure of a giant
resonance), the S matrix can be represented in the
form
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Saar (E) =exp[i (o + par)l { | Soi |
—iexp[i(Pg+ @ur)] vi2YY2 (E — E.+iy./2)™1). (51)

In the absence of direct processes, |Sf |+, and ¢,
reflect the existence of an isolated doorway state in the
considered energy interval. The cross sections of
elastic and inelastic scattering are determined by the
elements of the S matrix:

Op0=|1—804 1% Opar = Saur|® (52)

(The kinematic factors are assumed to be included in
0.) The unitarity condition 3, |S,. (E)|*=1 leads to the
following connections between the parameters in Eq.
(51):

aE | Saee 1% 3 Ing | Y2 yi2 sin (9o + @ar) =0,
53
Vo= g f S""' I 1’:&'2 1’:&['2 cos (q)ct + Qo) = YVea ( )
Averaging S,,. and [S,,.|* over an energy interval I
>»p™*, we find in accordance with (51)
| Sﬂﬂ lz* |1 Srlrl | —exp [i(pq + Par )]HPYHZ'\?"-&‘? 1%
[ Sear B =| 8ok |24 2n0%aYarl ¥
—2mp | Si’i- | Y222 cos (@u -+ 9u), (54)

where y,=%,,,¥=%, The relations (53) and (54) make
it possible to relate the so-called penetrability coef-
ficient T, to the corresponding partial strength function
nY,:

To= 1—§ | Suer |2 == 2npy,. (55)

In accordance with (54) and (55), the fluctuation cross
section of the partial reaction is determined by the
strength functions and, therefore, by the coefficients
T:

a

ua’—|Saa lz_lsua |2 = 2npyayar/y- (56)

Thus, in accordance with (52), (55), and (56), the
average cross sections of elastic and inelastic scat-
tering are determined as follows by the elements of the
average S matrix (see, for example, Ref. 2):

= opt fl
Uac—aua "1 Ty

1—5,, |2+ T2/
=] [t (57)

E —coﬁz U{:Ia' =| gaa' |2+ TaTa'/;I Ton.

In connection with the relations given here for the
average cross sections, let us make two comments:

1) In the absence of a justified method of calculation,
formulas (57) can also be used to analyze average cross
sections in the case of overlapping resonances of the
compound nucleus [only the single-channel case [S[*=1
admits treatment of arbitrarily overlapping resonances,
when T =1 — exp[-27p7] (see Refs. 16 and 5)]; 2) away
from an isolated doorway resonance, when the assump-
tion of statistical independence of the decay of the reso-
nances of the compound nucleus through the different
channels is justified, i.e., when Sz, ~0ae’ [S2|= 0,0 T
—-T,, the relations (57) go over into the well-known
Hauser- Feshbach formulas for the case when the num-
ber of open channels is large and the relative impor-
tance of each channel is small (o < ¥=2tw7m )» Here
and in what follows, these conditions are assumed to be
satisfied.
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2. ANALOG STATES IN THE SHELL MODEL

Isobar Symmetry of the Shell Hamiltonian. Sym-
metry Energy. The basis of the quantitative treatment
of analog states which follows is the shell-model Ham-
iltonian

H=H,+H™, (58)

where K, is the single-particle Hamiltonian and H'®t ig
the Hamiltonian of the pairing interaction. Analysis of
the single-particle motion (bound states, elastic scat-
tering) shows that for nuclei with equal numbers of neu-
trons and protons (N =Z) the Hamiltonian H, canbe taken
in the form®®

Ho= 3\ (Ki+Us(r)) ++ Z

i

1—2") ¥ (r). (59)

Here, K; is the kinetic energy operator (we ignore the
mass difference of the neutron and proton), U, is the
isoscalar part of the shell potential (with allowance for
the spin—-orbit interaction), and V,(r) is the Coulomb
energy of the interaction of the proton with the nucleus
found in the Hartree approximation. The interaction
Hamiltonian H!®*t = F +H" contains the isotopically sca-
lar nuclear part F and the “residual” Coulomb inter-
actlon of the protons Het = (e /8020 o1 =73 M 712
Xionom 1/ 2% (1 ot ’)Vc(r;) Since the neutron excess
in medium to heavy nuclei is small compared with the
total number of particles, the Hamiltonian H can be
used to describe the states of these nuclei (with exci-
tation energy lower than the Fermi energy). In the
determination of the spectrum of single-particle exci-
tations in this case it is necessary to separate from the
interaction Hamiltonian the terms that contribute to the
average field, this contribution being proportional to the
neutron excess (see below).

Let us consider the parametrization of the Hamil-
tonian H. In accordance withthe short range of the nu-
clear forces, the isoscalar part of ihe average field is
parametrized in the same way as the nuclear density:
U,(#)~f(r,R,a)=[1+exp((r - R)a*]". The Coulomb en-
ergy V() is determined by the density distribution of
the protons, for which one usually takes a “step” with
radius R.. An example of the shell potential (a set that
makes it possible to reproduce the binding energy of the
last nucleon for nuclei in a wide range of atomic mas-
ses) is given in Ref. 14. Below, the results of numeri-
cal calculations illustrating the conclusions of the the-
ory are given on the basis of this set of parameters.
The parametrization of the nuclear interaction F de-
pends on the nature of the considered excitations. For
long-wavelength excitations of particle-~hole type, when
large (of order R) relative distances between the col-
liding particles are important, the interaction can be
parametrized in the form*

=% > [F + G006y - (F' 4 G'6,63) 77,1 8 (r; —14), (60)
i<k

where F, G, F', and G' are coordinate-dependent

phenomenological parameters characterizing the inten-

sity of the interaction: F=[(4/3)E,R/A]f-348fMeV- F?,

etc. (A is the number of nucleons, § is the volume of

the nucleus, and E, is the Fermi energy); f, g, etc.,
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are the dimensionless values of these parameters. The
sets of corresponding quantities found by analyzing a
large number of data on the properties of the ground
and low-lying states of medium to heavy nuclei can be
found in Ref. 15. It follows from these studies in par-
ticular that the parameter f', which determines the in-
tensity of the isovector part of the interaction, can be
assumed to be independent of the coordinates.

If the Coulomb energy V.(») is replaced by an average
value

Ve(P)=AEc+T ¢ (r), (61)
then the Hamiltonian H can be represented in the form

HeH+AH; AH=7 o+ HEY 7= 3 (1—") T c(r)- (62)

For the Hamiltonian H defined in this way, the following
commutation rules hold:

(H, T2j=0; [H, T"1=AEI7, 63)

where T=1/2}; 7, =1/27 is the isospin operator of the
nucleus, and T?= (T - iT®)/2. If the isospin-non-
conserving part of the Coulomb interaction AH is ig-
nored, then on the basis of (62) and (63) we can conclude
the following: 1) The states of the nucleus (N, Z) can be
classified by means of the isospin T [and its third pro-
jection, which is equal to (¥ - Z)/2="T,l; 2) the isospin
of the ground state |0) of the nucleus is equal to the val-
ue of the third projection, i.e., T=T,, since T*?|0)=0,
so that |0) = [T, T,); 3) among the excited states of the
nucleus (N -1, Z +1) there exists an analog state with
isospin T, =T, which exceeds by unity the isospin of the
ground state of this nucleus, which is equal to T',=T,
-1, with the wave function

| Ay=(2To) Y27 | Ty, Toy=|To, To—1). (64)

Thus, the analog state is the neighboring component

of the isobar multiplet to the ground state of the parent
nucleus; the states that follow in energy with isospin

T, in the nucleus N -1,Z +1) are analogs of the first,
second, etc., states of the parent nucleus; 4) the analog
of the ground state is the lowest state in the nucleus

(N =1, Z+1) with isospin T, and therefore states of

0% 71—

+,
03T,

24 Tt ——————

4, ———

0% 7y 1T————19)

17Tt ————

ik

?

(Z,N)

T=(N-2)/2

FIG. 1. Scheme of nuclear levels with isospin indicated.
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complicated nature with energy near an analog state
have “normal” isospin T,; 5) the mixing of states with
different values of the isospin occurs through the inter-
action AH (62), i.e., both through the variable part of
the average Coulomb field #; and through the residual
Coulomb interaction (Coulomb scattering amplitude).
Some of the states listed above with different values of
the isospin are shown schematically in Fig. 1. In
accordance with (61)—(64), the energy E, of the analog
state, measured from the ground state of the parent
nucleus, is, up to terms of first order in AH inclusively,

Ea=AEg= (2T OV (H, T |0 =AEG"+AEE".  (65)

The first term AEYY, which is due to the direct (non-
exchange) part of the Coulomb interaction V¢, isin
accordance with (62) and (65) equal to

AES" = @19 0] 3 Ve (rd ¥ |0 =T~ | Ve(r)n()dr,  (66)

where
n(r)=(0] X8 (r—ry) | O 67)

can be called the density of the excess neutrons, since
[ n(r)dr=N - Z. Thus, AEY" is the average (with
respect to the neutron excess) Coulomb energy of the
interaction of a proton with the nucleus. A rough esti-
mate of this quantity, AEY"=(6/5)Z¢*/R=1.4 ZA™Y3
MeV, follows from (66) and (67) under the assumption
that the densities of the protons and the excess neutrons
take the form of “steps” with radius R. The exchange
part of the energy of the analog state is due to the inter-
action H'™, The value of AEY® is nonzero through the
correlation of the protons due to the Pauli principle.
Since the Coulomb interaction has a long range, and the
correlation range, which is equal in order of magni-
tude to K;!, is short, it follows that |AE &¢/AEZT|
~(K,R)?~A"/3, Numerical calculations made in ac-
cordance with the Fermi gas model for nuclei with

(N —Z)> 1 lead to the following result'”: AER=-0.92/
A MeV. The relative smallness of the part played by
exchange effects in the determination of E, also permits
one to conclude that the mixing of states with different
values of the isospin in nuclei with (N — Z)>> 1 occurs

Tt
(Z-1, N+1)
T=Tot1
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mainly through the field #;, and is not due to the Cou-
lomb scattering amplitude H}", this being because of
the predominance of the coherent effect over the in-
coherent effect.

In nuclei with N>Z, the average field contains not
only U, but also terms proportional to the neutron
excess. For nuclei with A> (N - Z)>1, these terms
can be separated from the charge-exchange part of the
interaction (60) in the Hartree approximation'®;

(=1 ()2 vE)=Fn(), (68)

where n(r) is the density of the excess neutrons (67) and
determines the so-called symmetry energy v(»). Then
in accordance with (58)-(60), for nuclei with N> Z the
single-particle Hamiltonian for the neutrons and protons
has the form

hon=K+Uq (1) +v(r) 125 hop=K+Uy () =0 (r)/2+ Ve (r). (69)

Phenomenologically, the symmetry energy is taken in
the form

v(r)=Uf(r, R, a)(N—Z)/4, (70)

where U, <66 MeV (Refs. 13 and 14). The single-par-
ticle wave functions of the discrete spectrum for neu-
tron and proton states with equal quantum numbers
calculated in accordance with (69) and (70) are very
close to each other (near the Fermi limit, the overlap
integrals for these states differ from unity by less than
1%). In accordance with (67)—(69), the definition of the
single-particle wave functions for neutrons and pro-
tons, ¢"*(r), presupposes that a self-consistency pro-
cedure has been carried out. This procedure is also
particularly simple when correlations are ignored in
the ground state, when n(r) —n,(r)=7,0"(E,) -n’(E,))

X |@,|%. In this case, the functions @,(r) are determined
by means of the symmetry energy »,(¥) =F'n(r), which
in its turn is determined by the functions ¢,. Since

|vol <<|U,|, the corresponding iteration procedure, which
can be begun conveniently with the expression (70) for
vo(¥), converges rapidly.'® One of the ways of deter-
mining the force constant F' (or f) is as follows. In
nuclei with large neutron excess [(N — Z)> A'/3)], the
density of the excess neutrons n,(r) is virtually constant
over the volume of the nucleus, so that

v (r)=F'rg(r) m F'n (r); n(r)=(N—Z)QF(r, R, a); j Fdori=1,
(71)

Comparing the expressions (70) and (71), we find for
nuclei in the neighborhood of Pb that ' = 1.53(1
+2.55A7%/3), This value agrees satisfactorily with the
values of /' found in Ref, 15.

In nuclei with relatively small neutron excess [(N - Z)
~AY3], where the density n,(r) changes significantly
over the volume of the nucleus, it is necessary to take
into account in the calculation of the symmetry energy
v(r) [or the density n(r)] the correlations in the ground
state or the polarization effect, which in this case is
not small. In the random phase approximation, the core
polarization effect is described by an integral equation
of the form (20) for a static effective field of monopole
symmetry:
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2 (r) =0 (1) + {4, v 0=0p0 iy ar, (72)

where to accuracy ~|v,|/D the response function A (w
=0) can be determined for one (for example, the neu-
tron) subsystem. Since the radial dependence of vo(7)
differs appreciably from #*, in solving Eq. (72) we must
take into account transitions in which the radial quantum
number changes by more than one. This makes the
numerical solution of Eq. (72) very difficult. A more
constructive approach is to solve this equation in the
quasiclassical approximation (see Appendix, §1). In
the case of n(r), the result of such a solution ig?°

n(r) =1+ 1)t ng (r)+ {5 (). (73)

This solution has a reasonable interpolation nature;
For f’ <« 1 (weak polarization) we have n~n,; for '
»1 (strong polarization) n=#, while for n,=7 there is
no polarization. In Fig. 2, as an example, we give the
functions n,, #, and n and the binding energies cor-
responding to them for the last neutron, |E}|, |E,|, and
E,|, for the nucleus ®°Zr, in which the excess neutrons
fill the subshell 1g,,,, S0 that ny(r) = 4m*) ™ (2j+1)

X xgsb,,('r). The functions X,(») and »(») are determined
self-consistently. As follows from Fig. 2, the core
polarization effect in this case is indeed not small.

Schematic Theory of Isovector Giant Resonances.
Isotnpic Splitting. Intevnal Coulomb Mixing. The so-
lution of problems in the theory relating to, for exam-
ple, the purity of the isospin of nuclear states and the
isotopic splitting of multipole giant resonances re-
quires quantitative interpretation of isovector giant
resonances. If we ignore the continuum and the coupling
to many-particle configurations, multipole giant reso-
nances can be regarded as collective excitations of par-
ticle-hole type, whose wave functions (transition den-
sities) and energies are determined by the solutions of
homogeneous equations of the type (20) and (A.12) (Ref.
1). Let us consider first the classification of these
excitations, beginning for the sake of definiteness with
the ground state of an even—even parent nucleus |0)
—|0%; Ty, Ty (see Fig. 1). For nuclei with large neutron
excess, analog states can be regarded as collective
excitations of monopole symmetry of the proton-neu-
tron-hole type (p#) with wave function |4) —|CS0;

Toy To—1) (64) with energy E, =AE,. In contrast to an
analog state, and also to a “double analog” |T,+1,

15

n(r)x10% ¢ £3
3

o

ry F

FIG. 2. Radial dependences of the single-particle (1), averaged
(2), and effective (3) densities of the excess neutrons for the
nucleus *"Zr The corresponding binding energies of the last
neutron are 10.7, 11,3, and 11,0 MeV,
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Ty—1)~ (T V|Ty+1,T,+1), the (p7) excitations are not
characterized by a definite isospin. To construct states
with definite isospin, it is necessary to extend the par-
ticle=hole basis. However, for nuclei with large neu-
tron excess, one can to accuracy ~ (N - Z)™ speak of

a definite isospin of a (pn) state, this being equal to

T, -1 in accordance with the largest coefficient of the
vector addition. We shall denote the wave functions and
energies of monopole collective (p7) states by |CS0';
T,-1, T,-1) and E*"(0%), respectively. States with en-
ergy less than E, are called configuration (or anti-
analog) states; states with energy greater than E
correspond to AT,=-1, a monopole giant resonance.
For (np) excitations, we “deem” isospin projection
AT, =1, Therefore, such excitations can be charac-
terized by the definite isospin T,+1. We shall denote
the wave functions and energies of the correspgnd'mg
collective states by |CSJ"; T,+1, T,+1) and E"(J).
These giant resonances can be excited, for example,
by the capture of negative muons by nuclei. The iso-
vector excitations in the parent nucleus can have iso-
spin T, or T, +1. Collective (7, pp) excitations, with
which one usually associates isovector multiple giant
resonances and which are excited with large cross sec-
tions in processes of absorption of ¥ rays and inelastic
scattering of electrons, can be characterized to ac-
curacy ~ (N — Z)™ by the isospin T,. We shall denote
the wave functions and energies of the corresponding
collective states by |CSJ™; T, Ty and EYV(J"). The
components of multipole giant resonances with isospin
T,+1 can be regarded as analogs of the highly excited
states considered above of the nucleus (Z -1, N +1):
|C8J™; Ty+1, Ty+1), i.e., as analog collective states
(ACS). In accordance with (64) and (65), the wave
functions and energies of these states are

ACST i Tot1, Toy=(2To+2)" V27| €SI
|
EACS(J:l)

Then the isotopic splitting of a multipole giant reso-
nance is

To+1, Tot1h

B - : (74)
=B (7™M +AE,.

AE (™) = EACS™ — EF (J%) = E"™ (J)— E (/) + AEc. (75)

In accordance with (74) and (62), the isospin purity
of the ground state of the parent nucleus can be char-
acterized by

Agr. st = 2

T

(T | %1 0) |2 1

" 1728 | 0) |2
E,—E;

Ttz 4 E,+AEc—Eg| ?
o

(76)

where ¥ =3 T i), |s") = |C80°%; To+1, Ty+1). If
the (np) states are defined without allowance for the
continuum, (67) characterizes the intensity of the so-
called internal Coulomb mixing and is determined to
lowest order in 7;. Similarly, the intensity of the in-
ternal Coulomb mixing for an analog state is deter-
mined by the quantity

T APl A fi__t 5 |E175 10
=3 |5 | = 2| | = e

- ) (77)
where ¥ =33, 775 (0); |s) = |CS0% Ty - 1, Ty = 1). The
decomposition of ¢ into two terms corresponds to the

contribution to the intensity of the internal mixing of
the configuration states and the AT;=-1 monopole giant
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resonance. In the approximation E,=E, > AE,, we
have in accordance with (76) and (77)

afg) = aEr.st, (2T + 2)12T, ~ a-gsr‘ ste (78)

The schematic theory of isovector multipole giant
resonances based on a quasiclassical analysis of the
equations of the random phase approximation and
treating collective excitations as certain single-phonon
states enables one, in particular, to obtain a semi-
quantitative interpretation of (75)=(77). The method
of quasiclassical summation in equations of such type
was proposed by Migdal®! and was applied to the anal-
ysis of various isovector giant resonances in Refs. 22
and 23. The shortcomings of the schematic theory—the
insufficient smallness of the parameters 4™/ and
(N - Z)™ for a quasiclassical treatment, the use of a
schematic shell potential, and the neglect of the spin-
orbit interactionand pairing—are offsetby an impor-
tant advantage, namely, the possibility of determining
analytically the characteristics of collective states as
functions of the parameters of the shell model (the
radius of the nucleus, the constants of the effective in-
teraction, and the number of nucleons and the neutron
excess). It is natural to expect the relative and dif-
ference effects to depend less strongly on the short-
comings than do the absolute quantities. The method
of quasiclassical summation in the RPA equations and
its application to the derivation of the relations given
below can be found in the Appendix.

1. Analog States. According to Eq. (A.4) in the Ap-
pendix, the energy of the analog state and the sym-
metry energy are

ro=5 252 B, (79)

E=AEc=(1+1) A 2

v={"Ay
where E,=33 MeV is the Fermi energy defined for A/2
nucleons and radius R =1.2454"/% F of the nucleus. The
condition of 8 stability, AE,=BW- Z)/A (8~100 MeV is
a constant characterizing the symmetry energy in the
semiempirical formula'® for the nuclear binding energy),
together with (79), leads to the following estimate for
the contant 7' :f' = (38/4E,) — 1= 1.25 (Ref. 1), which
agrees satisfactorily with the value given above.

2. Monopole Collective (bn) and (ip) Excitations.
Internal Coulomb Mixing. In accordance with Egs.
(A.4)-(A.6), the energy and transition density for the
configuration state with energy nearest E, are

2y Q
(27) = Vg (1) - 4',9;}

o
O =1rra—e 7"
E,=E,(1+f (1—cdl™ Vi (r)~Fc(r).

(80)

In the approximation E™(0')=E"(0') > AE,, the energy
and transition density for an isovector monopole giant
resonance are

nV 3 A4 Ej_gv2,
p% (r)=(1—r¢o) [8 ey m‘]

Eg:EL=G[1+f (A—colt’2, (81)

where E,, is the energy of the monopole giant reso-
nance in a system of noninteracting nucleons (A.11).
Since the matrix element for excitation of the collective
state is determined by the transition density, (s|7¢|0)
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= [ p°(r)¥5(r)dr, the relations (79)-(81) permit one to
calculate the intensity of the “internal” Coulomb mixing
for the ground state in accordance with (76):

ol A 1—¢ A (AEc)
T St R T 7 (1—cg) N—Z-2 E.Ey
~ 0.35-10-°224** (N — Z +-2). (82)

In order of magnitude, the quasiclassical estimate

o? .. (82) agrees with the value obtained in the hydro-
dynamic model using the empirical value of the rigidity
for vibrations of the neutrons relative to the protons,!?
Note also that use of the B-stability condition in (82)
leads to the value a2, ,, =0.2x 10 Z, which both in
magnitude and in the Z dependence differs from the re-
sults of calculations made in Ref. 25 in a simplified
single-particle model. The intensity of internal mixing
for analog states can be calculated similarly:

0 = co/84f2 (1 —co)2 2 0.6-107% afyy & e o3 Gl — il +ady.  (83)

For heavy nuclei [(N — Z) ~A42%/3], the quantities o® are
not literal smallness parameters. The numerical
smallness of the intensity of the internal Coulomb mix-
ing is explained by the smoothness and alternating sign
within the nucleus of the field v,(r). If the correlations
between the nucleons are ignored, an explicit expres-
sion for of, follows from Eq. (77):

ey = (27) ll—n" (Ep)n™ (Ep) 215+ 1) (7 )Bo vik. (84)

A numerical calculation in accordance with this formula
for the nucleus ***Pb leads to the value af,=2.5x10%,
which agrees qualitatively with the quasiclassical esti-
mate (83).

3. Correction to the Energy of an Analog State. To
lowest order in 9, the correction to the energy

=(Ea—Eo) afy— (Eg—Ea) a2l
of an a.nalog state is in accordance with (80)~(83)
A Ea 2¢

ws T 7 —cg LT =z (1—6‘0)(1+J")]
~—1.5-103E,. (85)

Note the approximate compensation of the two terms in
this relation.

4. Isotopic Splitting of Multipole Giant Resonances.
In accordance with Eq. (A.2), the energies of isovector
giant resonances of (%) and (pp) type in the model of
independent particles, E¥¥(J") ~E,, can be determined
by means of corresponding sum rules. It is obvious that
in the model of independent particles the energies of
some isovector giant resonances of (up) and (p7) type
are in accordance with (79) and (A.11) equal to E™(J")
~Ep - 8y, B ~E; + A, and if L=0.2, then &,<E;. For
dipole excitations, if E,,, =A,, the (np) states cannot
be described quasiclassically. Allowance for the inter-
action of the nucleons leads to a shift in the energies
of isovector collective states [see the Appendlx, Eqgs.
(A.3) and (A.5)]:

EM (I = B[4+ 7 (1 —e))V;
E™ (1) = — Ag— w2+ [0¥/4 + (E™ (1))2] "2,

(Er_y— Ay Ao/ (N —Z)), (86)
E™ (1= —Ay—v (1 —a 2+ EY (I, JT=0%, 2,
(EL>AD)'
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where a; =c; [1+f (1 =c;)|"; in the brackets, we give
the accuracy with which these relations are obtained.
Equations (75), (79), (85), and (86) enable one in the
quasiclassical approximation to calculate the magnitude
of the isotopic splitting of isovector giant resonances®*:

AE (17) = v/2+4 [v2f4+ (EVF (1)) — EM® (1) e 0/2; (87)
AE (™) =v(14a.)/2; J*=0*, 2. (88)

The relation (87) together with (70) is in good agree-
ment with the empirical formula AE(17)=30(2T,+2)A™
MeV (Ref. 26). The relation (88) makes it possible to
estimate the expected values of the T, component of a
quadrupole giant resonance if one uses the empirical
value of the energy of the T, component: E¥(2")
=13047Y/3 MeV. The method of quasiclassical analysis
of the equations for the energy of a collective state also
enables one to understand why the Tamm- Dankcoff
approximation, which does not have quantitative ac-
curacy, gives for A E(1") a result close to that obtained
in Ref. 27. In this approximation,

ENY (1= By (1 £12):
(1) =Epey (14 172) AE“_)_M!} (89)

E™ (1) = — Ag—v/2+ B (1),

as follows from Eq. (A.5).

Analog States in the Continuum. Coupling of Proton
Decay Channels. Extevnal Coulomb Mixing. In medium
to heavy nuclei, the analog states are in the continuum,
since their excitation energy exceeds the nucleon binding
energy. In other words, the analog states can be mani-
fested as resonances in the nucleon—nucleus interaction
cross sections. Since their discovery in 1964 (Ref. 28),
analog resonances have been intensively investigated in
the elastic and inelastic scattering of protons. The total
widths of the analog states do not exceed a few hundred
keV in the heaviest nuclei (see, for example, Ref. 17).
This means that one can regard as least the first few
analog resonances as being isolated. The use of tandem
generators with high beam intensity and high energy
resolution makes it possible to perform precision ex-
perimental investigations of analog resonances in proton
reactions. The theoretical interpretation of the proton
decay of an analog resonance as a single-stage process
is the simplest. For these reasons, we shall devote
our main attention below to reactions with protons.

In accordance with the conclusions drawn above, if we
ignore the field 9, (62) the analog state is an exact
state of the system. Therefore, processes of nucleon
decay of analog resonances, like the coupling of the
analog states to the many-particle configurations, are
due to the field vo. The coupling of an analog state and
the T', states |s) is determined by the matrix elements
of this field, which can in accordance with (62) and (64)
be represented in the form [see also (77)]:

(s17°c| A= (2To)= "2 (s [v§) | O), (90)

so that the analog states are mixed directly with 0°
excitations of (p7) type. It should be emphasized that
the T, states of (p7) type can be found with allowance
for the field % in all perturbation orders, ie., it can
be determined with allowance for the continuum [to the
so-called internal mixing considered above there cor-
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responds the zeroth order in 7 in the determination of
the (p7) states]. At the same time, the coupling of the
T, and T . states can be taken into account by (90) to
lowest order in ;. Withallowance for these comments,
we represent the (complex) correction to the energy

of an analog state due to the coupling between the analog
and T, states in the form

1775 10012

_w eyt 4
8Ea= 5, —FFH =W D Ei—E T8 (01)

Ea— E,+ib
If we introduce the Coulomb polarizability of the nucleus
in accordance with the relation (16), in which we make
the substitution V -9, then

Im 8K, = (2To) " Im & (0 = E,4). (92)

The effective field 7 ¥, (; w), which determines in
accordance with (17) and (19) the polarizability ¥z(w),
satisfies the integral equation (20), in which F —F'

in accordance with (60).

As throughout in Sec. 2, we take into account the
coupling of an analog state to only T states of (p7)
type, ignoring the coupling of the latter to many-par-
ticle configurations. In this approximation, 0E,—0E,,
determines the “natural” proton width Iy, of the analog
resonance and its “natural” energy shift 4,, in accor-
dance with the relations

Tly= —2Im8E,, = — 2 (2To)* Im Foz (0 =AE¢); }
Apa =RebEy,.
On the basis of (93) and Egs. (21) and (28), which relate
the imaginary part of the polarizability to the effective
field and the response function, we obtain the following
expression for the natural proton width of the analog
resonance’:

(93)

Tfp=—2ery

xIm 5‘?3("; @) APt (r 1 0)F o (15 ©) dr dr'|e=ag,; (94)
rap = ; Tl

Ty = 2 (270) 1 (Ey) £ (95)

Xl S % (N ¢ (r; @ = AE¢) Yorm (1) dr %

Here, the index b labels the bound states of the neutrons,
and, therefore, the proton decay channels of the analog
resonance corresponding to these states; E(»=E,

+AE, is the kinetic energy of the protons. The integral
equation for the effective Coulomb field Yo (r; w), which
takes into account the polarization effects due to the
isovector part of the effective interaction, has in ac-
cordance with (20) the form

T ¢ (r; 0)=F"¢ (r)+(F'/4nr?) 5 AP (1 s @) T e (F's @) dr’. (96)

[In (94) and (96), the response function is determined

by Eq. (28), in which the indices b and « label the
neutron and proton states, respectively.] In other words,
the integral equation (96) takes into account the mutually
interfering effects of the coupling of the real and vir-
tual proton decay channels of the analog resonance.

Formula (95) for the natural partial proton width
Tl of the analog resonance agrees with the general
formula (40) for the natural partial nucleon width of a
doorway resonance if we set
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7 () =2T0) T c(r); ta=18u; to=(20s+1). (97)
Using the relations [see (69)]
Vel(r) =hop—hon+v; Fe—F =0 (98)

we can express the width I'y,, (95) in terms of the sym-
metry energy’®:

Dl =2 (2T0) ™ n (Ep) 1y ] S %o (v 00) X6Bw) dr |2 y (99)

so that dv is a dynamical correction to the symmetry
energy. Note that for an unfilled neutron shell in the
parent nucleus n(E,) =S,N,(2j, +1)”, where N, is the

number of neutrons in level j,, and S, is the spectro-
scopic factor, so that n(E,)t,=S,N;.

The relations (99) enable us to establish to what extent
we can describe the width I'y,, by means of the Ham-
iltonian for the system consisting of the nucleon and the
nucleus:

(100)

where V;, is Lane’s phenomenological potential.®* It
follows from a comparison of this expression with (69)
that T, V,(r)=»(r). The shell structure of Lane’s po-
tential (the symmetry energy) hasbeen elucidated above.
With allowance for this remark, the formulas for the
partial widths I}, obtained on the basis of (100) by
the distorted-wave Born approximation coincide with
(99) only if the channel coupling is ignored, when &,
-0.

H=K+Uy(@)+ VL (r)tT+ (12—t Ve (r),

To estimate the influence of polarization effects on
the widths I'y,, let us consider the quasiclassical so-
lution of the integral equation (97) using a schematic
shell potential [Eq. (A.4)]:

(7 ¢ (r; @ =AE)T c(r)|2=[1+F CrL=q(0=AEc)]?

=[—co+ 1 (1 —ep)] 2~ 0.5. (101)

This gives a rough estimate of the relative importance
of the polarization effects. In Ref. 32, an alternative
method is proposed for taking into account the general
coupling, in which instead of (96) in the Tamm-Dankcoff
approximation one solves an integral equation for an
effective response function 4, which is defined by
{A?o"F}.. Literally by means of A one calculates the
total (but not partial) natural proton widths of the analog
resonance. The decrease in the total widths Ty, due to
the polarization effects found in Ref. 32 agrees with the
estimate (101).

If we ignore the Coulomb correction to the ground-
state energy, then on the basis of (91) and (16) we ob-
tain the following approximate expression for the shift
(relative to AE;) of the energy of the analog resonance
with allowance for the continuum and the polarization
effects:

Aga = (2T¢) 1 Re Fyc (0 = AE(). (102)

Numerical calculations have not yet been made using
this formula, so that we cannot yet draw any conclusion
about the part played by the continuum (or the role of
“external” mixing of the analog and T, states) in the
formation of 4;,. The estimate (85) is obtained with
allowance for only “internal” mixing.
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If the matrix element (90) determines the Coulomb
mixing of an analog and a T, state, the matrix element

(103)

determines the Coulomb mixing of the ground and T,
states in the parent nucleus. The relations (90) and
(103) enable us in the single-particle approximation to
calculate directly the so-called transition density p%r)
to lowest order in ¥ (2T,> 1):

(@To+2)7 2 (s'|.T I |0y = (2T + 2)~ V2 (| 75| 0)

P4 (r) =2 @l (r) @y (r) pzi = (A"| 23 178 (r— 1) [0");

@ e i : (104)
P =(2To) "' A" (@ = AEc) (7" c)sa

Using the expression (28) for the response function, on

the basis of (104) we obtain the following representation
for the transition density:

o ()= { 3 107 (E0) 8100 () 20 1)+ 3} 807 (Eo) 1 (1) S ()},
b a

(105)
where the quantities

B (r) = (2Tg) ™ ** j Bowr (s 7' By = Ey+ Eg) o (1) 10 (r') dr';
(108)
S ()= —@T) ™" | gowr (ry 15 Biwy=Eam EA) 7 'c (') Ya () dr’

(107)
can be interpreted as the proton and neutron correc-
tions to the wave functions of the analog state and the
ground state as found inthe coordinate representation.?® *
Allowance for polarization effects leads to the sub-
stitution 2z =~ #;(w= E,) in these formulas. The rela-
tions (98) enable us to express the Coulomb corrections
(106) and (107) in terms of the symmetry energy:

8 (r) = (QTU)_UE {5 Zon (7, 75 Eay) (v (r")

80 (F) 2 (') dr' =, (1)} 5 (108)
S (r) = (@70 { = | 0w (r, 75 Bua) (')
+80 () %a () Ar" = 30 (0} (109)

All the processes that are forbidden by the isospin and
are associated with the excitation or decay of analog
states are realized in the measure indicated by the cor-
rections (106)=(109). Since the continuum is taken into
account exactly in these formulas, these corrections
take into account simultaneously the internal and ex-
ternal mixing of the states with different values of the
isospin. One cannot divide the mechanisms of mixing
into internal and external mechanisms in such a way
as to eliminate interference between these two mech-
anisms. Therefore, in the framework of the shell
approach, such a separation is nominal.

Note that the relations (96) and (105) make it pos-
sible to obtain an integral equation for 6, (Ref, 30):

80 (r) = 8y (1) -+ (' taar®) | 47" (7, 15 0 =AEQ) S0 () dr,

where
(@70) 80y =F'p4 1T cl; (277 ' bv=FpA (T c(0=AEQ)].

To conclude this section, we point out the possibility
of obtaining a simple interpretation of the Coulomb cor-
rections X by means of the Hamiltonian (100) (Ref. 30).

407 Sov. J. Part. Nucl. 11(4), July-Aug. 1980

Let |n,) be the ground state of an odd-neutron nearly
magic nucleus, when #(E,)f,=1, |d,) = |n,A) is the wave
function of a doorway state, this being the main com-
ponent of the wave function of the analog state:

|4ny) = [nyd)+ (2T0) ™| py), (110)

where Ip,) is the wave function of a single-proton state
with the same coordinate dependence as the wave func-
tion |m,). Through the charge-exchange part of the
Hamiltonian (100), there is an admixture in the state
ld,) of a continuum of single-proton states |pz). The
difference between this admixture and (2'1“0)'1]52 by

is essentially the correction 8,(, (108) found in the
single-particle approximation. In the same approxi-
mation, the matrix element of the charge-exchange
part of the Hamiltonian (100) for the transition |d,)
~|pgwy is the amplitude of the partial proton width
(99).

3. FORMATION OF ANALOG RESONANCES

Effective Proton Widths of Analog Resonances. Res-
onance Mixing Phases. An isolated analog resonance
is the purest example of a giant resonance because of
the extreme simplicity of the shell structure of an anal-
og state. [In accordance with (64), an analog resonance
has no gross structure.] As was noted in Sec. 1, the
existence of giant resonances is due to the coupling of
a simple shell configuration (or a collection of simple
configurations with nearly equal energy when there is
a gross structure) to levels of a complicated nature.
For nonoverlapping resonances of a compound nucleus,
a giant resonance exhibits a fine structure. When these
resonances overlap (or when one is investigating the
cross sections averaged with respect to the energy), the
nucleon widths of the resonance are modified compared
with the “natural” widths, and the total width of the
resonance increases. In accordance with the conclu-
sions drawn in Sec. 1, the modification to the param-
eters of an analog resonance due to the coupling of the
analog state to many-particle configurations can be
expressed in terms of the optical model.

If the contribution of direct processes is ignored, the
parametrization of the average S matrix for proton
scattering in the region of an isolated analog resonance
is given by Eq. (49). In accordance with (50) and (97),
the effective partial proton widths I' = I}, of the analog
resonance and the resonance mixing phases ¢ = ¢,
in the formula for the average S matrix are determined
by the relations

exp [2i (1 + ) Ty

=2 (2T}t N, S, j w7 &y dr S 1T i, dr. (111)

Here, 7', is the radial wave function of a neutron
determined by the Hamiltonian J,, (69), » x b, is the
radial wave function of a proton in the continuum de-
termined by the optical-model Hamiltonian (8): &,=#h,,
+Ah,; and the effective field ¥, (v; w = AE;) is deter-
mined by the integral equation (95), in which the re-
sponse function is found with allowance for the damping
of the particle~hole configurations, i.e., A%"(w)
~A™w+il). Using the relations (98), we can express
I, and ¢, in Eq. (111) explicitly in terms of the sym-
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metry energy:
exp [2i (e + Em)] F:b) =20 (2T)™* NpSp

x § 183, G+ 8%) 1o dr [ %o Goo+80) 2, s (112)

where 9,=0 = Ahy(E(y)-

We now analyze the relations (111) and (112). Numer-
ical calculations of T'y,, and ¢, With allowance for
channel coupling have not hitherto been made. The
relative importance of the polarization effects in the
determination of these quantities can be estimated in
accordance with (101), If channel coupling is ignored,
we obtain instead of (111) and (112), respectively,

exp (21 ($r+ ) Thy=2m (2T NoSs ( | %9k, ar)’ (113)
exp (21 ($er+ Bl Ty
= 252701 oS, ( |ttty dr)’ (114)

In this approximation, I‘:b, are determined solely by the
potentials of the shell and optical models and depend
weakly on the absolute magnitude of the symmetry [or
in accordance with (68), on the constantf’]. An exam-
ple of this dependence is given in Fig. 3 (Ref. 33). The
a priori approach to the optical model in the formula for
the natural partial proton width (99) [but not in formula
(95)!] by means of the substitution xf,;’(b,-'xf;(’b, leads to
the incorrect result

exp (21 (P -+ Ba)) Thy =25 (2T NSy, ( | oo, dr ), (115)

i.e., to Eq. (114), in which #,,~v. We explain the
origin of this result by taking the example of an odd-
neutron nearly magic parent nucleus. In accordance
with the conclusions of Sec. 1, the relation (115) cor-
responds to choosing as the field which realizes the
coupling of the doorway state |d,) = |n, A) to the single-
proton continuum states the quantity ¥'= (27,)/%v.
Since the “nuclear” part of the matrix element
(An,|H'|2) for a transition between states with different
values of the isospin is zero, in the considered case
the statistical hypothesis (47) is incorrect. On the basis
of (110), we obtain instead of (47) (Refs. 11 and 33)

@I H TR G H Prgy = — @To) ™ * (B ) M | gy #0.  (116)

The relations (45) and (116) lead not only to the sub-
stitution X3 = x5, but also to a modification of the field
?:v—=v - Ah, and, therefore, to (114) obtained with al-

lowance for approximate isospin conservation.

To estimate the extent and nature of the dependence
of the widths I'{;), and the phases I'|,, on the optical
correction to the shell potential ¢ ), [

To estimate the extent and nature of the dependence
of the widths [y, Il and the phases ¢, §y on the

50

keV

4
6)?

e

1
L0 1.5

2.0f

FIG. 3. Dependence of the width 1"3,, on the symmetry energy
(the constant f*) calculated for 9/2°—analog resonance in the
reaction 2®Ph(p,p ).
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FIG. 4. Dependences of the elastic single-particle proton
widths T}y (continuous curves) and Ty (broken curves) on the
intensity of (volume) absorption w, and the optical shift A,,
both calculated for 9/2"—analog resonance in the reaction
2Bph(p,py). The hatched strip is the region of the experiment-
al values of the widths I'j}y.

optical correction to the shell potential &h, = —iw,+ &,
we take into account this quantity in Eqs. (114) and (115)
by perturbation theory:

Ty =Tl {142 Re [ (270" by (Ap—itp)
(117)
(118)

X wa,d"/j A¥XoE ) d"} >

$um=—Re S (2T )" Bt pore, d?‘/j AoUXoE ) @7

As one would expect, the influence of real and virtual
excitation of the many-particle configurations in the
process of proton decay of the analog resonance on

T'(p and ¢y, is suppressed by the isospin selection rules
and is realized to an extent measured by the Coulomb
corrections 84 (101) to the wave functions of the
analog and the ground state. In the same approximation,
the formulas for T, and ¢,,, are obtained from (117)
and (118) by the substitution (2T} 26X~ (27'0)" 26Xy

4 X,, SO that this influence is overestimated by these
formulas. For this reason, the widths I', are more
stable against variations of the parameters of the optical
potential than T, and the phases ¢, are much less
than ¢, In Fig. 4, this conclusion is illustrated by the
results of a calculation in accordance with (114) and
(115) of the dependence on Ah, of the listed quantities
for the elastic proton decay channel of the analog of the
ground state of the parent nucleus **Pb (Refs. 33 and
29).

The self-consistent calculation of the widths I'y, (and
the phases @) requires the parameters Ah, to be
chosen on the basis of an analysis of the elastic scat-
tering of protons and the reaction channels near the
analog resonance. In the absence of such data, we must
use in the calculations the so-called “realistic” pa-
rameters. In Table I, we give the results of calcu-
lations in accordance with Eq, (114) of the elastic par-
tial proton widths of an analog resonance for scattering
by the nuclei 2"Pb and **Pb (it is assumed that 5, = 1).
We also give the experimental values of the widths I'y,,
and the results of a calculation in accordance with a
formula obtained by means of the projection-operator
technique and equivalent to (113) (Ref. 17). The sys-
tematic excess of the calculated widths I'(, over the
experimental values must be attributed to the neglect
of the channel coupling in accordance with the estimate
(101).

M. G. Urin 408



TABLE I. Results of calculations made in the single-
particle approximation of the effective proton widths and
resonance mixing phases for analog resonances excited
in the elastic scattering of protons by 201,208 ph nueled.
The widths calculated using volume absorption are given
in brackets.

P+ 208Ph, Ap=5 MeV (wp) gp=>5 MeV ) yor, =5 MeV
4
b{nij} | E,, MeV | E, MeV <r<1b)’ exp’ fr{%))m- Ty dene | sin 24
keV (Ref. 17) [keV (Ref. 17) keV
Uy, | 17.48 | —0.68 | 4615 64 88 0.115
%v: | 17.43 | —1i0 | 36%ts 36 56(51) | 0.180
43y /9 16.96 —1.2 48 T4 92 (65) 0.116
3dgs | 16.50 | —1.7 | 58+10 62 90(70) | 0.152
1j15/2 16.34 —1.3 (1) 1.2 1.6(1.6) 0.096
s | 1572 | =39 2:+1.8 0.8 2.0(2,2) | 0.189
2s | 1492 | —3.6 | 19.6%0.8 20.5 3231)° | 0.208

PHWPY, A =3 MeV; (wp) gp = 5 MeV; (@plyor, =9 MeV

3y | 1449 | —7.7 2544 27 43 (40) 0,293
28.0+1.4

ute 10,92 | —8.7 3 5.7 6.4(6.4) | 0.269
£.940.5

3pye | 1059 | —8.5 10+3 16.5 28(26) | 0.260
15.8%0.9

11157 9.7 | —8.5 - 0.001 [0.016 (0.016)| 0.103

2rre 9.45 | —10.7 | 0.6+0.1 0.53 1.2(1.2) | 0.252

1 2 8.06 | —12.0 i 0.001 0.176

The microscopically justified derivation of (114) makes
makes it possible to give an interpretation to the fol-
lowing generalization of the phenomenological Hamil-
tonian (100) for the “nucleon+ nucleus” system to the
case when optical-model effects are taken into account:

(119)

where U, and ¥, are the effective values of the iso-
scalar and isovector potentials. The requirements that
this Hamiltonian 1) go over for the “neutron+ nucleus
in the ground state” system into the Hamiltonian h,,(69)
and 2) go over for the “proton in the continuum +nu-
cleus in the ground state” system into the Hamiltonian
h, (8) for the protons, k,, being determined by (69),
lead to a modification of Lane’s potential:
ToVp="ToVy,—Ahp=0
and, consequently, to (114) for I';,, ¢4). This phe-
nomenological approach leaves open not only its jus-
tification but also questions such as that relating to
the shell structure of the symmetry energy, and the
method for taking into account the coupling of the pro-
ton decay channels of the analog resonance, an inter-
pretation of which is possible in the framework of the
shell approach. Note in this connection that an ar-
bitrary modification of the radial dependence of the
symmetry energy can significantly change (by a factor
2) the absolute magnitude of the widths I';;,, (Ref. 34).

H=KUy+ VT + (1/2—t®) Vo,

(120)

The relative simplicity of the interpretation, and the
possibility of obtaining by a comparison with experi-
mental data information about the spectroscopic factors
S,, stimulated interest in the theoretical investigation
of the effective proton widths of analog resonances. In
the first studies, the widths I',) were analyzed on the
basis of formula (115) obtained by an a priori transition
to the optical model using either the phenomenlogical
Lane potential (100) (Ref. 35) or the symmetry energy
in accordance with (71) (Refs. 24 and 36). An attempt
at a microscopically justified transition to the optical
model on the basis of the statistical hypothesis (47)

409 Sov. J. Part. Nucl. 11(4), July-Aug. 1980

again led to (115) (Refs. 2, 37, and 38). With neglect
of channel coupling, the widths I'{,, were analyzed on
the basis of (113) in Refs. 39 and 17, on the basis of the
equivalent formula (114) using the phenomenological
Lane potential (119) and (120) in Ref. 34, and using the
symmetry energy in accordance with (71) in Ref, 33.
Unrealized aspects of the theory are in practice the
analysis of I'(,, and ¢, in accordance with (111) and
(112) with allowance for coupling of the proton decay
channels of the analog resonances, and also allowance
for the shell structure of the symmetry energy in ac-
cordance with (68) and (72) for nuclei with relatively
small excess.

Relaxation Widlhs of Analog Resonances. The damping
of analog resonances is due to processes of direct nu-
cleon decay and the coupling of the analog states to
complicated configurations. The strength of this cou-
pling is characterized by the so-called relaxation width
T, which exists because of the Coulomb mixing of
states with different isospins. In accordance with (90)
and (103), the analog state and its corresponding state
in the parent nucleus are directly mixed by the Coulomb
field 9; with the configurations of (p#) and (p) type,
which, in their turn, “decay” by virtue of the nuclear
interaction either into configurations of a complicated
nature or directly to the continuum. In accordance with
the conclusions of Sec. 1, the relaxation of the particle—
hole configurations through the first mechanism can be
described on the average in terms of the optical model.
Therefore, the width I'' can be expressed in terms of
the shell and optical models.

In accordance with (91) and (92), the total width of an
analog resonance in the expression for the average S
matrix (49) is determined by the imaginary part of the
Coulomb polarizability of the nucleus:

(121)

In its turn, the average polarizability is determined
by the average response function in accordance with
(19)-(21). For the analysis that follows, we shall use
the approximate expression for the average response
function (32) corresponding to additive contribution of
the damping of the particle and hole configurations to
the imaginary part of this function. In the considered
case, the condition (29) becomes

T=—2(27)" Im Fe(0+il)|omare

E,—E.|*> v, (122)
I

where E_ is the energy of the nearest monopole giant
resonance of (p7i) type tothe analog state. Inaccordance
with the quasiclassical estimate for the energy of the
configuration state (80), the condition (122) can be
assumed to be satisfied with a certain accuracy. In
this approximation, in accordance with the second of
the inequalities (29) and (21) it is possible in a cal-
culation of the total width to ignore the damping of the
particle=hole configurations in the equation for the
effective Coulomb field 7 (w=AE,) (20) and, there-
fore, to use the solution to Eq. (96). With allowance
for these remarks, and also the formula for the ef-
fective partial width (111), we represent the expression
for the relaxation width of an analog resonance in the
form®
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I =TT} =T} +T; (123)
Thy= 3 Tly= X (2T0) " ty [n (Ep) —n (Em)]
b b
X {'— 2Im ‘ 1T 8w (Ew) Texp drdr’
—2x | | Tt ar [ wd cnst ar | }5 (124)

TL = D Tlo= 3 @7 ta[n (Bww) —n(E)] -

a

% {21 [ 1T 20 (Bua) T otadrar' —2n | § v etit, ar[}, (125)
where E,, = E, - AE; 7', and ™X;5, are the radial
wave functions of single-proton states of the discrete
spectrum and the continuum, i.e., eigenfunctions of

the Hamiltonian h,, (69). The terms (124) and (125) cor-
respond to the contribution to the width I'' (123) of the
damping of the single-proton and neutron-hole states,
respectively. The summation over the neutron-hole
states b and the single-proton states a in these terms
is over the energy interval AE, near the Fermi limit,
the imaginary part of the optical potential varying from
zero to w(]AE; - k|). The maximal imaginary part
corresponds to the elastic proton channel with energy
E,=E,+AE;, when E =y, the corresponding neutron-
hole state being at the Fermi limit, and also tothe
“peutron-hole channel” with energy E , =E, - AEc,
when E_=pu,, the corresponding single-proton state
being at the Fermi limit. To first order in Ah, and
Ah,, we obtain instead of (124) and (125) expressions
for the widths I'¢,, and I'';, from which there directly
follows our assertion above:

Thy= 3 Tly= N 5 [n(E) —n(Ew)) | 20 (5 Eoy—wp)|8tar|*drs
b b
(126)
I‘(J'ﬁ)z Z I‘(ia)

= ta [0 (Ew)—n(El)] 5 2w (1} o — Ea) | 8%a ()% dr (127)

Here, 0X are the Coulomb corrections to the wave func-
tions of the analog and ground states (106)-(109). In
accordance with the model representation of the irre-
ducible self-energy part T, [see (38)], the width Iy,
like the other partial widths of this type, can be rep-
resented in the form Ty, ~27|(X|H’|0X [°p. Therefore,
the relaxation width T of an analog resonance can be
interpreted as the width for “decay” of the analog reso-
nance into configurations of a complicated nature due
to the Coulomb mixing of states with different isospins.
In this respect too, the analog resonances differ from
giant resonances with “normal isospin,” whose relax-
ation widths are determined by the nuclear interaction
with the many-particle configurations and in order of
magnitude are equal to 2w. On the basis of an analysis
of the “self-energy” of the doorway resonance II;, and
the statistical hypothesis (47) (see Sec. 1), we can, as
in the case of the effective proton widths of the analog
resonances, show that neglect of the approximate iso-
spin conservation leads to the following substitution in
(126) and (127): (2T,)"/26x = (2T ) 26x+x, ' =T".
Thus, the ratio g°=T" /T can serve as a measure of
the extent to which the isospin prohibits a “decay” of
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an analog state to configurations of complicated nature.
In the single-particle approximation, calculation of g
for the analog of the ground state of the nucleus *°Pb
leads to values of the order 0.04—0.06 for various
choices of the radial and energy dependence of

w(r; |[E—=u|). The smallness of 8* (compared with unity)
predetermines the specific feature of analog resonances
noted in the Introduction of having a small (compared
with 2w) relaxation width. The inequality B> o® [see the
estimate (83)] indicates an important part of the con-
tinuum in destroying the isospin purity of the analog
state. Note in this connection that for the considered
analog resonance the partial-width ratio I'y,/T,, varies
in a wide range, significantly exceeding B for the elas-
tic and some inelastic proton channels, and that I'y,,

1)
>Tay

Using the relations (98), we can explicitly express
the widths I":” and I'/;, in terms of the symmetry en-
ergy’’:

Thy= 3 Thy= 3 @70 ty [ (Ep) —n (Ew)]
b b

x {—21m [ | 1 Gor+ 8% 82 (B G+ 80) o dr
— S vherkh dr] - 2:1[ 5 AED, (Pepy + BU%) 1 dr
4 S %o (Vi -+ 80) A, dr } : (128)
Thy= 3 Thy= D) @To)* ta [ (Ew)—n (Ed))

x {2 m [ S Y (Per + 60%) £ear (Ecar) (B + 80) Ao dr dr”’

+ | it r ]~ 25| § 0 G+ 8058, 07 [} (129)

where T, The results of calculations of the widths
I'(, made in accordance with (128) in the single-particle
approximation (6v = 0) for the analog of the ground state
of the 2°*Pb nucleus as a function of the parameters of
the optical correction Ak, = —iw,+ 4, are given in Fig. 5
(Ref. 41). It follows from the dependences shown in this
figure that for “realistic” values of the parameters w,
and A, the calculated value of the width I'(,, overesti-
mates by about a factor 3 the experimental value I',,,
=80 keV (Ref. 17). Other microscopic approaches to
the description of analog resonances have achieved a
similar accuracy.'™33® This discrepancy, which also
occurs for other nuclei,'” must be attributed in the first
place to the neglect of polarization effects. In accor-
dance with the estimate (101), allowance for coupling

of the channels offers hope of eliminating this difficulty

Sin2¢ )|
o%
0z

¢ 5
-0.2 -\\ i, SR
N *s

-0.4f »
Y, S N o
£ U

-0.8F o
—
-1.0 =

FIG. 5. Dependences of sin2¢(, (solid curves) and sin2s)
(broken curves) on the intensity of (volume) absorption w, and
the opitical shift A, calculated for the indicated analog reson-
ance, The curves with labels 1 and 2 correspond to Ap =0 and
Ap =5 MeV, respectively.
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in the quantitative interpretation of the widths T"* .

Resonance (pn) Reaction. Fine Structure of Analog
Resonances. As resonances in the excitation functions,
analog resonances were detected for the first time in
the investigation of the (pn) reaction.?® This reaction
is forbidden by the isospin selection rule AT = 3/2 (see
Fig. 1). Investigation of the resonance (pn) reaction
gives information about the mechanism of excitation of
analog resonances in the elastic proton channel and
about the mechanism of Coulomb mixing of analog states
and states with “normal” isospin, as a result of which
neutron decay of the analog resonances occurs, There
are two possible mechanisms of neutron decay of an
analog resonance: direct and statistical. If the proton
decay of an analog resonance can be regarded as a
direct single-stage process (see Sec. 2), the direct
neutron decay is a two-stage process: because of the
field 7¢, the analog state is mixed with T, configura-
tions of (p7m) type, which, as a result of the nuclear
interaction, decay directly with the emission of a neu-
tron into the continuum. Thus, direct neutron decay
can occur without the stage of excitation of many-par-
ticle configurations (hence the expression “direct
decay”). The statistical mechanism of neutron decay
of an analog resonance is due to the Coulomb mixing of
the analog state with many-particle configurations. The
intensity of this mixing is characterized by the width
I'*, Since the neutron decay of complicated configura-
tions is the main decay channel, the width I'" is the
neutron width of the analog resonance corresponding to
the statistical mechanism. With allowance for these
comments, we represent the total width of the analog
resonance in the form

P=Tj+Ti+TY, (130)

where T, is the width for the direct neutron decay of

the analog resonance (the existence of other direct decay
channels besides the single-nucleon channels is ignored).
The direct neutron decay of analog resonances is treated
concretely below.

Experimentally, analog resonances in the (pn) reaction
were observed on nuclei with 4 <150 (Ref. 40). The
reason why the resonance (pn) reaction is not observed
in heavier nuclei is that there is a significant increase
in the nonresonance part of the cross section, which
effectively coincides with the background cross section
of the reactions as compared with the resonance part
of the cross section at the maximum;

oyl kg § (J-4-1/2) Ty > o} (E), (131)

Wwhere, in accordance with the conclusions drawn in
Sec. 1, T,;=1~|5,;[° are the optical-model values of
the penetrability coefficients for the protons. A char-
acteristic feature of analog resonances in the (pn)
reaction is the small asymmetry of the cross sections
0,,(E), the asymmetry being maximal as a. rule for
resonances with small angular momentum. As is usual
in the investigation of resonance reactions, two ques-
tions arise, namely, the parametrization of the energy
dependence of the total cross section of the (pn) reac-
tion and the quantitative (or qualitative) interpretation
of the resonance parameters. In principle, answers to
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these questions can be obtained in the framework of the
semimicroscopic approach.

When a sufficiently large number of neutron channels
is open, we can in accordance with (56) ignore the
fluctuation cross section of the (pp) reaction compared
with the optical cross section. In this case, from the
unitarity of the S matrix we obtain an expression for the
average total cross section of the resonance (pn) reac-
tion;

dg: (E)/gnd3 = 1— ; |§(a)(b')le (132)

where the indices b label the proton decay channels,
Substitution in (132) of an expression for the average
S matrix of the form (49) with allowance for (130) and
the conclusions drawn above concerning the partial
proton widths and the resonance mixing phases leads
to the result

aln (E—E,— )+ 83,

pn i
gniz O E_E R

(133)

where the optical-model penetrability coefficient 7',
the asymmetry parameter 6,, and the symmetrizing
factor €}, are given by the expressions

Topy=1—exp[—dny]; 6p= I1?!:) sin 2¢,/2 sh 2y,; (134)
e3n = Tl {Te™*"® cos 2¢ 4, — I'h— sin? 2, T, (Tih— 1)}. (135)

The parametrization (133) of the cross section o, (133)
was proposed in Ref. 38, Away from the analog reso-
nance, the cross section (133) goes over into the back-
ground value, which effectively coincides with the back-
ground value of the reaction cross section for a reso-
nance partial proton wave in accordance with (131).
Therefore, the resonance part of the cross section can
be represented in the form

[ord E—E.—bp)+el

ar="Tw (E—E,-}’%(i.fé)[g‘ﬂ _1}' (136)

Thus, as for the elastic scattering of protons, the
asymmetry of an analog resonance in the total cross
section of the (pn) reaction

O (E=E+-(1/2)T)— 0} (E=E,—(1/2) T)

Oy (E=Ep -+ (1/2) 1)+ 0355 (E=E.—(1/2) I))
208 s Ao I

o — (A 8%, T}

(137)

is determined in accordance with (133) and (134) by the
“elastic” resonance mixing phase ¢(,- In accordance
with the conclusions drawn in Sec. 1 and in this section,
such a quantity appears because of the interference
between the excitation by the protons of the analog
states and the many-particle configurations in the door-
way channel of the reaction and exists to an ex;ent mea-
sured by the Coulomb correction 6X,[(106) and (108)]
corresponding to the elastic proton channel. At fixed
energy E,, the value of [6X,| increases with de-
creasing I, because of the decrease in the centrifugal
barrier. Examples of the calculation of the phases D sy
in the single-particle approximation are given in Fig,

4 and Table L. Other examples can be found in Ref, 17,

For small asymmetry (137), Eq. (136) goes over into
the Breit-Wigner formula:

Ol (gakE) = Dl T/ [(E— E,)2 4 (1/4) T2), (138)
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so that the width I',=T =T, =T" +T, is the total neutron
width of the analog resonance, or the width for the
decay of the analog resonance through the isospin-for-
bidden channels.

If the magnitude and energy dependence of the cross
section c?,f,(E) are described by means of the optical
model in accordance with (131) or more accurately by
the Hauser- Feshbach method (see Sec. 1), comparison
of (136) with the experimental excitation function makes
it possible to determine the experimental values of the
parameters E, and T' and the parameter combinations
T 0w and T,(e;, — (1/4)T% + 6%,). If, in addition, we
use the value of the penetrability coefficient T, found
by means of optical-model “fitting” of the cross sec-
tion 0';%, we can determine separately the parameters
6. and €,,. Such a procedure was carried out for the
first time in Ref. 42. The hitherto most complete ex-
periment realized for resonance scattering of protons
by nuclei with A =100 — 130 consists of the simultaneous
analysis of not only the cross section 0,,(E) but also the
differential cross section for elastic scattering of pro-
tons.** Such an analysis makes it possible to determine
as well the experimental values of I',, and ¢y,

Given the experimental values of the parameter 8
and I'{,, and also the penetrability coefficient T,
one can draw a qualitative conclusion about the width
e [(124) and (128)], which characterizes the inten-
sity of “elastic” mixing, i.e., the Coulomb mixing of
states with different isospins in the doorway channel
of the reaction. To see this, we consider the following
parameter combination:

Ty = 88 T/ Ty + ThT 4. (139)

Restricting ourselves to the realistic case ¢ <1,
Ty << 1, we find in accordance with (134), (95), (7),
(11), and (118) to first order in AR,

Ty = 493/ T + Tl Tl é

= 20,8, | | Stwwntorg, dr ['] § woiks,, @ (140)

Comparing this expression with (126), we see that
I't,, =T, if in the region where w,(r)#0, Redxw
=const Xpp(pe 10 reality, these widths are equal

only in order of magnitude. A calculation of the ratio
I't,/T, made in accordance with (140) for the first

0* analog resonance in the nucleus **Bi gives the value
0.8-1.4, depending on the form of the function w, (7).

In connection with Eqs. (139) and (140), we note that the
variant of the shell approach in whose framework there
is no microscopically justified transition to the optical
model leads to the equality I'y,,=I'¢,y (Refs. 2 and 38).

With regard to the parameters &, and €, determined
directly by the analysis of the cross section o ;* (136),
one can draw a conclusion about the relative importance
of the elastic Coulomb mixing in the formation of the
total neutron widths T',=T, +I'*. To see this, we con-
sider the expression (135) for the parameter g}, in the
limit ¢ <1, Tnp<1:

€2 Tyl /T — (T—Tly)2/h; T =T —Tlh). (141)
In the approximation I'f,, =T, the width I =T" is the
width for the decay of the analog state through the chan-
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FIG. 6. Dependence of the width I'* on the intensity of (surface)
absorption w, and the optical shift &, for the first 0" analog
resonance in the nucleus 2®Bi. The width I‘(‘, is calculated in
accordance with (126). The hatched strip is the region of the
experimental values of I'Y,

nels forbidden by isospin, the width for elastic mixing
being subtracted. Therefore, under these approxi-
mations, the ratio )

5?&)/‘5{.“ ~ i‘tb)fi‘“ ~ I‘(*h).’I" (142)

does indeed characterize the relative importance of the
elastic mixing in the formation of the width of the analog
resonance for decay through the isospin-forbidden chan-
nels. An analysis of the experimental cross sections
oTe® in accordance with (136) for nuclei in a wide range
of atomic masses*>* shows that 07, <&, for all the
investigated analog resonances. This assertion is in-
consistent with the suggestion made in the first years
of the investigation of analog resonances that elastic
(external) mixing plays a dominant part in forming the
width T, (Ref. 44). Such an assumption (&> €,) leads
also to values of 7'y, that are several times smaller
than the corresponding optical-model values.*>*?

In experiments in which proton scattering by com-
paratively light nuclei is investigated with high res-
olution, in which the energy AE; is small, a fine struc-
ture of the analog resonances is revealed (see, for
example, Ref. 46). The existence of the fine structure
means that in the region of the analog resonance the
nucleon widths of the compound-nucleus resonances
(with the same spin and parity as the analog state) ex-
ceed the background values. The enhancement of the
widths arises because of Coulomb mixing of states with
different isospins. If the number of fine-structure com-
ponents is large, then from the experimental data on
the elastic scattering of protons one can find an “elastic”
proton strength function (SF)(,,,=pm,. In accordance
with (55), this quantity, which contains information
about the parameters of the analog resonances, is de-
termined by the penetrability coefficient:

Tw=1-3 18 nal? = 27 (SF)in, (143)
where the summation is over all nucleon decay chan-
nels. Proceeding as in the derivation of Eqs. (133)-
(135), for the “induced” part of the strength function

we obtain the expression
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(E— Ep— )+
20{(SF)iy— (SF)E) =Ty {T_ﬁ@-— 1} .

Here, in accordance with Sec. 1, Zw(SF)(b,- Ty the
value of the parameter s”,, can be found from (135) by
the substitution ', -—1" +I, =" (I'"" is the total nucleon
width of the a.nalog resonance) the remaining param-
eters are the same as in (133)-(135). Therefore, 53,/
£in=T,/(I' = Ty,)) characterizes the relative importance
of elastic mixing in the formation of the relaxation

width of the analog resonance. For small asymmetry,
Eq. (144) simplifies:

20 {(SF)uy— (SF)) = T TH (E— E, )2+

(144)

4+ T24],

so that the amount by which the proton strength function
exceeds the background value is determined by the
width T'* (Ref. 2).

Measurement of not only O,y but also the average
polarization of the protons in the region of an analog
resonance makes it possible to determine the param-
eters of the average diagonal element of the S matrix
and, therefore, in accordance with (57) the fluctuation
cross section of elastic scattering:

(145)

When only one proton channel is open (T', =I;), the
relation (145) makes it possible to determine the pen-
etrability coefficient (143) if the cross section 7,,~3,
is known. Such a procedure for determining T, was
used in Ref. 46, and the ratio &,)/c},, was small.

1 = opt 7 ==
o) ) = S terctn— Oy = BIKRET 3y — O

Divect Neutvon Decay of Analog Resonances. In recent
years, experimental searches have been made for
analog resonances in the cross sections of neutron-—
nucleus interactions***% and by analyzing the partial
cross sections of the (pn) reaction with the excitation
of analog resonances.”® These processes contain in-
formation on the partial neutron widths of the analog
resonances. The expressions for the average cross
sections of the partial reactions with nucleons are de-
termined by Egs. (57) and (49) and in the approximation
of small asymmetry of the analog resonances and small
proton penetrability coefficients T, have a simple form:
R0

VOP_n, Voo P

T E—EpPfT24

= + =
Tbiv) ~ Tipyl'v g
gniﬂ (E—E; 414 i grid

where T, =L, +T'* (7, /%,. T,.) is the partial neutron
width of the analog resonance., Thus, in the investi-
gation of the average cross sections one cannot separate
the direct and statistical mechanisms of neutron decay
of the analog resonances.

Although the reduced widths 6” (the widths divided by
the penetrability of the potential barrier for nucleons)
for direct proton and neutron decays of the analog res-
onances are determined by the field ¥%, they differ
appreciably because of the difference noted above be-
tween the decay mechanisms:

R

B2y/0%; ~ B./0Z, (1486)

where Bf,,"'EoA'”“ is the single-particle reduced width,
and 63  ~A™/%6% is the reduced width for decay of the
simple (three-quasiparticle) configuration through the
nucleon channel. The difference between the penetra-
bilities of the potential barriers for neutrons and pro-
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tons to some extent compensates the small value of the
ratio (146).

The partial widths for direct neutron decay of analog
resonances are determined, as for the isospin-for-
bidden two-stage process, by the Coulomb corrections
to the wave functions of the analog and the ground state
(106)-(109) and the effective interaction of the nucleons,
for which one can take the interaction (60). For reso-
nance scattering of neutrons by an even—even nucleus
(N, Z) with isospin T, there is excited in the nucleus
(N +1, Z) the analog of the parent nucleus (N +2,Z —1)
with isospin T, +3/2. We shall restrict ourselves to
a treatment of the simplest configurations of the target
nucleus and the parent nucleus. Such a configuration
in the parent nucleus is a two-neutron—proton-hole con-
figuration: (j3)0+j'. In this case, the amplitude of the
neutron width is determined by the proton and neutron
Coulomb corrections 0X ;,and 6. Direct calculation
leads to the following expression for the partial neutron
widthg® %358,

ravzi;;;—ﬂ fir+r—3@+a)

X [0 tpa + 1B ] X68, 4,1,72dr |2 5 (147)

where ¥~ xDF” x (r) is the radial wave function of the
neutron in the continuum [an eigenfunction of the Ham-
iltonian h,, (69)]. For resonance scattering of a neu-
tron by an odd-proton nucleus with configuration j;‘ with
excitation of the analog of the parent nucleus with con-
figuration (f}),,, a formula for the partial neutron width
I';, can be obtained from (147) by multiplying by the fac-
tor (21'4"' 1)!, Other cases of direct neutron decay can
be described by formulas more cumbersome than (147)
(Refs. 52 and 53).

The influence of the excitation of many-particle con-
figurations in the process of direct neutron decay of
analog resonances on the width I'y, — I/ must be taken
into account in two respects: 1) the wave function of a
neutron in the continuum is determined by means of the
optical- model Hamiltonian for the neutrons h, + i,

+ AR, onn, 2) the effective correction to the wave func-
tion of the analog state, 0%,, is determined with al-
lowance for the excitation of many-particle configura-
tions in the process of real and virtual proton decay

of the analog resonance through the channel b: 06X,

-6 ,(Ref. 29), where bx, is the correction (106) and
(108), and

8 (1) = By (1) - j gy (ry 75 Ey) Al (15 Eqy) 8y (') dr”.

A similar relation holds for the correction ) (,.

The results of calculations of the widths I', in the
single-particle approximation for elastic scattering of
neutrons by the nuclei **Zr, 2°»2%pp with excitation of
the analogs of proton-hole configurations of the parent
nuclei °'y, %2971, respectively, are given in Table
IL°'"%® The calculated values of the elastic neutron
widths do not contradict the data of Refs. 48 and 50.
The results of the calculations also confirm the con-
clusion that follows from (147) that it is better to study
the excitation of analog resonances by neutrons on nu-
clei with small neutron excess, since |6x|*~ (2T,+3)™.
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TABLE II. Calculations made in the single-particle approx-
imation of the effective neutron widths for direct excitation
of analog resonances in the elastic scattering of neutrons by
the nuclei ¥Zr, 206:208pp

Target nucleus 90Zr (j5 =5/2%) 208pb (j =1/2) |P8Fb (5 =9/2%)

1= 1/2-[9/2+|3/2- | /2~ | 7/2- | 5/2+| 4/2+| 3/2*+ | 5/2% | 1/2* 32+

E,, MeV 5,21(5.63/5,72 | 6.15(6.39 | 6.48 [ 12.8 | 13.1 ] 14.4( 18.1 18.4

]‘\,’. keV. 1.48/0.07|1.40 | 0.53)|0.33(1.66|0.62|0.11|0.08| 0.02 | 0.003

Quasielastic (pn) Scattering. Analog resonances were
found for the first time as narrow peaks in the hard
part of the neutron spectrum in the direct (pn) reac-
tion.”* The direct (pn) reaction with excitation of an
analog state came to be called quasielastic (pn) scat-
tering, since the total and differential cross sections
of this reaction can be described approximately in the
framework of the distorted-wave Born approximation
by means of the potential ¥, =V, (»}tT, which is a direct
generalization of the part of the shell (optical) potential
that depends on the neutron excess.*"* The shell ap-
proach to the theory of analog resonances leads to a
number of conclusions about the cross section of quasi-
elastic (pn) scattering which require either experi-
mental verification or an additional analysis of the
existing experimental data. These conclusions relate
to; 1) the choice of the effective charge—exchange field
acting on a nucleon in the process of quasielastic (pn)
scattering; 2) allowance for absorption of nucleons in
this process; 3) the existence of a strong even-—odd ef-
fect in the total cross section for nuclei with minimal
neutron excess.

1. The total cross section of quasielastic (pn) scat-
tering by an even—even nucleus is determined by the
effective field (97), which realizes a coupling of the
analog state to the continuum:

ot ~ k5t S (i) 1z el

it

(148)

In the absence of absorption, the radial integrals
J%,E,,” are determined by two equivalent expressions:
QT T 5 = | At it dr= X8, (0+80) to udr. (149)
As for the partial proton widths of analog resonances,
the use of the phenomenological Hamiltonian (100) to
describe quasielastic (pn) scattering (without allowance
for the effects of absorption) is justified only in the sin-
gle-particle approximation. Allowance for real and
virtual proton decay of the analog resonances leads in
accordance with (149) to the need to use an effective
symmetry energy; 1,V, =v—v+ 6v (or an effective
Coulomb field: ¥ —~¥c= vg+0v). This is possibly one
of the reasons for the systematic decrease of the po-
tential 7,V, obtained by analyzing the absolute cross
sections 0" as compared with (70) found from the
systematics of single-particle levels,"

The weak dependence of the partial proton widths on
the absolute value of the symmetry energy (see above)
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can be explained by the circumstance that in accordance
with (79) the resonance kinetic energy of the protons
Ey=E}+AEq=Ej+v exceeds by the symmetry energy
the energy of the corresponding single-particle reso-
nance. For quasielastic (pn) scattering, there is no
such connection. Therefore, in accordance with (148)
and (149) the reduced cross section 0,=03,"/(N - Z) is
approximately independent of (N — Z). Such isotopic
dependence of experimental cross sections is realized
with various degrees of accuracy for even—even nu-
clei.®® 5"

9. As for the effective partial proton widths of analog
resonances (see above), allowance for the absorption
of nucleons in the process of quasielastic (pn) scattering
is made by going over to the wave function of the optical
model for the nucleons in the first (but not the second!)
of the relations (149):

(150)

In accordance with (98), the radial integral (150) can be
expressed in terms of the symmetry energy:

Te g a=@T0 " § 187 Voxe, udr.

JE,,E“J'!: (QTO)—HZ 3 XE,:J'! [v+46v— Ahp+ Ahy) xﬁr’),-, dr.

In the single-particle approximation (6v —0), this ex-
pression can also be obtained by means of an obvious
generalization of the Hamiltonian (119) for the “nucleon
+nucleus” system. The distorted-wave Born approxi-
mation, with neglect of the approximate conservation of
isospin (see above), leads to a different result:

T 5,1 (60 > 0) = T~ | sty dr,

so that the ratio (05 /0 g Jsp-o= |v/(w = Ah,+ Ap,)* may
differ appreciably from unity.”

3. The experimental data on the cross section o5

reveal the existence of a significant even—odd effect
in the isotope dependence of this cross section for nu-
clei with small neutron excess:
ogdd=ogven(1+P), _ (1s1)
where B> (N — Z)™® (Ref. 56). The anomalous contri-
bution of the odd neutron to the cross section can be
explained by the spin-isospin part of the effective inter-
action of the nucleons (60), since for scattering by an
even—even nucleus (0° — 0" transition) this interaction
does not occur in the cross section. For an odd target
nucleus (J* —J* transition) the effective field acting on
a nucleon in the process of quasielastic (pn) scattering
is modified (we ignore dynamical polarization effects):

P (r) = (200) /2 (0*| F* 2 '8 (r—ry)| 09

= (2T) " (I"M;| D v (F' +G'00,) 8 (r—r))|J"M)).
1

If the spin and parity of the target nucleus are deter-
mined by the odd neutron, a direct calculation of the
cross section ¢," leads to the following expression for

the parameter g in Eq. (151) (Refs. 58 and 59):

B (Y —2)2 (J + 1/2) [0y + 3 (G' 1)), (152)

where the coefficients @, , <1 are the ratio of the sums
of the squares of the radial integrals weighted with
kinematic factors. Since G' 2 F' (Ref. 15), it follows
from (8) that the anomalous contribution of the odd neu-
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tron to the cross section o}," is due basically to the
spin—isospin part of the effective interaction of the
nucleons and is emphasized by kinematic factors. The
analysis made in Refs. 58 and 59 of the experimental
data for the Ti isotopes confirms this conclusion. On
the basis of (151) and (152), we can also conclude that
for nuclei with minimal neutron excess N-Z=1,2, or
3 the cross section c;‘:,“ can differ appreciably from the
values calculated by means of the potential V, deter-
_mined from analysis of quasielastic (pn) scattering by
even—even nuclei.

CONCLUSIONS

The analysis of the basic parameters of analog states
and analog resonances in the cross sections of nucleon-
nucleus interactions shows that the presented variant
of the shell approach to the theory of nuclear reactions
(semimicroscopic approach) is a constructive method
of theoretical investigation of highly excited states of
nuclei and the corresponding resonance nuclear reac-
tions. We shall consider briefly the questions that re-
quire further investigation, these relating to both the
approach itself and the theory of analog resonances.
These questions include the following:

1) Systematic derivation in terms of the shell and
optical models of an expression for the response func-
tion (18) with simultaneous allowance for the continuum
and damping of the particle-=hole configurations without
recourse to a perturbation theory of the form (30) or
other approximations. The solution of this problem is
needed for the quantitative interpretation of multipole
giant resonances (the interpretation of analog resonances
is changed insignificantly) and, in particular, for the
description of the excitation of these resonances by
electrons and nucleons.

2) The search for an exact analytic formula for the
shift relative to AE; of the energy of an analog reso-
nance, this taking into account not only the coupling of
the analog resonance to the continuum (and many-par-
ticle configurations) but also polarization effects. The
solution of this question may remove the problem of the
“anomaly in the Coulomb energy.”® A similar problem
also exists in the estimate of the isospin purity in the
ground state of the nucleus [in the estimate (76) of

a:r-st]'

3) A theoretical analysis of the basic parameters of
analog resonances [the widths I'(,,I"', the shift A,, and
the phases ¢, (or the asymmetry parameters 5)]
based on numerical solution of the integral equation for
the effective Coulomb field (96). Such an analysis
makes possible a detailed comparison of the conclusions
of the semimicroscopic approach for the basic param-
eters of analog resonances and experimental data.

4) Quantitative interpretation of E1 radiative decay of
analog resonances on the basis of the solution to the
problems noted in 1) and 3) above. A qualitative anal-
ysis of the problem is given in the framework of the
shell approach in Ref, 61,

5) Improvement of the scheme for calculating the par-
tial widths for direct neutron decay of analog resonances
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with inclusion in the analysis of more complicated (than
single-particle) configurations of the parent nuclei and
the product nuclei.

I thank V. G. Guba for making a number of numerical
calculations whose results are given in the paper.

APPENDIX

Quasiclassical Analysis of the Equations of the Ran-
dom Phase Approximation

Here, we give a brief survey of the method and re-
sults of the quasiclassical analysis of the equations
of the random phase approximation, as applied to iso-
vector giant resonances. The advantages and disadvan-
tages of the method are discussed in Sec. 2, where we
give references to papers in which this method is ap-
plied.

1. The method of quasiclassical solution of the equa-
tion for the effective density of excess neutrons (72)

7 (r) =g (7} + F* ] @ (1) g (1) AL (0 =0) iy (A.1)
ab

is as follows. The matrix elements of the smooth func-

tion of the coordinates n(») are significantly different

from zero for transitions |E, — E,| ~D<E,. Therefore,

with accuracy D/E,~A™/?

ADY (0= 0) = (ng — ) (Eq — Ep) & — 8 (Eq— E,). (A.2)

This relation, together withthe condition of completeness
of the system of functions {¢_(r)}, makes it possible
to transform the integral term of (A.1) to the form
;; 0 () @ (1) AZER (@ =0) g

= —n(r) Po (N + 3 190 (1)1 fiqa (B — Eo), (A.3)
where p,(r) =Y, | ¢, (#)|*5(E, - E,) is the density of par-
ticles with the Fermi energy. We replace the positive
quantities n,, by some constant determined by the nor-
malization condition [n(r)d® =N - Z. If as the shell
potential we use a rectangular potential well, when
F'p,=f', then in accordance with (A.1)—(A.3) we obtain

n(r) = (14 ) [ng (r) +'nl, (A.4)

where 7= (N —= Z)/Q. Since F' changes little in crossing
the boundary of the nucleus, in the application of the
relation (A.4) to real nuclei it is natural to choose 7 ()
in accordance with (71).

2. The quasiclassical analysis of the equations for
an effective field of the form (20) can be carried out by
finding the eigenfunctions of the kernel of these integral
equations. These functions ¥V, which can be classified
in accordance with the transferred angular momentum
L, are determined by the homogeneous equation

(AP (@) V) = 3T ALRO () (VL) €2 00) G0 (0= Cr (@) o () Ve (1), (AL5)
ab

where for excitations of the same kind A%9" = (z, —n,)
X(E, - E, - w)™; C,(w) are eigenvalues. The eigenfunc-
tions have essentially nonzero matrix elements for
transitions with energy |E, — E,| near the characteristic
energies E;. Using the relation (A.2) and the com-
pleteness condition for the functions {% (r)} with quasi-
classical accuracy '"A""”, we find the eigenvalues
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C,(w) on the basis of (A.5):

£ 3 16 (12 (VL)aa 8 (Ea—Eo)
—— s - — a
Gatal=—li—ead gy ot ew= O

(A.6)

To determine the characteristic energies E;, which
are the energies of the giant resonances in the model
of independent particles, we calculate the sum

N =S Dl (Be—Eoki Vi=3 Vi (r:) (A7)
in two independent ways: 1) by means of the polariza-
bility (16) corresponding to the field V (r):

z,_:_.-;_g o m (o) do- —— ‘ oim 3 (Vapl* 420 @) do (A.8)
ab

[in the absence of velocity forces, 2y does not depend
on the interaction of the nucleons, and therefore this
quantity can be calculated to accuracy ~ (N =2)/A for a
system of A/2 noninteracting nucleons|; 2) by means
of a sum rule, by expressing 2,, in terms of the com-
mutator with the Hamiltonian:

3, = OV, 1, Valllo

=ﬁ<ﬂf 3 e [0y =7 § 1L @e 0 e, (A.9)
where p(r) is the nucleon density. Calculating the sum
in (A.8) by means of (A.5), we obtain in accordance with
(A.8) and (A.9) the following expression for the char-
acteristic energies:

E3 =(4/2M) S 19V L (I p () &/t —er) j 0ol Ve (1)|2d3r. (A.10)
The actual expressions for the eigenvalues C;(w) and the
characteristic energies depend on the form of the shell
potential. Below, we give the expressions for the lowest
energies E; and the corresponding eigenfunctions of
monopole, dipole, and quadrupole symmetry found by
means of Egs. (A.5), (A.6), and (A.10) for two forms

of the potential (oscillator and rectangular well):

Vo (r) =1— M/ Eq, cp—y; Vi—o (r)=1—5r%/3R2, cpoo="4/5;
Ep o=20=804-13 MeV;

Vi () =rYyq (cos ®), c— =0,

Ep oy === 40A-1/3 MeV;

V=g (r)=12Yyp (cos 8), crp=1/2;

Ep—g=(A2Ey/ MR/ = 1954-1/2 MeV;
Viey (=Yg (cos 8), ep—y=10;
Ep—,=(10E,/3MR¥)1/2=554-1/3 MeV;
Vs (r) = r2Yy (c05 B), cLmp=2/9;

Ejy=20=80A-Y MeV; Ep g (12E,/ MR)Y* —1054-1/3 MeV ,

(A.11)
3, E‘he energies of isovector giant resonances of
(n7, pp) type with “normal” isospin are determined by

solving a homogeneous equation for the effective field
(20):

v (ENE)fF' {Al’n?’n (E‘V‘T)}. (ADIZ)

In the quasiclassical approximation for a rectangular
potential well, this equation reduces in accordance with

(A.5) to the form
1=fCy, (EVF).

(A.13)

Hence, with allowance for (A.6), the first of formulas
(86) for the energies of the isovector giant resonances
follows.

4. The energies of isovector giant resonances of
(p7) type are determined by Eq. (A.12), in which the
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response function is used:

APgho () =(nP —nl) (EE— Ep—a)™

(A.14)

In this case, to accuracy (N —Z)>A'* we have in-
stead of (A.2)

nB—nl}=nf—nl+nt—np =—[p* (N—2)+ Ea—Ey) 8 (Eo — Eohs (A.15)

where py= J po(r)d*r. For a shell potential of rectan-
gular form, which is considered below, we have the
difference

EP— B = EN'— E} = (4/3) Eo (N—Z)/A=(N—2) pj' = Ao. (A.16)
Using (A.14)—(A.16), we obtain an expression for the
eigenvalues of Eg. (A.5) in the form

B3+ Ao (@—Ay) A
El—(@—B8F | Lh—w -

—Cp(0)=(1—cr) (A.17)

In addition, for monopole excitations of (p7) type there
is a new eigenfunction V= const with eigenvalue C A(w)
=-A,/(A,—w). Equation (A.13) determines, in parti-
cular, the energy of an analog state (79) and the en-
ergy of monopole exictations E, and E,. In the approxi-
mation A, < E; ,, we arrive in accordance with (A.13)
and (A.17) at Eqs. (80) and (81) for these energies.
Note also that in accordance with (68), (71), and (A.16)
the symmetry energy v is equal to f 'Ao with quasiclas-
sical accuracy.

5. The energies of isovector giant resonances of (7p)
type are determined by Eq. (A.13), where in the expres-
sion (A.17) for C(w) the substitution &, —- 4, is made.
For 1° excitations, when ¢;., =0, we arrive at the sec-
ond of formulas (86). Approximately solving this equa-
tion for monopole and quadrupole excitations with al-
lowance for the terms linear in the small ratio 4,/

E, ..z We arrive at the last of formulas (86). Neglect
of the “inverse” transitions E, - E, = —E, in the equation
for the effective field (A.12) corresponds to the Tamm~
Dankcoff approximation. In this approximation, instead
of (A.6) and (A.17) we have, respectively,

¢ 1 E .
—CL @)= —e) T2
e s (A.18)
—Bo—0  “TAgto

—CL )= (—er) T

Substitution of these expressions in (A.13) leads to (87)
for the energies of 17 isovector giant resonances in the
Tamm-~Dankcoff approximation.

6. The matrix elements for transitions to the exci-
tation of a collective state |s) are determined by the
transition density p®(r), the expression for which can
be represented in the form

pr(m)= "3 0% (1) 4o (V) Pl
) (A.19)

Pl = V5, AP0 () pf (1) = (F')1 V2 (r).

The amplitude of the effective self-field v"‘(r) is deter-
mined by the normalization condition

(A.20)

1= 172,12 (428" (E)J? (np— na)-
ab
Below, we consider 0" excitations of (p#%) type. The
actual calculations are made in the approximation
A < E;. Setting V*(r)=B,V,(r) and using the for-
mulas of §4 above and (A.5) and (A.6), we find
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Bt= Eb (V=2 [A5"0 (Eo)® (]t —nP)

~ 2 (Vbﬂ)ga Ap(Ag—E)2 6 (BEq—Eg)= ¢L=0V1=uPnA0 (Ag—Ec)™ (A.Z 1)
Bt =2(—cr—) Vi _ poEgE} o [F}_o— E2I%
= Vi_o(naddr & (A- 22)
Mhuo= |~

The nonzero matrix elements for mixing of the analog
and monopole states of (pn) type by the Coulomb field
Ye:

Ve =Velr)—AEc=AEgVy—o(r)/4; AEq—=(6/5)Ze/R=E, (A.23)

are determined by the transition densities p*(r) =B,
=B,V ,(r)/F' [see (80) and (81)], obtained in accor-
dance with (A.19)-(A.22):

1 — AL

1 (A.24)

12c10 = | 0201 26 () arr=

Calculation of the amplitudes of the admixture of T,
monopole states to the ground state and T, states to the
analog state, (76) and (77), by means of (A.21)-(A.24)
leads to (82) and (83), respectively.
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