Kinetic equation for a dynamical system interacting with a

phonon field
N. N. Bogolyubov

Joint Institute for Nuclear Research, Dubna

N. N. Bogolyubov, Jr.

V. A. Steklov Mathematics Institute, USSR Academy of Sciences, Moscow

Fiz. Elem. Chastits At.Yadra 11, 245-300 (March-April 1980)

A preprint of one of the authors [N. N. Bogolyubov, Preprint E17-11822, JINR, Dubna (1978)] is
generalized, and methods are formulated for studying an electron-phonon system and eliminating the phonon
operators from the corresponding kinetic equations. In particular, for the interaction of an electron with a
phonon field a polaron kinetic equation is obtained, this leading in an appropriate approximation to the exact
Boltzmann equation for a polaron. Methods are also proposed for calculating the response functions
(impedance and admittance); these methods are based on the introduction of an approximating Hamiltonian
with linear interaction. The probability density for the particle distribution is calculated.
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1. GENERALIZED KINETIC EQUATION

We consider a dynamical system S interacting with a
phonon field . We denote by X the arguments of the
wave functions for the isolated system S and by X c
=(...n4 ..) the population numbers of the field 5. Then
the dynamical state of the system (S, %) can be charac-
terized by wave functions of the type

¥ =¥ (X,, X3). 1)
We shall denote by
F(t, 8), £(8) (2)

" operators that can depend explicitly on time ¢ and act on
¥(X,,X ;) only as a function of X,. By

63 e®) B

we shall denote operators that act on ¥ as a function of
Xy. Operators of this kind are, for example, the Bose
amplitudes ...b,...b}.... It is important that F(t,S)
and G(¢, Z) commute, since they act on different varia-
bles in the wave function. In particular, F(t,S) com-
mutes with all b, and b}. As an example of an operator
of the type (3) we can take the Hamiltonian of the phonon
field itself:

H(2)=zkm,bﬁbk, w0y >0. (4)
By symbols of the type %(¢,S, Z) we shall denote oper-

ators that act on the variables X, and the variables X
of the wave functions ¥(X,,X ).

We emphasize that these operators correspond to the
ordinary Schrtidinger representation of dynamical var-
iables. We take the case when, in the usual notation,
the total Hamiltonian of the system (S, =) has the form

T HimHi(¢, 8, B)=T(t, 8)
+ 2O (1, 8) b +Co e, ) b+ H (D), (5)
where I'(t,S) is the Hamiltonian of the system S; the fol-

lowing term in (5) with the sum over k is the Hamilton-
ian of the interaction between S and .
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We consider two examples of such systems.

1. Polaron Theory. The polaron model describes the
motion of an electron in an ionic crystal. The system S
consists of one electron in an external electric field Z(¢);

T (¢, 8)=p*(2m)+exp (et) E(t)r; E ()= —eB (t);

Cat, S)=%<;ﬂ 2 (k) () oxp D), (6)

where e is the electron charge, #*(k) =#(k), 7 and § are
the position and momentum of the electron, and .#(k)

and w, are radially symmetric functions of the wave
vector k.

The summation over % is over the usual quasidiscrete
spectrum:

k= 2an,/L, 2nn,/L,, 2mng/L); L3=V,
where n,,n,,n, are integers (positive and negative); the

factor exp(e?) (e>0) is introduced, as usual, to repre-
sent adiabatic switching-on of the interaction.

In this case, the operators of the type f(S) will be
functions of the operators p and 7; for example,

f(®), exp(ikr), f(p)exp (ikr), etc.
We note finally that in a number of cases the expression

p?/(2m) must be replaced by a more general form T(p)
of the electron energy.

Then instead of (6) we have
T (t, §)="T (p)+exp(et) E (1) . 0

2. Fermion System. The system § is a system of
iree fermions characterized by the Fermi amplitudes
d; and a;, and

L(t, 8)=X A())ajay;
)

Calt, 8)= =L L 53240,
1€5]

5;. (z. S) =M‘]p‘#[1: zréja.lﬂk =% Ly E&!-hﬂh (8)
(f} &)

where L, and L} are C-number quantities.
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Since fermions have spin, we have here f=(f, o), and
the vector f belongs to the quasidiscrete spectrum (o is
the spin index). The symbol (f+ k) is explicitly f+ &
=(f+k,0). We can also consider the case of fermions
interacting with one another. It is then merely neces-
sary to include in I'(¢,S) the terms of the interaction be-
tween the fermions, and also their interaction with the
external fields.

For dynamical systems of the second type, the oper-
ators of the form f(S) will be all combinations of the
Fermi amplitudes ...a,...4;... that do not contain Bose
amplitudes; for example, a; a,.. We note that dynamical
systems of the second type arise in the problem of de-
termining the electrical conductivity of metals, in the-
ory of superconductivity, and elsewhere.

We now return to the Hamiltonian (5) and use the
Liouville equation for the statistical operator 9, of the
system (S, =),

in2Z —H(, 8,58 ~9HS, 3), (9)
with the initial condition

D, =p(S) D (Z); F(Z)=2Z'exp[—pH (2)], (10)
where
Z=g§1exp[—ﬁH(E)l:
Spp(S)=1; SpT (F)=1. - (11)
(8.'[ (%)

It can be seen that the initial condition we have adopted
corresponds to the situation in which the phonon field =
is in the state of statistical equilibrium at the time #,
when its interaction with the dynamical system S char-
acterized by the statistical operator p(S) is “switched
on.”

It follows from (9) that
Sp &y=8p Dyy,
(8, %) (8, L)
Sp %= Spp(S)Sp Z (T)=1
o L Fe=2ppl ),ii )7 ,
so that
Sp @,= Sp gtﬂr
(8, %) (8. )

and we have the usual normalization for the statistical
operator D, of the dynamical system (S, Z).

We introduce the operator U(t,t,) =U(¢,t,,S, ) which
is determined by the equation

KU (2, to)l0t=H (t, S, DU (2, to),
where U(f,,t,)=1. Since the Hamiltonian is Hermitian,

—indU'(2, )/t =U (¢, to) H (¢, 8, ),

where l}(tn, t)=1. We see that U is unitary, U(¢,1,)
=U"!¢,4,). By means of the operators U we deduce 9,
=U(t,1,)D,U(t, ;) from Eq. (9).

We consider some dynamical variable %(¢,S, ) in the

Schrodinger representation. Its expectation value at the
time ¢ is A =
(A= Se‘ A (L, S, Z) &,
)
=(SSP£J‘.‘I (t, S, Z)U (¢, to) LU (2, tg)
= Sp AU (1 1) U(E S, U (4 1) (12)

It can be seen that the expression
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v (t_v tn) ‘z[ (f? S' E)U(t, to) (13)

is the Heisenberg representation for this dynamical
variable, the two representations coinciding at ¢t =#.

We shall denote this Heisenberg representation by the
symbol %A(¢,S,,Z,):
(14)

In particular, if we consider the dynamical variable in
the Schrddinger representation given by an operator of
the type F(¢,S), then

F(t, S)=U"(t, to) F(t, S)U(t, t;)
=T (t, t,) F(t, S)U.{t, 15).
From (12), we obtain
SpF8) D=5y F(t, 84 =SpF (5 Sp 7).

A(t, S, Z)=U1(t, t,)A(L, 8, Z)U (¢, £,).

(15)

We introduce further the reduced statistical operator
p(S) =SE1,).'9,. Then
{

Sp F(t, 8;) D= Sp F(t, S)p((5). (16)
(5, %) (8)

We consider the dynamical system with the Hamilton-
ian (5) and the initial condition (10) for the statistical
operator. On the basis of Eq. (14) for the Heisenberg
representation, we have

[?I (t! Sh 2!); m(‘» Sh 2t)]
=U(t, t) [U (L, S, Z); B2, S, DNV (2, 1),

where [%,8 ] denotes the commutator [ 9,8 ]=%B-BIA .
It can be seen that if the commutator of two dynamical
variables in the Schridinger representation is a number
C, then the commutator of these dynamical variables in
the Heisenberg representation will have the same value.

We denote the Heisenberg representation for the Bose
amplitudes by ...b(t),...55(¢)... . Then by definition
(14), b(t,) =b,,bi(t,) =b}. Since b} and b, commute with
T'(¢,8),C(t,5),C:(t,S), we see that

[bn (8); T (L SN =0; (Ba(0)i T (2, SN =0;

[Ba (0): Cu (2, SAI=0;  [By (1); Ca(t, SII=0; (17
5 (8); Ci ¢, SN =0; (B (2); Ci (2, 51 =0.

For the same reason,
[H (Z); F(t, S))1=0. (18)

It is clear that bi(f) and b,(f) have the same usual com-
mutation relations as b}, and b,

With allowance for (5) and (17), the equations for the
Bose amplitudes give
iRdby (8)/0t = [ba (t); H (. S¢, Z0)];
1h3by (£)/9t = hanby (£) - Ca (2, S4),
i.e, == ]
by ()18t = —iayby () — (i) T (2, S).
The conjugate equation is

by, (2)/8t = iwnby (£) + (i) Ca (£, Sy).
Taking into account the initial conditions, we obtain

bn (6) = By () — 1By (1), Ba(0)
= exp [—ioy (¢ —2)] by; (19)

3
Ba (1) =+ | exp(—iay (t— 1)1 G, (5, S dr;
iy
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b (@) =B () +i%h (1) Bt (t) = exp [ioy (t—1,)] by

% 4 20
B ()= | expliog (=) €, (v, 8,y ar. o
!l
We consider the dynamical variable that in the Schri-
dinger representation is represented by an operator of
the type f(S) with no explicit dependence on the time.

Using (5) and (17), we can write the equations of mo-
tion for £(S,),

ihaf (S)/ot=(f(S)): H (1, Sy, Zy)],
in the form i

ihaf (S,)iot=f(8)); T (¢, S.)]+(§ b () [ (S0 Cu (2, S))

+ 2B 011 (80: Ca ¢, SN,

Substituting here (19) and (20) and performing the oper-
ation Sp ...9,, we obtain

(S,0)

o @ . o : .

lﬁﬁgps)f (S,) "‘!"’+‘§?z[)l (20 S0; (S Zyo

= —1 3 8p By () [£(S0); Cu(t, S)) Ly
(k)

+i }] Sp B /(8 Buty S0 2

+ZSP by () [F(Se); Ca (2, S)1 Z 4o
w62

+ 388 b ()1 (S éaits S Zioe

(k]

(21)
To eliminate the Bose amplitudes b, and b}, on the
right-hand side of Eq. (21), we formulate a lemma.

The expectation values of the product of the operator
b,(#) and the operator %(S, =) satisfy the relations

(E‘fl;}ba (OA(S, Z) Zyy=(1+N, n)(gl’z ,{bu (£)A (S, Z)
—U (S, Z)by ()} T3
Sp ¥, 3 Ba (1) 440

oS N,,(sspm (B (D) A (S, Z)—U (S, =) by (1)) Ly

where :

Ny =exp (—phoy)/[1 —exp (—Phag)].

The proof is given in Appendix 1.
Taking A(S, Z) =[f(S,); C,(¢,S,)], we have

(§_p£§1 () [F (8); Cu (2, 8,) Dy

=(1 +) Sp, ][Fh (); 17 (50 C (8 Sl T3

SP E*(z) [F(S84); Ci (¢, 8)] 4o 23)
_Nh SP [[f (S0); Ck (t, SOY; Bk (£)] Dipe
Since ,. .b,h - .b,. .. commute with [£(8); C,(¢,5)] and
[AS); C,2,5)],
[bx (2); [f(Sz)u Cy (3‘ )11 =0;
[[7(S): Ck(‘ Sl by (01=0.
Substituting here (19) and (20), we find
(B (203 1/ (S0); Ca (& SN =194 (8); [F (S1); Ca (t, SO
=iy (&) [/ (S0); Cr(t, SN —11f(S)); Ch (2, S1)]1 By (8); (23)

(LF (805 Ca (6, ST Bl = =114 (S G (8, 8,01 By (0]
=B () [£(S0: Cult, SO1—117(S); Cult, S1%i ().
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Using (22) and (23), we obtain from (21)
in 2 Sp 1500+ 8o (D (t, S0; F(S)1 L

::1{\ S0 B ()1£(S; Cult, 8)19

L+ Sp[Calt, §0; 1 (S By (1) & 0}

+i {1+ ‘f») SP B (1) 17 (81); G 2, S &y
(x)

+.V h(SSgJICk (¢, S0 F(S)] SB& (2) & 40}
Note that with allowance for (16)
(g‘P:)f (8) %= S:E’f (8) pe(85),
(SSE) [T (2 84); F(S)] %= (S.s})] {T'(t, 8)F(S)—F(S)T (2, 8)} e (S);

we now replace B,(f) and B}(¢) by their expressions (19)
and (20) and divide both sides by i#. We then have

LOTC8) g, (s}

Sp {f(S) ﬂPr(S) 4 ', $)f(SH—

ih

— 43 Spexp[—ion (¢ =91 MaCa(x, SI1/(S): Ca (&, S

k) fo
-:-(1+ Ny) [Ck(t 80i F(SICr(T, S}y

4+ %)dr(gp exp[ioy (L= {(1 + V) Ca (v, 52)

X 1£(53 Cu (b, SO+ NalCa (t, Si F(SICa(r, SN2 (24)
Thus, we have constructed a generalized kinetic
equation. We now turn to the polaron model. For this,
we substitute the expressions (6) into the right-hand
side of this equation, i, e.,
I'(t, S)=T(p)+exp(et)E(t)r;
Ro\1/2 o
oL ) () esp iGN,

and we then find

Cul(t, S)=

spf 7(8) 2oul)
(sg{f() o

. exp (et) B (&) (rf (S)—f (S) N+ T (p) 1 (S)—F (S) T (p) o0 (S)}
i ih

1 . 2 (k)
= 4-exp (2et) % ey
)y

+(1+ Ny) exp [ion (= 7)1} Sp fexp (—ikro) 1 (S) exp (ikr,)

t
\‘ dvexp [—e (t—T1)] {Ny exp[—iog (t—T)]
fo

—exp (—ikro) exp (ikr,) f (S} Z 4

L2 (k)

t
+]L,exp (2e2) 3 i E drexp[—e (t—1))
("

fa
X {(14+Np)exp[—iwy (I —1)] + Npexp [ioy (¢ —1)]}
x Sp {exp (ikr) £(S) exp (—ikr)
(8. %)

— 7 (8,) exp (ikr,) exp (— ikre)) Sy, (25)
It is interesting to note that the phonon operators do not
occur explicitly in this equation. The right-hand side
depends only on the electron trajectory #(7),p(r),f, <7
<t

We emphasize that the electron operators #(7) and
p(7) depend in a complicated manner on the initial val-
ues of 7,p,...b,,b;. Therefore, to obtain from the last
equation an explicit expression, we must restrict our-
selves to an appropriate approximation. For example,
setting f(S) =/(p) and replacing the complicated depen-
dence 7(7) in the “zeroth approximation” by uniform
motion, #(#)=7(¢) - p({)({-7)/m, in the framework of
the Frohlich model and using explicitly the small para-
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meter which characterizes the intensity of the electron—
phonon interaction, we can construct an explicit Boltz-
mann equation for the polaron with integral term cor-
responding to single-phonon absorption and emission® of
quanta of the phonon field.

We now consider the case of spatial homogeneity,
when

F8)=1 ),
and hence
F(8)=1(p)-
We have
71 ()= f(p) 7 = i 8 (p)/dp.
We note the formula
Sp 1 (P)ee(S) = { 7 () W (5) dp.

where

W, (.;o) =E’s§7 & (_P—f’.o) Pt (5)- (26)

Let p, be the momentum operator in the Schrodinger
representatmn. Then, with allowance for (16),

5P @) Fu= [ FHIW.() 5.

It follows from (11) and (26) that [W (p)dp=1. It is
clear that W () can be interpreted as the possibility
density at the time ¢.

We write the left-hand side of (24) in the form

$p {1 (1) 225 +-exp (e) E ()L, (5))

={ dp {1 o) -T2 WDt oxp (et) E (1)L “"’ AR
It is easy to see that
exp (ikr) f (p) = f (p—AF) exp (ikr);
7 (P) exp (ikr) =exp (ikT) f (p + HF),
and also 7
 (Ps) exp (ifry) =exp (iFr,) f (pe+HE);
exp (ikr)) f (1) =f (p.— hF) exp (ikry).

Using the invariance in both terms on the right-hand
side of (25) under the replacement of % by —k and the
remarks made above, we obtain

27

S dpf (p) {a—wa'r(j——exp (et) E (1) 3“;:]_)(11) }
ki g ap {1 7 J—W:;,f'i +exp (et) E (;)a_ggl W, (@)}

t
A "E:LT Sdrexpl—e(t-v-t)]
(h) to

x{ Ny exp[—iox (t—1)] + (1 +Ny) exp [iop (E—7)1}
— S, texp ({kro exp [—ikr {f (pe—HF) — 1 (P} Dro}

—exp(2el)

1 (k)
+ exp (2et) B 2”'Ehc

hy

t
{ drexpl—e (e —n{(+N)
ta

> exp [— iy (t—1)] + Ny exp [io, (t—1)]) (SS%({j (py— HE)
—j (Y exp (ikr) exp (— k1) T o)y (28)

where Z,,=p(S)2(Z).
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This exact relation will be considered in Sec.2 as a
source for obtaining approximate equations.

Finally, we note that the generalized equation (24) can
also have other applications. For example, it can also
be used to study the motion of electrons in a metal and
to derive corresponding kinetic equations. For this it
is only necessary to take as the operator function in
Eq. (24)

+
f(8)=aya,

and

g
I, 8= (% Taay.

7 Then

Sp1(S)ei(S) = ‘g,pi,afpz (S) = Gy (1) 2 (Do =1 (8)

and

30: (3)

J'l, (t)'
and as the operator C,(t 5) we take the expression

Cp(t, )= D o, 2 apen (2), a5 (2)-
‘/ [¢}]
We particularize further the operators dj,,(t),a/(t) in
this construction, making an “approximation” by as-
suming that they satisfy the equation of motion without
interaction,

ik day/de =T (f) ay (8),
from which
ay (v) = exp [ —L(Ty/B) (v— )] ay (t); ay (x) = exp [L (T /) (s— 1)) ay (0).
Then

Calr, S =22EY. ele (et) 2. - [ = IM@AT)] azn (B) a5 (2).

Taking into account these remarks and substituting the
“approximate” expression for C,(r,S,) into the general-
ized kinetic equation (24), and making some simple
transformations and the standard passage to the limit
fy—~—=,£~0, we find the well-known quantum kinetic
equation of Bloch, on which the theory of the electrical
conductivity and thermal conductivity of metals and
semiconductors is based.’

2. KINETIC EQUATIONS IN THE FIRST
APPROXIMATION FOR WEAK INTERACTIONS

We consider here the case of weak interactions. It is
convenient to characterize the coupling constant by a
small parameter, which we shall denote by o, under
the condition that #%(k) is proportional to a.

For example, in the framework of Frohlich’s polaron
model the standard dimensionless parameter character-
izing the intensity of the electron—phonon interaction is
in our notation

g* m
&= Tnhot 2fiw °

(29)

We shall also assume that the external force E is form-
ally proportional to the small parameter.

In the “zeroth approximation,” when we completely
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ignore the interaction, we can write down the equation

ihdridv=rT (p)—T (P) T, (30)
from which it follows that

re=exp [iT (p) (t—To)/h] repexp [ —iT (p) (T — o)/ i)
Suppose 7, =¢; then

re=exp [iT (p) (t—8)/h) ryexp [—iT (p) (t— £)/K]
and

exp (ikre) = exp{(i/h) T (p,) (v—2)} exp {iffry)

X exp{(—i/h) T (pg) (t—1)}. (31)

Using (27) and shifting exp(ikr,) to the right in Eq. (31),
we find

exp (ikr) =exp [iT (p;) (t— t)/hlexp [—iT (py— kF) (1 —t)/k)

x exp (ikr)) =exp [i{T (p) — T (p,— hK)} (x—t)/h] exp (ikr;),  (32)
and also
exp (ikro) = exp (ikry) exp [ {T (p, +5)—T (p)} (x—t)/Al.  (33)

Making here the substitution 2 - -k, we obtain

exp [—ifrs] =exp (—ilr,) exp [i{T (p, —hk) —T (p))} (x—2)/k].

This “approximation” will be used in (28) only for the
terms proportional to o. Namely, we substitute (32)
and (33) into the expression of which the trace is taken
and use the zeroth-order approximation as follows:

Eaon = { Sp exp (iF72) exp (—iFr) [f (5, — 1) B
_'f(.EJ)] Zo}app= Sp exp [i{T (;;f)

(8, §)
=T (py—BE)} (v— 8)/R) % [ (pr—Fk) — F (p)] D >
Eion=( Sp 11 (= 18) — { () exp (7 exp (— rhury ( (34)
=Sulf (pe— 1) — f (p)] exp [i {T (p,— h)
—T ()M (x—t)/h] Z . J

We should point out that these expressions are multi-
plied by ¥*(k), which is proportional to the small para-
meter.

Thus, we assume that the terms of first order in ¢ on
the right-hand side of (28) are correctly estimated.
This is in fact the approximation we wished to obtain.
We shall then go to the limit V -, #,~~x, and in the
final result take £-0. But first we expand the expres-
sions given by Egs. (34) for &, and &%

app*
We turn to the relation
S FE)Z0={ FOW.(p)dp,
which holds for an arbitrary function F(p) of the mo-
mentum, For F(p), we choose
F (p)=exp[i{T (p)—T (p— ik)} (x—2)/h [f (p— 1K) — f (P)],
and then
wwo= | dpexp{T (1) —T (p— AR} (t— )/ 1f (p— 1)
— @MW = [ dpexpli{T 5+ AR —T @) (x—t)/n)

(P=+p+1ik)

x f @) Wi (p+ 10— | dpespi{T (p)— T (p— i)} (x— 1))
x @ W, (@).
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It is easy to see that #p 18 the complex conjugate of
& app*

Btop=| dDexpli{T (1) =T (p+ AK)} (x—1)/A) £ () W, (p + 1)

— | dpexp 1T p— B — T (B} (s—)/n1 1 () Wil P). (35)

We now substitute these relations in Eq. (28). Going
to the limit V-, we replace the sums (1/V)3(...) by
appropriate integrals (27)°[dk(...). In what follows, it
is convenient also to make the transformation E—~ =% in
the integrals containing W,(p). We also introduce the
new variable of integration f-7=£, so that

t—ig

t
jdz(...)-; i dE(...).

to
In the limit f, - -, these integrals become [Jd&(...).

Thus, we can write the equation in the first approxi-
mation in the form

§ 41 @) {240 —exp (o) B () 2202}

__ exp (2er)
= "@mp 5 dpf (p) S dk 2.'un

where

L 4 (p, B,

A (p, B)= 5 dE exp (— e&) (14 N,) exp (ioxk)
0
+ Ny exp (—iwy8)) {exp (—iEA,. ) Wy (p+ 4F)
—oxp (iEA ) W3 (p) + | dEexp (—s8) (1+ Ny exp (—iwsb)
0

+ Ny exp (io,E)) {exp(itap #) W (p+ hi)—exp (—iBA, ) We (D))
Apn= [T(p+ﬁk)—7'(pn/r:

Becuase f(p) is an arbitrary function of the momentum
P, this equation reduces to

Wy (p) LADN ®
— ——exp(et) Foq ) a1 8 5

(36)

exp (2et) Z2 (k)
ijdk T 4. (7, k)

Collecting the terms in the expression A (5D, E), we find

4G( B NoW4 (5)
x { | exp (—eB) exp [ —iE (Ap, x— on)) d
0

={(1+N0) W, (p+ k) —

+ [ exp (—eb) exp i€ (Ap, s — o)) a2}
0
+{NaW¢ (p+1k)— (14 Na) Wy (p)}

x { ] exp (—e8) exp [—i& (Ap, » + )] 2
0

+ [ exp (—e) expli (A, n + 0u)] dE},
0

in which N, =exp(-piw,)/[1 - exp(-piiw,)], or, in abbrev-
iated form,

Wy (p+- 1) —exp (—Bhwy) Wy (p)

4 (p, k)= T i D (Ap, n— )
+ Wi (o 1E) exp (—Bhon) — W, ()
. 1—exp (— Phog) ' Ty (8p, n+ o),
where
e
Ze(2) = | exp(—elE))exp (iE2) a&.

-

Note also that
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lim D, (A, 4 F wp)=2n8 (A, » F 1)
e

=2n8 ([, p T Aog)/H) = 2nhd (AA, 5 F Aoy).
Therefore

& oI _... 2ah r o T
18111; A (p, B = —prem {W, (p+ hk)

—exp (—Bhoy) W (p)} 8 (T (p+7F) —T (p) — o)

+'1—_e'lp2?riw (W (p+ k) exp (—Bhwy)

— W (@}8(T (p+#E)—T (p) -+ hro)-
We now make the final step, going to the limit £ -0 in

Eq. (36). As a result, we obtain the equation of the first
approximation in the final form

Wy (p) o 0Wi(R)
ol —E (t) a‘—u
oo A Puz 2 (k) =, 3
= ) T i (= (V¢ (P+R)

—exp (— Bhoy) W, (2)}8(T (p+ k) —T (p) — hiwn)
22 (k)

T g T+ (P + A) exp (—Phoy)
— Wi (D)6 (T (p+ 1) —T (p) + hoy).

+ g | s
(37

Thus, we have obtained generalized Boltzmann equa-
tions.

We now consider the important special case
T (p)=p*/(2m),

when the argument of the 6 functions contains the ex-
pressions 8[(p+7%k)/(2m) =P*/(2m) Fhw,)].

1t is then obvious that Eq. (37) will be the ordinary
Boltzmann equation, the integral terms on the right-
hand side corresponding to single-phonon emission and
absorption. Such a Boltzmann equation has been inten-
sively studied in the investigation of transport proper-
ties. To study the stationary state, when the electric
field does not depend on the time, we have from (37)

2 OW(E) _ 1 #20) =g
S i § O o= (e O (P+4)

5:

— ftmh)

—exp (—Bhoy) W (7)) 6 (ZEEE
L) (W (p-+hE) exp (—Bhay)

+ 5 | T g T (=B

—W (o8 (BRI B poy). (38)

For the special case of low temperatures, the factor
exp(—pliw,) in (38) can be ignored.

The equation obtained in this manner was considered
in Ref. 2 by Devreese and Evard for the Frohlich pol-
aron model. They found a very complicated behavior
of the distribution function W(p), this evidently indica-
ting an essential singularity at E =0,

In conclusion, we say some words about a simplified
method of approximation to the determination of the de-
pendence between the applied electric field and the mean
equilibrium velocity ¥ of the electron.

We multiply both sides of Eq. (38) by p and integrate
over the complete momentum space. After simple
transformations, we find
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i T 22 (k) hk - (hK)?
= (2m)2 Sd’”huli—up(—ﬁﬁwa}l g apW (p) § ("' m
_kp _ S S N S -4 (L S
F=5 &"”‘) e j b [exp (Brop) — 1]

x [ dow ) 8 (G2 42 22 _po,). (39)
Here, in accordance with the notation of Sec.

F=—cF, (40)
where § is the external electric field.

Thus, this is an exact consequence of the Boltzmann
equation. We make a “rough approximation,” choosing
as a trial function for W(p) a “shifted” Maxwellian dis-
tribution function with mean velocity 7:

T (7) = ou G—mo); ou (B) =g )" oxp (—Bp2m).

and we substitute this distribution in Eq. (39). This
leads to the approximate equation

A (G B
e = | P g ap (o
X 5 dppy (p) 6 (—'('%E:,:—'-I--%——-h(mk —}w))

1 = 23 (k) ik
B § F o k=T

x jdipm(i)o( G822 n(o—T). (41)

Note that

8(— W“z+_ rz(m.—rw))

e (za) S“p[‘ - e i (o —T)) ] a8

(24

—h (m.—ku))

=y [ o (Y4 2

—oo

BE —n(ox—Fi)) £ ] dt
and
§ oac () exp (—i8nTpIm) dp — oxp [ — (hkY* E(2mB));
§ o (7) exp (iEEp/m) dp = exp [ — (hky* E¥/(2mB)].

Therefore from (41) we find

2 (k) Bk { exp [ifi (0p— ko) E]
erf 5 df oy (2,:;3 5 20p { 1—exp (—Phoy)

L -l
(21?3 ( E]

This approximation equation was obtained by Thornber
and Feynman® for weak interactions.” They found that

the mobility obtained from (42) in the weak-coupling li-
mit does not agree with the mobility obtained from the

(42)

exp [—ik (0p — k) §]
- exp (Bhiog)—1 exp [

1)n their notation and in the system of units

H=1, Cp=(ATV)/2wy'/? £ &); E=e,8
Ed. (42) has the form

4+ 4l k=
7 N — f expli(wp—ko)E] _ exp[—i (wp—lkv) E]
E= 5 JE{%, b 1—exp (—Buwp) exp (Bug) —1 }

K 5
X exp [—% (—B——-IE)],
This corresponds to Eq. (17) in Ref. 3
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standard treatment of the Boltzmann equation.

We see here that this discrepancy is due to the use of
an inadequate approximation—the use as a trial momen-
tum distribution function of the Maxwell distribution
around the mean velocity 7 in Eq. (39), which is an ex-
act consequence of the Boltzmann equation. The connec-
tion between Eq. (42) and the use of the Maxwell dis-
tribution as a trial function of the equilibrium distribu-
tion was also noted by Devreese (private communica-
tion).

3. LINEAR POLARON MODEL

We wish to show here that the results of Ref. 2, and
also Ref. 3, relating to the calculation of the inpedance
in the polaron model can be obtained directly without
the use of functional integration.

We begin by considering the exact equation (38), in
which as the arbitrary function f(5) of the momenta we
choose

f(p)=p. (43)

We denote the expectation value of the electron mo-
mentum by

@)= 2W.(p) dp.
We introduce the notation

Sp exp [ikr (t)] exp [ —iFr ()] Zyg= Dy (¢, 7, o), (44)

and then
Sp exp [ikr (t)] exp [ —ikr (1)1 D
 Z)
= Sp {exp [ikr (v)] exp [ — ikr (£)1}" Z o= DE (L, T, ). !

It follows from Eq. (38), using (43) and (44), that
d (p)/dt +exp (et) E| (r)
LMk
—exp(2et) 3 Wm j dt {exp [iog (t —1)]
13
+exp [ —ioy (¢ —1)] exp [ —Phw,]} exp[us(t—t)qun (£, T, &)
: - LRk
=g DRg et % T [1—exp (— phom)]
t
X j drexp[—e (t—1)] {exp [ —iwy (—1)]
to =
+exp [ioy (E—1)] exp [ — Bhiog]} BF (2, 7, 1) (45)
This is an exact relation. To obtain from it some ap-
proximate equation, we must find a corresponding ap-
proximation of the expressions ®,(¢,7,1,) explicitly.
For this, it is expedient to introduce a model Hamilton-
ian leading to exactly solvable equations of motion. To
obtain a suitable approximation, this model Hamiltonian
must be chosen such that the behavior of 7(f) resemblas
in some sense the behavior of 7(f) corresponding to the
exact Hamiltonian (5).

We consider the first case, when the external field is

absent,

s apac (46)
We take the Hamiltonian

Hy=Eo 4 57 S i (k) by
- - )
It

+7 ,‘:(2 @) L®E) et ), (47)
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where L(%) is a spherically symmetric function of k
v(k) is a spherically symmetric function and is also es-
sentially positive: v(%)>0. Until we go to the limit

V =<, we assume that the volume V is finite, and that
the number of terms N, in the sums over k is also fin-
ite. Then the corresponding Heisenberg equations of
motion form a finite linear system of ordinary differen-
tial equations with constant coefficients and, thus, is
exactly solvable, i.e.,

dr (t)/dt =Tp (t)/m*; N
=)=~ 3 () L OEG @+ 0

k)
Al v (k) by “J_Tf_ - & )" L () o o) f (48)
o) v ()b O+ 7 () LG @)
Flto)=7: P (to)=P; k(t.,)gbh; B, (to) =b_i.

J
We now show that for an appropriate choice of the con-
stant ¢? the Hamiltonian (47) becomes translationally
invariant. We begin with the identity

i (k) L\ fp _ iGD L }
VV vk 1f2nv(k)l ¥V vk V2 k)

S v (i) {Bi+
(k)
2 Y‘ Biv (k) biby +—= W 2 (h‘ (A))”_ L (k) (W) b
(k)

1/2 (k) =
W? (2v u.)) L&) (’”“’"*72 2 )
and note that by the spherical symmetry of the functions
L(k) and v(k)
1 L2 () 37 Lo L2
- % ﬁ(kr)ﬂzrzl—‘s_} oy B
(h)

For this reason,
L
HL ~ 2m* (ca

L2
b :‘ 2 (k) ]‘z)

i(kn) L (k) }

Fv 6y gt o —1GH L(®) o
+ 2w {b“" {b* Vv (k) V 2he ()

) V7 V 2w )
Therefore, if we take

L2 k) &2

=TV 4 Tavem (49)
(k)

the Hamiltonian H; becomes invariant under the trans-
lation group

c2

- - T OiGR LM 50

r—-r+R; bkg’bk—{-—]-’l_'v(k}{%v s ( )
This invariance must lead to the existence of a con-
served vector 7 :

dPldt=0. (51)

which can be regarded as a form of “total momentum.”

To find the expression for 7 , we note that (48) implies

Ln OO i () by (1) -+ B2 (2)
9 1/2
- lf (Zh\ (A)) L (%) (AI‘ ®)
and hence
d ( )uz by (8)—b W) g
dat }/p h) ( ) 2v (k) v (k)
;| h 1/2 T . Lt
~=l=ry ;? (zgm)" L )T (b ()bl (8)
v L2k

- Z L'®) Gk,

T A dp 0] z
e @) k= <G+ T ()~ 3 i

P oy
(k)
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But here, by virtue of (49),

Y Ll iyt PN e 1 L2k _ o
Y Z V2 (%) (kr(t))k=r(t)'ﬁ'(zh:, VE(R) c*r (t),

and therefore

i (70— 3 B (57) " oeo =t o} =0.
(k)

It follows from the last expression thaf: the conserved
“total momentum” vector has the form

F_o__ 1 s EL) g m yi2 9
: VV ET0N (m:?)) (b —b%y). (52)

We now mtroduce an external electric field, replacing
the Hamiltonian H; by

Hy=H,+E(r)r. (53)
Since H; commutes with Z and since
[Pp, 151 = pp, 1yl = —ihBy; B, y=1, 2, 3,
we see that
dP (t)/dt = —E (). (54)

It is clear that for the Hamiltonian (5) under the con-
dition (36) the translation group is determined by the
transformation

r—r+R; by—byexp(—ikR). (55)

In this situation, the “total momentum” is given by
the expression
F=p +§n7cbxb. (56)
When the external field is switched on, Z also satisfies
Eq. (54).
We consider the Hamiltonian (53), the corresponding
Heisenberg equations, and the initial conditions for the

statistical operator %;,. We use the same form of these
conditions as in (10):

Zyp=p(8) L (3).

Only now, naturally, do we take the operator for the
statistical-equilibrium model (Z) system:

Z1, (Z) =constexp [ —p % v (k) bby].

The equations of motion for the model (S + Z) system

are T -
m*dr (t)/dt = p (t);

B = — 077 3 () "L @FGO 2@~ E
VvV im (57)
) iy () by (1) — w (zmvgs) " L ) (& @)
SRy (k) b, (1) +— () L0 GO (58)

Flt) =15 Plta)=pi by (te)=bn;
from which it follows that
by (1) = by exp [—iv (k) (1 —1,)]

b2y (o) = b2,

i
_141_ (m)”% (*) 5 exp [—iv (k) (1 —1)] (B (1)) d;

bYy (1) =D exp[iv (k) (t—t,)]

B { -
e ,1? (-.z-ﬁ-\fl-ﬁ)“‘iz(k}},exp liv (&) (t—1)) (FF (1)) dr.
to
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We substitute these expressions in Eq. (57) and obtain

g |
Z L0 o (87 (1)) texp Liv () (t— D)

—exp [—iv (k) (t—1)]}
V3L (R (by exp [— iv (E—15)]

dP(‘)_‘_cz (I)—L

i
=—— 73 .
78 (2 O]
+&y exp [iv (k) (t—12o)])— E (2).

We integrate by parts:

t
i j dv (FF (x)) {exp fiv (k) (— )] —exp [— iv (k) (t— )]}

j (Fr () 4= d_texp [iv (k) (¢— )]+ exp [—iv (k) (t—D)]} dT

v(f\)
Gr ) |, 200 0
=—2 T BTV R v (k) (2 —tp)
1
2 i L;dr(-:) o
m)dr(k - )c05v(k)(t )

ty

and recall that
1 L2 ()& i
N ; Vi (k) (k (t)) T %

< L2k *
v z_ VE (k)

L= (1) 42

W;(‘) = — ¥ (t);

T dr (‘I.’)

} cosv (k) (t—T)

dr
=-V— x I?svijl(}k;‘ cosv (k) (t—1) —— r(1) .
(R)

We then obtain

dp (t)

B SdtK(t-—'r)p('l:)—-—rK(i—-%)

1y

— 3 (o) L W E (uexp [ —iv () (¢ —to)]

VY o
+ bty exp liv (k) (t— o)) — E (8), (59)
where
K(t—1)= S‘ g‘g'g; cosv (k) (t—1). (60)
We consider the averaging of th1s equatxon with re-
spect to the initial statistical operator
Dio=p(8) 2 (T) (61)

and denote
m* @ ()= (p ()= Sp p(t) Z;
(58, %)
()= 8p r%y=Sprp(s).
(8, %) (8) 5
Since (b,) =0, it follows that (b_;)=0. Equation (59) leads
to

s
d{v (1)
m* SRR 5

to

dv{o (V) K (t—1) = — (N K (t—t) — E (2). (62)

Here, (¥(?)) is the mean particle velocity.

We now consider the situation when E(?) is a periodic
function of ¢ multiplied by the factor exp(et) (e>0),
which corresponds to the switching-on of the external
electric field in the limit { - -, We shall seek station-
ary solutions of (62), i. e., solutions represented by the
product of the factor exp(ef) and a periodic function.

Since Eq. (62) is a linear equation, we can restrict the
treatment to the simplest expression

E@)=E mE\p[(—lm-l—g) t]. (63)
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Indeed, if E(f) were a sum of such terms with differ-
ent frequencies w, the resulting stable solution of Eq.

(62) would have to be a sum of solutions of the form (63).

Thus, we consider the equation

m"-d—{i:-:i)—}——{ 5 dt(1)) K (t—1)= —E,exp[(—io+e)t].

—0o

Substituting @(£)) =7  exp[(-iw+ a)t], we obtain
{m* (—io+e)+ [ K@ explio—e)n1de} 5, = —Eo.
0
The definition (60) leads to

5 K (t)exp[(io—e) ] dt
R

_ L2kt 1 . 1
—”IT% 6v2 (k) {e—i(m—}—v(k)) Te i (o—v@E)/S*

We denote

+ 3 L2002 6 (v ()~ 2)+8.v 09+ ) = 1@, (64)
and then I(-Q)=I(2), I(R) =0, and

5 K (t) expl(io —e) ¢] dt =i Tl (g)m (65)

Therefore
+0o0
{m* (—lote+i | 1@ 25} Gen
=—~Ewexp|(—im+z) t].

By virtue of (52), E =-e &
the current

»» and by the definition of
Jo(t)=—e. @ ().

Hence
+oo ”
{m* (—ia+e)+i 5 @) 5=z o (0)

= e, exp [(—iw +e) ] (66)

We now go to the limit V -, assuming that for any
real w and positive ¢
420

S I(S!)m—-—

- 5 J@ (67)

m+15 —Q

After going to the indicated limit, we take £ -0 in Eq.
(66), and we obtain

o (8) = 75 €t 0xp (—i00),

where

+oo
Zy(0)=—m*io+i 5 J(Q)

—oa

9.-1-|0 (68)
Choosing here the electron charge e, as the unit, we
see that the expression (68) is the impedance correspon-

ding to the frequency —w.

As we shall see later in connection with the process
of the passage to the limit, all the expressions that we
shall use, including (44), depend only on the function
J(2) and not on the particular choice of the functions
v(k) and L(E).

Therefore, we first choose an appropriate expression
for J(f2). We choose J (R)to satisfy the following condi-
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tions:

1) J(Q) is an analytic function of its complex )
variable, regular in the strip |[Im| < n,;

2) J(Q)=J(-8);

3) [J(®)] =c|e|? for |@| =
C are constants;

69
= wy, where w, and P @

4) for real , J(Q)>0. J

Further, we choose the expressions for L)k) and v(k)
such that? v(k)>0 and

% ¥ L(:\+?k;€’" < %-‘- (C,isa V-independent constant); (70)
)
w
i 5 &:ﬁ’?k;" _..S J(QdQ, 0<o<oo. (71)
vh)<o 0

In the considered situation, it is clear that the rela-
tion (67) holds for any fixed £>0 and that the conver-
gence here is uniform with respect to w (in the inter-
val —0 < w<+ee),

We introduce a function of the complex variable W:

4o
AW)=i S J (Q) dQU(W —2Q).

(72)

We see that it is regular for |Im 14 |> 0. Using the prop-
erties (69)—(71), we readily see that

— lim i | 1(Q)dQ/W—Q), ImW==0.
A(W) “_1_130{@& (Q)dQUW —Q), ImW (73)

Here, by virtue of (64),

1
6vE (k) W—v(k) " W+v(k) )‘

+00

i | 7=
and therefore -this functibn is analytic in the entire com-
plex plane and has poles on the real axis at W=1v(k) as
singularities. However, the limit function has a cut

i LR 1
72 ( *
@

along the entire real axis: A(w+i0) - A(w - #0)=27J(w)
>0,
Thus, we have two analytic functions
+oo
AdW) =i 5 J(Q)dU(W—Q) for TmW >0
—oo (74)

a0

Aw)=i | J@aw—9) for ImW <O0.

By virtue of the condition 4 in (69), these functions
are related in a simple manner to each other:

A (W)= —A(—W) for ImW<O0. (75)

Therefore, we need to investigate only one of them, fr.;r
example, A (W). We denote

ReW=0. ImW=y>0. ('16)

Then for any fixed w,>0

2)0ne of the possibilities for finding such expressions for the
functions L{k) and v() is as follows. We choose %
= (2mn/L, 27ns/L, 2mng/L, where L3= V(ny, ny, n;) are posi-
tive and negative integers and it is assumed that ni+n}+n%= 0.
This eliminates the appearance of a zero value fork in the sums
over . We then set v(%)=5|%| and L* @)= 272"/ |& |}
xJ(SfE [}, where S is a positive constant that does not depend
on V.
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Brot+in=i | J@5—o

19-0 [>0,

W+,
3 —Q—iy
+i | J@ gegme e,

©-y

but
W+,
w—0 5
| woapmrae L
©—, oy
and thus
Ay (0+iy) =i S Jr(9)'¢,m
|2-0 >0,
@+ 7@ —7 (@) @0y i
& e ()
+i | G =@+ | JO G (1)
0—, =

It follows that

As(0)=lim A, (0 +iy) =i j T @y
gD 12-0|>a,
w0,
+i 5 -{wm+ﬂl(m). (78)

-0,

Thus, A,(w) is also an analytic function on the real
axis. Using (77), we can readily show that

| Ay (@) | <Sconst/| W], | W[—-o0. ‘ (79)
Further

As (0) = A (0)+ 207 (@) = — A (—0) +2nJ (0).

By virtue of the condition 1 in (69), the function
-A,(=W) +27d(w) is analytic in the region

0=Im W= —1,. (80)

Since it is equal to 4,(W) on the real axis, we see that
A, (W), which was previously defined for InW>0, can
be analytically continued into the region (80).

Thus, we can write

Ap(W)=—=A, (W)+2aJ (W) for 0=ImW=—n,. (81)

We can show that the inequality (76) holds everywhere
for

Im W2 — . (82)

We now consider the impedance function Z,(W)
=—im*W+A (W) in the region (82) and note that in the
upper half-plane and on the real axis it has no zeros.

Taking into account (77), we have ReZ, (W) > 0 for
ImW =0. Therefore, the zeros of the last function in
the considered region (82) must, if they exist, all be
contained in the region (80). But A(W)~0as |W|
~w, and for this reason the zeros of the function Z,(W)
can found only in the restricted region

| ReW| <Lconst, 0ZImW > —n,. (83)

As is well known, an analytic function can have only
a finite number of zeros in such a bounded region. If
there really are zeroes in (74), we choose 7> 0 such
that -7 is larger than the imaginary parts of these
zeros. If, on the other hand, the region (83) does not
contain zeros of the function Z,(W) at all, we choose
n=N,. In either case, we see that, by choosing >0
appropriately, we can always ensure that the region
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ImW>=—q (84)

contains no zeros of the impedance function Z,(W).
Therefore, the admittance function 1/Z,(W) is a reg-
ular analytic function in the region (84). Its behavior
at infinity is determined by the relation

P 1 1
ZW)  —imWEAW)  imW
A, (W) 1 1
+im"W(wim‘W+A+(W))= = im'w+0(Tv"=)' [W|—>eco. (85)
We conclude byv g'iv"ing an example We take
8 =i g e ) 10 ImW>—y
BW)=—Ay—W)=i3} {m+wﬁ%_‘?}. Im W< y.
Then
J(0)= (2,:) {A+ (0)—A_(0)}
o ¥ ¥
2 {(m—v,)i-}-n,'t P [EEA L) } (86)

In this example, all our conditions are satisfied. A
similar result would also be obtained if we considered
not just the single term (86), but a finite sum of such
terms.

After these rather lengthy considerations about the
analyticity of the impedance and admittance functions,
we return to our fundamental equation (59), in which

we take
E (t)— E, exp (—iot). (87)

We solve 1t by means of a Laplace transformation.

Thus, we multiply both sides of (59) by the factor
exp (iW), W=R+1i8 (88)

and integrate over ¢:

m*
o to

5 dtexp (iWe) 20 4 L | atexp W) [ @k ¢—0p@
1

=t 5 dtexp (iWt) K (t—to)— X} Eo S exp [i(W — o) 2] dt
(@) 0

- (m)uz L8 E{on S dtexp [i (W—v (&) 2] * (89)
V7 & P

x exp [iv (k) o] + b S dtexp [i (W +v (k)) £] exp [—iv (k) £o]}.
But "

S dt oxp (W) L — _ Foxp (iWey) —iw j dtexp (iWe) B ()

5 dt exp(iW?) S dik (t—7) p(v) = S K () exp (iWt)dt

to 1

x 5 exp (iW2) P (1) dt,

1
and therefore

-,;f;-{ —im*W + i K (t) exp (iW?) dt} fE(t) exp (iW1) dt
0 to

= pexp (iWt,) —r exp (iWt,) S K (2) exp (iW?2) dt
0

= exp [i(W —w)t,] R \i2 o
+(2E"’ i(W—o) n+]/v (Zv(h)) L(k)k
©)

by exp (iWty) , bEp exp(iWi,)
x{ —v(k)°+ W v (k)

N. N. Bogolyubov and N. N. Bogolyubov, Jr. 102



Hence, by virtue of (65),

b +o0

jK(t) exp (iWr)dt =1 j I() = .
0 —oo
We denote
4
—imW i | 1) g =20

o (90)

i | 1) g =8V w),

and we then obtain

m*pexpiWty) . AVYW)
zV (W) zZV)(w)

g

P (t) exp(iWe) dt = exp (iWt,)

r 7= exp(iWi,) exp(—iWi,)
—i S m*E, SXPUWE) exp(—iWe,)
ST w—wz W)

n

1 < 12 JT (k) k exp(iWty)
i i—] m‘(2v(k))

zZ) (W)

(2w tw j:fu} - (91)
Since :
1= 7\\ exp[(6—i€) 11 { r (&) exp [(i2—8) ] dt } Q.
i 1>

Therefore, using the notation
.

2n o @-is—v) zZMQ-Lip)

l\x oxpl@— MUt _ gt 5, 8, E—i

1T expl(8—iQ) t—ta)]

) T M) e
2 il Y i, ana4is 8 (92)
= Zam* R {-—m y m
X exp [(6—iQ) (£ —1,)] d2 = g, (5, t—to);
AV @16 A
- M‘E&exp[(aﬂm (t—15)] dQ
=g (6| t—to)-
we obtain from (91)
p@&)=0 @O +p® )+ ()
P () = m*pge (8, t—to) —m*rg, (8, t—to);
P2 ()= —m* S)Emf (0, 8, t—tp) exp (—imfy); (93)
(o)

- —im* h 12 A R
=5 % ()" L (0 ot (v (B, 8, t—t0)
+af (— v (K), 8, t—1)}.
It should be emphasized that the functions (92) depend
essentially on V. By virtue of our choice, which leads
to the conditions (69)-(71), we can go to the limit V

~. Hitherto, & has been an arbitrary positive quan-
tity.

We now choose

6=n2. (94)
On the other hand, it is easy to see that
+2 ;
800, L—1o) > Wy (t—ty) =, | SRLO— D] 4o
1 :r: AWCEST)
e i
2 (5, t—tn)—_»‘l"l(t—t,,)=§_jrm (95)

Nexp [(6—iQ) (£ —1,)] dQ;

f(v, 8, t—tg) =D (v, t—1,)
- Twexpl(li—-iﬂ)(tfto)]dﬂ
—HS Q+i6—v) Z, (Q+10)

—o0
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Using the identity 1/Z(R +i6) =1/(6 - i) + A(R +45)/
[(i2 - 8)Z(Q+48)] and 6 fixed by (94), we can show
that the convergence

[f(v, 8, t—t) — D (v, t—ty) | —0;

V(v 8, t—t) =D (v, 1—1)| >0, Voo (96)

is uniform with respect to real vwhen |t—t)| <T,
where T is a constant that does not depend on V.

We now study the behavior of the limit functions ¥,,
¥y, and & for t—¢)—~=. Itis appropriate to recall that
the functions A,(22+46) and 1/Z,(2 +i6) are regular
analytic functions of the variable @ in the region where
Imf>-6§-n=-35. Therefore, the integration per-
formed in the expressions ¥; and ¥, can be shifted from
the real axis to the axis (-3i6~ «, —3i6 + =) by the
change of variables 2 -Q—3i56. Therefore

+eoo ”
A, (R—in)

1
W, (t—1ty) =% ) z,@=m)

oxp [—iQ (¢ —£,)] dQexp [—n (t—1p)];

+%
1 —iQ(t—
o (t—t) =z | RGO daexp [—n(t—))

LT A @i e itk
= 5 0 z,@—Ty X [— 1L ((—2)] dQexp[—n (t—1,)],

since

+o0 ;
5 exp [—iQ (t—¢,)] dQ =0

i for £t

Using the previously formulated inequalities we obtain
| W3 (t—t) [ <Kyexp[—n(t—2o)];

| o (t—to) | < Koexp [—n (E—2o)]; >ty (97

where K, and K, are constants. We apply a similar
procedure to the expression &(v,¢-f;). We need only
note that in the region Im @ + 6 = —n the function in the
integrand of (95) has a pole at =y -i5. Hence
pl—iv(t—t)]
@ (v, t—fa)-ﬂw"—

4
i exp [—iQ (t—1t,)] dQ
+"2':?BXP[_T|“_:D)] S QFi6—v)Z, (@—in)

_expl—iv(t—t,)]
i + (v)
. T A, (@—in) exp [—if (t—t,)] 42
) T eTwz. @i

+ g exp[— 1 (t—to)]

(98)
since

e
S exp [—iQ (t—t,)] dQ=0

@—in—v @—in e

-0

The expressions (98) lead to the inequalities
|(D(v, t—t,)—%l-ﬁffzexl’[—'TI(t_'to)];

|4 (v, t—tg) —vERLZEL=0| < Kyexp [—n (t—ta)l, } (99)

where K, and K3 are constants.

We can now turn to the calculation of the expressions
(44) in our model based on the Hamiltonian H L. We
have

(100)

Here, the superscript (a) indicates the use of an ap-
proximation—the replacement of the function #(¢) de-
termined by the exact equations of motion with the

(2, 7, L)) =Spexp [ikr ()] exp [ —ikr (£) Dy
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given Hamiltonian by the function 7(#) determined by
Eqs. (58), which correspond to the model Hamiltonian
H,.

We formulate the approximate equation that we intend
to solve instead of the exact relation (45) in the form

P

d{p}
t+E(f)=— lim K o TT—oxp (— o]

£%0)

(2::)3 5

t
x | dvexpi—e(t—)] {exp lion (—)) +exp[—iwy (t—7)]

X exp[—PBhoy]} lim lim ®F (¢, T, t,)

o DS S (101)

LI e Ty ey
g-0

t
x S drexp [—e (t—1)] {exp [ —ioy (t—1)]

+ exp [iog (t— T)] exp [— Phoygl} lim 13m D (L, =, ty).
ty+—o0 Voo

Note that this equation is obtained from (45) by replac-
ing &, by &) and then going to limits as follows: 1)V
—o, 2) to-.-eu 3) g~0

To give the approximate equatmn (101) explicitly, we
expand the expression (100) for <I>¢k, We note first the
circumstance that the considered “model equations” (58)
are linear, by virtue of which the commutators [7,(t),

7(#)], for j, j'=1, 2, 3, are C numbers. Therefore
exp [ikr (v)] exp [ — ikr (¢)]
—exp {[kr (v), *r ()1/2yexp [—ik (7 (&) =7 (1)]
and
@‘h t t,,)_e\p {[kr(-:), Er ()/2)
x Spexp [—ik S p(s) dsim® | L. (102)

Substituting here (93) and noting that
Dio=p (S) DL (S); Z (Z)=-constexp 1—ﬁ|€‘;_‘) B (k) biby);

Spp(S)=1; SpT ()=17, (103)
(8) ()
we obtain from (102)
o) (t v ) =00 7, ) B 7 1), (104)

where

T

- )
02, 7, to) =exp (B (), T @V exo [ —inz | 5% () ds ]
' 1
xp| —i% { 7 (s)ds | 2. (D)
x(S:;;evp[ i— ip (s) S] ()

@ (8, 1, t) = ‘1peap[—1 Sp“‘) (s)ds]p(s)

Furthe r;

0 (x), B 0= [Fr () [ Ep(s)ds]s

F@=r—|

T

P(s)
L ds (105)

[ (v, E(s)] = lﬁ (F (1) — T (s); kp(s)] -+ iRk?

m*

I 1 H %7 (0) do, ap(s)1+1ﬁkx

Thus,
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% () () =22 (e—v)— (=)" |

ds ) do [kp (), kp(s):l

K

ds \ do [kp(0), kp(s)),  (106)

P

=i&%(t—t)+(-;ﬂ1;)z

i —

since

t t 1 B
[ as § a= B, =] |BEde |roda)]=0

T T

and
] t
ffas]
Thus, on the basis of (93) and noting that the compon-

ents 5(8) =5 ®() +5'2() + 5 () commute with one
another, we find

-

i
ASAO

t
s

-\e_...-ﬁ.-.

t it
(B (0, T @1 =ih 2 =)+ ()" | d-ss do [EpS (a);

s @+ ()’ j dsi do [kp™ (), kp™(s)1. (107)
Here, having in mind (93),
()" 1opt® (0); Tept ()] = ik {go (8, 0 — 1) & (6, 5—1a)
— 0 (8, 5—1) & (6, O—1to)) (108)
and
()" 7P (@), Fp™® @)=k (F (@, 5, t)—F (s, 0tk (109)

where
L2 (k) k2
Fo, s, zﬂ)_vzbv T T [‘_’Mv i (v (&), 8, 9—10)
X f(—v(k), 8 s—1ty)
+exp[—Bhv (k)] (—v k), 8, o—t) f (v (), 8, s— 1)}

or
F (o, s, ty)

= | avI (V) sty U (90 8 0= 1) (=¥, 8, s—1)
0

+exp (—Bhv) f(—v, 8, 6—io) F (¥, 8, s—2,)}. (110)

We note also, bearing in mind the form (103) of the
operator Z;(Z) and the linearity of 5%(s) in the Bose
operators, we-can write®’

Mot |
Spexp { —i S 7 (s) ds] D (Z)

=exp{— == Sp ( S kp'® (s) ds) .@L(Zj}

=exp{ — 5z 5 ds | doSp (5™ (5) (6™ (@) 21, (2)

T

=axp{—-£;- i ds i doF (s, o, to)}. (111)

T

We also recall that

L2 (5 m — Sy Eaf(wn 8, $— ) oxp(— i) (112)

(w)

Taking into account (69)-(71), (95), and (96), we ob-

3)Here, we have used the formula (e =e'/2 (4)?, where 4 is a
linear form in the Bose operators, and the averaging is over
a quadratic Hamiltonian of the form }3, E b, +b,.
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tain
[kr (v), &r (2)] = lﬁ, (t—t)

ke { ds § do (¥ (0—1to) ¥y (s—to) — Yo (s—to) ¥ (0—fo)}

s

i

i
+he § ds j A0 {Fw (0, 5, to)— Fe (5, O, to)}. (113)

Here, using (110), we obtain
Fe (0, s, I.‘ﬂ:bim F (o, 3, ty)

=7 O i (@ 0=t O (v, e—t)
0
+exp (—phv) D (v, s—2,) D (—v, o—1,)} dv.

From (112), we also have

%;(E){g):: — N E.® (0, .t—t,) exp (—iot,y). (115)

(@)

(114)

Taking into account (113), (114), and (115), we can now
write [see (104)}

(1, %, o) 572 exp (12 Lim [kr (v), Fr ()

X exp [ —i;}, 5: n!fiﬂ, 5‘5)(5)d5]

t t
X exp { _"T’ 5 d‘j d0F (s, O, t,)- (116)
We now consider the situation when {y~~-=. Using
(99) and (115), we note that
Ilim —’,—"p‘*‘(z)-—i(t)lgz | Ea| ksexp [—n (E—ta)l, (117)
Vi @
where )
B(t)=— 3, 7oy exp (—iot). (118)
)

Further, using (99) to estimate the expression (114),
we find

| Feo (0, 5, tg)—F (0—3) [ < Kfexp [—n (6—1)]

4 119
+exp[—mn(s—1p)}, K =const, ( )
where
F(o—s)= S ¢:l!'v.l"(\v)W
5 Pl —iv ‘“—’JI+BXP( Bhiv) exp [iv (0 —s) &
Z,(VZ,(—v)
or; since J(v) =dJ(-v),
+2
; L) exp [—iv(g—s)]
COMPI [ —— L (120)

We transform this formula somewhat. Since
2T (v) = Ay (v) — Ao (V) = Z4 (v) = Z_ (v) = Z4 (v) + 24 (—V),

we have

1 0 )__1_Z+(v5+2+(—v)
Z. M Z; (—V) S Z,(MZ,(—v)
1 £ ] Mg A A
b Z.(v)"’zu—v)}—ﬁ{zw) z-(v)}‘
Further, since J(v) is real,

 ImZ, (v)= —Im Z. (=),

but by definition
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4

t e
Zy () =i j 9_\(-—)10‘19'

and therefore

Re Z: (v)=aJ (v)=ReZ.(—v).
Thus,

Ze (—¥) =2 (V)

Therefore, we can rewrite (120) in the form

+3¢
¢ hiv 5
F(o—s)= | 6 (") fsp—pmwy P [ 1V (O —9) dv; i
1 1 1 _ Jdw
=% {zm ) =TT e

Thus, using (105), (113), (116), (117), (119), and (97),
we obtain ]

lim lim @ (t, T, tu)=e.\'p[—ij (kv (s)) ds]A(k’, t—r),

: f:_,, Voo (122)
‘where ¢t
Ak, t_-,:)=e_\-p,t;=“{2lﬂl‘l _.F)J'_%-j'ds \‘ do (F (0—s)
l 2 ; T L]
—F(s—0))— j ds S duF(s—cr)}. (123)
T T

But with allowance for (121)

£
2

Ay e

t 400
_ {1—cosv (t—1)} hv
ds S doF (s—0) = S G () v, R et
T -—r

F(o—s)—F (s—o) =2 5 G(v)ﬁmsinv(s—a)d\r
=21 5 G(v)m‘_mmsinv(s—a)dv

40
=—2i 5 G(v)%sinv(s—a)dv

+ 20
=1 Y G (v) fiv sin v (s —0) dv;

-

Edsg do {F (0—s)—F (s— o)} = ifi \ G (v ){M (t—1)} dv.

i -=

Thus, taking into account (123), we wr1te

(kzl t, T) A(kl! t_t)

i ih inv(t—
=explc2{2—]nh,7(t 1:)-{—1— E G(v){ﬂ“‘g—ﬂ—(t—t)}d\’
o (124)
1 h(1—cos v (t—1))
7 | 60 e

We now consider the expression
& i ¥
) )
O 2, v to)=Spexe[ — 5 ! kp (0)do | p(s).

Here
t t t
l s P -
- S Ep®(o)do=Fkp S g0 (8, o—1ty)do—kr g £:1(8, o—1;)do.

T

In accordance with the above results,

H 1

5 8o (6, G —tg) dﬂ—-)-j \po(u—tu) dao; |

; . ' (125)
55’1 (6, “’“D)‘la—*s%fﬂ—‘o)d“; l

(V= o0),
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and also
t
Ij% (0—to)do | < K, [expl—n(o—t;)]do;
: 4
] jwl (9—to) do | <K, [ oxp[—1 (o=t} do. (126)
Hence, it is natural to expect that

t
P (¢, =, to) =Spp (s) exp { —ikp 5 £ (8, 0—15) do
T

: t
+i7§FS (6, o—t,)da} —»—(Ssl}:p(s)axp {—-i-];; S b (0—1p) do
T T

t
+ii?r'5 wl(a—to)dcr} (V= oo); (127)
Spp(s)exp{—iEp | wolo—te)do
t
+”_°;i h(o—t)do} > Spp(e)=1 (V).  (128)

However, despite the relations (125) and (126), ser-
ious difficulties arise in the proof of (127) and (128) due
to the fact that the operators p and 7 are not bounded.

Nevertheless, the validity of (127) and (128) can be
established"’ when p(s) depends neither on V nor on ¢,.
In this case, therefore,

lim llmths. (t, T, t)=1

ty=—00, Vooo

and therefore, on the basis of (104) and (122),

(129)

i
lim l1m O (¢, T, t) =exp [ —i j kv (o) du] A(k2, t—r). (130)

Substituting this expression in the approximate equa-
tion (101), we obtain

£2 (i) k
AP/t + E (1) = —lms (2::)’ 5 dk e T s

>4 S drexp [—e(t—1)] {exp [ioy (E—1)]

+exp [—iog (—1)] exp (— Bhw,)}

>4 exp[-—i j E(U)dﬂ}A(k". t—n1)

£ (k) k
'L‘,“S o | 4 e g

t
X S drexp[—e(t—1)] {exp [—ioy (t—1)]
+-exp [iwg (t—1)] exp (—phos)}

i
X exp [i 5 kv (o) do] A* (k2, t—7). (131)
Thus, we have obtained a general approximate equa-
tion from which the results of Refs. 2 and 3 follow.
Note that in them we have w* =m, and the function (86)
is used in the limit - 0.

We consider in particular the case of a weak external
field, when one can use a linear approximation for the
expression of the mean velocity as a function of E. In
(131), we then set

3ee Appendix 2.
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exp[ i 3' (® (@) do]=1F1i j' (v (0)) do.
T T

Using the radial symmetry, we find

e T T 1 T k22 (k)
d(pldt+E(t)=—lim o | dF o B8O

e=0

t
X S drexp[—e (t—1)] {exp [ioy (t—T))

t
+exp[—iwg (2—1)] exp (—Phay)}i S v (o) dod (2, t—1)

k!z!(k)

—1;;’3 Eayp Y R T—cxp (—Phog)]
e—~0

¢
X 3 drexp[—e(t—1)){exp[—iwy (t—1)]

-0

t
+expliog (t—)] oxp [—Phowl} i | (c)dod* (2, t—v).  (132)
Here \

v(t)= —2 I (m) exp (—int)

is the stationary mean velocity excited in the model
system by the external field

E() ='{2‘§ Eq exp (—iot).
Note that in the considered case of a sufficiently weak

field the stationary mean velocity for the real system
can also be represanted in the analogous form

(peYlm = — Z (m, exp (—iwt)

(0}

though, of course, with different coefficients, z,(w)
corresponding to the impedance of the real system.

To obtain an approximate “self-consistent” equation
for determining this impedance, we choose
Zi ()= "5_+£J)
and use the approximate equation (132).

(133)

We have

Egexp(—iot) [ 1—explio(t— n]}
Z, (0) ®

—i!i"(o)dcr: —g

We introduce the variable of integration {— T=s. Then
we find ) ) :
m Y, Fl2 SR04 5 Eyexp (—iot)
(0 (w)

= lim Eyexp (—iwt)
z>[l (% zy (@)

S d k25 (k)
{(23)’ 6oy, [1—exp (—Phog)]

o

X Y dsexp (—es) [exp (—imgs)
.n .
-+ exp (iwgs) exp (— Primy)] [E—Eh—?ntl] A* (k2, 5)

ak k22 (k)

oo (=] | “80XP (=0 loxp (o)

t":t)“ S
+exp (—iwxs) exp (—Broy)] [ ZLLI=1] 4 gz, )}

From this we obtain a “self-consistent” approximate
equation for determining the impedance:

z, (0) = —imo

+ lm:l (2ﬂ)* jl dk

e-ﬂ

k22 (k) v ¥ e e o
T —exni=thad] j; dsexp (—es) {[eap( iwgs)

+exp (i04s) exp (—Bhoy)] [ LU= 4o 2, )
—[exp (iws) - exp (—iwgs) exp (— pliwy)]
x [t g e, 5)). (134)
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We also consider, as an example, Eq. (131) for a
constant field, when

E =const, ©=-const. (135)

Since with allowance for (123)
A* (12, s)=A(k2, —s),

making the substitution Z - - in the terms containing
exp(+iw,s) exp(—pw,), we can write

2
_E_lu:n (2_03 \ dﬁz (l.)k { dsexp(—e|s|)
20
exp [i (m;‘——!.-r) 5] exp[— 1(mk—ku) 5]
X{ T—exp(—Bhor)  exp(Bhwp)—1 }A(kz‘ ). (136)

For a weak interaction, we obtain directly from here
Eq. (42) by means of the replacement of A(%?, s) by its
“zeroth approximation,” ignoring the interaction and
setting s =FE.

Finally, we make a number of comments on the struc-
ture of the stationary probability density distribution
of the momenta for the particle s in the model system
with the Hamiltonian H;,

Denoting this probability density distribution by
w,(P), we have

§ exp (—i%p) we (p) dp=Spexp [ ii5 ()] 2o

=exp|—ihp® (2)] Spexp[—ihp™® (1)l p (5)
(s)

X(Sz? xp |—$ApD ()2, (), (137)
Here, as before,
Spexp (— AP () 21, () =exp { — 25 F (11, 1)} (138)
We now recall that
0= B () =—m* FED (o, 1—t;) exp(—iot);
PO —mo () 2 (139)
P9 (t) ez Poe (1) = MDY (¢ to) —m™ Ty (= 1)
and
F (L., to) = Fo (84 2, to)s } (140)
| Foo (1,2, 25)— F (0) | < 2Kexp [—n (t—1to)] =2, 0
Here Y 5
Y
£Q= _Sm 17, o e =g &> 0 (141)

Repeating the arguments used previously to study the
function &.%’, we find on the basis of (134)

§ exp (—i%5) wi () dp =z, exp [— AP ()]

X Sp exp [—ihps’ (2)]p (s) exp {—’“ Lol t.,)} (142)
and o e
lim {j exp (—itp) w; (p) dp
(V=)
—exp[—im*Av (2)] exp [ a m“ F(O)]}»O (143)
We now consider the distribution function with re-
spect to the momenta p:
we (p) =g | dRoxp () {  exp (— 7w Py (144)

Note that
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|exp (i5p) | exp (—T7p) (@) dp|

<exp [ ?u. m* F(i ” D)] . (145)
But, using (140) and (142), we readily see that
Fu(tyt, tg)=>F(0)/2>0 (1486)

for a sufficiently large difference { - £,.
We also fix ¢ and #;. Since for fixed ¢ and ¢,

F (8,1, to) = Fu (8,1 Tp), (V —-00),

we see that for sufficiently large V
F(tt, t)>F(0)/4>0

and
|exe (75 { | exp (—7p) we () dp} |

<Lexp[—(A*m*2/8) F (0)).

Therefore, the transition to the limit in (144) for V
-~ can be made in the integrand of the integral over X
on the basis of (142).

Thus, we obtain
]im w; (p)
=g | @rexp 1% (— 7 (1)) (Spexp [~ FB ()16 (5))

Fa (L.t tn)}

AZm*2

X exp{— (147)

Using (146), we see that the integrand in (147) is in
modulus smaller than exp[-(\*#»*%/4)F(0)] for a suf-
ficiently large difference ¢ - {,.

We can, therefore, again go to the limit { = in the

integrand of the integral over A in (147) and obtain in
accordance with (143)

Am¥2

lim{w, (F)—FJTF‘S dh exp [ii"(5~m*1,7(t))-— F (0) ]} 0.

i (148)
Taking the Gaussian integral, we find

o | dexp [ G —m ) == F (O]
= [...;’ﬁjg 1exp{ QM}

2m*2F (0)
Thus, if the initial statistical operator for the model
system has the form

Lig=p(S) Dr(Z),

and p(S) depends neither on V nor on #;, the corres-
ponding distribution function of the momenta p in the
limit V —oo,

lim (p)= lim £,
| Ve
approaches the stationary distribution function:

li v (p)—
: n.n ;{n (P

A T Y
~La) brm) |-

It can be seen that this stationary distribution function
with respect to the momenta p is a “shifted” Maxwellian
function.

(149)

;1— mEe (1)? ]1 T

’n =) (i

Thus, the use of H; as an approximating Hamiltonian
involves the assumption that a shifted Maxwellian dis-
tribution can serve as the original approximation.
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APPENDIX 1

LEMM%. The expectation value of the product of the
operator b,(f) and an operator %(S, ©) satisfies the re-
lation

~ 1
Sp bp (MU, ) Zp=
(5,5

_—__ Sp (B S, T
— v (= peg] (S.p:\{ k(O A(S, T)

—u (S, 2) 5k () Zo.

Proof. We note that the Bose operators b, commute
with arbitrary operators of the electron subsystem &(S).
We form an operator expression averaged with respect
to the statistical operator of the complete system, i.e.,
Dp=p(8)2(Z):

-8 Br () 9 (S, 2) Dy =2 .?,%, B (DS, )p(5) Z ()
= g‘»,pja O SPuS. Dpi8) 2 @)
3 ) by =5 By
SRUE DO Ty SR UG D0 2 @)

= (sxl; (fg)m (S, Z) p(8)} by (1) Z (Z).

We denote E(ig?l(S, Z)p(S)=B(T); then

Sp By ST = Sph b 3
SRIR D US, T) D= Spba()B (D) 2 (2) } A1)

ess.Pz) U (S, Z) b (1) Zio= 15;3‘3(2) b (1) 2 (2).

We recall here an important property of equilibrium
mean values in statistical mechanics. We consider an
isolated dynamical system characterized by some Ham-
iltonian H that does not depend on the time, and two
dynamical variables A and B corresponding to this sys-
tem that do not depend explicitly on the time 2.

Then for the equilibrium mean values
(A (t) Bleq=S5p A (1) BZeq; (BA(1))eq=5p BA(t) Deq,
in which
A (t)=exp (iHt/h) A (0) exp (—iHt/R),
we have

4@ Meg= | 7 (@) exp(—ion do;

—
400

(BA (t))eq= S exp (—Bhw) J (o) exp (—iot) do.
We write these relations in the form
Sp {exp [iH (t—t;)/n] Aexp [—i (t—t)/R] BZeq}
40
B s‘ J(w)exp [ —io (t—1y)] do;

e (A.2)

Sp{Bexpli(t—to)/h) Aexp [—i(t— Lo)/R] Zeq}

= S exp (—Bro) J (o) exp [ —i (t —tp) dw.
We now take our system Z as this system and set
H=H@) Tq=2Z (3% A=by, B=B().
We note also that in this case
B (t)=exp [ —iok (1 —10)) br
= exp [i (¢ —1o( H/R] by exp [ —i (t—1to) H{R).
'Thus, Eq. (A.2) is reduced to the form

sp B (2) Z (2) =exp [—iwg (1101 Sp 2B (%) zE )
+20
= S Jn () exp [ —i (t —t4)] dw;

-

(A.3)

Esvp) B (D) by (1) Z (E)=exp [ — ik (t—Lg)) ?{_1)‘1‘ (2) b Z (Z)

+x

= 5 exp (— Bho) Ty (o) exp [ —ie (t—to)] da.
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These relations show that J,(w) is proportional to 6(w
-wy)!
| @ =Id(—oy)
and hence
exp (—PBho) Jp (0) =exp (—Phiog) Jx (@).
Therefore, from (A.3) we obtain
?}g B(Z)br (1) D (2)
=exp (—Bhwg) :Sz‘i b (1) % () T (5).
We use (A.1):
(85:‘%) A (S, Z) br (1) Deo

=exp (—Bhoy) Sp_bx (1) U (S Z) Do,
(8, 5)
which gives

o> (bR (8) WSy Z)—A (S, Z) br (0} Tno
=[1—exp (—Bhwy)] Sp_ Bk () U (S, Z) Dra.
(8, %)
We now see that

(;'jg:} by (t) U (S, Z) Zyo

1 ~ =
= Terp (B SR O U DU, D) ) Zws

o~ (A.4)
SBUG DB T

exp (— Prog)

= Texp (—Bhon (S (0 A (5 B)—U(S, 2) bu (0} Zuo.

Thus, we have proved the lemma.

We denote exp(—g#iw,)/[1 - exp(~pfiw,) ]=N,. Then the
relation (A.4) can be expressed in terms of the popu-
lation numbers b}b,:

Sp On = B = % .
(s'pz)bk(t)u(s.z)-ﬁw (1+N»)(s‘-‘3g){bn(t)m(& 2)— (S, ) ()} Teot

(g_pmm (8, Z) bg (t) 'Z‘“=N’%s§’i~>{ b (1) U (S, 2)—A (S, Z) by (1)} Zyo.

Remark. The proof of the lemma might give the im-
pression that the operator %(S, ©) must not depend ex-
plicitly on the time ¢#. It is, however, readily seen that
the validity of the lemma for operators that do not de-
pend explicitly on the time leads directly to its validity
as well for the general case of operators that do de-
pend explicitly on ¢.

Indeed, let us consider the operator A(¢, S, T), fixing
t=t;. Then the operator %(¢;, S, £) does not formally
depend on the time and the relation (A.4) is obtained for
it. Since #; can be fixed arbitrarily, in the relations
(A.4) we can set {;=f and prove the validity of our as-
sertion,

~ APPENDIX 2

Our assertion concerning the validity of (127) and
(128) will be proved if we can prove the following lem-
ma.

LEMMA. Let Ayand Bybe sequences of real three-
vectors that tend to finite limits as N —o:

Ay—> A, By = B as N — oo,

(A.5)

Then, if our statistical operator p(5) does not depend

on N,
£ %0 [i (Awr+Byp)] 0 (S) — Spoxp (i (Ar-+Bp)] (5. (A.6)

Indeed, for the relation (127) it is only necessary to
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set in this lemma

t 1
N=V, By=—k j 208, 0—1g) do; Ay=k j €, (8, O=1) do:
T T
i t
B=—k j. Yolo—1tg) do; A=k 5 V1 (60— to) do.
T T

In the case of the limit relation (128), we can take
N={-t), with 7 fixed, and

t 1
By=—k S Yo (0—1p) do; Ax=k s iy (6 —1o) do;
T T
B=0; A=0.
We therefore turn to the proof of the lemma.

Proof. Since the commutator of the components of the
vectors p and r are C numbers, p,#s = ¥apo=—ifibygs,
it follows by the well-known identity

exp [i (Cir+Cyp)] = exp [iAC,C,/2] exp (iCyry) exp (iC;pg)
that we can write
exp [i (Axr+Bxp) —exp [i(A7-+B 7))
=exp (ihdyBy/2) exp (idyr)exp (i%xp)
— exp (i#A B/2) exp (iA 1) exp (iBp)
= [exp (ihAx Bx/2)—exp (ilA B/2)] exp (iAx7) exp (iByp)
+exp (in4 B/2) {exp (iAy7) [exp (iBy7) —exp (iF 7))
+exp (idxr) —exp (id7)] exp (iB p)).
But since the operator exp(iAy7) exp(iByp) is unitary
because Ay and By are real,

ISpexp (x7) exp (Byr) o (5) | <1
and therefore )
ISp texp [i (Axr+Byp)lp (8)— Splespli (AF+BR1p8)]
<|exp [ik (AyBy—A B)/2]—1]
+18pexp () lexp (iBvh) —exp (B 7] p (5) |

+18plesp (Axr)—exp (— A7) exp BT p (5)|. (A.7)

Bearing in mind that p(S) is non-negative, we have
the general inequality (see Appendix 3)

N ., e . A.8)
SpUVp(S)|12< Tp (S). (A.
|(SI; Vp(S)| agwp(S)(as;)nlp(‘s)

We use this inequality to estimate the first and sec-
ond expression with the trace symbol Sp on the right-
8
hand side of (A7), setting

Vr=[exp (iByp)—exp (iBp)];
Ui = [exp (idyr) —exp (i47));

Ur=exp (idyn);
Vir =exp (iBr).
It can be seen that V;; and U; are unitary and, since
Spp(S) =1, we have
(s) (R u
+ L
ggU:UIP(S)=gl;1 Vi (S)=1.
Further, since the components of the vector 7 commute
with one another, like the components of », we obtain
UnL’ t1=2(1—cos (Aﬁv;@ F)'; V;vin'z « _;o;'(iﬁ—m).
Thus, from (A.7), we find

ISp {exp i (dxr+Byp)l p (S)}—Ep{espli (Ar-BR)lp(S)H

<Vif—cosn (I_\,'?N—AH)IZ]}JrVﬁSR 2 (1—cos (Bx— B) 9 p(5)

+Vf’é§ 2 (1—cos (Ay— A)7) p (5). (A.9)
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We consider the matrix elements of p(S) in the 7
representation, (r{ (S) {r ), and in the p representation,
®|o(9)[5"). Then

$p (1—cos (By—B) 1) p (5)= | (1—cos (B — B3 Bl ()17
Sp (1 —cos (Ax—A)7] ptS)=j [L—cos (Ay—A) 7] {rip (5)[7) dr.

But the diagonal elements of a non-negative operator
are not negative,
@l =0 FipE)H=0
and, since Spp(S) =1,
{Ge@ma=1 | Fe@nd=1.

Noting that p(S) doesnot depend on N, (1-cosx) 2,
[1- cos(4y - A)7]~0 for bounded 7 and [1 - cos(B, -
- B)p| -0 for bounded Fas N—~«, we see that

Sg:(i—cos (A_.\;———A) es) = 0;
(5) Neoo
fg (1—cos (Bx—B) p) p(.?@:; 0. |
Thus, on the basis of (A.9) we conclude that the lem-
ma is proved.

It can be seen that the inequality (A.9) is valid irre-
spective of whether p(S) depends on N or not.

In addition, it is clear that 2(1 - cosx) <, and there-
fore

ISp {exp i (AxT+Byn)lp (8))—Sp fexp [iTAr+Bp)] p (S)}]

smENEWZEHHV(ssg [21%p (8)| By — Bl + | Ay — A I/(gf 7120 (S).

Therefore, if p(S) does depend on Nbut is such that
f‘g‘i 1P12p () < ks sp 12 (S) < K3,

where &y and k, donot depend on N, the relation (A.6) is
valid.

Thus, if in Sec. 3 p(S) depends on #, and V, but such
that

(P*ho= R [F120(8) (Pho= sp [Fl2p(S)

are bounded quantities that depend neither on V nor on
ty, all the arguments of Sec. 3 remain valid.

APPENDIX 3

We consider the expectation value of the product QAB)
of two operators as a bilinear form in A and B (linear
with respect to each of these operators).

Let Z(A, B) be an arbitrary bilinear form in A and B
with the properties

Z (4, 4y>0; (A.10)

{z(4, Byr=2 (5, 4). (A.11)
We show that we always have

1Z (4, BI*<Z(4, HZ(B, B). (A.12)

Setting here A= UVp(5) and B= VVp(S), we arrive at the

inequality (A.8).
The proof of this inequality is contained in Ref. 4.
We give this proof. We note that on the basis of (A.10)

-yB) =0, (A.13)

Z (zA+ yB :.4*
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where x and y are arbitrary numbers.
Hence, expanding this expression, we obtain
+ % o+
=24, A+ 2 (4, B3E2 B, A+ Wz (B, B0,

We take the numbers x,y,%,7 to be

S=—Z(4 B z=—(Z(4, BY=—Z(B, A y=y=2(4, 4.

Then
+ + +
—I1Z(4 B)I*Z(4, A)+{Z(4, AP Z(B, B)>0.
Hence; if Z(A,fi) #0, we obtain the inequality (A.12).
It only remains to prove that if
Z (4, A)=0,
then also '

o o F Byl
For this, we set in (A.13)

(A.14)

+ +
z*=—Z (4, B)R; z=—Z(B, AR, y=y*=1,

where R is an arbitrary positive number. We find

(A.15)

Suppose R -«; then if (A.14) is false, we see that the
left-hand side must tend to =%, and this is impossible.

—2R|Z (4, B)|'+Z(E. B)=0.

APPENDIX 4

Let I' be a quadratic positive-definite form in the
Bose operators b}, and b,.

We denote by Z=Spexp(—AT') the partition function
and consider the linear forms A;, 4,, ..., A; construc-
ted from the Bose operators b} and b,, and the expec-
tation value of the product of the operators A,...A,:

(A1 4y ... Ay)=2Z"18Spexp(—Pplr)4,; ... A, (Alﬁ)
We apply to (A.16) the well-known Bloch—De Dominicis
theorem, which generalizes Wick’s theorem. Intro-
ducing the pairings A;A, =(ﬂ,>r, we see that (A.16)
is equal to the sum of all possible pairings.
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For example,

-y A_I-I_I P
(A1 Aadgdy)p=(A;14:43d,)+ (A1 Ay A4 )+ (41 4,454,)
= (4,4,) (Aad5) 1 (A1 4;5) (A4,) 1 (4,4;) (434,).

Of course, the expression (A.16) vanishes if sis odd,
since then one of the products of the operators

Ay ..., A, remains unpaired and {(A,)r =0, since 4, is
a linear form in b, and b},; T is a quadratic form.

We now use this well-known technique to calculate
the expression {e‘)r (A is a linear form in the consid-
ered Bose operators). The upshot is

=3, o= g =1+ 3 . (A.17)
n=0 k=0 k=1
By virtue of the Bloch-De Dominicis theorem, {(4%) .
=G(k)(AY%, where G(k) is the number of all possible
ways of pairing in the expression (4;...A ).
N

We see that 2k
6()=1;
G(2)=3;
G (k+1)=(2k+1) G (k)-
Thus, G(k)=1x%3...(2k-1) and

Gk _ 1-3 ... (2k—1) 1
@Rl 12k ... 2R 2R "

Hence

(ed)=1+ Z i <TA'>I,=9‘A"F'2.
Rt
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