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It is difficult to study hadron interactions with several final particles because of the high dimensionality
of the phase space. The dynamical mechanisms of one final state produce a structure of the density
distribution in the phase space. This structure can be studied by cluster analysis with minimal a priori
knowledge. A cluster algorithm is proposed that takes into account the orientation and shape of a
cluster. Application of this algorithm to the reactions wip—prirta~ (p,, =16 GeV/c) and

K “p—pK n°r~ (p,, = 10 GeV/c) reveals the dynamical mechanisms with small cross section. The

applicability of the methods is discussed.

PACS numbers: 13.85.Hd, 12.40.Ss, 11.80.Cr

“It can only be regretted that some people are still satis-
fied with an analysis of data at a superficial level, which
guarantees in advance the absence of new results.” Ludwig

Van Hove

INTRODUCTION

The experimental and theoretical study of multipar-
ticle production processes is one of the most important
tasks of high energy physics. With increasing multi-
plicity, the elucidation of the particle production mech-
anicms by means of one- and two-dimensional projec-
tions of the phase space becomes more and more com-
plicated. The exclusive analysis of multiparticle reac-
tions has been developed in two independent directions:

1. Variations are sought that describe one definite
property of an entire reaction; these variables use in-
formation about all the produced particles. They can
be called collective variables, since they characterize
the event as a whole (with all final particles).'”

2. An attempt is made at the complete analysis of the
kinematic information of one reaction channel®® and at
the separation (and description) of all processes.

Experimental and theoretical investigations of multi-
particle production are becoming more important,
since on the transition to higher energies and electronic
experiments'® the experimental information on reactions
with high multiplicity rapidly increases.

The study of reactions with several final particles
showed that processes in which low-mass resonances
are produced make a large contribution to the cross
section.'* As the multiplicity increases, so does the
difficulty in identifying the as yet unknown mechanisms
of production of a given final state and disentangling
them. Because of kinematic reflections and overlapping
with other reactions, simple distributions with respect
to the effective mass frequently do not permit any con-
clusions to be drawn,!?

On the basis of one-dimensional distributions, one can
study the density distribution in space produced by the
complete set of independent kinematic variables.

For an n-particle final state, the number of indepen-
dent variables at a definite energy and for unpolarized
particles is large (3n —5), which makes a complete
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analysis difficult.

An important step in this direction is an investigation
with respect to the longitudinal momentum,.*® I is
based on the experimentally observed fact that the mean
transverse momentum of the produced particles depends
effectively on neither the energy, nor the multiplicity,
nor the particle species. It is therefore expected that
the longitudinal momenta contain the decisive dynamical
information.

However, an analysis with respect to the longitudinal
momentum of a final state, in particular with four par-
ticles, permits separation into only four groups. One
achieves physical separation into diffraction of a nucle-
on and a meson and into meson exchange reactions.
The different states of meson diffraction, for example,
are not separated.

It is difficult to apply longitudinal-momentum analysis
for final states with five or six particles™*™ at medium
energies, since here numerous mechanisms do not oc-
cur in one sector of the diagram of the longitudinal
phase space.

A prism-plot analysis® was used in a first attempt to
investigate simultaneously all the mechanisms belong-
ing to one final state in a (3n — 5)-dimensional phase
space. The basic idea is as follows: The experimental-
ly observed density distribution is approximated by the
density distribution of events obtained by the Monte
Carlo method in accordance with a given list of reaction
mechanisms. As a result of iterations, one obtains the
distribution of the experimental events due to the con-
gsidered reaction mechanisms together with their rela-
tive contributions,

The prism-plot analysis uses complete kinematic in-
formation. However, it has a shortcoming, in that it
requires a more or less detailed knowledge of the in-
vestigated channel,

Each event of the reaction

a-t+b—>14+2—...4n
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at constant energy and for unpolarized particles of the
initial state can be uniquely described by 3n -5 inde-
pendent kinematic variables x. The events of the inves-
tigated reaction are distributed in the space of the kine-
matic variables within a region with boundary defined
by energy and momentum conservation. Within this
region, the density distribution of the points (events) is
doldz =1 (z) | T (2) |2,
where k(x) is a kinematic factor that depends on the

choice of the variables x, and T(x) is the transition ma-
trix element of the given reaction.

In general, the final state contains some subprocesses
zs

k:z) d:r—lr{'t P 121‘ ('le

Ignoring the interference terms, we obtain

.'.(.r) d,r S‘ IT (1”2
In this (idea.l) case, the points representing the events
of each of the participating subprocesses produce one

or several (almost nonoverlapping) maxima of the den-
sity. At medium energies, this ideal case is not en-
countered, since at such energies overlappings and the
interference terms are important. Nevertheless, anal-
ysis of the (3xn —5)-dimensional distribution of the points
is of interest, since in many cases the overlappings are
small,'® and as a result of the interference there may
arise additional maxima of the density and subprocesses
of small cross section can sometimes be found only af-
ter separation of a subprocess of large cross section,

In the literature, a maximum of the density of the
points representing the events in the multidimensional
phase space is called a cluster.

1t is proposed to study the (3n —5)-dimensional dis-
tribution of the points by methods developed in other
fields (in psychology, biology, and pattern recognition)
for cluster analysis.

Of particular interest are methods based on knowledge
of the basic structure of the maxima of the points but
which do not require further assumptions about T,(x).

/ :

FIG. 1. Prism plot for Monte Carlo generated events (invari-
ant phase space) (a) and for experimental data (b). The reac-
tion is 7'p— pr*pn’ at P =3.9 GeV/e,
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A cluster found in this manner is obviously not a conse-
quence of the original assumptions but is automatically
obtained from the structure of the distribution of the
points in the (3n - 5)-dimensional space.

A prerequisite of such cluster analysis is the experi-
mental fact that the events are concentrated in relative-
ly small regions of phase space (Fig. 1). The maxima
of |T, |? are narrow compared with the kinematically
allowed phase space, so that the distribution of the
points in the phase space has a well-defined structure.
The existence of such clusters in phase space is re-
vealed by different methods in a wide range of energies
and for a set of reactions, 41"

1. METHODS OF CLUSTER ANALYSIS

Cluster analysis is used to solve numerous problems,
Generally spaaking, the aim of cluster analysis is to
divide data into groups such that the elements of one
group are similar to each other, while different groups
are not similar. The main difficulty in cluster analysis
is that the expressions “similar” and “not similar” ac-
quire meaning only when applied to a definite problem.”
The problem of analyzing concentrations of points in
spaces of high dimensionality is encountered, for ex-
ample, in technology (pattern recognition), in sociology
and psychology (the finding of structures in a given pop-
ulation—questionnaires and surveys), in medicine
(automatic diagnosis of general examinations), etc.
There are proposed and used as many algorithms for
finding clusters as there are applications for such anal-
ysis. In the absence of a general definition of a clus-
ter, one can discuss the efficiency of a cluster algor-
ithm only in connection with its use. The algorithms
differ considerably in the size of the programs and de-
pend on the capabilities of the computational techniques.

We present here a systematization of the existing
cluster algorithms in connection with their use in high
energy physics.

Hievarchical Methods. The epithet “hierarchical”
means that the objects (events) are regarded as the end
points of the branches of a “tree,” and the nodes of one
level correspond to one set. A higher level corresponds
to a more general set.

1. Classification in accordance with a
similarity matrix (or distance matrix).
When there are N points, this matrix contains N(N —1)/2
elements, so that it may be difficult to use it for a
large number of points.

2. Graphical minimum spanning tree
(MST) method. The N points are regarded as the
nodes of a connecting graph, i.e., the graph has N -1
connections, so that any pair of connections corre-
sponds uniquely to one link segment. With the links are
associated the distance to the point of the corresponding
node. One then constructs a connecting graph corre-
sponding to the minimal sum of distances (MST). The
graph is divided with respect to the longest span. The
resulting subgraphs are divided in the same way, and
in this way a hierarchy of clusters is obtained.*

Application of this algorithm to 1000 events of the re-
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action 7% —pw*7° at p,,, =5 GeV/c led to the following
eonclugiong®®: the minimum spanning tree has in re-
gions of overlapping of the concentrations links which
are shorter than in the neighboring regions (therefore,
the method described above does not give a physical
correspondence of the events with a dynamical mech-
anism); the maximal link in the minimum spanning tree

described in Ref. 23 can, as a method of rough desecrip-

tion of structure in an analysis of data, serve to divide
the concentrations shown in Fig, 1.

3. Hierarchy of possible clusters by an
estimate for each event of the density of
the surrounding points. After the events have
been ordered in accordance with decreasing density of
the points, the following procedure is carried out.

Event 1 determines the center of the first cluster. To
this cluster one adds events whose density is greater by
the factor A than the density of the first point and whose
distances to event 1 are not greater than vR, where R
is the mean distance of the neighbors % and £+ 1 from
event 1 (v is a parameter of the algorithm).

The first event that satisfies the first but not the
second condition determines the center of cluster 2,
etec. The results of the analysis depend strongly on the
values of the parameters v and A. Large A permit one
to study only clusters of high density that are well sep-
arated and do not depend on the choice of v. Choosing
A to be smaller and smaller, one can combine neigh-
boring clusters. Large values of v facilitate the com-
bination of clusters.

The application of this method to the reactions K p
—~pK° and Kp—~ K n'n at p,,,=4.2 GeV/c is de-
scribed in Ref. 25. This analysis did not use the den-
sity of points in phase space but estimated the square
of the matrix element

| T (x) |2~ (1T%) AN/AV,
where J* is the density of the phase space at the point
x. The variables x used were the Van Hove angle w,
p2(n), p3(K), and the angle ¢ between p,() and p,(K"),
so that

3 e 2 o
Jl-«- = [?:1 %J [ ;Pﬁziyl [ﬂl E}-‘J 3
- o b

i

In estimating AN/AV, we choose K nearest neighbors
(K ~30), and we calculate A V from AV=R*5, where R
is the mean distance from the point for which we esti-
mate the density to neighbors %2 and 2+ 1. For the re-
action K~p — pK°r~, there were found, besides the
dominant clusters K *(890) and K *(1420), the cluster Y*
—~ K% and others with A°(1236), N*°(1470), and N*°
(1700). Some of the remaining groups with =10 points
(events) had superhigh transverse momenta,

Analysis of 1500 events of the reaction K™p —nK™7*
gave for A=0.05 and v=10.53 three clusters. Cluster
2 contained essentially pure production of K*(890),

For cluster 3, a simple physical interpretation was not
found. Cluster 1 is a mixture of K*(890), K*(1420),
A*(1236), and the n7* diffraction system. A reduction
of the parameter v to ¥v=0.52 did not change clusters

2 and 3, but split cluster 1 into four groups: A*(1236):
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A*(1236) + K *(1420); A*(1236) + K *(890); and K *(890)
+ K *(1420) +the nr* diffraction system.

The use of such analysis for 1291 events of the reac-
tion K™p — K n*7"p and 880 events of the reaction
Kp—~K n*n 1% at p,,,=12.6 GeV/c is described in
Ref. 26, in which it is concluded that the decomposition
into clusters reflects the essential properties of the
observed reaction mechanisms.

Nonhievarchical Methods. These methods enable one
to divide events into clusters without determining their
hierarchical structure.

1. Method of centers. The N points X, are
divided into K groups. The center of each group is de-
termined. A new subdivision is obtained in such a way
that each point is joined to the group whose center is
nearest. In general, this procedure leads very rapidly
to convergence. Some initial groups may “die out.” This
method is used in the algorithm given in Appendix 1.

If the second moments are taken into account in this
method, the algorithm CLUCOV (see below) is obtained,

An expansion of the density of the points with respect
to orthogonal functions and study of the obtained analy-
tic expression are very difficult because one does not
know the order at which the expansion must be ter-
minated, and because of the large number of terms
that must be taken into account.

2. Iterative cluster analysis. Developed at
CERN,” the method is as follows. Suppose the density
of the points (the distribution of the probability density
of the points X) is a mixture of K distributions:

K
X b"’):h;1 epf (X | BE).
Here, b} are parameters that characterize distribution
k.

The problem of cluster analysis is to find an estimate
b of the quantities b* in accordance with the observed
distribution of points. One can show that, by finding the
maximum of the mean logarithm of the likelihood,

N ) =E{lnj(X|b)}= \ In[f (X |0)]f(X | &*)da,

one obtains an estimate of the maximal likelihood pa-
rameter of the given distribution.

If F(X |b*) is a superposition of K nonoverlapping Gaus-
sian functions with weights ¢, and covariations Z,, this
method requires the finding of the maximum of the func-
tion

K
Na (b) —_—_kEl Cp In {‘(—Jﬁﬁ} &

The program developed at CERN enables one to im-
plement an iterative procedure for determining the
maximum of the function n,(b) by means of a dis-
play.zs‘ax

An important property of this procedure is the con-
stant number K of groups.

3. The method of nonlinear projection
Y=f(x) of points x from the multidimen-
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sional space onto the two- dimensional
plane Y. This method can be used for cluster analy-
sis if the projection f(x) is such that the distance be-
tween points is changed little:

N i
lz':'z 52'1 {ps (z:z)) — o, (N G}

Besides the almost arbitrary choice of the projection f,
this method has one further serious shortcoming in that
it ignores the shapes of the concentrations of points.

At CERN, it was applied to bubble -chamber data.

4. Valley finding method.
detail in Ref. 33.

It is described in

First Applications of Clustey Analysis in High Enevrgy
Physics. In 1972, cluster analysis was applied for the
first time to data obtained in bubble chambers. Factor
analysis* and a method of finding the maximal density
similar to that proposed in Ref. 25 were used. Both
methods were applied to the reaction 7°p—pr*7 7" at
beam momentum 16 GeV/c.'® The first results con-
firmed the general correctness of the ideas. However,
application to a large body of data led to considerable
technical difficulties. A simpler algorithm was re-
quired. The valley finding algorithm® was chosen.

This method was used to investigate the reactions

n'p—>patntaT  at 8 GeV/e, (1)
w*p—>pntntn-  at 16 GeVie, (2)
n*p— p3n*on- at 16 GeV/c. (3)

The results are considered below,

1. The reaction n*p—-pr*ns*nr~ at 8 GeV/c.®
The valley finding algorithm was applied to 4400 events
of the reaction (1). In general, the kinematic variables
for describing one event can be freely chosen. (Some
problems in the choice of the variables are considered
in Appendix 1.) To investigate the reaction (1), the fol-
lowing variables were chosen:

M (prf), M (pag), M (pro), M (mjn-), M (nin); (4)
M2 (paj), M2(pai), M2 (pn7), M?(aia”),
M2 (tn), 1 (plp), t(x/a0), (5)

where M is the invariant mass between the particles
given in the brackets, f is the four-momentum transfer
between the particles, and f and s are the 7* meson with
larger and smaller longitudinal momentum, respective-
ly. The choice of the variables (4) is based on the
dominant role of the resonance production mechanism
in the reaction.® The set of variables (5) is complete;
from it one can obtain other sets of independent var -
iables (formed from the squares of the masses and the
four -momentum transfers) by linear transformation.
Since the cluster structure is not changed after linear
transformation, the set (5) is useful for our purposes.

It was found that the results obtained with the choice
(5) of the variables were not better than the results ob-
tained with the choice (4). This can be explained as fol-
lows: The four-momentum transfers contain little ad=
ditional information about the clusters; the small num-
ber of statistical data (4400 events) does not enable one
to exploit fully the method when there is a large number
of variables and, thus, separate the clusters better.
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TABLE I. Distribution of events over ten clusters in the
reaction 7*p— pr'n’n" at 8 GeV/c (4400 events).

Cluster 1 2 3 4 5 6 7 8 9 10

Events 1355 | 879 | 651 | 188 | 246 | 232 | 255 | 330 | 76 | 168

The results presented below were obtained for the set
of variables (4) and parameter R=0,455 GeV of the val-
ley finding algorithm. Proceeding from 15 initial
groups, we obtained ten clusters, and 19 events re-
mained outside groups. The numbers of events in the
clusters are given in Table I. In Table II, for each
cluster, we give the resonances from which signals are
observed in the clusters,

The following conclusions can be drawn: Clusters of
events in phase space exist; the clusters obtained fre-
quently by the statistical method correspond to dynam-
ical mechanisms; there are clusters that have several
production mechanisms; for some production mecha-
nisms, the method gives good separation of the clus-
ters; the method can be used for a large number of
final states.

The cross section of the process 7*p — A*p°® is 406
+28 ub, in good agreement with the results obtained by
other methods.* The division of this reaction into two
clusters is explained by the peripheral nature of the p-
meson production.

The meson diffraction is separated cleanly, but for
the nucleon diffraction a strong overlapping with the
subprocess 7*p — A™f is observed. The circumstance
that two or more clusters can be obtained as a result of
a single production mechanism or that the same cluster
can be obtained by several production mechanisms may,
at the first glance, appear to be a shortcoming.® How-
ever, the splitting of one production mechanism into
several clusters may also have an important advantage
for the analytic description of the mechanism, since it
indicates the possible existence of a region where the
amplitude vanishes. The impossibility of separating the
particle production mechanisms is of particular interest
as an indicator of real overlappings in phase space.

The production mechanisms not only overlap in the pro-
jections (this possibility cannot be eliminated in ordi-
nary analyses) but also in the regions of phase space
that contain information on interferences and, thus, on
the relative phase of the overlapping mechanisms. In
this way, important initial data for multichannel analy-
sis are obtained.®

TABLE II. Discovery of resonance signals of ten clusters
in the reaction n*p—pr*r"r" at 8 GeV/c (4400 events).
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TABLE II. Distribution of events over 12 clusters in the
reaction 7'p— pr’n"r" at 16 GeV/c (12 529 events).

Cluster 1 2 3 4 5 6 7 8 9 107 s | 42

Events 846 | 2563 | 395 | 449 | 1955|1022 | 652 | 1038|1392| 66 | 565 | 798

Also obtained are two striking clusters (9 and 10) with
large longitudinal proton momentum p¥. Signals of the
p and f mesons are obtained in the mass distribution
M(m;m"). Some of these events can be described by the
process 7jp — A(1890)p, which is confirmed by com-
parison with the same reaction at the momentum p,,,
=16 GSV/ C.

All the obtained clusters have a remarkable property:
They are situated in corresponding regions of the lon-
gitudinal phase space. These regions are situated al-
most within the sectors selected by the longitudinal
momentum for separating the corresponding subproces-
ses.

2. The reaction 7*p—-pr*nr*ns~ at 16
GeV/c.'%%" The valley finding algorithm was applied
to 12529 events of the reaction (2). For comparison,
the set of variables (4) was used. Proceeding from 15
initial groups and using the parameter value R=0.455
GeV,** we obtained 12 clusters. The populations of
these clusters are given in Table III. In Table IV, we
give for each cluster the resonances whose signals are
observed in the clusters. We shall consider some of
these clusters in more detail. To obtain completely the
process 7m'p — A™p°, it is necessary to combine clusters
1-4 (see Table IV and Fig. 2). Study of the distribution
of the decay angle of the events of the A™p® process
answers the question of why the process is divided into
four subprocesses: Each of the obtained clusters con-
tains only one part of the expected distribution of the
decay angle, i.e., the dynamics of the process itself
forms four clusters in the space of the variables we
have employed.

The same can be said of the events that proceed
through A**(1890)p. In cluster 4, there is a clear sig-
nal in the region of the A**(1890) mass. The distribu-
tion of the decay angle of these events is very asymme-
tric. Cutting out the region of the A(1890) mass and
again combining clusters 1-4, we obtain fairly sym-
metric distributions of the angles (Fig. 3).

There are also weak signals of the A**p° type in clus-

TABLE IV. Content of resonance signals of 12 clusters in
the reaction r*p— pr*r"r" at 16 GeV/c (12 529 events).
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FIG. 2. Total distributions of the effective masses and decay
angles and scheme of the 1on%itudina1 momenta in the produe-
tion of the system A** (1236)p" in clusters 1-4 for the reaction
7'p— pr*a*n” at p;, =16 GeV/ec.

ters 9, 10, and 12, Together with clusters 6, 7, 8,
and 11, these clusters contain basically diffraction dis-
sociation. We ask: Do these processes really overlap
in phase space or is the cluster method the origin of
these “contaminations”?

Longitudinal -momentum analysis in Ref, 37 led to the
suggestion that there is overlapping of the processes
T'p—pA, and T'h —~ A**p°, which could be the cause of
the observed contaminations. However, in an indepen-
dent cluster analysis of the reaction (2), a clean separ-
ation of these processes was obtained (see Sec. 3). It
is therefore necessary to regard the presence of these
contaminations (as also in the longitudinal-momentum
analysis®) as a shortcoming of the method.

Proton diffraction dissociation is contained in a well-
separated cluster (Fig. 4). The diffraction spectrum
has peaks in the M(p7*7”) mass distribution at 1470,
1700, and 2190 MeV. Inthe M(pn*) effective-mass’
distribution one observes the strong A** signal typical
of this subprocess.

Let us compare the results obtained at 8 and 16 GeV/
¢. The scheme for separating the mechanisms in the
reaction at 8 and 16 GeV/c is shown in Fig. 5. At both
energies, overlapping clusters were encountered: One
mechanism may participate in the production of different
clusters and, conversely, one cluster may be produced
by different mechanisms,
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FIG. 3. Total distributions of the effective masses and decay
angles and scheme of the longitudinal momenta in the produc-
tion of the system A* (1890)p" in clusters 1—4 for the reaction
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Basically, the same clusters are found at 8 and 16
GeV/c. This indicates that the dynamics of the process
is the cause of the formation of concentrations in the
phase space,

Besides results similar to those obtained at 8 GeV/c,

the analysis at 16 GeV/c reveals an appreciable con-
tribution of the process 7*p — A**(1890)p°, the presence
of the process m*p — A,p, the possible presence of the
process m'p — A,p, considerably less N*m/A*f over-
lapping, and the presence of the process 7°p — A™g.

The differences concern processes with relatively
small cross sections, They can be explained by the
higher energy and the greater number of experimental
data at 16 GeV/c.

3. The reaction 7*p=pr*r*r*7s 7~ at 16
GeV/c.* The valley finding algorithm was applied to
6317 events of the reaction (3). Two sets of variables
were used—the 13 invariant masses

M (pn}), M (pn}), M (pn3), M (pny),
M (pn3), M (minz), M (ning),
M (a3n3), M (ning), M (ninz),

M (ming), M (mimg), M (nimz); : (6)
and the five independent c.m.s. longitudinal momenta:
pL(p), PL(x), PL(n}), PL(), PL (). M

Because of the small number of statistical data, the
choice of the variables (4) is preferable. In this analy-
sis too, one subprocess contains different clusters,

and vice versa. The subprocesses are not separated so
cleanly as in the case of four final particles, but they
can provide the point of departure for further investiga-
tions. Figures 6-9 show the production of the D meson
(Ref. 39), (N*4,), (A™A,), and the double diffraction
contribution to the reaction (3).

CLUCOV—a heuristic cluster algorithm.®
Work with the valley finding algorithm prompted the
desire to construct an algorithm with the following pro-
perties.*°

1. The number and position of the maxima of the
density must not be known in advance, The algorithm
must also be suitable for a variable number of groups.
If at some iteration two groups already differ little,
they must be combined; if one group has a clear mini-
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FIG. 4. Distribution of the effective masses and scheme of the longitudinal momenta characterizing diffraction dissociation of the
proton for cluster 5 in the reaction r"p— pr*n*r” at p, =16 GeV/c (20 168 events).

76 Sow. J. Part. Nuel. 11(1), Jan.-Feb. 1980

H. Schiller 76



8355 9" | Bt | Ap° Nz 7
: 1200
Wl | )
[ w ” ke || xs || we x5 |

F_‘ﬁl/_ﬁl_j\l |
G

b

FIG. 5. Scheme of the overlapping of different subprocesses at
Drap=8 GeV/c (a) and at p,;, =16 GeV/c b). K1-K12 are clus-
ters.

mum of the density, it must be divided.

2. The algorithm must satisfy the requirement that
the found clusters have an ellipsoidal shape of any
orientation (see, for example, Fig. 1). This require-
ment follows from detailed investigations of three-par-
ticle final states by means of the usual distributions
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e
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FIG, 6, Distributions of the effective masses characterizing
the production of the D meson (cluster 1) for the reaction 7*p
— p37°27" at P =16 GeV/e.
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FIG. 7. The same as in Fig. 6 for production of the system
N*A, (cluster 14),

(Dalitz plot, prism plot). In addition, it is reasonable
to require that two long concentrations of different di-
rections that touch at one end should be divided,

3. The algorithm must analyze channels with 10*-10°
events and with 5-18 variables, From this there follow
two further technical requirements: The volume of cal-
culations must not increase faster than linearly with the
number of events (which rules out algorithms that con-
nect each point to every other); the kinematic informa-
tion on the events (which is, in general, in an external
memory of the computer) must not be used more than
once or twice in one iterative step.

The algorithm CLUCOV satisfies these condictions
and is a generalization of the method of centers. Here,
cluster % is characterized by the moments of zeroth,
first, and second order: N* (content), X* (center), and
Ch =X, -XN(X, -X?%) (covariation). To form the mo-
ments, the points of group m are used. The program
was written in FORTRAN IV and tested on a BESM-6
computer and also on a CDC-7600.

Before the iteration process is carried out, a tem-
porary combining of the points into groups is required.
In other words, initial groups are required. For the
covariation we take the unit matrix, We obtain the ini-
tial centers as follows: A random event determines the
first center; we seek the next event with distance great-
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FIG. 8. The same as in Fig. 6 for production of the system
A*4, (cluster 8),
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FIG. 9. The same as in Fig. 6 for double diffraction dissocia-
tion (cluster 12).

er than the constant R from all the already found cen-
ters. If such an event exists, it becomes a center. If
it does not, the preliminary procedure has ended.

This procedure has the advantage that all events at a
distance less than R are taken with one initial center.
It was tested on two-dimensional examples. It was
found that the algorithm converges rapidly if two or
three times more preliminary groups are created than
was assumed for the investigated process.,

Input

Creation of K groups with numbers Nk of events, centers XK,
and covariations CK =1

Determination for each group of a hyperplane such that the left- and
| right-hand parts of the group differ maximally

Finding for each point X the group k for which
(Vi V @B CR) exp [— (X — XK (O (X—X)/2]
is maximal and joing of the point X to the group k, i.e., addition of X to the

left- or right-hand half and chﬁming in it the number of events, the center,
and the covariation: N?(r)' xj‘m, Clin

Determination for eac h group by means of :V?m. E:‘(,,. Cf(r)

of the necessity of'its division in accordance with the criterion tSt
determination for each pair of groups of the necessity of their
combination according to the criterion t S tg

|

Calculation of the values of the new quantities Nk, Xk, CK of the complete
groups

No Testing of convergence I

Distribution of the obtained joining of events to the groups

I Output

FIG. 10. Simplified working scheme of the cluster program
CLUCOV,
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FIG. 11, One-dimensional example of formation of the test

quantity ¢ in the algorithm CLUCOV,

The number K of groups is determined either by the
preliminary procedure or by the subsequent iteration.
The first step of each iteration (Fig. 10) consists of
finding for each group a hyperplane that (if possible)
splits the group into strongly “differing” parts. For
this, one determines (depending on the computer mem-
ory) a corresponding number of unit vectors perpen-
dicular to the required hyperplanes. The hyperplanes
are arranged to contain the center of the group and to
divide the group into left- and right-hand parts, which
are projected onto the unit vector normal to the hyper-
plane. The mean X} ,, and deviation ¢§,, of these
projections are determined. Then, for each hyper-
plane the quantity ¢ (Fig. 11) is calculated:

t=ho/ Vs ") (8)
where
hy=h(XP); hy=h(XD); hy=mink(X), Xe[X/X’)
N, 1 (X-XP 2
h(x)=vﬁof“p[~i( of )]"‘ (@)

N, ¢ {X=FFEN?
t VRS exp| 3 (% «r“) |
For each group, the hyperplane with minimal ¢ is
chosen. In the next step of the iteration (see Fig. 10),
each event n=1,...,N is connected to one of the groups
k=1,...,K. A measure of whether event n belongs to
group & is
s =(N*/y/ @ny | ) exp 1 — (X»— XM (CPy* (x»—xMy21. (10)
The event is joined to the group®’ &’ for which
fi =max(fa, -+, fal- (11)
Depending on the position of the point X" to the right
or to the left of the hyperplane containing the center, it
is taken into account in determining the number of

events, the center, and the covariation of the right- or
left-hand half-group.

DOther forms of ¢ were considered:

t=2hy/ (g + hy); t=ho/min (kyhy);
t=hy/max (hyhy); t=(hy/2) (L/hy+1/hy).

In trials of the algorithm on artificial events, our form (8)
was found to be the best.

2)Some ‘events have a greater separation from all groups than
the specified separation. To avoid meaningless deformations
of the groups, these events are not joined to any group.
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After all points have been joined to the existing
groups, the critical value of ¢ is calculated in accord-
ance with (8) for each group. Here, h(X) is the m-
dimensional generalization of (9). A group of events is
divided if £ is smaller than the given #,, and the right-
and left-hand contents, the centers, and the covaria-
tions form the characteristics of the new groups in the
next iteration. For ¢ = {,, the algorithm determines
from N%,,,, X% ,,, C¥,,, the N*, X* C* of the complete
group for the next iteration. Then it is checked wheth-
er there exist pairs of groups with critical value ¢ ex-
ceeding the given value {,. In this case, the groups are
regarded as “similar” and the contents, center, and
covariation are combined before the following iteration.
The iterations are continued as long as the following
conditions are fulfilled: a given number of iterations is
not exceeded or no group is divided; no groups are com-
bined and the sum of the absolute changes in the contents
of the groups is less than a given value,

After convergence has been achieved, the list of
events joined to the groups is printed out for further
detailed investigations of the clusters. Also printed out
is the overlap matrix

On=(2 fu/ 2 T fi)-100. (12)

Here, the asterisk denotes the addition of all events m
joined to group i.

Figure 12 explains this matrix for the example of
three groups shown in the form of Gaussian functions.
For each of the three groups, the overlap matrix has
the form

(fo+12)/Fy fo/Fy 0
0= falFy (fat+fut1s)/F, folFy }'1001
0 fo/Fs (fot+f1) Fs

where Fy=f, +2f;, Fa=f,+2(f3+£;), Fs=f; +2f,

The overlap matrix is a measure of the quality of the
group separation. It also indicates possible contamina-
tions of groups.

This CLUCOV algorithm was widely used for the two-
dimensional case. This revealed that the use of Gaus-
sian functions to describe the distributions of the points
is not a restriction when one is working with a program,

Table V shows how the cluster algorithm separated
events. In this table, we also give the result of the
iterative algorithm of Ref. 27. This result was ob-
tained for five preliminary groups and after seven iter-
ations. The solution was stable for a large range of
the parameters ¢, and f,: ¢,=0-0,25 and ¢{,=0,2-0, 55,

FIG. 12. Determination of the overlap matrix Oy, (12) for three
groups characterized by the areas under Gaussian curves.
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TABLE V. Dependence on the cluster type of the distribu-
tion of the number of events* generated by the Monte Carlo
method for the reaction channels K*p— K* (890)p, K*p

— K* (1420)p, and K*p— A (1236)K in the reaction K*p

~ pK'1* at Drp=5 GeV/e.

500 Monte Carlo events
Cluster Ko P Koo P A(1238) K b}
1 15 12 261 288
2 189 0 0 189
3 0 21 0 2
not joined 0 0 2 2
z 204 33 263 500
2010 Monte Carlo events
1 767 2 11 780
2 13 109 34 156
3 32 13 997 1042
not joined 5 6 21 32
2 817 130 1063 2010

*For the first set of data, the algorithm CLUCOV was used;
for the second, the CERN interactive program of Ref. 20
was used.

2. APPLICATION OF THE CLUSTER ALGORITHM
cLucov

The cluster algorithm CLUCOV for the reactions

n'p—prtatnT, pup =16 GeV/e; (13)
Piab =16 GeV/e (14)

was used to make a systematic analysis of these reac-

np—pntaaT,

tions. The aim of using the cluster program for the re-
actions
Kp—>pKa‘n~, prap=10 GeV/c; (15)
K p—>pKonn°, pup =10 GeV/c (16)

was to separate the subprocess K p — K*(890) A (1236)
(as completely and cleanly as possible, which has
hitherto been impossible by means of the ordinary
methods) in order to obtain information about the pro-
duction mechanism of these resonances.

Application of the Algorvilhm to the Reactions m*p
—pr*n*nr” at 16 GeV/c. The reactions (13) and (14)
are excellently suited to application of the algorithm
CLUCOV, since there are seven independent kinematic
variables. The analysis is already multidimensional,
but the number of events is even greater: 19 178 events
for the reaction (13) and 5166 events for (14). These
reactions have also been investigated by other methods
(prism-plot analysis, longitudinal-momentum analysis,
maximal likelihood method), which gives the possibility
of comparing the results.

A necessary step in each cluster analysis is the
choice of the kinematic variables. The seven variables
needed for the unique kinematic description of the four-
particle reactions (13) and (14) were chosen in ac-
cordance with the following criteria*®*: Lorentz in-
variance of the description, invariance under permuta-
tions of the final particles up to a linear transformation
that does not change the cluster structure, and invar-
iance under permutation of the particles of the beam and
the target.
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These criteria are satisfied for the Yang variables,
A detailed discussion and generalization of these var-
iables is presented in Appendix 1. The six scalar
products of the four-momenta are chosen:

i=1, 2, 3;
i=4, 5,6, ]

qi= (Pbeampc)a
¢:= (Ptarg, Po)y (17a)

where c=p, 7}, n; for the reaction (12) and c=p, 77,
n* for the reaction (13) (the subscripts f and s denote
the T meson with the larger and smaller c.m.s. longi-
tudinal momentum, respectively). The seventh var-
iable is the Gram determinant of the four-momenta of
the final particles:

q1 =A£ (Pp- P”?-! pﬂ?:v pn$)' (17b)

Together with the general description of the algorithm,
it is necessary to explain the actual application of the
analysis, The preliminary procedure explained in Sec.
1 was used with R=5 and R=4,5.> This gave 84 and
63 preliminary groups in the reactions (13) and (14). It
was found to be helpful to have as many “seed” points
as possible and also preliminary groups such that a
seed point is contained with high probability in each
real group.

After the iterative procedure, some iterative steps
were made with all the events. Some clusters were
separated already at the start. The separation parame-
ters were the overlap matrix (12) and the distributions
of the masses, the four-momentum transfer, the longi-
tudinal momentum, and the decay angles. After this,
the groups were divided and combined according to the
parameter £(8). To economize the computing time,
some well-separated groups were removed and the anal-
ysis was continued. In the final stage of the analysis,
the same iterative procedure was carried out with the
complete statistics, so that the analysis did not depend
on the temporary removal of the separated groups.

We obtained 22 clusters for the reaction (13) and 17
clusters for (14). For the physical interpretation of
the groups, it is necessary to establish a correspon-
dence with the reaction mechanisms. A physical char-
acterization of the groups was obtained by means of
the one- and two-dimensional distributions for all the

‘ groups.

The clear resonance signals of the spectra and the ef-
fective masses show that ~95% of the events contain
resonances in the final state. The observed resonances
make it possible to identify clusters with subprocesses,
which subsequently provide the names for the clusters.
Only three clusters of the reaction (13) and two of the
reaction (14) did not contain significant signals of reso-
nances. One of the clusters of the reaction (13) is
characterized by events with protons emitted forward in
the center-of-mass system. An analogous candidate for
baryon exchange was not found in the reaction (14). In
Table VI we give the coordinates of the centers and their
deviations in the space of the Yang variables for some
clusters associated with diffraction dissociation of the

)R is the Euclidean distance in the space gy, ...
(the four-momenta are measured in GeV).

) q’! of (17)
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TABLE VI. Dependence of the positions of the centers of
the clusters of the prr diffraction system on their masses
in the reactions 7*p— pririn~ and 7 p— pr'wpr; at 16 GeV/c.*

‘Num-
Reaction berof | q 9 a n % s @
events
o mgoee 10.89 | 0,05 | 2.41 | 0.98 [14.14 | 0.29 [—0.04
b NE:""" o, | 118
Ay s 1.73 | 0.03 | 1,52 | 0.07 | 0.25 | 0.10 | 0,04
N .90 | 0.05 | 2.14 | 0,97 [14. .30 [—o.
wp it NSE s e 10 05| 2.1 o7 |14.42 | 0.30 |—0.04
Al 1.52 | 0,01 | 1.42 | 0.05 | 0.25 [ 0.09 | 0.04
9,44 | 0.41 | 2.44 | 1.13 [13.80 | 0.38 |—0.24
i Ag N“t
P uno“; 1 1595
Afgye™7ts 2.18 | 0.07 | 1.54 | 0.18 | 0.30 | 0.17 | 0.24
2 9.44 | 0.11 | 2.49 | 1.14 |13. .35 [—0.
Bt T ” s 13.98 | 0.35 24
Afdgens 2.33 | 0.09 | 1.58 | 0.20 | 0.35 [ 0.15 | 0.28
B 7.50 | 0.14 | 3.14 | 1.49 [13.19 [ 0.64 [—1.16
ntp —+ Nitont
676 -
pria
2.24 | 0,10 [ 2.10 [ 0.38 | 0.38 | 0.34 [ 1.05
3 9.02 | 0,14 | 2.58 | 1,27 [13.32 | 0.66 [—1.12
mp —+ Nigif
217
prin
2.39 | 0.4 [ 1.77 | 0.29 | 0.44 | 0.33 | 1.11
= 8.49 | 0.15 | 3.88 | 1.46 |11.81 | 0.92 |—5,94
wtp — Nihoni 308
prin”
2.38 | 0.10 | 2.35 [ 0.38 [ 0.90 | 0.49 | 5.17
B 5.50 | 0.09 | 4.88 | 1.86 |12.77 | 0.66 |—0.80
=p - Nijhont %
- e
Pivalts 2.05 | 0.05 | 2.88 [ 0.48 | 0.41 | 0.37 | 0.82

*The upper row gives the coordinates of the center of the
cluster; the lower gives their deviations.

target. Comparing them for the 7*p and 7”p reactions,
we find that six of the seven components differ in dif-
ferent clusters. This emphasizes the need for and the
advantages of using the complete kinematic information.
It is clear that in connection with the low N *(1470)
mass the corresponding subprocess is close to the kin-
ematic limit. For the Gram determinant ¢, (17b), as
the seventh component, a general tendency to an in-
crease of {g,) with increasing mass of the p7r system is
observed.,

It is perfectly natural that the component { g, for
these clusters does not increase, since g, is associated
with transfer of four-momentum from the target to the
diffraction pmw system:

gy =mx—t/2,

The diffraction subprocesses selected here all have
small values of £,

The cross sections of the reaction channels are given
in Table VII, For comparison, we also give the cross
sections obtained for these reactions by means of the

maximal likelihood method* and the prism-plot meth-
od. 46,47

Overlappings of two or three clusters require the in-
troduction of corrections for five cross sections.
These overlappings are manifested in the form of reso-
nance signals in the invariant mass spectra that are not
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TABLE VII. Comparison of the cross sections of the sub-
processes found by cluster analysis, the method of maximal
likelihood, 2! and prism-plot analysis.?

Cross section, ub
%ﬂ :g:,h _E Cluster analysis E‘eﬂlﬁ:ﬁ : Prism-plot analysis
mEp np mtp byd z+p nTp
L. c?fp 200£22 | 220418 | 280:£67 | 204456
= post
2. AFp 20026 | 13623 [ 167240 | 158433
I—»pnai
3. Afp 11428 | 10616 | 115427 | 113422 EReAtl JRtaErs
L fa£, pomE
4. A 55215 | 408 - -
poqE, fat
5. Nifqont 68417 | 6213 | 146240 | 128422
L atigstn-+
6. Nffoond 115618 | 2015 | 100627 | 1g7zn | [ 12U [14TET
— Afage’n-+
7. NigjonE 48412 4548 - -
— prtaT
8. Nifoont 28ty | 208 - L } 77441 }wuw
prtn
9. Alfherd 160£20| - | ggoifg| - 19416 -
10, aldsef 108217 — T 981zl -
11, Ajz3e8°0 30£9 - - - 32+7 -
12, Afdop0 sxt0| - - % 8740 -
13. Afzaee0 - asxtz]| - - - =
14, Afasef = 114 = 2 2 =
15. NT2aop0 o ssxt0] - . = =
16. Nidhot - 195 = = 58 £
17, Afdenta- 3545 | 8019 |106+28 | 127426 - 4a=10
18. Alaagnta+ 308 - 50£7 | 4511 - -
19. Nifsonta+ 1845 - = - = -
20. pnEpo 63434 | 20£10| 4745 | 8Bxi4 - 9015
21, paf 108 - 274141 | 40x13 - 309
22. paTgt 645 1527 - - — o
23, pf (proton) >0 6x1 - - - - -
24, paEarn- 45432 72425| 47217| 3546 53420  32x15

observed in the experiment.

The cross section for the processes 7*p —pAj; and
T*p — pA; was changed by 113 b in accordance with
the signal from A, seen in A, (Fig. 13).*

We found a p° signal with cross section 15£4 uB in
the mass spectrum of the cluster N *(1470) having a
clear A**(1236) signal in the p7} mass spectrum.
Therefore, a similar correction of the cross sections
was made for the N*(1470)m, A**(1236)p and A**(1236)f
subprocesses.,

The overlap matrices (12) of the reactions (13) and
(14) (Tables VII and IX) give a picture of the overlap-
pings of the clusters in the seven-dimensional space of
the Yang variables. A satisfactory separation of the
clusters is observed.

To estimate the total errors of the cross sections in
the cluster analyses, it is necessary to consider not
only the statistical errors but also the errors due to
residual contamination and irregular joining of points
to clusters. To estimate this part of the error, we
determined the changes in the joining of points to clus-
ters as a result of some additional iterations of the

#)The error in the choice of the background is not included in .

the error of the cross section.
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cluster algorithm. The errors we present contain two
parts. Comparing the cross sections of the diffraction
dissociation process (processes 1 and 3-8 in Table VII)
of the 7*p experiment with the corresponding process
of the 7"p experiment, we find that they agree well.
This is also true for the cross sections obtained by
other methods. The total cross section of diffraction
dissociation of the beam and target is the same for all
the three methods.

The results for the A mesons require a more detailed
discussion. In Ref. 48, there is an analysis of the par-
tial waves of the 37 system of low mass in which the
states A}, A;, A; are described by partial waves with
spin and parity J7=1*, 2*, and 2", Strong interferences
are also observed. However, the interferences do not
occur in the formalism of the cluster analysis. The
found clusters have maxima of the density in the phase
space. If some elements of the overlap matrix differ
appreciably from zero, this may be a consequence of
interference of the corresponding subprocesses, How-
ever, one cannot take the values of the elements of the
overlap matrix as a measure of the interference. By
means of the cluster analysis, one can clearly separate
two neighboring clusters even if there is strong inter-
ference of the corresponding subprocesses. Analysis
of the partial waves gives for the 1* wave the cross
section 333 £38 ub, for the 2* wave 48 +14 pb, and for
the 2" wave 11925 ub.

The comparison made in Table VII shows that the data
for the three methods agree well only for A; production
but in the case of the strongly interfering A; and A,
waves only for their sum.

For the nondiffraction processes (see Table VII),
the cross sections obtained by the different methods
agree well. The differences are explained by the fact
that the early analyses®*®*® did not take into account
various subprocesses. However, the introduction of
these subprocesses in the initial stage of the analysis
does not permit one to find all the subprocesses of
small cross section. The possible exchange of baryons
[cluster 23 of the reaction (13)] was also not taken into
account,

It follows from the law of isospin conservation that
o(r*p— A*)/o(n"p— A%)=9/1. I can be seen from
Table VII that this ratio is satisfied for 7p — Af. How-
ever, the cross section for the process 77p — A°(1236)p°
is twice the expected value, It must not be forgotton
that this process was not found by other methods. For
the subprocesses 77p — A%(1236) and 7"p — A%(1890)p,,

a cross section ~4 ub was expected. However, one can
draw the conclusion that in the channel we consider with
5116 events, which has cross section 1.08 pb, the li-
mit of detection for cluster analysis is approximately

4 pb. This could explain the absence in the reaction
(14) of the baryon exchange group found in the reaction
(13). We shall consider some particularly interesting
clusters. Besides the effective mass distributions,

the figures also show the distributions of the decay
angles in the Jackson system.

For the prm and 37 systems, the z axis of the coordi-
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FIG. 13. Distributions of the effective masses and decay angles characterizing the channels 7*p— pA$ in the reaction r*p
— prr*r at py;, =16 GeV/ec.

plane, and for the p7 and w7 systems along the direction

of the proton and the 7 meson with negative charge of

the beam,

The reactions r*p—~pA%. The overlapping of the

channels 7°p —pAj; and 7*p — pA; has already been con-

M(7*s5), Gev

sidered (see Fig. 13). Of particular interest is the .
presence of a clear signal of the p” meson with the f
meson in both 7*7” mass distributions. The p° signal
cannot be explained by overlapping with pA;. This con-
firms the assertion made in Ref, 50 that A, also decays
through the channel A} —~ p’r*. A further indication of
this decay is obtained in an analysis of the partial waves

TABLE VII. Overlap matrix Oy (12) for clusters in the reaction n"p— pririr at 16 GeV/c.

prtmtns

prtatne

pf (proton) <0

gn

93

f

o0

N*0 (1520)

A° (1236)

82

A+t (1236)

A++ (1890) p?

91
1
2
2

A*+ (1236) g°

91
4

A++ (1236) f

93
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"IN+ (2400)"

9
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N*+ (1470)
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TABLE IX. Overlap matrix Oy (12) for clusters in the re-
action 7p— pr'nFr; at 16 GeV/c.

ptaTn;

pRTR”

85
14

2] | e

ra

88
2

p°

o
9

A++ (1236)

93

N*0 (1520) f

88

N*0 (1520) p0

A0 (1236) f

88

A9 (1236) pv

91

“N*®F(2600)"

N*+ (2040)

N*+ (1700)

96
5
2

N#*+ (1470)

9
i

e

'
84
i1

5

“N*+ (2400)"

N*+ (1470)
N*+ (1700)
N*+ (2040)
AU (1236) po
A9 (1236) §
N*0 (1520) p0
N*0 (1520) |
A++ (1236)

pRrRe

pRtR-RT

of the reaction (13).%¢

The reaction m*p-A**(1236)p° (Fig. 14). To
estimate the number of subprocesses obtained by the
cluster analysis, we show in Fig. 14 some properties of
the cluster that we unambiguously identify with this re-
action; it was studied in detail in Ref. 49. The M(pm))
and M(f:; 7~) mass spectra have clear signals of the
resonances A**(1236) and p°(765) (see Fig. 14).
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FIG. 14, The same as in Fig. 13 for the chamnel =*p
A** (1236)p" in the reaction r*p— prir'r.

The asymmetry of the distribution with respect to the
decay angle cos6(m;7") can be explained by the inter-
ference between the production of p® and the s -wave
background. The cross section of this subprocess
agrees well with the values obtained by other methods
(see Table VII).*

The reactions r*p-pA%(1900) (Fig. 15). Two
A,(1900) decay channels have been found., The decay
A,(1900) - 7p° was found in Ref. 46. We found the decay
A,(1900) - fr. The decay A,~g°r, which was indicated
for the 37 system, was not found in this mass range.*

The reactions 7*p-N*(1700)7* (Fig. 16).
For the diffraction system N*(1700), as for the sub-
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FIG. 15. The same as in Fig. 13 for the channels 7*p— pAj.
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g

process 7°p —N*(1470)7*, a A™(1236) signal is ob-
served in the M(p7} mass spectrum. From isospin
conservation there follows the ratio o(A*77)/o(A%")
=9/1 for the decays N*(1700) - Ar. The experimental
distributions of the masses of the p7 system do not
contradict this.

The reactions 7*p-N*(2040)7* and
7*=N*(2400)7* (Fig. 17). The cluster analysis
gave two relatively small groups (see Table VI) char-
acterized by a clear signal at large masses of the prr

system. Production of A®(1236) was not detected. Such -

signals have not yet been observed in the mass distri-
butions of the pmm system.®> The approximation of
these signals by a Breit—Wigner function gives the
masses and widths M,=2.02+0.03, T';=0.5+0.06, M,
=2.38+0.06, I',=0.5+0.15 GeV.

These signals were found in the reactions (13) and
(14), which confirms the conjectured existence of the
states N *(2040) and N *(2400). Because of the low

statistical significance of these groups of events, the
properties of these clusters need to be compared with
others.

Study of the centers @, of these groups (see Table VI)
makes it possible to regard the N *(2040) and N *(2400)
systems as members of the series of diffraction sys-
tems N*(1470) and N*(1700), An argument for such an
interpretation is the equality of the corresponding cross
sections of the reactions (13) and (14) (see Table VII).

The 37 mass spectra of these clusters have a very
high threshold, which rules out an interpretation of the
N #(2040) and N *(2400) clusters as a kinematic reflec-
tion of interference effects in the three-pion system.
From the distribution of the Jackson angle cosf; (see
Fig. 17) it can be concluded that although cluster analy-
sis does permit the detection of these subprocesses of
small cross sections it does not in each case separate
a complete and pure group of events.
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FIG. 17. The same as in Fig. 13 for the chamnels r*p—N** (2040)7* and w*p— N** (2400)7*,
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FIG. 18. The same as in Fig. 13 for the channels 7% — A% (1236)f.

The reactions r*p-A**(1236)f (Fig. 18). For
the 7*p reactions, pure resonance signals are obtained
in the corresponding mass spectra. The distributions of
the decay angles also have the expected profiles. For
the 7"p reactions, because of the small cross section,
there is no such clear picture.

The reaction 7*p-A"*(1890)p° (Fig. 19).
Here too clear resonance signals are observed in the
corresponding mass spectra. It was not possible to find
the reaction 7°p — A%(1890)p°.

-Applicata'on of Cluster Analysis to the Reactions K™p
—pK°1*7 at 10 GeV/c.*® In the study of the double
resonance reactions®* %8

K-p— K¥9(890) A® (1236); (18)
K" < — pn”

K~p— K*-(890) A* (1236) (19)
Eon- < — pn®

the following difficulties were encountered: Clear sig-
nals of the resonances K *(890) and A(1236) were not ob-
tained; contaminations from the diffraction dissociation
of the beam or target particles remained; and the sym-
metry requirements on the distributions of the decay
angles of the investigated resonances were not satis-
fied.

We therefore attempted to separate the reactions (18)
and (19) at 10 GeV/c by means of cluster analysis. The
obtained reaction cross sections and the numbers of
events were

K-p—pK-n*n~, o==845+ 20ub, 10074 events;
K-p—pKonn®, ¢=652+5ub, 2642 events.

Yang variables were chosen as a complete system of

independent kinematic variables.

Properties of the K* and A clusters. We
now study the completeness and purity of the groups of
events obtained in this manner,

The Km and p 7 mass distributions of both clusters
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give clear K* and A signals (Fig. 20). All the other
mass distributions, including the pr7 and K7w spectra,
are free from all symptoms of contamination.

Parity conservation in the strong decay of the K* and
A resonances gives a necessary condition for the purity
and completeness of the groups of events:

(Im¥YM=0 forallLandM.
Here
(Im¥¥y= 5 W (cos 0, @) Y¥ (cos 0, @) d

and W(cos#@,®) is the distribution of the decay angles,
for which parity conservation requires®®

Weos (0, @) =W (cos0, —®D); W (cos8, ®)=W (—cos8, O 4-x).
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We determine %2 to test the parity conservation hy-
pothesis for the groups of events:
Lmax L [ (Im Y_i.';) -Jz

|
P 3 2 57
L=1 M=0 A(m¥y)

It is assumed that the moments (Im Y} ) are independent
and distributed in accordance with a Gaussian law with
error A(Im Y¥). For L, =4 (and, therefore, nine
degrees of freedom) we obtain the values for x* given

in Table X, from which it follows that our hypothesis

can be accepted.

The K and p7 mass distributions were approximated
by Breit-Wigner functions (see Fig. 20).

In Table XI we give the numbers of events and cross
sections obtained in this way. From isospin conserva-
tion at both vertices, we obtain

o [K* (K-n*) A° (pr-))/o [K*~ (Kn~) A* (pn®)] = 1/2.
The values of the cross sections in Table XI are in good
agreement with this ratio.

TABLE X, Verification of
the parity conservation hy-
pothesis for clusters con-
taining the reactions K p
—R+¥'A% and K p— K*"A* at
10 GeV/c.

Resonance %X Probability, %

Ko
Au
K%
A+

.

Rt

WY
@
(=

-
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TABLE XI. "Total numbers of events of
the K p— K*LAl clusters, resonance con-
tent obtained by Breit—Wigner fitting of
the K* and A resonances, and the cross
sections corresponding to them at 10

GeV/e.
Cluster |
Reaction’ content  [events a,ub
(events)
K-p— K*0 (890) A® (1236) 278 226+22 | 1942
K-p — K*- (830) A* (1236) 211 168+25 | 4148

We used the mass-interval method® for all events
not contained in clusters with a final state K*A; we ob-
tained an upper bound for the lost events: 40 for the
reaction (18) and 25 for the reaction (19). Within these
limits, the clusters must be complete.

The elements of the spin density matrix are a mea-
sure of the systematic error of the separation. We de-
fine the combinations of elements of the density matrix

ot =p!t 4 ptY;

p~ = p% 4 plt — pi-t,
One can show® that these combinations do not depend
on the choice of the quantization axis, so that they must
coincide in the helicity (s channel) and Jackson (¢ chan-
nel) systems. Figure 21 shows p* as a function of the
four -momentum transfer £, At large |¢|, the elements
of the density matrix in the two systems are not equal.
It follows that complete identification of the clusters
with the K™p — K*A process is impossible. The dif-
ference arises at large |t |; p* and p- correspond to the
part of the cross section that decreases exponentially
with £, Therefore, the discrepancy affects only a small
fraction of the events, and the integral conditions may
be satisfied.

Overlapping of K*A clusters. We now at-
tempt to find the reasons for the incompleteness and
impurity of the clusters. For this, we consider the
cluster that in accordance with the overlap matrix (12) -
overlaps maximally with the K*°A° and K*"A" clusters.
These neighboring clusters have the following charac-
teristics: The dominant process is K'p - @ p, which
can be seen from the mass spectra; like the K*A clus-
ters, they are objects of low dimensionality in the

P Helicity system
o Rsﬂﬂu
(4]

f*.—w.—_ et

Jackson system

4 —

o6 0
t', (GeV/e)2

FIG. 21, Combination of the elements of the spin density mat-
rix p*=p+ p'1 for the reactions K p— K*L (890)A% (1236) at
P1a5=10 GeV/c in the Jackson and helicity coordinate systems
as a function of #'= | £ —£;,1 .
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TABLE XII. Geometrical characterization of the K*A clusters and the neighboring overlapping clusters. *

Process K-p - K*~ (890) A+ (1236) - pKoa-n0 Process K-p - K*0 (890) A0 (1238) ~ pK-mta~
Number
of events e (];{t!l:'v:::s 218
Coordinate - al a2 a3 bt b2 b3 z a Coordinate at at a3 b1 b2 b3 z "
axes GeV? | GeV® | GeV® | GeV? | GeV? | GeV? | GeV* 5 axes GeV? | GeV® | GeV?® | GeV? | GeV? |GeV? | GeV® | 2
g ?
md 7.41 | 0.43 | o0.24 | o0.99 | 5.59 | 3,70 | —0.08 ,% g:"’n?:;"f 7.24 | 0.4t | 0,20 | 0.90 | 5.52 | 3.49 [ —0.04 g-
El 1.00 0.01 0.00 | —0.03 | —0.02 | 0,00 0.00 | 0.90 E1 1.00 | —0.02 | —0.01 | —0.04 0.00 [ 0.04] 0.00] 1.23
E2 0.00 0.75 0.00 0.00 0.36 | 0,32 | —0.45 | 0.00 E2 0.04 0.80 0,00 0.35 | —0.32 |—0.36| —0.00 | 0.01
E3 0.0¢ 0.07 0.91 | —0.03 0.14 | 0,15 0.34 | 0.00 E3 0,01 0,00 1.00 0.00 | —0.04 0.04f 0.00 | 0.04
E4 0,03 | —0.12 0.00 0.97 0.13 | 0.13 0.00 | 0.00 E4 0.03 |[—0.40 0.00 0.91 | —0.04 | 0.04] 0.001! 0,00
E5 —0.01 | —0.03 | —0.01 0.00 | —0.70 | 0.71 0.00 | 6.74 ES 0.00 |—0.03 0.01 0.00 0.74 | 0.70, 0.00 | 7.35
E6 —0.02 0.52 | —0.15 | —0,22 0.56 | 0.58 0.00 | 0.01 E6 0.01 0.43 0.00 0.19 0.63 | 0.62| 0.00 | 0.00
E7 0.00 0.38 | —0.38 0.01 0.14 | 0.11 0.82 | 0.01 E7 0.00 0.00 0.00 0.00 0.00 | 0.00] 4.00 ]| 0,00
Process. K-p = Qp - pKon—n0 Process K-p = Qp - pK-m+n-
Number Number
of events avs of events 881
Coordinate al a2 a3 bl b2 b3 z » i 1 2 3 bi b2 b3 z @
e Gev: | Govt | Gev* | Gevt | Gev |GeV? | Gevt | £ Coondinate | "va | ceve | Gevr | Gevt | Gev? | Gevr| gev? %
-
[
g‘;'v‘!g"f 8.64 | 0.40 | o0.15 | o0.02 | 3.88 | h.25 | —0.09 % g‘;‘%"f 852 | 0.64 | 0.25 | 0.98 | 5.11 | 2.93]|-0.13 %
El 0.94 | —0.19 | —0.14 | 0.00 | —o0.01 | 0.04] 0.22]0.02 El 0.96 | —0.04 | —0.08 [ —0.02 0.45 | 0.13] 0.18 | 0.07
E2 0.44 0.97 0.00 | 0.00 o043 | o.08l o0.06 ] 0.00 E2 0.08 0.1 0.69 0.00 0.02| 0.000 0.01|0.04
E3 0.14 | —0.03 0.99 | 0.00 |—0.011 o.c1] 0.03]0.00 E3 0.03 | —0.69 0,74 | —0.41 | —0.03 | 0.03] 0.03 [ 0.04
E4 0.00 0.00 0.00 | 1.00 0.00 0.0l 0.00 | 0.00 E4 0.06 | —0.08 0.08 0.97 0.00 | 0.00{ —0.22 | 0.00
E5 0.04 | —0.07 | 0.01| 0.00 0.75 |—0.65| —0.04 | 1.74 Ew - e i e i i i i
— ¥ k v : x i 0.
E6 —0.04 | —0.12 0.00 | 0.00 0.66| 0.75] 0.04] 0,39 EB 0.20 0.00 0.00 0.02 0.68| 0.70 0.01 20
ET _0.23 0.00 0.00 | 0.00 0.00 |—0.08! 0.97 0.00° E7 —0.16 0.00 0.00 0.23 | —0.04 |—0.03] 0.96 | 0.04
)

*The meaning of the given quantities is explained in Appendix 1.

phase space—more precisely, they have only two of the
seven possible dimensions; their centers are close;
the lengths and directions of the principal axes deter-
mined by the covariation of the ellipsoid determine the
mutual penetration of the bunches. The low dimen-
sionality of the clusters (two eigenvalues that are large
compared with the remainder) makes it possible to il-
lustrate different situations in phase space.

In Table XII we give for the K*A clusters and their
largest neighbors the numbers of events, the centers,
the directions of the eigenvectors, and the eigenvalues
(corresponding to the eigenvectors). For the process
(18), as for the process (19), the neighboring clusters
are disks oriented vertically with respect to the disk of
the K*A clusters and touching it. We project the points
of one cluster onto the plane defined by the eigenvectors
associated with the two largest values (principal plane).
This projection illustrates the internal structure of the
cluster.

To elucidate the question of the overlapping of two
clusters, it is necessary to take into account the dis-
tance between their centers, the directions of the prin-
cipal axes, and also structure not included in the ap-
proximation of multidimensional Gaussian distribution.
For this, we project the points of one cluster onto the
principal plane of the neighboring cluster. The center
of the coordinate system is placed at the center of the
cluster onto whose principal plane we project. In this
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way we obtain the projections of the K*OA° cluster (Fig.
22) and K* A* cluster (Fig. 23). They clearly show the
overlapping of the process K p — K*A with the process
K p— @ p, so that this is a real overlapping in the mul-
tidimensional space, and no method using sections in
phase space can separate this mechanism cleanly. This
does not depend on the choice of the variables or the
definition of distance.

Eifa

E5

L5 (3] E§

FIG. 22. Two-dimensional projections of the B*'A? cluster
onto the planes formed by the eigenvectors (E1, E5), (E6, E5),
and (E1’, E5'), (E6’, E5’), and also two-dimensional projec-
tions of the @ —E*'1~ cluster onto the eigenplanes (E1’, E5)
and (E6’, E5’): £E1l, EV'=15° LE5, E5' =1° LE6, E6*=30".
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FIG. 23. The same as in Fig. 22 for the K* A* and @ — K* °
clusters: £ (E1, E1’)=20°; £ (E5, E5')=5° £ (E6, E6)=30°.

CONCLUSIONS

In analyzing exclusive experiments, different methods
are used with the aim of elucidating which reaction
mechanisms give a particular final state and determin-
ing the groups of events containing a known reaction
mechanism for a further detailed study of this mech-
anism. In such analyses, it is necessary to use com-
plete kinematic information (which we have for exclu-
sive experiments). The dimensionality of the phase
space of an n-particle final state is 3» =5, which cre-
ates a number of methodological difficulties. All the
methods proposed to overcome these difficulties as-
sume that the reactions have a certain structure of the
(3% - 5)-dimensional distribution of the events in the
phase space.

Cluster analyses of the distribution of points in the
multidimensional space are a method for determining
the structure of these distributions with the minimal
number of assumptions. Application of two such meth-
ods of cluster analysis gave the following results: The
obtained clusters are not separated by sections of the
phase space with respect to some of the variables; a
large fraction of the clusters contain resonances which
enable one to establish an unambiguous correspondence
between the clusters and the reaction mechanism;
hitherto unknown reaction mechanisms have been found;
there are indications of the existence of diffraction

" states of the pmr system; cross sections have been ob-
tained for all the reaction mechanisms. As was to be
expected, interfering mechanisms are not separated;
only partial separation is achieved for reaction mech-
anisms of small cross section situated in phase space
close to a reaction of large cross section or even over-
lapping with it.

The cluster analysis of data in high energy physics
can be regarded as a link in the following logical (not
chronological) chain.

1. It is shown that the events form clusters in
phase space. This is also true for processes of high
multiplicity.

2. The clusters can be separated by means of meth-
ods which are almost free of parameters. Unambiguous
identification of the clusters with dynamical mechanisms
is not possible in all cases. One can obtain not only in-
formation about the distribution of the events in phase
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space but also indications of dynamical mechanisms of
small cross sections,

3. The group of events (mechanisms) found and sep-
arated in this manner can then be studied in detail in
the region of phase space in which they are situated
(for example, one can make a partial-wave analysis).

4, These results are initial data for multi-channel
analysis. They enable one not only to take into account
the overlappings of different mechanisms but also to
determine the relative phases between individual dy-
namical mechanisms,

The development of the methods of multidimensional
analysis is still far from complete. Interesting results
are to be expected from their application to inclusive
reactions and to the search for jets,

The results of the present paper were obtained during
many years of fruitful collaborations with Professor
K. Lanius, H. E. Roloff, H. Bittcher, W. D. Nowak,
P. Kostka, L, Becker, and T. Naumann,

Ithank T. Naumann for preparing the draft in Rus-
sian,

APPENDIX |

Choice of the Kinematic Variables; Yang and their
Generalization.® The results of a cluster analysis
depend on the choice of the variables. It is therefore
necessary to seek conditions that determine as unam-
biguously as possible the variables from a physical
point of view. One can, for example, require that a
complete set of variables be Lorentz-invariant and
symmetric under permutation of the particles, The re-
action

atbr1t24...tn (A1)
can be described by the invariant variables
(al)=(paps)i (bi)=(Pupi); (iK)=(piPn)- (A2)

The number of variables (A2) is greater than the num-
ber of independent variables (3z -5) at constant energy,
and therefore some of them must be eliminated. For
this, we require quasipermutational invariance between
the particles 1,...,# and invariance under replacement
of particle a by b. Quasipermutational invariance
means that any permutation of the final particles gives
rise to only a linear transformation of the final parti-
cles, Linear transformations do not change the results
obtained by the CLUCOV algorithm, so that is reason-
able to require fulfillment of these two invariance con-
ditions.

For four final particles, Yang*® proposed the set of

variables
n—4: (a1), (a2), (a3); (b1), (b2), (b3); A, (1234), (A3)

where A, is the Gram determinant, having the form

(1) ... (1K)
Ag (12 ... K)=| *

(KY) ... (KE)

In a generalization of the variables (A3), it must be
borne in mind that the invariants (A2) must satisfy the
conditions
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et

Mzﬂ(. )= const (Ada)
i (ai) = const; (A4b)
i=1
“21 (bi) = const; (A4C)

Ag{l...K)=0, if K3>5. (A4d)

The condition (A4a) contains n(z — 1)/2 variables; it is
possible only for n(z —1)/2 <3n -5 (i.e., for n<5).
The Gram determinant A, contains K(K —1)/2 variables.
Therefore, the condition (A4d) is possible for K(K -1)/
2< 3n -5, If we take into account (A4b) and (Ade), we
obtain the following generalization of the set (A3):
o, o e ot ) (5)
It only remains to find a generalization of the deter-
minant A,, Consider the eigenvalues of the matrix
A= (k) (Ref. 32):

AP — A A1 — R An-2— R An-3 An-t=0,
where A denotes an eigenvalue and

(A6)

B =(—1)mt )

igeenndp=i,...,n

Am (il S !m)-

By definition, the A, are invariant under permutation

of the final particles and can serve as a generalization
of the determinant A, for a larger number of particles
in the final state, In order to have all variables of the

same dimension, we define further
= [(—tymn > im)] ™

u....,im=l.....1‘l

A (s am
Since Z {" =71, m} is constant, only Z "', Z 4", and
Z {™ can serve as variables which are invariant under
permutation of the final particles.

For n=3,4,5,6, we thus obtain the following sets of
variables that are invariant in the indicated sense:

: (al), (a2);

(b1), (b2);

(a), (a2), (a3);
(b1), (b2), (b3);
z,

n=>5 (al), ..., (ad);
(81)y -+ -y (BE);

} Yang variables

zal-:' ziam;
n="6: (al), ..., (ad);
(b1), -, (B5);

e, 2P, I
We note some properties of the quantities Z ;. Each
of the (%) terms of the sum (A7) is positive within the
physical region. On the boundary of the physical re-
gion, A, =0 (Ref. 63), Generally speaking, not all the
A, in the variable Z," can vanish simultaneously. We
therefore obtain Z (', = 0. If we ignore the masses
of the final particles, the boundaries of the physical
region of the variables Z ("', which are proportional to
§= (pa +pb)2, are
2=V (=T Z§pax=/%
=3 [(n—2)/3n® (n—1)*]/3%

Zin=0 Z{max
zm —o; zZ(M =5 [(n—2) (n—38)/8n® (n—1PI/4

4min 4'max:

APPENDIX 2

Classification in the Cluster Algovithm. It is as-
sumed that p(x), the distribution of N points x, is a
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superposition of distributions of K classes. Suppose
the k-th class w, (k=1,...,K) has probability p(w,).
Then the probability distribution is p(x)=2 %, p(w,)
xp(x|w,) where p(x|w,) is the conditional probability
distribution of the points x belonging to class k. The
minimum-risk solution is obtained as follows.

For a given point x, we find in accordance with
Bayes’s rule the conditional probability of belonging to
class k:

k
p(oplz)=p(z|0n) p(©r). ) Pzl P (@)
i=1

and we join the point x to the class that has the maximal
value of p(w,|x).

If p(w,|*) is 2 multidimensional Gaussian distribution,
we obtain the rule (11) and the weight of the expression
(10). The algorithm CLUCOV is a classification pro-
cedure in which the a priovi probabilities p(w,) and the
parameters X" and C* of the distributions p(x|w,) are
replaced by better estimates from iteration to itera-
tion,

g, Brandt ef al., Phys, Lett. 12, 57 (1964).

’H. Schiller, Preprint Zeuthen-PHE 72-8, Berlin (1972).

3p, Kostka ef al., Nucl. Phys. B86, 1 (1975).

4M. C. Forster et al., Phys. Rev. D6, 3135 (1972).

SR, G. Glasser et al., Phys. Lett. B53, 387 (1974),

8T, Ludlam and R. Slansky, Phys. Rev. D8, 1408 (1973).

'E. L. Berger et al., Phys, Lett. B43, 132 (1973).

%5. E. Brau et al., Phys. Rev. Lett. 27, 1181 (1971);

A. Ferrando ef al., Preprint CERN/EP/PHYS 77-54 (1977).

9A. Ferrando ef al., Nucl. Phys, B92, 61 (1975).

g xperiments at CERN in 1977, CERN Scientific Information
Service (1977).

115, K. Wroblewski, Rapporteur’s talk at the Fifteenth Intern.
Conf. on High Energy Physics, Kiev (1970); D. R. O.
Morrison, CERN/EP/PHYS 76-45; Invited talk at a theoreti-
cal session at the Seventh Intern. Colloquium on Multiparticle
Reactions, Tutzing (1976); K. J. Biebl et al., Nucl. Phys.
B102, 120 (1976).

12y, Kittel, Summary talk at the Intern. Symposium on Anti-
nucleon-Nucleon Interactions, Prague-Liblice (1974).

131,. Van Hove, Phys. Lett. B28, 429 (1969); Nucl. Phys. B9,
331 (1969).

45 Bbtcher, Preprint Zeuthen-PHE 74-2; in: Proc. of the
Fifth Intern. Symposium on Many Particle Hadrodynamics,
Eisenach-Leipzig (1974).

1501, Deutschmann ef al., Nucl. Phys, B50, 61, 80 (1972),

8. E. Roloff, Math. Nat. Diss. A (1976).

U"g, L. Berger, Phys. Lett. B43, 132 (1973).

18, T, Dao et al., Phys. Lett. B45, 73 (1973).

197 Ludlam and R. Slansky, Phys. Rev. D8, 1408 (1973).

203, Haulon et al., Phys. Lett. B46, 415 (1973).

U7 Tudlam ef al., Phys. Lett. B48, 449 (1974).

22\, R. Anderberg, Cluster Analysis for Applications, New
York (1973); B. Schorr, Preprint CERN/DD Int/76-3.

23G, T, Zahn, IEEE Trans. Comput. C-20 20, 68 (1971).

2. J. Schotanus, in: Proc. of the Topical Meeting on Multi-
dimensional Data Analysis, CERN (1976).

%W, Kittel, Invited paper at the Fourth Intern. Winter Meeting
on Fundamental Physics, Salardi, Spain (1976).

2, Ludlam and R, Slansky, Phys. Rev. D16, 100 (1977).

g, S, Gelsema, Preprint CERN/DD/74-16 (1974).

28\, Baubillier ef ql., “Multidimensional analysis of the reac-
tion mn— rr-r*n at 9 GeV/c,” Submitted to the Intern. Conf.
on High Energy Physics, Budapest (1977).

2001, Baybillier ef al,, “A multidimensional analysis of the

H. Schiller 89



coherent reaction md— rr-n"d at 9 GeV/c,” Submitted to the
Intern. Conf. on High Energy Physics, Budapest (1977).

30ch, De la Vaissierz, in: Proc. of the Topical Meeting on
Multidimensional Data Analysis, CERN (1976).

ip, Lornet, in: Proec. of the Topical Meeting on Multidimen-
gional Data Analysis, CERN (1976).

32N, Manton, in: Proec. of the Topical Meeting on Multidimen-
sional Data Analysis, CERN (1976).

W, L. Koontz and K. Fukunaga, IEEE Trans. Comput, C2,
967 (1972).

3w, Jahn and H, Vahle, Die Faktorenanalyse und ihre
Anwendung, Berlin (1970).

%Y. Bottcher ef al., Nucl. Phys. B81, 365 (1974).

%M. Aderholz et al., Nucl. Phys. B8, 45 (1968).

33, Beaupré ef al., Nucl. Phys. B46, 1 (1972).

3%H, Bottcher ef al., Preprint Zeuthen-PHE 76-7, Berlin
(1976).

3y, Grissler ef al., Nucl. Phys. B121, 189 (1977).

4w, D. Nowak and H. Schiller, Preprint Zeuthen-PHE 75-12,
Berlin. (1975).

4R . Honecker ef al., Preprint CERN/EP/PHYS 77-51 (1977).

20, N. Yang, Private communication,

43M, Korkea-aho, Preprint 75/88, Helsinki University (1975).

4p, Nyborg, Textbook in Elementary Particle Physics,
Vollebekk (1972). '

45R. Honecker et al., Nucl. Phys. B50, 157 (1972),

4y, Grissler et al., Nucl., Phys, B113, 365 (1976).

90 Sov. J. Part. Nucl. 11(1), Jan.-Feb. 1980

47M. Deutschmann ef al., Nucl. Phys. B99, 397 (1975).

4G, Otter et al., Nucl. Phys. B80, 1 (1974).

49% . Homecker ef al., Nucl. Phys. B106, 365 (1976).

504, Egkreys, in: Proc. of the Sixth Intern. Colloquium on
Multiparticle Reactions, RL 75-143 (1975), p. 241.

'R, Harris, Preprint VTL-PUB-22, Washington University
(1975).

52y, Chaloupka ef al., Phys. Lett, B50, 1 (1974),

537h, Naumann and H. Schiller, in: Proe. of the Third Topical
Meeting on Multidimensional Analysis, Nijmegen (1978), p.
54,

Sp, M. Dauber et al., Phys. Rev. 153, 1403 (1967).

5, Colton et al., Nucl. Phys. B17, 117 (1970).

% A msterdam-CERN-Nijmegen Collaboration, in: Proc. of the
Fifth Intern. Symposium on Many Particle Hadrodynamics,
Leipzig (1974).

5"M. Deutschmann et al., Nucl. Phys. B36, 373 (1972).

S8W. Lohmann and H, J. Schreiber, Private communication.

59N, Schmitz, in: Proc. of the 1965 Easter School for
Physicists, CERN (1965). : 1

80M. Aguilar-Benitez ef al., Phys. Rev. D6, 29 (1972).

81, Michael, Daresbury Lectures, 14, DL/R36 (1975).

627,, Becker and H. Schiller, Preprint Zeuthen-PHE 76-23,

83g, Byckling and K, Kajantie, Particle Kinematics, New York
(1973), p. 202.

Translated by Julian B, Barbour

H. Schiller 20



