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A new approach to the microscopic theory of the nucleus is developed on the basis of special expansions of
the Hamiltonian in the framework of restricted dynamics. A microscopic collective model of the nucleus is
formulated and used to elucidate the meaning of the phenomenological rotational-vibrational model. The new
zeroth-order Hamiltonian, which is defined as the exactly solvable part of an arbitrary Hamiltonian of a

nucleus, is described in its general features.
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INTRODUCTION

The present paper presents a new approach to the
microscopic theory of the nucleus based on some simple
principles formulated in Ref. 1. The point of departure
of the theory is the idea of “restriction of operators.”
To construct a microscopic theory of the nucleus, we
shall use appropriate spaces and operators acting on
these spaces, an important circumstance being the fact
that the definition of an operator depends on the space
on which it acts. The theory is developed in terms of a
well-defined many-particle Hilbert space # and
Hamiltonians H acting on # .

For the construction of the theory, the following idea
is basic: The dependence of H on the space # on which it
acts makes it possible fto change radically the proper-
ties of H if the action of this operator is restricted to a
subspace Z#,of #. This as yet not very perspicuous
assertion will in what follows acquire a very definite
and constructive content.

The reason why it is necessary to introduce the
subspace # , of the space # and restrict the operators
is to be found in the extreme complexity of the solution
to the many-body problem in nuclear theory. When one
is constructing a suitable theory, it is necessary to
have at one’s disposal a formalism that permits one to
simplify the problem to such an extent that it becomes
solvable in practice. At the same time, it is desirable
that each Hamiltonian H should have a corresponding
simplified problem. On the other hand, this procedure
must to a certain degree smooth the specific properties
of the original Hamiltonian H such as the details of the
nucleon-nucleon interaction potential, etc. Without
this, one cannot hope to create a sufficiently universal
theory that is not too sensitive to the detailed form of
the original Hamiltonian of the nucleus.

Since a direct way of separating a model Hamiltonian
from H is not known, we use an indirect approach based
on the properties of the subspace %,. A radical change
of the properties of the Hamiltonian H, whose action is
extended only to #,, makes it possible to separate from
H the model Hamiltonian H,. Different ways of restrict-
ing H lead to different H,, and therefore the mechanism
of restricting H gives a method for constructing differ-
ent models of the nucleus. The only problem resides in
the choice of the subspace # ,. We shall see that a
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particular choice of &, can be suggested by the form
of the integrals of the motion of the original Hamil-
tonian H, by means of which one can construct the
simplest, kinematically correct basis in #. In this
sense, therefore, the properties of the Hamiltonian H
determine the subspaces #,and, thus, the Hamiltonian
H,as well. In other words, by means of definite rules
H generates the simplest, smoothed Hamiltonian H.

Suppose we are given an arbitrary microscopic nu-
clear Hamiltonian # which acts on the many-particle
Hilbert space 4. Then the microscopic theory is con-
structed in the framework of restricted dynamics in
accordance with the following rules (Ref. 1).

1. It is necessary to study all the exact integrals
of the motion of the Hamiltonian H.

2. It is necessary to construct in 4 the simplest
basis that satisfies all the kinematic requirements that
follow from the symmetry properties of H.

3. Choosing some characteristics of the simplest
basis, one must fix the subspace #,in %, and then
restricting H to #, separate H, from H,

4, The Schridinger equation for H, must be solved.

The picture of the structure of the nucleus described
by the eigenfunctions ¥, of H, will be simplified to the
same extent to which H is simplified compared with H.
The Hamiltonian H, will reflect only some of the fea-
tures of the Hamiltonian H that generated it, and there-
fore ¥, will contain only some properties of the true
states of the nucleus. We shall therefore say that ¥,
provides a model of the nucleus, the model depending
on H and # ,. The theory based on such a model is
then perfected by taking one further step.

5. With ¥, used as a function of the zeroth approx-
imation, the most important terms of the residual in-
teraction H =H — H, are taken into account.

The first two rules concern the kinematic aspects of
the theory, and therefore this part of the program can
logically be called the kinematic basis of the micro-
scopic theory of the nucleus. These questions are con-
sidered in Refs. 2-3,

The present review is devoted to the third and fourth
parts of the program, in which we are concerned with
the dynamical foundations of the micvoscopic theory of
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the nucleus. In particular, considerable attention is
devoted to studying the collective degrees of freedom

of the nucleus. Recently, significant progress has been
achieved in understanding at the microscopic level the
phenomenological theory proposed and developed by
Bohr, Mottelson, and Rainwater. The new microscopic
approach to the study of collective effects was stimu-
lated by the ideas used in the rotational-vibrational
model of the nucleus, although they do not follow direct-
ly from them. It will be shown that the dynamical equa-
tion describing the collective effects is none other than
the Schridinger equation for a Hamiltonian H, separated
in a definite manner from H.

The microscopic theory described in the present re-
view has a more general nature and can be presented in
a form such that the applicability of its conclusions for
describing collective degrees of freedom is revealed
only in the final stage. Despite this possibility of
axiomatic construction of the theory, a more heuristic
approach has been used to simplify the present expo-
sition. From the start we shall use concepts such as
collective Hamiltonian, collective variables, and so
forth. The reader should not confuse them with the
analogous but by no means equivalent concepts used in
phenomenological theory. Subsequently, when the con-
nection is established at the appropriate place between
the microscopic and the phenomenological approaches,
the patient reader will see the different meanings
attached to these concepts and the extent to which the
phenomenological theory has been absorbed by the
microscopic theory.

Such are the general features of the basic ideas of the
present theory. We now turn to a more detailed ex-
position of the material. A demonstration of the
computational possibilities of the theory would require
a considerable expansion of the review, and we must
therefore restrict ourselves to the presentation of
concrete results. Additional information can be found
in Refs. 1-4, and also in other papers, to which ref-
erences are given at the appropriate points in the text.

1. PRELIMINARY COMMENTS

The basic ideas of the overwhelming majority of
nuclear models are taken from the theory of other
many-particle quantum systems. For example, the
shell picture is based on the assumption that there
exists in the nucleus a single-particle field similar
to the field in which atomic electrons move. How-
ever, this assumption is not cbvious. One can point
out the significant difference between the physical con-
ditions in atoms and nuclei, which arises not only be-
cause these systems consist of particles whose inter-
action laws are so different, but also for geometrical
reasons. The main part of the single-particle field
for atomic electrons is produced by a central heavy
particle. Of course, such a situation does not obtain
in nuclei, in which the nucleons themselves generate a
self-consistent but not necessarily single-particle field.
Why must it be of the same type as the self-consistent
single-particle field for atomic electrons? Does the
shell picture correspond to physical reality or are we
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only accustomed to it?

In nuclear theory, pairing properties have been taken
over from the phenomenon of superconductivity. Now
the tendency for paired particles to form in Fermi sys-
tems is due, among other factors, to the infinite ex-
tension of a system, and in a real nucleus this condition
is satisfied only approximately.

The most typical effect deduced from pairing proper-
ties is the characteristic gap in the spectrum of low-
lying excitations. However, this effect is not observed
in all regions of mass numbers, and one cannot there-
fore assert that in the theory of the nucleus the pairing
properties are as important as in the theory of super-
conductivity.

Collective effects emphasize another aspect of many-
sided nuclear theory. The original assumptions of the
rotational-vibrational model, which is based on a pic-
ture of small surface vibrations in an incompressible
liquid, are so classical and contradict the shell ideas
that this model loses many quantum features such as
the Pauli principle, the possibility of deriving a col-
lective potential energy from a microscopic Hamil-
tonian of the nucleus, and so forth.

These critical comments concerning well-known
models of the nucleus are not given at all to reduce
their importance. The remarkable results obtained by
means of these models in the interpretation of different
properties of nuclei have been worthily treated and
presented in many books. It is only important to em-
phasize that most models are based on ideas taken from
theories of other quantum systems, and it must be re-
membered that they cannot always be transferred un-
critically to nuclear theory.

It is necessary to elucidate a common unacceptable
feature of these models. Despite the very different ini-
tial conceptions (single-particle field, pairing property,
or semiclassical collective degrees of freedom), a com-
mon negative feature of them is violation of the inte-
grals of the motion. The various types of violation
(spurious states, states with approximate value of the
total angular momentum of the nucleus or even with
approximate number of particles, neglect of the Pauli
principle, etc.) have appeared as an undesirable burden
from theories of other many-particle quantum systems.

The great importance of the integrals of the motion is
now widely recognized in relativistic and nonrelativistic
quantum mechanics. In the construction of theories in
different fields of physics they are taken into account as
a first necessary condition. Why is their significance
so frequently ignored in nuclear theory? The opinion is
sometimes advanced that it is not worth bothering
especially about the integrals of the motion at the start
because they can be recovered in the final state of the
calculations by means of the projection technique. But
this approach, besides technical difficulties, hides a
different and more pernicious danger. Allowance for
the integrals of the motion can significantly change the
physical picture taken initially as the basis of a par-
ticular model. A clear example of this situation is en-
countered in the nuclear shell model, in which the shell
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concepts contradict the kinematic requirements that
follow from the translational invariance of the nuclear
Hamiltonian,?'3

In each model, the kinematic requirements are vio-
lated in different ways. This may be one of the reasons
for their manifest dissonance. The concept of collec-
tive motion, for example, strongly contradicts the pic-
ture of independent particles. On the one hand, there
are too many models of the nucleus for one to be able
to believe all of them, but, on the other, one has the
feeling that the majority of them have managed to en-
compass something important. There has long been a
need to reconcile these models, and there is hope that
the kinematic requirements will be very helpful in im-
plementing this difficult task. Indeed, why should one
not take into account the integrals of the motion as the
first step in nuclear theory? What physical picture
shall we then perceive?

We shall now, in Sec. 2, begin with a survey of the
general ideas which can be taken as the basis for creat-
ing a kinematically correct microscopic theory of the
nucleus constructed in the framework of restricted
dynamics. These ideas were put forward in Refs. 1
and 5.

2. GENERAL FORMULATION OF THE METHOD

We have argued above that violation of the symmetry
principles must be regarded as a serious shortcoming
of a theory. For this reason, we shall from the very
beginning construct a kinematically correct theory that
at no stage violates the exact integrals of the motion
deduced from the symmetry properties of the nuclear
Hamiltonian. We shall also eschew analogies between
nuclear theory and the theories of other quantum sys-
tems. We shall develop a theory adapted to the de-
scription of specific properties of the nucleus, which is
a compact system of interacting particles well localized
in space. Two variants of the theory are possible. The
first uses the isospin formalism, and we shall then
speak of the nucleus as consisting of nucleons, while
the second does not use the isospin formalism, and we
shall then speak of a proton-neutron nucleus. In the
present review, we shall consider only the first variant
of the theory, but all our results can be modified to
the associated proton-neutron system.

We now describe the general method of constructing
a microscopic theory of the nucleus in the framework
of restricted dynamics.!'5 It is well known that the
nuclear Hamiltonian H conserves well the spatial parity
7, the total angular momentum and its projection JM,,
the antisymmetry a of the nuclear wave function, and,
finally, the number of protons and neutrons, i.e., My,
the isospin projection, and n, the total number of nu-
cleons. The energy is not included in this list of the
set of integrals of the motion. For what follows, it is
convenient to denote the set of these integrals of the
motion by the single letter A ={nJM,Mmna},

We begin the construction of the theory with an ap-
propriate realization of the Hilbert space #. Let #
be decomposed into a direct sum of subspaces # (*,
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i.e., suppose
R=RN § DL (1)

where the indices of A denote certain fixed values of the
integrals of the motion.

We have resolved not to violate the integrals of the
motion. We shall therefore develop the theory only
within a subspace #‘*) with a definite value of A; as
a rule, this condition is violated in the models dis-
cussed in the previous section. The translationally in-
variant nuclear Hamiltonian H acts within 2V, j.e.,

(AT|H ATy =8 (AA') (T| BT, 2)

where I' denotes a certain basis in #‘4),1) Asyet, #M
is an arbitrary Hamiltonian, and its action leads to
definite superpositions of the randomly chosen basis
¥(AT) in 2%, and, of course, the best way to fix this
basis is to solve the Schridinger equation for H; in

this case, I' would be the energy. However, it is in
practice impossible to solve the Schrédinger equation
exactly for the many-particle nucleus, and we must
therefore seek other possibilities.

The dimension of the space #‘* is very large. It is
helpful to decompose #‘* into subspaces with fewer
dimensions. With this aim, we seek in the set of
Hamiltonians H that act within 2 ‘") a simpler Hamil-
tonian (denoted by %) which possesses additional sym-
metry properties and, therefore, additional integrals
of the motion. We use one or several of these integrals
of the motion (we denote them by K) for additional
fixing of the basis in #‘*’., We have

AV L gL 3)
In the new basis, the matrix of the operator H takes the
form

(AKT|H|A'K'T'y =68 (AN') (KT | HV | E'T", (4)
where I' now denotes some basis in % ¢*£),

The decomposition (4) gives a many-particle Hilbert
space suitable for our purposes. This decomposition
is implemented by means of two Hamiltonians: the
arbitrary “large” Hamiltonian H and the “little” Ham-
iltonian k. To be specific, we shall assume that H
has the form

H =Hkin +HCoul+Hc +Hv =k Ht‘ (5)
where the first two terms are, respectively, the opera-
tors of the kinetic energy and the Coulomb energy. The
three last terms denote the central, vector, and tensor
forces with all exhange and arbitrary potentials of the
nucleon-nucleon interaction. As yet, there is no need
to discuss the actual form of %,

We now come to the most important part of this sec-
tion. We separate from H a new Hamiltonian. For this,
we write A in the form of two terms:

H=H, —I—I-f, (6)
where H, and H conserve the integrals of the motion A.
We define H, as all that part of H for which the condition

(KT HP KTy =8 (KK') (P HY™| T (7)

U the present review, the Hamiltonian acts throughout within
R‘A) and we shall therefore sometimes omit the superscript
A of H.
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is satisfied for all K in #Z (*), It follows from this def-
inition that H has at least one nondiagonal element with
respect to K. It is important to emphasize that the con-
dition (7) is not equivalent to the allowance for all K-
diagonal matrix elements of H, because H also has
nonzero K-diagonal matrix elements,

It is noteworthy that the operator H'*) and the space
R AL determine the new Hamiltonian H . In what
follows, for brevity, we shall say that H, Ag) § ig pro-
jected from H® by means of # (2% or, mmply, that
H{*) g projected from H'Y 2 We now write down
the Schrddinger equation for H{*%);

AK) g/ AK
HARNGAR _ (AR pAR)

(8)
We can now introduce a model of the nucleus.!'> We
shall say that the physical picture of the nuclear struc-
ture described by the wave function ¥{**? is the dy-
namical model of the nucleus generated by the Hamil-
tonian H restricted to the subspace # (*F), or, briefly,
a model of the nucleus with restricted dynamics.

The definitions given above are very general. It is
by no means trivial to ensure fulfillment of the condition
(7), and one can hope for success only when the space
R AE) g spanned by a basis with exceptionally good
properties. Such a basis will be introduced in the fol-
lowing section. The degree of complexity of the Schro-
dinger equation (8) depends on the choice of the addi-
tional quantum numbers K. From the point of view of
the practical possibilities of solution of Eq. (8), a par-
ticularly favorable situation arises when K is chosen
such that the dimension of the space # ‘A%) ig finite.
In this case, the operator H f,“‘” is represented in ac-
cordance with (7) by a Hermitian matrix of finite di-
mension, and the Schrodmger equation (8) can be solved
exactly.

If the general method formulated in this section is to
become viable in practice, it is necessary to study the
kinematic and dynamical aspects of the complete prob-
lem already mentioned in the Introduction. The kine-
matic part concerns the detailed description of the
spaces #‘*®) including also the method of constructing
bases in these spaces,?? and it is assumed that the
reader is familiar with this material. The dynamical
part begins with the separation of H{*® from H‘* and
the study of the general properties of the spectrum and
the eigenstates of the Hamiltonian H{*®), This isa
very large group of questions, and only some of them
can be discussed in the present review.

3. DIFFERENT TYPES OF RESTRICTED
HAMILTONIANS

In Refs. 2 and 3, the exact integrals of the motion of
the Hamiltonian H are discussed and the simplest, kin-
ematically correct realization of a basis in # (A) g
described. This realization also specifies the Hamil-
tonian 2. It can be shown (see, for example, Refs. 2
and 3) that this Hamiltonian is the first Casimir opera-
tor of the unitary group Uy, .,), where n is the number

DWe shall also call this procédure restriction of the operator
H'M to the subspace #4K),
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of nucleons of the nucleus.

In #, there exist the following two unitarily equiv-
alent bases:

(EQB (LS) J )M,
M paoa (6R)a | O) (9)
and
By (LS)IM, |
(Tﬂf,-&ﬁma(li)a e, 0)- (10)

These functions depend on the spin-isospin variables,
the set of which is denoted by @ in (9) and (10). They
also depend on the 3(n — 1) orbital variables, denoted
together in (9) and (10) by @’. The set @’ consists of
either the Jacobi variables p(i3=1,2,...,n~1; §=1,2,3),
or six collective variables £ and 3(z — 3) noncollective
(so-called internal) variables g; the variables & and g
are described below.

Before we explain the meaning of the quantum num-
bers in (9) and (10), we introduce the following notation:
The letters U and O denote the unitary and orthogonal
groups, and O the orthogonal groups without reflec-
tion. We also require three symmetric groups: S,
S{ and S{°". The first of them acts on all the vari-
ables, the second only on the orbital variables, and the
third on the spin-isospin variables. For both functions
(9) and (10), E has a triple meaning and denotes si-
multaneously the Uy,.,)~irreducible representation
[EO. ..0], the U,.,-irreducible representation
[E,E,E,0...0], and the U,-irreducible representation
|E,E,E;], the relation E, + E, + E, =E holding. The
parity = of both functions is positive for even E and neg-
ative for odd E. The quantum numbers L, S and T de-
note the orbital and spin angular momenta and isospin
moment of the nucleus; the quantum numbers J, M,,
My, and a have already been introduced; w denotes the
O,.,-irreducible representation (w,w,w,0...0). The
permutational symmetry of the functions (9) and (10) is
characterized by the S{”)-irreducible representations A
(orbital Young tableau), which has the form
[4...43...32...21...1], i.e., contains k, units, &,
doublets, k; triplets, and k, quartets, the relation
k. + 2k, + 3k, + 4k, =n holding; the letter X has a double
meaning and denotes either an S°"-irreducible repre-
sentation, i.e., the Young tableau conjugate to the
tableau A (A is uniquely determined by A), or a U -
irreducible representation. This representation is re-
duced in accordance with the chain U, D U,~U, X U,,
and the repetition index of identical S and T in X is de-
noted by @. The index « is the repetition index for the
chain 0,., 28}, i.e., it distinguishes identical A con-
tained in a given w. Similarly, 6 and ¥ in (10) denote
the repetition indices in the chains U,_, 2 0,_, and
U, D 0;. The quantum number £ in (9) denotes the
Ojy(n-y) -irreducible representation (20...0), and g is
the repetition index for the chain Oy(,.,) 2 0; X0,.,.

The transformation between the basis (9) and (10)
is achieved by means of the orthogonal matrix M(Z%L)
with matrix elements

{(EwL)
ML EEs190. op-

(11)
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This matrix is diagonal with respect to the Uy(,.,)~
irreducible representation E, and also with respect to
w and L, and does not depend on S, T, My, &, &, A, J, M,.
We shall call the basis functions (9) the functions of the
unitary scheme, and the functions (10) the functions of
the orthogonal scheme.

Here we give a very brief description of the simplest
basis in #Z (), Details, including references to the
original papers in which the functions (9) and (10) are
introduced, their properties are studied, methods of
recursive construction of them are developed, etc.,
are described in Refs. 1-4,

In the construction of a microscopic theory of the
nucleus in the framework of restricted dynamics we
shall use bases of the unitary or orthogonal scheme
possessing rich sets of quantum numbers. We shall
discuss the suitability of these quantum numbers for
restricting the Hamiltonian H. By the assertion in the
general formulation of the method, both the bases (9)
and (10) are characterized by all the exact integrals
of the motion A ={nJM;Mzna}. The remaining quantum
numbers of the functions (9) and (10) form the set {K T}
and therefore {KT} ={EQBwaA&T LS} for (9) and {KI‘}
={EybwaAaTLS} for (10).

Each of the sets {KT'} consists of indices of three
types.

First, there are the repetition indices g, a, & or
v, 6, a, @ They are not indices which characterize ir-
reducible representations, and it is therefore not worth
attempting to interpret them as additional integrals of
" the motion.

Second, there are indices of irreducible representa-
tions of groups whose rank does not depend on the num-
ber of nucleons. For the orthogonal or the unitary
scheme, we have the quantum numbers S, T, L, further
A (as U, representation) and additionally for the unitary
scheme E (as U, representation).

Third, there are indices of irreducible representa-
tions of groups whose rank depends on ‘he number of
nucleons, i.e., groups associated with the many- .

particle properties of the basis. For both schemes, we

have E, w,\ (E as Uy,.,) representation and A as S
representation), and also @ for the orthogonal scheme
and E (as U,., representation) for the unitary scheme.

In accordance with the general propositions of Sec.
2, as an additional integral of the motion we can choose
one or several of the quantum numbers of the second or
the third set. At the first glance, it would seem that
there are too many possibilities, but we shall see that
the majority of them must be eliminated for various
reasons.

Before we discuss the actual quantum numbers in the
two sets {KI'}, we make a remark. All the additional
integrals of the motion that will be discussed in what
follows correspond to irreducible representations of
continuous or discrete groups, and therefore the real-
ization of the basis in #*) by means of the functions
(9) or (10) is exceptionally convenient: If the condition
(7) is satisfied, they make it possible to use a powerful
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algebraic formalism. If the additional integral of the
motion K corresponds to an irreducible representation
of some group, then in group-theoretical language the
projection of H*X) from H'*) amounts to the separation
from H‘® of its scalar part with respect to transforma-
tions of this group.

We now discuss the concrete sets {K I'}t. We begin
with the quantum numbers for the groups whose rank
does not depend on the number of nucleons. The ad-
ditional integral of the motion A (as U, representation)
must be eliminated for the following reason. If we  pro-
ject H, from H, restricting H to the subspace # ‘),
i.e., we take only the U,-scalar part of the operator H
then the eigenvalues of the Hamiltonian H*") | will be
degenerate with respect to S and T. However, S+L=J,
so that the degeneracy with respect with S will entail
partial degeneracy with respect to the total angular mo-
mentum J of the nucleus. As a consequence of this,
the spectrum of the Hamiltonian H{**) will be too
simple, and it will therefore not be worthwhile intro-
ducing a model of the nucleus based on this Hamilton-
ian. The two other possibilities based on use of the
quantum numbers S and T to restrict H are also un-
suitable, since it is fairly simple to take into account
the nondiagonality with respect to S and T (for which
it is only necessary to know the Clebsch-Gordan coef-
ficients of the group U,; see Ref. 1), and there is no
need to use these quantum numbers as additional inte-
grals of the motion,

From what we have said above, we conclude that
the spin-isospin quantum numbers should not be used
as additional integrals of the motion. There is, how-
ever, a different and deeper reason for this conclu-
sion. The nuclear Hamiltonian depends on the spin-
isospin variables through operators of the groups
U,and S{°”, in connection with which this dependence
has a purely algebraic nature. Therefore, there is no
need to restrict H to spin-isospin quantum numbers;
the restriction technique is helpful essentially only to
simplify the orbital part of the dynamical equations.

We now consider the possibilities associated with the
quantum numbers that characterize the irreducible rep-
resentations of the other groups whose rank does not
depend on the number of nucleons. There remain only
two groups not yet considered, namely U, and O;. From
H, we can separate either an O;-scalar or U,-scalar
part. At the first glance, the latter possibility should
be eliminated for the same reason as in the case of a
U,-scalar Hamiltonian; restriction to an irreducible
space of the group U, leads to degeneracy of the energy
with respect to the orbital quantum number L and,
therefore, to partial degeneracy with respect to J.
However, this objection is invalid because, in contrast
to the U,-scalar Hamiltonian, the degeneracy with re-
spect to L can be lifted in this case by means of an
additional term in the operator H,.

We now discuss the quantum numbers associated with
the many-particle properties of the bases (9) or (10).
We take first E and  with E as Uy,.,)-irreducible rep-
resentation. It is obvious that the orbital part of the
Uy(p-y)-scalar Hamiltonian H, separated from H is al-
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most as simple as the Hamiltonian /# and is therefore
not suitable for our purposes. Somewhat more com-
plicated, but still too simple, is the Hamiltonian H,
separated by means of the Oy(,.,)-irreducible repre-
sentation . The matrix of the U(,.,)~ or O,,-;)-
scalar Hamiltonian has a high degree of degeneracy
and, in particular, does not depend on L. This degen-
eracy cannot be lifted by additional terms, so that the
quantum numbers of the groups Uy(,.,) and Oy(,-,) are
not suitable for constructing a model with restricted
dynamics.

We have still to consider three quantum numbers:
A (as S'” representation), E (as U, ., representation),
and w, The use of all of them as additional integrals
of the motion leads to complicated Hamiltonians H,,.
Projection by means of the quantum number A gives the
Hamiltonian of the supermultiplet scheme®” (see also
Refs. 8 and 4). In the framework of thsi scheme,
numerous studies have been made of a number of
properties of nuclei such as the probabilities of gand
¥ transitions, the magnetic moments, the general de-
pendence of the binding energy on the supermultiplet
quantum numbers, and so forth,

Nevertheless, this scheme is too general for studying
a larger group of questions. As was noted in Ref. 8, it
requires further particularization. This can be
achieved by introducing the quantum numbers E and w
characterizing the U,. - and O,.,-irreducible proper-
ties of the basis functions (9) and (10). The quantum
numbers E and w are the most important additional
integrals of the motion for constructing a microscopic
theory of the nucleus in the framework of restricted
dynamics.

Let us summarize, Besides the well-known super-
multiplet scheme, which in many respects is too gen-
eral, a constructive and nontrivial Hamiltonian H, can
be expected only in the case of restriction of H to
0=, Us=, 0,_,-, and U,_,~irreducible spaces. It is
obvious that the most complicated Hamiltonian H, has
the least symmetry, and we therefore obtain the most
complicated model for projecting H, from H by means
of the additional integrals of the motion w and L. In
this case, the Hamiltonian H, consists of three terms:
H{, which is an O; scalar but not an O,., scalar; H},
which is an O,., scalar, but not an O scalar; and
finally, the term Hj, which is scalar with respect to
both groups O] and O,.,. For this Hamiltonian, we
introduce the notation

H,=H,+H,+H, (12)

A second possibility is associated with the unitary
groups U, and U,.,. As before, we introduce the
Hamiltonian Hy, which consists of three terms: H/,
which isa U,., scalar but nota U,_, scalar; HY, which
isa U,., scalar but not a U, scalar; and the term H?,
which is a scalar with respect to both groups U, and
Uyp.,. We introduce the notation

H,=H;+ H+H, (13)
If we need to combine the two terms in (12) or (13), we

shall write H{, =H + H}, etc. Note also that the Ham-
iltonian H can be restricted to irreducible spaces of
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the groups U, and O,., or the groups 0} and U,.,.

We conclude from what has been said above that in
the framework of the method of constructing models
discussed in the Introduction we obtain, besides the
Hamiltonian of the supermultiplet scheme, two further
suitable Hamiltonians H; and H; these operators are
particularized by the realization of # * by means of
the kinematically correct bases (9) or (10). Now, in
accordance with the fourth part of the program, we turn
to a more detailed study of these Hamiltonians and the
properties of their eigenstates. For these purposes, we
use an appropriate mathematical formalism, to the de-
scription of which we now turn.

4. GENERAL FORM OF THE OPERATORS AND
REPLACEMENT OF THE VARIABLES

The restricted volume of the present paper does not
enable us to discuss in detail the properties of all the
terms of the Hamiltonians (12) and (13), and we there-
fore concentrate our main attention on the operator
H, =H;+H;, which, as we shall see in what follows,
has the most direct bearing on the study of the collec-
tive degrees of freedom of the nucleus. By definition,
this operator is the O,.,-scalar part of the nuclear
Hamiltonian H, Our immediate aim is to elucidate the
physical meaning of the as yet abstractly defined Hamil-
tonian Hj,. The result is very simple; HJ; is the entire
collective part of the original Hamiltonian H. In what
follows, we shall also obtain an expansion of H (and
even a more general expansion of arbitrary operators
used in nuclear theory) in a series whose first terms
represent the O,.,-scalar (i.e., collective) term, the
remaining members of the series giving terms that de-
pend on both the collective and the noncollective (in-
ternal) nuclear variables. When the Hilbert space # L
realized on the basis functions (9) or (10) is used, such
an expansion is natural for studying collective effects
and effects due to the interaction between the collective
and internal degrees of freedom of the nucleus.

The problem posed above can be solved in two ways,
the first of which is based exclusively on matrix rep-
resentation of the operators with subsequent expansion
of them in an O,.,~irreducible series. This represen-
tation is optimal in many respects. However, the ma-
trix expansion is not so perspicuous as another ex-
pansion, which is based partly on a matrix and partly
on a coordinate representation.

Therefore, we shall consider below only the second
method of O,.,-irreducible expansion of the arbitrary
operators encountered in nuclear theory. This method
was proposed in Ref. 9.

It is not easy to obtain an O,.,~irreducible expansion,
and therefore, to make the following exposition more
comprehensible, we shall note the main stages.

We first discuss the general properties and structure
of the operators to be expanded. We then describe
briefly the formulas for the transition to the new,
collective and internal, variables, including formulas
for the differential operators.
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The next step in obtaining the O,.,-irreducible ex-
pansion of the operators involves a convenient realiza-
tion of the Hilbert space with respect to which the tran-
sition from the coordinate to the matrix representation
is made. We then elucidate the meaning of the O,_,
scalar Hamiltonian dj,, study the matrix of this Ham-
iltonian, constructa complete basis, which depends on
the collective variables, and, finally, separate the col-
lective part from H.

We begin by considering the general form of the opera-
tors encountered in nuclear theory. Following Ref. 9,
we study translationally invariant operators of the form

O = i;‘_‘; U (oo570)) Wi (ri—r;). (14)
Here, 0; and ‘ri denote the spin and isospin variables of
nucleon ; U » is an arbitrary two-particle spin-isospin
operator symmetric under transposition of the indices i
and j which transforms in accordance with the O}-ir-
reducible representation »’, whose basis we denote
by u’. Similarly, W% is an arbitrary operator sym-
metric in ¢ and j that depends on the distance between
the nucleons and transforms in accordance with the 0}-
irreducible representation »” with basis .”. Each term
of the Hamiltonian (5) can be written in the form (see,
for example, (8.8)—(8.12) in Ref. 1)
% (—1* éﬁ’iu ={}§_’ ,En (=" 01: (o30;75Ty) W’iu (r;—r;). (15)

Together with (14), we consider operators of single-
particle type. As a rule, they are expressed in terms
of the single-nucleon variables r; and, therefore, are
not in general translationally invariant. To empha-
size explicitly this property, we introduce the vari-
ables t; =r; =R, which are referred to the center-of-
mass vector R, where #nR =r, +++++r,. In the variables
r;, the operators of single-particle type have the gen-
eral form [see, for example, (8.13) in Ref. 1]
Ol (R) =

3, U (o) Wi ¢+ R), (16)

where the introduced notation is analogous to the nota-
tion in (15). We use the circumstance that on a basis
of antisymmetric functions

(TG Ty =n (T|0% (0,7,) Wie (r+ R) T (1
for operators of single-particle type, and,
(07T = [n(n— 1)/2 (T|UE (0 _yTag0nts) W e (P — 1) | T)]
18)

for operators of two-particle type. The last two formu-
las show that the problem of 0,.,-irreducible expansion
of many-particle operators reduces to the expansion of
either the single-particle operator Wxe(r+R), or the

two-particle operator W (r, n-1=Tn). We also recall
that in the standard defimtlon of the Jacobi vectors p;
[see, for example, (16.5) in Ref. 4],

tn=— | = 1)/ Py } (19)
Foa—ry=} Zp, =V uln—1)p,— | n—2) (= 1)pn-n,
and, hence, both operators W have the form

W (e — eiR), (20)

where the mdex ¢t takes the two values n — 1 and a;
vnc,==vn =1, ¢{=1 for single-particle and c} -\f? ¢l =
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for central two-partmle operators. For simplicity, we
shall simply write W (p,) instead of the expression (20)
in what follows,

We must now implement the change of variables in
the operator (20). For this, we use the explicit ex-
pression for the Jacobi variables in terms of the new
variables. Instead of the three-dimensional Jacobi vec-
tors, it is convenient to consider the 7,~dimensional
vectors p;. This generalization makes it possible to
trace the symmetry between the 7,~-dimensional space
in which the particles move the r-dimensional space
whose dimension is associated with the total number of
particles. It is also helpful when one is considering
methodological problems such as the two-dimensional
motion of particles, etc. In the cases when it is nec-
essary to go over from the general expressions to
n—1 quasiparticles moving in three-dimensional space,
we shall without further explanation assume that »,=3
and r=n=1. We denote the components of the vectors
pi by pj, wherei=1,2,...,vands=1,2,...,7, In
what follows, we shall also use the special index S
which takes the values s,=1,2,...,7, for ,<» and
So=1+73=7,2+7,=7,...,7, for ry= 7.

We introduce the operator T of rotation of a-dimen-
sional space. We denote the matrix of the rotation op-
erator in the plane (p - 1) (p=2,3,...,a), which de-
pends on the parameter 3", by T¢,.,),(9!). Besides
the rotation operators, we also require the reflection
operator 0. We denote the elements of the reflection
group of r-d1meusxona.l space by 0, (for details on the
operators T and 0, see, for example, Ref. 2 and 3). We
also introduce the following product of rotation
matrices:

D(a, b)= U T bt (00 )

{a—b+2)

b2
KO0 a-vr 2k (BT rin) oo T g o Lp (00, (21)

in which it is assumed that the factors with smaller %
are on the left and only matrices T(p —1)p with p>1
are taken. The variables 9, take the values 0<9,<7w
for p>2 and 0 9,<27 for p =2. We define the »-di-
mensional matrix D7) (g*), where

Dr, ry) for rp<r;
D (g = { D(r, r—1) for ry>r.

Sumlarly, we define the v,~dimensional matrix

Di1ry) (G"), which is given by the expression (22) if the
indices 7, and 7 in it are interchanged. In these ex-
pressions, ¢* and G* denote, respectively, the sets
of (1/2)ry(r,=1) and (1/2)ry(27 = 7,~1) continuous
variables 9 for 7, <7 and (1/2)r(2r,~7 - 1) and
(1/2)r(r - 1) continuous variables 9 for 7,> 7. In group
theory, ¢* are called the variables defined on the
factor space O,-, /0;, where » =min(r,,»). The vari-
ables G" have a snmﬂar meaning (for details see, for
example, Refs, 2 and 3).

(22)

We augment the operation of rotation by the operation
of reflection and introduce an»-dimensional matrix
with reflection:

DUP (6g") = 0,0 (1), (23)
where o, is either the »-dimensional unit matrix [and
then we shall write =0 in the argument of the matrix
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on the left-hand side of the expression (23)], or an7-
dimensional reflection matrix, i.e., a matrix that dif-
fers from the v-dimensional unit matrix only in the
sign of the last diagonal element [and then we shall set
o=1 on the left-hand side of (23)].

The cases of single-particle and central two-particle
operators can be encompassed by introducing the fol-
lowing transformation of the Jacobi vectors [see (16.9)
in Ref. 4]:

101 -+ Pr-sPsPal
g 0 0

=Py .- ProfPraps| | O | VDR | —V—Di2r|, (24)

0 | ViE—Dr

YV i+0er

where e,., is the (r = 2)-dimensional unit matrix. For
r=n-—1, we obtain from (24) the vector p,. Of course,
the transformation (24) belongs to the group 0,. We
denote the matrix of this transformation by g, and
introduce

D7) (oq"g) = D7 (07") &o- (25)
In what follows, it will be convenient to assume that g
on the left-hand side of the expression (25) takes two
values, namely, that g is either the matrix in (24) (and
we shall then write g =g,) or the »-dimensional unit
matrix (and we shall then set g=e).

The matrix elements of the matrices D{'"0(G*) and
D'1¥ (ag*g) will be used as functions by means of which
we implement the change of variables. The expression
for pi in terms of the new variables has the form

=2 pUOD.L (G) Dy Dot 1 (0°0°8), (26)

where p'® are variables of radial type taking values in
the interval 0s p“o’ <+, For 7,=3, 0=0, and g=e
this expression, written in a somewhat different form,
was proposed in Refs. 10 and 11 (see also Ref. 12).

The variables p'*®, G*, and ¢* were used in implicit
form in Ref. 13. The discrete variables specifying
reflection were introduced in Ref. 14,

In general, the operator (20) also depends on the
derivatives with respect to p{. For the replacement
of the variables in the differential operators, it is
necessary to know the expression for the derivatives
with respect to pf in the new variables. For #,=3, it
was obtained in Ref. 15. Generalized to the case of
arbitrary r,, this expression has the form!

a (1) i) (1r0) 2y n1) 2 :
—a—pT= Dsa:n Dr rotag i 5T '39(‘») E Z Da’:n Dl'lro D.--:W(S't')
i % L
() 1)
- Z [ (p“n’)s (pm s Drlrorsg. i
"n’ (Lrg) (1)
+W f:" D:lipis, iJ -'yr-u,ﬂ;,. rrots
P
(110) y(1y)
== E [— Dy Dy Trosi, i
@ — e
9 (bro) i) >
“r _ (p(r') st Drlrgrag, 4 ]2.'3"- (27

where s/ and sJ take the same values as 8, in (26). In
27), the matrl.x elements of D''ry) and D“r depend,
respectively, on G* and oq*g. If r>v,, then in the
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second term of the expression (27) the summation in-
dices take the values s'=1,2,...,7,andi'=1,2,...,7

-7, and

o (5'1) = (1/p) Troryier, - (28)
If ¥>r, thens’=1,2,...,7,-7,i’=1,2,...,7r and

o (s'8') = (Upro=r+) Zryriir, (29)
For v =7,

& (s'i")=0. (30)

In (27), 7 and % are the operators of left shift for the
groups O; and O; (Refs. 2 and 3). To give their defini-
tion, it is convenient to modify somewhat the notation
for the angular variables 9. We relabel the set of
variables in the order in which they occur in the pro-
duct (21) as follows:

gle-brigla-bea 9@, pla-pgla-p+

=1 2)5(3) (4 2 2
00N, L 0000, 800, ol

-(31)
or, briefly, 9, wheret=a, a—1,...,2 and w=¢
-b+1,t=b+2,...,t(n>1). Let g% re all the variables

in (31) to the left of 9% ’, and 7} denote the variable 9}"
and all the variables to the right of 9}, Then, by def-
inition, the operators ] 45+ (and, similarly, the opera-
tors.% ;;+) can be found from the system of equations

= 2 J).: 4 w1 (%)
aﬂ( 4 > JJ (32)
for all f and ». In (32), we have introduced the matrix
elements
DSE} Jade () =D 1131 (Q!f) DJ!M (gt.)

(1.

— Djj5, (qi) — Jﬂq (?tw) DJ'u‘a (qt)- (33)

The matrix D' is the matrix of the O,-irreducible
representation (11)= (110¢+-0), which follows from the
definition (33) and the explicit form of the correspond-
ing Clebsch-Gordan coefficients for the group O, [see
(3.17) in Ref. 16]; for >3, the infinitesimal operators
J j;j» themselves also transform in accordance with the
representation (11). It can be shown that J ;;. satisfy
the commutation relations

Wity Jia =T 51,6 (iaha) +
In calculations with the expressions (27), it is conven~
ient to use the algebra of tensor operators for the
group 0,; an example of such calculations is given in
Ref. 1. To calculate the submatrices, it is helpful to
know the explicit expression of one of the operators.J .
The operator

F 1,08 (inig) — 1,1, (igia)- (34)

Fovitr, s = 0100557, (35)
has the simplest form. In (35) we have used the notation
employed in (27). It is readily verified that the opera-
tor (35) is an O,., scalar which transforms in accord-
ance with the O,_,-irreducible representation (1), the
0, .,~-irreducible representation (11), and the O,., -
irreducible representation (11); these properties of the
transformation must be known when the Wigner-Eckart
theorem for operators of the group O, is used.

5. O IRREDUCIBLE EXPANSION OF THE
OPERATORS W(p )

We use Eqgs. (26) and (27) for two sets of Jacobi
variables, namely p;, ..., Pr-2; Pr=1; Py OF
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Pis + ooy Prasy Psy By, Which are related by the transforma-
tion (24). In (26), we take g =e and consider this ex-
pression written down for the two sets of angular vari-
ables ¢* and ¢” corresponding to each set of Jacobi co-
ordinates above. The connection between the angles
made by the sets ¢* and ¢’* can be found by substituting
in (24) the expressions (26) for both sets of Jacobi co-
ordinates. Using the orthogonality of the matricesD %ry,
we obtain the following equation for the matrix
elements of D{!r);

‘ D“.-:nm i(6g")=D T—Tu+= +(0g"20)-

(36)
Substituting the expressions (21) for the matrix ele=
ments of D7) and canceling the identical operators

T, and also 0, we obtain for »,=3

T35 (O P (04 it bt () P8 (0T 7O,
X (872 T80,y (87 0)=T82 5 (0572 TN, (801 T4, (80)

o iy e U e O 2(ﬁ(r_l))ﬂ')zr 1 (8™ gg (37

Onthe right-hand side of this last matrix relation the intro-
duced angular variables 972, 9{, 9 9{r2) glr-1) g(r)
range over the same intervals of values as the corres-
ponding variables 91752, 9{m) 9 glr-2) glr1) gtr) e
recall that for small » there remain in (37) only the opera-
tors T, ,,withp>1and, therefore, there are less than six
parametersd. Inwhatfollows, it willbe convenientto
denote both these sets of angles in a unified manner;
we shall write 9;, 9,, 9,, 95, 9/, 9/, understanding by this
the angles on the left ha.nd side of (37) if we are con-
cerned with the variables p,, p,.,, or the angles on the
right-hand side of (37) if we are concerned with the

variables p,, ps-

Multiplying the matrices T in (37), we readily see!
that the penultimate column of the matrices D' (¢*) or
D7) (g") depends on the six angles 9,, 9,,9,, 92, 9}, 9.
The last column of this matrix depends only on the three
angles 9,,9,,9,, the set of which we denote by 7*.
Hence, we conclude that for i = - 1, 7 the right- and
left-hand sides of the relations (36) depend only on six
continuous variables, and Egs. (37) express the func-
tional connection between them. The explicit form of
the matrix elements in (37) is given in Ref. 1 [see
(8.21)]. Below, we give their expressions only for the
final column. For »>3 they are all equal to zero ex-
cept for the following four matrix elements:

1,

D, T, . (g*) =sin ¥ sin B, sin ﬁ,.

Df. ; » (g*) =cos &, sin &, sin 9;;
D{,i Lr (g*) =cos B, sin 8y;

(38)

" (g%) =cos .

Wri.i:ing out explicitly the components of the three-

dimensional vectors p,(t wH 1 or ¢t =a), we obtain
- §p<su)m;g’ (G") D‘,.‘:Ez'i,a ,(aE*) (39)

and, therefore,
I ()2 DRI, -t (08", (40)
where the matrix elements of D'*n=1’(7*) have the ex-
pressions (38), and D{s:,?-,’ (G*) are the matrix elements
of the matrix of three-dimensional rotations in the

Cartesian basis and are defined by means of (22). The
matrix elements (38) also occur in the expressions for

lo:] =
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the derivative with respect to pf. Because D{in-1)(7")
with i ' <m = 4 vanishes, the expression (27) for the vari-
able pj for n>4 contains only one term with respect to
i/, which contains the operator J ,.,ss ... TO Sum-
marize, we conclude that the derivative with respect

to pi depends only on the continuous variables p'*, G*,
and G°, and also on 0 and the infinitesimal operators

J 8084 and.¥ s -

Equations (39), (27), and (38) give explicit expres-
sions for pj and the derivatives with respect to pf in
terms of the new variables p("O’ G', and 0", Sub-
stltutmg these expressions in (20), we obtain the opera-
tor W(Pt)

Wi = Wik (o0, dlapeo, G*,
Fuusyy 07, Juai). (41)

This expression, together with Egs. (17) or (18), com-
pletes the first stage in the O,.,-irreducible expansion
of arbitrary operators of the form (14) or (16).

We implement the second stage of this expansion in
two ways. First, we average (41) with respect to the
variables 0g*, i.e., with respect to these variables we
go over to a matrix representation. We then take def-
inite linear combinations of the averaged operator and
thus complete the O,.,-irreducible expansion of the
operator W (p,).

Before we begin to describe a suitable class of func-
tions on which the averaging of the operator (41) is to
be implemented, we introduce some more notation. We
denote the set of variables that augment §* to g* or to
q" by q;, so that ¢ =3'q} or ¢* =3¢}, depending on
whether we are considering the Jacobi coordinates
Pn-1s Pp-p OT Py, p;. Now let @ in (9) or (10) denote the
set of variables p' ’0), G’, and 0G'g;. These functions
are characterized by the orbital quantum number L,
and therefore their dependence on the angles G* can be
separated in the form

Dim (G*). (42)

Here, D" are matrices of an irreducible representation
of 0;. Similarly, the dependence of the functions (9) or
(10) on the variables 0§ *q; can be separated in the form
of the functions'*
D, aay (0gd), (43)
where D“ are the matrices of the O,.,-irreducible rep-
resentation w, and u is the basis of the S -irreducible
representation A. The functions (42) and (43) are sim-
ilar in many respects, and this similarity is due to the
circumstance that (42) and (43) are matrix elements of
matrices of irreducible representations of orthogonal
groups. However, there are some differences between
them. First, the columns of the matrix D* are labeled
by the projections M, the presence of which makes it
possible to construct the functions (9) or (10) with total
angular momentum J. Similarly, the columns in (43)
are labeled by the indices oAy, the presence of which
makes it possible to construct antisymmetric basis
functions. Because of the last requirement, we use
irreducible matrices D“ of the orthogonal group with
reflection, depending on the variable o as well as the
continuous variables. The presence of the discrete
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variable is important in the construction of the func-
tions (43); it is impossible to fix the correct basis
characterized by a definite Young tableau for the func-
tions Dy a», defined only on the set of continuous vari-

=4 _+ 3)

ables 77q).

A second difference between (42) and (43) is reflected
in the designation of the rows; for n>3, all the rows
of the matrix D* are present in the expansions of (9) and
(10) in terms of (42), whereas in the expansion with re-
spect to the matrix elements (43) only some of the
rows of the matrix D“ are used'™®'!%; this circumstance
is indicated in (43) by the superscript 0 of v. Several
different chains can be used to label v°, and one of them
is associated with the group of three-dimensional ro-
tations with reflection, which is embedded in O,., in
accordance with 0,., 2 0, +0,.,. In this case, »° de-
notes the set of indices B,1, m,, where I,m, is the
quasi angular momentum and its projection, which are
associated with the abstract three-dimensional space
spanned by the Jacobi vectors p,_s, p,-2) Pp-1; B, i8S
the repetition index corresponding to 0,., > 0, +0,.,.
These quantum numbers are introduced in Ref. 14,

Because of the O,-irreducible properties, (43) is an
optimal basis for expanding arbitrary functions that
depend on the variables 0¢*q;. This set gives precisely
the class of functions on which the operator (41) should
be averaged. It is first convenient to separate the de-
pendence of the functions (43) on the variables §*. This
is achieved by means of a certain numerical matrix A
introduced in Ref. 18, whose matrix elements are
called coefficients of fractional parentage. To obtain
the corresponding expansion of the functions (43), we
use the identity og'g}=o0g*0;'c"05'00,g1, in which o, and
0, are discrete variables that augment the elements of
the groups O}, and O], which are embeddedin O},
in accordance with Oy, D Oj_, + O}, to the groups
0,-, and O,, which are embedded in O,., in accordance
with 0,., D 0,.,+ 0,.? Further, we decompose the
matrix elements (43) into a sum of products of ele-
ments that depend, respectively, on og'0['0;!, g,
and 0,97, simultaneously forming linear combinations
of them by means of the matrix elements of A. The
final expressions have the form =

DY, iz 0001 = T DY 550 (0707 DS, oz (GraD) 4525, (44)
Bava
for the single-particle operators and

o —
Vi, ekl ok b

(og*qi
wlu?)

DG, a0 (0'07") Dy ====(03g1) 42 (45)

WA R w

3)This circumstance was not noted in Ref. 17, in which results
taken from Ref. 14 were rewritten in a simplified form.

4This identity becomes more perspicuous when one considers
the general case of fractional-parentage separation for a sys-
tem consisting of » quasiparticles into subsystems consisting
of 7 and 7, quasiparticles (7 +7,=7). We then have the chain
0;D0;,+03, (its parameters are gjqi ¢3),'® and also 0,20,
+0,, and the identity 0,444}, 4}, =0,4507. 07, (0,,4;,)(0;, a},)
adapted to it. Here, we consic’ier only the special case
r=n—2 and %=1, when O} degenerates to the trivial group
0f, which consits of a singie element.
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for the central two-particle operators. In the two last
formulas, @, 3, @, X, X and A,, denote, respectively,
irreducible representations for the groups
OpesyOnogs 0y gsSpa1sSp-p and S,; & and @ are the rep-
etition indices for the chains 0,., 2§,.,and 0,.; D
S,-., and T and [ are bases for the representations

% and X. The properties of the matrices of the reflec-
tion operators in (44) and (45) are considered in Ref.
20.

In (44) and (45) we have now separated 07" and can
average the operator (41) over these variables. The
volume element for ¢* is (see, for example, Ref, 22)

o

s (9) = (Val (w1 (sim 0=t agf
p=n—

2 2
% (] (sintF-yp-2a00- || (sin 02 209,
P=n—

p=n—-2

(46)
For the volume element augmented by the discrete
variable, we have
ATy (06%) = dT,- (¢%)/2. (47)
In (46), we have introduced the notation
Vol(Faat) = | dtans (). (48)

In Ref. 14, the orthogonality property
dy 3 | dra-y (064 DY (04") D (00) = 8 (00') 6 (v ) B (up’),  (49)
6

where d,, is the dimension of the representation w, is
proved. It is obvious that (47) can be rewritten as

T, (0g°) =d (0g*) 47, (0:41),
where d,.,(q;) has the form (46) and

(50)

dv (0g) = 5 yelin=s) (gin 6,)7 (sin 8,)"* (sin 05)"3 49, 4O, A0,

Vol(tn-)
(51)
Standard calculations using (49) lead to the following
expression for the matrix elements of the single-par-
ticle operator (41) on the basis of the functions (44)
(Ref. 20):

(Woahlp|W|voa e MR ) =8 (A1) 8 (up') X B _ (52)

Similarly, for the matrix elements of the central two-
particle operator on the basis of the functions (45), we
have

0o, ®'6 Y 00, 0w

(v“mallljﬁ |W|v'%a' e’ ?\.’Mj'}:l')

=8 (haghi) SAA) 8 (1) DTS V0. 05

(53)
In the last two formulas, we have introduced the
notation
05 5= SAE oA R
for (52) and
Omm @' i;-l Ag%%in t‘){éﬁ;’h (55)

for (53). The quantity @ is called the generalized den-
sity matrix.

The integrals  in (52) and (53) have the form

= (v0y70) a - V/_dm_ P 10]
I= G Fausg=V o D aCETS
1]

wo, 0o (p(ﬂi)_ ap

x 3 (53§ dv@) D2, (0a)y 1) w'vo W (o7 |0y CLEe,  (56)

nvro a
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where C are Clebsch-Gordan coefficients for the group
0,-,, X are all possible 0,.,-irreducible representa-
tions in the direct product y X w'- Bw, where Bisa
repetition index, and 0 denotes the O,.,-scalar repre-
sentation. The matrix elements of the operator W in
(56) arise because of the dependence of W on the in-
finitesimal operators of left shift J . These operators
act on the rows of the matrix D, and therefore ﬁf,
being a function of 7 , acts on D* as follows:

WDS, = \% (VO] W |wv'0) DZoy, (57)
When W does not depend on J , the matrix element of
the operator W has the form

(0'VO W w'v™0) = § (vovo) I, (58)
and then the integral (56) simplifies accordingly.
We now introduce the O,.,~irreducible integrals
TS50 (0, 910p, 6*, Zop)
=g ) e 3 (73§ @0
v v G, tis)

and also the O,.,-irreducible components of the gen-
eralized density matrix

Qoorp =2 Oz, 5l rase. (60)

It is readily verified that both expressions (52) and (53)
can be written in the form

(Voo | W[voo'a'A'y') = § (uu’)gﬂ T80 Quarcos (61)

where 4 denotes X for the single-particle and A, \p.
for the central two-particle operators.

In making actual calculations, it must be borne in
mind that the matrix elements of (52) and (53) are given
in different bases of the S,(,,"’-irreducible representation
A and that different variables 7* for D“ were used in
their calculation. It is shown in Ref, 22 that these two
types of matrix element are correlated if the two-
particle coefficients of fractional parentage are cal-
culated in accordance with the formula

o wa, zh o'e, eA G T, A Ahy2?

AT, = 2003 6 DD AR L ABD Mg, (62)
W o

where D“(g,') is the matrix of the O,.,-irreducible
representation w for the group element g;* in (24),

and M is the known matrix of the simple transformation
between the two bases of the representation A used to
calculate the matrix elements (52) and (53).

6. COLLECTIVE PART OF AN OPERATOR

Equation (61) gives the O,.,-irreducible expansion
of arbitrary operators W having the form (20). This
expansion has not yet been generalized to the many-
particle operators (14) or (16) formed from central
two-particle or single-particle components. To realize
such a generalization, one should substitute (61) in
(17) or (18) and, giving a definite meaning to the sets of
quantum numbers I', obtain an O,.,-irreducible ex-
pansion of the many-particle operator 0.

There exists a well-developed technique of such ex-
pansion, the basic stages of which have been set forth
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in Refs. 4, 23, and 24. However, the description of
these questions in a general form goes beyond the
scope of the present review, and we therefore restrict
ourselves to studying only the first term in the ex-
pansion of the operators in an O,.,-irreducible series.
It will soon become clear that this term has a per-
spicuous physical meaning. But first we recall an im-
portant assertion relating to the variables p, G*,

and og*,

These variables have a noteworthy property that
makes it possible to sort them in accordance with a
single criterion, which is important for understanding
the nature of the collective degrees of freedom of the
nucleus, We return to the case of the r,r variables p{
with arbitrary 7, and introduce the following convenient
notation: we denote the set of variables p'*, G* by
£ and the set of variables 0g* by ¢g. Suppose the number
of variables £ is N(£), the number of variables gq° is
N(g*), and the number of discrete variables ¢ is
N(o). We have noted above that

(1/2) ro (ro+1), ro<r;
NE)= { ror—(1/2)r(r—1), ry=r.
We find the number N(g*) from the relation
NE)+N(g)=ror, (64)
which reflects the law of conservation of the number
and species of the particles. Obviously, N(¢)=1 for

¥ = 0 and N(0) =0 for »=0; the latter case is encountered
forr=n-landn=1,

(83)

The variables £ differ significantly from the variables
q in their permutational properties: All the N(£) vari-
ables of the set £ are scalars of the group S{" acting on
the orbital indices of the particles, whereas none of
the variables of the set g are of this kind, since they
transform in accordance with the S{ -irreducible rep-
resentation [n—1,1]. It is shown in Ref. 2, that pre-
serving the total number of variables »y, it is impos-
sible to separate from the set ¢ any SE,"?-sca.lar vari-
ables without thereby losing the possibility of fulfilling
the Pauli principle.

This property of the sets of variables £ and ¢ en-
ables us to regard £ as collective variables and g are
noncollective (internal) variables of the nucleus, the
number of the two types of variables being strictly fixed
because of the relation (64). This definition, which
was proposed in Ref, 2, agrees with the intuitive phys-
ical interpretation of the collective degrees of freedom
of a finite Fermi system; namely, by collective varia-
bles it is natural to understand the variables that are
averaged to such an extent with respect to the indices
of the individual particles that they “do not feel” the
particles. The variables of the set & are of this kind.
It also follows from this definition that variables that
are nonscalar with respect to transformations of the
group Sf,") must be eliminated from the list of can-
didates for the status of collective variables, since
they are not sufficiently averaged with respect to the
indices of the individual particles and, therefore,
“feel” their presence.

What we have said above applies to the sets £and g
used in a theory constructed by means of the isospin
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formalism, i.e., if the nucleus is regarded as a sys-
tem consisting of particles of one species. When we
are concerned with a theory in which the nucleus is
regarded as a two-component quantum system con-
sisting of two Fermi subsystems (proton and neutron),
the total number of collective variables of such a sys-
tem is made up of the number of collective variables
of the two subsystems plus the number of variables
that specify the relative motion of the centers of mass
of the two subsystems.

To encompass both cases, it is convenient to speak
of a system consisting of 2 Fermi subsystems, each of
which consists of 7; + 1 particles (i =1, 2, ..., %) moving
in an 7,-dimensional space.” The total number 7 of
particles is ¥ =7, +7, ++**+7, +k. Each subsystem is
described by N;(£), N;(g*), and N;(0) variables of the
type &, ¢*, and 0. We introduce the numbers

k
Na;ro(k‘"i)"f*i);‘Ni(g)?

Nep=2 V Ni(g'); (65)

k
No=2 2; M),

where 7,(k — 1) gives the number of variables describ-
ing the relative motion of all the subsystems. It is
obvious that N; + N =77,

Summarizing, we state the following theorem: with
out violating the requirements that follow from the
kinematic properties of the Hamiltonian of the k-
component system introduced above, one can introduce
N; collective variables. The vemaining N+ continuous
and N, discrete variables are essentially noncollective
(internal) variables., For r,=1,2 this theorem was
stated and proved in Ref. 2 (see also Ref, 3). It fol-
lows from the theorem in accordance with (63) that
when 7; = 7, the number of collective variables of
subsystem i does not depend on the number of particles
and is determined solely by the dimension 7, of the
space. Therefore, in the theory of the nucleus devel-
oped using the isospin formalism one can introduce
only six collective variables £. For what follows, this
is an important property of the variables p'*?, G*.

It is interesting to see how the collective variables
are “absorbed” when two subsystems of equivalent fer-
mions are combined into a single system. Suppose we
have two nuclei consisting of » and n” particles
(n'>3 and n”">3). We denote for them the sets of col-
lective variables by £’ and £”. We introduce also three
variables 7, which describe the relative motion of the
two subsystems; altogether, we have 15 collective
variables £/, £", and 5. Until the subsystems are com-
bined, the Pauli principle is imposed on the »’ and n”
particles separately. When the subsystems are com-
bined into a single system, the requirement of the Pauli
principle is extended to all n’ +n” particles. To satisfy

5)The requirement that the i-th subsystem consist of fermions
is important only when #; >0; for »; =0, there is only one
particle in the subsystem, and the Pauli principle does not
play any part, so that this particle need not necessarily be
a Fermi particle.
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this requirement, we replace &', £", and 7 by other
variables, which have the following properties: We
introduce nine nonscalar variables ¢° which “feel”
permutations of the particles between the two subsys-
tems, and six scalar, i.e., collective, variables £ for
the combined system. We conclude from what we have
said that it is the Pauli principle that is the reason why
the total number of collective variables is always re-
duced to six in the combined system. The explicit con-
nection between the sets of variables £/, £, nand ¢° &
was obtained in Ref. 19.

Having now elucidated the meaning of the variables &,
we return to our study of the expansion (61). We take
its first term with y =(0). In this case, the index g8 is
not important and

Chompes = 00" ®) 8 (v'*7). (66)
Substituting this expression in (59), we obtain®
I53%0) (pU101apt0, G*, £,

=8(00) 5 3 | dr @) vl @Go)lav),

[

(67)

where we recall that in the general case W depends on
the derivatives w1t‘n respect to p 0 and the infinites-
imal operators_ff’ sosg and J sgsp Of left shift. In par-
ticular, if W has the form (58), then, using (58), we
find from (67) that®2®

IER (00, 6 =8(00") 8(wv'0) 1 3 [ ar@) W (6g%).  (68)
a
The final results (67) and (68) are very simple: To

obtain the O0,.,-scalar part of an arbitrary single-par-
ticle or central two-particle operator acting on a Hil-
bert space spanned by O,., -irreducible spaces, it is
necessary to average the matrix element of the operator
W with respect to the variables §* and sum over the
two values of the variable 0. In accordance with (51),
the volume element d71 has the expression

drt (g*) = N (sin 9,)"3 (sin §,)" ¢ (sin &3)"5 d¥, dO, dhs, (69)

where
Ne=( [ [ ] (sin 875 (sin 8)" (sin 0~ a8, a8, ). (70)

We recall that v,, v, v, stand for 9{%;9, 9{n;2) g{n=3)

for the single-particle operators a.nd 3("") 8("'2) §ln=3)
for the central two-particle operators. For n=4or,

n =3, the integral over the variablesg"* becomes two-
or one-dimensional. For n=5, the variables §* have
limits that are nonstandard. If W does not depend on
o, then in (67) or (68) the factor 1/2 and the sum over
0 can be omitted.

The expression (67) depends only on the variables
£ and the derivatives with respect to them. As we have
already said, these are collective variables of the
nucleus. Therefore, the O,.,-scalar term of an ar-
bitrary operator W is its collective part; this gives us
the physical meaning of this term. To emphasize this
circumstance, we introduce the special notation

152" =8 (00") [ W) (=, Tp?‘n‘ G Zuy) | o (71)

It can be seen from (71) that W{%) is the matrix opera-
tor of left shift acting on the O,.,-irreducible space w.
In particular, when W does not depend on the deriva-
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tives with respect to the variables g*, WE,‘;’.) is a diag-

onal matrix whose elements do not depend on the basis
indices 1°. Inother words, in this case W% is also an
O,.,-scalar with respect to left shift.

In the case y =(0), we obtain from (60)
Quurm=38(0w’) %Qnﬁ.m«—n‘ (72)

Substituting (54) or (55) in (72) and using the orthogonal-
ity of the matrix A, we can show that the sum in (72)

is equal to 6(aa’)6(AL’). Therefore, the O,.,-scalar
component of the density matrix has the form

Quortoy="8(0e") § (aa’) § (AL'). (13)
Therefore, as must be the case, the O,.,-scalar term

in (61) is diagonal with respect to waA and equal to
[Ww}"ov-'o'

7. MICROSCOPIC COLLECTIVE HAMILTONIAN
OF THE NUCLEUS

In the preceding section, we have separated the col-
lective part W, of an arbitrary single-particle or
central two-particle operator W. The next step in
studying the collective properties of the many-particle
operators (14) and (16) involves their factorization into
orbital and spin-isospin parts. The operators (14) and
(16) are obviously scalars with respect to the group S,
which permutes simultaneously the orbital and spin-
isospin indices. However, (14) and (16) are not scalars
with respect to the groups S and S{°”, which act
separately on the orbital and spin-isospin indices;
they are reducible with respect to transformations of
these groups. It is shown in Ref. 26 (see also Ref. 4)
that the operator (16) contains two S{” xS{°” -irre-
ducible components, namely [z]and [z -1, 1], and that
the operator (14) contains the three components [r],
[n=1,1], and [z =2, 2]. In what follows, we shall need
to separate explicitly only the S\ xSf,”s-sca.Iar com-
ponent. In accordance with (8.44) and (8.30) in Ref. 4,
we have :

O Ry = (7*_;_ pR7ALD) (T}T W i+ R)) + B (R)(T4)
it =1
for the operator (16), and i :

P 3 oo
wE=(V i 2 Ot cen)

>j=
o ’:‘ Ve St
e (l/n—(r_T) ‘(%;l F_Vw(ra—r,)) G OLL £

for the operator (14). In these expressions, O denotes
one irreducible term [z -1, 1] in the case (74) and the
two irreducible terms [~ 1, 1] and [z — 2, 2] in the case
(75). The basis functions (9) or (10) contain irreducible
characteristics of the groups S{” and S{°”, and, there-
fore, using the expansions (74) or (75) and the usual
technique for calculating the matrix elements of ir-
reducible operators, adapted to the symmetric group
(for details, see Ref. 4), we obtain "

/T, (LS)JAM, a'Ty (L'S') " M3\

NI Mza (M) a T'Mie' M%)a /

=N (r) (M) 6 (') (2L +1) (28 +1) (2w +1) (207 1))

' n")u
0‘1

LSJ
X {L‘ sy Cﬁﬁm (RaSTM 1 || U || RS T M7
w %" %

S (mTGLA | W || 2T L 2y - 18y, (76)
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where T'; is EQBwa for the basis (9) or Eybwa for the
basis (10). In (76), the curly brackets denote the stan-
dard 9j coefficient for the group of three-dimensional
rotations, (|O|) is the abbreviated notation for the ma-
trix element of the operator O, and
Qs x" e __ GUIKT AR A
Ou bz w%_ Ou‘u'cu‘sl"»- (77)
In (76), U and W depend on the same variables as in
(17) or (18); N(n)=n for the single-particle and
2N(n) =n(n - 1) for the two-particle operators. The
submatrices in (76) are defined for the group O} when
the Wigner-Eckart theorem is used in the form (9.3)
of Ref, 4,

It is easy to see that for an 0,.,~scalar operator the
matrix element ({O|) iszero. Indeed, the group S{"
is embedded in O,., in accordance with 0,., > !,
and therefore an arbitrary 0,.,-scalar operator is
always an S,‘,"—sw.la.r as well and, therefore, does not
contain O components.

.In (76), we substitute the operator W . in place of
W. Then by what we have said above, the term (|O|)
vanishes. The matrix elements of the spin—isospin
operators U™ are completely determined by the algebra
of the groups U, and S{°”; the technique for caleculating
them is described in Ref. 4. Therefore, in the presence
of known submatrices of the operator ﬁf,,. the matrix
of the collective part of the many-particle operator (14)
or (16) also becomes known. In other words, the
single-particle or translationally invariant two-particle
operator W, acting on the O0,.,-irreducible space w
uniquely determines the many-particle operator O
In turn, we have shown a.bovg that Wy is uniquely
determined by the operator W. We therefore conclude
that the separation of the collective part from an arbi-
trary operator is unique.

This assertion was proved by means of an explicit
construction using a partly matrix representation and a
partly coordinate representation. However, from the
proof of the existence of an operator acting on a
separable Hilbert space in a definite representation
there follows the proof of its existence in an arbitrary
representation.”” We therefore conclude that Z.y is
uniquely determined in any representation and that for it
there exists the expansion®?®

O=0n+ X ™8
x%(0,, B (78)
where x and 8 have the same meaning as in (61). In
particular, in the coordinate representation

O (pt0), aldpta, G, 3,,,.5, q, 5',,0.6: Q)

~ a + ~
= Bcon ( pto, e SR Loosyy Jar's ())
( a 7
+ 2 OI)H(P("’J’ e G*, Loys's -75035; Q) 2
x(0), B

e (79)
The first term in (79) depends on ¥ sosg in the form of
0,.,-scalar operators, and therefore Z «on does not
depend on the internal variables g, whereas the re-
maining terms do in general depend on them. The ir-
reducible properties of the expansion (79) guarantee
unigue separation of #ey from & : The operator &
=&wu no longer contains an O,_,-scalar, i.e., purely
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collective, component.

In the general formulation of the method in Sec. 2,
we said that the additional integrals of the motion per-
mit separation from A of the simplest Hamiltonian H,,.
This assertion can now be demonstrated explicitly if
w is used as an additional integral of the motion. We
rewrite (78) for the Hamiltonian 4:

H= Hm" + H o1, intern (80)
where H gy jnerm  denotes all the terms that are not
scalar with respect to transformations of O,.,. In
accordance with the notation introduced in Sec. 3,

Hw;]%H' =H;—’,—H; (81)

The Hamiltonian of the nucleus conserves J, and in
(76) we therefore set » =0 and use the circumstance
that the last term in (76) vanishes. Then for the basis
functions (10) we obtain the following general expres-
sion for the matrix elements of the matrix of the col-
lective Hamiltonian of the nucleus®;

/By (LS)TM,; E'y" (L'S")JM; ]

N T Mpadoa (M) a " Ma'8e'a (MA)a /

— 1 n(n—1)8 (00') 8 (@) 6 (M) 8 (TT") (— )5+

elL BN
x(@z+nes+0)*{s 1 ]

%7 RaSTM |\ T* | Aa'S'T My {EyLSw || Wiy | E'y' L'8w ).
The reason why (82) is diagonal with respect to the
quantum numbers w, @, and A is obvious. The diagon-
ality with respect to T is less obvious. Nevertheless,
it is established in a more detailed study of the matrix
of the operator H,, if allowance is made for the ex-
plicit dependence of all the terms of the Hamiltonian (5)
on the spin—isospin operators.? To summarize, we
conclude that H_; , which is obtained by restricting H
to the subspace # ‘*“), acts, because of the above di-
agonality, within # (*“**". it is assumed that the
basis functions (9) and (10) are orthogonal with re-
spect to the index a.

| H(KK)U l

coll

(82)

The method for calculating the spin-isospin sub-
matrices in (82) has by now been developed to such an
extent that they are known for many practically inter-
esting Young tableaux (for details, see Refs. 4 and 28).
It therefore remftins to consider only the submatrices
of the operator W,;. Besides the technical aspect,
which relates to the method of calculation, this question
is intimately related to understanding the microscopic
meaning of the phenomenological rotational-vibrational
model of the nucleus. The following section is devoted
to the discussion of this question.

8. HILBERT SPACE FOR COLLECTIVE HAMILTONIAN
OF THE NUCLEUS

We now construct a basis in the Hilbert space on which
which the operator W, acts. When we are concerned
only with orbital variables, we shall denote the corre-
sponding Hilbert space by R***’, We span R**) by a
complete system of functions that depend on the vari-
ables £, i.e., the variables p**,G*. A complete basis
for G* is provided by the functions (42), and it there-
fore remains only to find a complete system of func-
tions that depend on the variables p'®o which is suited
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to the specific problem. These functions can be con-
structed with respect to the quantum numbers of
either the orthogonal or the unitary scheme. In both
cases, they are the matrix elements of matrices of
irreducible representations with specially chosen bases.
For the orthogonal scheme, we have?:®
% (Eiﬂvfﬂ Psxﬂé?)j Rea(p) (d2/d, do)"* D%z. BLEwY? (.82, (83)
where we have used the variables p,3,,3,, whichare
related to the variables p®¢ by
p*=psin B sin &y;
p¥= —psin &, cosy; } (84)
p*)=pcos By,
and 0<3,,9,< -n/2. In (83), D® is the matrix of the
Oy(n-1) -irreducible representation 2, whose columns
are labeled by the quantum numbers already encoun-
tered in the functions (9), and 0 denotes an Oy(,q).,-
scalar row. The functions Rgg in (83) are the radial
functions of a 3(n — 1)-dimensional oscillator and de-
pend on the global radius p.*

The basis functions for the space # (**) in the case of
a unitary scheme can be represented in the form!
E (E [E,EsFq] yLK

Bwv?

11(!-)) | mier)

i

(85)

where DF is the matrix of the Uy,.,)-irreducible rep-

d 12 nE .
=( Trde )" Diie,k,mayiksevs (1) | micr),

" resentation E,D denotes an Uy(,.,).,~scalar row, 1'%’

are the creation operators of oscillator quanta for the
variables p'*”, and | micr) is the vacuum state. The
columns of the matrix D are labeled by the quantum
numbers encountered in the functions (10); for clarity,
we have written out explicitly in (85) the Uy~ and U, -
irreducible representations [E,E,E,]. The functions
(83) and (85) are related by the transformation (11).

The basis functions (85) can be constructed explicitly
in the coordinate representation. In Ref. 22, the fol-
lowing expression is obtained:

EyLK
e( ik

pl’-‘]’ p('-'f), plz))

anen 0
= ¥ HE.:@.\:(F}[*)) REH""U (pw’) RE:ﬁl:(pz)BExw‘rEumuEztﬂn (86)
Ecﬁ'E:
@ ywz
where
Be Y (duyda, do)' DD D@D plow
E.\:u_‘:'xu( N v:) Oox “ g Doy
Ex E, Ex E, E: E E;
WO Pl Mt Bl 0RO, B M i
XOX0 @ o0y iy O CxyOxyo 0 Bz DEOE O (87)

In (86), R are the radial functions of an (2 — 1)-dimen-
sional oscillator, @ and @ denote irreducible repre-
sentations of the groups 0,., and 0,_,, and 0 is the
0,.,-scalar representation; in (87), D are simple
factors whose explicit form is given in Ref. 22 [see the
expression (2.14)]. The matrix M‘®) transforms the

®)Replacing the functions Ryq(p) in (83) by a complete set of
functions belonging to the continuous and discrete spectrum,
one can extend the Hilbert space 4%} and thus the Hilbert
space %) to an equipped Hilbert space. Thus, the theory de-
veloped here can bhe generalized to a larger group of problems
associated with nonstationary processes. However, we shall
not consider these questions in the present paper.
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canonical basis U, D U, O U, into the basis U, 20} D

0; (Refs. 29 and 30). The coefficients C in (87) are
1soscalar factors of the Clebsch-Gordan coefficients
for the chain U,.; 2 0,., 20,., > 0p.3; @, is the
repetition index of the O,. -representation w,, con-
tained in the U, _,-representation E,,. The functions
(86) are normalized by the condition®

19 (30) FHLE )
ey )% —t= S
drdg, ‘:_-‘= 5 e { e (mﬂ;mﬁ pt
Kow
E'y'LK
X8 ( —== p“ﬂ) =8 (EE')8(yy') b (aer'), (88)
anw ol
where for n>3
d (pio) = 2L | (g (g ooy
— (P2 [ {(p™)2 — (pt)2 | (pFIpWIpN)n=t dpt) dp¥) dp®. (89)

The non-normalized volume element (89) is obtained in
Ref. 10. The normalization is obtained in Ref. 22, in
which the details of the construction of the basis (86) are
also described.

Using' the dependence of the basis functions on the
Eulerian angles G*, we obtain

EyLM EyLK
G PO I L P PO
/- .
for the unitary scheme and
EQpLM EQBLK
@( :vﬂ plea), G*) =3 9( :vﬂ ' p"-’) D (6%) (91)
K

for the orthogonal scheme. The functions (90) or (91)
form a complete system of functions that span the Hil-
bert space # (*“), The basis functions in the space

A ) have the form

(E‘\!L

5 Mll . @, o'

LK
= 2 6( Swv? P('*':') D (GY) D aan(0g7).
@V 92)

An analogous expansion holds for the orthogonal scheme.
The expansion (92) was obtained in Ref. 14,

Using the basis constructed in explicit form in the
space Z ‘*“) we can calculate the matrix elements

(Eleﬁml Weon 1 E'y'L' M" G’tﬂ)

=(d.)! 2 jdr (64 a‘t(p“"’)@‘( %o 'p‘-‘v*. G*)
o . (EYL'M :
X [WE ] vov 06( Nails 'puo), a ). (93)

and then find the submatrices of the operator W .; and
substitute them in (82). This completes the explicit
construction of the collective Hamiltonian in the matrix
representation. Diagonalization of its matrix gives the
eigenvalues and eigenfunctions, i.e., the solution to the
Schrddinger equation

Hcoilwcoll b Ec-oll‘P‘coll Bhes (94)

Below, we consider some properties of the eigenstates
of the Hamiltonian H, , and we also discuss the pos-
sibilities of practical solution of Eq. (94).

The irreducible properties of the expansion (80) en-
sure unique separation of all the terms of the Hamil-
tonian H that depend only on the collective variables.
Each additional term will necessarily take into account

186 Sov. J. Part. Nucl. 11(2), March-April 1980

the interaction between the collective and internal de-
grees of freedom of the nucleus. Therefore, the
microscopic theory of the collective motion in nuclei
inherent in Eq. (94) is the most general kinematically
correct theory of the collective degrees of freedom of
the nucleus when the isospin formalism is used.”
Every kinematically correct theory that studies bpurely
collective phenomena is either equivalent to the theory
bresented here or is a special case of it.

We introduce the following definition. We call the
physical picture described by the solutions of Eq. (94)
the kinematically corvect microscopic collective model
of the nucleus. This model was proposed in Ref. 9.

9. VARIABLES OF THE ROTATIONAL-VIBRATIONAL
MODEL OF THE NUCLEUS

The theory of rotational and vibrational forms of
motion in nuclei, which was initiated in the well-known
work of Bohr, Mottelson, and Rainwater, 3¢ is phe-
nomenological. In this theory, the existence of the
collective modes of motion is postulated and not de-
rived from the Schrédinger equation for the many-
particle nuclear Hamiltonian. The kinematically cor-
rect microscopic collective model of the nucleus pre-
sented in the present review is formulated rigorously
in the framework of quantum mechanics on the basis of
the Hamiltonian H. It is interesting to see whether one
can set up a bridge between these two theories and
thereby elucidate the meaning of the phenomenological
model. In accordance with our assertion at the end of
the preceding section, this can certainly be done if the
rotational-vibrational model is a kinematically correct
model. However, as we have already noted in Sec. 1,
it is actually hard to imagine how this can be tested
in the form given to the model in the original papers.

The first question that must be discussed concerns
the interpretation of the variables g and ¥ employed in
the phenomenological theory. Are they quantum-me-
chanical variables or certain parameters that describe
the deformation of the nucleus? If the former, they
are not observables in states with definite energy, and,
hence, one can speak only of their mean values. Of
course, the expectation values of the operators of
other physical quantities, in particular, the transition
operators, do not depend on 8and y. In such an in-
terpretation of 8 and ¥, one can attempt to relate them
to microscopic dynamical variables. In the latter case,
when gand y are treated as parameters, the expecta-
tion values of the operators depend on them, and one
can attempt to relate gand y only to certain param-
eters (but not variables) of the microscopic Hamil-
tonian H.

In the extensive literature devoted to questions re-
lated to collective excitation of nuclei, among which
we mention the monographs of Refs. 35-37 and the re-
views of Refs. 38 and 39, this question has not always
been clearly posed and elucidated. In the present paper,

DThe general features of the theory of collective motion in a
two-component system of fermions (i.e., when the isospin
formalism is not used) are considered in Ref. 31.
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we shall adhere to the first of the two points of view
considered above and shall regard g and y as dynamical
variables.

We begin our study of the microscopic meaning of the
phenomenological theory by discussing the connection
between the variables employed in the two approaches.
We introduce six new variables ¢**' (s <s’=1,2,3),
which are functions of the collective variables £. We
choose the dependence of ¢°°' on & such that the kinetic-
energy operator for the variables g%’ is identical to the
operator used in the Bohr-Mottelson theory. The idea
that makes it possible to realize the choice of ¢** is
suggested by the transformation to principal axes of
the bilinear form xx{ +x5x5 +---+x5x5", where x§
are single-particle Cartesian variables. Such a
transformation was used in Ref. 40 to introduce col-
lective variables describing quadrupole deformations
of nuclei. This bilinear form is not translationally in-
variant and, therefore, does not satisfy the kinematic
requirements. This violation of the symmetry prin-
ciples can be rea.dlly avoided by replacing xj by the
Jacobi variables p{®. Therefore, we shall proceed
from the bilinear form of the variables p; with a
normalization suitably chosen for what follows and
assume that

m—1
a 2 1/2 ’
= () 3 e (95)
i=1

Substituting in (95) the expression (26) for pj, we
obtain?

¢ = (i) 2 () DY (6 DY (). (96)
It can be seen from this expression that g**' really

does depend only on the collective variables &, i.e.,
that qs.s' =q".(5).

To trace the connection between the variables ¢**'
and the variables used in the rotational-vibrational
model of the nucleus, we use the expression for the
Laplace operator in the variables ¢**'. For brevity,
we introduce the notation (p'¥)2= X, (o) = ¥ and
(0'??=2Z. The calculations lead to the expression®

Aphen= Z

=3zt t o

s>aemt

+2(X-l—}'+XiZ) Y+2( Z+j___ )%
+2( zix I z—r )ﬁ"‘(x_zy,: 28,

2
o (X —Z)?

T

(97)

2 ~
:ffa+ (Y—2Zp £

To cast the operator (97) into a more customary form,
we rewrite (96) in O%-irreducible form. We have

g=_3 e ¢ =S ppDien (6,
371 (98)

where » =0 and 2 and

Pi= R (WP C 51
In particular, for » =0 we find that

V3py=X-+Y+2Z=p*=p,
For »=2, using the Clebsch-Gordan coefficients in a
Cartesian basis [see, for example, Eq. (7.12) in Ref.

(99)
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1], we readily find that 2 does not vanish only for
two values of u. We denote these values by 11 and 22
and write down explicitly the expressions for the non-
vanishing variables p}, and p3,:

Ph=(/VB) (X +Y—22)=(1.V/3) pl;}

pe=(1/VY)(X=1)=
In the variables p,, p,,p,, the operator (97) has the
form

+6

(100)

a2 92
35 T Ty
=B 0 . W=k g
p{—p3 Fir 6.01 T P2 (P}—pP3) p;

i fiel g i

BTN Tt (P po)® I“+(m + pa)? z“.l‘ (101)

If in (101) we take p, =V3a, and p, =v2a,, we can

readily verify that (101) contains the expressions (6.15)

and (6.17) given in Ref. 37. As in Ref. 37, we take
(1/V8) (X + Y —2Z)=fcosy; }
(1M2)(X —Y)=Bsiny

and introduce the moments of inertia®’

(102)

Jis={(py+ py)* = 4p* sin® (y — 2a/3);
Jaa=(py— pz)? = 4f?sin? (y — 4a1/3).

In the new variables, (101) takes the form

Jp=4pt=4p2sin®y;
} (103)

2 F. 6
Apben=3 55 +4( }_, RN

+& ﬁ‘ Bﬁ pe aa t+a aﬂ t+w u= sin "’v av sin 3y av) (104)
The second term of this expression is identical to the
well-known expression obtained in Ref. 32 for the Lap-
lace operator of the phenomenological rotational-
vibrational model, which confirms the correctness of
the choice of the variables g in the form (95). Note
that in (102) we could, instead of Bsiny and Scosy,
take p?Bsiny and p?Bcosy; this connection between the
variables was used in Ref. 11. In this case, however,
in the second term of the expression (104) we should
have the factor p 2, i.e., the variables p,and 8,7 in
the operator (104) would not separate so fully.

Although the second term in (104) is identical with
the kinetic-energy operator used in the Bohr-Mottelson
theory, this operator now acquires a different, micro-
scopic meaning: in its derivation, we have been able
to avoid the traditional approach and have not required
the phenomenological concept of vibration of the sur-
face of the nucleus near the spherically symmetric
equilibrium form. The derivation of the operator (104)
just demonstrated indicates that in the rotational-vi-
brational model in its different, quantum-mechanical
interpretation one uses quadratic forms in the micro-
scopic variables p‘*?; the importance of this circum-
stance was pointed out in Ref. 25, Note also that in the
rotational-vibrational model the variable p, is not taken
into account for well-known reasons. It is, however,
preferable to use all six variables (p'*?’G*; they are
needed for simpler establishment of the connection
between the phenomenological and microscopic theor-
ies—inthe microscopic approach, the kinematic prin-
ciples do not permit us to ignore any variable. In
addition, there is one further and more practical rea-
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son: Frequently, it is more perspicuous to use the
Cartesian variables (p'%0)? [cf., for example, (97) and
(104)]. 1t can also be shown that the use of the addi-
tional degree of freedom described by the variable by
is important on the transition from the rotational to the
vibrational limit in the phenomenological model.*

10. HILBERT SPACE FOR THE HAMILTONIAN OF
THE ROTATIONAL-VIBRATIONAL MODEL OF THE
NUCLEUS

Let 2 pnen be a Hilbert space spanned by a complete
set of functions that depend on the six variables
(0“*?¥, G* or the six equivalent variables ¢*°’. Fol-
low_ing our traditional approach, we introduce a basis
in % phen. This is readily done by spanning the space
R phen DY the functions of the following Hamiltonian of
a six-dimensional oscillator:

’ 3
kahen= —';—Aphen '5'—;' E (Q'M;)z-
l.}x&—l

In group-theoretical language, this means that the ba-
sis introduced in 2, transforms in accordance with
the irreducible representations €= [¢00000] of the
unitary group U,, where £€=0,1,2,.... To label the
basis functions with definite £, one can use different
chains of subgroups of U, for example,

(105)

UsoUs> Ps o0t

(106)
Usg 20 20,0 0%; (107)
Usgo Uy 0% (108)

These three forms of basis were introduced in Ref. 41.
We consider first the final chain, in which it is as-
sumed that the group U, is embedded in U, in the sense
of a plethysm. The general theory of plethysm is
given in Ref. 42 (see also Refs. 4 and 43). In this
special case, the meaning of plethysm is as follows.
Let [1]; be the space on which the group U, acts.

By means of the direet product [1], X [1], we construct
a nine-dimensional tensor space. Forming linear com-
binations of the components of this tensor, we separate
a three-dimensional antisymmetric subspace [11],

and six-dimensional symmetric space [2],. Suppose
the symmetric subspace [2], is a space on which the
group U; acts; to emphasize this circumstance, we
redenote it by [1];. It is important that the carrying
space [1]; for the group U, is the U,~irreducible space
[2];, and this property of it defines a specific embedd-
ing of U, in U,;. This embedding is embedding in the
plethysm sense.

The plethysm serves as a very useful tool for study-
ing reduction rules for different, at times intricately
embedded, chains of subgroups, for reducing direct
products, and so forth.**** In particular, the rules
of reduction in accordance with the chain (108) are
very simple*: if € is an irreducible representation of
Us, all Us-irreducible representations contained in €
are listed by partitioning the number 2¢ into all pos-
sible triplets of terms E,, E,, E, such that E, = E, > E,
and all E,, E,, and E, are even. These numbers label
the U,-irreducible representations [E, E,E,] contained
in €. Using this rule, we find, for example, that the
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Ug-representation [3]; contains the U,-representations
[600], [420], and [222].

We denote the basis functions labeled by means of the
quantum numbers of the chain (108) by

CI(S [EIE3E3] yLM | %)

= 249 (E[ELELE5) yL M | (ps9)2) Diers (G*) (109)

and consider whether we can find the connection be-
tween the basis (109) and the basis (90). The depen-
dence of the two sets of functions on G* is the same,
and it therefore only remains to compare the functions

E[E
8( lanEs]?LK‘pw)

wyo (110)
with the functions
O (€ [E\E,F5] YLK | (p)2), (111)

In (110), the notation of the U X U,,.,~irreducible rep-
resentation is written out explicitly. The basis func-
tions (111) were introduced in Ref, 41.

We can immediately note some differences between
(110) and (111). First, as could be seen from (86), the
asymptotic behavior of (110) at large p** (vacuum
state) is

| micr > exp{——;- b (p(a.))z}' (112)
whereas (111) has the behavior
| phen > = exp { _% ) (g""")*} =exp{ _% 5 (p(..))a}_ (113)

L
Second, (110) depends on p‘®*® in the form
an‘,"c’, (0"%0")] micr)s Where P_. (0'%?) are certain poly-
nomials, whereas (111) always depends on the square
of the variables p'*?, i.e., has the form
P prenl (0*50 2] phent+ A third difference consists in the
sets of quantum numbers: The set in (110) is much
larger than the set in (111). Therefore, the space
# ) gpanned by (110) is also larger than . -
which is spanned by (111); thus, one can expand (111)
in terms of (110) but not vice versa.

We could advance immediately in elucidating the
meaning of the phenomenological rotational-vibrational
model of the nucleus if we could find a subset of func-
tions in (110) isomorphic to the set (111). To this end,
we consider the transformation properties of the vari-
ables ¢**’ with respect to the action of the left-shift
operators T of the group O,.,. If G,., is an arbitrary
element of this group, then by the definition of the left-
shift operators (see, for example, Refs. 2, 3), we
have

sy

1 (6nm) 0 = 2 p®0DYY (6%) D ik, s (Gt 19)- (114)

Recalling the definition (95) of the variables ¢, we
readily obtain

TL'?“' =g, (115)
i.e., ¢**" are scalars with respect to the action of the
operators of left shift (and also, of course, of right
shift) of the group 0,.,. This means that ¢*' is com-
pletely “in sensitive” to the existence of the group [ N
to the same extent as, for example, the radial variable,
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being a function of a quadratic form of the Cartesian
variables, is “insensitive” to the action of the group
0;. In other words, in the space g?phen any action of
the group O,., is completely frozen; hence, it is also
necessary to find a frozen subspace in % 49 One can
freeze the action of all operators of the group O,.,

@ 4 vy taking w=(0) in (110), and it is therefore
plausible that # phen should be isomorphic to the sub-
space 7 (4470 =g (0

This conjecture can be readily proved by verifying
that there is an isomorphism between the correspond-
ing sets of quantum numbers. The rules for reduction
in accordance with U,., D O,., are well known (see,
for example, Ref. 4), and we shall use here only one
fact: the U,. -irreducible representation [E E,E;]
contains an O,.,-scalar representation if and only if all
E,, E,, E, are even. In this case, the repetition index 6
takes only one value and, therefore, is unimportant.

Thus, we have found that the functions (110) with
w=(0), namely the functions

E\EEy by LM
o*", =(0) |oa): (116)

are characterized by a set of quantum numbers iso-
morphic to the set in (111). Taking into account the
explicit form of the functions Rgq(p), We can see from
the general expression (86) that for w=0 the poly-
nomials P42, multiplied by (o'¥p¥p!?)V2(n=2) " de.
pend only on (p'%¢’), i.e., there exists a connection-
between Ppghen and P‘,.SL . In both cases, the asymptotic
conditions at large p(') ensure rapid decrease of the
basis functions, so that convergence problems do not
arise., We summarize this by the following theorem.

THEOREM. The Hilbert space 2 ,., is isomorphic
to the space # ‘¥ (Ref. 1).

This theorem is based on algebraic properties. When
comparing the bases (110) and (111), we must draw
attention to the intervals of values of the variables g
0<g¢°*<+; these limits must be taken into account in
the solution of the differential equation for the operator
(105). However, from the algebraic point of view these
details are not very important. They can be taken into
account by means of normalizing factors. An example
of this kind can be found in Ref. 44, where, in partic-
ular, it is explicitly demonstrated that the algebraic
properties of some coefficients of the expansion in the
case of the functions of a one-dimensional oscillator
(when = <x<+%) can be calculated by means of the
same formula as the coefficients for oscillator radial
functions (i.e., for 0 <y <4),

From the practical point of view, the presence of this
isomorphism between the two differently constructed
spaces # ,p, and # ‘© means that the basis (110) can be
used instead of the basis (111) in calculations., For
arbitrary w, the basis (110) depends on the number of
particles, whereas the other basis does not depend onit.
Therefore, in the realization of the space isomorphic
to the space @ phen OnE can fix the number of particles
and, of course, it is simplest to take the smallest ».
The degenerate case with » =3, when the set p'%0 con-
sists of only two variables, is not suitable, and there-
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fore one can take n =4. From (87) we then obtain the
following expression for the coefficients B:
B= 3 (dodug)"” D'—"‘-‘i’D‘,-T%,":”D'."'_”"_"f."‘-'" By Bri

oy Bme  ngmy wyoy w:l

Exuwyx

chra B Eap) (117)

wE, PLES

where , takes not more than two values, and C are
the Clebsch-Gordan coefficients for the group U,. The
explicit form of C and M is known and, therefore, a
basis in @vm can be constructed explicitly.

We consider the remaining two chains (106) and (107)
used in constructing a basis in the space é'?ph,n. In
Ref. 44, a matrix is found explicitly that connects these
two bases, and therefore it is sufficient to consider one
of them, say (107). The basis functions for it obviously
have the form

2 O(E AgAnLK | poy By ¥) Diiar (G)

= Rens (o) 2 Y (AeAsuLK | B, 1) Dkt (), (118)
where A; and A, denote Og- and O -irreducible repre-
sentations, and » is the repetition index corresponding
to O, C 0;. By means of the reduction rules for the
corresponding chains, we can directly establish an
isomorphism between the set of basis functions (118)
and the set of functions (91) with w=(0). However,
there is no need to do this because the basis functions
(118) are related to the functions (109) by a unitary
transformation [see (5.5) in Ref. 41], and the functions
(91) are related to the functions (90) by the unitary
transformation specified by the matrix with the matrix
elements (11). Both these transformations are spe-
cified by square matrices, and this fact is sufficient to
establish the isomorphism of the spaces spanned by

the basis (118) and the basis (91) with w=0. In par-
ticular, it is clear that functions with given £ can be
related to functions with 2A, =, and therefore the set
of quantum numbers A, = in (118) is isomorphic to

the repetition index 6 in (110). In Refs. 45 and 46,
basis functions for the chain U; D O, > 0j are con-
structed explicitly. Augmenting this construction to the
chain (106), we can use the results of the quoted papers
to realize a basis in & jpeq .

11. MICROSCOPIC ROTATIONAL-VIBRATIONAL
MODEL OF THE NUCLEUS

The theorem of the previous section gives the key to
understanding the microscopic meaning of the rota-
tional-vibrational model. Let us explain this more
clearly. When speaking of the rotational model of the
nucleus, we have in mind the theory based on the
Hamiltonian

”[.1,.-" {(1)‘“”);". f.'-"‘) = —{ 1/2) [\ph"u -+ l.m‘u'n (e, !’I+J- . (1 19)

with kinetic-energy operator of the form (97) and
arbitrary potential energy V.., which depends, in
general, on (p'*?)? and G'; note that a dependence of
the potential V., on the variables G” is not ruled out,
since the nucleon-nucleon interaction conserves only
the total angular momentum J. The usually understood
model is encompassed by this definition of the phe~
nomenological rotational-vibrational model. Indeed,

if we note the connection (102) between (p'*®)? and the
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variables 8 and ¥ and assume that (119) does not de-
pend on the variable p,, and also assume that V itien
does not depend on G*, then (119) is transformed into
the usually employed Hamiltonian of the phenomenolog-
ical rotational-vibrational model (see, for example,
(6.38) in Ref. 37).

In the preceding section, we have shown that the
operator (119) acts on the space # phens FOT given
Vinens We could in principle calculate the matrix of the
operator Hyy, in the basis (111) or in the basis (118)
(one of these bases is suited to the so-called rotational
limit, and the other to the vibrational limit***") and,
diagonalizing it, find the spectrum and eigenvalues of
the operator (119). In the phenomenological theory,

V chen is chosen empirically. In addition, we introduce
a dependence on the spin quantum numbers, augment-
ing Hpynen With the operators of the total angular mo-
mentum. The Hilbert space is accordingly enlarged by
the replacement of D” by D’, where J is the total an-
gular momentum of the nucleus. One can also take into
account the well-known technical details associated
with ensuring the requirements that follow from the
additional symmetry under the group of discrete
transformations, etc.

The isomorphism between the spaces # ppen and 7 (@
proved in Ref. 1 gives a constructive possibility for
generalizing the phenomenological theory using the
advantages of the microscopic theory. This is done as
follows': to obtain a microscopic justification of the
phenomenological rotational-vibrational model, it is
necessary to develop the theory in the space # (¥,
where, we recall, the absence of the tilde on % means
that the spin-isospin degrees of freedom of the nucleus
have already been taken into account. However, such a
theory has already been presented in Secs. 4-8, so that
it remains only to adapt the general formulas to this
particular case. For the matrix of the Hamiltonian,
setting w=(0) in (82), we obtain

J/ Ey(LS)IM, o By (LS YA M, S
N\ M, (0)% TM@@ ()

S J}
L' =

L3 - -
E 0% (oo || A 'S T

= 1)(2S+1))"={ f;

{haSTM, Il

x (E*.'L w) 1P 5l 7L’ (0)). (120)
In (120), we have made a small modification, namely,
we have omitted the factor (1/2}n(z — 1) and replaced
U(p,,) by the sum Z}U(z]) The submatrix in (120) is
calculated by means of (93) with w=(0).

We denote the Hamiltonian obtained by restricting H
to the subspa.ceﬁ?‘ by Hg_y. The matrix represen-
tation of the operator Hy_, is given by Eq. (120), and
therefore this operator is defined in any representa-
tion, Solving the Schrddinger equation

Hlf-\'qrn-v = En—l'qrn-\'-

(121)

we find the spectrum and wave functions ¥5.;. By
definition, we shall call the physical picture described
by the functions ¥;., the microscopic generalized vo-
tational-vibrational model of the nucleus (generalized
because the Hamiltonian Hg., also takes into account
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the “breathing” degree of freedom of the nucleus de-
scribed by the variable p). This model was introduced
in Ref. 1,

As we have just shown, the Hamiltonian of the micro-
scopic generalized model is H restricted to the 0,
scalar subspace # ‘9, It is important to bear in silbe
that this restriction violates the Pauli principle. In-
deed, if w=(0), then A=[r], and hence X must be equal
to [1"]. But this is impossible: when n>4, spin-
isospin functions do not exist for [1"]. There remains
nothmg else for us to do but assume that the equation
A= [1"] does not necessarily follow from the condition
A=[n], i.e., that the S{” - and S{"” -irreducible repre-
sentations A and A are not coupled into an antisym-
metric representation. This, of course, is an addition-
al assumption that violates the kinematic requirements
of quantum mechanics. We make this assumption and
shall assume that X in (120) takes the values permitted
in the phyncally allowed U,., states [E, E,E,] with all
even E,, E,, E,.

Summarizing, we conclude that the microscopic
generalized rotational-vibrational model of the nucleus
is not a kinematically correct model. This property
of the theory was lost because of the decision to take
w=(0). This last decision was, in its turn, due to
the properties of the phenomenological Hamiltonian
(119), which depends on ¢**', i.e., on (p**) and G*,
and its eigenfunctions are scalars of the group O,.,.
Thus, the microscopic model we have defined, being
in this respect close to the phenomenological model,
gives a natural generalization of the latter.

The principal advantage of the microscopic model
over the phenomenological model is that its Hamiltonian
Hp.y is not empirical, but is derived from the Hamil-
tonian H, This circumstance opens up possibilities for
studying the dependence of H;., on the details of the
nucleon-nucleon interaction. In this direction, much
work of both analytic and numerical nature is still to
be done. Without going into the details, we shall dis-
cuss only the question of the dependence of H;., on the
angular momentum operators.

In this respect, the most interesting terms arise from
the vector and tensor forces, which depend on the
angular momentum operators. Using (26) and (27) for
the variables p; and noting the circumstance that in
the O,.,-scalar spaces all the operators § vanish, we
obtain

Lm-(92)=p.§afap§'-p;'f{lap§

: (s3)
=3 plpilny) RN T TR
‘E.ﬂ o)D), n-a+5,,a a;' (p(,;))g_(p(,:))g 5,850,858
! (sg)
(Ln.y), L u 1p,
*edtaal (pl50))? —(p(s8))2 D§°=?,.ss D(MHo, Fsost - (122)

8 This in fact means that in this model in such a form a “mem-
ory” of the Pauli principle remains, i.e., the Pauli principle
is violated only for the orbital part of the nuclear wave func-
tion. Note also that the expressions (76) and (82) were ob-
tained for antisymmetric wave functions and one could object
that (120) is not valid when we ignore the antisymmetry con-
dition. This would be true for (| #) =0, For {|&|)=0
this formula is suitable for arbitrary X after the modification
of (120).
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To complete the separation of the operator Wy for
the vector forces, it remains to multiply (122) by the
potential of the vector interaction and, using (68), to
find the O,.,-scalar part of the resulting expression,
It is clear that the final result will depend on the vari-
ables p'*?, G* and the angular momentum (i)".% Sohye
The more complicated bilinear dependence of Hg_,

on ¥ ¢ g is due to the velocity-dependent tensor forces.

These simple arguments show that Hp., depends on
the angular momentum not only through the kinetic-
energy operator but also through the vector and tensor
forces; additional terms of this kind are sometimes
introduced empirically in an attempt at microscopic
justification of the phenomenological rotational-vibra-
tional model. In the framework of the theory described
above, their origin can be readily understood and one
can study their dependence on the details of the po-
tential of the nucleon-nucleon interaction.

The microscopic generalized rotational—vibrational
model of the nucleus is defined in the framework of
quantum mechanics without recourse to the conjecture
of a rotating nucleus and references to a semiclassical
picture of nuclear structure. Formally, this model is
a special case of a kinematically correct theory. In
essence, however, this is not so. The microscopic
collective model of the nucleus is constructed in the
Hilbert space spanned by the O,_,-irreducible sub-
spaces # with w > wyy,, Where wm, in the case n>4
cannot take O,.,-scalar values (for details, see Refs.
1 and 4). The generalized microscopic rotational-
vibrational model is defined in the space % (? for the
same reason that the kinematically eorrect model
based on the Hamiltonian H ., was “spoiled” by the
use of the “unnatural” variables (p{®?)2, This defect
of the theory, introduced in the definition of the Ham-
iltonian (119), cannot be corrected, so that for n>4
the microscopic generalized rotational-vibrational
model of the nucleus does not, strictly speaking, have a
right of existence in the framework of quantum me-
chanics; it is defined on the unphysical subspace #
of the many-particle Hilbert space. As was noted in
Ref. 25, the solutions of the Schrédinger equation (121)
in the space spanned by functions that depend-on the
variables (p!*?)? do not give the collective states ob-
tained in a truly quantum approach.

With regard to the phenomenological rotational-vi-
brational model of the nucleus, its fate depends on
the meaning attached to the variables g and y. If it
is assumed that the microscopic meaning of these
variables is determined by the relations (102), then all
that we have said about the microscopic generalized
rotational-vibrational model is transferred to the
phenomenological model as well, and then the latter
must be deleted from the list of kinematically correct
theories.

12. OTHER TYPES OF RESTRICTED HAMILTONIANS

We now return to questions of the general theory
based on the idea of restricted dynamics. Section 8
was completed by the construction of the Hamiltonian
H, , which contains all information about the collective

191 Sov. J. Part. Nucl. 11(2), March-April 1980

degrees of freedom of the nucleus. This Hamiltonian
acts on the infinite space .‘39““’), and therefore a con-
vergence problem arises in the solution of the Schro-
dinger equation for H_, . One of the methods of ap-
proximate solution of this equation can be based on
diagonalization of the matrix (82). With present-day
computer facilities it is not possible to carry out such
diagonalization for a wide range of mass numbers and
guarantee good convergence. Nevertheless, in a num-
ber of special cases, when the values of the quantum
number w are favorable from the computational point
of view and the requirements on the convergence of the
expansions with respect to the basis functions are
moderate, such calculations can be made comparatively
easily. The difficulty of solving the Schrddinger equa-
tion for the collective Hamiltonian H ,; also depends,
of course, on the complexity of the original Hamil-
tonian H.

We have spoken above of numerical methods of solu-
tion of Eq. (94). Asa rule, these are neither so gen-
eral nor so perspicuous as analytic methods, and it is
therefore desirable to make progress in the study of
the general properties of H,,; . One step can be taken
in this direction by expanding H_; in an operator
series, the first term then giving a Hamiltonian simpler
than H_, but still describing approximately the proper-
ties of the collective excitations. We shall see here
that such an expansion can be sought in the framework
of the general method of projecting operators with re-
stricted dynamics as described in Sec. 2.

We recall that in our discussion in Sec. 2 of different
types of restricted Hamiltonians we introduced not
only H.y =Hj, but also three further operators, name-
ly H], Hf, and H};. We shall discuss the first two of
these below and now concentrate our attention on HJ,.
By definition, this operator is the U,.,~-scalar part of
the original Hamiltonian H, and knowledge of this
circumstance is sufficient to suggest that HJ, is con-
fained as a term in the Hamiltonian H.; . Indeed,

0,., is embedded in U,., in accordance with U,., > O,.,,
from which it follows that every U,_,~scalar operator
is necessarily also a O,., scalar. Therefore,

H oot = Hy con+ Heons (123)

where H,., =H%, and H,, consists of all terms of
H,, thatare not U,., scalars.

The decomposition (123) can be achieved in at least
two different ways, the first of which, like (80), is
based on the coordinate representation of the collective
variables. In practice, it is implemented by the re-
placement in (67) of the collective variables and their
derivatives by creation and annihilation operators of
oscillator quanta with subsequent separation from them
of the U,.,-scalar terms. The matrix of the operator
H, . is calculated in accordance with (82) with the only
difference that the orbital submatrix in it becomes
additionally diagonal with respect to E& and independent
of dw. The orbital submatrices are calculated in ac-
cordance with Eq. (93) with allowance for this extra
diagonality,

We shall also say a few words about the second
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method of deriving the expansions (80) and (123). In
the construction of the operators H_ and H, ., in

the matrix representation, their explicit dependence on
the variables p'*®, G* appears only in the intermediate
stage, averaging over these variables then being per-
formed in the calculation of (96). It is pertinent to
consider whether this intermediate coordinate repre-
sentation is really necessary, since it is very incon-
venient in practical calculations. Indeed, in the case
of nontrivial W it is by no means simple to integrate

in (67) over ¢*, and one can hope to obtain answers in
an analytic form only for simple potentials. Then there
arises the problem of calculating in the general case
the sixfold integrals (93). Clearly, this problem is
also not simple.

The coordinate representation is convenient for un-
derstanding the meaning of the collective and internal
degrees of freedom of the nucleus, for perspicuous
realization of the bases in the space #, and for
elucidating the exceptional part played by the groups
0,., and U,., in the study of the collective degrees of
freedom of the nucleus. However, it is inconvenient
from the practical point of view, It is well known (see,
for example, Ref. 27) that every “good” operator acting
on a separate Hilbert space can be represented in ma-
trix form. It is therefore clear that every method de-
veloped in the coordinate representation can also be
formulated in matrix language. This can be achieved
on a basis that is complete with respect to the physical
operators that act on #. A description of this basis,
including references to original papers, can be found
in Refs. 1-4.

The matrix of the operator H, ,, is diagonal with re-
spect to the U,.,-irreducible representation [E,E,E,].
The dimension of this representation is finite, so that
the operator H,,, is also given by a finite-dimensional
Hermitian matrix. This means that the Schrédinger
equation

Hy con¥o con = Eq colt Fo colt

(124)
can be solved exactly. In other words, the expansion
(123) has, from the point of view of practical applica-
tion, the important property that its first term gives
the exactly solvable part of the Hamiltonian H_ .
Therefore, all convergence problems disappear, and
Eq. (124) can be solved for a wide range of mass num-
bers, including examples from the region of medium
and heavy nuclei.

One can say something about the spectra of E.,y and
E, . by considering the degree of their degeneracy.
In Sec. 7, we have already noted that H,,y acts on
#2921 and therefore the Hamiltonian H .y con-
serves not only A but also the quantum numbers wa AT,
Despite the circumstance that the orbital submatrix in
(82) for the operator H,, is degenerate with respect to
the quantum numbers al, the dependence of the matrix
(82) on A can be restored by means of the spin—isospin
operators, whose matrix elements depend on X, which,
in its turn, stands in a one-to-one correspondence with
A. Asa result, we find that E_; =E_; (7J, wAT),. and
because of the infinite dimensionality of the space
R A9 thig spectrum for given w, A, T consists of an
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infinite number of levels.

The orbital submatrix for the operator H, ., is de-
generate with respect to the quantum numbers 6wan,
but the dependence of its spectrum on A can be re-
stored for the same reason as for H_, , and therefore
Eycon = Ep oy (J, EXT). In contrast to the case of E, ,
this spectrum for given E, A, T consists of a finite num-
ber of levels. The residual interaction H_, -H,, lifts
the degeneracy with respect to 6w, forming thereby
from the finite bands of the spectrum E, , the com-
plete spectrum E.,; of the collective Hamiltonian H .

It is interesting to see the extent to which the spec-
trum E ., is degenerate as compared with the spectrum
E of the total Hamiltonian H. The degree of degeneracy
of E ;;; can be estimated on the basis of the number of
values of the repetition index a. It is known (see, for
example, the tables in Appendix 12 in Ref. 4) that, asa
rule, this index is unimportant for low-lying states,
and this means that in many cases of practical impor-
tance the noncollective part H - H _; of the Hamiltonian
H shifts but does not split the energy levels given by
the microscopic collective model. This property of the
spectrum E.y; (which was noted in Ref. 25) shows that
the collective degrees of freedom also make their
contribution to the formation of the overwhelming
majority of the low-lying levels. It is important to
establish the magnitude of the contribution; this problem
requires a careful study.

With increasing energy of the collective excitations,
i.e., for less symmetric Young tableaux A, and also
for less energetically advantageous values of the
quantum number w, the index o can take an ever larger
number of values. Examples are known when this
number reaches hundreds and even thousands. In these
cases, because of the degeneracy with respect to o,
the level density of the spectrum of the collective ex-
citations differs more and more strongly from the level
density of the spectrum of the total Hamiltonian H, and,
provided the levels are sufficiently stationary, there
arises an interesting effect, which was noted in Ref. 1,
namely, multiple splitting of the levels of the collective
Hamiltonian H .y by the residual interaction H - H oy .
Without concrete calculations, it is difficult to estab-
lish the excitation énergies at which this occurs.

Hitherto, we have studied the chain of spaces # (4
DR A9 > g (AB) and the corresponding chain of Ham-
iltonians H D Hy OH, ., acting on these spaces. As
we “descend” these chains, we increase the symmetry
of the model Hamiltonians, simplifying thereby the
problem of finding their eigenfunctions. We have seen
in Sec. 7 that the collective term H _y (or H, ) is
contained only in the S{" xS{°” -scalar component H™
of the Hamiltonian H. It follows from this that if we
take into account only collective effects we completely
ignore the nonsymmetric components H""1+11 apq
H'""2:21, The magnitude of the matrix elements of
these components was estimated in Ref. 48 (see also
Ref. 4); it was found that these components are not
small, which indicates that the terms H""1:1]
+H" 22 ape important. Therefore, in the restricted
Hamiltonian H, one must take into account, besides
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Hy (or Hy,y), the terms that have nonvanishing sym-
metry components [z -1, 1] and [z -2, 2].

In the theory constructed in the framework of re-
stricted dynamics we have already encountered such
terms, the two operators H] and H)', which are ob-
tained by restricting H to the 03- and U,-irreducible
spaces, respectively. In the framework of restricted
dynamics, they take into account the interaction between
the collective and internal degrees of freedom of the
nucleus, and also, in a certain sense, effects that are
the opposite of collective. Let us briefly consider the
meaning and importance of these operators.

Both the Hamiltonians H] and H/ have the symmetry
terms [r], [n—=1,1], and [n -2, 2], and, therefore, the
matrix of the operator £ in (76) does not vanish for
them. The orbital submatrices of these Hamiltonians
depend on A. In other words, in contrast to H_,; and
H, .1, the operators H| and H}' directly “feel” the
orbital Young tableau. It is obvious that if special
potentials of the nucleon-nucleon interaction are chosen
this sensitivity can be raised to a desired amount. Then
H{ and H{ will begin to resemble pairing Hamiltonians,
which, as is well known, have similar properties. We
conclude that there is a certain similarity between the
operators H{ or H{ and short-range forces in the sense
that both the former and the latter are sensitive to ef-
fects due to the Pauli principle.

Qualitatively and quantitatively, these effects can be
most readily discussed for the example of the operator
HY, which has an incomparable simpler structure than
the operator H{. At the present time, the spectrum of
the operator HY is known for many states in the region
of mass numbers A < 40. The levels in these spectra
are arranged in such a manner that the states with the
most symmetric Young tableaux are fairly clearly sep-
arated on the energy scale from the states with less
symmetric A (for details, see Refs. 4 and 1). We can
therefore conclude that the operator HY in (13) is the
prototype of pairing forces. The Hamiltonian (13) also
contains the term HY, which is a generalization of the
operator of the quadrupole interaction considered in
Ref. 49 acting in the framework of one SU, configura-
tion. To summarize, we conclude that by restricting
H to an irreducible space of the group U, XU,., we
obtain effects similar to the effects responsible for
long-range and short-range forces.

The structure of the operator HJ can be enriched if
one “descends” down the chain of spaces % (AE) O g (AL)
defined by the chain of groups U, D 0} and, accordingly,
“ascends” the chain of Hamiltonians H C H{. Unfor-
tunately, the operator H{ in (12) is too complicated,
which greatly hinders study of the properties of its
eigenstates. In fact, H| consists of a sum of the kinet-
ic-energy operator and a central interaction (and also,
if necessary, a Coulomb term), only the O,.,-scalar
part being eliminated from the sum. In order to have
a tractable Hamiltonian, we must strongly simplify
Hj. It appears attractive to use H/ for a short-range
interaction of the form

V(In—r;1)=Ved ([ r—1]),

(125)
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where V, is some constant. We introduce the Hamil-
tonian

:“qpair- (126)

ot + pair = Heoni

where H ,; is H| with potentials of a central internu-
cleon interaction of the form (125). The operator
Hey+pu 2cts on some subspace 7 of 2*), but the
specific characteristics of &% (A) are not known. The
operator H,; violates the 0,. -scalar property in
(126) that the Hamiltonian H ; possesses. The opera-
tor (126) generalizes the Hamiltonian used in nuclear
theory that contains a quadrupole interaction and pair-
ing forces. The problem of studying the eigenfunctions
and spectrum of the operator H ;.. is complicated
and can be solved comparatively easily only in the case
of few-nucleon systems.

CONCLUSIONS

Let us recall the main premises of the theory pre-
sented here of finite, spatially well-localized Fermi
systems consisting of identical particles and discuss
some of its aspects. As was emphasized in the Intro
duction, the mathematical idea used in the construc-
tion of the theory enables one to project out of com-
plicated operators simpler operators used for devel-
oping the constructive theory of the nucleus. The
physical premises that precede this mathematical idea
are associated with the extremely specific conditions
that exist in finite Fermi systems®: From the point
of view of “our” three-dimensional space, in which
the nucleons move, there are no distinguished force
centers in the nucleus, so that there are no weighty
grounds for ascribing three-dimensional space a
particular role compared with the other, (n —1)-di-
mensional space whose dimension is determined by the
number of quasiparticles. It is necessary to construct
a theory that takes into account in equal measure the
effects associated with the presence of both spaces.

For this reason, it is convenient to regard from the
very beginning the orbital part of the wave function as
a function that depends on the components of the 7~
dimensional vector of the Euclidean space &, ,, where
ro=3 and »=n—1. This space encompasses all orbital
degrees of freedom of the nucleus. From Z,,, one
then projects the subspace #, xX#,, the direct product
of the two equally important spaces #, and #,, whose
introduction reflects the two types of indices of the
orbital variables of the nucleus. Then, roughly speak-
ing, we obtain a description of the collective effects
by averaging the dynamical equations over the indices
of the space #, and a description of the effects that
are the opposite of collective by averaging over the
indices of the space ?,0. The algebraic formalism of
either the orthogonal groups O, and 0, or the unitary
groups U, and U,  provides the technique of such averag-
ing. In particular, analysis of the space on which the
Hamiltonian of the microscopic generalized rotational-
vibrational model of the nucleus acts has shown that this
model corresponds to a picture that can be said to be
deeply frozen in % ,—~when the operators of the group
0, acting on this space give zero, i.e., when the motion
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in #, is completely ignored in the theory.

Although in the present review we have given more
prominence to the effects resulting from averaging
over the indices of the space #,, there is nevertheless
a complete symmetry in the initial stage of the con-
struction of the theory with respect to the spaces 2.,
and #,. The difference becomes noticeable on the
transition to the exact integrals of the motion. Apart
from the parity m, none of them is due solely to the
orbital degrees of freedom: To obtain JM;,, it is
necessary to have the quantum numbers LM and SMj,
and similarly, to construct an antisymmetric function,
it is necessary to have Ay and A[I.

On the one hand, the experimental data are directly
related to the value of the quantum number J, and,
therefore, indirectly to L and S when they are combined
into J. It has been established in the general theory
that J can be introduced even when the motion in #,
is frozen. On the other hand, the experimental data
are indirectly related to the antisymmetry, and hence,
to A and X when they are combined into a. It is known
from the general theory that a can be introduced even
when the motion in #+,18 frozen. However, the quan-
tum number a is fixed, whereas J takes numerous val-
ues; this is the reason why the spectra of the operators
Hyy and H,, ., are rich and characterized by many val-
ues of the observable quantum numbers, while the
spectra of the operators H] and HY (for details, see
Ref. 1) do not give them.

This also enables us to understand why the first stage
in the development of the phenomenological rotational-
vibrational model of the nucleus, in which the single-
particle degrees of freedom are not yet taken into ac-
count, 80 emphasizes collective effects—they are as-
sociated with observable quantum numbers. We have
also shown that because of the inadmissibly deep freez-
ing in #, (which arose because of the use of bilinear
forms instead of p{5d) the eigenvectors of the Hamil-
tonian, which depends on (p‘*?)2, lie in the unphysical
subspace # (¥ of #‘“), Asa consequence, in such an
approach many important features of the spectrum of
the real collective excitations are lost.

"The further development of the phenomenological
theory was directed toward allowance for the coupling
between the collective and the single-particle motion.
In a kinematically correct theory there is, strictly
speaking, no place for such coupling, and this is not
only because the kinematics prohibits the occurrence
in a nucleus of a single-particle field, which can be
replaced by a quasiparticle field (for details, see
Refs. 1-3). The principal reason is that the use of
collective variables rules out the possibility of intro-
ducing single-quasiparticle variables. This follows
from a simple count: The total number of variables is
3(n—1), and six of them are collective, so that there
remain 3(z — 3) variables, and this number is already
insufficient to ascribe a triplet of variables to each of
the n — 1 quasiparticles. We therefore use the set of
internal variables and speak of the interaction between
the collective and internal degrees of freedom of the
nucleus.
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The theory expounded in the present paper is based
on Eq. (7), which guarantees the condition for re-
stricted dynamics. The condition appears simple only
on first acquaintance. In reality, it is difficult to sat-
isfy. How can one isolate some box, cutting off all the
nondiagonal elements that connect it to the remaining
part of the matrix of the energy operator? How can
one find a2 suitable mechanism for cutting off the non-
diagonal elements capable of yielding a restricted
Hamiltonian H,, that is neither too complicated nor too
trivial? From the technical point of view, this can be
done only through a very specific realization of the
Hilbert space based on purely algebraic properties of
the constructed basis. What is the reason for this?
We recall the following detail, which relates to the
reduction rules in accordance with the chain Uy,.,)
DU, XU,.,; namely, the Uy,.,)-irreducible repre-
sentations [EQ...0] in this chain decompose into the
representations [E, E,E,], which simultaneously char-
acterize the irreducible spaces for both groups U, and
U,-,. In other words, the U,-irreducible representation
uniquely determines the U,.,-irreducible representa-

" tion, and vice versa. This is the good property of the

basis that ensures the possibility of projecting opera-
tors with restricted dynamics; for when one makes the
restriction to the irreducible space of the group U, .,
(freezing the motion in #,.,), all the diagonal elements
are cut off with respect to not only the quantum numbers
of the group U,.., but also those of U,. Despite this,

the motion in the three-dimensional space #, is not
frozen and one obtains a fairly complicated but never-
theless solvable Hamiltonian H,_, . The parts played
by the spaces # ., and #, are interchanged when the
restriction is made on the irreducible space of the
group U,.

From the mathematical point of view, the unitary
group Uy(,.,) gives a large set of spaces, which are
labeled as [E,E,. .. Ey(,-;)]. These spaces are spanned
by functions that, in general, depend on a large number
of variables, this number being much greater than the
number of orbital degrees of freedom of the nucleus
(see, for example, Ref. 50). If these representations
are reduced in accordance with the chain U, X U,.,, it
is found that, besides the case of representations of the
class [EO...0], the irreducible representations of one
of the groups U, or U,., do not uniquely determine an
irreducible representation of the other group and,
therefore, there is no longer place for the freezing
property noted above. Why is it that in nuclear theory
one uses such a negligible fraction of these spaces,
namely, the space [EO...0], which is so suitable for
our purposes? The point is that the many-particle
problem is studied in nuclear theory in the framework
of nonrelativistic quantum mechanies. Then the num-
ber of particles and their species are conserved and,
as a consequence of this, the Hilbert space on which the
nuclear Hamiltonian acts can be spanned by the Uy(,.y)-
irreducible spaces [EO...0].

We note also that the realization of the Hilbert space
by means of functions defined on the corresponding
factor space of the compact group Uy(,.,) reflects
the properties of compactness of the physical system,
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i.e., the good localization in space of the nucleus. The
possibility of extending the Hilbert space to an equipped
Hilbert space was noted in Sec. 8.

One cannot hope to elucidate the structure of the
nucleus without simplification to a reasonable level
of the dynamical many-body problem. In the theory
presented in this review, the many-particle problem is
simplified by separating H} or H) from H, this reveal-
ing certain smoothed properties of the original Hamil-
tonian. The obtained picture of nuclear structure is
hidden in the Hamiltonians H or H{ and much work
must still be done to elucidate all its details. The po-
tentials of the nucleon-nucleon interaction are not
known, which dictated the adaptation of the presented
theory to an arbitrary Hamiltonian H, i.e., to the set
of Hamiltonians that act on the Hilbert space # (",
This feature of the theory, which is very valuable on
account of its generality, raises a number of questions,
the answers to which must be found in the future. One
of them concerns the sensitivity of the results to the
details of the nucleon-nucleon interaction. Howdoes a
change in the form or intensity of this interaction affect
the expectation values of the various operators calcu-
lated on the eigenstates of the Hamiltonians Hj or Hy ?
In particular, how sensitive are the observable quan-
tities to the form of the potentials of the central, vec-
tor, and tensor forces?

This question is too complicated for one to be able to
answer it in a general form. The sensitivity of the
results obtained with approximate wave functions is
different for different observables such as, for ex-
ample, the spectrum, the matrix elements of the op-
erators describing the shape of the nucleus, the tran-
sition probabilities, and the other static and dynamic
characteristics of nuclei. Of course, the most impor-
tant of them is the energy spectrum, since one can
speak of the properties of the given state only once one
has established its energy and other quantum numbers.

With regard to the questions posed above, the Ham-
iltonian Hj has the technically valuable property that
the Schrddinger equation for it can be solved exactly.
In a certain sense, Hj is the largest part of the Ham-
iltonian H that can still be exactly solved; it is to be
expected that as long as H is an arbitrary Hamiltonian
each term of it additional to Hj will lead to an operator
for which the Schrddinger equation is not amenable to
analytic methods of solution,

At the first glance, the assertion that every H con-
tains an exactly solvable part HJ appears very unex-
pected. The opinion has become too firmly established
that in the quantum theory of many-particle systems
there are only a few exactly solvable Hamiltonians such
as the harmonic-oscillator Hamiltonian and some other
simple Hamiltonians. This opinion arose because of
the tradition of dealing with operators in the coordinate
representation. However, this is not the only way of
specifying them in a separable Hilbert space.”” Fre-
quently, it is more convenient to use the more flexible
matrix representation. It is precisely this flexibility
that made it possible to project from the arbitrary H
its exactly solvable part Hy. The advantage of the
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matrix representation over the coordinate representa-
tion can be seen by attempting to construct Hy in the
purely coordinate representation. This would lead to
intractable expansions, some impression of which can
be obtained from the complete operator basis adapted
to such expansions described in Ref. 1.

In the quantum theory of many-particle systems,
exactly solvable Hamiltonians are usually called
zeroth-order Hamiltonians, Following this tradition,
we call H? the zevoth-order Hamiltonian with re-
stricted dynamics. This Hamiltonian defines a certain
model of the nucleus, which was proposed in Ref. 5.

It reflects, albeit in a very simplified form, the dy-
namics inherent in the Schrédinger equation for the
original Hamiltonian H. As we have emphasized at the
corresponding places in this review, H{ is generated
by the pair of operators H and k, where k is the “little”
kinematic Hamiltonian, which even in a simplified form
is not capable of reflecting the properties of the original
“large” Hamiltonian H.

The picture of nuclear structure described by the
eigenfunctions of 2 is very simple. In accordance with
this picture, the nucleus consists of a system of non-
interacting quasiparticles, the ensemble of which re-
flects only the simplest kinematic properties of H (for
details, see Refs. 2 and 3). When the pair H and &
generate the Hamiltonian H{, a dynamical picture of
nuclear structure is introduced. The original Hamil-
tonian H, which is enclosed in a double E box (double,
because E appears as U,- and U,.,-irreducible repre-
sentation), is transformed into the model Hamiltonian
H!, which consists of the two terms H{ and H, o,
which have directly opposite physical meanings. One of
them, namely H,; , is the collective term in the space
#5- The other, H/, is also a “collective” term, not in
#,, but in the space #,.,. Indeed, in the space in which
the coordinate axes are labeled by the indices of the
quasiparticles, “collective” means an averaging over the
Cartesian indices. From the point of view of “our”
space # ,, this type of freezing generates effects that
may be called anticollective.*

These two forms of interaction give rise to very
definite features of the spectrum, some properties of
which are discussed in Ref. 1. In particular, it has
been shown that, in general, the Hamiltonians H; and
H, ., do not commute, although one does sometimes
encounter U, X U,., boxes of E in which they do com-
mute, Therefore, the diagonalization of the matrix of
H! leads to a certain mixing of the collective and “anti-
collective” effects. The vector and tensor terms of the
operator H, ., give rise to a specific splitting of the
spectrum of the operator generated by the central
interaction. The nature of this splitting depends,
among other factors, on the characteristics of the
given E box in which the Hamiltonian H is confined.

In some boxes, the vector and tensor terms do not

play any part, and one can expect a spectrum that in the
case of even nuclei is similar to the spectrum of the
phenomenological theory. But in other boxes, only the
tensor term vanishes, and all the splittings with respect
to the quantum number J are due to vector forces
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alone. In the phenomenological theory, purely collective

effects arise in even nuclei; in the microscopic theory,
they are equally important for both even and odd n. The
eigenfunctions of the Hamiltonian H/ are fairly com-
plicated and varied and not readily amenable to per-
spicuous interpretation.

The structure of the zeroth-order Hamiltonian HY is
incomparably richer than the structure of the Hamil-
tonian 2. Nevertheless, HJ should be regarded as the
zeroth-order Hamiltonian, with all the consequences
that follow from this interpretation. It must not be ex-
pected that its eigenfunctions are capable of giving a
sufficiently good description of the majority of proper-
ties of low-lying levels. Nuclei are too complicated
objects for one to be able to hope to explaintheir proper-
ties with the wave functions of the zeroth-order nuclear
Hamiltonian., Some important features of nuclear struc-
ture are certainly hidden in the residual interaction
H-HJ. It is possible that one could identify a fairly
simple term in H responsible for the strong interaction
between the orbital and spin degrees of freedom of the
nucleus (in the language employed in the shell model, it
is usually called the strong spin—orbit interaction). In
the construction of nuclear theory in the framework of
restricted dynamics, allowance is made for collective
and “anticollective” effects, which can be studied in
either the exactly solvable (Hamiltonian H?) or ap-
proximately solvable (Hamiltonian H}) variants of the
theory. In both cases, allowance is also made for the
coupling between the orbital and spin degrees of free-
dom, which can be seen from the structure of the ma-
trix (82), though this interaction is inadequately taken
into account in this form. Heuristicideas indicating how
this can be done can be obtained from the properties
of the expansion (59). The mathematical formalism
needed for such investigations has been developed fairly
fully and some details are also known. However, these
questions go beyond the scope of the present review.
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