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INTRODUCTION

In recent years, significant progress has been
achieved in the investigation of exact solutions to the
classical equations of gauge theories. This applies
to general treatments and existence theorems, as well
as the explicit construction of special solutions in the
framework of particular assumptions. These solu-
tions are of great interest in connection with the fre-
quently expressed hope that they could provide the
basis for the construction of a realistic quantum the-
ory; they also represent an independent important
mathematical problem, especially for nonlinear equa-
tions, in view of the absence of regular methods of
integration of such equations. Exact solutions (es-
pecially for completely integrable equations) also
undoubtedly retain their importance even if some of
the physical ideas underlying a particular theory are
shown to be incorrect. Currently, the most topical
field of application of this many-sided problem is in
the theory of Yang-Mills gauge fields. Although the
connections are not always immediately obvious, there
are here interwoven many problems and aspects of
physics and mathematics (group theory and group
representations, algebraic and differential geometry,
topology, the inverse scattering problem, Bécklund
transformations, etc.; field theory, statistical physics,
solid-state physics, and so forth). Here, the combined
efforts of physicists and mathematicians have yielded
important results such as the description of general
self-dual solutions to the classical Yang-Mills equa-
tions' on a four-dimensional sphere for compact clas-
sical Lie groups,? a new understanding of the anomalies
of the axial-vector current on the basis of the Atiyah-
Singer index theorem,® and more. There has by now
been published a huge number of papers on individual
aspects of the problem of exact solutions to the clas-
sical equations of gauge theories on the basis of dif-
ferent mathematical methods. Besides the general
description of the solutions to the duality equations,
there have been obtained numerous exact solutions
that use particular restrictions or additional sym-
metries (see, for example, the reviews of Ref. 4).

The most frequently studied are cylindrically sym-
metric configurations, whose physical content relates
to the problem of monopoles,*”® merons,*” and pseudo-
particle systems, which reflect a number of basic
properties of the complete theory (infinite set of
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topologically inequivalent classical vacuums, tunneling
effect, and other characteristic manifestations of
topological charge; see, for example, Refs. 4 and 8).

The present review aims at a compact presentation
of a unified method for constructing exact cylindrically
symmetric solutions to the classical equations of gauge
theories on the basis of the group-theoretical approach
and a gauge-invariant formulation of the basic entities
of the theory. In the framework of this approach one’
can explicitly and completely integrate the system of
duality equations for cylindrically symmetric fields
and describe instanton and monopole configurations for
an arbitrary compact gauge group. It appears to us
expedient to divide the Introduction into two parts.

In the first, we briefly describe the part played by
exact classical solutions in gauge theories, and we

give some of the main results in this field. These equa-
tions have been fairly fully treated in the reviews of
Refs, 9 and 10 in recent years. In the second part of
the Introduction, we dwell in more detail on the basic
definitions and results relating directly to the subject

of the review—exact solutions for cylindrically
symmetric configurations,

On the part played by exact solutions fo the classical
equations of Gauge Theories; some basic resulls in
this field. The importance of exact solutions to the
classical Yang-Mills equations is to a large degree
connected with problems of quantization of gauge
theories. It is currently widely accepted that non-
Abelian gauge theories have a direct relationship to a
correct description of the interactions of elementary
particles. Despite the renormalizability of such
theories with spontaneously broken symmetry, the use
of perturbative methods in the physics of strongly inter-
acting particles seems hardly justified, since one then
assumes analyticity of the matrix elements at zero
value of the coupling constant. There has been put
forward the alternative view (see, for example, Refs.
11 and 12) in the form of the assumption that these
theories have a nonanalytic dependence on the coupling
constant. The realization of this program is based on
the assumption that the basic features of quantum the-
ory can be described reasonably fully by taking into
account quantum fluctuations near definite classical
paths that arise from exact solutions to the noniinear
differential equations for the classical fields. The
need to use exact solutions is usually attributed to the
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fact that the basic physical effects (for example,
tunneling) associated inseparably with the nonlinearity
cannot, as a rule, be reproduced by approximate meth-
ods. The problem of describing monopole configura-
tions, i.e., static solutions with finite energy (see,

for example, Ref. 5), also leads to exact solutions to
the classical equations of gauge theories in the presence
of Higgs fields. At large distances, these solutions
realize a model of a Dirac monopole, whereas at short
distances the solutions are modified in such a way as to
ensure a finite energy. In this connection, we should
also mention multimeron systems (see, for example,
Ref. 7).

We list some of the main achievements and approach-
es used to investigate exact solutions to the classical
Yang-Mills equations. We begin with those that are
not related to simplifications (or restrictions) due to
the presence of an additional invariance under some
subgroup of the symmetry group of the system.

All the currently known nontrivial solutions to the
classical equations of gauge theories in the Euclidean
space R, corresponding to finite action are self-dual
(or anti-self-dual) and are called instantons (anti-
instantons) in accordance with the adopted terminology.
These solutions ensure a minimum of the Euclidean
action of the Yang-Mills field for fixed value of the
topological charge. (More exact definitions of these
quantities will be given subsequently.) The first and
simplest example of a single-instanton solution for the
group SU(2) was obtained in Ref. 13. There were then
constructed self-dual solutions with arbitrary integral
value (k) of the topological charge described by 5k +4
independent parameters in the framework of the
gradient ansatz'4!3 for SU(2) gauge fields.'®''” Note
that this ansatz reduces the classical Yang-Mills equa-
tions to the equation for the scalar ¢* theory'™'® (up to
a set of singular points of the field ¢) and for the dual
subclass to the Laplace equation, Various formula-
tions have been used to study such solutions, including
the spinor formulation, a five-dimensional formalism,
and others (see, for example, Ref. 19).

On the basis of the index theorem and in the frame-
work of the method of infinitesimal deformations,??
it has been shown that the most general self-dual so-
lution for the group SU(2) in R, is characterized by
8% — 3 independent parameters (or degrees of freedom).
This result has been generalized for an arbitrary com-
pact single group in Ref. 22.

The following investigations were directed toward
the search for an ansatz describing the general
(8k = 3)-parameter self-dual solutions in R, on the
basis of the approaches of Yang, Wu and Yang,
Atiyah and Ward, Belavin and Zakharov, and others
(Refs. 23-27), various mathematical schemes being
employed. In particular, this problem was reduced
in Ref. 25 by the methods of algebraic geometry to a
hierarchy of A;,1=1,2,... ansatzes, each of these
being associated with the components of massless
self-dual linear fields of spin I -1, while in Ref. 26 the
duality equations were regarded as the consistency con-
ditions for two linear equations in the framework of
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the inverse scattering problem. The definitive math-
ematical solution to the problem of deseribing all
instantons for an arbitrary compact classical Lie
group was obtained in the papers of Atiyah, Hitchin,
Drinfeld, and Manin® (see also the subsequent Refs.
28-30). Their construction consists of reducing the
nonlinear partial differential equations of duality to a
nonlinear equation for a finite-dimensional matrix and
leads to an elegant compact ansatz for all instantons.

It should, however, be noted that for many concrete
applications in the physics of instantons it would be
desirable to have the corresponding solutions in a form
that admits a perspicuous physical interpretation of the
parameters as the degrees of freedom of a system of
pseudoparticles. So far, solutions in such a form for
the complete number of parameters are known only

for the group SU(2) for 2<3.

The question of whether instantons exhaust the
complete set of finite-action solutions (without the
duality restriction) to the Yang-Mills equations in R,
remains open. In this connection, we mention Ref.
31, which gives a new formulation (in twistor space)
of field equations in Minkowski space and R, on the
basis of the results of Ref. 26.

The results of Ref. 2 were used to obtain compact
expressions for the propagator of a spinless field
belonging to the fundamental vector representation
of the gauge group and solutions of the massless Dirac
equation.’ The tensor product of instantons and their
Green’s functions have been calculated in the frame-
work of the matrix formalism® and on the basis of a
description of instantons as fields over a single-
point superspace.®*

The investigation of the Yang-Mills equations without
the duality restriction is of considerable interest even
if one does not consider the part played by infinite-
action solutions (merons and other irregular solutions)
in the quantum theory of gauge fields, including the
problem of quark confinement (see, for example,

Ref. 35), and one makes the assumption that there are
no solutions other than the self-dual ones which are
regular everywhere in R,. Study of the group struc-
ture of these equations in R, has elucidated the sym-
metry basis of the self-dual solutions and the nature
of the duality condition. The point is that this reveals
a jump in the symmetry at the “point” of duality (see
Sec. 2), and one can attempt to formulate the duality
condition as the critical “point” of such a jump in the
symmetry of the solutions.

Cylindrically symmetric configurations of gauge
fields. We begin by introducing the basic definitions
and notation from the theory of gauge fields needed
for what follows.

A Yang-Mills field over the Euclidean space R*
with a compact simple gauge Lie group G of rank
v is defined by potentials A, (x), 1 <pu <4, which
take values in the algebra § of the group
GA.(x)=eX,AL(x)7% 7 € ¢ ] and are differentiable
functions of x € R,; e is the coupling constant. The
field A4 (x) is said to be gauge equivalent to the field
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A, (x) if there exists a differentiable function g(x) with
values in G such that A} =g"*(8,+A,)g. The field
tensor F,,(= e}, Fi,7°) is defined by the formula
Fuv=A, ,=A, v +[Au, A A, L= 8A,/0x,. The re-
quirement of stationarity of the Euclidean action

¥ ==1/2¢ f d*SpF,,* F,, yields the equations of
motion F,, , +[A,, F,,]=0. Using the Bianchi identity,
it is easy to show that these equations are satisfied

if the field is self-dual or anti-self-dual, i.e.,
£F,,=*F,(=(3)Tuver For). Here, £,,,r is the completely
antisymmetric (with respect to all indices) tensor,
E1254=1. A self-dual field A, (x) which is regular at
all points x € R, (including infinity) is an instanton
field. It corresponds to finite values of the action .%#,
which is proportional in this case to a topological
characteristic, the charge @ =1/167? f d*xSp*F,,+ F,,,
which takes integral values. (A detailed discussion of
the integral nature of the characteristie is given in the
reviews of Ref. 8.) Anti-instantons are obtained from
instantons by changing the orientation of space.

Yang-Mills theory has the important property of in-
variance under the conformal group of coordinate
transformations; these include not only translations
%77 %, +a, and four-dimensional rotations xz5 0}, ° %,,
but also the scale transformations xu—,,“)@ %, and the
special conformal transformations

" X, +c,x?
®E 193 (cx)rc2x2”

The 15 generators {P,, M,,, D, K,} form the algebra
of the conformal group, which is isomorphic to 0(5,1)
in R,. Under infinitesimal transformations 6x,
=Xulx) (=a, +Wlx, +ex, — ¢, 4%, W’ =-w"") the

gauge field transforms in accordance with 64,
=X"A, , +(X"A,,),“. The complete symmetry group

of the theory is the direct product of the conformal
group and the gauge group. However, the Lorentz
group [or O(4) in R,] may be contained in several, in
general, nonisomorphic ways in the direct product.
From the point of view of physics, this last circum-~
stance means that the transformation properties of the
entities occurring in the theory are not uniquely de-
termined with respect to transformations in the Lo~
rentz group; in particular, this leads to the possible
existence of different types of solutions that are com-
pletely symmetric with respect to this group.

The existence of a symmetry group of the classical
Yang-Mills equations makes it possible to classify their
solutions in accordance with the irreducible represen-
tations of the corresponding group. Naturally, solu-
tions which are symmetric with respect to transforma-
tions in some subgroup have the simplest properties.
As we have already noted, numerous investigations
associated with analysis of the quantum theory of gauge
fields have been based on a reduction of the total num=-
ber of degrees of freedom of a physical system to ones
invariant under a subgroup of the conformal group. One
then obtains quantum systems that are significantly
simpler than the complete Yang-Mills theory but still
preserve a number of its essential properties. Even a
very simplified scheme containing only O(4)-invariant
degrees of freedom leads to a quantum model containing
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features of the complete theory such as classical de-
generacy, vacuum ftunneling, and the bound-state spec-
trum of an anharmonic oscillator.? Much richer in their
physical content are the approaches based on cylin-
drical symmetry in R, and spherical symmetry in
Minkowski space. However, before we turn to their
description, we introduce definitions, needed in what
follows, of the diagonal group -Zand the group of

gauge transformations of two-dimensional space S (or
the invariance subgroup).

In the algebra g of the gauge group G we separate
the operators T; that satisfy the commutation rela-
tions of the algebra su#(2) and construct the operators
L;=T; +M;, where M; are the generators of spatial
rotations (including spin, if necessary); M;
=—i&;;, %,0/0x, +(spin part); V=08/8x=(x/r)d/or
+(1/r®)x xx %XV, The operators M; form the algebra
su(2) and commute with 7;. Then the operators L;
interchange internal and spatial indices and are the
generators of the so-called diagonal (.#) group algebra
su(2). We shall say that solutions to the equations are
eylindrically symmetric if they are annihilated by the
operators L;, i.e., they are singlets under the group
% (i.e., the corresponding gauge fields transform as
scalars A, or vectors A under transformations in .%,
and the structure functions parametrizing the fields
A, depend only on » = VX% and £). The spherically
symmetric solutions do not depend on the time. (For
more general definitions of such systems, see, for
example, Refs. 36 and 37.) We now consider the vector
space of the algebra g spanned by the .#-invariant
elements (i.e., they commute with L;) which depend
on the point x of a three-dimensional subspace of R,
and transform cylindrically symmetric configurations
into other cylindrically symmetric configurations.
These elements form a subalgebra of the algebra of the
gauge group G which generates the group S of gauge trans-
formations of the two-dimensional space (r, t) in the cylin-
drically symmetric case. The main simplification
that arises in the study of cylindrically symmetric
systems is that the structure of the gauge group of the
two-dimensional space is much simpler than that of
the original group G. In addition, in the two-dimen-
sional space only one tensor component of the field
corresponds to each index of the gauge group.

Naturally, in the cases when the transformation
properties of the system are rigidly fixed with re-
spect to the transformations M; of the three-dimen-
sional rotation group, the cylindrically symmetric
solutions are unique. In gauge theories, because of
the presence of transformations in G additional to
SU(2), the transformation properties with respect to
spatial rotations can be specified in different ways.
The number of different possibilities is exactly equal
to the number of inequivalent embeddings of the sub-
group SU(2) generated by the operators T; in the gauge
group G, and to each such embedding there corre-
sponds an invariance subgroup S. The simplest case is
when S decomposes into the direct product of U(1) sub-
groups whose number is exactly equal to the rank of
the original gauge group G. We shall investigate this
case in detail.
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It should be mentioned that the problem of de-
composing the algebras g of simple Lie groups G
with respect to the irreducible representations of a
subalgebra g , % 8 is frequently encountered in phys-
ical applications. In particular, in nuclear physics,
elementary-particle physics, gauge field theories,
etc., such a subalgebra g , is represented by su(2)
(angular momentum, isotopic spin, ete.), and the
need arises to classify the generators of g with respect
to irreducible representations of su(2). At the math-
ematical level, the problem of embedding a semisimple
subalgebra g , in a simple algebra g was solved in
Ref. 38 (see also Ref. 39). We shall return to this
question in more detail in Sec. 1.

After it had been established that nonsingular mag-
netic monopoles exist in the SO(3) gauge theory,** %
numerous investigations were made into the possibility
of generalizing this result to larger gauge groups and
the finding of special solutions describing spherically
symmetric monopole configurations for various uni-
tary groups. An exposition of the main results in this
field up to the end of 1977 is given in the reviews of
Refs. 5 and 6.

General questions of the description of spherically
symmetric configurations and the establishment of
conditions for the existence of extremals correspond-
ing to finite-energy solutions for arbitrary types of
embedding of SU(2) in G were considered in detail
in Refs. 42 and 43. Because the subject of the present
review is the constructive part of this problem, we
shall not dwell on this question, and we list briefly
the main results relating to explicit solutions for
cylindrically (spherically) symmetric configurations.

In the case of the group SU(2) and in the framework
of the cylindrically symmetric ansatz for the Yang-
Mills fields in R,, which reduces the system of self-
duality equations to the Liouville equation for a func-
tion that is gauge invariant under S = U(1), general
solutions have been obtained for an arbitrary number
(%) of instantons described by 2k parameters* (see
also Ref. 45). In Ref. 46, on the basis of the same
ansatz, the system of classical Yang-Mills equations
was explicitly constructed and its symmetry proper-
ties investigated, this resulting in a significant simpli-
fication of these equations (and of the expressions for
the densities of the topological charge and the action),
which are formulated in terms of two gauge-invariant
quantities. The resulting equations contain as special
cases the self-dual** and meron? subclasses, It was

also shown that in the presence of additional O(2)
symmetry Witten’s solutions are the matrix elements
t“'"|m of a representation of class 1 of the Lorentz
group, and operators which raise and lower the top-
ological charge were constructed explicitly.*®

Further investigations of constructive nature in this
direction are associated with the construction of exact
cylindrically (spherically) symmetric solutions to the
classical equations for compact gauge groups. In
Ref. 48, equations are explicitly constructed that de-
scribe cylindrically symmetric configurations of
Yang-Mills gauge fields for the embedding of SU(2)
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in an arbitrary compact semisimple group G of rank
r, the invariance subgroup being S =II{®U(1). The
final equations and expressions for the densities of
the action and the topological charge can be expressed
solely in terms of 27 entities that are gauge invariant
under S, the entire dependence of the equations on the
group structure being completely concentrated in the
Cartan matrix of the corresponding algebra. For the
subclass of self-dual fields there arises a system of

7 equations that generalizes in a natural manner to an
arbitrary compact gauge group Liouville equation,
which describes in the special case of the group SU(2)
self-dual configurations. The scheme admits inclusion
of a Higgs field that transforms in accordance with the
adjoint representation of G. Further, after very
special but subsequently very helpful and instructive
theoretical experiments with the groups SU(3) and
0(5) (Ref. 49), it proved possible to find explicitly
general solutions to the duality equations for groups
of second rank (SU(3), Sp(4)=0(5), and G,) (Ref. 50),
these depending on the single variable z +Z (or 2%),
where 2z = v +il, to separate instanton configurations
corresponding to finite values of the action and to
calculate the topological charges for these groups.
This served as the basis for a generalization of the
listed results to the case of arbitrary compact simple
Lie groups, for which, in the framework of the root
technique, general 2r-parameter solutions were con-
structed® for the system of self-duality equations of
Liouville type, the solutions depending on a single
variable. Realization of the boundary conditions at
infinity and at short distances ensuring finite action

of the Yang-Mills fields made is possible to describe
instanton configurations and calculate the topological
charge, which depends on 7 additional “quantum”
numbers, with respect to which its values are de-
generate. This leads to the existence of a discrete
series of solutions with a fixed value of the charge.
Similar treatments have been given for monopole
spherically symmetric systems,® for which one can
also separate a subclass of finite-energy solutions
parametrized by » quantum numbers and find ex-
plicitly the matrices of the magnetic charge and masses
of the monopoles. Essential use is made of a sym-
metry of a certain kind between the cylindrically sym-
metric self-dual static configurations of Yang-Mills
fields in R, and spherically symmetric monopoles in
Minkowski space (with a Higgs field in the adjoint
representation of the corresponding gauge group) in the
Bogomol’nyi-Prasad-Sommerfield limit, %5

Similar investigations were made in the series of
papers by Bais, Weldon, and Wilkinson.*®**® In them,
on the basis of purely computational methods that do
not employ the root technique, special eylindrically
symmetric instanton solutions were obtained®® for the
unitary group SU(n +1), these corresponding to the
choice m, =2, m, =1,2< @<n, in the general solutions
(see Sec. 4), and general r-parameter spherically
symmetric monopole solutions,’® which are identical
with (68) (see Sec. 3) for a unitary group.

All the previously obtained exact solutions for
cylindrically symmetric instantons and spherically
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symmetric monopoles arise naturally as special cases
of our general scheme. The only exceptions are some
pointlike solutions for unitary groups corresponding to
other types of embedding of SU(2) in G (see, for
example, Ref. 57). The problem of constructing the
explicit form of the general solutions for all types

of embeddings of this part of the review is not
considered.

Finally, in Ref. 58 there are constructed general
solutions to the system of » second-order partial
differential equations for cylindrically symmetric
self-dual systems, the solutions depending on 27
arbitrary functions. This shows that the system of
self-duality equations of Liouville type is completely
integrable for an arbitrary compact gauge group G
of rank 7.

We now outline the plan of the present review,
which gives an exposition of the main results of Refs.
48, 50-52, 58, and 59.

In Sec. 1, we construct a mathematical basis for
parametrizing cylindrically symmetric gauge fields
on the basis of an explicit realization of the algebra
g of the gauge group G. The operators Fls of the
algebra g are classified in accordance with the
irreducible representations of its su(2) subalgebra
and are labeled by the indices of the angular mo-
mentum /, its projection m, and the multiplicity s of
the embedding. We consider in detail an embedding,
called the minimal embedding, that is universal for
all simple Lie algebras and in which the number of
su(2) multiplets F, is equal to the rank of g . Itis on
this embedding, which corresponds to the Abelian in-
variance subgroup S =I1]®U(1), that all our subsequent
constructions are based. 'The main characteristics
of the minimal embedding are given in Table II.

Section 2 is devoted to the explicit construction of
classical equations for eylindrically symmetric con-
figurations of gauge fields in Euclidean space in the
framework of the minimal embedding of SU(2) in an
arbitrary compact group G. We give a general pa-
rametrization of Yang-Mills fields by means of the
generators of the gauge group S of two-dimensional
space, and we investigate the transformation proper-
ties of the structure functions under transformations
in its symmetry group, which is isomorphic to the
direct product of the group S and the subgroup O(1, 2)
of the conformal group. To separate unmixed combina-
tions of contributions of different ! multiplets to the
parametrization of the gauge field, a transition is
made to a diagonal representation of the generators of
S. On the basis of the properties of the structure
functions that parametrize fields in the diagonal rep-
resentation with respect to the action of the generators
of the group S, we construct 27 gauge-invariant (with
respect to S) quantities.

In explicit form, we obtain general equations of mo-
tion and expressions for the action of gauge fields and
the topological charge. These fundamental entities of
the theory are formulated in noninvariant form in
terms of 4r structure functions, and also in terms of
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2r gauge-invariant entities using the equations of
motion. The entire information concerning the proper-
ties of the gauge group G is completely concentrated

in the corresponding Cartan matrix. The field equations
admit an obvious transition to hyperbolic type by re-
placement of the real (in the case of R,) time compo-
nents by imaginary components. The spectrum of
pointlike solutions is caleulated on the basis of the
obtained equations. We identify the self-dual (anti-
self-dual) subclass of the general equations, this
consisting of the Cauchy-Riemann analyticity condi-
tions for » complex scalar fields /, and r algebraic
equations connecting 2» gauge-invariant (with respect
to S) quantities. The latter equations reduce to a sys-
tem of 7 coupled equations of Liouville type,

"
2,020z = ) B -kgpexppa, Ou=2 Nk},
A=t =

where & is the Cartan matrix of the group G and

2z =y +it; this generalizes naturally Witten’s well-
known result® for the group SU(2). For actual cal-
culations, a convenient expression is obtained for the
topological charge of the instanton configurations in

the form of the sum of the contributions of the topo-
logical charges of » two-dimensional Abelian gauge
fields. The subclass of general equations describing
multimeron system is given. We show how a Higgs
field that transforms in accordance with the adjoint
representation of the gauge group can be included in the
scheme, and we describe spherically symmetric mon-
opole configurations in Minkowski space. We construct
the energy functional and the equations of motion in
generally adopted notation for the 27 structure functions
that parametrize the vector part of the potential of the
Yang-Mills field W(W,=0) and the Higgs field ¢. We
also discuss the connection between the duality con-
ditions in R, and the Bogomol’nyi-Prasad-Sommer-
field limit***%* in Minkowski space.

In Sec. 3, we construct general solutions to the sys-
tem of equations

0%p/02 02 = Eﬁ 83+ kgpexp pp-

We investigate the symmetry properties of this system
and propose a reduction scheme that makes it possible
to reduce the problem of constructing solutions to a
partial differential equation of order 27 for a single
unknown function. On the basis of the invariant root
technique, we construct general solutions to this sys-
tem that depend on 2y arbitrary functions. We give the
2r-parameter subclass of general solutions to the
system that depend on a single variable 2Z (or z +2)
and are used in what follows to describe instanton and
monopole configurations.

Section 4 contains a classification of the instanton and
monopole solutions and a calculation of the corre-
sponding values of the topological charge of the instan-
tons and the matrices of the magnetic charge and
masses of the monopoles.
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A. A. Kirillov, R. Crewther, Yu. I. Manin, V. L
Man’ko, M. A. Mestvirishvili, S. P, Novikov, D. I.
Olive, I. A. Fedoseev, A. T. Filippov, and O. A.
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Khrustalev for helpful discussions of the mathematical
and physical questions discussed in the review.

1. EMBEDDINGS OF THREE-ELEMENT SUBALGEBRA
IN AN ARBITRARY SIMPLE LIE ALGEBRA; THE
MINIMAL EMBEDDING

In the case of cylindrical symmetry, the problem of
complete classification of the generators of the algebra
of a simple Lie group G with respect to irreducible
representations of SU(2) can be solved on the basis of
a description of all inequivalent embeddings of SU(2)
in G. Each embedding is, in its turn, determined by
specifying an embedding vector whose components can
be expressed in an cbvious manner in terms of the ex-
pansion coefficients of the Cartan element of the cor-
responding su(2) subalgebra (of the diagonal group)
with respect to the generators of the Cartan subalgebra
of the group G (Refs. 38 and 60). Among all possible
embeddings of SU(2) in G there exists an embedding that
is universal for all simple groups; in it, the number
of resulting SU(2) multiplets is exactly equal to the rank
of G, which automatically leads to the

S=€(1)®U(1)®---®U(1}

~—

r

gauge group of two-dimensional space. This embedding
was first described in Ref. 38 (see also Ref. 39) and was
realized in explicit form in Ref, 59. We shall call it
the minimal embedding, bearing in mind that the num-
ber of multiplets when SU(2) is embedded in G in other
ways is always greater than the rank of G. (This em-
bedding is known by other names such as the maximal
or principal one, etc., depending on the characteristics
of it that are taken as basic. The expression “min-
imal” appears preferable to us.) In addition, this
embedding is distinguished by the fact that it is closest
to the SU(2) case. The Liouville equation, which real-
izes the duality condition for the group SU(2) (Ref. 44),
is then generalized for an arbitrary compact group G
to a system of Liouville-type equations that is com-
pletely integrable (see Sec. 3). In the framework of the
minimal embedding, the generators F, of the algebra

¢ are labeled by the pair of indices I and m of the
angular momentum, where [ are the values of the
angular momentum [the index of the irreducible rep-
resentation of SU(2)], whose spectrum is fixed for
every simple Lie algebra, and m& [~1, I] is the pro-
jection of the angular momentum (the index of the basis
vector) within each multiplet. Thus, the total number
of generators of g is )., ca(2l, +1), where c, is the
multiplicity of the multiplet Z, in ¢ , and c,>1(=2) only
for the algebras D, for even #.

We illustrate what we have said above by the example
of the groups of second rank SU(3), O(5)=Sp(4), and
G, in the form of Table I. A

To parametrize the generators of g , one usually
employs either the root technique, which applies for
all simple Lie algebras but is rather cumbersome in
actual calculations and inadequately known in the
physics literature, or tensor notation, whose use is
restricted to the classical algebras. Our classifica-
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TABLE I.

G sUM |0 =8p(s)| Gy

Dimension |8=3+5

mensi 10=3+7
z:_ra-_— 1)

I, b 1,

ra
[}
e

tion of the generators of a simple algebra ¢ occupies
in a certain sense an intermediate position, since in
its framework the generality of the methods of the
root technique is augmented by the perspicuity of the
multiplet structure, which is familiar and convenient
for physicists.

Before we turn to the explicit realization of the
algebras for the minimal embedding, we give some
notation and definitions needed for what follows (all
additional results from the theory of simple algebras
and Lie groups can be found, for example, in the
monographs of Ref. 61; we follow the notation adopted
by Bourbaki): G is an arbitrary simple Lie group of
rank » and dimension &; g is the Lie algebra of G;

8 is the Cartan subalgebra of § ; R is the root system
of g with respect to q, the number of roots being
equal to £ —7; X,; are the elements of the root space
of root i, i € R; h, are the generators of 4 corre-
sponding to simple roots #,, 1< a<y; k is the Cartan
matrix of § with elements k,;, which realizes a
complete identification of § (up to isomorphism); w,
are the fundamental weights of ¢ , w,= ("'7),.

We give the explicit form of the Cartan matrices for
the groups of second rank:

_1-
al’

2 —1
kf‘u(’d:t_q 2

2 =2
—1 2
2 —1
;e 3 2]

&

]

2
ksya = | 1y ko) = |

In the Cartan-Weyl basis, the elements X,; and A,
satisfy the relations

{ NyXuy i+JER, |ha, hpl-=0;

(X, X;1-.=4 0, i+j==0, i+jEAR, 1o i () Koas
ki, 14-7==0, } gy Xajlo= 2 j(ha) Xs)s
and for compact roots X*i =X_i, hI =hy, where 4+ and

* are, respectively, the symbols of Hermitian and
complex conjugation (7' denotes the transpose). The
elements X,; and &,, which form a complete set, can
be normalized by the relations SpX; X; =6;,; ,, Sphahis
=048, SpX;h,=0.

We represent each positive (or negative) root o; as
a linear combination of simple roots: a;=},7. tim,
with integral coefficients £;. The quantity },¢; is
called the height of root a;; each simple root 7, is
encountered 2,745 times in the system R, of positive
roots. The height of the fundamental weight w, is
3 kol =(5)8,. With each simple root 7, (or fundamental
weight w,) of ¢ one can associate the variable y, and
define o;(y) by the expression a;(y) =2t} y,, where the
set t{ corresponds to the decomposition of the root
;.

We now turn to the explicit realization of the algebra
g for the minimal embedding defined above. For this,
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we consider the element H (* =Y o Hshy in q (the sig-
nificance of the superseript will become clear in what
follows), which takes unit value on all simple roots
of g, i.e.,

HY, Xsalo= = Xua, 2; kapllf =1V1-La<r, (1)

from which, since the Cartan matrix is nondegenerate,
we obtain H}, = ,kz.. For all simple algebras

HL >0, which makes it possible to introduce the ele-
ments Z, =2,(H},)1’2X,¢ of the three-element algebra
su(2), in which H‘? plays the part of a Cartan gene-
rator. (In what follows, the operators Z, and H (!

will be used as the generators T'; in the diagonal group
defined in the Introduction.) Hence, using the re-
lation [X,X.g |- =204sk,, We obtain [HV, Z,].
=+Z,,[2,,Z.]. =20V, With respect to the algebra
su(2), {z,,H (1)}, the generators of § are decomposed

into a system of multiplets, whose structure can be
studied by means of the following relation, which is
obvious by virtue of (1):

(Y, X )= % m (i) X i, 2)

where m(i) is the order of root ¢, i.e., the number of
simple roots (with allowance for multiplicity) from
which the given root is composed. Thus, to all the
roots of g of a given order there corresponds the
same quantum number m (basis index), and definite
linear combinations of them belong to different mul-
tiplets. The index of the maximal multiplet is equal
to the order of the maximal root of the algebra.

For complete recovery of the multiplet, it is suf-
ficient to know just one member of it, since all the
others can be found by means of the raising and lower-
ing operators Z.. We denote the element of the [-th

TABLE II.
8 I spectrum by %, HY HL, v
A & : a—1 i
hu(n—rf-l)] 1<m<n g—a(n—a+t1) 1 He=8g-4/ UBB- 2<en; Hy=1
Cn In—ly bp=a(2 1t 2 | L =Bead T
[Sp (2n)] 1<m<n o = n—a) i P B8 ¥ o= Ba-1 ) B
; a—1
HL=Ag. &g, 1< Ln—1
Br 2m—1, 8o =0 (2n —a-f-1), el U B b
ety | 1<ma ot i M e a2 -t
. HY=(1/2) Apeyf [!] 85
lon—1 (22— (1+1) =n (n—1)—L (I41) £0)
a—1
H;EAI!“[-" llI b I<a<n—2
i n—3
H. = Ap_3/126n +u] 84, a=n—1, n
B 2m—1, 8o = (2n—oa—1), Sl U #
[0(3,,” 1<mgn—1; 1<an—2; 1
o n—1 Opy=08p=n(n—1)/2 l=n—1, n—odd

=0, 1<a<n—2 B = —H "} =1

I=n-1,neven. The moment (n - 1) is doubly de-
generate and the slecond vector with/=n-1is
@

Hy '=tgal [| 8 1< <=2
1

n—=4
A = —Any [1] &g HT1=0

8, ﬁ+2(6|+6a) i +35153_

H =1, H5=

26+t G0y
Eq 1,4,5,7,8, 11 16, 22, 30, 42, 30, 16 1 U 2t u gt y3+2(8;+ 85) yu -+ 36,85
H = , Y= ;
3 8, 8,8,
HY == 7y /85 HYy =104/,
are determined by
' i 1; ]
E. 1,5,7,49, 11, 34, 49, (6, 96, 75, 52, 27 | the corresponding formulas for £
13, 17 H ut .ﬂ‘ - Ag H =...,.A....§_
% 5(' 8 '54‘5.5' v 6;6555
are determined by the
corresponding formulas for Eﬂ:
- 1,7, 14, 13, 2.(46, 68, 1, 135, 110, 1 Ba. T S
Es 17, 19, 23, 39 84, 57, 20) A =g Hy=—53— B1= 55,57
P A,
Ao 840500,
a—1
Fa 1,57 U 2.(14, 21, 15, 8) 12, 12, 4, 1 | Hh =gyl []
1
¢ 1,5 2.(3,5 31 1y gt 2t
2 9 (3:9) Hy=1; Hy="g-

Note, A, are the principal minors of order o of the matrix B =P+ y [, where y;= =10+1), (Dap=54p.
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multiplet with zero basis index by H" =3}, H "4,
The Casimir operator of su(2) must take on this ele-
ment the value I(I+1), i.e.,

1Zo 12, HO ) =10 +1) HY or 2 X ke HiHL=1(1+-1)Hs.  (3)
o

Thus, the multiplet structure of the embedding is
completely determined by the eigenvalues (I +1) of the
matrix P, P,z =0g kag, 0 = 2H%, in Eq. (3), and the
values of ! are equal to the indices of the corresponding
algebra,® In general, the matrix P is nonsymmetric,
and its eigenvectors can be labeled by means of a ma-
trix W such that WP =P"W. For all simple algebras,
the matrix W is diagonal. For algebras g with a sym-
metric Cartan matrix (4,,D,, E; . ), the diagonal ele-
ments n, of the matrix W are equal to ¢d;', where ¢
is an arbitrary constant. Note that among solutions of
the system (3) multiple eigenvalues are encountered
only for even n for the algebras D,. The eigenvectors
H) of the matrix P can be conveniently normalized by
the relation 3} 4Hine HY =[L(1+1)]726;;.. The vectors
of the orthonormal basis are determined by the ex-
pression H. =w12l(l+1)H), the relation kqs
=0 (ma/%g) 12 33, U + 1)AL A} holding. The remaining
generators of the I-th multiplet can be obtained from
a4 by applying the raising and lowering operators:

iy [ C=8NOME 5 et Zy s HPT AT B AR ()

@+mr |

In the basis (4) the commutation relations have the
form

15, Fil=Xa (b b, L)e (ly by i m. n) Frav, (5)
where ¢(l,, I,, L; m,n) are Clebsch-Gordan coefficients
of the group SU(2); a(l,,l,, L) is the set of structure
constants, which do not depend on the indices m of the
basis vectors; the summation in (5) is over the com-
plete multiplet spectrum of g .

To find explicit expressions for a(l,, I,, L), we take
m=1andn=0 in (5):

i

R Z. gy g
LFy, Fy)- Viern £+, | |
] (2., HY)
=§ a(ly b, L) c(ly, b, L; 1, O)]/T_(E__;T)'

whence
VLDl +1) HiH 36,

=2VITHDal b Le, b L 1,0) Hy.

Using the normalization relation for H%, we find

a(ly, I, L)

VIO, D e (U by L3 1, 0) Yoo 85 HiliH . (6)

Thus, formulas (5) with the structure functions (6)
solve the problem of explicit realization of the simple
algebra g in the basis (4). In Table II, we give
H:, 6, n, H, and the spectrum of I values (which are
determined directly by the Cartan matrix of the cor-
responding algebra), which we shall need for actual
calculations in the framework of the minimal embedd-
ing, for all types of simple Lie algebras (4,, B,, C,,
Dy, Eg,q,80 Fa G,).
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2. EQUATIONS FOR CYLINDRICALLY SYMMETRIC
GAUGE FIELDS

Parametrization of Gauge Fields and their symmetry
properties. In accordance with the definition of cylin-
drically symmetric configurations given in the Intro-
duction, the Yang-Mills fields are parametrized in
this case by means of the generators of the group S,
which commute with the elements of the diagonal group
% isomorphic to SU(2), i.e., they are invariant with
respect to the total angular momentum L =T +M of the
system. Here, M are the generators of the three-
dimensional group of spatial rotations, and T are the
generators of SU(2) when this group is embedded in a
definite manner in the gauge group G. [In particular,
for the minimal embedding this SU(2) subgroup is gen-
erated by the operators {Z, , HV} introduced in Sec.
1.] The problem therefore arises of the explicit real-
ization of the group algebra of S. For an arbitrary
method of embedding, the decomposition of the gen-
erators of §¢ with respect to the multiplets F!, of the
irreducible representations of SU(2) is, in general,
such that the multiplicity of the I-th multiplet may be
greater than unity, and the spectrum of I values con-
tains half-integral values. [For example, for the
group SU(4) there are embeddings with the following
spectra of [ values: {1,2,3}, {0,1,1,1,2},
{0,0,0,1,1,1,1}, {0,0,0,0,1/2,1/2,1/2,1/2, 1}, these
corresponding to the following groups S: U(1)®U(1)
®U(1), SUR)RU(1)®U(1), UQ)RSU(2)®SU(2), U(1)
@U(1)®SU(2).] In the framework of our method of
construction, the generators of S are obviously Z-
invariant operators W' =3, FisY(n), where Y, (n)
are spherical functions of the argument n=x/7 (in
what follows, we shall omit the index s, which takes
into account the possibility of the presence of multiple
values of the moment I). Moreover, it is only for the
minimal embedding that the operators W' form an
Abelian group

S(=U(1)®---®U(1))

of rank » of the original gauge group. (In the matrix

basis, this method of constructing the invariant opera-
tors corresponds to combinations of o Fon, F Jninj,
fr” =F‘3£, SpFy;=0,... for 1=0,1,2,..., respectively.)

From the components of each irreducible multiplet
W' and the unit vector n, which transforms in accor-
dance with the vector representation (I=1) of SU(2),
we can in accordance with the rule for adding angular
momenta construct three types of operator vector

* structures, namely W', . ={nW ' ,MW', nxMW'}, these

parametrizing the vector part of the potential, [For
SU(2), the part of Yi(n), W', aW', MW' and n X MW*
is played by n, (n-0), n(n-0), nX 0o and n Xn X0, re-
gpectively, where o are the Pauli matrices.] By
means of the operator structure introduced above,
the components of the scalar and vector parts of the
Yang-Mills potential (or field) can be parametrized
as follows:

K1
‘40:},—1‘“‘3”"* A=2) Y ¢iWi, ¢'=q'(r 1), (7
{1}

0y i1

A. N. Leznov and M. V. Savel’ev 21



where the summation is over the complete spectrum

of eigenvalues of the angular momentum operator for
the corresponding embedding of SU(2) in G. Note that
the expressions (7) are a direct generalization of
Witten’s SU(2) ansatz* to the case of an arbitrary com-
pact gauge group G.

We now turn to the symmetry properties of the ansatz
(7), whose symmetry group is the direct product of
the three-dimensional subgroup 0(2, 1) of the con-
formal group and the subgroup S of the gauge group
with generators W' (Ref. 45). There are also the dis-
crete transformations of space-time reflection (changes
in the orientation of the space R,), which, in particular,
permit the transition from instantons to anti-instantons
for the dual subclass of fields. With respect to trans-
formations in the group O(2, 1), the structures ¢*(r, )
transform as scalar functions. Because the group
S is, in general, a direct product of the subgroups
Sy, S =M%, ®Sy,k <y [one of which, generated by the
operators T;n;, is U(1)], the set of operators W' is
decomposed in accordance with the structure of S into
subsets W, which form the algebras of Sy. The
functions ¢ (M)} and @ (M)] play the part of the poten-
tials of the fields of the gauge group S in two-di-
mensional space [for the subgroup U(1)CS, the cor-
responding structure functions are the electromag-
netic potentials], and ¢} and ¢; transform under the
action of the operators W}, of the algebra s in ac-
cordance with a reducible representation of it.

The treatment that follows will be for the special
case of the minimal embedding, in which the struc-
ture of the gauge group of two-dimensional space is
simplest, S =II]®U(1), which makes it possible to
carry through all the constructions explicitly to the
final expressions for the solutions to the classical
Yang-Mills equations.

Under gauge transformations with the generators W“,
the contributions of the different ! multiplets [with
respect to U(1) C S=II]®U(1)] to the expansions (7)
are, as in the expressions for the field intensities,
mixed up, and to separate “pure” (unmixed) gauge-
invariant combinations we must diagonalize the »
mutually commuting generators WZI. Under a gauge
transformation generated by the operators Wlins,
the vector structures behave as follows:

[WE, MW= —i ;cﬁ.n *MW"; [WE nx MW'Y_
(8)

=iXchMW",
=

Thus, we are faced with diagonalizing a matrix ¢ with
elements c¥;, corresponding to the gauge transforma-
tion with the generators W¥*, Setting n=(0,0,1) in (7)
and (8) and noting that W' =H? for this choice of n,
we obtain from (8)

L ” I L A £
[, (B Y W= £ 3 el (2, HYY)

or
LI+ 1)L (L) HoHE = S0 (1 1) efisBaH . 9)
-

Going over in (9) to the orthonormalized basis # &, we
find
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i
H

cu--=§6;'x; HofleHa; 3 ol A4y = 8ap0p,0 %2 "%, (10)

L LY

from which it follows that the matrix H . diagonalizes
the generators of the gauge transformations. The
diagonalized operators

To=ThaW', Ta=YhaWi,

Rl =AY (8a00)"2, Ve =1%aba

satisfy the commutation relations

[Tas Tal-=0; [Ta, MTg)_= — idapn X MT'g;

[Ta, n X MTp].=i8sMTg; (1 1)
nij [MiTq, M;Tl.=¢ep;; [(n X M); T, (n X M); T'g)-

— ing8usT Buka.

With these op‘gratgrs and the new structure functions
fE=3 ket ht=H" (6,0, ", the expansion (7) can
rewritten in the form

Feae . ,
4=3"Tafs; A=3 3 Tufl. (12)

(The use of 2 and h instead of the orthogonal matrix

i simplifies the final expressions.) Under gauge trans-
formations with the generators T, of the subgroup

U(1) CS and the phases ¢“(r,t), which are arbitrary
functions of # and £, the structure functions f ¢ behave
as follows:

—i8a /8 =8upg%; 18uf}=Bups®s }

; . 13
— iBaf8 = 0upp™fT;  —i8aff = —Bupe” (/5 1Y), (3)

Here, the symbol ¢° denotes the derivative of the
function ¢® with respect to the argument x. It follows
from the relations (13) that the o component of the
field tensor of the two-dimensional space, fy :—fg.r
and the quantities J,=|W,|?, W= (rf5+1) +irfs, arein-
variant under gauge transformationsin S. Itisfor these 25
quantities that one can obtain a system of 27 equations
describing eylindrically symmetric solutions to the
gauge theory in the framework of the minimal em-
bedding of SU(2) in G.

General equations of motion; action and topological
charge (noninvariant and invariant formulations);
Pointlike Solutions. Proceeding from the parametriza-
tion (12) and using the commutation relations (11), we
find expressions for the Yang-Mills field intensities
E;= F;gand B, = (1/2)gy, Fy;:

—E=nT, (f?.l—ﬁ]‘.r)+MTm(f°2‘.¢*f?)f§)

X MTq (f5, e+ r7'f5 + i £2); (14)
B = (1/2r%) n8uksaGals+MT o (3., + 1 ] +77'15 + 1112)

+n X MTo(—f,—r '+, Gu=Jo—1.

To calculate the densities of the Euclidean action and
the topological charge, namely 72 Sp(E? +B?) and

r2SpE *B, we need the traces of the mutual products
of the operators T,, MTy, and n X MT,, whose non-
zero values are given by

SpTo-Tp=Fkpavs Sp(MTq)2=S5p (nx MT'5)?=8evy = Fo. (15)
Using this, we obtain

YNote that the diagonal matrix V with elements v, satisfies the
relation VE=kTV.
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r28p (E2 + B?) = B o {(1/4r2) (SabaksaSp + Gabaksalp)

+ | DYW, |2+ | DWW, |2}, (16)
r2SpE.B=(—1/2) 4 {(1/2r? GobukpeSp
+1 [(DYW o) (DEW o)* — (DFW o)* (DFW o)1), (17)

where S, = 2r2k;285(f2 =5 ,); D§ =9/bt +if 2,
D7 =8 /dr +if | are covariant derivatives in the two-
dimensional space.

The density of the topological charge can be rewritten
in a somewhat different form that is more convenient
for actual calculations by introducing the notation

Vi=Re Wo=rft+1; Vi=Im Wo=rf3; DiVi=V5 .— enfiV;
fﬁvzﬁ.u_f;.\'; ey =(—1)" 84,1, Dp=0/0¢, 0y=20/0r; (18)

the indices u, v, A, 7 take the values 0 and 1. Then

r2SpE.B=(—1/2) Bo (B [eyerVEDIVE — (1/2) enfin}. (19)

Varying the action density (16) with respect to the
structure functions /%, we arrive at the following sys-
tem of 4r equations of motion:

2= —J3' 80+ Wt 2ff =Ja Su,i+1¥arrs (20)

((DP)*+ (D)) Wo=We [(1/2) Spkpkapl s — 11, (21)

where ¥, =1lnW,/W%. This system exactly coincides
with the equations obtained by direct substitution of
(12) in the original Yang-Mills equations F, ,
+[Ay, Fuy]=0 with the traces subsequently taken by
means of formulas (15). Expressing the functions f
in (20) and (21) in terms of the invariants J, and §,,
we obtain the system of 2r equations
1

A= 5 T3 (VS Q) (VS +2r 2 (5 Y Sphapdp—1)
P B

A8, =5 (V) (V84) + r2d o, 3 FoaSs. (22)
where A= 8%/8y2 4+ 82/0t2, V= (d/8¢, 0/07).

Note that, as usual, the transition to Minkowski
space is made by replacing the real (in the case of
R,) time components by imaginary components, i.e.,
t—it, Sy~1S,.

The system (22) can be rewritten in a more sym-
metric form in terms of the invariants R
= (1/2)[63 +(=1)* "13“]’ p=1,2;

ARY = (R + RS 4+ 1) (VRYY)?
+172 ) Spkap RO (RY + RY +1). (23)
[

The expressions for the densities of the action and the
topological charge in terms of the structures R‘a“),
which satisfy the system (23), are

580 FuFuy=3 B[ (RO + B +1)™ (VALY
o, 1

+1r728, 3 kpa RERE" | ; (24)
B

S0 FusFun= 3, Bo(— 1) [ — AR+ 3 kB . (25)
o, B
Equations (23) generalize in a natural manner to an
arbitrary compact gauge group the equations obtained
in Ref. 46 for the case of the group SU(2), and the
Lagrangian (24) generalizes the corresponding expres-
sion of Ref. 44. Equations (22) and (23) cannot be ob-
tained by varying (24).
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We emphasize once more that all the basic entities
of the theory (23)-(25) have been formulated in a
completely gauge-invariant form, and all noninvariant
quantities have been eliminated.

It can be seen from (23)=(25) that the entire informa-
tion about the properties of the gauge group G is con-
centrated in the matrix (1/2)0gkas=kas?;yksy. As an
illustration, we give explicit expressions for the ma-
trices (1/2)3ak,;s in the case of the groups of second
rank:

U@ 0 sp(4) G2
[ | A | N 15 |

On the basis of Egs. (22) [or (23)] we can immediately
draw some general conclusions; in particular, we can
obtain the spectrum of pointlike solutions, which are
described in accordance with (22) by an algebraic sys-
tem of the form J,0, ko Sa=0;J[(1/2)0skqads—1]=0.

It follows from this that either J, =0 and S, are ar-
bitrary for all 1s a<7, or S4,=0and J, =1 for all
lsasvy.

Equations (23) admit a natural classification of sub-
classes of instanton, anti-instanton, and meron type
depending on the choice of the invariant structures
R™ (R =0,RM =0 and R\ =RY?, respectively). At
the same time, (23)-(25) are obviously invariant under
the substitution R{” =R’ up to the sign in (25).

Realization of the duality condition: Equations and
contour representation of the topological charge. Pro-
ceeding from the expressions (14) for the intensities
E and B of the gauge field, we can obtain equations of
self-duality (anti-self-duality) by setting E =B (re-
spectively, E =-B). To make the derivation as clear
as possible, we shall use the notation (18), in which
the self-duality equations have the form

foa=r" 11— (1/2) SpkagV R VL ; (26)
Vio— Ve = —Vii—fVi; Vie+RVE=VE —fAvi. (27)
These equations are a direct generalization of Witten’s
system** to the case of an arbitrary simple compact
group. In the Lorentz gauge, 8,f} =0, we have
f¥=¢g,,9%. For the new functions xj =exp(-y*)Vy,
Egs. (27) can be written in the form

KWo=—4L0 %Wo=¥01

which are Cauchy-Riemann conditions, from which it
follows that 1% =x{ —ixy = -iexp(-y*)W, are analytic
functions of z = (r +it)/2. Equations (26) for the tensor
field £ in the two-dimensional space in the new nota-
tion

Ayr= —r2 (1—5 N Spkapexp (249) | %)
B
can be conveniently expressed in terms of functions
Po defined by ¥* =1Inr — (1/2) In| I*[? +p, /2, namely,

Apg =ﬂ‘3' pkapexppp, 1<Lagr. (28)

Note that with p, = p for all 1< @<y, the system (28)
goes over into the well-known Liouville equation, which
realizes the duality condition for the group SU(2)

(Ref. 44); this follows in a natural manner from (28)
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for =1 (kas=k,, = 2).

The equations of self-duality (anti-self-duality) (28),
written down for the gauge-invariant p,, follow di-
rectly from the general system (22) [or (23)] for the
special choice S, =% (J, — 1) or RY2) =0, These alge-
braic relations are actually the first of the self-
duality equations (26), and they lead automatically to
a system of # equations for the functions p, = In(J, /72)
in the form (28). The form of the system (28) indicates
that there is an abrupt raising of the symmetry of the
original general system (23) at the duality “point.”
The system satisfies the conditions of conformal co-
variance [in contrast to (23)], which makes it pos-
sible to obtain a number of nontrivial solutions of the
system on the basis of certain special p%(z) (in par-
ticular, pointlike), p,(2)=p%(g(z))+1n|dg/dz|?, where
g(2) is an arbitrary analytic function, and one can
completely integrate the system by expressing the
general solutions in terms of 2 arbitrary functions
(see Sec. 3).

The existence of the sudden jump of the symmetry
poses the interesting problem of constructing an ex-
tended symmetry group of the cylindrically symmetric
classical equations of gauge theories at the duality
“point” and the possible formulation of the duality con-
dition itself as a critical point of abrupt increase in
symmetry.

Note that for the self-dual (anti-self-dual) case the
action density (24) can be rewritten in the form

(r2/2) Sp FuyFuv= 2 B o (eXp Pa—Pa), Pa=pa+21nr

[cf. the corresponding expression of Ref. 45 for the
group SU(2)].

For actual calculations of the values of the topological
charge of self-dual configurations (instantons) it is
convenient to use the expression (19). Because the
functions V¢ corresponding to the instanton solutions
constructed in Sec. 4 satisfy at infinity the relations
D2v?|. =0, the first term in the integrand of the charge
Q=1/n [ dxr®SpE - B with density in the form (19) is
absent. This makes it possible to rewrite the formula
for the charge by means of Stokes’s theorem in the
form of a linear integral over an infinite contour:

0=+ Ba §dnfi.

Further, by virtue of the relation f§ =-i(lnW,) ,,
which follows from Egs. (27) when the equation
D2W,|. =0 is used, the last expression takes the form

0== 3 #o§dndnW,, (29)

Thus, the topological charge @ can be represented as
a sum of the contributions of the topological charges of
¥ two-dimensional field configurations of Abelian

U(L)®:++@T(1)

g il

r

theories, each of which is determined by the change in
the phase of the complex scalar fields W, around the
contour at infinity.
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Equations for multimeron configurations. By virtue
of its symmetry, the system (23) also admits another
obvious subclass corresponding to the choice RL"
=R = R,, which contains, in particular, meron con-
figurations. In this case, the system (23) for the func-
tions f, = (2R, +1)2 can be written in the form

Afa=-gir 3, Sokasfa (3 —1); (80)
f

for the group SU(2), it is identical with the basic equa-
tion that describes multimeron configurations. The
corresponding solutions lead to infinite values of the
action [see (24)] and give the correct value for the
topological charge if we remember that Rf,“) are pro-
portional to #2 in accordance with their definition and
that the metric in the two-dimensional space also con-
tains 2. It should, however, be noted that the proper-
ties of the generalized functions used here require the
well-known stipulations concerning the rules for
operation with them.

Inclusion of a Higgs field; equations for sphevically
symmetric monopoles; enevgy functional. In the
scheme we have developed, one can readily include a .
Higgs field ¢ = ,,¢%T, transforming in accordance
with the adjoint representation of the gauge group G.
Leaving aside a discussion of questions relating to the
presence of additional (compared with the Yang-Mills
fields) gauge invariance of the Higgs fields and the
potential term in the total Lagrangian,® we consider
only the kinetic part

Ly= (D, =Sp (DuoDo); Dug=0,0+i"14,, ¢l (31)

written down already in the diagonal representation.
Using the commutation relations (11), we obtain

r2Lg = r?kghvp (V97) (Vo) + Fa (992 J s (32)
from which it follows that in the presence of the Higgs
field the only modification is in the subsystem (21) with
the addition on the right-hand side of the term
-W,(¢%)?, and a new subsystem of equations arises for
the structures ¢* =4 L0*:

AG* = r28akpa9®J s+ (potential term). (33)
Thus, there arises a modified system of 37 equations
for the 37 quantities @, and RY*,

In the framework of the developed approach, the de-
scription of spherically symmetric monopole config-
urations for an arbitrary compact gauge group with
Higgs field ¢ in the adjoint representation is com-
pletely analogous to the description given above. The
Hamiltonian density # in Minkowski space for purely
magnetic, time-independent solutions is given by the
usual (up to normalization of the trace of the genera-

tors of the algebra g of the group G) expression
&8 = — L =(1/4) 8p FuyFyv+ (1/2) Sp (Dug)?+ nV (9)
=(1/2) Sp (B F Dg)? = Sp (B-De) +nV (9). (34)

In the Bogomol’nyi-Prasad-SommerfieIdvlimit, any

solution of the differential equations B =D¢ (B =—f)<p)

realizes a minimum of the energy
E=dusi = S d°z8p (B-Dy), (35)
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which is directly related to the topological charge and
therefore does not actually depend on the detailed struc-
ture of the solutions, [Note that in this limit the pa-
rameters of the Higgs potential V(¢) tend to zero for a
fixed ratio of their values.| With allowance for the
relation DB =0, the integral (35) can, after integration
by parts, be written in the form

lim 12 { d2Sp (B,g)- (36)
As usual, the matrix of the magnetic charge g is
defined by the asymptotic behavior of the magnetic
field B:

B.n=>glbnrz. (37)

Following the generally adopted notation® for the
structure functions that parametrize the vector part of
the potential W of the Yang-Mills field (W,=0) and the
Higgs field ¢, we write the diagonal representation (12)
in the static limit in the form

Q)= He () Ta; W(r)=rt[K.(r)—1] MT,. (38)

Then the energy functional in these structures is
E=—in [ dr 3 #ar2 [reks + KiHY
0 @
+4 3 Sokap (K —1) (Kh—1)
B

+82 3 e (rfla—Ha) (rHp—Hy) |,
B

(39)

and variation of it with respect to the functions K,
and H, leads to the system of 2» equations

12Ky =Ko (172 % OpkapKh + HE—1);

reff, = % SpkapKh Hp. (40)

Here, the dot above the functions stands for differen-
tiation with respect to . The same system naturally
arises by direct substitution of (38) in the equations
B =f)qp. It should be noted that if we were to consider
purely static self-dual Yang-Mills fields A,, A in
Euclidean space (without the Higgs field) and were to
use for them the ansatz

Ag=SrH, (r) Ts;

@

A=Y [Kq (1) —11MTq,
o

which is analogous to (38), we should arrive at a system
whose only difference from (40) is in the sign of the
term H%. This circumstance indicates a symmetry
between the self-duality condition in R, and the
Bogomol’nyi-Prasad-Sommerfield limit in Minkowski
space. Namely, the pre-images W=A and ¢ =+A of
static self-dual fields A,, A in R, are, as was noted in
Ref. 54 for the group SU(2), monopole solutions in R ,.

The system (40) is a natural generalization of the
well-known equations (describing monopole configura-
tions for unitary gauge groups of low rank; see, for
example, Ref. 5) for an arbitrary gauge group G. It
is obvious that dyon solutions can be obtained from
W and ¢ by the trivial substitution

W' =W; W;=shlyp;

where @ is an arbitrary constant. We shall consider
monopole configurations in more detail in Sec. 4, where

@ =ch By,
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we shall give an explicit construction of the corre-
sponding solutions (40) and find a subclass of them sat-
isfying the boundary conditions necessary to ensure
finiteness of the energy (39).

3. EXACT SOLUTIONS FOR CYLINDRICALLY
SYMMETRIC SELF-DUAL GAUGE FIELDS

Before we turn to the direct construction of solutions
of the nonlinear system (28) describing cylindrically
symmetric self-dual configurations, we consider the
symmetry properties of these equations, which are
due, in their turn, to the symmetry of the correspond-
ing root systems. Unfortunately, we have not so far
succeeded in finding a unified formulation for all
simple Lie groups, and we are therefore forced to
construct solutions for each type of group
A,;B,;Cy;D,; E,v=6,1,8; F,,G,) separately in terms
of their root spaces. For a number of groups, there is
a symmetry of a definite kind that makes it possible to
obtain solutions for a group of one type by equating
the corresponding functions x, that are solutions for a
group of a different type. (In particular, A,,= B,,
Agpey®Cy, E;= F,, B;= G,, where = is the symbol of
such “restriction.”) To demonstrate the difference
between the structure of the equations for the different
simple Lie groups, we realize for them in explicit
form a general reduction construction, this leading in
the case of the series A, to the complete solution of the
system (28). For the remaining types of the considered
groups, this procedure is more helpful heuristically
in seeking and verifying solutions.

Symmelry properties of the duality equations and the
reduction procedure. In Egs. (28), it is convenient to
go over to the formal complex variable 2z =¥ +it,
2Z =v —it and introduce new functions x,, which are
related to pg by py =25 kasXs —Ind,. Then (28) can
be rewritten in the form
% = g, ; =€XP ( 2 kaﬂxﬂ). (41)
p=1

We note immediately that the proposed method of
solution of the system (41) is equally applicable to
hyperbolic equations

2z =r+t, 2Z=r—t, 82/02092=0%/r2-82/bt2),

implementing thereby the possibility noted earlier of
going over in Egs. (23) from R, to Minkowski space.

We begin by considering the classical series
A,,B,,C, D, for which the Cartan matrices have a
unified structure with the Cartan matrix of A,, ks
=20645=0gp+; = Oae18y, 15 @, B<n, except for the
elements of the right-hand lowest 3 X3 block 1‘5, which
has, respectively, the form (see, for example, Ref.
61):

2 —14 0 el

fa=|—1 2 —1l; kp,=|—1 2 —2|;
0 —1 2 0 —1 2
DR () Dhatyy HRY

Fey=|—1 2 —1|; kp,=|—1 2 0|,
G~ @ -1 0 2

Substituting in (41) the Cartan matrices of these series
in explicit form, we obtain the equations
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z, ,;=exp (22— 2,);

Z, 7=exp(— &+ 23 —x3);
................. (42)

xn_,'l, .7 — €Xp (71‘"__, =t 2In-3 Sy J"n—z);

z __{ exp(_xﬁ-ﬂ_i_gxu—z_mu-i) fOl’ Arn B;u Cn;

AR exP (_zn—a+ an—z_xn—l_zn) fOl' Dn: (43)
exp (—p2+ 220y —2) for An, Cnj

{ } (44)

T -=

n—-1,zz

exp (—an_s+ 22, —2z,) for By;

oxp (— Tn_a+22,) for D,;
exp (—Tp-y+2x,) for A,, By

z, ,-=1 exp(—2%,4+22;) for Cp; (45)
exp(—Zpz+ 2":“) for Dm

which enable us to express the unknown functions
exp(-%,), 2< a<n, in terms of the single unknown
function X = exp(-x,). Indeed, the first equation in
(42) gives

exp(—ay) =X X ;—XX ,-= —det (i 5 AXIZ_)E—AZ (X).

From the second equation, we obtain
X X, X
exp(—a)=—det|] X ; X5 X, =—A; (X).
Xo; Xop, X

22 2Z v2zzE

Continuing the reduction process to the (» —3)-th step,
we obtain for all series

oxp (—za) = (—1)"* A, (X), 2<a<n—2, (46)

where 4,(X) are the principal minors of order a of
the matrix (8°~!/8z*"1)(8?"!/5z’~)X.?) The following
stages for the classical series A, B,,C,,D, are
different by virtue of (43)—-(45). From (43) and (44),
we have
(n—1)(n—-2)
(=1 Ay (X)
={ exp (— ) for 4., Bn, Cy.:
exp{_xn—l—xn) fﬂl’ Dn!
n(n—1) ex;’(_‘xn) for Anl Cu;
(1) T A (X)= {exp(_zc.,) for B (48)
exp (—2z,) +exp (—2z,) for Dy

(47)

The last n-th step for the series A, gives the relation
An-H (X) 2= (_ 1)1&(:1*11/;‘, (49)

which is a nonlinear equation of order 2n for determin-
ing the single unknown function X, in terms of which
the remaining unknown functions exp(-x,), 2< a<mn,
can be expressed by means of (46)—(48). For the
classical series B, and C,, the expressions for the
determinant 4., (X) have the form

ﬂ: Agig=2(—=1)"A,; &: Aprg=—An s

A similar situation obtains for the exceptional Cartan
groups E, E,, E,, F,,G,, on the basic stages of the
reduction on which we shall briefly dwell,

From the system (41), substituting the explicit form

D)Note that the minors A, (X) satisfy the relation
AysBga/By=(ndy), 7.
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of the Cartan matrices of the exceptional groups, we
obtain the reduction formulas

E,(r=6,7, 8):

exp (—z5) = (— 1) O (XA 4 (Y);
exp (—2z3) = — As (X);

exp (—za)=(— 1)L oy (V); (50)
A (X)=(— 1)V EA_g(T),
dLaLr.

Unused remains the equation
Zy.7 = exp (22, — z,),

which leads to complicated relationships between the
minors

_ﬂ:

exp(—aa) =(—1)** 2 Ao (), 2<a<4
A, (X) = A4 (). (51)

The remaining equation x, .z=exp(-x, +2x, — 2x,) gives
A,(X) = =A¥(Y):

G

i exp (—a2) = — Ay (X), (52)

and it follows from the second equation of the system
(41) that A, (X)=-X?2,

Thus, the above reduction scheme gives an algorithm
for calculating the solutions of the system (41) in the
form of explicit expressions for exp(-x,), 2< a
sy(2< asy-1 for the groups E, and F,), which are
expressed in terms of one (two) unknown functions X
(X and ¥). The final step of the reduction, which de-
termines the function X (respectively, X and Y), is
constructive only for the series A,, whereas for the
remaining simple Lie groups the explicit construction
of the remaining unknown functions requires a more
detailed analysis of the structure of the root systems
of the corresponding groups. The series B, and C,
(and also the groups F, and G,) occupy in this respect a
distinguished position; for them one can obtain systems
of equations by a certain limiting process from the
corresponding equations of other groups.

The system (41) for the series A, is symmetric
under the substitution x, = %,-4.,, 1S @<n. For even
n =2k, the system goes over as a result of the equating
Xy =Xp-gs, fOr Ay, [SU(2k +1)] into the corresponding
system of the series B, [SO(2k +1)] with a necessary
additional replacement of x, by 2x, (due to the doubling
of the nondiagonal element of the penultimate row of
the Cartan matrix of the group B, compared with A,).
For odd n =2k - 1 [SU(2k)] we thus arrive at the system
(41) for the series C, [Sp(2k)]. A similar situation ob-
tains for the groups F, and G,. Namely, equating in
Eqgs. (41) for the group E, the functions x, =x;, %; =%,
and making the substitution x; - x,, x,—~X,, X3— X,
Xx,~X,, we obtain a system corresponding to the group
F,; the equation x, =x, for the group B, leads to the
system for the group G,.

Complete integrability of the system of equations and
construction of theiv geneval solutions. We now turn
to the eonstruction of general solutions of the system
(41), by which we shall mean solutions that depend on
2r arbitrary functions. The question of the extent to
which such solutions are the most general ones re-
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mains open because of the absence of a complete theory
of nonlinear differential equations.

We begin with the unitary series A,, in which the re-
duction scheme makes it possible to reduce the con-
sidered problem to the finding of solutions to the non-
linear equation (49) of order 2n for the single unknown
function X (= exp(—x,)), in terms of which the remaining
functions x,, 2< a@<n, can be expressed in accordance
with formulas (46)—(48). We seek the solution of the
nonlinear equation (49) in the form

X= 3P0, (53)

This choice of the ansatz for X is suggested, on the
one hand, by the well-known general solution of the
Liouville equation®

z s =exp(20), (54)
which is a single-component special case of our
system corresponding to the algebra A,(k =%, =2),
and, on the other hand, by the polynomial form of the
special solutions of the system (41), which depend on
z+Z (or zz).3* Substitution of (53) into (48) leads to
factorization of the dependence on z and z, namely, to a
product of two determinants of order n+1 of the
matrices P and @ with elements

$=Pi. . Q3=Qk .z,
St

S
b b

L.e.,
det P det @ = (—1)""+0/2, (55)

Thus, the system of n second-order partial differen-
tial equations (41) is ultimately reduced by virtue of
the fact that P and @ do not depend on Z (z) to two
ordinary differential equations of order n, these de-
termining the unknown functions P"(z) and @"(Z) from
the known functions P%(z) and @°(z), 0<a<n-1, re-
spectively. Further, without loss of generality, Eq.
(55) can be rewritten in the form

det P=1, detQ=(—1)""+2 (56)
For the group SU(2) (r=1), the system (41) reduces
to the Liouville equation (54), and Egs. (56)

POPY, —PO.Pl = 1; }

P, — Q2 0t=—1
have the special solutions

Pl=z; Pl=—1; Q=3 Q'=1.
It follows from the conformal covariance of (54) that
the function X with generators

(57)

g ~1/2, B
P=u(zu>'" P! Uys .} (58)

C=u@u' @ =u"
where #(z) and %#(2) are arbitrary functions of their
arguments, satisfies this equation, which can also be
readily seen by direct substitution of the expressions
(58) in (57). The resulting solution

exp r= u,”izz_t”z;"u (2) E(E) —1

z

is identical with the well-known general solution of the
Liouville equation.
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Note that Eqgs. (57) can be solved in an obvious man-
ner directly [without use of the conformal covariance
of (54)] by transforming them to the form (P'/P°) ,
=(P%"2, whence

Pl =q.n @fe () dz', P° = g~ (a).

We now consider the general case of the series A,
following an inductive scheme. Suppose we know func-
tions P{,.,) and @{,.,), 0sa<n-1, satisfying Eqs. (55)

for the algebra A,.,. Then we have the following ob-
vious special solution (56) for A,;:

3

p;',,,:j dvPyy_gy (1), Ply=1;

Qi = 5 dvQfi_1y @), Q= —1,
0<a<n—t.

The functions P{,.,) depend functionally through quadra-
tures on  — 1 arbitrary functions. (A similar as-
sertion holds for @{,-,).) It follows from the conformal
covariance of the system (41) that the functions
u(r)
P::',,) = 5
u(z)
Qim= | -1y &) w22 (59)

-n/2 ——nj2
Bl s V1 Oy I,

—nJ2
dwPh_y () u "

satisfy Eqs. (55) and depend on 2n arbitrary functions,
ensuring thereby a general solution of the system (41)
for the series A,. As follows from the reduction pro-
cedure, the explicit expressions for the functions
P*(=P{,) and @* (=Q¢,,) have the form

n-a fs_y

P =gy (z0) || 5 @5 (2,) dzg;
=1 (60)

n—afs—g
E=(—1"0G [[ | v @),

s=1
where z,=2z,Z,=Z, the product of integrals for a=n
is absent, and I1{= 1. The factor (~1)° in the expres-
sion for @ ensures the correct sign on the right-hand
side of Eq. (55). Between the n +1 arbitrary functions
Pos + +« P, there is the single relationship ¢;!
=M7_,¢7 "%+ /"+1, which is a consequence of Eq. (56).
(The functions ¢, satisfy an analogous relationship.)

The obtained solutions can be related to the proper-
ties of the group algebra if the functions ¢, 1<s<n,
are associated with the simple roots of the series 4,.
Then the multiple integral of the product of the func-
tions ¢, (z,) in (60) is associated with a multiple root
of this series that includes the simple root 7. To the
function ¢! there corresponds the first fundamental
weight of the algebra of A,, and the absence of inte-
gration in the expression for P" means that the system
of positive roots containing 7, must be augmented by
the zero element. Thus, the expression for X in the
case of the series A, is completely determined by
specifying the following sequence of “roots”:

o T o en (61)

In accordance with (46), the expression for exp(—x,)
is equal to the sum of the mutual products of the

0, my, M+, .-
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"minors of order a constructed from the elements of
the first o rows of the matrices P and @. The function
exp(-x,) is determined by the formula

oxp (=)= 3 PO () @), (62)

where P? and Q® are minors of order n; they are ob-
tained from P® and Q° of the form (60) by replacement
of @pyy-q Y @,. [A similar connection holds for the
functions exp(-x,) and exp(-x,.,,,).] Note that any
permutation of the functions P® with simultaneous per-
mutation of @” in which the sign on the right-hand side
of Eq. (55) is preserved also leads to a complete solu-
tion of the system (41) and reflects the invariance of the
algebra of SU(n +1) with respect to transformations of
the Weyl group [or rather, of the Weyl group

GL(rn +1,C), if conditions of reality of the solutions

of the system (41) are not imposed].

The invariance of the system (41) noted in the pre-
vious section for A, under the substitution x,= %,,,,.
enables us to obtain solutions in the case of the series
B, and C, directly from the form of the solutions (60)
by setting ¢,.,_4 =¢,. For evenn =2k, the system (41)
for A, goes over into the corresponding system (41)
of the series B,, whereas for odd n =2k - 1 we arrive
at solutions for the series C,. For the series C,, the
group meaning of the functions P* and Q° as systems
of multiple roots containing the simple root #, remains
unchanged. In the case of the series B,, the system
of its multiple roots must be augmented by not only the
zero element but also twice the first fundamental
weight 2w, =2(m, +¢+°m,). Finally, the augmented sys-
tems of roots, which determine the function X for the
series B, and C,, have the form

Ba: 0, my, -y, oo, Ay enfomy,
Tyt oo+ + 20,

Tyt oo F Rpep + 2 (Rpey - 10)y -0y 1y

F2( et 2t 1) (63)
&: 0, % MRy, doons Rork v vb M

Myt F g+ 2 T, e,y 2 (.

cee T )b, 2(n b T y) T, (64)

For the orthogonal groups 0(2r), the augmented sys-
tem of roots of D,, which determines the function X,

0, sigy Jy+Tgy ooy M4 vos o0, Tyt ooe S Tpog+ Ty

Tyt oo T Tyt Ty, Tyt oen F 0y, My T3 2T,
F Ry F Ty Tyt F Ry 2 (FpaF pg) T T,
ey Ty +2(ﬂg‘+ e +nn—2)+ﬂ'n—l+nn,
2(my+ oo Ty ) F Ty - T, (65)

contains, as in the case of the series B,, twice the
first fundamental weight 2w, =2(m + ¢ +T,.,) + Tyoy + 7,
In the expressions corresponding to multiple roots in
which the simple roots 7,., and 7, are simultaneously
encountered, symmetrization with respect to them must
be performed, i.e., to the corresponding multiple

integral one must add another one, but with the contri-
butions from =,., and 7, interchanged.

The root systems corresponding to the solutions
exp(=x,.,) and exp(—x,) associated with the simple
roots m,., and 7, must be augmented by (in addition to
zero) w,., +w, for odd » and 2w,., and 2w,, respective-
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ly, for even n. After this, the basic expressions for
exp(—x,-,) and exp(-x,) can be described in accordance
with the rules given above. The expressions for
exp(-x,), 2< @<n~2, are given by the corresponding
formulas (46). Note that the expressions for the solu-
tions of the series B,., are obtained from the corre-
sponding formulas of the series D, by the ansatz

@n-y =¢,, Which corresponds to equating the corre-
sponding roots in the system (65).

We now consider the exceptional Cartan series. For
the algebra of E;, the augmented system of roots de-

termining the function X has the form
0, g, s+ 7gy g+ Moty Wy gy + T, Ty + Ty A+ g,
Tyt Mg+ T+ T+ gy Ty T+ T+ -7, Wy ATy 7+,
F 5t Ty T+ T+ g+ 2y q5, 7y A Ty T - 2, + 3154 g,
g+ 2y + 2y - w5 Ay T+ 75+ 201+ 20154 qg, Wy 7,
+ 2n3+ 27, + n5+ 7, 2n,+1@+2n3+2}r.+ns+a,, 2my+
+ 25+ 2m, - 2005 - stg; 2y 4 11y + 2y + 3o, b 2005 - 7, 20 47y
+ 31y + 3m; + 2n5+ 71g, 21y + 21, - 254 37, + 215+ g,
27y + 21y + 3m3+ 3y + 25+ 11g, 270 + 211y -+ 3715 - i, - 20154 g,
21, - 21t, 4 3my -+ 4y - 3ms - m1g;
2my + 21, + 3ms -+ 4, + 3+ g, (66)

Besides the zero element and the positive roots of the
algebra R}, with height <8 containing the simple root
m, this system also includes the sum of the first and
the sixth fundamental weight, &= w, +w;, and all pos-
sible combinations @ — a:

a€ Rim,_»__s.' {0 —a} N Riy =2,
which are absent for the classical series. The func-
tions exp(-—x,) and exp(-x,) can be obtained from
X = exp(-x,) and exp(-%,), respectively, by the sub-
stitution ¢ = ¢, ¢, = @, [the remaining functions are
recovered in accordance with the expressions (50)].
As in the case of the series D,, symmetrization must
be carried out in the corresponding expressions for
P° and @°.

The solutions for the algebra of F, are obtained from
the corresponding E; solutions by setting ¢,=¢, and
@5=¢3, whereas the functions exp(-x,) and exp(-x,) for
the algebra of G, arise from the solutions for B, (0(7))
by equating ¢, and 2¢,.

We shall not write out here the very cumbersome
augmented root systems for E, and E,.

In conclusion we note that although we have succeeded
in constructing the explicit form of the solutions for all
the classical series and the exceptional Cartan alge-
bras, we have each time had to use the concrete form
of the corresponding Cartan matrices, i.e., we have had
to particularize the system (41) for each type of simple
algebra. It would be extremely interesting to find the
solutions of the system (41) in an invariant uniform
form for all types of considered algebras with recourse
to only the general properties of the Cartan matrix,

One-dimensional 2r-parameler subclass of solutions.
In actual applications in physics associated with instan-
ton and monopole configurations, one requires solu-
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tions that depend on a single variable z +Z (or zZ),
which can be readily obtained from our soliutions of the
system (41) by the substitution ¢, =c exp(am;), ¢,
=c}exp(Em,)(@s=c,2™s, 9, =c¥Z™), where c, and m,
are arbitrary parameters. As a result of this ansatz,
the general solutions, which depend on 27 arbitrary
functions, are transformed into 2y-parameter solutions.
It was solutions of this type that served as the point of
departure in the construction of solutions of general
form. Anticipating, we note that the description of
instantons and monopoles requires (to ensure that the
action and energy, respectively, are finite) an ad-
ditional restriction of the class of solutions, which are
characterized by  “quantum” numbers m,, ..., m,,
with respect to which there is degeneracy.

It appears to us helpful to give here a number of
basic formulas of the general case for solutions that
depend only on z +2Z =7, which will be needed in what
follows in actual calculations for instantons and mono-
poles and also for the purpose of greater clarity of the
group interpretation in the framework of the root tech-
nique. For the functions x,, which depend on z +Z,
the system (41) has the form®
(67

r
Lo =EXp (ﬂ\_‘i kuﬁzﬂ)'

As before, we consider first the simplest and sym-
metric case of the series A,. Then, following the no-
tation introduced in Sec. 1 and setting ¢, =c,exp(zm,)
in (60), we arrive at the following expression for the
solutions of the system (67):

exp (—ap)=(—1)"""" exp [ay (c—rm)]
x 2 lexplat(rm—c)+a(rm—c)+ ... +oas (rm—c))
i3> na>s

- —ag (m)]},

(68)
where of(= 3. t4n,) ranges over the subset R}, CR’
of all positive roots of the series A, containing the
simple root 7, augmented by the zero element o} =0
and ordered by height, i.e., ¢ takes the values
0, Thy Mo+ TMapyy ooy Mm+***+m, (At the same time
oy(m) =0, of, (m)=m,, ..., a’.‘l+- sed Ty =p u-aTu.) The
factor f is equal to the square of its argument if the
latter coincides with a negative root of A, and is equal
to unity otherwise.

x |l ﬂf-’[ai(m)+..-+a.“(m)—a}.(m)---

p#i, ..., q

The obvious presence of the symmetry relations
Xq = Xp-q+; Under replacement of the arbitrary param-
eters m, and ¢, by m,,,., and ¢, ., enables us, as
before, to realize directly at the level of the solutions
the possibility noted in the previous sections of going
over from the unitary series A, to the orthogonal series
B and the symplectic series C. This is achieved auto-
matically by equating in (68) the parameters m,, ¢,

DThe system (67) [see also (28)] for the group SU(x +1) is iden-
tical with the Toda lattice™ @with boundary conditions py=pp
=0) and, thus, the formulas given below solve the problem of
its complete integration. Evidently, the complete integration
of the Korteweg-de Vries equation®® can be achieved by a
“passage to the limit” in the expression (68): c,— cl@), m,
—mia).
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and 7,. a4y, Cp-a.; fOr €ven (n=2k) and odd (n=2k - 1)
values of #n. An important eircumstance is the fact that
X for the series C, preserves in this procedure its root
structure, but in terms of the root space. We have not
yet succeeded in obtaining the factors f for the B and C
algebras, which are determined by setting mg =m,, .,
and ¢, =¢,,, -, in the corresponding expressions for the
unitary series, in terms of their root spaces.

Omitting consideration of the simple algebras con-
sidered earlier, we give for illustration expressions
for the functions exp(-x,) and exp(-x,) in the algebra
D, and the explicit form of the solutions of the system
(67) for the second-rank algebras of SU(3),
Sp(4)=0(5), and G,, transforming them for the
sake of brevity to a form that depends on R = 2(22)1/3:

D,

exp(—z,)= E;E;’E;’”'E:”’
X exp{—r(my + my+ (mg+my)/21} {exp [(2m,~+2my + mg+ m) 1]

—(c/m%) exp {(my + 2my -+ my+my) r]

At :‘;;9 exp [(my+mo+t mg+m)r] :1:"::1 exp [(my+ my—+ my) r]
(my + my)® m3 (my+my+mg)? (mg-+m,)? m§

_ _Tycseaexplimy+mytmy)r]
(my+ my+ my)? (my+ mg)® mi

3 Tpcacaceexp [(my+my)r]
(my—+my~+mg-+my)? (my-t-my -+ my) Emmi

‘;1?{5—!?1 exp (myr)

T my - 2my g+ mg)® (myFmy FmT (Mgt mg)?® (my - mg)® mi

c§eieae,

A T R L e e g

(69)

X (my+my+my)? (my+my)* mi

[ce=exp (—cy)l;

1/2 1

" ei " exp{—r[my+ my+ (my+ ms)/2]}
o {exp [(my—+2ms+ ma+2my) r]

et S50
exp(—az)=ci “c2 ¢3

4 0xp [(my + 2my |- my -+ my) "'l+ ?2:49113[("‘14“’"24"’"5'["”'4)"]
m3 (mg+mg)* mi

__ _C1CacyXP [(my+mgtmy) 7]

(my+ my—+my)® (my +my)® mi

__tacgcyexpllmytmytmyr]
(my - my - g)? (my+mg)® mg

s :1?3?3:;1 exp [(mg+-my) ]
(my =y =My~ my)® (my =+ g =+ mg)? mimi

= 1c8zac,exp (myr)
(my -+ 2my -+ iy - mg)? (my 4 mg+mg)® (my +my)* (my+mg)® m3

N T it

b(my-b2my - mg - mg) (my -y my - mg)? (my 4-my—my)?

X (myf-mg - m ) (my -+ m )2 m§ ('70)
SU(3): exp(—ay) = (izl_)’”'" (,525_)"2’3 RU-Emi-mit6)/3
X (B R )
exp (—a,) = (-"%)"2”(% —U3 ptemi—2mat8)/3
e e T
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0(5): exp(—z)= (-%_)_1 (%)—:;z REERTRERT
2m,+m, ¢ 1 +m, €16 my
o Sy R [
A cfeq ) .
m§ (my—+my)? (2my+-my)? /

exp (—p) = (-%—)_‘ (‘;_“)_1 Rt

2m|+2m,_ Cg 2my+my 2’-']_Cg
HE W T

) (72)

Rmt+my

ciey R™ 4 cfed ) ;

T mi@mymg® m (my+mg)* (2m; -+ my)?

_2 2 =t —~ 1My
Gy: exp(ﬂ-wl)m(%) (i_u) R-Im-mets
Amg+2me __ Cg pimy+img €16
i (R nf 1 e

% RSm.+m_. . 2\'5?4'2 2m,+my

(2my ~-mg)® (my—+m,)® mi

+ c}e, le+m,

(3my =-mo)® (2my 4 my)® mi

cicd my
(3my=-2m,)® (my +my)* (2my +-mo)® mj
2

; ciel ) .
+
b (2my—ma) (3my = 2mg)2 (3my - mg)® (my--my)2mi ]

oxp (=)= () () Roomsei

G+ dm Ca Gm,+3m, degep
& (RImHm_ L R T T
CH m (my gl

3cjed > (73)

mi (my+mg)* (2my+my)?

Hﬁnl,+?m=

3cica
12
myf (2my - m,)?

H%m.+:::-n1 s

hmy+2m, cies 3my+3m,
bl + T
- 24e3cd (3} - 3mym,-+-md)
mimg (my - my)? (2my -+ my)® (3my + mg)? (3my —+ 2m,)?

o g me cied

%, amy+m.
" omd (my - mg)® (3my —+ 2my)?

L 35{55 Om,+2m,
mi (2my ~-ma)t (3my -+ my)? (my +mo)®

= 3efed 2+
m3 (my=-my)d (2my 4 my)* m} (3my - 2my)?
3clied
my (my—my)* (2ny -+ my)d (3my —+ my)® (3my - 2my)2

R?ﬂ|+mz

- cfed
mi (2my - my)® (3my 4 m,)* (3my 4 2m,)®

chch ) )

" T (g ) (2 ) (3my T 2my)d (3, )R

As can be seen from these explicit expressions, the
exponents of the terms in the polynomials exactly
reproduce the elements of the augmented system of
roots of the corresponding algebras and ensure a
perspicuous group interpretation of the structure of the
solutions.

4, DESCRIPTION OF CYLINDRICALLY SYMMETRIC
INSTANTON CONFIGURATIONS AND SPHERICALLY
SYMMETRIC MONOPOLE CONFIGURATIONS

Instanton solutions and values of the topological
charge. The cylindrically symmetric instantons form
the subclass of 2r-parameter solutions constructed in
Sec. 3 that are regular at all points of space (including
infinity). The arbitrary parameters ¢, and n, must
be chosen to ensure that the corresponding solutions
are nonsingular and the values of the action are finite
or, which is the same thing, the topological charge is
finite. As we have already noted in Sec. 2, one can go
over by means of a conformal transformation from the
solutions P, =) k-1 RasXs, Which depend on z +Z (or 2Z),
to pa(2) =p%(g(z)) +In| dg/dz|?, which are also solutions
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of the system (41) for an arbitrary analytic

function g(z). If the structure functions ©

=(1/2) In[r? exp(p,)/2®|?] in the expression for the
density of the topological charge are to be finite for
r=2z+2z=0, it is necessary to compensate the double
zero at this point by poles of corresponding order in the
function expf),,, i.e., to impose boundary conditions on
the behavior of the functions exp(—x,) that we have con-
structed at short “distances.” It is easy to show that to
ensure these conditions it is sufficient to require that
the function X(= exp(—x,))have a root of order 5, at
=0, Then the system (41) automatically guarantees
the appearance of roots of zeroth order (=5,) at r=0
for the remaining functions exp(-x,), 2< a<v. The
realization of this requirement in the form of the set of
equations 8%X /8y *|,.,=0, 0< @< §, ~1, leads to com-
plete determination of the parameters ¢,, 1sas7, in
terms of the parameters m,. As an illustration, we
give the solutions for groups of rank 2, which ensure
the necessary boundary conditions at » =0:

SU(3): exp(—z,) =R VIR _qpal
€y = mf (my +my)/my;
exp (—zp) = RIS (R g a; (74) :
€= my (my+ Mmy)/my;
0 (5): exp(—az))=R M ™tV (R __qpal;
cy=mi(2m,+ m,)/my; (75)

exp(—xz)=R"™ ™ (R_1)bnZ
€y = mj (my +ma)%mi;

Gy: exp(—a)=R """ ™ (R _1p s
ey =m} (2my -+ m,) (3my + my)/(my - i) my;
exp (—z,) = R™™ I (g gyt o (76)
g = (my -+ my)® (3my + 2my) m3/ims (3my - my).

These expressions are obtained from the solutions
(71)=(73) by equating to zero the corresponding number
of derivatives. Here, we can assume that

R = 2(g(2))*2(g(2))"2 becomes equal to unity for an ap-
propriate choice of the functions g(z). We emphasize
that for positive values of R the finite polynomials

7%, are positive definite and vanish nowhere. So far,
the values of the parameters m, have not been fixed
in any way. However, to ensure the necessary
analyticity properties of the corresponding solutions
we must, in general, require them to be integral.

We now elucidate the conditions imposed on'the func-
tion g(z) to ensure nonsingularity of the functions ¥*
and the corresponding solutions of the self-duality equa-
tions. As we have already said, it is necessary that
the modulus | g(z)| become equal to unity at »=0. Fur-
ther, we must require that the functions in exp(2y*)
which remain after the canceling of 2 by the pole
factors in exp(x,) have neither poles nor zeros in the
right-hand half-plane of the variable z. As in the
example of the second-rank groups considered above,
the polynomial part of the solutions exp(-x,) after
elimination of the root factors at the origin vanishes
nowhere. Therefore, it is sufficient to take the fune-
tions I” in such a way that they compensate the con-
tribution of |dg/dz| and of the pre-polynomial factor in
exp(=x,), i.e., with allowance for the equation k,zwg(m)
= m, to set | I*|?=|dg/dz|?| g|™="2. We now recall that
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because of the Cauchy-Riemann conditions the functions
I* must be analytic as subsystems of the self-duality
equations (27). Therefore, to ensure that the exponent
(mq —2)/2 is integral, we must require g(z) to be the
square of some analytic function G(2), g(z) =G?(z2),
whence I* =2G™«"1dG /dz. 1t is then obvious that the
solutions ¥* have the necessary analytic properties if
|Gl=1at »=0and |G|<1 for »>0. The most general
analytic function satisfying these conditions is the
Blaschke function

I
a;—=z

G(z)= ‘=1a‘*+zl

where a; are arbitrary complex numbers with positive
real part. This function has ! zeros and no pole on the
right-hand side of the half-plane of the variable z.

To calculate the topological charge, it is convenient
to use formula (29), taking W, =i exp(¥®)I* in it. Since
the functions y* are single-valued, they do not con-
tribute to the contour integral, and therefore

0= D Faodz,,106™" dGldz. (77
=1
Bearing in mind that G™="'dG /dz has m,l - 1 zeros
in the right-hand half-plane of z, each of them making
the contribution 27 to the integral (77), we obtain for
the topological charge the expression

Q=5 3 Ba(lma—1). (78)
a=1

Thus, the instanton solutions we have constructed
correspond to the topological charge (78) and are
characterized by the ! arbitrary complex parameters
a;,Rea; >0, of the Blaschke function and also by the »
additional “quantum” numbers m,. The presence of the
latter corresponds to the existence of discrete series
of solutions with a fixed value of the charge and can
be interpreted as internal degrees of freedom of the
instantons,

Nonsingular monopole solutions; matrices of the
magnetic chavge and masses of the monopoles, The
method of integration of the nonlinear systems de-
veloped in the previous sections is fully applicable to
the construction of exact nonsingular solutions to
Eqs. (40), which describe spherically symmetric
monopole configurations in the Bogomol’nyi‘—-Prasad—
Sommerfield limit for an arbitrary compact gauge
group G with Higgs field in the adjoint representa-
tion. It is easy to show that as a result of the ansatz

Ko=rexppa/2 He=1+(1/2)rpa, (79)
Eqgs. (40) reduce to the system

(80)

which describes in accordance with (67) cylindrically
symmetric self-dual configurations in the static limit.
Therefore, the relations (79) realize the correspon-
dence noted in Sec. 2 between the cylindrically sym-
metric static self-dual fields in R, and the spherically
symmetric monopoles in Minkowski space. This
circumstance makes it possible to reconstruct directly
exact monopole solutions on the basis of the solutions

Ea = 5211 8plap eXp P,
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we have constructed to the system (80), which are
parametrized by 2r arbitrary constants. For this,
it is sufficient to substitute the expression for the
solutions p, =3 3k4s%p in Sec. 3 into Eq. (79).

The constructed solutions do not have singularities
in a finite interval of  values. To ensure that the
Hamiltonian density of the system is finite, it is
necessary to satisfy appropriate boundary conditions
at infinity and at short distances. The procedure for
separating the subclass of solutions that have the cor-
rect behavior as - 0 is analogous to that carried
through in the instanton case, as a result of which the
monopole solutions are parametrized in terms of the
structures K, and H, by the set of » parameters m,,.

To calculate the energy of the monopole configura-
tion defined in the Bogomol’nyi-Prasad-Sommerfield
limit by the expression (36) and the matrix of the mag-
netic charge (37), we require the explicit form of the
asymptotic behaviors as r— = of the magnetic field B,
or rather B, =n'B, and the Higgs field ¢,? which for
our solutions have the form

B,= —as 3 Sahe (RA—1);

= E f.‘ﬁéhg% In Kq. (81)
a, B

We recall that here i, are the generators of the Cartan

subalgebra ¢ in ¢ corresponding to the simple roots

of G. Formula (81) obviously follows, in view of the

correspondence noted above between (4,,A) and (¢, W),

from the expressions (36) and (37) when the relation

H, =rd/dyInK, [see (79)] is used. One must also use

the replacement of the operators T, by skt g,

whose validity can be readily verified by directing

the unit vector n along the third axis, n=(0,0,1),

when W'=H", and the following chain of equations

holds:

Ta= 3 8anl2W' H}y = N 0,ul2HVHl, = 3\ 8,42 [l My
1 i 1.p
2 fjl - 1 il o
= 2 Sl Hohigg 12—y My = 3 legthy.
Bt &

Because of the boundary conditions at infinity, the
contribution of the Higgs field is completely deter-
mined by the arguments of the pre-polynomial ex-
ponentials of the corresponding solutions exp(-x,),

i.e., wy(—rm)=—r 2 zksmg Indeed, from the bounda-
ry conditions at infinity K,=*0 as - =, whereas
}inl 41, Inhg=— icm{iﬂlg -ufir Inexp (—ap)

1
= A'ugulp(m‘.) :Tma.

Therefore, (36) and (37) lead to the following expres-
sions for the matrices of the magnetic charge g and
the masses M of the monopoles:

g=2nY 8gha; M=mu Y d.kzhmy . (82)
3 «, B

Note that the derivation of (82) for the matrix g does
not depend on the explicit form of the solution and is
completely determined by the boundary conditions.

)Ag before, the coupling constant e of the gauge field is
omitted.
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Omitting the derivation of the formula for the mass
matrix My of the gauge field, we give only its final
expression in the adopted normalization,

b 1
My = ¥ 8akizhm,
. f

which can be obtained by repeating the corresponding
arguments of Ref, 63.

A striking property of our solutions and the mass
formula is the existence of discrete series of mono-
pole solutions labeled by the “quantum” numbers
My, ..., m, and degenerate with respect to them for
fixed values of the elements (6k"'m),;z of the matrix of
the monopole masses. This circumstance can evidently
be regarded as an indication of the possibility of the
existence of structural characteristics of monopole
configurations.

All the previously known monopole solutions (see,
for example, Refs. 5, 54, 56, and 57) which corre-
spond to the lowest admissible nonzero values of the
magnetic charges and masses of nonsingular monopoles
are special cases of the expressions obtained above.
In particular, the solutions of Ref. 56 for the unitary
group are obtained from our solutions by taking m, =2
and m,=1, 2< a@<n, in (88).

CONCLUSIONS

Let us summarize briefly the main results pre-
sented in the review, and draw attention to a number
of promising problems in this field.

The main result is the constructive proof of the
complete integrability of the system of essentially
nonlinear second-order partial differential equations

r

x -;—expﬂgl kaprp, 1<<a<r, (83)

«, 1z

where k is the Cartan matrix of the simple Lie algebra
g of rank 7, through the construction of general solu-
tions of this system depending on 2r arbitrary func-
tions. The system (83) is a realization of the self-
duality condition of cylindrically symmetric Yang-
Mills fields for the minimal embedding of SU(2) in an
arbitrary compact gauge group G, for which the in-
variance subgroup is Abelian, S=II;®U(1). This has
enabled us to describe spherically symmetric in-
stanton and monopole configurations in the framework
of a unified method as »-parameter subclasses of solu-
tions of the system (83) and to calculate explicitly the
values of the topological charge of the instantons and
the matrices of the magnetic charge and masses of

the monopoles.

The possibility of complete integration of the system
(83) in the case when & is the Cartan matrix of g poses
numerous interesting problems of both mathematical
and physical nature that require further investigation.
Let us briefly list some of them,

1. The connection between the fact of complete in-
tegrability of the system (83) and the properties of
simple Lie algebras and the possible formulation of a
criterion of simplicity of finite-dimensional Lie alge-
bras in the form of conditions of (finite) polynomiality
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of the corresponding general solutions.

2. The construction of a uniform method of integrat-
ing the system (83) using only the general properties
of Cartan matrices and not the root spaces of each
type of Lie algebra separately.

3. The construction of systems of eylindrically sym-
metric duality equations of gauge theories for all types
of embedding of SU(2) in G and the solution of the
problem of their complete integrability. This problem
is intimately related to the possibility of formulating
the corresponding equations solely in terms of entities
that are gauge invariant with respect to S.

4, The connection between the approach presented in
this review to the integration of the system (83) and the
inverse scattering technique.®*

5. The finding of Bicklund transformations® for the
system (83) relating its solutions not only to solutions
of the same system but also to » free Laplace equations
(*x,2:=0). It is well known that for the group SU(2) such
transformations exist.*® Further, as is well known,
the Liouville equation is intimately related to the
sine-Gordan equation. If this connection also holds in
the multi-component case, it would be possible on the
basis of the multi-component sine-Gordon equation to
construct a model of a quantum theory with an exact
S matrix, as in the single-component case.®” The
quantum numbers of the soliton states of such models
would form multi-dimensional manifolds.

6. The connection of Bicklund transformations of
equations of gauge theories to the Weyl automorphism,
which distinguishes different real forms of complex
groups, and the reality condition of the solutions.
There are certain indications of the possible existence
of such relations based on Bicklund transformations
connecting solutions of the Yang equations® for the
groups SU(p,q) and SU(p—1,q +1) (Ref. 68).

7. The integrability of the system (83) for other
nontrivial matrices % different from the Cartan matrix.
A positive solution to this problem would evidently
enable one to obtain a number of important physical
consequences in other fields of theoretical physics in
which equations of the Liouville type are encountered;
we have here, for example, possible generalizations
of the Ginzburg-Landau equation,® the Debye-Hiickel
equation,™ ete. In particular, for the degenerate ma-
trices #=|.2"2|, which correspond in accordance with
Ref. 71 to infinite-dimensional groups, the corre-
sponding system (83) leads to the sine-Gordon
equation,®

8. The complete integrability of the duality equations
(Fyy=*F,,) without the assumption of cylindrical
symmetry.

9, The construction of solutions to the general
Yang-Mills equations (3, F,, +[A,, F,,]=0) without
the assumption of duality but in the cylindrically sym-

" 5)The matrix 1234 | leads to a different interesting equation

with right-hand side exp(2x) — 2 exp(—x).
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metric case [see (23)].

10. Interpretation of the “quantum” numbers
My, ..., M, Which determine the instanton and monopole
configurations that we have constructed, as internal
structural characteristics of these objects.

11. The formulation of the duality condition as a
eritical “point” of sudden raising of the symmetry of
the solutions of the corresponding system.
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