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The effects of coupling of bands, especially as manifested in high-spin states of even—even nuclei, are
reviewed. The development of methods such as the self-consistency method, the random phase
approximation, the cranking model and the projection method is described. An attempt is made at a
unified microscopic description of the effects of rotation—vibration coupling. The application of the
theory to high angular momenta is discussed. The excitation of high-spin states by heavy ions is
considered. Investigations into nuclear structure by in-beam energy and lifetime measurements are
discussed. Questions relating to the mechanism of the compound nucleus reaction and the population of
the yrast band are posed. Experiments that contributed to the discovery of phenomena such as back-

bending and yrast region traps are discussed.
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INTRODUCTION

In modern physics, investigations into nuclear struc-
ture occupy a special position between the physics of
elementary particles, which is regarded as the van-
guard of physics, and the physics of many-particle
systems. It combines the complexity of the as yet un-
solved problem of the fundamental interaction of ele-
mentary particles (which distinguishes it from other
many-particle systems) with the complexity of a many-
particle system with all its theoretical problems and
diversity of experimental phenomena.

The nuclear many-particle system is distinguished by
various features from other many-particle systems. At
the theoretical level, they are due to: 1) the small
number of nucleons, which leads to specific finite-sys-
tem effects, in contrast to solid-state and plasma phys-
ics; 2) the absence of a heavier subsystem, which re-
sults in a great variety of shapes and associated exci-
tations, in contrast to atomic and molecular physics;

3) the poseibility of excitation of mesonic degrees of
freedom, which leads to a nuclear physics of a new
type having little in common with the ordinary many-
body problem.

From the experimental point of view, the nuclear
system also has specific features due to the variety of
possible means of influencing it (the diversity of the
“probes”), exciting different degrees of freedom, and
opening up different aspects of the nucleus. Besides
electromagnetic radiation, one can use as probes neu-
trinos, electrons, a variety of mesons, neutrons, pro-
tons, hyperons, and various heavy ions. As a result,
modern investigations are based primarily on nuclear
reactions, which, in contrast to radioactive decay, ex-
cite the nucleus over a wider spectrum and, more-
over, more specifically.

It is well known that a frontal attack on the solution
of the nuclear many-body problem with a computer has
no prospect of success and is meaningless. Nuclear
physies, like the physics of other many-particle sys-
tems, therefore proceeds by seeking elementary exci-
tation modes, In the nucleus, these are a single-par-
ticle and single-quasiparticle motions, and also the
collective motions: vibration, rotation, pairing vibra-
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tion, and so forth. The collective modes are relatively
complex and varied excitations in which many nucleons
participate simultaneously; nevertheless, they can be
described theoretically by means of a small number of
degrees of freedom. Experimentally, they can be se-
lectively excited if the probe and conditions are proper-
ly chosen. Especially favorable for the excitation of
collective modes are heavy ions, which explains their
potential in nuclear physics as probes leading to phen-
omena of great variety.

Nevertheless, the elementary modes are manifested
in a pure form only in limited ranges of nuclei, probes,
and conditions of excitation. Experiments reveal par-
ticularly interesting phenomena in the transition re-
gions in which several coupled modes are simultane-
ously operative. We have, for example, the regions of
nuclei that are transitional between spherical and de-
formed shape,® or the regions of excitation of high
spins.? In both cases, the coupled modes are vibra-
tion, rotation, pairing vibration, and single-particle
motions.

The most topical cases of coupled modes are observed
at high spings. Here we encounter phase transitions in
nuclei with rotation®:* due to the interaction of rota-
tional bands of various vibrational, pairing-vibrational,
or quasiparticle structure,®'® i.e., back-bending and
the phenomena related to it. Also topical are the ef-
fects of the structure of the yrast band and the region
of states near it (Fig. 1) at high and ultrahigh spins,”"®
and, in particular, yrast region traps. We restrict
ourselves here to considering heavy nuclei.

The review consists of two parts, a theoretical and
an experimental part. A method developed in conjunc-
tion with colleagues at the Laboratory of Theoretical
Physics and the Laboratory of Nuclear Reactions at
the Joint Institute at Dubna is presented. Simultaneous-
ly, the review aims to give a fairly complete survey of
the present state of these questions. Because of the
vast amount of literature, this will be cited in two ways.
References to papers presented well in other reviews
will be made through these reviews, while references
that are more important for the present exposition or
new papers will be quoted individually, The survey of
the literature was terminated in August 1978,
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FIG. 1. Expected changes in the structure of nuclei in the re-
gion of the yrast band for high and ultrahigh spins.’

1. INTRODUCTORY COMMENTS ON THE THEORY
OF COLLECTIVE MOTIONS IN NUCLEI

The first indication of a collective nature of the low-
lying states of even—even nuclei was the fact that the
E2 (electric quadrupole) transitions were found to be
strongly enhanced compared with the expectation for
single-particle transitions.® The generalized model of
Refs. 10 and 11 gave a rotational interpretation of this
phenomenon, in which the E2 moments of nuclei found
to be an order of magnitude greater than the single-
particle moments indicated a static deformation.’? Ro-
tational spectra were discovered at the same time as
Coulomb excitation.’** They were also identified in
a-decay spectra.'® Higher levels were excited by mul-
tiple Coulomb excitation’® and in reactions with a par-
ticles (a, #n) (Ref. 17), protons (p, 2r) (Ref. 18), and
ions heavier than a particles (HI, xn) (Ref. 19).

A completely new situation arose with the discovery
of back-bending, an effect® that is sometimes called a
bhase transition in nuclei with rotation. The literature
on this effect is very extensive; reviews of experiment
and theory can be found in Refs. 3-6 and 21-23, The
essence of this phenomenon is that the transition ener-
gies E; -E, _, between neighboring levels of the bands
I and I -2 do not increase linearly with the spin I but
deviate very strongly from such a dependence and in a
definite region of high spins decrease with I. Recently,
a second back-bending has been discovered at even
higher spins.? This effect is interpreted in terms of
the moment of inertia of neighboring levels J and the
angular frequency w. Then in Fig. 2 for spins in the
back-bending region a drastic increase in 2J is ob-
tained simultaneously with a decrease in w?® (Ref. 4).

Of particular interest is the observation of not only
an yrast band but also bands close to it in '3iGd (Refs.
25 and 26), %Dy (Ref. 27), and 3$Dy (Refs. 28-30).
Theory was presented with new problems after the dis-
covery of bands of different parity in, for example,
1%Er (Ref, 31), 'ZEr (Ref. 32), '@Er (Refs. 33 and 34),
and traps at high (see, for example, Refs. 35-38) and
ultrahigh spins.®

However, in phenomenological approaches like that
developed in the generalized model—some of them will
be considered below—difficulties of both fundamental
and practical nature frequently arise. The fundamental
difficulties are associated with the fact that the differ-
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FIG. 2. Nucleus exhibiting back-bending (§§Er) and mecleus
without this effect (}§Hf) represented in two ways: E; plotted
against I{(I+ 1) and 2J(26/k°) plotted against w?(%2w?) (Ref. 4).

ent modes are usually described in the language of dif-
ferent models which are not related to a “microscopic”
approach, i.e., the models are not derived from the
solution of the many-particle problem. Therefore, it
is very difficult to understand what, for example, is
rotation of the nucleus from the point of view of the
many-particle problem, The practical problems arise
because the different languages used to describe the
different modes do not make it easy to construct even a
phenomenological model —to say nothing of a micro-
scopic model—of coupled modes and to describe the
phenomena mentioned above,

We see that microscopic approaches are needed. But
here we must mention some features of nuclear phys-
ics, which lead to a situation in which microscopic ap-
proaches are hardly developed. By this, we mean ap-
proaches associated with the solution, albeit approxi-
mate, of the many-particle problem on the basis of the
fundamental nucleon—nucleon interaction, the solution
being taken as far as the stage of comparison with ex-
periment. Features of nuclei that hinder this are:

1) the fact that, despite considerable progress in the
elucidation of the nucleon—-nucleon interaction, this
problem is not yet solved;

2) there are fundamental doubts whether a transition
should be made at the present stage from the fundamen-
tal interaction to an effective interaction in the nucleus
on the basis of the solution of the Bethe-Goldstone
equation.

Thus, there arise approximations of the first type
associated with the interaction. In view of the great un-
certainties for complex nuclei, preference is given to a
more modest microscopic approach, which Solov’ev has
called semimicroscopic,®® 1t is based on direct param-
etrization of the actual effective interaction, and this
parametrization, which is closer to phenomenology, is
determined by comparison with experiment. There
have been introduced various forms of effective inter-
action—Gaussian, Yukawa, Woods-Saxon, etc., —and
these have greater or lesser historical significance.
There have also been introduced local, density-depen-
dent interactions; we may mention Landau and Migdal,*
Skyrme,*® and Moszkowski.?® In connection with the de-
velopment of the self-consistent Hartree-Fock* and
Brueckner—Hartree—Fock*® methods of calculaiion of
nuclei it was found that some properties of the ground
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state of nuclei such as the binding energy, the density
distribution, and some simple excited states can be re-
produced by different variants*® of Skyrme forces,
which take into account the many-particle nature of the
effective forces through their density dependence. To
reproduce some excited states of light nuclei, it is also
necessary to introduce spin-dependent terms.*’

These fairly complicated interactions are inconveni-
ent in heavier nuclei. Here, one therefore has re-
course to schematic interactions, which factorize.
They can be obtained by expanding the effective inter-

- action in multipole interactions.*® The long-range part
is approximated by low multipolarities, i.e., the quad-
rupole? or one or two of the following. The short-
range part is approximated by a monopole two-body in-
teraction®® or an interaction of even higher multipolar-
ity, for example, quadrupole pairing.®'5' If such res-
idual effective interactions are added to the single-par-
ticle Hamiltonian of the spherical or deformed shell
model with Nilsson potential or to the modified Hamil-
tonian of the shell model in a spherical or deformed
Woods—Saxon basis, the well-known superfluid multi-
pole model of the nucleus is obtained.*®**® If a spheri-
cal basis and monopole pairing plus a quadrupole in-
teraction is used, the upshot is the Kumar-Baranger
model,* in which, however, the deformation is taken,
not from an independent calculation or empirically, but
on the basis of the transition to an optimal deformed
basis, the Hartree-Fock-Bogolyubov method being
used. Thus, this approach also aims to describe the
transition region,®*5* although with semiquantitative
results,

Despite the approximations to the effective interac-
tions, it is only light nuclei that can be attacked by
direct diagonalization or the use of group theory. This
gives rise to approximations of the second kind, which
are associated with the method of solution of the many-
particle problem. They are decisive for the success of
any nuclear theory, in particular theories of collective
motions, and they depend on the resourcefulness of the
theoretician, who must make an optimal selection of
one or several coupled elementary excitation modes.

At the beginning of the development of microscopic
theories, it was assumed that it would be a help to re-
place the coordinates by suitable variables that describe
also the collective modes,* it being necessary to guess
the new coordinates. It turns out to be better merely to
restrict the choice of the modes on the basis of certain
general considerations and to create a microscopic ap-
proach which subsequently makes more precise the
structure of the modes, rendering it automatically op-
timal. For the more complicated nuclei, this is as yet
the only fruitful path. For the single-particle and sin-
gle-quasiparticle modes we have the Hartree-Fock and
Hartree—Fock-Bogolyubov methods,®**%¢ and also their
generalizations,*®’ % and these play the main part in all
many-particle problems. In the language of second
quantization, this is the method of optimal choice of the
. particle-hole or quasiparticle basis. As is well
known,*® it can be regarded as a microscopic derivation
and derivation and development of the shell model.
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Natural generalizations to collective modes are the
method of generator coordinates®*° and the time-de-
pendent Hartree—Fock method, which is based on an old
idea of Dirac.®® These two methods canbe compared.®****
With the time-dependent Hartree—-Fock method, as a
first approximation, one can associate the vibrating-
potential model,*® which is also called the time-depen-
dent shell model.*® Thus, the time-dependent Hartree-
Fock and time-dependent shell models bear the same
relation to each other as the Hartree—Fock and shell
models,

For a collective motion of small amplitude, the time-
dependent Hartree—Fock method leads*® to the random
phase approximation, taken from the theory of plasma
oscillations® and developed in nuclear theory.®*"®? This
is the most effective method for describing vibrations
of spherical and deformed nuclei (Refs, 40, 48, and
68-170). It introduces operators of creation BT, and an-
nihilation B, of phonons, treating them as quasibosons,
(B, B}]=01,, and assuming for them, in the quasi-
particle variant,™ simple structure in the form of a su-
perposition of products of operators of creation a;' and
annihilation @; of two quasiparticles:

(1)

The amplitudes y{§’ and z{}’ of this structure and, thus,

the transition probabilities are determined from the
equations of motion?®

Bi= ?; (yWaja} + sae)).

(2)

in conjunction with theﬁparameters w, of the quasiboson
“model” Hamiltonian z, which give the energies of the
different vibrational excitations. Equations (2) can be
obtained directly from the time-dependent Schrdinger
equations if one assumes a harmonic time dependence

(3)

Rotational collective motion has properties that led to
new types of approach. We have, first, a collective
motion of large amplitude, and second, fairly compli-
cated three-dimensional kinematics. These circum-
stances were responsible for the faet that over a period
of more than 20 years a huge number of investigations
have been made with but limited success and without
solution of the problem as a whole. Among all the ap-
proaches, only two have led to practical results, They
are developments of the cranking model and the projec-
tion methods.

[, Bil=1Ik, Bil=0.Bi; h= g w, BB,

B} (t)=exp (iHt) B} exp (—iHt)=exp (iou) Bj.

Inglis’s cranking model™ was introduced as a time-
dependent shell model or a generalized model for rota-
tions and preceded a corresponding model for vibra-
tions.®® Subsequently, the model was given a variation-
al microscopic derivation, which made it self-consis-
tent,”*™ and pairing was also included.™: ™ We shall
here give an equivalent microscopic interpretation
based on the introduction of a collective variable.” The

‘eranking model amounted to the introduction, instead of

(3), of the rotating variable

(1) =exp (i) Bexp (—iflt) —exp (i02) D,

(4)

in which it is assumed that § satisfies the analog of the
quasiboson relation [I,, 6] =1 and has a quasiparticle
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structure of the type (1). From the time-dependent
equation (4), the equation of the model is obtained; it
is the analog of (2):

[H, 6]=ol,. (5)

The projection methods of Refs, 57, 58, 78, and 79
are special cases of the method of generator coordi-
nates. From the deformed Hartree-Fock-Bogolyubov
vacuum | )= ¥}, a,|K) there are projected components
with good angular momentum

|IAI}E;P{HK3K |K>, (6)

this being implemented by a superposition of states with
different positions in space obtained after application of
the operator

204 { dQD}k (Q) R (). (7)

Plx= 3;2

The formula uses R(®), the operator of finite three-
dimensional rotations, and D(Q) functions. Components
with good quantum number of nucleons of each type p

and n are projected similarly.?®

The microscopic theory of nuclear rotation was de-
veloped®!'®2 by the deeper Klein-Kerman approach to
collective motion (see Ref. 83, and also Ref. 84), It is
based on a generalized self-consistent theory of Har-
tree—Fock type for single-particle amplitudes coupling
an even nucleus and a neighboring odd nucleus. Re-
lated approaches were proposed later by Rohozinski,*®
and also by Belyaev and Zelevinskii,?® The latest meth-
od was developed recently in Refs, 87 and 88 and taken
to the stage of calculations. Nevertheless, the prob-
lem of a general approach to coupled modes has not
been solved.

The main method for studying coupled modes in even
systems is the method of boson expansions, which rep-
resents pairs of fermion operators in terms of bosons.
It derives from a special approach in the theory of fer-

. romagnetism.?® In nuclear physics, two main ap-
proaches are known: those of Belyaev and Zelevinskii®
and Matumori ef al.®* The former is simpler and has
been developed further.®*™® The second is distinguished
by projecting onto a physical space with finite basis,
with the consequence that it does not violate the Pauli
principle. This approach was developed in Ref. 96. We
should also mention the work of Marshalek and Wen-
eser® in connection with the cranking model, for the
creation of a model of the transition region, and for
the description of rotation.”® For the projection and
cranking methods and the development of a model of
the transition regions the papers of Refs, 99-101 are
interesting, and, in connection with the Hartree—Fock-
Bogolyubov method, Ref. 102.

With regard to the microscopic theory of high-spin
states and the crossing of bands, the greatest success
has been achieved by the methods that combine the self-
consistent methods and the cranking model,**® and they
will be considered in detail below. We mention the
criticisms'®*"2°7 of the cranking model in the back-
bending region. Of conceptual interest is the proposal
to use coherent states, which were introduced into the
modern stage of quantum theory of Glauber'®® (see also
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Ref. 109), to describe collective motion of large amp-
litude.!® To describe such motion, it was again pro-
posed to develop the method of generator coordinates™*
and the time-dependent Hariree—Fock method,'"""'* It
was also suggested that the self-consistent cranking
methods should be combined with the random phase ap-
proximation in order to correct the quasiclassical lim-
itation of the cranking model and take into account
quantum correlations in high-spin states,'**

Thus, although there exists a great variety of ap-
proaches to collective motions, the problem of coupled
modes has not been completely solved. In particular, it
is still important to develop a microscopic theory of
nuclear structure at high and ultrahigh spins.

2. PHENOMENOLOGY OF THE ENERGIES OF
LOW-SPIN STATES

Deviations from the simple rule E, =(2J)"I(I+1) for
a rigid rotator were already noted*®*® in the low-spin
region for excitation of levels up to I"=8"-12", For
the ground-state band of even—even nuclei, it was then
proposed to use the expansion''®

E;=AI(I--1)4+BI2(I L4 CI3(T 41034 .. ., (8)

However, this was found to have a poor convergence,'?
Therefore, a different expansion—the Harris expan-
sion'*®—with the introduction of a rotation velocity w
was introduced:

E; =aw? +pot+ yo'+ .. .;
m+_il)=2am+-;—ﬁm3+%vm5+... } i
This expansion was introduced on the basis of Inglis’s
cranking model,” which, despite being quasiclassical,
provided a first understanding of rotation in terms of
single-particle motions. The convergence of (9) is
much better than that of (8), so that only two param-
eters are sufficient to describe the smooth anadiabatic
deviations up to spins 8-12, An updated fitting of the
parameters in (9) to the experiments, including higher
spins, is also known.'"?

9

For nuclei in the transition region between spherical
and deformed nuclei, in which the adiabatic treatment
is invalid and the bands are said to be quasirotational,
the variable-moment-of-inertia model''® was proposed;
in it, it is assumed that the moment of inertia J de-
pends on the spin I in accordance with the two-param-
eter formula

Ey=T1(I 12T +V () V() =C(J—JTo)22; 8E/aJ=0. (10)

It was shown''®' ' that this model is equivalent to the
Harris expansion (9) with two parameters and leads to
a linear dependence of J on w®. Even better results for
transition nuclei that are very nearly spherical, but
poorer results for moderately high spins, are given by

the different two-parameter formula of Ejiri**:

Ep=ol+I(I-+1)/2]. (11)

There was also proposed'?* a direct extension of (10) so
as to treat simultaneously g, 8, and y bands by the in-
troduction of variable vibrational frequencies. There
has also been proposed an approach for the simultan-
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eous description of the ground-state band and band
based on a gamma-vibrational state'??: 122 by combining
the model of an asymmetric rotator'® and the model
with a variable moment of inertia. All these models
consider basically the level energies of the bands.

In Ref. 125, there was proposed the phenomenological
formula

E =2 ([t 1a+0]" 1), (12)

in which two parameters are again introduced: the mo-
ment of inertia J, at zero spin =0 and the coefficient ¢
- of the anadiabatic deviations. Comparison of the ener-
gies of the levels showed that the formulas (9) with two
terms and (12) reproduce experiment up to 12* or 14"
equally well and approximately within the experimental
errors. The moment of inertia has a value typical of
deformed rare-earth elements of order 30 MeV™, and
the anadiabaticity coefficient ¢ introduced here is of
order 5 MeV ™. The first coefficient A =(2J,)™ in (8)
is of order 15 keV. The usual second anadiabaticity
coefficient B in (8) is related to ¢ (when higher terms
are ignored) by B=-c¢/(8J3), and thus this coefficient
is of order =20 eV,

Formula (12) has two main features. The first is that
it can be justified by the model of a soft rotator,'?®
which was proposed independently of the widely known
variable-moment-of-inertia model.’® The soft-rotator
model (a two-dimensional analog is given in Ref. 126)
gives the energies

En=—=[7 (&) +o] -2 {1+ - 1a+0]" =1}, (19)
Thus, in the soft-rotator model the energies (13) are
obtained from the contribution of the g vibrations (the
first term, which depends only on %) and the rotations
with allowance for anadiabaticity (the second term,
which depends only on I). The second term is identical
with (12). Formula (12) can be derived from the soft-
rotator model in the same way as the two-parameter
Harris formula (9) from the variable-moment-of-
inertia model (10). However, formula (13) predicts
something more, The first term gives equidistant lev-
els of a harmonic vibrator with energy separation w,
=2/Vc, with ¢ =4/w?. These formulas relate the ana-
diabaticity coefficient ¢ in the ground-state band to the
energy w, of the p-vibrational level. The connection
can be tested, and this is done in Table I, in which we
give the theoretical anadiabaticity coefficients ¢ cal-
culated from the experimental vibrational frequencies
and compare them with the experimental values of ¢ de-
termined from fitting in the ground-state band. It can

TABLE I. Anadiabaticity
coefficient c.

e Mev'?
Nucleus | @o, MeV
Theory | Experiment

1Dy 1.275 | 2.461 4.77

18Er 0.894 | 5.005 7.08

HEr 1.246 | 2.576 4.28

10Yh 1.060 | 3.500 3.83

12801 0.871 | 5.273 6.12

520 Sov. J. Part. Nucl. 10(6), Nov. -Dec. 1979

be seen that the coupling to the 8 band explains quali-
tatively the variation of ¢, although the value of ¢ cal-
culated from this coupling is always smaller than the
experimental value. This could be due to the neglect of
coupling to other bands.

We now show that the soft-rotator model is a variant
of models of the variable-moment-of-inertia type. In-
deed, formula (12) can be obtained from (10) by the
variational procedure of such models if the choice for
V(J) in them is replaced by

(14)

A second feature of (12) is due to the fact that it is
directly related to an expansion'®? that is the inverse of

(8):

I(I+1)=f(E))=bE;+cE}+ ..

V () =T (26) + Ji(2ed) — Tole.

s b=27,. (15)

Terminating this expansion after the second term and
solving for E,;, we obtain (12). This shows that the in-
verse expansion (15) is, as regards convergence, no
worse than the generally used Harris expansion (9). On
the other hand, (15) does not introduce concepts such
as the angular velocity w, which are not well defined in
quantum theory,

Formula (12) is known in the literature as the Holm-
berg-Lipas formula even though it was proposed earl-
ier by Mikhailov ef al.'*® and the fact that Holmberg and
Lipas'®® themselves noted that the formula had been
proposed before them in Ref. 129,

3. PHENOMENOLOGY OF THE ENERGIES OF
HIGH-SPIN STATES: BACK-BENDING

The back-bending region (I ~ 14-16 for the rare-earth
elements) cannot be described by the smooth two-pa-
rameter formulas discussed above. Indeed, let us
translate Fig. 2 (Refs. 21 and 3) into a different form
by replacing w® by the argument E (Fig. 3). From the
first two terms of formula (15), we obtain

2J =b-2eE, b=2J, (16)
i.e., the moment of inertia is a linearly increasing
function of E =E,. Thus, formula (16) can describe
only the initial linear region of the increase of 2J in
Fig. 3. But in the same figure we see that there is an
abrupt increase in 2J in the back-bending region, i.e.,
near E,.

Many phenomenological models were proposed to de-
scribe the energies of high-spin levels by means of
several adjustable parameters.’*’** The majority of

23,
MeV!
720

.2

4
E, MeV

g

FIG. 3. “Resonance” parametrization of the back-bending ef-
fect in the representation of 2J plotted against E=E; (Ref. 148).
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these models extended the variable-moment-of-inertia
model by including terms of higher orders™*™'*" (in
Ref. 137, the various phenomenologies were system-
atized from the point of view of a generalized variable-
moment-of-inertia model) or by the inclusion of an
asymmetric deformation,'*®*° The use of a phenomen-
ological boson Hamiltonian'*'™* ig interesting.

Among the phenomenological approaches, a special
position is taken by the model of the crossing of hy-
bridization of bands,*: 45 which was also combined
with the variable-moment-of-inertia model.’*® The idea
is already implicit in the rotation—vibration model of
Ref. 147, Here, the drastic change in the moment of
inertia is attributed to crossing of the ground-state
band and a “superband” with a higher moment of iner-
tia. In such a scheme, one can also interpret the down-
bending,® i.e., the reduction of the moment of inertia
at even higher spins after the back-bending region.

This scheme obtained experimental confirmation (see
Sec. 26).

None of these approaches solve the problem of the
physical nature of the back-bending or, in other words,
the structure of the intersecting superband. Possible
mechanisms and their theoretical and experimental se-
lection will be considered below. Nevertheless, one
can show that even the phenomenology in the represen-
tation given in Fig. 3 (Refs. 148 and 149) permits the
drawing of certain conclusions concerning these mech-
anisms. Figure 3 corresponds to the following param-
etrization of f(E) from formula (15)":

20 = (E)=b+2cE{[1 —exp (— E/Ej))

+ﬁ1?-i-[arctg E-—ﬂEU +arctg£ﬁl’—]exp(—E1E;), B==0;

— bt 20, (1 —oxp (— E/E})] + 0 (E— Eo) oxp (— E/E);
p=0

(m

(Ref. 149), or, more precisely, to the limiting case
E!=E! - (damping is not taken into account). It can
be seen immediately that the first two terms give the
smooth component of the increase of 2J with E, and the
third term gives a strongly varying component, which
thus is responsible for the back-bending. As will be
shown below, the two components correspond to two
different mechanisms of anadiabatic variation of J.

The physical meaning of the parameters b and ¢ of
the smooth component of (17) can be deduced by com-
paring it with (16), which corresponds to (12). The
physical meaning of the parameters E,, 8, and y of
the back-bending component of (17) can be seen by com-
parison with a simple model of two bands with constant
moments of inertia J, and J,—the ground-state band
with energies I(I+1)/(2J,) and a superband with ener-
gies AE +I(I+1)/(2J,), J,>J,, these crossing at the
point E,. Suppose they interact by means of the matrix
element V. We can then obtain approximately the fol-
lowing expressions for the parameters of the back-

Dpyan slator’s Note. The Russian notation for the trigonome-
trie, inverse trigonometric, hyperbolic trigonometric func-
tions, ete., is retained here and throughout the article in the
displayed equations,
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bending component; E,=AEJ, /(J,~J,), which is the
intersection energy, y =2(J, -=J,), which is the differ-
ence between the doubled moments of inertia of the two
bands, and g =[2%3~1]Y22VJJ,/J, =J,|V|, where
[2%3-1]Y2~1,53284, Strong back-bending (see Fig. 3)
will be observed where the difference J; —J, between
the moments of inertia of the crossing bands is large
and their interaction | V| is small. In the case E = E|
=E", fitting of (17) to the experimental energies of the
yrast levels of many nuclei exhibiting back-bending
yielded a systematic set of parameters of the model of
crossing bands with allowance for the smooth com-
ponent and damping (E,) with respect to Z and N (Ref.
149),

We mention that the use of the energies of not only
the yrast levels but also several crossing bands, as in
the original model,***+'** makes it possible to extract
more parameters from the experiments,'* but only in
the few cases when other bands were observed.>*™® We
shall return to this problem below.

4. TRANSITION PROBABILITIES

The adiabatic approach to the transition probabilities
of the generalized model is based on factorization of the
wave function into D%, (@), which takes into account ro-
tation in terms of the collective coordinates (the three
Eulerian angles © of the orientation of the deformed po-
tential well in space), and into |@(K)), which depends
on the remaining “internal” coordinates. Using both
the rotational and mirror symmetry, we can express
the adiabatic wave function in the form™!

1 # 2I-+1 I
|e (K) IM)= VIt om0 V g lUa(K)) Dra
+(=)"7"F 1K) D xml,

where the state |a(K)) is the state |a(K)) rotated
through 7 about an axis perpendicular to the symme-
try axis of the nucleus. Then for the reduced transition
probabilities

(18)

B(FL; a:(K:) i — oy (K4) 1)
— @I 1) |ty (K ) | P ll e () T2, (19)

where F,,, =@, , or M, is the operator of anE or M
transition of multipolarity L, and ( f||F, ||} is the re-
duced matrix element, we obtain the adiabatic formu-
13.151

UNFLN D = (Tyarg (K ) || ' | e (K0 T
<104+ 8xc,0) (1-+ By, o)1 ™2 (=)' 121 +1) 2L+

Iy bl ’

X [(—K;j K Ki)(a-f(Kf) [FL, kerep—xc |0t (Ki))

+ (=)t (_ﬁj ‘f—(‘_ ;;i) (g (Ky) |FL, f?:x,,ﬂ(,!w (K:‘))] (20)
which is the analog of the rigid-rotator formula for the
energies, On its basis, one can obtain the so-called
Alaga rules,'®* or branching rules, i.e., the ratios of
the probabilities (19) do not depend on the internal ma-
trix elements (a/(K;)|F.x|a;(K,;)) in the cases when
the second term in (20) vanishes. By analogy with the
anadiabatic deviations of the energies [see, for exam-
ple, (8)], there are also anadiabatic deviations from
(20), which we shall call devialions from the Alaga

E. Nadzhakov 521



[B(E2; k=2I;=K=01,1]"* e,
<I;Z 2-211,0>

.51 (042eb){1e0, nzz[r,a,ﬂ)-r,-(rm)g}

eb=g-707?* cm?

Values of / given
- next to the points

1 ' 1 1 1 L
=30 =20 -10 a7 10 20
Te(Tp#1)=I;(I;+17)

FIG. 4. Anadiabatic effects of band coupling in the probabil-
ities of E2 transitions between the y band (K=2) and the
ground-state band g (K=0) of $$Er (Ref. 2).

vules. They are obtained in their simplest and most
complete form on the basis of the rotator model or the
model of a particle plus a rotator,'*® which takes into
account the coupling of the rotational bands through the
Coriolis forces, as was done by Mikhailov.®* This
model was subsequently developed with many applica-
tions to odd nuclei in a number of papers quoted in Ref.
154a,

A well-known special case of the anadiabatic devia-
tions of the reduced matrix element and, thus, B(E2),
within the ground-state (g) band is*' 55

Ui\ Cull e = Ly | Gl gFidaa {1+ Uy (g + 1) + L (Li+1)] -

—2]/_%6[1(14-1)—%]5.-,}, (21)

where (I, /@, 11,) is given by (20). Also, for tran-
sitions between the ground-state band and the 8- and
y-vibrational bands we have

Lig 1 Qa Nl L) = (Iyg || Op | LT ) aa

XA+ U L+ ) — L (L 1)), p—=B, ¥, (22)

where ¢ =%,=2z, for p=8 and ¢ =g, =z, for p=1y; 2z, and
Z, are the coefficients adopted in the literature (Refs,
156 and 157 and also Refs. 151 and 23) (Fig. 4). The
well-known coefficient y = vy of nonaxial deformation is
related to & by'* .

tgy, =1 (I+1)8/)/2.

We give the connection between the parameters
p=0r*/r*, @, and b and the relative changes 6v/v in
the volume from the ground 0 state to the 2* state.
The model of a triaxial ellipsoid gives

(23)

o g (AL @y — ) A — Aty
boly=p— 2 S AT

o8l B\ b s
x[e— <+ et o)
where A and p are the ratios of the squares of the x and
y axes of the ellipsoid to the z axis, and they are given
by

=042 _5 0 . A—p _
TOWI T2 ZAME T A

6
S V(s )
(24)

(25)

5 e
s LY u% .
For an ellipsoid of revolution y =0 and A=y, and (24)

reduces to the model given in Ref. 155, which itself
generalized the model of Ref. 158. In (25), @, is the
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experimental value of the internal E2 moment, and
¥,=1.2 F, Using formula (24), one can find the ex-
perimental and theoretical values of §v/v from data
onp, o, and &,

In the literature, use is sometimes made of the re-
normalized values @, 3, Z,, Z, (Ref. 23), which are re-
lated to our a, 6, z,, 2, by

a=a/(1+V3125), %=1

8§=3/(1+V 3128), zz=£!(i+2?2)-}
We also give the connection of the parameters @ and 5,
on the one hand, and Z, and Z,, on the other, in the
phenomenological model of coupling of the g, 8, and ¥
bands’®®:

(26)

B(E2; g0 —g2) °*

a=agtoy oy=27
1 = B(E2; g0 — y2) (2?)

§=VBe ar=guim

Attempts have been made to apply the rotator model
to even—even nuclei to calculate the anadiabatic effects
manifested in the energies and the transition probabil-
ities on the basis of direct coupling with Coriolis
forces.'™” However, consistent results were not us-
ually obtained,'®*'® and this made it necessary to in-
troduce additional terms. They can be understood in
the sense of Ref. 161, which says that such effects can-
not be explained by the coupling of a small number of
bands'®! and that one needs a microscopic approach to
the coupling of rotations to a large number of quasipar-
ticle modes. Nevertheless, this work did yield empiri-
cal information about the coupling of bands, which is
given in Ref. 23. This information, in conjunction with
additional evaluation of the experimental data made
here, will be discussed below in connection with mic-
roscopic calculations,

B(E2; g0 - B2) }

5. THE GROUP APPROACH

Of particular importance in the development of our
understanding of nuclear rotation was the group ap-
proach initiated by Elliott.!%® He used an SU(3) classi-
fication of the states of particles and showed how there
arises a separation of the internal and collective mo-
tions in a spherical potential through residual inter-
actions. Subsequently, the basis was modified.’®® This
approach was used for actual calculations of light nu-
clei with, for example, an open 25—1d shell.’® In
heavier nuclei, groups were generally used for phen-
omenological parametrization,'®®: ' and other groups
were also introduced to describe rotations of deformed
nuclei. We have here the noncompact groups SL(3, R)
(Ref. 167), T(5)®SO(3) (Ref. 168), CM (3) (Ref. 169),
and Sp(6, R) (Ref. 170), which make it possible to con-
sider infinite bands. For the transition region, there
were considered the groups Sp(10, R) (Ref. 171), and
also Sp(12, R) and N(6)® Sp(12, R) (Ref. 172) [N(6) is the
Heisenberg group in the notation given in Ref, 173].

For the transition region, semimicroscopic ap-
proaches were also developed on the basis of the groups
R(5) (Ref. 174) and SU(6) (Ref. 175). However, in Ref.
174 the two-dimensional case is described, and in Ref.
175 the transition to the deformed limit is not particu-
larly clear. In the creation of a microscopic model of
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the transition region, an interesting attempt was made
to overcome the convergence difficulties of the boson
expansions on the transition to deformed nuclei by fol-
lowing an idea taken from the theory of magnetism,'™
This idea was to work with finite boson expansions™
and give a theory of the transition region.'™ However,
in this approach too the microscopic transition to the
deformed limit is not clear. We note in this connection
the interesting idea of Ref. 179, which introduces a
boson for a vibrator with a nonzero initial deformation.
In this connection, we also refer to the model deseribed
in Ref, 143,

In light nuclei the hopes of exploiting group theory to
introduce suitable coordinates for describing collective
modes were more or less justified. We have here the
methods of K harmonics or hyperspherical harmon-
ics,'897182 ganeralized hyperspherical functions,®® and a
method similar to this last one, which uses a group
classification of states.®*

Let us conclude here with an opinion: The less than
rapid development in this field is due to the fact that it
is only the combination of group approaches with in-
formation about the dynamics of the system that can
hope for success.

6. TRANSITION OPERATORS IN THE THEORY OF
COUPLED BANDS

It is not only from nuclear physics that we are aware
of the fundamental part played by various elementary
transition operators that generate simple, including
collective, excitation modes in physical many-particle
systems. Usually, such operators are chosen to have,
first, simple algebraic properties (for example, ferm-
ion or boson anticommutation or, respectively, com-
mutation relations), second, a relatively simple quasi-
particle structure (for example, linear or bilinear
combinations of particle creation and annihilation op-

" erators), and, third, to be such that the Hamiltonian of
the system be expressible in terms of these operators
in a relatively simple manner in a certain approxima-
tion—the action of these operators on a state which is
not excited, including a multiple state, should generate
eigenstates of the Hamiltonian, i.e., states represent-
ing superpositions of elementary modes (for example,
the Hamiltonian should be expressible approximately as
a superposition of products of fermion or boson cre-
ation operators and the corresponding annihilation op-
erators),

A good example is provided by the phonon operators
in the theory of vibrations,*’**® Indeed, let us consider
a space of different rotational bands. We include in the
scheme bands based on many-phonon states |@). To
this end, we introduce a notation for the index of the &
band in terms of the numbers of phonons of different
species (1, andn,), i.e., a={ngt=( ,n,,...).
The creation operator of a phonon of species p in the
space of the vibrational band is*

(28)

1/2
B = 3 ny S|y, Ry o) (e My, "P_J‘I'
n n
Ly Tags = o

The phonons 1) are bosons, since [By, By]=0y,; 2) they
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can be expressed approximately as bilinear combin-
ations of particle creation and annihilation operators
[RPA method; see (1)]; conversely, they can be de-
fined exactly as bilinear combinations, but then they
have quasiboson commutation relations; 3) the Hamil-
tonian in the harmonic approximation can be expressed
as a bilinear combination of the phonon creation and
annihilation operators [RPA method; see (2)].

It is not always possible to combine these three re-
quirements in a simple manner. An example is rota-
tion, in which such operators between states of the
same rotational band were introduced in Ref. 185 for
K =0 bands and in Ref. 127 for all rotational bands.

The case of coupling of vibrations with rotations was
considered in Ref. 127, In Ref. 186, these papers are
reviewed and some symmetry properties of transition
operators are derived. Here, we introduce a further
generalization of these operators for many-phonon
bands |aIM ), where o are the quantum numbers of the
bands defined above, and I and M are, respectively,
the quantum numbers of the angular momentum and its
projection (for example, onto the z axis), i.e., the
quantum numbers of the given state of the band; by K
we denote the lowest I value of the band (its K num-
ber). These states may be simply real eigenstates of
the many-particle Hamiltonian unknown to us. They
may also be states obtained by approximate methods,
for example, the Hartree-Fock-Bogolyubov method for
the ground state of an even-even nucleus, an RPA-type
procedure for one- and two-quasiparticle and vibration-
al states, etc., and the projection method for obtaining
good quantum numbers I and M. To obtain a symme-
trized wave function, one uses the rules of the gener-
alized model, |aIM),=[2(1+8; o) /*[|aIM)

+(=)Y *¥a|@IM)] where the second state in the brackets
is obtained from the first by a rotation of the internal
coordinates in the projection integral (6) and (7) by the
angle 7 around the y axis. We now give the definition of
the transition operator:

W= S N (a0 %) N (2, %) (21 +1) @I+ 1)1

IaMy
I;Mg
o

(I I, I, )(I I, 12)
% K Koy—Kaq, M Mt_MZ

x (=)0 0, — ot sp Lo M) (M Ty = @+ 24 (29)

Here K, is the K number of the band | IM); K=K,
~Ko, =Ky, -x,= 2p 0y =2, )K, is the K number of
the phonon u. We introduce the notation

n%t 172
Na, w)=] ] (7§ (mf— 1) (Wi — i+ 1)) =T] [ﬁ] (30)
3 B W

{

Formula (29) is a simultaneous generalization of the
formula for phonons (28) and for rotons.'®® The linear
combination in M ,M, is chosen to make the operator
(29) an irreducible tensor and thus to have known com-
mutation relations with the angular momentum f (Refs.
187 and 188). The linear combination in I, I, is chosen
to make the matrix elements of (29) between states of
two bands differing by %, — %, = {n}2 '} phonons equal,
apart from two factors N(a,®), to the matrix elements
of the D%, functions,'®"*'® The sum over ¢ means
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elimination of projection onto one rotational band. It
can be seen that (B}2*1)*=(=)fx1-%*¥ B¥1¥2  One can
prove corresponding multiplication rules of the type of
the rules for D functions.

The multiplication rules make it possible to express
all the operators B;*! as polynomials in Bu’! y and
Byryny» (in the normal order with the annihilation op-
erators on the right), where Bj,, is the creation op-
erator of a single ;. phonon, a special case of B},
=B}y for w=(n¥=1,n%,.,=0,...). The rotons'®**'*® are
expressed as follows: R;,=3, Bf¥, and they are

- Hermitian: Rj,=(-)YR,_,. Further, any single-phonon
operator can be expanded in a linear combination of

#l K| wBRin "n as can be seen from the multiplication
rules; here, B ,I |ku|w» 18 @ genuinely single-phonon op-
erator that transmits the smallest possible spin K.
Finally, as can be seen from (29), all the operators
By, commute with one another and with R;,. The

same is true of all the B,,,. However,
+ Iy—Ip+M Ii Iz TI
[By, 110 Blarl=(—) Var+1 Z
| S——) ,{M’1 Mg—M
M MiMs

K,
X (=) (B Biarar)

I, I
N e = { (A

and therefore there are here no simple boson relations.
Instead, it turns out that the commutator of the single-
phonon annihilation or creation operators of one type
reduces to an operator that acts only within one band.

(31)

Let us establish the behavior of (29) under the spatial
inversion P and time reversal T. We denote by
I, =II,(I1,)" the spatial parity of the band |xIM),
where I is the parity of the phonon B;', ru- We shall

call T, _, =II, I, the spatial parity of the operator
B;2™1, Then

PBH' Pt =11, BT

T zmT 1_nu=‘m(_)I+MBugu1 i } (32)

Thus, the components Bpg™* have P parity Ilx,.x,, and
the tensor B;2”! (I integral) has T parity e ¥.
In the same case of integral I, we shall use the Herm-
itial combinations

O}'-R;HH-]

}= B £ (— " (B ), (33)

io‘uznll—-)
in which O%? has T parity el g ¥ in accordance
with (32). In what follows, we “shall also use phonon-
number operators for phonons of type u.:

= BuIK Bk 1 = Bhb

(34)

with e1genvalue for the state |aIM) equal to % and K -
number operator,’®® which can also be expressed in
terms of (34),

E=3 (=" Riul_y= b Kym,

with eigenvalue K ,.

(35)

We can now see that the algebra. of the elementary op-
erators B |gu|u> Bpgyur B 1y (and R3, for incomplete
bands), and [y is closed. One can also prove complete-
ness of such a system of operators in the sense that any
transition operator |, I, M;)(M,I;a;| in the state
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space of all the bands can be constructed in terms of
them, and this can be done in the normal order indi-
cated above.

7. EXPANSION OF A PHYSICAL OBSERVABLE WITH
WITH RESPECT TO TRANSITION OPERATORS

The algebraic formalism derived above makes it pos-
sible to implement a “phenomenology” based, not on
empirical considerations, but on an expansion of a
physical multipole observable ¥, ,. Of course, in our
choice of the transition operators, which combine the
properties of phonons for describing vibrations®® and D
functions for describing rotations,'s! the characteris-
tics of the generalized model are included as a zeroth
approximation. Such an expansion was proposed and
systematically generalized in Refs. 127, 186, 189, and
190,

We introduce the tensor
Tpy=IIe+1

LM
(L times f), where f# denotes the coupling of the fac-
tors through Clebsch-Gordan coefficients, in this case,
the successive coupling of neighboring factors up to the
maximal angular momentum. In particular 7,,=(f i
and any component T, , can be obtained from T,; by
commutation with the operator I_,, which reduces the
weight by 0(3).

Then, using the completeness of the system of ele-
mentary transition operators (Sec. 6) and the angular-
momentum algebra,’®”+1% we obtain a general expansion
of any irreducible tensor with respect to these oper-
ators:

P 3 J (03 b B L) (T2 BEFTs, (1)
%1, ¥2; Ay Agl L
LM
where (36)
L,=|K|+1, |K|42,... L A=0, 1;

Ly=|K[|; %=0, 1, ... min(2|K|, 2L); L,=|L—Ly|.

Thus, in (36) the coupling is up to the maximal angular
momentum L =L,+L, if |K|<L, and to the minimal L
=L,-L, if |[K|=L. We note the symmetry of the ex-
pression By, T; in (36): although the operators B,
and T, do not commute, we can interchange their pos-
itions, In (36), we can also use elementary transition
operators by

~ (1 Biare )™ [ Bum g™ (RE™(R1) (37
¥ | “ L“Tm[-’rl]

L=y ol
L=L'+L", M

and find the coefficient of proportionality by applying
the multiplication rules of Sec. 6. Here, the coupling
to L’ is coupling to the maximal possible value 2m or
2m +1, if L’ is even or odd; the coupling to L” is up to
the minimal possible value determined by K =K
the number in (29);
mal value.

x -x].!

the coupling to L is up to the ‘maxi-

By means of the expansion (36), the basic problem of
separating kinematic and dynamic effects can be solved.
Indeed, all matrix elements of combinations of the ele-

E. Nadzhakov 524



mentary transition operators on the right-hand side can

be calculated algebraically by means of the rules of Sec.

VI, and they will contain the entire kinematics of the
dependence on the states, i.e., the dependence on the
spins and numbers of the phonons. The entire dynam-
ics resides in their coefficients.

We have two ways of taking into account coupling of
the bands. The first is to use an expansion of the Ham-
iltonian, assuming that the basis |a IM) is not exact
and taking into account the influence of the mixing
terms on the energies and states. This is similar to
the usual method of taking into account band mix-
ing.’®'+1%* The second is to use an expansion of the
multipole moments responsible for the transitions,
assuming that the basis is exact, the corrections to
the transition probabilities then being obtained from
the higher terms of this expansion. We shall investi-
gate both methods in Secs. 8 and 9.

8. MODEL HAMILTONIAN OF CROSSING BANDS

The idea of obtaining a “model” Hamiltonian % of
coupled bands by truncating the expansion (36) in the
special case of zero multipolarity f«‘uo =, was proposed
in Ref. 186 and implemented in Refs. 191 and 192. This
makes it possible to find the energies of the levels of
the crossing bands and obtain the renormalization of the
transition probabilities phenomenologically, in the
same way as is done when allowance is made for band
mixing by Coriolis forces'®!+%* by fitting the param-
eters of f to the experiments. However, such an ap-
proach can also be combined with microscopic methods
of calculating the parameters of the model Hamiltonian
and, in particular, the strengths of the coupling (see
Sec. 11).

We restrict ourselves to a space of four bands:
ground-state band (g), single-phonon bands (8 or 0)
and (y or 2), and a “superband” (s or 1) with K"=1"
‘to realize crossing of bands in the analogous model of
back-bending.'**+'*> We apply to & the expansion (36)
for L =0, taking into account the Hermiticity and the T
parity. We restrict ourselves to terms up to the fourth
degree, We use the combinations (33), but for conven-
ience of the calculation we shall, here and in the fol-
lowing section, renormalize B, taking it simply equal
to the right-hand side of (37). We modify the result
somewhat by introducing the projection operators
P(n,), p=0,1,2, where P(n,)=0 forn,=0 and P(n,)=1
for n,=1, 2, ..., and the soft-rotator operator i (fz)
gwen, for example, by (10), (11), or (12). We shall
assume that the moment of inertia of the many-phonon
bands of one type p is the same as for the single-phon-
on bandJ,, i.e., the variations of it due, for example,
to the influence of pairing blocking® are already sat-
urated by a single phonon. Then

E=@)E+ 3

n=0, 1, 2

il xOﬁ““I"-E-x ]/ 0!8(+)T +121[_0 H-)T

{[2J,) = (@) IP (my) 12 + oy}

+ Y10 j/ —Oiﬁ(“Tl + X2 ],‘ o Oiw‘HTrFXzo VgogmﬂTz- (38)
5 00 4 00

00

525 Sov. J. Part. Nucl. 10(6), Nov. -Dec. 1979

The first line is simply the model Hamiltonian of a soft
rotator plus harmonic vibrators with allowance for the
different moments of inertia of the ground state and the
excited states; the second line is the coupling of the
ground-state band to the single-phonon bands; and the
third is the coupling of the single-phonon bands to each
other.

5 We shall demonstrate the possibility of diagonalizing
R in (38) in the space of many-phonon bands, restricting
ourselves for simplicity to the creation operators of
single-phonon states B, , Wwith only K,>0. To con-
struct the many-phonon states, it is more convenient

to use the following creation operators of the 8, s, and
v phonons:

bt =Bjool2 bi=BAT; bi=Bjal,,
o Ty

(39)

since 1) they do hot change the spin I of the state, being
scalars, and 2) 7 in (38) can be expressed very simply
in terms of them, After this, it can be seen that h does
not take us out of the space of the basis many-phonon
states

oty TMY= [ngnyny, IM)= N (B5)™ (B1)™ (85)™(0, IM), (40)

where N, is a normalization factor; K=K ,= Kny n
=0-n,+1-n,+2-n,. After fairly lengthy work to es-
tablish the algebra of the b}, and b, on the basis of the
rules of Sec. VI, we can calculate N and by means of
it find the matrix % in the basis (40) where to simplify
the notation we omit IM; D([,K)=I(I+1) -K (K +1):

hingnng) =[ (244 D(1, 0)

+ 3 (@) =@ P (m) D (L 0)+um) |irensna)

+;;;(II20)[nwlno_‘iﬂsnz)+("n+1J”z|nu+1n|nz)l

+5 1 (D (I, K— 1)) |ngn,— 1ny)

“+((ny+1) D (I, K))*|ngny+1n)]

+ 5% 1(mD (I, K—1) D (I, K—2))"2|ngngny—1)

+((ng+1) D(I, K+1) D (I, E))"*|ngnins+1))
2;%{((%—&—1)?1,1)([ K —1))"?ng -+ tny—1ny)
+ (ny (ng+1) D(I, K))"*|ng—1ny~+1ng)]

— a4+ 1) D (I, K—1))"|ngny+1n,—1)

+(ng (ng+1) DI, K)"*|ngny—1ng+1)]

A+ o (g +1) maD (I, E—1) D (I, K—2))"?|ny +1nn,—1)

+ (1o (ry+1) D(I, K+1) D (I, K))"**|no—1nyny+1))- (41)
In special cases, this matrix can be decomposed and
one can see the physical meaning of the solution that
reproduces the band crossing and thus the back-bend-

. 192 2
ing.

In the general case, this fairly simple matrix can be
diagonalized by a numerical calculation in the complete
space of the many-phonon bands. The parameters can
be fitted to the experimental energies of the crossing
bands. Preliminary results for the nucleus 3Dy show
that, in contrast to the simple use of the rotation-vi-
bration model,'®® a satisfactory description is here ob-
tained for the energies in the region of the yrast band,
i.e., for the levels of the yrast line and those near it.

E. Nadzhakov 525



9. MULTIPOLE MOMENTS

We now apply the expansion (36) to calculation of the
reduced matrix elements of the multipole transition
operator fi‘L u and, thus, of the reduced transition prob-
abilities (19). This is the second approach, the reverse
of the usual band-mixing approach.’® Thus, we can:

1) reproduce, in particular, the results of the general-
ized model,'* and 2) give the most general form of the
deviations from them, generalizing Ref. 154. The gen-
eral form of the anadiabatic deviations in one band was

_derived in Ref. 186; in a space of the ground-state
bands and single-phonon bands, in Ref. 189; and in the
space of many-phonon bands, in Ref, 190, The devi-
ations from the Alaga rules'*? for the E2 moment in one
band are compared with the deviations obtained in the
standard manner on the basis of the rotator model** in
Ref. 193 and in the space of the g, 8, and y bands in
Ref. 191; in Ref. 194, this result is generalized by the
inclusion of a fourth s band (K"=1").

Applying the algebra of the transition operators of
Sec. 6 and the angular-momentum algebra,®" %8 we

TABLE II. Reduced matrix elements of the E2 moment be-
tween states of the g, B8, s, and 7Y bands.

o Reduced matrix element
Transition (Lypog I Fpmp |l oyl
“f] L ;i:i';rﬂl' first order second order
1
)| ¢ a§ +3 ol (1) + 13 (I +1)]
3
_2]/'%11. [1(;+1)H2-] by
slpal| a 00 g Uy (g )+ Iy (D]
F) 3
*2]/—;3. [I(I+i)—-‘-i-] by
s|s| o —V Leirtamarvenan,
2 3 I(I+1)
‘21/_? a7+ :’I—{I-H}—Sxi' 8
| /1
Y| ¥ af + gd"i'%“z[ff T +D+ I (1))
25 -ﬁ-a.u(fﬂ)_%J
I(I+1)
XTarnaxE o -
1
| B b3 —g by Uy T+ ) =1 (I;+1)]
1 B VA U7 DY T e
o | -V 34 +3V sally Uit )—Ti(;+1)]
_‘l/ %c,[hﬁrf. Tet —(Ti+1) By 1=
21 —1)(21 -3
‘f‘(_);_)ﬁif]
1 ‘
el v df —g di U I+ ) =T (I 1))
2 e V s
3
s ¥ l/—i_;g"‘
Bl Iy

Note. In units of (—)¥ % [(2r,+ 1)(21;+ 1)]‘”( Vi I*)
-K; K;,-K,; K,
*The adiabatic terms of the generalized model of Ref. 151

are indicated. In the terms with 6;,I=I;=I; (Refs. 191 and
194).
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find the reduced matrix elements ¥, (Ref. 190):

e | Foll ol
= by F(®ey %o3 My Ag; Lo) N (ags %) N (s %)

RSy, Ry SO Ay Ayl Lg;

I!—nz:ﬂi—ﬂl

s (=) a1, 1) @1+ Ul""'(

-L,/2 (21;+Ly+1)1 T4/2
| I e oot 2 el L Y
Rty Wyl [@Ll)! @T,—L,)I

XL (T4 D12 1 (T4 )1 (=) Tt 20401072,

Iy L'ty
= KGfKﬂE-'KIKﬂ‘

(42)
where

L= [Ku,hn,l +1, IKu.—x.| +2, ... L; =0, 1;
Lo= Ky, l; Aa=0, 1 ... min (2| Ky, s, |, 2L); Ly=|L —L,|.
We apply'®*+'* (36) and (42) to the case when the op-

erator ', , is Hermitian and T-even and L=2,4,...;
as an example, we can consider the E2,E4,... mo-
ments. We restrict ourselves to the space of the g, B,
s, and y bands in even—even nuclei and transitions be-
tween them. We terminate the expansion (36) at the
terms of second degree. The degree of the R* opera-
tors is not counted, and the degree of the terms with
commutators is assumed to be what it is after the com-
mutation has been performed. These rules are related
to the order of magnitude of the corresponding term,
We assume that the quantities B2/} are renormalized,
as is explained in the text to formula (38). As a result
([...] denotes the commutator and {...} the anticom-
mutator, and the terms with the asterisk are important
only for the ML moment):

Fry= aoRin+3 (Ria 1)+ F{RE_1, TY®
| SN
LM
b = ~
+ 54 (RL2, To}+ O R +-2 OY (R, T
LM |
+_b2_a 085 (R}, T )™ +e 0¥ RE 4
LM LM

+5- [0FREy, 1+ 3 {(0FRE ., Ty}
L | S

LM L—-1
e e o
LM
SR T (4 ) P O
’:
LM LM

+ 2 (0¥ DRE 5, T,)+ B AL+ cBih Riar

L-1

LM
+dBY Ria+ 109 Ri—1+ g0 Ry +hOY D RE o, (43)
o o !

The reduced matrix elements (42) are illustrated in
Table II for the case L=2 (E2 moment) of the operator
14, =@,y in formula (43). It can be seen from Table II
that the known coefficients determining the deviations
from the Alaga rules for the g-g, g-B, and g-y tran-
sitions, augmented by the 6 we have introduced, are re-
lated to the coefficients of the expansion (43) as follows:

&=y 'ag; Lo=239= ~ by/by;
S=ailag; Ly=29= —d/d,. }

(44)

Using (42) and Table II, we can solve the problem of
separating the kinematic effects from the dynamical.
The kinematics, or the dependence on the initial and
final states through the spins 7; and I, and the phonon
numbers a; and o, is calculated explicitly. The entire
dynamics resides in the coefficients, which do not de-
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pend on the states, f. Further, it can be seen that the
reduced matrix elements have been derived in a model-
independent manner, in contrast to the well-known der-
ivations.'® Formula (42) reproduces the adiabatic re-
duced matrix elements of the generalized model'® or
the Alaga rules (20) (Ref. 152) if the state is symme-
trized and in (42) only the A,=21,=0, L,=L terms are
taken. Finally, (42) generalizes the well-known re-
sults'® on the deviations from the Alaga rules in two
respects: 1) the dependence on the spins I; and I of
the states is obtained without the restrictions of Ref.
154, and 2) the dependence on the phonon nunbers o,
and o, is obtained.

10. GENERALIZED EQUATION-OF-MOTION METHOD

The equation-of-motion method*® for vibrations [see
(2)] can be generalized in the case of coupled modes.'*
We consider a basis of the space of many-particle
states of the nucleus; it can, for example, be | @ IM )
(see Sec. 6 . Here, we shall simply denote it as
|@),|B). We shall distinguish it from the usually em-
ployed deformed basis consisting of the Hartree-Fock-
Bogolyubov vacuum | ) and the quasiparticle excited
states |i),|k). We denote all the transition operators
considered in Sec. 6 by #,, from which it can be seen
that their matrix elements, i.e., »{3, are known by
definition in the basis |a):

R pX réd @) Bl (45)

but not in the basis |#). Finding them in the basis |7)
amounts to finding the quasiparticle structure in ac-
cordance with the example of finding the coefficients y
and z in (1). Conversely, our physical observables ', ,
are known in the basis |{). These are, for example,
the two-particle H or the single-particle EL and ML
moments §,, and M, . Inthe basis |a), only the gen-
eral form of their expansion (36) has been proposed,
and they are as yet unknown, since the coefficients f
.are unknown. Instead of following the usual procedure
and seeking the connection between the bases '|a) and
|4y, it may be simpler to find the structure of # ¥, in |2,
and ultimately directly the structure of ¥ in | @), which
solves the problem.,

We begin with the problem of the structure of 'rJu in
the basis |i). We assume that the parameters p = {p;}
on which f = (p) depends are chosen in such a way that
for a space of definite low-lying states |a), a €D, the
Hamiltonian 7 has the same eigenstates and energies as
fI. Then, if | ) is any linear combination of |a), @ €D,

(46)

Suppose that we have chosen 7, satisfying the operator
equation

(H—k)[)=0.

(H —h, ry]=0, (47

which is our generalized equation of motion, Equation
(47) is the necessary and sufficient condition that #,
have no matrix elements coupling the space D, of the
eigenstates of H -1 with eigenvalue E, to any other
D,,E,#E,. Inparticular, (47) is the sufficient con-
dition for #, to have no matrix elements coupling
D=D,,E,=0to D=3 ,.D,,E,#0.
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If we have found one state | ) satisfying (46) and solu-
tions of the dynamical equations (47) satisfying the ad-
ditional kinematic conditions (45), we can recover the
complete basis | @) of the space D, This follows from
the completeness of #, (see Sec. 6. In practice, | )
is identified in the first approximation with the Har-
tree-Fock-Bogolyubov vacuum | ) for H -/ (and some-
times in the zeroth approximation simply for fI). The
inclusion of % amounts to solving the Hartree—Fock—
Bogolyubov problem for H with the restrictions im-
posed by the different terms of % in (38), the physical
meaning of which will be elucidated below,

We now turn to the choice of the microscopic Hamil-
tonian . Although the method enables us to choose H
in general form, the expressions simplify strongly if
we restrict ourselves to factorizable interactions.
Therefore,

sl A Pt T (48)

where H0 is the diagonal part of the Hartree—Fock—
Bogolyubov Hamiltonian:

My— 3 2No= X Eaiay; (49)
o=p, n 7
f, is in general a multipole pairing®
A
Hp=— _5L 2 g5, PP (50)
Ay a—p ﬂ

b1 o includes not only a multipole (7=+) but also a spin-
multipole (7=-) interaction’:
A
Bome—e . 3 AE0R0R: . (51)
A r:i”:sufg%p, n

The notation :...: in (50) and (51) presupposes a normal
product with respect to the Bogolyubov quasiparticles,
i.e., the residual interaction obtained by subtracting the
Hartree—-Fock-Bogolyubov part, since this last must be
reproduced by means of formula (49). In the nonex-
change a.pproxtma.twn, this amounts to subtracting from
each operator P and @ its expectation value with re-
spect to the Hartree— Fock—Bogolyubov vacuum | ),

In the detailed formulas of Sec. 11 and in the practical
calculations of Secs. 12 and 13, we shall restrict
ourselves to monopole pairing: P", g5 =G, and quad-
rupole interaction: Qan,n.z‘"’ =2 (Ref. 40) and we
shall return to a more general form in Sec. XIV.

11. GENERALIZED DENSITY MATRIX

The well-known concept of the generalized density
matrix w;;={|#; ) (Ref. 40) with the operator matrix

;___(m —E,’_; )
i ‘;" 81—

(52)
and p;; =a;ja;, 6;;=a;a;, is very convenient for working
with not only smgle-parhcle @ operators (51) but also
the operators P (50), which do not conserve the parti-
cle number. If | ) is the quasiparticle vacuum, the ma-
trices p;; and ¢;; are connected on account of the rela-
tion n?=« (Ref. 40).

This method can be combined with the method of co-
herent states.'°®1° A suitable state for one rotational
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band was first introduced in Ref, 186, It was then gen-
eralized to complex angular momenta'®® and to three'™!
and four'® interacting bands. To be specific, we shall
consider four coupled bands in deformed even-even nu-
clei, namely, ground-state (g), B vibrational (),
superband (s), and y vibrational (y),'***** We begin
by making more precise the elementary transition op-
erators and their combinations that we shall use. In
addition to the angular momentum components [,

also introduce the following “selected” elementary op-
erators:

I'f-‘”—T(R» 1+R2 _g), r,. =% (“

5 (53)
(u::) 1(:1:6)" (OGS Kol;{&:(_ix(—)xj);
M=ﬁ.8,v. —lKulﬁO' 102-

There are seven of them: #{7,#(*), u=8; s and v,
which are Hermitian and T-even; and #{”, which is
anti-Hermitian and T-odd. We introduce the coherent
state

|zy=expli N 1) (54)
e=‘:§. =
*x=r, B, 5 %

and the extended density matrix with expectation value
with respect to |x) instead of | ):

%y (2) = (T | nij | x)
1 vy -\
= YR e R - R i

R

G, thio #t y (wivguivh

e right-hand side of (55), we have »;; 7 8"s"T’,
which are proportional to the v/, vg, v, vy-th deriva-
tive with respect to the parameters %, x3, %7, x,. The
physical meaning of the parameters x can be elucidated
by means of

(55)

(|2 2y= (| 12])+(2F )2 (27 =0); '|

56
@ |y | @)= (| )+ g L)+ @), =B, s, 7. | e

Thus, the state (54) not only conserves the angular mo-
mentum but also the phonon numbers.

We are now in a position to formulate a unified mi-
croscopic theory of coupled rotation-vibration modes.
For ¥,,, the EL moment (L=2,4,...), We can use the
technique set forth in Sec. VI, and for the angular mo-
mentum, the technique considered in Refs, 187 and 188,
After lengthy transformations, we can determine all
the coefficients of the expansion (43) and thus (see Table
II) as linear combinations of thetraces Tr(F, ,p''7"" v§),
They are derived explicitly in Refs, 155, 189, 191, and
194, The unified approach is illustrated schematically
in Fig. 5 for three bands together with the order of the
effect (the degree of the parameters x).

Explicit microscopic expressions for the traces (see
Fig. 5) can be found by combining the methods presented
in Secs. 10 and 11. This leads to the dynamical equation

(2 |[%izy H—h]| 2y =0. (57)
In Ref. 155 the traces were found for one band, in Ref.
191 for three coupled bands, and in Ref. 194 with a gen-
eralization to a fourth superband. In conjunction with
the kinematic conditions (56), the solutions (57) lead to
a complete microscopic determination of the coeffici-
ents of the expansion of the model Hamiltonian (38) and
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FIG. 5. Statistical and probability effects of the E2 moment
é’w up to second order in the expansion of the density matrix
for three bands: the ground-state (g), the beta (B), and the
gamma (y) in even-even nuclei. The matrix element determin-
ing the effect is proportional to Tr(@.,p"r"8""), and the order
of the effect v=v,+ g+ 1,=0,1,2 (y,=1,+ »;) and its type (ro-
tation », g vibration g, and ¥ vibration ¥) (Ref. 191).

the EL moments (43) and Table II, i.e., to the possibil-
ity of fairly simple calculations of all energy and prob-
ability effects.

As is shown in Ref. 191, the formulas of the zeroth
and first order without allowance for the superband
completely reproduce the RPA results for vibrations
and the cranking model for rotation®® (see the calcula-
tions in Sec. 12). However, allowance for the super-
band leads to a renormalization of the RPA and the
cranking results.'® Such a renormalization occurs
even without the superband if one takes into account
the terms of the “direct” coupling with the coefficients
¥ in the model Hamiltonian (38) (Ref. 196). The second-
order formulas make it possible to calculate the effects
of rotation-vibration coupling, for example, the anadi-
abatic corrections to the Alaga rules (see Sec. 13) and
the deviations in the internal moments within and be-
tween the bands.'®!

12. COLLECTIVE PARAMETERS OF EVEN—-EVEN
NUCLEI

We consider the following adiabatic parameters,
which are related to the energies of the levels and to
the EO, M1, and E2 moments for the proton (p) and
neutron (z) systems: the mean-square radius 72, the
internal quadrupole moment @, the moment of inertia
J, the collective gyromagnetic ratio g, and B(E2),
which are the reduced probabilities of the E2 transi-
tions g0—- B2 B,gand g0=-y2B,,. They can be calcu-
lated'” in the unified formalism of Sec. 11 by using a
deformed Woods—Saxon basis'® and a pairing-plus-
quadrupole interaction.* We classify, in accordance
with Fig. 5, 7* and @ as effects of zeroth order, and
the remainder, J, g, Bgs, and B,,, as first-order
effects. As is shown at the end of Sec. 11, for them
such an approach will not differ from the standard RPA
and cranking approaches, except for the individual
choice of the interaction parameters (see Sec. 13).

Calculations of #* and @ have frequently been made,*
and the result is related to the choice of the param-
eters of the Woods—Saxon potential well’®® and to the
problem of the relationship between the size and de-
formations of the potential well with respect to the
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charge. Empirical information can be obtained for #*
from Ref. 199 and for @ from Ref. 200. We shall not
here give the results of the calculations of Ref, 197,
but merely say that the theoretical values are system-
atically lower than the experimental ones by 10-15%.
Nor shall we dwell on the results of calculations of B,
and B,y. Empirical information can be found in Refs.
69, 23, and 201, Quantitative agreement can be '
achieved by introducing effective charges, the physical
reasons for which and the numerical aspects of which
are considered in detail in Ref. 40. In the calculations
made by Solov’ev’s group, there are indications that
one can also manage without charges by introducing a
quadrupole interaction wi’ =n"#ni",

On the basis of the cranking model, calculations have
been made of the moment of inertia and the collective
gyromagnetic ratio. For them, empirical information
can be obtained: for J from the energies of the 2*
states,? and for g, from Ref. 203. Calculations in the
single-particle Nilsson basis showed that the large dis-
crepancy (by a factor 2-3) of the moment of inertia
from the experimental value can be eliminated by the
introduction of pairing, though the theoretical values
are systematically (by 10-30%) below the experimen-
tal ones,2°4"2°® Calculations in the more realistic
Woods—Saxon basis (Refs. 206a, 206b, and 197) showed
that, compared with the Nilsson basis, the theoretical
values of J are even more underestimated, on the av-
erage by 30% with respect to the experimental values
(Table III); the collective gyromagnetic ratios g, have
also been calculated. In contrast to J, which repre-
sents the behavior of both systems of protons (p) and
neutrons (n), gy is sensitive to the ratio of the p mo-
ment of inertia to the total moment of inertia in the ab-
sence of spin polarization.

Thus, the old problem of the moment of inertia has

"TABLE II. Moment of inertia J and collective gyromag-
netic ratio gg.

Thws ThI Experiment
UL J gt Fi 7 ot 7 R

1528m 18.922 0.429 0.425 19.9 0.44 24.637 | 0.370
13Sm 22,494 0.437 0.432 25.75 0.38 |36.563 | 0.377
154Gd 18.649 0.426 0.422 19.6 0.48 |[24.363 | 0.375
13¢Gd 23.009 0.388 0.389 25.2 0.39 |33.720 | 0.373
138Gd 26.088 0.387 0.389 29.4 0.36 [37.731 | 0.342
18Dy 21.225 0.366 0.372 25.85 0.37 |34.566 | 0.364
12Dy 23.454 0.334 0.345 26.15 0.38 |37.193 | 0.350
18Dy 25.833 0.265 0.283 26.05 0.39 [40.876 | 0.342
1BLEr 21.156 0.362 0.369 25.9 0.38 |32.826 | 0.352
1SEr 24.536 0.317 0.329 27.9 0.36 37.235 | 0.316
18EEr 26.940 0.325 0.333 29.8 0.34 37.593 | 0.324
18Er 28.693 0.276 0.289 31.6 0.31 |37.831 | 0,332
128YDb 24,185 0.334 0.342 30.0 0.36 |35.604 | 0,334
122Yh 26.492 0.311 0.319 32.8 0.3%4 |38.387 | 0.32%
1iyh 26.307 | 0.304 | 0.315 | 33.45 | 0.32 [39.241 | 0.333
128Yhb 27.119 0.291 0.304 30.45 0.35 |36.527 | 0.325
szgHf 22,704 | 0283 | 0204 | 305 | 0.3 |s2.983| —

128HI 24,088 0.268 0.281 31.45 0.30 (33.967 | 0.266
L8HT 23.601 0.283 0.298 28.05 0.32 |[32.199 | 0.267

Note. The calculation (Th) for free nucleons gF*® (g5 —g8™)
and with renormalization for polarization effects g (g5
=0.6gf) Ref. 206) in the Woods—Saxon (WS) basis (Ref.
197) and Nilsson basis (N) (Ref. 206). The average exper-
imental errors are 0, 050, 3% for J and 2—5% for 2gg.
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still not been solved in the 15 years up to now. Be-
cause of the time parity of the multipole operator, the
multipole interactions do not influence the result.
Spin—multipole interactions, which make a correction
of the order of the discrepancy,®” actually make mat-
ters worse rather than better, as is asserted in Ref,
207, because of the incorrect sign of the constant. On
the other hand, quadrupole pairing leads to an im-
provement, again of the same order.™ However, the
agreement with the experiment of Ref. 51 is an illusion,
since the two effects are compensated when taken into
account consistently.?®® On the other hand, the correc-
tion in Ref, 209 is equivalent to allowance for the rota-
tional correlations in the ground state®'®+?!! and again
leads to an illusory improvement, which is compensated
by a deterioration of the same order when allowance is
made for rotation anadiabatically.?'!*2!? In connection
with the compensation of interactions of different type,
we mention the new paper of Wakai and Faessler (see
Sec. 15), in which changes in the picture are reported
but there are no changes in the final conclusions.

13. ANADIABATIC EFFECTS IN EVEN—EVEN
NUCLEI

In the literature, various anadiabatic effects have
been taken into account in the cranking model; these
result in a variation of the moment of inertia, or the
higher coefficients of the expansion (8), with the spin
and with it anadiabatic corrections to the energies.

The main effect was found to be Coriolis antipairing
(see Sec. 15), on the basis of which allowance was
made for the breaking of the pairing with the spin and
B was calculated, and sometimes also the following co-
efficients in (8) (Refs. 213-217) and the coefficients of
the variable-moment-of-inertia model.?® This was al-
so done for odd nuclei.?”® Some of these papers took
into account other effects as well, such as centrifugal
stretching and the higher orders of the cranking model,
which were calculated together in the most complete
form in Ref. 220. In some papers, phenomenological
arguments were used to calculate the anadiabatic ef-
fects not only in the energies but also in the transition
probabilities (Refs, 221-223). Subsequently, the crank-
ing model was compared with the projection method in
the language of Green’s functions®* and used for calcu-
lations of the anadiabatic variations with the spin of the
nuclear radii (and thus Méssbauer and muonic isomer
shifts)?25: 226 and the quadrupole moments (and thus the
transition probabilities in the ground-state band).?*”
The model was also developed for the transition prob-
abilities between bands.?*® This model is unsatisfac-
tory because of its quasiclassical nature (classical ro-
tation of the potential well or conservation of the spin
on the average) and two dimensionality (neglect of the
quantum uncertainty of the rotation axis).

Here, we shall consider in more detail calculations
of the anadiabatic parameters'®” in accordance with the
unified formalism of Sec. 11; these parameters are as-
sociated with the E0 and E2 moments of the nuclei,
which characterize the static charge and mass distribu-
tions and the probabilities of E2 transitions. In ac-
cordance with the classification of Fig. 5, these are
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second-order effects: p=0672/7%, the relative variation
of the mean-square radius between the 0" ground state
and the first 2" state (for experimental results, see
Ref, 229; theory and additional experimental data can
be found in Refs. 225 and 226), and the parameters of
the anadiabatic corrections to B(E2) within the ground-
state band (21): a -6/V6, the axial deformability with
the spin (for experiments on o, see Refs. 230 and 23;
for the theory, Refs. 227, 228, and 88), 5, the nonaxial
deformability |an indirect experiment evaluated here
from the branching ratios®:?3: %! and the data on z, in
_accordance with formula (27)], and between the g and
B, bands (22), which are characteristics of the rota-
tion-vibration coupling, z,and z, (the experiment is
presented here as the means of the error-weighted val-
ues collected in Refs. 223 and 23 and on the basis of
our evaluation of the branching ratios®’; for the theory,
see Refs. 228 and 88). Some calculations of Refs. 88
and 197 are compared in Ref. 231.

The calculations of Ref. 197 were made in two vari-
ants: 1) ThS with the Standard Woods—-Saxon potential,
the same for groups of nuclei near A =155, 165, 173, 181,
as in Ref. 198, and 2) ThV, in which Woods-Saxon pa-
rameters were varied individually to describe ¥, @°,
and the single-particle levels. The pairing, G,, and
quadrupole-interaction, »,, constants were determined
individually by fitting the odd-even mass differences®®?

and the energies of the B and y levels®? without the us-
ual smoothing over a group of nuclei,” it being assumed
that x 8 =%, w, =0.

The results of the calculations of Ref. 197, together
with the additional calculations of Ref. 232a, presented
here for the first time only for the p system, are pre-

sented and compared with the re-evaluated experiment
in Figs. 6-10.

Calculations of the parameters p, @, and & within the
ground-state band cannot be easily compared with ex-
periment, since there are few data for p and @, and for
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FIG. 6. Relative changes in the mean-square radius p=572/7
from the 0* ground state to the 2* state calculated in two vari-
ants. The dashed lines represent ThS (standard values of the
Woods—Saxon potential with the experimental value of J); the
continuous lines represent ThV (varied Woods—Saxon potential
with experimental value of J); the points are experimental val-

ues. The experimental data are taken from the papers de-
scribed in detail in See. 13,
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Parameter « of the anadiabatic, predominantly axial

changes of the E2 moment within the g band; the remaining no-
tation is as in Fig. 6.

0 there are no direct measurements. Nevertheless,
one gets the impression that in the region of the nuclei
e29m and e4Gd the values of p, @, and § are well repro-
duced, including the increase in soft nuclei. This is
natural, since the soft nuclei have a higher deforma-
bility. With regard to the region around ,,Yb, one can
say here the same for §, but not for p and @, for which
the experiment can give negative values, and the theory
does not reproduce this sign. The reason for the p<0
effects can be seen in Ref, 225, in which density-depen-
dent & forces reproduce this sign. Then the discrep-
ancy here may be due to the fact that the schematic
quadrupole interaction does not reproduce well the ef-
fective forces in the particle-particle channel. With
regard to @<0, the experiment in the region of ,,Yb is
not direct and therefore is not particularly reliable.
We shall return to this question below in connection
with the discussion of direct lifetime experiments. The
positive sign of § indicates a contraction along y and an
elongation along x (x is the rotation axis), which con-
tradicts the expectations drawn from analogy with the
behavior of a solid, but corresponds to the expectations
for the behavior of a superfluid.'®® It is also interesting
that whereas & is an order of magnitude smaller than o
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for the soft nuclei, for the well-deformed nuclei these
two are comparable. Thus, in the deformed nuclei the

nonaxial deformability with the spin may play an impor-
tant part.

The calculations of the anadiabatic effects between the
bands, z, and z,, reveal good reproduction of the values
and the systematic tendencies. It can be seen that the
corrected Woods-Saxon variant ThV reproduces the ex-
perimental results better. It is hard to make a compar-
ison with other investigations, since the calculation de-
pends, as the present investigations have shown, on the
type of microscopic model and its parameters. Compari-
sonwith the semiphenomenological calculations of Mar-
shelek®?® shows that they reproduce correctly the order
of magnitude of 2z, and z,. Note the excellent reproduc-
tion (see Fig. 10) of one of the best experiments (see
Fig. 4) on z, for '$Er.

Thus, the well-known microscopic model of Ref. 40
does in general correctly reproduce the experiment
"when applied to the small anadiabatic effects within and
between bands, The remaining discrepancies are evi-
dently due to the shortcomings of this model when al-
lowance is made for the interaction in the particle—
particle channel.
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FIG. 10, The parameter 2 of the anadiabatic changes of the
E2 moment between the g and y bands; the remaining notation
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14. SELF-CONSISTENT CRANKING AND PROJECTION

In the microscopic theory of high-spin states and band

crossing, new difficulties arose. We are here con-
cerned with the need for a theory capable of treating
simultaneously all the “phase-transition” mechanisms
described in Sec. 15 so as to be able to make a choice
between them., There are developments of different
schools that use the self-consistent cranking method—
a combination of the cranking model with the Hartree-
Fock -Bogolyubov method—at high spins with allowance
for conservation of the spin and the particle number on
the average, nonaxial shape being taken into account
depending on the circumstances. We have here the
papers of Mang et al., who developed the self-consis-
tent cranking method together with projection with re-
spect to the spin,?**+2* and subsequently applied it to
high-spin states (Refs. 235-237 and 103). The projec-
tion methods with respect to the spin and particle num-
ber were developed in Ref. 80. Faessler’s group used
the same self-consistent cranking method, together
with projection for the particle number (and in some of
the papers with projection as well for the spin; see
Refs. 238-241 and the references there to other pa-
pers). Calculations in accordance with the self-consis-
tent cranking method without projection were also made
in Refs. 242-244, On the other hand, calculations with
projection with respect to the particle number and the

spin, but without self-consistency, were made in Ref.
245,

Before we turn to the latest development of these
methods and to the results of calculations obtained with
them (see Secs. 15 and 16), let us consider the self-
consistent cranking method. A very important question
is that of the symmetries of the nucleon density cal-
culated by means of self-consistent methods, As was
noted by Goodman in the first paper of Ref. 242, there
is a difference between the case of a nucleus at rest
and a rotating nucleus. For the ground state with I=0
of an even—even nucleus in a fairly general case one
can assume invariance under time reversal T, spatial
inversion P, and rotations R, ,, , about the three co-
ordinate axes through 7. However, in the case I#0,
because of the replacement of the Hamiltonian H vy
H=H -wl,, it should be noted that the cranking term
is invariant under P, R,, and TR, ,, but not under T
and R, ,. This amounts to violation of time-reversal
symmetry and triaxiality. It is helpful to go over from
the basis of the spherical shell model to a new basis
before carrying through the Hartree—Fock-Bogolyubov
procedure,?® the new basis being composed of linear
combinations of the single-particle j,m and j, -m
states. The new basis states are eigenfunctions for R,

with eigenvalues or signatures » =exp(-inj,)=+i. For
this choice, the Hartree—-Fock-Bogolyubov matrix, in-
dependently of the violation of T symmetry, again re-
duces by half its dimension in accordance with the the-
orem considered in Ref, 246. For an even number of
particles, the signatures are ¥ =+1, and they can lead
to splitting of a rotational band into two parts® with only
even or only odd spins (see below). The single-quasi-
particle levels in rotating nuclei are also split with
signature » (Fig. 11).
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FIG. 11. Quasiparticle energies E' as a function of the angu-
lar velocity w (from Ref. 8).

The problem of the consistency with (P =P,,P,,P, ,,-)
or without (P =1) the operator P of projection with re-
spect to the numbers of protons and neutrons and (or)
with respect to the spin is solved as a search for the
minimum of

ge=(| HP )| P |) (58)

with conservation on the average of the spin projection
1, and the particle numbers N, and N,. The problem is
divided into 1) diagonalization with respect to a com-
plete Bogolyubov transformation®

=$[3?Aij+ai8i_i| (59)

of the Hartree—Fock—Bogolyubov matrix for I (T is
the matrix of the coefficients of the terms a" @ and A
- aa of the Hartree—Fock-Bogolyubov part of the op-
erator H):
, Tg A A 60
[is ,f-_g)(B)EO : (&
and 2) self-consistency, i.e., the determination of the
parameters of the pairings and the multipole moments
(deformations),

gin="( 0% (61)

that arise on the transition from the Hamiltonian # to
its Hartree—Fock—Bogolyubov part together with K, the
frequency w, and the chemical potentials A, and A,.
The self-consistent method can be carried out either by
successive iterations with repetition of the steps 1) and
2) or by direct minimization of (58), when, in particu-
lar, the projection P is included.?*

=B D

We recall the formula for spin projection®?

— A (A1) fo—p
Pry= H 1(: A0 U Ny (62)

and the comparison in Ref. 248 of the different projec-
tion procedures,
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We now note the circumstance that although the part
played by self-consistency in the description of high-
spin states has been elucidated at the computational
level (see Secs. 15 and 16), the importance of pro-
jection at the practical level seems to us to be still un-
resolved. It has been asserted that projection with re-
spect to the particle number is important for stabiliza-
tion of the pairing in the low-spin part®® and in the
back-bending region.?®*?%® However, such projection
does not remove the discrepancies with the experiment
in the back-bending curve, Interesting here is Ref. 250
on the self-consistent cranking method, theresults of
this paper showing that projection with respect to the
particle number plays a small part. It is possible that
such projection is important only in the case of strong
changes in the behavior of the neighboring nuclei as,
for example, in the well-known case of the presence or
absence of back-bending in the nuclei % 1%:10yh,  In
Ref. 238, projection with respect to the spin was also
made, but it was later found that nonaxiality is very
important,?* and the technical complexities here meant
that it had to be given up for the time being. Recently,
Faessler’s group has developed a procedure for dealing
with this and thus hopes to eliminate the shortcomings
of cranking in the back-bending region,** %"

It is necessary to develop methods that take into ac-
count bands based on quasiparticle states,**! but to de-
scribe not only the yrast line; it is necessary to devel-
op a description of side bands such as, for example,
the negative-parity bands in 'tEr (Ref. 251) and the
I=K traps in 7SHf (Ref. 252), and to develop a micro-
scopic model of ultrahigh spins?*®+25* with inclusion of
hexadecapole forces.?**:?5* We mention also the mic-
roscopic model of Ref. 256, which takes into account as
usual (Refs. 240 and 253) pairing and quadrupole inter-
actions but better than in the cranking model the rota-
tional correlations and, therefore the fluctuations of
the rotation axis.

We consider finally the possibilities of two important,
in our view, developments of the microscopic theory of
high-spin states. The first is to go over to the so-
called®®®® method of self-consistent coupled modes,
which is a generalization of self-consistent cranking,
For this, we replace A =H - wl, by A=/ -h, where
7 is given by (38). Then this will amount to the intro-
duction in the self-consistency procedure of restric-
tions not only on the conservation on the average of the
particle numbers and the spin, but also on the conser-
vation on the average of the phonon numbers [the terms
with w in (38)] and the conditions of optimal separation
(the terms with ¥). Second, this amounts to giving up
the Goodman symmetries,?** Indeed, although the
cranking Hamiltonian is compatible with them, the sym-
metry of a solution of the Hartree—Fock-Bogolyubov
problem can, as Goodman noted, be established only on
the basis of dynamical considerations. We invoke a
simple model with quadrupole interaction. The transi-
tion to the Hartree-Fock-Bogolyubov part of f amounts
to the introduction of five mean values g,, of the tensor
Qzu of the quadrupole moment. Satisfying the symme-
tries T, P, and R, , ,presupposes a known transition
to an intrinsic coordinate system with two nonzero com-
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ponents ¢,, and ¢,,=¢,.,. Inthe case of the cranking
method, there are added three further mean values i,
of the angular momentum vector I, p=x,y,z2, oral-
together eight shape and spin parameters. If the Good-
man symmetries are to be satisfied, three of them
must remain nonzero, and in an appropriate coordinate
system these are the same two components ¢q,, and

45, =4, ., and the one component i,. In contrast to the
suggestions of Ref. 242, one could imagine an important
(for high spins) critical reorientation situation with re-
spect to the quadrupole moment when the two moments
have an arbitrary relative orientation. If this is so,
then by the choice of an appropriate coordinate system
one could reduce to zero only three of the eight com-
ponents, Among the nonvanishing five one could choose,
for example, any two ¢, and ¢,,=¢, -, and three ¢, in
the intrinsic system for q,,, or four ¢,, and i, in the
system in which ¢, is directed along the x axis.

15. BACK-BENDING MECHANISMS

The proposed mechanisms can be classified as fol-
lows: 1) Coriolis antipairing, i.e.,, the disruption of
the superfluidity by rotation, which was predicted long
ago [Ref. 257, and also Ref. 258 and other references
there to earlier work]; 2) the rotational alignment of a
nucleon pair (Refs. 259, 260, and 6); a similar mech-
anism was proposed even earlier in Ref. 260a); it
arises on the basis of a different, weak-coupling
scheme?®® in the rotator model; such alignment was
predicted in Ref, 262, and this scheme was then dis-
covered experimentally and developed in Ref. 263; 3) an
abrupt change in the deformation due to changes in the
potential energy surface resulting from the rotation,?» 26%
including the occurrence of nonaxial deformations.'®

We mention also the estimates of the transition prob-
abilities in the back-bending region in accordance with
the Coriolis antipairing mechanism®' 2 and rotational

‘alignment,®*® which predict a 10-20% hindrance com-
pared with a rigid rotator, and also the more micro-
scopic estimates of Ref. 267 on the basis of the Har-
tree-Fock-Bogolyubov method. There is an interpre-
tation?67® %4 on the basis of gapless superfluidity.®®*"®
There are also models which assert the possibility of
strong hindrances, namely, the model of a particle plus
a variable-moment-of-inertia rotator®® and the two-
phase model.?®® There has been proposed a semimicro-
scopic approach to back-bending, which aims, not at a
quantitative description, but at an understanding of the
mechanism of the phenomenon on the basis of a model
of a particle plus a rotator or two levels generalized to
n levels and to allowance for quadrupole pairing,®™

The question of the physical nature of the phenomena
at high spin, i.e., the choice of a particular mechanism,
and of the structure of the coupled bands can be solved
only by a microscopic theory and by experiments (see
below). In general, it may be concluded that in the mi-
croscopic theory of self-consistent cranking (the only
exception is Ref. 244) preference is given to the rota-
tional alignment effect as being responsible for back-
bending; the Coriolis antipairing mechanism gives only
a smooth component in the increase in the moment of

533 Sov. J. Part. Nucl. 10(6), Nov. -Dec. 1979

Viazse i vi i
i %2 ! 162 13/2
| S, -—-R=7/2 El e Q=7/2:
% 1.0 %% Q=5/2| £ 10+ s8tly QR=5/2
= OO =,

208 £ g} £ 7 i
:
7]
206 g 5
E L
8 0.4t = 4
= 4
E a2t <2
i
o

L L 1

.
[ & 8 72 1§ 20 g % & 12
Angular momentum

18 20
Total angular momentum

FIG. 12. Dependence of the change in the pairing (on the left)
and the angular momentum of the quasiparticle states with

respect to the retation axis (on the right) on the spin I (Refs.
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inertia, while the third mechanism, the abrupt change in
the deformation, is hardly considered at all, or at least
not for rare-earth elements.?® This can be seen di-
rectly in Fig. 12, which shows that the pairing de-
creases smoothly, whereas the pair of i, , neutrons

is abruptly aligned. Such a calculation leads to the
conclusion that the Coriolis antipairing mechanism is
responsible for a smooth increase in the moment of in-
ertia, this beginning at low spins, whereas rotational
alignment is responsible for an abrupt increase and,
therefore, the back-bending.

In Ref. 249, the influence of other interactions—
monopole pairing and quadrupole interaction®’—was
considered. It was found that quadrupole pairing
through the (A, 1.)=(2, 0) components improves the
agreement with the experimental curve around the point
of back-bending. However, the improvement is a small
fraction of the total discrepancy, so that there is still
no quantitative agreement. The spin-quadrupole inter-
action improves the agreement with the experiment
above the point of back-bending, reducing the moment
of inertia to a value below the rigid-body value (the ex-
periment is described below; some general theoretical
arguments for such a difference are given in Ref. 270a).
The conclusions converning the moment of inertia at
low spins differ from those known hitherto (see Sec.
12): Once again, the total effect of the quadrupole
pairing and the spin—-quadrupole interaction is zero,
though in contrast to Ref. 208 it is assumed that the
spin—quadrupole interaction has no influence, and the
increase by 20% due to the (2, 1) component of the quad-
rupole pairing® is compensated by the decrease of its
(2, 0) component. In the same way, the second back-
bending in the nucleus '35Er (Ref. 24) can be associated
with alignment of a pair of #,,, protons, but again the
agreement is only qualitative (Fig. 13).>" Sometimes,
the &, , protons can act only as catalyzers of the first
back-bending, it being again ¢4, neutrons that are
aligned,*”

In nuclei close to the spherical ,,Pt and ,,Hg, phen-
omena that simulate back-bending are observed. For
example, in the light isotopes **"'%Hg the irregular
behavior of the yrast line, which is similar to back-
bending, is a shape effect, and this follows from the-
oretical®™ and experimental studies.?™ The situation is
different in the heavier *°'%Hg and in **+'%2Pt, in
which the 10* and 127 levels of the yrast lines are iso-
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mers and may have a different, for example, rotation-
ally aligned, nature (Refs. 4, 275, and 276). Such
phenomena may also be observed in the nuclei ,;Ba and
ssCe (Ref. 268).

With regard to side bands with, for example, neg-
ative parity in the isotopes Er (Refs. 31-34) and ., Hf,
and also in the lighter nuclei ,;Ba and .,Ce and the
heavier ., Pt and ,,Hg (see the experiment described
below), two mechanisms have been considered in the
literature: Octupole vibrations®’” and rotational align-
ment,*™ with also a generalization to a departure from
axial shape.?” The different effects of Coriolis anti-
pairing in bands with different K have been con-
sidered.”™®® In the microscopic approach, one can also
understand the double back-bending in bands of negative
parity, for example, in ‘SEr (Ref. 251).

16. MECHANISMS OF TRAP FORMATION

In accordance with the predictions of a special be-
havior of the yrast line at ultrahigh spins,” calculations
were made by groups at Dubna,?®°: 28! Warsaw,282. 283
and Jilich,®:?%° This was first done in the Nilsson
basis, Strutinsky’s procedure being used, and then in
the Woods—Saxon basis (Refs. 286, 287, and 255). A
microscopic approach with self-consistency was also
used, the point of departure being a spherical basis
with pairing and quadrupole interaction® in Refs. 240
and 253, and subsequently with the introduction of hex-
adecapole interaction.?**+2% At ultrahigh spins, the
pairing is usually assumed to be broken, although ap-
proximately one quarter of the pairing energy remains
in the nucleus '$¥Er at spin 30 (Ref. 271). Additional
calculations can be found in the papers of the following
groups: Lund-Warsaw,?*®™?% Copenhagen,®" and War-
saw-Dubna.?®> We note that in Ref, 290 pairing was
taken into account. In Ref, 252, an explanation is given
of the high-spin traps in the nucleus '7Hf, and in Refs.
255 and 289-201 a theoretical search is made for traps
or isomers of ultrahigh spins,

The traps on or near the yrast line in the nucleus
7°Hf with spins 14—22 (see Ref. 35) can be explained by
the crossing of between two and six quasiparticle bands
(with large K) and the ground-state band (with K =0) at
I=K, which entails rotation about an elongated symme-
try axis.’®* We shall see below that such a situation can
also arise at ultrahigh spins.
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FIG. 14, Energy surfaces of rotating '3}
=40 in the liquid-drop model?® and y with sign opposite to

what we have chosen in Secs. 4 and 13,

The behavior of nuclei at ultrahigh spins is governed
by effects of special shapes, the breaking of pairing,
and a far-reaching rearrangement of the entire quasi-
particle structure (see Sec. 14). One can also mention
the changes of other global characteristics of the nu-
cleus,?® All effects are associated with deviations from
the predictions of the liquid-drop model®* (see Fig. 14)
due, on the one hand, to shell effects and, on the other,
to departure from rigid-body behavior.!*® The predic-
tions made in Ref, 293 are shown in Fig, 15a, which
shows that from spherical shape at I=0 there arises
rotation about an oblate symmetry axis at high and ul-
trahigh spins; the shape of the nucleus in this model
can become prolate at the maximally high spins. In
real nuclei, there exists a variety of shapes; these be-
gin with a deformed shape at 7=0 and pass through dif-
ferent degrees of triaxiality, sometimes returning to
an axial shape, but for different cases, both oblate and
prolate shapes (see Figs. 15b and 15¢).*®® In spherical
nuclei near ;,Sm, an oblate shape is reproduced, and in
transuranium elements at spins of order 50 there may
be an abrupt change to a prolate shape with large de-
formation,®®” which leads to the so-called giant back-

Liquid @
drop

g
¢ 02 ot OF a8 1,0
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FIG, 15. Equilibrium shape of rotating nuclei as a function of
the spin®® in the liquid-drop model for 3Sm and with allow-
ance for shell effects for '%Sm and '$Er.
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bending. There has also been proposed a simple model
of various effects associated mainly with the shape of
rapidly rotating nuclei,®

In Refs. 280 and 281, the possibility of stabilization
of a shape with large deformation at ultrahigh spins in
the region of nuclei around Z =66 and N =88 is demon-
strated. In this connection, one may suspect the exis-
tence of isomers at such spins. As a trap criterion,
use has been made of selection rules for the transitions
I—-I-1,I-2 along the yrast line of multipolarities E1,
E2, M1, and M2 (Refs. 291 and 255). Two trap mech-
anisms have been proposed: 1) statistical,?®® associ-
ated with stabilization of quasiparticle structures,®*
and 2) MONA (Ref. 285): maximization of the overlap-
ping of nucleon wave functions by alignment. The stat-
istical mechanism has the consequence that the traps
are a relatively rare phenomenon, not only because of
the inclination of the yrast line but also because of the
softness with respect to y vibrations.**® The MONA
mechanism leads to traps associated with rotation
‘around an oblate symmetry axis at the beginning of
shell filling and around a prolate axis at the end.**: %
In the last quoted papers, calculations were made of
deformations and traps in the nuclei *42Sm, '3Gd, and
158yh (Ref. 254), and also deformations in '3{0s, 'BPt,
190-196pe  and 19213 Pb and traps in 3Pt and *** '5Pb
(Ref. 255). In Ref, 291, the predictions for the island
of traps of ultrahigh spins in the region 62<Z <70, 80
<N <88 are compared with the traps discovered experi-
mentally (see also Sec. 32) at Darmstadt®® in the
region 64sZ <71, 82<N <88 (Fig. 16). However, it is
noted that the second predicted island 74 <Z <82, 98 <N
<110 has not been found experimentally.

17. INTRODUCTORY COMMENTS ON EXPERIMENTS
IN THE REGION OF THE YRAST BAND

The possibility of using heavy ions as suitable probes
for nuclear physics was realized about 20 years ago,
first for the synthesis of new elements at Berkeley and
at Dubna,?® and later for detailed investigations of nu-
clear structure and the mechanisms of nuclear reac-
tions by Coulomb excitation,’® many-nucleon transfer
reactions,?® and (HI, xn) reactions (see Ref. 19, and
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also the review of reaction mechanisms in Ref. 297).
Such possibilities arise through several basic features
of heavy ions: 1) the strong magnetic fields produced
by the large charge; 2) the large number of nucleons;
3) the large angular momenta; and 4) the large momenta
introduced or transferred in collisions. These proper-
ties are particularly important for the excitation of
collective and coupled modes. They have made it pos-
sible to develop not only the older off-line experi-
ments®® but also the most modern in-beam®” nuclear
spectroscopy investigations, especially of high-spin
states. We have in fact: 1) Coulomb excitation, which
excites preferentially collective levels®® multiply*”: %
2) the possibility of reaching nuclides far from the sta-
bility band,?*® in which the back-bending effect is main-
ly observed, - and compound-nucleus reactions can be
realized®?+2°%; particular possibilities will be opened
up in this direction if the expected acceleration of radi-
oactive ions is achieved; there is also the possibility
of observing new collective modes, for example, pair-
ing and a-vibration modes®*™°7 in reactions involving
the transfer of two and four nucleons®®; 3) the possi-
bility of investigating high-spin states, in which inter-
esting band coupling effects such as back-bending are
observed? and yrast band features leading to so-called
traps are predicted: isomer high-spin and ultrahigh-
spin (superdizzy) states’; 4) the possibility of making a
much more detailed study of high-spin states through
the determination of not only their energies but also
characteristics that depend on the wave functions such
as, for example, the E2 moments, which are related to
the lifetimes.

Let us consider briefly the now classical model of
population®® of the yrast band region (the levels of the
yrast 1ine®® and lines close to it) in compound-nucleus
reactions with the evaporation of neutrons (HI, xn)
(Refs. 303 and 304), which was tested experimentally
in Ref. 311 (Fig. 17). This population can be called
population “from above” from a “cloud” corresponding
to the distribution of the final nuclei over the energy
and spin after evaporation of neutrons and before de-
excitation by v emission. Initially, there is a continu-
ous statistical cascade,* consisting primarily of high-
energy E1 transitions, but carrying away virtually no
spin, so that in Fig. 17 it is directed vertically down-
ward; the cascade consists of between two and six, on
the average four, transitions.®***® Then follows the
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FIG. 17. Population of yrast band after (HI,xn) reaction.®®
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yrast cascade,* which consists of a continuum and a
discrete spectrum and has approximately ten transi-
tions; it is assumed that these are predominantly
aligned E2 transitions,3"'"" although more detailed
investigations also reveal a dipole component.?'* In
Fig. 17, these transitions are parallel with and close
to the yrast line. This population mechanism deter-
mines the importance of the (HI, xn) reactions for the
investigation of the yrast band region. As we shall see
below, the main information comes from the discrete
and continuous y-ray yrast cascade; although the total
_ excitation energies are not small, the energies of inter-
nal excitation (above the yrast line) are not great (cold
nuclei). Therefore, we obtain the possibility of ob-
serving a good quantum structure that is not washed
out by a large accumulation of levels but is at high
rates of rotation, and therefore of an unusual type (see
Fig. 1).

Wide use has also been made of Coulomb excita-
tion,*™%2 which in Fig. 17 can be regarded as excita-
tion “from below,” initially along the yrast line and
then also possibley along paths close to it, However,
in the region of sufficiently high-spin states Coulomb
excitation may lead to preferential occupation of levels
different from those reached in (HI, xn) reactions. In-
deed, it is known that these are levels coupled to low-
spin levels by enhanced transition probabilities, It is
of especial interest to test the situation in the few cases
when fairly strongly neutron-deficient but stable nuclei
are obtained, it being then possible to have excitation
both from above by the (HI, x1) reaction and from be-
low by Coulomb excitation,3!

It is only in the very recent past that deep inelastic
transfer reactions®'® have started to be used for a more
detailed study of the angular momentum transfer mech-
anism®7°*'%; in the future, this may give information
about the structure of the high-spin region.

Finally, let us consider some of the procedures used
to obtain derived information about the structure of the
yrast band region and the mechanism of its population
from the first experimental data on the discrete and
continuous y-ray spectrum.**® From the energies and
spins of discrete yrast levels, one can obtain the mo-
ment of inertia J and the angular frequency as mea-
sured by w by means of the expressions®

VST
- — =y
z=[d—{/7(f—,,] =(I2 —~I-,-1)[#HJ .

which give the well-known back-bending plot (see Fig.
1). At the start of the yrast line, J=3/E,. Very fre-
quently, use is also made of the ratio of the energies
of the first two excited levels: E,/E, (see Sec. 23).

Let us consider the possibility of determining some
parameters of the nuclei and reactions. From the life-
times of the diserete yrast levels it is possible to de-
termine the reduced transition probabilities®3°°

0.0816235 (11)

B(E2 T —[—2)= 2
(o) B3

[e2-12-MeV® - psec]. (64)

where ay is the total coefficient of internal conversion,
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E; -, is the transition energy, and 7; is the mean
lifetime of the level (in the brackets, we give the error
in units of the last significant figure due to the uncer-
tainties of the fundamental constants). Further, we can
deduce the internal quadrupole moment @ of the transi-
tion,

3 (=1

2 @RI—1)2I+1)
and the effective axial quadrupole deformation of the
transition (8 =B,,):

B(EG T —~I—2)=-2 ¢?Q* (I — [ —2) (65)

pilrsedis 2)_,_“/ 140.64 ‘3/21’; QU~I-2)—1]. (66)

For the radius of the nucleus, we can take R =1.24Y3F;
Z and A are the charge and mass numbers.

In the investigation of the continuous spectra, using
the statistical theory for the number N(E) of y rays as
a function of the energy E, we obtain the formula*

N (E)y=E* 1§ (E, L) exp [— (Ey— E)/T), (67)

where L is the multipolarity of the radiation, E, is the
energy of the doorway state, and T is the temperature
of the nucleus, It is assumed that the strength function
is constant, S=const, for L =2 and proportional to E?
for L=1. From this E, and T can be extracted.

As we shall see below, the in-beam methods for in-
vestigating the population and structure of the yrast-
band region are in a period of advance.” The results
for high- and ultrahigh-spin states, right up to the
stability limits of the nuclear system, have opened up
to us in recent years more and more details of a new
physical picture. The picture is attractive because un-
der the experimental conditions of high rotation veloci-
ties the nuclei change their structure strongly but can
still preserve simplicity of their quantum properties,
One can also have transitions between structures asso-
ciated with not only changes in the shape and the super-
fluidity but also a more radical change in the coupling
scheme of the nucleons, and therefore of great physical
interest.®

18. IN-BEAM ENERGY MEASUREMENTS

Energy measurements of high-spin states have been
described frequently in reviews (Refs, 321, 3, and 4).
These measurements have led to the compilation of
tables of the energies of the yrast levels®®? and back-
bending diagrams (Fig. 18). We shall consider this
question here briefly.

Such measurements encounter two main problems?!:3
1) the suppression of the background, since here the
discrete transitions between the yrast levels (the dis-
crete yrast cascade) have not only the ordinary accel-
erator backgrounds but also a continuous background
of v rays that follow the evaporation of neutrons (stat-
istical and continuous yrast cascade; see Fig. 17);

2) the identification of the y transitions, The y rays
are detected by Ge(Li) spectrometers, and the identi-
fication is achieved through measurements of: a) the
excitation functions that characterize these reactions
and determine the A number of the observed nuclide;

b) the spin distributions or the intensities of side popu-

E. Nadzhakov 536



Ll S ss
/1/"05'/17";?5 1800s [ BEgg T Bkg s iR
S Lt
7 /
foa |oeo—s——
o [ ey 1 e, T, =780 1z,
AHF mﬂf ”Dh'f m‘ﬂf 174,“. 17st mm 1"Hf
108
T 7 ;’j ET Ay .
°va"m’vu B I I I I A T
B 106 106
58 E ) /5 ,5 ,.,b L~ B
E S MWy [ W0p, [ 162, | W) M6 | 16| M,
3 we 102
66 %) ‘,_.) howst
S e e R
::g i 95 98
64 forr
50 Ad’f‘;‘;d "';;:Gd 1585,
00,05 030 FPa%, ppa2
3 oMo s o=y

FIG. 18. Systematics of back-bending diagrams,*

lation, which exhibit a characteristic shape with a max-
imum in the back-bending region and indicate that the
y-ray lines belong to the yrast cascade and what is the
most probable position in it; c) yy coincidences, which
prove that a y-ray line belongs to the yrast cascade
and gives its exact position in it; d) the angular and
polarization distributions and correlations. As an ex-
ample of the combined use of such methods, we mention
Ref. 323, which exploited the methods a), b), and d)
fully, including polarization measurements. In the
N=8T nuclei 45Sm, '3Gd, and 3Dy it was possible by
means of (3He, 3ny) reactions to prove in this manner
the presence of a strongly deformed collective &,,,,
band in contrast to the other AI=2 bands 7 ,4,, g,

and f,,, (see Sec. 27).

Also made are classical lifetime measurements with
electronic timing in the nanosecond region (>107%° sec)
using coincidences or accelerator pulses.®®* This time
range is not suitable for the high-spin region. Data on
transition intensities are compiled in Ref. 201. In this
connection, we mention an interesting method that
makes it possible to penetrate into the subnanosecond
region,** which is called the »ecoil shadow method. In
this method, one detects electrons that are emitted by
the recoil nuclei only after they have been in flight for
some time.

19. IN-BEAM DOPPLER-SHIFT LIFETIME METHODS
OF MEASUREMENT

There have been proposed two Doppler-shift methods
that have given basic direct information on the transi-
tion probabilities in the region of high-spin states.
These have used: 1) the Doppler shift of the y rays
from recoil nuclei with a definite time of flight (RD) in
vacuum, or the “plunger” method [DSRD, RD(M)];

2) analysis of the broadened line shape (BLS) due to the
gradual attenuation (A) of the velocity of the recoil
nuclei in a2 medium [DBLS, DSA(M)]. The DSRD method
has long been known,**®+ %7 but was developed for the
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yrast levels of heavy nuclei in the case of (HI, xn) re-
actions in Ref, 328 or Coulomb excitation in Ref, 329.
It was established that Coulomb excitation gives the
lifetimes in a pure form and is therefore more accur-
ate, whereas the (HI, xn) reaction gives the total ef-
fect of the lifetime and the time of side population, with,
however, the advantage of doing this in cases that are
not accessible with Coulomb excitation, The typical
range of times is 107 to 102 sec. The DBLS method
has also been known for quite a long time,3?®3% put
was developed for heavy nuclei in the case of Coulomb
excitation in Ref. 331. The typical range of times is
from 107'° to 10™* sec. Both methods are considered
fairly fully from the methodological side in the re-
view of Ref. 324 and from the point of view of the re-
sults in the high-spin region in Refs, 4 and 332, We
shall return to the results of the measurements ob-
tained by means of them in Secs. 28, 29, and 31.

The DSRD method is based on the following idea [Fig.
19, the variant of the (HI, xn) reaction®*!]. In the tar-
get, there is a reaction in which the heavy ion fuses
with the target nucleus and neutrons are evaporated,
after which the reaction product moves forward as a
recoil nucleus, Some of the recoil nuclei emit in the
stopper, and the others while still in flight, with the
consequence that one observes two y-ray lines, one
unshifted (z) and one shifted (s); the unshifted line has
energy E, and intensity N,, and the Doppler-shifted line

Heavy-ion beamr_::

i Target
Substrate

Bi stopper

: Ge(Li) detector
FIG. 19. Principle of the DSRD method.
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FIG, 20, Gamma spectra of ¥{Yh in the region of three trans-
itio;us for two target-stopper times of flight in the DSRD meth-
od. 66

has E; and N, respectively, with

E=E,} _1__4_,_:35_ =~ Ey (14-vlc).

From this, one can deduce the intensities of the total
population N, and the side population P,:

(68)

Nr=[Ny+Nslt-1-2 Py =N;— Ny (69)
as the intensity ratio
Ry=INJ(Ny+ No)rar-2 (70)

for the transition I -7 -2 as a function of the time of
flight ¢ of the recoil nuclei from the target to the stop-
per. A typical variation of the intensity ratio with the
time of flight is shown in Fig. 20 for the ({Ar, 4n) re-
action. The dependence R,(f) gives the characteristic
decay curve from 1 to 0 (see Seec, 21).

The intensities of the y-ray lines are corrected to the to-
tal transition intensities by multiplying by 1 + @, where a 5
is the total coefficient of internal conversion.?***3% Inad-
dition, it is necessary to introduce a correction to the
energies and intensities for a number of effects that
distort the simple decay curves R,(¢). The corrections
were discussed in Ref. 324 on the basis of the well-
known formulas®® and data of Ref. 336; however, they
were augmented to seven and were given in a form
convenient for calculation in Ref, 337. In the high-spin
region, the main correction was found to be due to the
finite time 2¢, of stopping of the recoil nuclei in the
stopper (Ref. 338): i=t, =t . +¢,, where t,=7/v,
is the range of the recoil nuclei in the stopper in accor-
dance with the tables given in Ref. 339, and v is the
velocity in accordance with (68) before the entry into
the stopper. To reveal the long-lived tails (for exam-
ple in ,,Hf nuclei) it is also necessary to generalize the
corrections to two-component decay.’®® The correc-
tions are given in the fullest and most convenient form
in Ref, 320,

The uncertainties of the DSRD method when combined
with the (HI, xn) reaction are related to the problem of
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FIG. 21, Shape of broadened vy lines in the DBLS method, 34!

extracting the times from the decay curve, it being
necessary to separate the effects associated with the
reaction, i.e., the intensities P; and the side feeding
(population) times ¢,. We shall consider this question
specially in Sec. 21,

The DBLS method is based on the fact that in the pro-
cess of stopping of the recoil nuclei lines Doppler-
shifted in accordance with (69) are emitted, the final
shape being obtained as the total effect of the emission
at different velocities from the initial to the final zero
velocity, An example of such broadened lines is shown
in Fig. 21 in the case of Coulomb excitation by ;5Fe and
%Kr ions.**' The main problem is associated with ex-
tracting the times from the line profile, for which mod-
el calculations of the stopping process, which lead to
some uncertainties, are used. This is done on the bas-
is of a model for calculating the electron and nuclear
stopping,®** to which modifications®® and new ap-
proaches®* are applied, Usually, the semiempirical
tables of Ref. 339 are used. The stopping of the recoil
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FIG, 22, Plot of results for the enhancement factors from
lifetime measurements by Doppler methods.? The data for the

spins 16* and 18* for 138Ery, are from Ref, 364 and for
16476 Yhgy~¢ from Ref. 338.
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nuclei is improved by comparison with measurements
of the DBLS times and measurement by the DSRD meth-
od (Refs. 341, 345, and 346). In Refs. 345 and 346, it
is assumed that the tables given in Ref. 339 must be
corrected by a factor 1,25 with normalization to ;He
ions,**" whereas in Ref. 341 the tables are assumed to
be correct and these corrections are not introduced.
Note also that in the tables given in Ref. 348 some par-
tial improvements have been made compared with the
tables of Ref. 339. The DSRD method with ions up to
©9Ar was used to measure lifetimes of levels up to 18%;
the DBLS method was used up to 12 (Ref. 4). The re-
sults are given in Fig, 22, New data, including some
for higher spins, will be given belwo, The decay curves
of states with record high spins up to 20" (Ref. 338) are
shown in Fig. 23. Recently, without a change in the
method of measurement, the use of very heavy ions has
made it possible to obtain the following results: up to
24* by the DSRD method after the (*3$Xe, 4n) 33Dy reac-
tion®*® (these results are shown in Fig. 24), and up to
14" in '™ "7y (Ref. 350) and 18" in *;3Th (Ref. 351)
after Coulomb excitation by the ions ;;Kr and ;Xe.

We mention a new method, the so-called charge-
plunger method (Ref. 352), which was used to deter-
mine the quadrupole moment of *}jPu from the lifetime
of levels in the second potential well.

20. MAGNETIC IN-BEAM MEASUREMENTS

Measurement of the g factors of high-spin states in
the back-bending region would give new possibilities

Dy
0.5
T=14"
f';|*§‘az_ 3 T=0.43 psec
1
= aTr
N I=16"
oo T=0.64 psec
b J=18%
7=0.60 psec
7=24% J=20*
| Telddpsec\ . | T=0.64 psec
1
0 1.0 2.0 3.0 &0 5.0 8.0

Time of flight, psec
FIG. 24, Decay curves of R; plotted against ¢ for }¥Dy (Ref.
349).
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for experimental separation of different mechanisms of
back-bending,%%:3% Among the many methods of mea-
surements of the magnetic moments of excited states,?*
only the methods®* of attenuation of the angular distrib-
utions®*": 3 pecause of the interaction of the nuclear
magnetic moment with a magnetic field outside the nu-
cleus in the case of recoil in vacuum, gas, or a fer-
romagnetic medium are effective at lifetimes of order
1072 sec. For example, in the case of recoil in vacuum
the characteristic attenuation times are of order 107!
sec (Ref. 336).

However, there have been very few such measure-
ments and only in the low-spin region I <8 (Refs. 4 and
332) or for fairly long-lived isomer states, for example,
the 12" in the isotopes '°2+'%*: 128Pt (Ref. 359). Such
measurements do not contradict constancy of g, as the
spin changes®® in Dy nuclei. In some cases, such ef-
fects are observed®® in Er nuclei; these can be given
different interpretations® in terms of a decrease in gy
with the spin, a change in the attenuation mechanism
with the spin, or constancy of both but the existence of
population from nonyrast states with a smaller g; fac-
tor, %!

Most recently, there has been a report of application
of the recoil technique in a gas (see Ref. 362 and ref-
erences there) after the ('5Xe, xn) ,Er reaction with
very heavy ions at Darmstadt, measurements being
made up to spins 14°-18" (Ref. 363). Unfortunately,
the data have not yet been evaluated, and it is not yet
known to what extent it will be possible to separate the
effects discussed above.

21. METHODS FOR SEPARATING STRUCTURE AND
REACTION EFFECTS

We are here concerned with the problem of extracting
from the decay curves of the DSRD method after the
(HI, xn) reaction (see Figs. 23 and 24) information
about effects associated with the structure, i.e., infor-
mation about the lifetimes 7, of the yrast levels, and
information about effects associated with the process of
de-excitation of the compound nucleus, i.e., the inten-
sities P, and times ¢, of side population. In the back-
bending region, where the intensities P, of side popula-
tion are maximal,?®® this becomes the main problem.

It can be solved in two ways,** the first of which is to
eliminate the effects of the reaction by making coin-
cidences between lower transitions and some highest
observed transition and obtaining a pure cascade. The
first measurements of the lifetimes were made in this
manner in the back-bending region for '2Er by a Can-
adian group.*® However, in this case the statistics are
very poor, and it is difficult to find an effect exceeding
the experimental errors.

The second method to be discussed here is as follows.
We attempt to separate the two effects on the basis of a
model of the decay curves R,(t) with allowance for side
feeding. This method was used by the Canadian group
for *¥Ce up to 12" (Ref. 365) with determination of only
the lifetime 7, and by a Dubna group (Refs. 338, 340,
366, and 367) for the nuclei ,,Yb, ,Hf, and ,Er up to
20" with determination of the lifetime 7, and the side
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feeding time ¢,. This method was also adopted by a
West-German group and applied to the nuclei .;Ce (Ref.
368) and 'EDy (Ref. 349). The calculation model with-
out side feeding corresponds to a cascade of successive
transitions between yrast levels I and is similar to the
model of a radioactive decay chain. I was also used
earlier®® and is described in Refs. 337 and 369. The
generalization to side feeding was made in Ref. 338.
The most general case of cascade side feeding by many
paths®® is described below.

Consider Fig. 25, which represents the model for cal-
culating R (¢) with allowance for side feeding in the
most general case. Each level with spin I and lifetime
7, is populated through many parallel cascades, which
populate from the side each level with spin K, I <K <I;
(I, is the highest or final level of the yrast line ob-
served experimentally), and then pass downward along
the yrast line. The side population of a level with spin
K with intensity P, proceeds through several compon-
ents (parallel cascades) with intensities P#, so that

P;‘-=”2’P7‘-. (71)
In practice, under normal conditions the number of such
components of the nuclei Er and ., Yb was taken to be
p=1, and p =2 was taken only for the long-lived tails of
the decay curves of ,Hf nuclei for some levels. Each
cascade that populates the yrast level K from the side
with intensity P¥ passes through several successive
side levels with side feeding times %", p=1,2,...,m.
In practice, only one level m =1 was taken, and for test
calculations m =2 and 3 were taken (double and triple
side feeding cascade).

The theoretical formula for the decay curve is then
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We have used the normalized values of the total popula-
tion and the side population,

p I

R . pr__ px " p¥, 75
Nig=NglN; Pl Px/“gmgipx, (75)

which are derived in Ref. 320.

The problem of extracting the lifetime 7, and the side
feeding time ¢, can in principle be solved by fitting to
the experimental data by the least-squares method,
Such fitting was programmed for computer calculations
and carried out in two independent ways:

1) x> minimization or analogs of it by means of reg-
ularized iterative processes on a large computer of the
type CDC-6200 (Ref. 370);

2) ¥* minimization by means of a “maximal descent
spiral” on a minicomputer of the type TPA and IZOT-
0310 (unpublished program); the principle here is a
direct comparison of the minimized functional for yZ at
the mesh points of a system of embedded multidimen-
sional parallelepipeds, only a suitable “spiral” of these
points being chosen,3*°

In the back-bending region, 7, (structure effect) and
@, (reaction effect) are usually strongly correlated.
Numerical experiments showed that the experimental
decay curves R,(t) are strongly sensitive to the choice
of 7, and weakly sensitive to ¢, at low spins, where the
normalized side populations P,, (75) are small. Con-
versely, they are weakly sensitive to 7, and strongly
sensitive to ¢, at high spins, where P,, are large. This
makes the method good for investigating structure ('r,)
at low spins and more suitable for investigating the
population mechanism (¢,) at high spins (see below).
Nevertheless, at the back-bending point, because of
the weak variations of B(E2) and the strong dependence
of 7, on the transition energy ~E;3,, ., (64), the de-
crease of E leads to an appreciable increase of 7, and
thus to much cleaner determinations of it than for
neighboring I. This circumstance makes it possible
to investigate the structure (7,) of high-spin states pre-
cisely at the back-bending point (see below), which is
the most interesting from the point of view of conclu-
sions concerning its mechanism.

22. COULOMB EXCITATION

For Coulomb excitation®®:*:1® there is a well-devel-
oped theory (see Refs, 300-302, and also 371), which
means that it can be used not only for measurements of
the reduced transitions probabilities on the basis of the
lifetimes obtained by the DSRD and DBLS methods, but
also to determine the internal moments by measure-
ment of the excitation probabilities (cross sections).
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It is also possible to measure the angular distributions
in order to obtain information about the spins and the
coefficients of multipole mixing,.

In Coulomb excitation, a fundamental part is played
by the so-called Coulomb barvier:

where 7,=1,41F; Z, and A; refer to the ion and Z, and
A, to the target. As will be seen in Sec. 23, the

cross sections of nuclear reactions decrease strongly
if the ion energy E; falls below the barrier E,, so that
E;<E, is then the condition for observing Coulomb ex-
citation in a pure form. Simultaneously, this condition
ensures the validity of the quasiclassical deseription,®™
The corresponding cross section in the first order of
perturbation theory is®°

(1+ A/4y), MeV " F, ('76)

dogr, = (Zielhv))2a~L+2 B (EL; i~ f) df dgy, (9Ens) (717)
with the notation
= ﬁ}i:il : m,_,—:%; E=m—nn (78)

i f
where 0 is the scattering angle, M is the reduced mass
of the ion and target nuclei, and v; and v; are the vel-
ocities of the ions before and after the collision. For a
magnetic transition, it is necessary to substitute EL
—~ML and multiply the right-hand side of (77) by v,v; /c®
The functions f; have been tabulated. Multiple excita-
tion takes into account virtual excitations through in-
termediate states, and its description reduces to a
coupled system of differential equations.®” There exist
programs for computer calculations.

As some examples of recent applications in the region
of low spins, we mention only the completion of the sys-
tematics of the E2 and E4 moments and, in particular,
the hexadecapole B,, deformations for nuclei from gNd
to ,sO0s (Refs. 372-374). It turns out that 8,, are posi-
tive for nuclei from ¢Nd to Dy, pass through zero
near gEr, and are negative for nuclei from ,,Yb to
.08. There may be a difference between the deforma-
tion of the charge and of the complete nucleus.3" In
Refs. 375-377, vibrational 2* and 3~ states were ex-
cited in the nuclei 4,Gd, Er, ,,Hf, and ,,W. In Ref.
378, the transition probabilities between the y bands
of '&Dy and 'EEr were determined.

We shall return to high spins in combination with life-
time measurements in Secs, 28 and 29. Here we
mention investigations of a different nature using the
ions ., Xe, 4,Ph, and ;,U. In Ref. 379, '§;Xe ions were
used to achieve spins 167 (18").in '3Er. In Ref. 380,
levels of the ground-state band up to 10* and a y-ray
band up to 8" were excited by ¥Xe ions in 1%+ 194 120pt
nuclei and their y softness was determined. We men-
tion the record attainment of 28" levels in *3U by *3U
and *%Pb ions and the simultaneous excitation of a neg-
ative-parity band up to 15~ by *%Pb ions,*' It has al-
ready been established that, in contrast to population
“from above” in the (HI, xn) reaction, Coulomb exci-
tation “from below” excites preferentially, not the
yrast band, but the continuation of the ground-state
band, this depending on the reduced probabilities of
transitions coupling the levels, i.e., a different branch
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in the picture of band crossing,**® We shall consider
the significance of this circumstance for our under-
standing of the back-bending mechanism in Sec, 26.

In recent cases of Coulomb excitation to achieve record
spins, an interesting particle-y-ray coincidence device
was used to correct the Doppler shift.®?

23. COMPOUND-NUCLEUS REACTION

Experiments using the (HI, x#) reaction are planned
and analyzed on the basis of semiempirical theoretical
approaches,***:3* The compound-nucleus reaction is
divided into two stages associated with the formation
(entrance channel) and decay (exit channel) of the com-
pound system:

J max

ul »j‘ “.1 ; : 9
S OB D)6 (B 1) g () (79)

where o(E;,I), multiplied by the level density of the
final nucleus, determines the cross section per unit
interval of the excitation energy for obtaining a final
nucleus with excitation energy E, and spin I; o (E,,J)
is the cross section for production of a compound nu-
cleus with spin J at ion energy E; (entrance channel);
G(E;,I; J) and g(J) are the partial and total decay
widths of the compound nucleus (exit channel); o, is
parametrized by the so-called transmission coefficient
T,(E,) for the entrance channel; G and g are param-
etrized in terms of T,(E,) for the exit channel.’**® In the
analysis of the entrance channel, it is important, first,
to know the total reaction cross section, which is esti-
mated in the model of a black nucleus.’®® The cross
sections and angular momenta are given in the most
convenient form in Ref. 384. Characteristic features
are the zero cross section below the Coulomb barrier
(E;<E,), the very strong growth in the region of the
potential barrier (E; ~E_), and the smooth growth,
which slows down, above that barrier (E;>E,) [see

(76)].

However, only part of the total cross section corre-
sponds to the complte-fusion reaction; the remaining
part is associated with peripheral veactions. This part
is determined by the critical angular momentum J_,
which is replaced by the J,,, of the black-nucleus mod-
el in (79). This is an already well-established experi-
mental fact,*® which is due to the fact that when E;>E,
the growth is replaced by a decrease.®®® The peripheral
reactions reduce basically to transfer reactions®” and
change somewhat the Z of the target nucleus. Recently,
various methods have been proposed for estimating J,
on the basis of two mechanisms: dynamical effects in
the entrance channel®8-38° and instability of the com-
pound system (Refs. 293, 390, and 391), The two meth-
ods lead to approximately the same estimates.* There
has also been proposed a method of experimental deter-
mination based on the spin selectivity of the reaction.®®

o(E, I)=

In Ref. 393 there is a review of the problem of pre-
equilibrium processes. In Ref. 394, there is a discus-
sion of the problem of the different critical angular mo-
menta (in addition to that of complete fusion) for, for
example, fission in reactions induced by {Ar and jKr
and leading to the compound nuclei ****¥Er. In connec-
tion with the problem of the possible absence of fusion
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with evaporation of particles at small transfers of the
angular momentum for the fairly heavy $Kr ions, the
absence of such behavior has been established. It is
concluded that there are pre-equilibrium processes
with the emission of charged particles at high excitation
energies because of the dependence of their probabili-
ties on the energy and the ion, in contrast to the pre-
dictions of (79). In Ref. 395, a second pre-equilibrium
neutron is assumed. From data on multiplicity mea-
surements,?® one can conclude that more than one pre-
equilibrium neutron is emitted in the reaction with iHe;

_in other cases of the heavier ions 3)Ne and {JAr, that
there is a compound-nucleus type reaction.

24. DE-EXCITATION OF THE COMPOUND NUCLEUS

Statistical and empirical considerations are used in
analyzing the exit channel, After a time of the order of
several units on the 107 sec scale,*"*3® the compound
nucleus decays basically with the evaporation of neu-
trons.?:4 We mention the new technique of time mea-
surement in the previously inaccessible region 107'° sec
(Ref. 401) based on the displacement of X lines because
of the emission of protons. It is only at higher energies
that there is increased competition from the emission
of charged particles,*? in particular, protons* and o
particles*®:3%; nevertheless, in reactions with car-
bon**® the evaporation of up to 12 neutrons was observed
(Fig. 26). For heavier nuclei and higher energies,
competition from fission is important*®5:4%% in Ref. 395,
later results have been considered.

The process of evaporation of neutrons is considered
in a simple statistical model,**” which gives the excita-
tion function, i.e., the cross sections as a function of
the excitation energy E*:

By =Fém(1+ Al Ay);  Efms=AE;+—AE;— AE,, (80)
where AE,, AE;, and AE_ are the rest-energy ex-
cesses of the target nuclei, the ion, and the compound
nucleus relative to the sum of the rest energies of the
nucleons; these energies can be calculated by means of
the mass tables given, for example, in Refs. 408 and
409, Maxima ¢, are obtained at energies EX .. that
increase with the number of neutrons x.. They can be
determined from

x

E:ms,mu: E By + ze, (8 1)
i=1
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FIG. 26. Excitation functions of the reaction
138070 (*213C, xn)143143-*Ce: on the left for '2C and on the right
for 1C (Ref. 404),
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where B; is the binding energy of the ith neutron®®: %%,
¢ is the mean energy lost in the emission of one neu-
tron in the form of kinetic energy and the energy of the
v rays. All this facilitates the identification of the pro-
ducts.*® In the determination of EX,, an important part
was played by the empirical Simonoff-Alexander rule*'
which subsequently was made more precise on the basis
of extensive empirical data by Neubert*'?:

e=9.0—2.4.1024,, MeV, (82)

where A, is the mass number of the compound nucleus.
For the use of the statistical model to estimate the
competition from the emission of charged particles and
from fission, see Refs, 413 and 414, respectively.

In the process of evaporation of neutrons, as the first
stage in the de-excitation of the compound nucleus, the
initial distribution of the spins J of the compound nu-
cleus changes and goes over into a narrower distribu-
tion of the spins I of the final nucleus, which can be ob-
tained by a statistical theory*'®**'® and also by a simple
graphical calculation.®" It is found that the neutrons
carry away a small fraction of the angular momentum—
up to (1-2)# each—and that a greater fraction is car-
ried away in the second stage of de-excitation by y rays
in two stages: the statistical cascade (principally E1
transitions) and the yrast cascade (principally E2 tran-
sitions) in accordance with the combined model of popu-
lation of the yrast band,**® which has been confirmed ex-
perimentally®"! and is shown in Fig, 17. The problem of
the distribution of the angular momentum in the final
nucleus and its removal is also considered in Ref. 414,
By measuring the multiplicity of the continuum y rays
and its spin distribution one can experimentally recon-
struct®'” the spin distribution I of the final nucleus be-
fore the statistical cascade (Fig. 27) for lighter nuclei
as well.*®

The distribution of the y rays for the statistical cas-
cade (E1) and the continuous yrast cascade (E2) with
respect to the spin carried away (roughly 0 or, respec-
tively, 2 in one transition) is found principally in exper-
imental studies, which were considered above. From
this there follows an empirical relationship between the
mean multiplicity (M) of the y rays and the mean spin
(1) carried away:

(1)=0 (k) +2 (M—hk), (83)
where (k) is the mean number of y rays of the statis-

2,5+ 7T, I24(x1/%)

P:(IL'), mb

28 32 31;

FIG. 27. Distribution of the spins I of the final nucleus after
the reaction Nd(§0,4n)'&Er (Ref. 417).
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tical cascade, It can be taken equal to four,32:313 a]-
though there are indications®™ for a value 2,5-4. The
factor 0 follows from the fact that & for a transition of
E, type is statistically distributed with respect to the
change in the spin, and the factor 2 follows from the
factthat M - % for an E 2type transition is stretched, 3133
although there is a dipole component.®™* The statistical
treatment gives formula (67) for the energy distribution,
but with restrictions that will be considered below.*
Reference 419 is devoted to the theory of this problem
in terms of the competition between the statistical (non-
collective) and rotational (collective) de-excitation
modes. The paper of Ref. 419 somewhat changes the
classical picture®® of de-excitation by y rays shown in
Fig. 17, since the competition can begin fairly high,

3-5 MeV above the yrast line; thus, this competition
may be responsible for a de-excitation trajectory that
is inclined on the average and more complicated than in
Fig. 17.

25. SYSTEMATICS OF QUASIROTATIONAL
ENERGIES AND INTERNAL E2 MOMENTS OF EVEN—
EVEN NUCLEI: BOUNDARIES OF THE TRANSITION
REGION

There exists well-developed schematics of quasiro-
tational energies®? and internal E 2 moments and defor-
mations (Refs. 69, 200, 201, 372, 373, and 420) as well
as theoretical calculations of deformations (Refs. 40
and 421-423) and anadiabatic effects.*® Although we
shall not consider light nuclei here, we also mention
Ref. 424, which leads to a self-consistent systematics
of B(E2) values in sd nuclei. Our task here is re
stricted, namely, using data for the nuclei Er (Ref,
367), ,,Yb (Ref. 338), and .,Hf (Ref. 340) on the prob-
abilities of the E2 transitions to the yrast line with the
lowest spins, 2°-0* and 4°-27, to elucidate the system-
atics of the effects mentioned above. This region of
nuclei is far from the stability band and is somewhat
unusual, as will be seen below.

Table IV contains all data on the internal (E2) mo-
ments @ and the effective deformations 8 obtained on
the basis of measurements of the lifetime 7, of levels
with I=2 and 4 (see below) extracted from their re-
duced transition probabilities B(E2) in accordance with
Eq. (64) in conjunction with the coefficients of internal

TABLE IV. Moments of inertia J =3/E,, energy ratios
E,/E,, internal E2 moments @ =Q(2— 0), and effective
quadrupole deformations g=p(2— 0).

Nucleus 7, MeV' | EwEe Qb B

y " 444017 0.185--0.005*
1H5Eray BT 28 { 50203007 0.18240,003
158 E g, 156 | 2.7 5.340.15% 0.23540.01*
é . 6.5-0.15% 0.28+0.01*
HSETp 258 [ a0 { 6.5400.11 0.2867-0.005
150Y by, 12.3 | 2.6% 4£.81+0.08 0.207+0.003
155V by, 18.02 | 2.924 6.0740.45 0.257+0.019
184Y by, 24.20 | 3.128 6.79+0.13 0.284+0.006
198 by 29.33 | 3.228 7.2640.18 0.301--0.008
19811 £ 18.90 | 2.966 5.0640.14 0.24140.005
183 Hiyy 24.25 | 3.114 6.49+0.14 0.261+0.008
12011 20,91 | 8.202 7.440.30 0.28420.012
*Ref. 328.
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conversion®®: % and the further extraction of @ in ac-
cordance with (65) and 8 in accordance with (66). For
comparison, in Table IV we also give the energy char-
acteristics®?: the moment of inertia J and the ratio
E,/E, of the energies of the first two levels, This last
is, as is well known, a measure of the deviation of the
nucleus from spherical shape through the deviation from
a harmonic vibrator, E, /E, =2, and from deformed
shape through the deviation from a rigid rotator, E, /E,
=10/3. Such a comparison is of interest, since the
probability parameter B8 gives direct indications of a
transition in the shape, while the energy ratio E, /E,
gives only indirect indications. For comparison, we
also give the Berkeley literature data for 6158 'SRy
on the basis of our calculation of the data of Ref, 328,
The reactions used to obtain these data are

120, 122, ’%ESD (?gAI‘, 471) 156, 158, 122E1’; (84)
124, 126, 128, lggTe (‘:gAI‘, 41’5) 160, 162, 164, 19;f.Yh, (85)
122, 1?381’1 (as, gng’ 4?2) 1686, 168, i;ng_ (86)

From Table IV, we can draw the following conclu-
sions:

1) the probability parameters—the internal E2 mo-
ment @ and the effective quadrupole axial deformation
B, reveal the same tendency to decrease with decreas-
ing number N of nucleons when the magic value 82 is
approached as the energy parameters, i.e., the mo-
ment of inertia J and the ratio E, /E,. This tendency
is readily understood from the point of view of a tran-
sition from a deformed to a spherical shape;

2) the observed transition with decreasing N is fairly
abrupt in all three cases of the nuclei i ;Er, ,,Yb, and
.-Hf but still takes place, roughly speaking, within a
range of variation of N of approximately four units;

3) if the boundary of the transition region is fixed
where the sharp decrease of all the parameters is
observed, it can be seen from Table IV that it passes
through the nuclei 38Er,,, 'SYh,,, 'SsHfy,. Thus, a
somewhat unexpected effect is observed: The boundary
is moved from the magic number N =82 with increasing
number Z of protons from 8 neutrons for Er through
10 neutrons for ,,Yb to 12 neutrons for ,,Hf.

This may be related to the well-known problem of the
boundary of the transition region,*® due to competition
between the effects of deformation by nucleons in un-
filled shells and stabilization of the spherical shape by
pairing. Then such an effect can be explained by the
correlation between the deviations from the magic val-
ues in the numbers of neutrons N and protons Z. In-
deed, the increase of Z from g Er to ,,Hf means that the
magic number of protons, Z =82, is approached, al-
though from below, namely, from 14 protons for g, Er
through 12 protons for ,,Yb to 10 protons for ,,Hf, Thus,
the discovery of this effect means that we have traced
the bending of the boundary of the transition region
around the point Z =82, N=82, In the case of Er, the
transition is due to the neutrons, while for ,,Yb and
o Hf the neutrons and protons are equally important for
the transition. At even higher Z, the protons must play
the main part.
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26. BACK-BENDING AND BAND CROSSING

A compilation of data on the energies of yrast levels
associated with back-bending is shown in Fig, 18, It is
the compilation of Ref. 322 augmented in the review of
Ref. 4. The review of Ref, 4 gives diagrams of the eight
nuclei **"*%Ba and "% Ce (see Fig, 11 in Ref, 4),
which are not given here. There have recently been
published new data on ™'+ 7% (Refs, 425 and 426),
178180, 13%W (Ref. 427), and '3Er (Ref. 428) and repeated
measurements of the yrast levels of '*:'$Er (Ref. 429);
_ in Ref. 429, there is a discussion of the connection with
the measurements of the lifetimes. New data have been
obtained on the yrast levels of 'SEr (Refs. 428 and 429)
and there have been repeated measurements of the
yrast levels of '72Hf (Refs. 33 and 34) in connection with
the discovery of many side bands in these two nuclei.

It can be seen from Fig. 18 that back-bending is ob-
served predominantly in neutron-deficient nuclei, This
was already discussed in connection with back-bending
mechanisms, but we can now say that it is evidently due
to the method of excitation. Indeed, neutron-deficient
nuclei far from the stability band are excited in (HI, xn)
reactions, whereas Coulomb excitation can naturally be
used for stable nuclei. On the other hand, it has been
shown experimentally®® that the (HI, xn) reactions pop-
ulate mainly the yrast line, whereas Coulomb excitation
populates the ground-state band. According to the mod-
el of band crossing,'**+ % they differ above the back-
bending point, it being the yrast line that exhibits back-
bending (see below). It can also be seen from Fig. 18
that an irregularity is sometimes observed in the back-
bending phenomenon: It is absent in '®Yb but present
in the neighboring even—even nuclei .,,Yb or, converse-
ly, in '}iGd. In theoretical studies (for example, Ref.
238 and the references there for ,,¥b nuclei) such ir-
regularities are attributed to features of the scheme of
single-particle levels near the Fermi surface.

It can now be regarded as proved* that back-bending
is a property of the yrast line, which is identified with
the ground-state band (g) below the back-bending point
and with the superband (s) above it, as has been demon-
strated by the investigations of '3iGd, **' 3Dy (Refs.
25-30 and 150). This can be clearly seen in Fig. 28.

It is particularly convincing after population of the low-

Egy 2
MeV L ﬁ—§,1
5 MeV”
150 -
4 L
I 100}
2 L
i Yrast band
4 50 -
F, 1 i 1 1 -.|||I||<|I1
0 100 200 300 400 I(1+ a 0.05  #w? mev?

Tﬂny

FIG. 28. Experimental confirmation that the back-bending ef-
fect is due to crossing of bands: for crossing of the g and g
bands by a third “superband” in 13Dy (Ref. 4) according to the
data of Refs. 28 and 30,
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spin continuation of the superband in *3iDy (Ref. 30).
Disagreement with such an identification was voiced in
Ref. 432, although in Ref. 433 reference is made to a
possible continuation of the superband consisting of the
levels (2'), 4%,...,10". There is also disagreement
with regard to the properties of the superband: In the
original papers of the model of band crossing® it was
ascribed quantum numbers K"=I', whereas it is as-
sumed in Ref, 434 that 0" and 1* equally well describe
the data if the y band is taken into account. It is diffi-
cult to prove this exactly in an experiment,** and for
the purpose of orientation we can take the values K"=0",

In the literature there are already the first indications
of a superband with odd spins, besides a superband with
even spins, and of the intersection of the y band with
these two superbands.®*: 3 A curious situation has
arisen: An yrast band of positive parity with odd spins
is situated 500 keV higher than an yrast band with even
spins (Fig. 29). This is all explained by the mechanism
of rotational alignment (see Sec. 15).

In reactions of even—even nuclei with @ particles and
heavier ions, levels that differ from those of the yrast
line and also from the positive-parity levels that cross
it are excited. These are side bands of negative parity
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FIG. 30. Bands of different parity in the nucleus *$Er (Ref.
32).
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FIG, 31, Zigzag effect in the y band of the nucleus '§iEr (Ref.
32). The experiment is the lower zigzag. The calculations are
the upper zigzag and are in accordance with the rotation-vibra-
tion model of Ref. 147.

with odd spins,* and they appear systematically** in the
isotopes '#"'%Pt and '*°"*}°Hg and have been studied in
detail in ., Pt (Refs. 436 and 437) and ,,Hg (Refs. 438 and
439). They are also manifested in the nuclei '™+ '™ '7°W
(Ref. 426), '52W (Ref. 428), “ZHf (Refs. 430 and 431),
and also in lighter nuclei, for example, 'S¢Er (Ref. 31),
«Ce, and ,;Ba, as in *°*'22Ba (Ref. 440), and in heavier
nuclei such as 238U (Ref. 441), in which one observes an
octupole-vibrational band K =0, I"=1",3",...,197,
Sometimes, one also observes an even part of the band,
raised in energy relative to the odd part, as, for ex-
ample, I"=2",47,...,12" in '¥Er (Ref. 32) (Fig. 30)
and also in the nucleus '$Er (Refs. 33 and 34). The
zigzag effect in the ¥ bands of positive parity is shown
in Fig. 31, The mechanisms of occurrence of the side
bands are octupole vibrations®”” and rotational align-
ment,?™ which were mentioned in Sec. 15. A combin-
ation of the mechanism of octupole vibrations at low
spins with alignment at spins above 117 is assumed in
150Gd for the negative-parity band with odd spins.

27. BACK-BENDING IN ODD NUCLEI AS A TEST OF
ROTATIONAL ALIGNMENT

We now consider the interesting suggestion of using
the presence or absence of back-bending in an odd nu-
cleus as a test of the RAL mechanism for back-bending
in a neighboring even—even nucleus (Refs. 4, 6, 332,
and 443), It is assumed that if a nucleon in an odd nu-
cleus is in an orbit that must be used in accordance
with the RAL mechanism in the alignment of two nucle-
ons, the even nucleus will exhibit back-bending, while
the odd one will not because of the blocking of the orbit
by the odd nucleon. Investigating the AI'=2 bands of the
odd nucleus based on different single-gquasiparticle
states, one can “feel out” the orbit responsible for the
back-bending in the even-even neighbor. This is shown
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in Fig. 32 (Ref. 444). For the example of "+ &Vb it
can be seen that precisely the 7 ,,,,%# orbit does not ex-
hibit back-bending in the odd nuclei and is therefore
responsible for the back-bending in the neighboring
even ,,Yb nuclei.

Such an approach has been implemented experimental-
1y* in a number of cases. For example, in the isotopes
154-19Dy and **'¥Er it is concluded on the basis of the
positive result of the test of the participation of the
i 13757 Orbit in the back-bending®*® and the negative re-
sult for 7,,,,p (Ref. 446) that the neutron orbit 7,,,, is
responsible for the back-bending from the left-hand
edge of the deformed region 82<N<126, At the right-
hand end of the same region at the isotopes '%%+'820s
and '83Pt there is a test that the proton orbit %, is
responsible (Refs. 4, 447, and 448). In the so-called
new deformalion region Z>50, N<82, for example, for
126, 12834 and 2% '3%Ce protons are again responsible,
but with the h,,,, orbit,*?»*°

However, papers have been published which question
whether only one orbit is responsible or whether it is
at least two, for example, hy,p and 7,47 for the back-
bending in %+ %0s (Ref. 451) and in '™+ '5{W (Refs. 427
and 452), the #,,,% orbit again apparently being pre-
dominant in these last nuclei.**® A similar situation is
observed in the middle of the region 82<N<126 for '$Er
and %4+ 1%8YDh in the tests of the neighbors with odd N,
185Yb (Ref. 453), and odd Z, '¢TLu (Ref. 454) and '$Tm
(Ref. 455). Here again there are indications of the par-
ticipation of both the ,;,% and kg, p orbits. This then
means that one must question whether the RAL effect is
manifested in a pure form,

Theoretical attempts have been made to show that this
is not so. In one attempt,® it is asserted that 4,7 is
the responsible orbit in the region of ,,Yb and hy,,p is
only a catalyst (see Sec. 15), while in Ref, 456 it is
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said that the conclusions of the experimental studies of
Refs, 447 and 451 concerning the part played by hg,p
in the region of ,4Os are incorrect; only the i,,,,7 orbit
is responsible, and the ambiguous results are due to
the part played by hexadecapole deformation in the light
isotopes of ,,Os and nonaxial deformation in the heavier
isotopes. In contrast to the cases that can also be re-
garded as transitional cases, the case with '$Yb (see
Fig. 32) reveals a part played by other orbits such as
(f 42 +hg2) 1, which complicates the picture still fur-
ther,**

The general situation with regard to the orbits re-
sponsible for the back-bending in accordance with the
rotational alignment mechanism can, on the basis of
the review of Ref. 4 and the further papers discussed
here, be represented, with provisos, as follows:

126, 1285, 128, 130
36D, saCe: hisj2p;

154—180y, 156160 162— 166wy, - 1
¢ DY, ssEr, foYb  iyqen;

(87)

178, 180yx; _ 182, 184~ 1 ¥
7iW — 7608, %Pt: iygsan—-hosap.

The phenomena simulating back-bending of the transi-
tion region ,,Pt, ;. Hg (see Sec. 15) lead to 12* isomers
in 1%+ 1%2pt and to 10" isomers in ' 192. 184, 196y op
which there is based a band with energy intervals simi-
lar to the energy intervals at the start of the ground-
state band.* There are theoretical indications® that
bands with responsible orbits i,;,,7 and h,,,,p are
based on 12° in ., Pt and 10" in . Hg, respectively. A
transition to ¢,,,7 in '$5Hg is possible.”” For ,,Hg
nuclei, there are also experimental indications of what
we have said above.* For the ,,Pt nuclei, there is also
an experiment, but of a different kind, namely, mea-
surement of the g factors of 12" isomers.**

Besides considering these phenomena in the frame-
work of the usual model of the coupling of quasiparti-
cles to an asymmetric rotator,*” another approach is
possible in the framework of the alternative model of
coupling of quasiparticles to a vibrator.*® These mod-
els penetrate into the transition region from different
sides, deformed and spherical, respectively, with
equal success.* This can be concluded from the the-
oretical**® and experimental®® investigations in the
transition nuclei ,,Pt and ;,Hg.

28. LIFETIMES AND PROBABILITIES OF E2
TRANSITIONS BELOW THE YRAST BAND:
ANADIABATIC EFFECTS

From information on the lifetimes 7, one can extract
the reduced probabilities B(E2; I —I-2), the internal
E2 moments @(I - I-1), and the effective quadrupole
deformations B(I - I-2) in accordance with Eqs. (64)-
(66). Further, if a limitation is made to data for the
low-spin region I <8, where the anomalies associated
with back-bending are not yet manifested, one can ex-
tract the parameter a of the anadiabatic deviations by
means of (21).

Experimental information about @ is given in Fig. 7
and, as can be seen, it is very small (see also Refs. 4
and 332). The DSRD measurements of the lifetime after
Coulomb excitation of levels up to 10* (Refs. 158, 230,
346, and 461-463) for the 4,Sm and ,,Gd nuclei are the
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most reliable, A new DSRD measurement after Cou-
Iomb excitation in *3iNd, a=(2.6+0.5)X107%, confirms
the regular large effects in '30Nd, 32Sm, '3Gd (Ref. 464).
In addition, Fig. 7 gives information for some heavy

20 YD isotopes, for which there are no direct measure-
ments.** Such measurements of the lifetimes for '$3Dy,
Er, and ‘73Yb gave results that do not correspond to
negative values but lie in the range + 10" (Ref. 345).
Similar results are obtained for '%Dy in Ref. 465 and
for '$:Dy in Ref. 466.

In transition nuclei with almost closed shells one can
obtain values close to rotator values up to 6", for ex-
ample, for '92Pt, and 4" for '3:Pt (Ref. 467). At higher
spins in the _ Pt nuclei a hindrance may commence,**®
in contrast to nuclei with an almost empty shell. For
the 10" level this hindrance becomes very great.®®” As
a result of measurements in the g band up to 10" and
inthe y band up to 8" it has been concluded that 192194138 pt
most probably are not y soft, but behave as rigid tri-
axial rotators.,® In the moderately heavy g, Hg nuclei,
such hindrances are at first ("oHg) associated with a
two-hole h,,/,p nature. They gradually disappear with
the consequence that in '$5Hg the rigid-rotator behavior
is preserved up to 12" (Ref. 275).

Additional information has been obtained for a number
of the neutron-deficient ;Er, ,,Yb, and ,,Hf nuclei by a
lifetime measurement by the DSRD method after the
(HI, xn) reactions (84)—(86) in Refs. 338, 340, and 367,
A least-squares evaluation of formula (21) gives the in-
ternal £2 moment at 0 spin, @ =Q(0), and the param-
eter ¢. They are given in Table V and compared with
the microscopic calculations from Sec, 13 and Fig. 7.

In Table V, we also give calculations of ¢ in accor-
dance with the formulas (27) of the phenomenological
model of the coupling of the 8 and y bands with the g
band'®*® and on the basis of our microscopic calculations
of z, and z, and the B(E2) branching ratios. The agree-
ment with the independently calculated microscopic val-
ues of ¢ indicates a fact known from other studies®?;
namely, coupling to the B band (a,) makes the main
contribution to the coefficient o of the anadiabatic devi-
ations within the g band.

TABLE V, Internal E2 moments @ and parameters o of
the anadiabatic deviations.

Theory Experiment
Nucleus Qp ';_;: ': Z. iE &

= | 2| = Qb @ (10-3)

3 § £ | &
B2Erg, — |3.268) — | — | — [ 3.09+0.00 | 4.2842.75
138Er,, 6.33 | 4.71 | 3.38 | 0.28 | 3.66 | 5.24+0.15P| 3.76+2.30b
189 Fg, 6.34 | 2.26 | 2.48 | 0.25 | 2.73 | 6.54+0.11 | 0.32+1.03
180Y hoq 6.33 | 3.24 | 1.65 | 0.43 | 2.08 | 4.7940.09 | 2.51+1.57
185Y by, 6.33 | 3.04 | 3.28 | 0.16 | 3.44 | 6.1040.45 | 1.24+4.17
183Y by, 6.34 | 1.82 | 2.24 [ 0.27 | 2.51 | 6.8540.12 | 0.0540.88
166 Y hog 6.34 | 1.47 | 1.74 | 0.23 | 1.97 [ 7.24+0.14 | —0.5040.82
1551 fg, 6.36 | 4.33 | 4.42 | 0.38 | 4.80 | 5.96+0.15 | 0.58--1.99
188 H fg, 6.36 | 3.13 | 3.66 | 0.30 | 3.96 | 6.47-£0.14 | 0.0640.92
1i9H fo, 6.36 | 2.11 [ 2.08 | 0.20 | 2.28 | 6.90+0.39 | 0.20+1.52
Note. The variant of calculations ThS has agp=0y+ay,

where o, and o, are the parts of o calculated from the
coupling to the g and y bands, respectively. The super-
script e indicates Ref. 269 and the superscript » indicates
Ref. 364.
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Let us consider the experimental data on the param-
eter @. Although it is equal to zero in the majority of
cases within the experimental errors, cases are found
when ¢ is positive and outside the errors. Now these
are in fact the cases of the soft transition nuclei ‘GEr
and '®Yb. Therefore, here, as in Fig. 7, we again see
the part played by softness in the occurrence of large
positive anadiabatic deviations @. We note also the
agreement between the tendency for a to increase with
decreasing N and the theoretical calculations when they
are at our disposal. On the other hand, we draw atten-
tion to a different behavior observed on the transition
from the region of iEr to the region of ,Hf. One here
observes a decrease in the importance of softness,
since in the ,,Hf nuclei @ has very small values even
for soft nuclei, At the same time, one also observes
an inerease in the discrepancy with the calculations.
The negative experimental values of o for the heavy
0Yb isotopes in Fig, 7 also fit into both these tenden-
cies well, but here caution must be exercised.

The physical meaning of the increase in a in soft
transition nuclei is obvious, It indicates an increase
in the longitudinal deformability of the nuclei. On the
other hand, these data for o confirm the general con-
clusion of Sec. 13 that calculations with the Hamilton-
ian of the model with pairing and quadrupole interaction
for effects of second order in the rotation give, in this
region of nuclei, better results for smaller Z and worse
results for larger Z. This last circumstance may have
the same origin as for p in Fig. 6 (see Sec. 13), name-
ly, the effective forces in the particle—particle channel
may not be reproduced well by the schematic interac-
tion of Ref. 225.

29. LIFETIMES AND PROBABILITIES OF E2
TRANSITIONS IN THE REGION OF BAND CROSSING:
THE BACK-BENDING MECHANISM

Measurements by the DBLS method after Coulomb ex-
citation make it possible to obtain B(E2) in the yrast
lines of a number of stable isotopes?’ 32 (see Fig. 22) of
rare-earth elements up to 12*, and in the two cases of
16z, 184Ny yp to 14* (Refs. 341 and 469), which approaches
the point of crossing of the bands. In some cases, for
example, for '&Dy, 'SEr, '7)¥b, there are reported to
be hindrances in B(E2) relative to a rigid rotator by
20-409%, and in 2Gd, ' '5Dy there is a similar ten-
dency for hindrances of ~10%. For 'GEr, the pres-
ence of a 37+5% hindrance and the absence of such
hindrance in '&Er is attributed**® to the presence and
absence, respectively, of back-bending (see Fig. 18).
We note, however, that, as can be seen from Fig. 18,
such measurements do not reach the point of back-
bending, and it is therefore difficult to interpret them.
In Ref. 466, the DSRD method after Coulomb excitation
was used up to 12" in *$iDy; no deviations were ob-
gerved, but the inaccuracies at high spins make it im-
possible to compare these data with the results of Ref.
341.

Recently, the Doppler-shift methods after Coulomb
excitation were used in the heavy nuclei 22Th up to 10
(Ref. 470), 23U up to 12" (Ref. 471), and also in '™ A75vb
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TABLE VI. Transition energies E;.;_; and lifetimes 7.

T, PSeC

Nucleus Levi Ey,-p. keV e

} el tabulated data |  Experiment Rigid
rotator*
1381, 2 344.2 50.05+1.81 50.05
4 452.7 7.25-+0.73 9.062
6 543.3 2.93+0.45 3.320
8 618.5 2.35+0.85 1.678
10 674.4 2,25+1.00 1.061
12 682.1 4.26+2.60 (.986
14 522.7 8.1+4.8 3.665

180Erps 2 125.6 1326445 1326
4 263.8 46.67+1.52 47.43
6 375.3 7.78+£0.41 7.860
8 463.7 2.44+0.61 2.646
10 531.7 1.264+0.31 1.311
12 579.2 0.84+0.21 0,841
14 592.2 0.90F0,22 0. 744
16 533.9 1.574+0.20 1.236
18 556.1 0,98+0.28 1.003

*Calculation in accordance with (64) and (65) with constant
@ and normalization to the experimental 7 of the lowest I.

with 4¢Kr and ,Xe ions up to 14" (Ref. 350) and in *35Th
up to 18" (Ref. 351). No back-bending effect was ob-
served, nor are there any deviations from the rotator
model. Because Coulomb excitation excites the ground-
state band predominantly, and not the continuation of
the yrast line at high spins (see Sec. 20), this is not
surprising.

When the DSRD method is used after (HI, xn) reac-
tions, the region of band crossing can be reached (see
Sec. 21). This method has been used to make measure-
ments in nuclei of rare-earth elements up to spins
18°-20" in “2Er (Ref. 364), *°''REr (Ref. 3617),

(160, 162)164, 156y}, (Ref, 338), and ¢ '%%: OHf (Ref. 340)

in the reactions (84)—(86). The results of the last three
investigations are given in Table VI for iEr, in Table
VII for ,,Yb, and in Table VIII for ,,Hf. In Ref. 349, the
preliminary result of a similar measurement with '{Xe
jons for Dy is reported. From these measurements,
using the formulas (64)-(66), one can obtain derived
quantities: the reduced transition probabilities

B/(E2; I -I-2), the matrix elements of the internal
E2 moment Q(I - I-2), and the effective E2 deforma-
tion B(I = I -2) (Refs. 338, 340, and 367).

TABLE VII. Transition energies Ep.p, and lifetimes 7.

Ef.7—2+ keV Ty PSEC
Nucleus Level I Tabulated Present Experiment Rigid
data paper rotator
159Y bggy 2 243.0 243.1 18216 182
4 395.3 395.4 11.6-40.60 12.38
6 508.8 508.8 2.73+0,30 3.235
8 588.7 588.7 1.29+0.30 1.498
10 (636) 636 0.87£0.50 0.993
182Y bgy 2 166.5 166.5 578485 578
4 320.2 320.3 20,3+3.0 21.71
6 436.2 436.2 4.64+0.9 4.352
8 521.4 521.4 2,040.7 1.720
184Y bgy 2 123.3 123.5 1272450 1272
4 262.4 262.8 42.8+1.5 44,54
6 374.7 375.0 7.24+0.25 7.208
8 463.0 463.0 2.20+0.70 2.472
10 530.9 530.9 1.19+0.40 1.222
12 576.9 576.9 0.80+0.30 0.7%
14 560.7 569.7 1.05+0.30 0.836
16 490.0 490.0 2.5340.50 1.748
18 543.2 543.0 1.07+0.50 1.042
188Y hog 2 102.26 102.3 1780490 1784.0
4 228.05 227.9 76.3x£2.5 75.10
6 337.3 337.7 11.24+0.40 10.64
8 430.4 430.2 3.09+0.35 3.109
10 507.5 ~ 507.3 1.46-+0.70 1.334
12 560.3 560.8 0.93+0.47 0.737
14 603.3 603.5 (.73+0.42 0,547
16 494.5 494.1 1.65£0.30 1.467
18 569.1 ~ 509.2 — 1.253
20 588.8 588.4 - 0.608
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TABLE VIII. Transition energies Ep.p. and lifetimes 7;.

Ef.r-2.keV 7. psec
Nucleus Level I
Tabulated data Experiment Rigid rotator
18H o, 2 158.7 7.44+33 7.4
4 312.0 24.3+1.5 25.685
6 426.9 5.11+0.68 5.053
8 500.5 1.80+0.66 2.014
10 564.0 0.95+0.70 1.185
12 593.8 1.29+1.02 0.
168H g, 2 123.7 1278+ 54 1278.0
4 261.5 51.545.2 49.57
6 371.2 8.51+0.83 8.397
8 456.6 2.86+0,27 2.898
10 522.0 1.4540.22 1.455
12 569.8 0,75+0.26 0.925
14 551,6 1.21+0.26 1.074
. 16 452.9 2.6240.29 2.845
128Hfqq 2 100.3 1771+396 1771.0
4 220,9 89,8+9.5 88.35
6 320.4 15.64+1.3 13.88
8 400.2 4.57+0.44 4.578
10 462.0 2.1940.27 2.198
12 510.7 1,464+0.19 1.314
14 550.6 0.95+0.21 0.894
16 584.4 ~ 0,84 0.859
18 614.1 ~ 0.50 0.511
20 653.6 ~ 0.34 0.373

The values of @ are shown in Fig. 33, from which it
can be seen that in the complete range of measured
nuclei the B(E2) and @ values are close to the corre-
sponding ones in the rigid-rotator model. One notes,
however, a tendency for there to be no hindrance in the
absence of back-bending, as in '7JHf, and for there to
be hindrance at the point of back-bending when it is
present. Particularly striking are the data on '%Yh,
The '3Er data also indicate the possible existence of
appreciable hindrance. Such a conclusion is confirmed
by the observation of hindrance of the same order as in
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FIG. 33. Dependence of the internal E2 moment @ =Q(I+1
—I-1) on the spin I for the nuclei gEr, ;Yb, and ;,Hf (data of
Sec. 29 (Ref. 338, 340, and 367) except for Er (Ref. 364)).
On the abscissas, the arrows indicate the points of back-bend-
ing when the effect is present. The crosses are for $§Yb, the
total effect of two neighboring transitions to reduce the errors.
The dashed horizontal straight lines correspond to a rigid ro-
tator.
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1% YD for '$Dy in Ref. 349,

For '}Er, it is necessary to exercise caution. Eval-
uation of the data revealed the possibility of a second
solution for 7, and ¢, with values for 7, much closer to
the rotator values. The values given in Table VI and
Fig. 33 and their errors were chosen only on the basis
of additional arguments, which use the circumstance
that for the chosen solution the side feeding times ¢, of
the low-spin levels (see Sec. 31) correspond to the
transition times to them from the side bands. This
means that the chosen solution with respect to ¢, does
not contradict side feeding through known side bands,**
in contrast to the second solution,

We now consider what these measurements can tell us
about the back-bending mechanism in the sense of dis-
tinguishing between the mechanisms of the three types
considered earlier; abrupt change in the deformation
due to changes in the potential energy surface (DEJ),
Coriolis antipairing (CAP), and rotational alignment of
a nucleon pair (RAL) (see Sec. 15):

1)The DEJ mechanism, understood as a change in the
deformation, would entail simultaneously changes in
the moment of inertia J and the internal E2 moment Q.
As can be seen by comparing Figs. 18 and 33, there is
no trace of this. The moment of inertia J has a strong
growth at the point of back-bending and remains con-
stant above it; @ remains approximately the same be-
low and above the point, with a possible small reduction
near it,

2) From the point of view described above, the CAP
mechanism appears to be a suitable explanation of the
effect. In fact, as is known from many calculations,
the moment of inertia J depends strongly on the pair
breaking and must increase as a result by a factor 2-3
(Refs. 40 and 48). In contrast, the internal E2 moment
@ depends weakly on the pair breaking, as is also
shown, in particular, by our calculations, However,
many calculations'®’+?%° have shown that the pairing is
broken not abruptly but smoothly with inereasing spin.
This means that the hindrance of the transitions must
be not only small but also spread over a large range of
spins. However, in Fig. 3 hindrance in the neighbor-
hood of the point of back-bending is observed.

3) The rotational alignment mechanism (RAL) satis-
fies all the requirements. Breaking of one pair has
little influence on a diagonal matrix element of @, and
therefore @ preserves its almost rotator values above
the point of back-bending as well. However, the align-
ment takes place abruptly®s®°; see Fig. 12. Moreover,
near the point of back-bending there is an abrupt change
in the structure of the internal state. Then a nondiagon-
al Q(I - I - 2) matrix element must be hindered precise-
ly for a transition with a value of I in the back-bending
region,

We can therefore conclude that among the back-bend-
ing mechanisms of these three types the RAL mechan-
ism gives the best explanation of the experiment for the
transition probabilities. This agrees with the general
conclusion of experiments on the energies of aligned
bands in odd nuclei (see Sec. 27) and with theoretical
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FIG. 34. Dependence of the enhancement factors B(E2; L+2
— L)/Bp(E2; L+2— L) on the spins L for the nucleus 184vb
(Ref. 143)., The calculation of this paper is compared with the
experiments of Ref. 338.

investigations®® (see Sec. 15). For the sake of caution,
we note, however, that the experiment in the neighbor-
hood of the back-bending point, in contrast to one at the
point itself, is not so accurate, Moreover, there have
been proposed model descriptions of the experiment on
1%yb (Ref. 338) in the framework of the model of inter-
acting bosons (Fig. 34)** or on '$Er (Ref. 367) in the
framework of the two-phase model (Table IX).**° Un-
fortunately, Fig. 34 does not reproduce the increase
after the back-bending point, which is indicated by
many measurements (see Fig. 33), albeit with large er-
rors. In Table IX, in contrast, the position and depth
are reproduced reasonably, but not the width of the
minimum,

An experiment in the “new” deformation region on the
nuclei 13°: 132, 13Ce (Ref. 365) has given a result similar
to that for '3Ce (Ref. 365), but indicates a greater hin-
drance on the transition to '2Ce. For this last nucleus,
B(E?2) is reported to be hindered for 10°~8" by a factor
25 compared with the rigid-rotator value, If this result
is confirmed, it will signify a different situation with
regard to back-bending in this region of nuclei. Figure
35 shows the results of Ref. 368 for ,,Ce nuclei in con-
junction with the theoretical model of a particle plus a
variable-moment-of-inertia rotator.?® As in the region
of the nuclei ,,Pt (Ref. 380 and 437) and ,,Hg (Ref. 275),
there may exist appreciable hindrances, which are as-
sociated with the differences in the nature of the quasi-
back-bending in this region of nuclei, namely, transi-
tions to two-quasiparticle states?®+*3" or to a rigid tri-
axial rotator,3°

30. INTENSITIES OF THE POPULATION OF YRAST
STATES: REGION OF POPULATED LEVELS

From the classical model of population of the yrast
1ine®*® after a (HI, xn) reaction it has long been known
that although heavy ions introduce a fairly large angu-
lar momentum I, into the compound system,®?*: % yrast
levels with appreciably lower spin are populated.®** In

TABLE IX. Enhancement factors of E2 transitions along
the yrast line of the mucleus ‘$Er.

Teapsitiin |28 3 et (FREST M ransitnts e Bros 8L IS
I-I-2 . . b 1-I-2
Experiment Theory Experiment Theory
20 1+0.036 1 10—+8 10.4724+0.210 1.204
42 1.2504+0.126 1.080 12 10 | 0.231+0.141 0,150
64 1.126+0.174 1.168 14— 12 | 0.452+0.268 0.894
8—+6 0. 714+0,258 1.265

Note. The superscript a indicates Ref, 367 and the super-
script b, Ref. 269.
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addition, it is known that an increase in the energy of
the #He ions or transition to the heavier jJAr ions (in
both cases, this entails a larger transferred angular
momentum) shifts the region of populated yrast levels
to higher spins.®'* This occurs because of the shift up-
ward of the “cloud” of final nuclei after evaporation of
neutrons and before emission of y rays (see Fig. 17).

Nevertheless, the systematics of reactions with ions
up to {%Ar (Ref. 391) has shown that although the mean
spin T of the populated levels,

TZ:IV Py (I+41), (88)

o
]

still increases with increasing mass A; of the ion, the
ratio T/I, decreases. A weakening of the dependence of
I on I, with increasing A, is observed. Therefore, the
simple model in Fig. 17 does not answer the following
questions: 1) Where does the yrast cascade go over
predominantly from a cascade along a band parallel to
the yrast line to a cascade along the yrast line itself?
2) To what extent does this depend on quantities associ-
ated with the reaction such as the mass A; and the en-
ergy E; of the ion, and to what extent on the structure of
the yrast band? This problem concerns not only the
theoretical question of the excitation mechanism of the
nucleus, but also a practical question: How high are
the spins of the discrete yrast levels that can be popu-
lated in (HI, xn) reactions?

Our aim is to extend the systematics of the intensities
of side population to higher ion masses A; by going over
from reactions with $3Ar (85) (Ref. 338) to reactions
with 8+ 39Ti (86) (Ref. 340), and also to investigate the
dependence on the energy E; at a sufficiently large
mass A, in the reactions (84) (Ref. 367). These data
are given in Tables X-XIL

It can be seen that the population of the yrast levels
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TABLE X. Relative intensities P, ; and gide feeding times
@re

=150 MeV

Nucleus I &
Por I 9, Psec Pot

E; = 168 MeV

97, psec

18Erg, 1]
. 0.0440.02 | ~60
{ 0.04+0.01 | 91454
0.06£0.02 |  31%18
0.3650.04 | 22%15
0.45%0.02 |  17+13
0.10%0,02 | 10%7
0.2550.04 | 117

2 0 =
4 | 0.10+0,02 | 65+39
6 |0.5+0.02| 15+9
8 | 0.3540.04 | 29491
10 | 0.40%0.02 | 17312
12 | 0.08%0.02 86
14 |0.22%0.04 | 1F5
2

4

6

8

$Erg, 0 - 0
0 o=
0.0840.02 | 4.52+42,10 0.114+0.02 | 4.53+0.44
0.124+0.03 | 6.74+6.7 0.144+0.03 | 5.58+0.44
10 0.2040.03 | 5.12+2.82 0.2540.04 | 6.94+0.43
12 0.2740.04 | 3.39+2.02 0.1340.02 | 3.014+0.43
14 0.05+0.01 | 2.93+2.22 0.07+0.01 | 4.76+0.44
16 0,0540.01 | 0.61+0.53 0.044+0.01 | 0.50+0.42
18 0.23+40.03 | 3.10+1.30 0.264+0.03 | 2.86+1.10

Note. Attwo energies E; of the ions on the left- and right-
_ hand slopes of the excitation function of the reaction (HI,4n),
4n),

begins at I ~ 6-8 and virtually ceases (by extrapolation
of the populations to higher spins) at 7= 20-26. More-
over, contrary to the expectation, the spin distribution
of the population P, , is shifted very little upward in
the spin I with increasing ion energy E; and with in-
creasing ion mass A;. In this respect the heavy ions
differ from light ions, in which such dependences are

TABLE XTI and XII, Relative intensities P, ;and
side feeding times ¢,

Nucleus Level Py r 94> psec
154Yhy, 2 0 -
6 0 "
8 0.16+0.01 8.5+5.3
10 0.1740.04 5.1%4.2
12 0.14+0.01 4.8%3.2
14 0.06%0.01 2.3F1.1
16 0.12%0,015 1.3%0.5
18 0.35%0.035 5.3+1.5
Y 2 0 —
70 bgl é 0 i,
0 —
8 0.13+0.02 3.8+1.8
10 0.160.04 3.7%+3.1
12 0.09%0.03 2,542.2
14 0,09+0.03 3.0%2.2
16 0.13%0.03 3.0%1.5
18 0.14+0.04 2.0%2.3
20 0.26+0.05 2,8%2.1
188H g, 2 0 -
4 0.2140.05 10.5+4.2
6 0.18+0.05 14.1¥5.3
8 0.10%0.03 5.0+3.7
10 0.07%0.03 16.4+13,3
12 0.4470.05 8.9%2.0
198H g, E 8 -
[ 0 ii
{ 0.110.04 ~200
8 0.06%0.03 3.0+2.4
{ 0.07+0.04 ~3200
10 0.14+0,03 3.941.2
12 0.12+0.03 9.2+3.2
14 0.100.04 3.0%1.4
179H1g, 16 0.40+0.08 3.2%0.5
o fojrand 5
i { 0.1540.04 ~50
0.15+0.04 ~ 6000
8 0.13%0.02 8.9+4.8
10 0.06+0.03 2.7%2.2
12 0.13%0.03 1.0%0.5
14 0.08%0.03 0.8%0.7
16 0.09%0.03 ~0.2
18 0.05%+0.02 ~0.2
20 0.16%0.04 ~0.8

Note, At the ion energy E; corresponding to the
maximum of the excitation function of the reac-
tion (HI,4n).
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TABLE XMI. Dependence of the mean spin T of populated
levles on the reaction,

Reaction Level. I | T I,
1203 (§9Ar, 4n) B§Er E;=150 MeV 10.19 10.95
E;=168 MeV 10.93 i
124Sn ($9Ar, 4n)18Er E;=150 MeV 14.00 13.93
E;=168 MeV 14.30 »
"iTe (#3Ar, 4n) 194YD — 15.61 13.58
$8Te (19Ar, 4n)135YD i % 15.91 14.10
“’Sll STi, 4n) “MSHE all components 11.89
e d o only short-lived } (12.41)
components 13.24
12460 (8T, 4n) 198HE all components 14.44
only short-lived } 14.08
components 15.64
235n (88Ti, 4n) '19HS all components 13.08
only short-lived ' (17.40)
components 13.97

Note. The back-bending point I, is obtained as the point of
inflection in the dependence of E;,q —E,_4 on I; in the cases
when there is no back-bending, the obtained value is
placed in brackets.

manifested more strongly®'* and in which the onset of
population sinks from I ~8 to low spins. Results on this
saturation effect of the spin distribution, which is inde-
pendent of the spin introduced by the reaction, are also
shown in Table XIII. It can be seen that the dependence
of T on A, is saturated and that T depends very weakly
onkE; Note that this fact is, in a certain sense a pes-
simistic answer to the practical question posed at the
beginning, namely: how high can discrete yrast levels
be populated? Nevertheless, this does not imply the
complete impossibility of populating levels with 1>24,
since we do not know how far the P, ; tail extends to
the high-spin states, and this cannot be guessed by
simple extrapolation. The observation of levels up to
32" in "®Er (see Ref. 24, Fig. 13) shows that an addi-
tional special technique may work in the region of this
tail.

One can make a conjecture®® concerning the transition
of the yrast cascade from a cascade along the band into
a cascade along the line, For sufficiently heavy ions,
this transition occurs predominantly in the region of
crossing of the bands. It is therefore primarily associ-
ated with the structural properties of the yrast band,
and not with the reaction mechanism. The reaction
mechanism only slightly distorts the picture. It is
clear from this conjecture why the saturation effect was
not noted earlier in reactions with lighter ions. When
an ion and its energy are such that an appreciable frac-
tion of the statistical cascade descending almost verti-
cally downward in Fig. 17 arrives at the yrast band in
the region of or below the point of back-bending, levels
of the yrast line near and below that point will be popu-
lated. This reduces the mean spin T of the populated
levels observed in reactions with lighter ions.®

31. TIME OF POPULATION OF YRAST STATES:
HIGH-SPIN TRAPS

We shall dwell here on the problem of the quasipar-
ticle isomer states in the even—even hafnium nuclei,
not because a good systematics has been established for
them in recent years, but because it has been possible
through them to approach two interesting questions:
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1) the structural question, with the discovery of high-
spin traps near and on the yrast line itself;

2) the population mechanism, i.e., the extent to which
such states are populated by heavy ions and thus can in-
deed appear as traps.

It is known that in (HI, xn) reactions the time of the
continuous (statistical and yrast) cascade, which is ef-
fectively equal to the side feeding time of the yrast line,
is of order 107111072 geec (Refs. 332, 391, and 472).

In reactions with the not very heavy neon ions, fairly
long-lived traps in the yrast band were not observed*™
in the hafnium nuclei -8 170Hf, It is interesting to
compare this time with the time obtained in reactions
with very light particles, namely, o particles‘™ or
deuterons,*™ but in the different isotopes ;3¥b and

174, 178Hf  In this case, one does observe hindered com-
ponents of order 10% with a time of tens of nanosec-
onds and more.

In reactions with @ particles, and sometimes with
slightly heavier (but not too heavy) ions, levels different
from the yrast line, of a different nature, are popu-
lated (see Sec. 26). We consider here the fact that
in a number of the heavy ,,Hf isotopes levels are known
that differ from the yrast line but also from the bands
discussed above by having a larger K, so that they are
isomer lines because of the K selection rule. We have,
for example, 8", the superposition of [7/2°(404)p,
9/2°(514) p] and [7/2°(514)n, 9/2"(624)n] and 6, the
superposition of [7/27(404)p, 5/27(402)p] and
[7/2°(514) n, 5/27(512) n] 2gp (two-quasiparticle) isomer
states (Refs. 36, 69, 430, 431, 473, and 475-47T) with
the half-lives

180Hf: 8- (5.5h)
I8HE: 8- (4sec), 6* (78 ms)
YI8Ht: 8- (9.8usec) 6* (9.6 usec)

6* (2.1 usec)

6*2 (155 ns) (89)

(The K™ values of the isomer in *7Hf are not given in
Ref. 430, and we have given them here on the basis of
the preliminary data of a private communication. Later
there was published the paper of Ref. 431, which as-
eribes to this isomer the preliminary values 87.) Also
known are 4gp isomers: 14~ (401 psec) (Ref. 478), 19*
(34 nsec) and 6gp: 22" (43 psec) (Ref, 35) in '77HSf, and
also 4gp: 14" (68 psec) and 16* (31 years) in 'HE (Ref.
36). In reactions with a particles, they can appear as
traps near the yrast line, and the 6gp isomer 22 in
16 (Ref. 35) and 4qp isomers 147 and 16" in "2Hf (Ref.
36) as traps on the yrast line. The 2gp isomers 8" and
6" populate the yrast levels 8°, 6°, and 4" by the tran-
sition 8~ 2gp — 8" g in 89Hf or by 6" 2¢p—~6"g,4" g, 8" 2qp
~8"g in Y8Hf or 8" 2gp— 6" 2gp~6"g, 4" g in "JHf. Fre-
quently, this occurs with a low probability, for exam-
ple, of order 1% in ';Hf (Ref. 430), but one also en-
counters cases with o particles*™ and deuterons,*™ in
which the population takes place with a greater proba-
bility of order 10%, as discussed above.

Such cases in reactions with o particles are beginning
to be discovered in the ,,W nuclei, in which, for ex-
ample, one observes the 4gp isomer 147 (~3 psec) in
180y, which populates the 87 (5.2 msec) band.*” We
draw attention to the interesting communication of Ref.

551 Sov. J. Part. Nucl. 10(6), Nov. -Dec. 1979

452 on the odd nucleus '73W, in which one of the iso-
mers 5gp (710 nsec) does not manifest the expected
strong suppression through the K selection rule and is
coupled by transitions directly to the back-bending re-
gion, We note as a side result the population of the
lowest excited 3~ (1 nsec) octupole state*®® and the dis-
covery of the lowest 2" state above the 3™ in *}3Gd (Ref,

481). This suggests that the shell is closed at Z =64.

An interesting question is whether the isomer levels
described above can also be populated in (HI, xn) reac-
tions with heavier ions and act as traps. Investigation
of the feeding times is an experimental method capable
of answering such a question. For, as is shown in Sec.
23, the lifetime of the compound nucleus is of order
1078 sec and is much shorter and will not interfere. In
addition, the evaporation of neutrons and the statistical
v cascade will, on account of the high-energy E1 tran-
sitions (see Sec. 24), make an insignificant contribu-
tion to the feeding times, which are 107'-107'? sec.
Thus, the feeding time is a characteristic of the con-
tinuous part of the yrast cascade, the de-excitation by
transitions near the yrast line.

For the nuclei -Er (Ref. 367), ,,Yb (Ref. 338), and
»Hf (Ref. 340), experimental material has been obtained
on the side feeding time ¢,; this material was identified
by the method described in Sec. 21, and, moreover,
at two energies E; for two (Er nuclei. The material is
given in Tables X-XII. From the theoretical point of
view, this feeding time is a cleaner parameter than the
total feeding times 6, used in Refs. 328 and 472 and de-
termined by the value of ¢ for which the decay curve
reaches R,(t)=e™. It is clear that 6, depends not only
on ¢, but also on 7, and on the lifetime 7, and the side
feeding time ¢, of all the preceding levels with K>T
(see Sec. 21). In the same sense, the intensity P,
and the time ¢, of the uppermost observed level I, in
Tables X-XII are alsonot side or total: ¢y, depends not
only on ¢, but also on the 7, and ¢ of all the unob-
served levels K>I,. On the other hand, the definition
of the time 6, relates it to experiments directly, and
therefore their errors are much smaller. We give this
time for the cases mentioned above together with the
case of “8Er (see Ref. 364 and Table XIV).

The systematics of Table XIV shows that 6; increases
for given I with decreasing N, i.e., as the magic num-
ber 82 is approached from above. It can be seen from
Table XIV that such an effect can be established in a
pure form precisely at high spins, whereas for low
spins I <8 this population effect, despite being noted
earlier,® 7 may be masked because of the strong in-
fluence of the longer lifetime 7,. Conversely, it can be
seen that changes in Z for fixed N have little influence
on 6;. We shall return to consider the possible connec-
tion between this effect and the ultrahigh-spin traps
(see Sec. 16) in Sec. 32.

We now compare ¢, (see Table X) and 6, (see Table
XIV) of each of the nuclei ¢ !33Er at two different ion
energies E,—on the left- and right-hand slopes of the
excitation function. One could assert that in the second
case at higher E, there should occur, because of the
higher spin I, introduced by the reaction and then (see
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TABLE XIV, Dependence of the time 6; of total population of the yrast levels on the reaction.

Level I BI' psec
Reaction
E;. MeV 20 18 18 14 12 10 8 (]
15050 (AT, 4n) iEE 150 - = —  [20.5+0.7/21.540.522.94+0.5| ~26 2840.7
168 = ot —  [20.7%0.5[22.5+0.5[23.4+0.525.3+0.5( 29.440.7
130Te (335, 4n) EEF - 2.2 4.8 8 7.5 8.6 10 14
1245n (§9Ar, 4n) 189Er 150 —  4.240.7|5.4+0.7| 6.0+0.5| 5.9+0.5| 7.4+0.9| 9.8+0.5| 17.6+0.7
168 -_ 4.040.7)5.3%0.7] 6.2%0.5| 6.4%0.5] 7,9%0.5[10.3+0.5| 18.1+0.7
133Te (9Ar, 4n) 194YD — - — = = - 13+1.5| 14+2 1742
. 158Te (§gAr, 4n) '3YD - - — — = - = 1243 16+4
128Te (§0AT, 4n) 184YD = —  |6.5+1.5|8.0+1.5| 8.3+1.5| 8.7+1.5| 9.4+2.0[11.8+2.0] 149.7+2.0
199Te ($0Ar, 4n) 18YD —  |3.742.004.9+2.5]6.241.5| 6.6+1.5| 7.241.5| 8.3+2.511.2+2.0| 20.9£2.0
13380 (48T, 4n) 1U3HE = - - e —  |10.2+3.0[11.5+3.012,5+2.0] 18.3+2.2
8oy (43T, 4n) 68HT — - —  |6.2+0.8( 7.04+1.0{ 8.0£1.0] 9.0+1.0]12.6+1.1| 22.0+2.0
1248n (30Ti, 4n) 'IHI —  11.420.3|1.4+0.6[1,8+0.5| 2.6+0.5| 3.840.5| 6.040.5(12.1+1.0| 27.04+2.0
Sec. 24) carried away principally by the yrast cas- tion is only of order 1% (Ref. 430).

cade in units of 27 per transition, a greater number of
yrast transitions before the population of a given level
I, One could then expect the times ¢, and 6,;, respec-
tively, to increase, It can be seen from Tables X and
XIV that if such an increase does exist it is very small,
and in the majority of cases is within the error limits.
This indicates that the main contribution to ¢, and 6,
is made by the lowest transitions to the yrast line,
which at different E; are the same. Such an explan-
ation is confirmed indirectly by another experiment,3*?
in which it was shown that the moment of inertia of the
continuum transitions along the yrast band at ultrahigh
spins becomes constant and almost equal to the rigid-
body value (see Sec. 32). It is then clear that the
transgition energy will increase linearly with the spin,
and the time will, because of (64), decrease in propor-
tion to its fifth power, so that only the lowest transition
will indeed contribute to ¢, and 6,.

Allthis enables us to suggest that the traps in %6+188 . 170H¢
are the systematic extension of the 2gp isomer levels
8~ and 6" of the heavier nuclei ""*%0Hf. Such a hypoth-
esis is confirmed by the fact that the trap lifetimes in
166-1791¢f extrapolate well the systematics of the known
isomers in '"*"'80Hf. This is shown in Fig. 37, which is
based on the known lifetime of the longer-lived of the 8~
and 6" 2¢gp isomer levels of "*"'8JHf (89) and the data on
813 the feeding time of the '*¢"'7°Hf long-lived components
(90). These last are interpreted as the lifetimes of iso-
mer levels of the same nature populated in (HI, xn) re-
actions “from above” with a fairly high intensity, so
that they act as traps near the yrast line, Which iso-
mer precisely is at present hard to say because of the

100 0 20 30 40 50 60 70 &0 80 108 110 120 t, psec
TS wia T

Finally, we consider the long-lived components of
side population for the ,,Hf nuclei (see Ref. 340 and
Table XII), which are most directly seen from the long-
lived tails of the decay curves themselves for 4 <I<8
in the case of '$Hf and '70Hf (Fig. 36). They probably
also exist for '$¢Hf, but they cannot be separated exper-
imentally from the short-lived components. They in- I ' o
dicate directly the existence of traps near the yrast line a.01+ 271 Y
populating the 8%, 6%, and possibly also the 4" levels. ¢ S ol

70 40 40_t,Psec

The lifetimes of the traps decrease systematically with . T ' T
decreasing A: \
S H: ] -

1,2 =4200psec
198TIE: 140psec (90)

19800 7 psec?

o)

[where ¢,,, are the half-lives for comparability with
(89), and not ¢,, the mean times as they are defined

in Sec. 21 and used in Tables X-XII|. The traps are : : Ih .
populated in reactions with the ions *** XTi with inten- A S 7
sities of order 15% (see Table XII), in contrast to the FIG. 36. Decay curves of Ry plotted against £. 83Hf (at the

case of '2Hf in reactions with ¢He, in which the popula-  top) and 'JJHf (at the bottom) (Ref. 340).
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FIG. 37. Schematics of the lifetimes ¢ (given here not as us-
ual as the mean time @, but as the half-life ¢ =¢,,;,=In2¢_)
as a function of the mass number A of the known 2gp 8™ iso-
mers (open squares), the known 2gp 6* isomers (open circles)
[see Eq. (89)], and traps (crosses) [see Eq. (90); data from
Ref. 340] in the nuclei HE.

uncertainties in the 72Hf decay scheme (Refs. 430 and
431). In constructing Fig. 37, we assumed that the iso-
mer in the final nucleus, 6", corresponds better to the
systematics of the two straight lines intersecting at the
point A =176, these being associated for A>176 with the
longer-lived isomer, which is 87, and for A<176 with
6"; the half-lives become equal (10 psec) at A=176.

For '7Hf, the isomer 8~ can also be populated by
Coulomb excitation “from below” by the very heavy
ions 3%Kr and '¥$Xe with 1% isomer component relative
to direct population of the 8" level.®® In Ref. 38, this
population is ascribed to a possible downward branching
from higher levels of the yrast band.

32. CONTINUOUS y CASCADE: ULTRAHIGH-SPIN
TRAPS

The experimental technique for investigating the con-
tinuous vy cascade after the (HI, xn) reaction has been
strongly developed very recently. In principle, we
include here measurements of the energy distributions
(of an individual y ray and the sum of the complete cas-
cade) and the spin and angular intensity distributions,
the multiplicities of the y rays, and, for some special
purposes, the internal-conversion electrons.

These investigations began with measurements of the
energy and angular distributions,®! were augmented by
measurements of the mean multiplicity,*?:*®* and were
subsequently perfected by the measurement of the en-
ergy distribution of the multiplicity (Ref. 484; see also
Ref. 4 for some earlier references), Introduction of
multiple coincidences and the corresponding extraction
of information on the multiplicity distribution repre-
sented the next important methodological step.*+*'” In
the investigation of y-ray cascades by multiple coin-
cidences with a Ge(Li) detector that determines a dis-
crete state I with efficiency Q. and several NaI(T1) de-
tectors with efficiency Q, the following formulas are
used:

. A
N=0Qs N
n

=uflg (=" 5 (=)™

x=n—p

x(,7,) A= —2Q)"-1),

n—x;

(91)
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FIG. 38. Dependence of {M) and o({M) is the mean multiplic-
ity and ¢? is the variance of the multiplicity) on the initial spin
in the reaction '3Nd(*§0,4n)'&Er (Ref. 400).

Here, o, is the cross section for obtaining a cascade
which passes through the state I, N is the rate of sin-
gles counting, N,, is the rate of counting of coinci-
dences by the Ge detector with p data from all the n Nal
detectors, and M is the number of y rays of the cas-
cade. Hence, in particular, for n=p one can extract
different moments of the multiplieity (M™), n=1,2,...,
as, for example, the mean multiplicity (M) and the
variance ¢®=((M - (M))*), usually up to n=4. An ex-
ample of the spin distribution of (M) and ¢ is shown in
Fig. 38. Interesting new possibilities are offered by the
measurement of the total energy of all y rays of a given
cascade by a large Nal crystal.*®®

Such measurements are directed, on the one hand, to
the elucidation of the mechanism of the (HI, xn) reac-
tion (see Sec. 23 and Ref. 394, in which a measure-
ment of the multiplicity was made in addition to that of
the A and Z distributions of the fission products, and
Ref. 396). In particular, they are directed toward the
investigation of the de-excitation mechanism, with, for
example, the aim of establishing the spin distribution
of the final nucleus before the y cascade (see Refs.
400, 417, 486 and Fig. 27). These methods are also
used as a means to investigate deep inelastic transfer
reactions, 377319

The same methods are used for a more detailed in-
vestigation of the de-exciting y cascade (see Sec.
24). By this we mean the decomposition of it into
the statistical cascade and the yrast cascade (Fig. 39),
and the determination of the numbers and multipolari-
ties of the y rays of each of them (Refs. 312-314 and
400). It can be seen from the results of Refs. 338,
340, and 367 (see Tables X—XII) that the orders of
magnitude of the side feeding ¢, are, if allowance is
made for the number of ¥ rays from the measurements
of the multiplicity*"” and their energy from measure-.
ments of the energy distributions of the continuum y
rays with the statistical cascade separated from the
yrast cascade,®? compatible with the assertion that the
yrast cascade consists predominantly of aligned E2
transitions (see Sec. 24 and Refs. 4 and 311). A
paper has already been puslished on the direct mea-
surement of the total coefficient of internal conversion
of the continuous y-ray spectrum.**’ In broad agree-
ment with the population model of Ref. 309 and in quali-
tative agreement with the theory of E1 and E2 compe-
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FIG. 39. Continuous y-ray spectrum of HI, 4n) reactions in
182yb. HI={%Ar, with 181 MeV at the top. The schematic
spectra are given helow. For reactions with jJAr, 181 MeV
(continuous curve), 157 MeV (long dashes), $Kr, 331 MeV
(dashed curve) and 1§0, 87 MeV (short dashes) (Ref. 313).

tition*'® in the region of the statistical cascade at en-
ergies E,>1 MeV, E1 and E2 superpositions are ob-
served, the E1 fraction increasing from 45 to 71% with
increasing energy. In the region of intermediate ener-
gies of the yrast cascade, E2 is predominant, but at
lower energies the part played by M1 transitions in-
creases somewhat unexpectedly. This may be due to
transitions through some of the parallel paths, as in the
case of observations of M1 admixtures in odd nuclei.?*?
The enhancement of the E2 transitions is the same as
for the gound-state band, but in the ultrahigh-spin re-
gion I=30-50 it is observed by direct measurement of
the time of the continuous vy rays.*®® This shows that
even in this region there exist strongly collectivized
bands, and it explains the de-excitation through paths
parallel to the yrast line. g

Somewhat unexpected was another aspect of the use of
measurements of the continuum, This relates to their
possibility of casting light on the structure of nuclei at
ultrahigh spins. We mention the ingenious method of
deducing the moment of inertia in accordance with the
first of formulas (63) at such spins. Use is made of the
hump in the energy distribution associated with the
yrast cascade in Fig. 39 [whereas the statistical tail is
given by formula (67)] to determine the energy and
measure the mean multiplicity and to determine the
spin in accordance with Eq. (83) (Refs, 312 and 313).
The result of the last quoted papers is given in Fig.

40, A similar method for drawing conclusions about
the shape of nuclei has been proposed.*®® Finally, we
mention the use of the summing technique®® in searches
for superdeformed nuclei at ultrahigh spins.**® This
exploits the circumstance that this technique makes it
possible to measure directly the total energy, and
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FIG. 40. Back bending diagram for the nucleus i-gﬁYb (com-

pared with $JEr, shown by the open circles below) with data
on the continuum in the ultrahigh-spin part.31

measurement of the mean multiplicity gives the spin
in accordance with (83), which again makes it possible
to determine the moment of inertia,

The theoretically predicted (see Sec. 16) ultrahigh-
spin isomers or traps have become a special direction
for searches. We mention that strong increase in the
time of total population 6, with decreasing N (see Table
XIV) may have a connection with the theoretically ex-
pected isomer island (see Sec. 16). For direct
searches at Darmstadt, reactions with joAr, 3Ti, and
85Cu were used. Searches were made for cascades with
a fairly large number of y rays delayed by a time in the
nanosecond range. Discovery of such a cascade would
indicate the existence of a nanosecond isomer of fairly
high spin. There was found an island of traps with half-
lives from 1.5 to 700 nsec in the region 64 sZ <71 and
82<N=88 (see Ref. 39, and also Fig. 16). It can be
compared with the theory of Ref. 291, The Z and N of
the compound nucleus were identified, but there was no
exact identification of the Z and N of the final nucleus or
the E and I of the isomer. To determine the E and I of
the isomer, it has been suggested*' that the summing-
erystal method should be used.*®

Detailed searches for isomers (>10 nsec) in 3Dy,
whose nucleus lies in the middle of the island in Fig.
16, gave a negative result.*®® But searches® in the
+4Gd nuclei by means of ;He ions gave positive results:
In '¢IGd there was found an isomer E =7.50 MeV, 37/2
=<I=49/2, 560 nseec, and in '5iGd an isomer 6.4<E<8.3
MeV, 16<7I<18 <20, 4 nsec. Despite the differences
from the lifetimes found in Ref. 39 (in which the life-
times were 100 nsec and ~1.5 nsec, respectively) and
the different reactions, it is assumed that these are the
same isomers. In such a case, it is asserted?® that
these are not ultrahigh-spin isomers but are similar to
the isomers of the spherical shell model. Examples of
such isomers are the five four-quasiparticle isomers
found in *}2Rn (Ref. 494). However, the investigation
of Ref. 494 also found four isomers populated by the
(*3C, 5n) reaction with spins from 22 to 30 and nano-
second lifetimes, They are attributed in Ref. 494 to the
MONA effect,*® i.e., strong alignment of an excited
neutron core with valence protons.

The idea has been put forward that yrast isomers
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could decay with the emission of delayed a particles.
Preliminary results of searches at Darmstadt with
»oTi and '¥Xe ions in the picosecond and nanosecond
ranges*® by the recoil shadow technique, as in Ref.
325, by $#°Ar and 2Ti ions in the microsecond range,*®
and at Jilich by ;He ions in the range from a millisec-
ond to a minute**” have so far given negative results.

At the time of going to print, there have been pub-
lished detailed predictions of islands of traps.**® There
have been discovered ultrahigh-spin isomers of 32Dy
with spins up to 30 and indications of a transition to an
oblate shape (Refs. 499 and 500).%

CONCLUSIONS

The entire development of the theory (and the experi-
ments relating to high-spin states in recent years) has
demonstrated the development of methods of calculation
of the detailed characteristics of these states and the
mechanisms of their population, On the one hand,
there has been a great improvement in the methods of
populating these states by heavy ions and, on the other,
in the investigation of discrete and continuous transi-
tions by in-beam spectroscopy. Nevertheless, from

theory one expects a deeper understanding of the mechan-

ism of formation of elementary excitation modes under
the unusual conditions of high rotational velocities, of
the mechanisms of transitions between structures of
different type, and of the mechanism of population of
excited states by heavy ions, From experiment one ex-
pects to know whether the predictions of changes in nu-
clear structure at ultrahigh spins are realized, what
are the possibilities for elucidation by means of heavy
ions, and how far can one advance by making more de-
tailed measurements of discrete transitions.
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