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Modern approaches to the interaction of composite particles in nuclear and, partly, atomic physics are
reviewed. The main attention is devoted to the effects of the Pauli principle in systems of two and three
composite particles. Modified Faddeev equations are derived for a system of three composite particles,

and the construction of variational bases for such systems is discussed in detail. The general concepts of
ghost channels and ghost states, which are eigenstates of the total Hamiltonian with symmetry forbidden
by the Pauli principle, are introduced. Some model examples are investigated for systems of three and
four particles, in which a rigorous microscopic treatment is possible, and these examples are used to
illustrate the meaning of the forbidden states and the optical potentials for scattering of composite

particles. The structure of the carbon nucleus in the 3a model is discussed as an example.

PACS numbers: 21.40. +d, 31.10. 4+ z

INTRODUCTION

The present review is devoted to describing the dy-
namics of systems of two and three composite particles
consisting of fermions (nucleons in nuclear physics and
electrons in atomic physics), particular attention being
paid to the effects of the Pauli principle. It is well
known that the requirement of complete antisymmetry
(under all permutations) of the total wave function of
such a system of several composite particles leads to
computational schemes of great complexity even in
simple approaches such as the resonating-group method
and the generator-coordinate method-the two most
widely used microscopic methods for analyzing com-
posite systems., For example, a direct resonating-
group method calculation of the spectrum of a system
of three o particles requires calculation of a huge
number (about 1012) exchange integrals and takes ~150 h
of computing time on a large cc:mpui:er.1 At the same
time, the simplifications that must be made in such a
calculation to obtain the final results are sometimes so
appreciable that exact allowance for all exchange
effects cannot be achieved at all within the accuracy of
the employed model. In addition (and this is the most
important thing), such a calculation (which includes
several successive programs) is a kind of black box—
its output data are not correlated in a physically per-
spicuous manner with the values of the input para-
meters (say, the parameters of the NN interaction,
etc.). Similar problems arise in attempts at a com-
plete microscopic description of the (d, p) stripping
reaction on a magic nucleus or in the description of
reactions with clusters of the type "Li(a 4 t)aBe, ete,

It is therefore worth attempting to formulate simpler
and physically well-grounded approaches to these
problems. Several such approaches have been pro-
posed, and a detailed description of them is the aim
of this review.

In each approach of this kind, the antisymmetrization
effect is included in one way or another in the effective
interaction between the composite particles, more-
over, in contrast to the resonating-group method,
this effective interaction of two composite particles
is constructed in a fairly simple manner such that one
could use such an interaction to treat systems of three
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or more clusters. This is a common philosophy in
theoretical physics in the treatment of systems of
several particles, For example, in the study of 3N
and 4Nsystems on the basis of the Faddeev—~Yakobov-
skii equations, the complicated NN potential is very
often replaced by a simplified separable interaction,
which correctly reproduces the main features of the
true potential and at the same time leads to a numer-
ically solvable scheme,

The simplest model for the interaction of two clust-
ers is obviously a local potential, However, if it is
to be an adequate model, it must lead to scattering
wave functions (and phase shifts) “similar” to those
obtained in a microscopic approach such as the res-
onating-group method. It has been found that this can
be achieved by introducing states into the potential
model that are forbidden by the Pauli principle. These
states, as will be shown play a fundamental part in
the problems considered here, and their presence and
structure will reflect the influence of the Pauli prin-
ciple. 2

The concept of a forbidden state appeared in quantum
mechanics in connection with the Pauli principle. In
his theory of the relativistic electron, Dirac made the
assumption that solutions with negative mass are not
manifested physically under ordinary conditions be-
cause all positions for particles with negative mass
are occupied in the vacuum state, This problem be-
came relevant in nuclear physics too when the nuclear
shell model was formulated and the optical potential
introduced; this was the case not only in problems re-
lating to scattering theory, where it is necessary to
modify the formulation of Levinson’s theorem, but
also in the theory of reactions or, more generally, in
an investigation of systems of several composite par-
ticles off the mass shell.

1. FORBIDDEN STATES IN COMPOSITE SYSTEMS

Qualative Treatment of Forbidden States in Systems
of Two Clusters. If both parts of a system A+ B are
composite, it is to be expected that a part of the Hilbert
space of the wave functions of this system will not be
accessible to the system, i.e., will be forbidden by
the Pauli principle, as is the case in a system con-
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sisting of nucleon and closed shells. However, in the
case of two composite particles A+ B it is much harder
to establish which states are allowed and which for-
bidden, In addition, one can have more complicated
situations, when some states are partly allowed and
partly forbidden.

But in problems in nuclear physics concerning the
interaction of clusters oscillator wave functions can
be used with reasonable accuracy. Under these cir-
cumstances, it is fairly easy to see how the Pauli prin-
ciple will be manifested in the interaction of composite
nuclear systems. Let us take the system ¢ + o, In
its lowest state, it forms the nucleus *Be with shell
configuration (0s)*(1p)*. The antisymmetric oscillator
shell wave function of this configuration |s*p*; L, M, S
=0, T=0), can be rewritten in the cluster form®

| sbphs L, M, §=0, T =0
=N {dg (1, 2,3, %) 9a (5, 6, 7, 8) D (9)) Fooo (Ro)-

(1)

Here,
9a(1, 2,3, ) =exp[ —3a 3 (—Rag? | as,m0. 70 (1, 2,3, 4 (2)
i=1

is the internal wave function of the a cluster, R, is the
c.m.s. coordinate of the i-th « cluster, %4y is the
spin-isospin part of the function, p=R,;-R,; is the
relative coordinate of the two « clusters, and &,(p)
=&y, 4(p) is the oscillator wave function of the relative
motion of the clusters with angular momentum L and
projection M of it. The last factor ¥y (R,) is the os-
cillator function of the zero-point vibrations of the
overall center of mass of the system Ry=(R,; + R,,)/2.
It must necessarily be present in the shell wave func-
tion in accordance with Elliott and Skyrme’s theorem., !

Since the shell configuration s'p! contains four os-
cillator quanta, and the internal functions of the clus-
ters do not contain oscillator quanta, all four quanta of

-this configuration are transferred to the wave function
®(p) =@, 4(p) of the relative motion of the clusters.
Thus, for the ground state of the nucleus #Be the wave
function ®(p) is equal to the function |4s), i.e., it has
two nodes. States with fewer than four quanta are not
realized in a system of eight nucleons (they would cor-
respond to the configurations s* s'p, s%%, and s%?® for-
bidden by the Pauli principle), and, therefore, states
of the relative motion &y, 4(p) of two a clusters with
N <4 quanta are forbidden. In other words, if we re-
place ®(p) in (1) by the function &  ,(p) with N
=0,1, 2,3, the antisymmetrization operator makes the
right-hand side of (1) vanish identically. Thus, in the
a + a system we have identified the following forbidden
states with respect to the relative motion of the clus-
ters: 0s,2s,2d; as regards the states 1p, 3p, 3f, they
should be rejected immediately, since the wave function
®(p) of their relative motion must be even on account
of the Bose statistics for a particles. Generalizing
the arguments given above, we can give a qualitative
definition of forbidden states and describe a method for
identifying them., Forbidden states in the system of
clusters A; + A, can be defined as the states @, ,(p)
of their relative motion on the substitution of which the
cluster function A{¢y,(A4;)¢y,(A4;)8(p)} of the system
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vanishes identically, Here, ¢, (4) is the internal
function of the cluster 4;, which contains N, oscillator
quanta, It is assumed that the oscillator parameters
iiw of the clusters 4; and A, are the same., The fre-
quency 7%Zw is related to the parameter g in the function
(2) by a=7»*=muwh™, where m is the nucleon mass.

It is clear that if states with number of quanta N>N_,_
are allowed for a system of A, + 4, nucleons, the al-
lowed states of &,;, must have N= Ny, - N; = N, quanta,
and all states with N<N_, —N; =N, will be forbidden.
The values of N, can be readily calculated by summing
the oscillator energies of the 4, + A; nucleons when
they are put in the lowest possible shell levels. If A,
+ A, <4, then Npy,=0; if Ay +A2 =16, then Nmm =4
+A;-4; if Ay + A, <40, then Ny, =12 +2(4; + A, - 16),
etc, Thus, we have obtained a fairly simple method
for identifying forbidden states. However, it has the
shortcoming of being valid only for oscillator cluster
functions ¢(4,) and ¢(4,), and, moreover, these must
be characterized by the same “radius” 7;, In addition,
the method must be made more precise even in this
idealized case. For example, for the system '°0
+'%0, where N;=N,=12 and N, =2x32 — 20 =44, all
that one can say definitely is that states with <20 are
forbidden. However, a more detailed investigation!?
shows that in this system all states up to n=24 are
forbidden, It is therefore desirable to have a well-
defined gquantitative method for identifying forbidden
states. One variant was proposed by Feshbach, *

and also by Kerman et al., Y and in recent years has
been widely used by many authors®!5-18 to study differ-
ent cluster systems, The general definition of for-
bidden states was proposed in Ref, 19 (see also Ref.
20) and is discussed below.

Forbidden States in Feshbach’s Scheme. Suppose
the nuclei A, and A, collide. For simplicity, we shall
restrict ourselves to one elastic channel and con-
sider the scattering of these nuclei in the framework
of the resonating-group method.! If ¢(A4;) and
®(A;) are the wave functions of the colliding nuclei,
the wave function of the complete system in the reson-
ating-group method has the form

W~ A{g(4) 9 (4) D (p)}, (3)

where &(p) is the wave function of the relative motion
of the fragments A; and A,. Substituting the function
(3) in the Schrddinger equation and multiplying it scal-
arly from the left by the vector (¢(4;)¢(4;)|, we ob-
tain the well-known equation of the resonating-group
method for the function &(p):

(9 (4y) ¢ (4o) | H—E | Ap (4,) ¢ (4:) D (p)) =0. (4)

This equation is a special case of the equations of
Feshbach’s so-called unified theory of nuclear reac-
tions,'? if the coupling of the elastic channel with all
the remaining channels is ignored in that theory,

In Eq. (4), the internal antisymmetric functions of the
free clusters are assumed to be known, and they are
generally taken in the Gaussian form (2) or in the form
of the lowest oscillator shell functions if the mass of
the cluster is >4. The antisymmetrization operator is
A =23(~-1)P*P*, where P* are permutations that inter-
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change one, two, etc., nucleons between the clusters
A, and A,. Within each cluster, the numbers of the
particles after the interchange must be arranged in
natural order. The number of such permutations is
(A,+ A) /A 1A,1; for even permutations P*(-1)P*

=+ 1 and -1 for odd. Note that because of the presence
of these permutations, and also because of the con-
tribution of the exchange forces, Eq. (4) contains non-
local terms and is an integrodifferential equation. The
presence of the nonlocal terms can be readily confirmed
by considering the second term in the expression (4):

(@ (4,) ¢ (42) | A9 (Ay) @ (42) @ (p)) = (1—K) D (p), (5)
where K is the integral overlap kernel and has the form

min (A, Ay)

Brlat— 0B (53)

E(pp)= S dv
k=1
XAp(Ay) @(4s) | Pay, a44,Pay-1, 4t 401 - -

cos Paner, agras—ne | @ (4y) @ (42)) (6)

Here, P,  isa permutation of the particles with the
numbers » and s, The integration over T is performed
as follows. The complete set of coordinates of the sys-
tem consists of the Jacobi coordinates for cluster Ay
iy Epyevey By, for cluster Ay: m,, 7, ..., Ty, and
the coordinate p= A,Zr, - A,'Zr;. We transform this
set, introducing the coordinate

¢
P =Py, A+, -0 Pa, ki, Ak dg-nsaP

[i.e., p’ is the distance between the nucleon groups A,
and A, after exchange of % nucleons between them and
in general for each term in the sum (6) there is a cor-
responding coordinate p’], and also retaining from the
set &, the A, + A, — 3 Jacobi coordinates that to-
gether with p and p’ form a complete set of A, + A, -1
linearly independent coordinates for the system A,
+A,. In (6), it is assumed that integration is performed
over the coordinates £,(1=1,2,...,A,+ A,-3) and the
resulting kernel K depends on the two variables p and
p’. The action of the operator K on f(p) is defined in
the usual manner:

Kf (@)= do'K (0, 0) 1 (9')- ()

The overlap kernel K is of independent interest and it
will be considered in more detail below.

In conclusion, we note that for two identical clusters,
A,=A,, the expression (6) and Eq. (4) as a whole sim-
plify, since the exchange of all nucleons in this case
is equivalent to the identity permutation [if f(p) has the
necessary parity: + for evenA, and — for odd A,],
exchange of one nucleon is equivalent to exchange of
A, -1 nucleons, etc. Thus,

(@ (49) 9'(40) | A (4) ¢ (4) @ (p))=2(1—K) D (p). ®)

The expression for the integral kernel K is similar
to (6), except that the summation index k takes values
from 1 to [A/2] ([s] is the integral part of the number
s).

According to Feshbach,'? the overlap integral K for
two-cluster systems has the following general proper-
ties: 1) K is Hermitian; 2) K is a positive-definite
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kernel; 3) 1-K is also a positive-definite kernel; 4)
the kernel K is bounded, i.e., [ [dpdp’ |K(p,p")|?
< const 5) the trace of the kernel is finite.

We introduce the eigenfunctions &,(p) and the eigen-
values A of K:

KO, (p) =2.Dn (p)- 9)
Then K can be represented in the form

K (p, )= X 0,0, () D () = S 1P, (10)
where P, = & )&, is the projection operator onto the
state @ (p). Naturally, the expansion (10) of the

kernel contains only those eigenvectors cbu(p) that cor-
respond to nonzero eigenvalues,

The eigenvalues of the kernel 1K are equal to 1 - :
(1—K) D, () =pa@n (p), pn=1—"1p. (11)

It is interesting to discuss the meaning of the eigen-
values and eigenfunctions of the overlap kernel. Fesh-
bach’® considered the simple example of nucleon scat-
tering by a magic nucleus A, which is described by a
wave function in the form of a Slater determinant:

@ (A4)= (AN A{e (r) @2 (r2) - - - @a(ra)}- (12)

Substituting this function in (6) and noting that A,=1

and ¢(4,)= 1 and that the integration is performed over
the nucleon coordinates ry,ry,..., T4y, and that the co-
ordinates p and p’ are identical in this case with the nu-

cleon coordinates p=r,_; and p’=r, (we ignore for the mo-

ment the problem of the center of mass of the nucleus),
we obtain
A

K= 3 o:(0) ot (6). (13)
It can be seen from this that the eigenfunctions of K are
the wave functions ¢,, i=1,2..., A, of the occupied
states of the nucleus A and that they all correspond to
the same eigenvalue A= 1, The wave functions of the
states ¢;, j=A+ 1,A+ 2,..., that are not occupied
can also be regarded as eigenfunctions of K, but cor-
responding to zero eigenvalues. The eigenvalues A= 1
require a special analysis. For them,

(1—K)®, =0, (14)
i.e.,

(@ (A1) @ (A2) | A (@ (A1) 9 (A2) Dp}) =0
Therefore, we also have

(A{@(A) ¢ (4:) O} A (g () ¢ (4e) D) =0
or

Ag (Ag) ¢ (4) D, () =0 (15)

Thus, the states ¢(4,)p(A,)®,(p) vanish identically as
a result of antisymmetrization when one of the eigen-
functions corresponding to A= 1 is taken as the wave
function &(p) of the relative motion. Therefore, such
states are forbidden by the Pauli principle. We shall
therefore call eigenfunctions of the overlap kernel K
corresponding to its eigenvalue A= 1 forbidden states.
If the eigenvalue is zero, A= 0, we shall say that the

Kukulin et al. 494



corresponding state is completely allowed, since for it
the operator 1 - K containing the exchange terms is
simply equivalent to the identity operator. If 0<a<1,
such states can be said to be partly allowed or half-
forbidden. The example of a nucleon on a magic nucleus
shows that in this case the eigenvalues X for single-
particle states are equal to the occupation numbers:
Occupied states of the nucleus A are forbidden and
states that are not occupied are completely, allowed in
agreement with the intuitive definition of forbidden
states given earlier, but the introduction of the overlap
kernel K makes it possible to introduce a clearer
gradation of the different states of the relative motion
of the fragments A, and A,. Thus, the key element in
the identification of the forbidden states in Feshbach’s
approach is the determination of the eigenvalues and
eigenfunctions of the overlap kernel K. It is therefore
worth considering this question in more detail.

To elucidate the meaning of the eigenvalues and the
method for calculating them, let us consider the case
when the nuclei A, and A, are characterized by the wave
functions of the translationally invariant shell model?;
|AN,a,L.S,T), i= 1,2, with the same frequency /iw
(o stands for all the additional quantum numbers that
characterize the state).

For simplicity, we take L, = L,= 0 and consider the
expression
(1 —K) Dy py (p) = (AN 2,08, T'y;
Ay Noas08,T5: ST | A | AN 2,081, AxN22,085T5, NL (p): LST),

(16)
where &y, (p)= |NLM(p)) is the oscillator wave function
of the relative motion of the fragments A, and A, with
the same parameter 7w as for the nuclei A, and 4,.

The operator A is diagonal with respect to the quantum
numbers L, S, and T and, in addition, it does not change
change the total number of quanta N*= N ,+ N,+ N in
the system. Therefore, after integration over all the
‘'variables except p, we must also obtain on the right-
hand side of (16) an oscillator function of p with N’
= N*-N, - N,= N quanta and angular momentum L’
=L, Le.,

(1 _I‘f) Oy (p) =(1—2) Py (0): (17)

and the eigenfunctions of K are the oscillator functions
@y u(p). To obtain the eigenvalue }, we must use
the relation®

A| AN, 08,Ty, AyN»0:08,T5, NL: LST)
= (A, + A)! (A A1)t N (A 4 AN*aLST | AN 008,75

AsNoas08,T5, NL) | Ay+ AsN*aLST). (18)
Combining (16) and (18), we find
1—-2=T 8., (19)
where
8% 4. = (A +A)! (A A,1) (A, + A.N*eLST | A,N2,08,T,,
AN 2,08,T,, NL)? (20)

is the spectroscopic factor for the virtual breakup of
the composite nucleus into the state |A, +A,N*aLST)
through the channel 4, +A, (Ref. 8). A method for cal-
culating the coefficients of fractional parentage (|) in
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the translationally invariant shell model which occur on
the right-hand sides of (18) and (19) was developed in
Ref. 8, and therefore Egs. (19) and (20) make it possi-
ble to find the eigenvalues A of K. In Ref. 2 these re-
sults are generalized for L,, L,#0, and also to the case
of coupled channels and many-cluster systems.

K. In Ref. 2 these results are generalized for L, L,
#0, and also to the case of coupled channels and many-
cluster systems.

Ghost States as a Generalization of the Concept of
Forbidden States. Although the theory of forbidden
states in nuclear systems developed by Feshbach'?® and
Kerman ef al.' proved to be very helpful, subsequent
investigations showed that such an approach also has
serious shortcomings due to the occurrence of almost
forbidden (A, ~ 1) and half-forbidden states. In partic-
ular, it was found'*-® that the presence of almost for-
bidden states leads to the appearance at very high ener-
gies E ;. ~40 MeV of unusual resonances that do not
have a clear physical interpretation and strongly re-
semble the well-known spurious resonances that arise
when the Kohn-Hulthén variational principles are ap-
plied to scattering problems., !* However, a much more
serious shortcoming is the fact that the Feshbach-
Kerman theory is entirely based on the resonating-
group method or on the cluster approximation for the
total wave function of a system of the form (1), i.e.,
essentially on the adiabatic model (with exchange),
whereas the concept of forbidden states (forbidden by
the Pauli principle) is much wider and should not, in
general, be restricted to particular approximations for
the wave functions.

It is therefore of great interest to establish what the
forbidden states in the resonating-group method cor-
respond to in a rigorous theory of many-particle sys-
tems. There is such a possibility and it is based on
the rigorous Faddeev—-Yakubovskii theory of many-
particle systems. Namely, one must take a problem
for three or four nucleons and establish in the frame-
work of a rigorous theory what kind of forbidden states
appear in such systems. The correspondence found in
this (i.e., rigorous) manner can then be extended to
other nuclear systems. Such an investigation was made
made®®2! for nd scattering (in the channel with S= 3/2)
and for dd scattering in the channel with S= 2. Below,
we shall briefly present the main results.

We consider first nd scattering in the quartet channel.
Since the spins of all three nucleons are here parallel,
the orbital wave function must be antisymmetric under
transposition of the two neutrons, i.e., in the interac-
tion of the two neutrons one must take into account only
the odd partial waves, and, as is well known, this in-
teraction can be ignored at low energies. The remain-
ing two mp interactions will be triplet 35, Under these
conditions, the total orbital wave function decomposes
into a sum of two Faddeev components (in accordance
with the two np interactions),

¥ a =050 £ (21)
where the plus sign corresponds to a spatially symmet-
ric orbital function (physically unrealizable), and the
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minus sign to the antisymmetric function; the indices
s and g correspond to these signs.

An important feature of the Faddeev approach is that
for the symmetric ¢! and antisymmetric ¥’ Faddeev
components the equations are different (the kernels for
the symmetric and antisymmetric cases differ in sign).

We shall call the physically unrealizable channel with
the symmetric orbital wave function a ghost channel,
and the bound states in this channel ghost bound states,
or simply gllosts. In the framework of the Faddeev—
Yakubovskii theory (or any other mathematically cor-

" rect theory of many-particle scattering) the problem
of permutational symmetry has some specific features.
The point is that although the total Schrddinger wave
function ¥ has a particular permutational symmetry,
its Faddeev components '*’~—and a decomposition of
¥ similar to (21) into channel components exists in any
“good” theory—do not have a definite permutational
symmetry. In fact, the type of permutational symmetry
of the solutions is determined in such a theory by the
structure of the integral kernel, and the procedure for
finding the kernel corresponding to a solution of given
symmetry includes the decomposition and reduction of
the matrix integral kernel into submatrices corres-
ponding to irreducible representations of the group of
permutations. In the general case, such an analysis
has not yet been made, but for the special cases con-
sidered here it can be carried out without djfficulty.z“'21

Thus, the system of Faddeev equations for the com-
ponents ¥{!) has the form

Via= 00 £ GTiPple i=1, 2, (22)

where §$) = +P,,y{)  and the plus sign in (21)-(22) cor-
responds to the ghost channel; and the minus sign to
the physical channel; P,, is the operator of transpos-
ition of two identical neutrons, G,=(E - H )" is the free
Green’s function, and T, is the ¢ matrix of the triplet
interaction in channel , with T,= P, T ,P,,. The wave
function of the initial state is ¢ ‘" = @,,(p)5(q - q,),
where @,, is the deuteron wave function, and q, is the
momentum of the incident neutron.

Further, of great importance for the scattering prob-
lem are the sign and norm of the kernel K= G, T\Ps,s
which determines the intensity of the interaction. In
its turn, the norm of the kernel depends on the values
of its eigenvalues, which are determined by the matrix
equation

Ra(E)yh* = o, (B)H5 ", (23)
where the matrix kernel I?z of the system (23) is*® the
operator

x 0 Gy (E)T,(E)

<l (E}ﬁ(so(fs‘) o | ).
and xge are two-component columns, the plus sign in
(23) corresponding to the index s and the minus sign
to the index a. To bound states in the physical channel
(a channel) there correspond the eigenvalues & (E)= -1,
and to those in the ghost channel (s channel) there cor-
respond o (E)=+1. Indeed, an actual calculation in
Ref. 20 made it possible to identify in the ghost channel
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a bound state with energy E,~-5.5 MeV, which is none
other than the quartet triton with spin 3/2 and symmet-
ric spatial part of the wave function forbidden by the
Pauli principle. In the physical channel (where the
sign of the kernel corresponds to repulsion) there are
no bound states, i.e., the kernel K= G,T,P,, does not
have large negative eigenvalues. But since the system
of Faddeev equations (22) is equivalent to the original
Schridinger equation, the appearance of an eigenvalue
of the Faddeev kernel in the ghost channel means that
in the total Hamiltonian of the system there is a bound
(eigen) state of forbidden symmetry, a ghost, which
could have been predicted without any calculations.
Indeed, if we consider the system p+ 2x in a symmetric
spatial state with two triplet %S interactions, it is per-
fectly clear that in this system there is a bound state
with energy E .~ 2g,, where g, is the deuteron binding
energy (the equality E;= 2¢, would hold if the proton
were infinitely heavy).

What is the importance of the ghost states in scat-
tering theory?

First, from the point of view of the influence on the
scattering problem the ghosts play the same part as
the physical bound states. In particular, ghosts give
rise to the same divergeece of the Born series (for
the Faddeev-Yakubovskii equations) as the physical
bound states, and the scattering wave function in the
physical channel must be orthogonal to the wave func-
tions of both the physical bound states and the ghosts.

Second, it is preferable to use precisely the ghost
states or their form factors (the overlap integrals with
the cluster functions) in approximate approaches such as
the orthogonality-condition model instead of the Fesh-
bach-forbidden states, and this will probably make it
possible to avoid a number of difficulties and obscur-
ities encountered in the elimination of half-forbidden
and almost forbidden states from the scattering prob-
lem'ls-l.ﬂ

The same treatment can be given for dd scattering
in the quintet channel in the framework of the Yakubov-
skii equations, where again there is a ghost bound state
(possibly, not only one) with symmetric orbital wave
function and energy E;~ -15 MeV (ghost a particle),
which leads to a divergence of the Born series for the
Yakubovskil equations, etc.22! The generalization to
an arbitrary number of particles is obvious, since the
N-particle Faddeev—Yakubovskii equations are dy-
namically equivalent to the N-particle Schridinger
equation, and the spectrum ofuthe kernels of the N-
particle Faddeev—-Yakubovskii equations must cor-
respond exactly to the spectrum of the N-particle Ham-
iltonian, as was shown above for the 3N system. It is
therefore clear that in a rigorous many-particle theory
true bound states of the total Hamiltonian with sym-
metry forbidden by the Pauli principle correspond to
the forbidden states that appear in the resonating-group
method. And in such a definition, all dependence on
the actual approximations made for the scattering wave
function disappears. Of course, in actual calculations
(with (N = 5) some approximations are necessary.
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Let us now compare the Feshbach definition (9) of
forbidden states with what follows from the rigorous
theory (23) with a (E)= £1. Inboth cases, the for-
bidden states are defined as eigenfunctions correspond-
ing to unit eigenvalues [7‘.. =1 in the first case and a_(E)
=1 in the second] of some integral kernel. However,
these states are defined in accordance with the resona-
ting-group method purely by the structure overlap ker-
nel, which depends neither on the energy nor on the
dynamics of the interaction (let us say, on the nature of
the forces between the particles, the positions of the
thresholds, etc.). But in the rigorous theory we have
the eigenfunctions of the Faddeev kernels, which de-
pend on both the energy and the actual dynamical fac-
tors, which is much better, though harder to imple-
ment. Therefore, in the rigorous theory no half-for-
bidden states occur, since the total Hamiltonian either
does or does not contain bound states of forbidden
symmetry. Only virtual or resonance forbidden states
are possible; but, strictly speaking, they belong to
the continuum and not the discrete spectrum. The
appearance in a number of cases of a rich spectrum of
half-forbidden states in the Feshbach scheme is prob-
ably due to the attempt to treat the problem of many-
particle scattering in a finite-dimensional space of
square-integrable functions, which always leads to the
appearance of singularities, whose number is equal to
the dimension of the model space. Indeed, if we write
the representation for the scattering wave function in
the Kohn—Hulthén variational principle'® in the form

S

¥ Wasympe = 3 arq, (24)
where ¢; are square-integrable functions, and ¥, n.¢
is the asymptotic part of the wave function, the scat-
tering amplitude found from (24) will have unphysical
singularities at the energies corresponding to the eigen-
values of the Hamiltonian matrix: (o, |H|¢,),,j
=1,2,..., N (Ref, 19), Entirely similar singularities
arise in the attempt to treat half-forbidden states as
truly forbidden states.!®:!®

In conclusion, we point out that the introduction of
ghost states in the theory of many-particle scattering
is also very fruitful from the practical point of view,
since it makes it possible to explain scattering for
systems of the type nd, dd, n°He, etc., in the chan-
nels in which the Pauli principle is dominant by unitary
orthogonalization of a plane wave (see below) to the
ghost bound state.?®2! In these cases, one can even
write down a simple analytic expression for the scat-
tering amplitude on and off the mass shell, 2!

2. DESCRIPTION OF THE INTERACTION OF
COMPOSITE PARTICLES IN THE ORTHOGONALITY-
CONDITION MODEL

Ovthogonality-Condition Model, In 1969, Saito®
proposed the orthogonality-condition model to replace
the very complicated exchange terms that appear in the
resonating-group method. He was guided by the follow-
ing considerations. Let us consider again the basic
equation in the resonating-group method for the scat-
tering wave function x(R) of two clusters:
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(Tp+Vp—E) % (R)
=(agu | T+ 3 Viy—E|gr 3 (= 1" P s B,
ix>Jj P

where the right-hand side is the exchange kernel due to
the antisymmetrization of the total wave function. It is
on account of these exchange terms in Eq, (25) that the
so-called spurious solutions x,(R), corresponding to
eigenvalues of the overlap kernel K(R,R’) with unit
eigenvalues, appear. We have said above that these
spurious solutions correspond to the states forbidden
by the Pauli principle. Saito, and also others,? es-
tablished that the characteristic shell oscillations of
the radial wave functions in the region of overlapping
of the clusters arise when these spurious solutions are
eliminated from the scattering problem, i.e., when the
scattering wave function is orthogonalized with respect
to all x,(R). The next step made by Saito then appears
natural; he proposed that the right-hand side in (25)
should be removed altogether and replaced by the addi-
tional condition that the solution of (25) with vanishing
right-hand side should be orthogonal to all x,, i.e.,
(25) should be replaced by the equation

(25)

(Th+Vp—E)z(R)=0 (26)
with the additional orthogonality condition
(Xmlx)=0; UL:I, ceay I (27)

The system (26)—(27) is Saito’s orthogonality-condition
model. The solutions (26)-(27) should be understood,
not as the choice of all solutions of the homogeneous
equation (26) satisfying the orthogonality condition, but
as the solution of Eq. (26) in the subspace orthogonal
to the vectors y,,¢=1,..., n, i.e., as the solution of
the equation

Q(I'p+Vy—E)Qx=0, (28)

where @ = 1 - T is the projection operator onto the
subspace of allowed states, and I'=2%_ [x,Xxa | is the
projection operator onto the forbidden subspace.

To solve (28), Saito proposed the use of the method of
Lagrange multipliers, which reduces here to the re-
placement of (28) by a corresponding equation with
right-hand side

(Ty+Vp—E)y :gla | Rars (29)

where the Lagrange multipliers A, must be chosen to
make the solutions (29) satisfy the required conditions
of orthogonality to x,. This led Saito to the result

he=(a| To+Volah

(30)

and finally he obtained for the orthogonality-condition
model an equation of the form* _
(31)
It is easy to see that for E# 0 any solution of (31) sat-
isfies the required orthogonality condition. However,
for E = 0 there can be a problem, since at this point one
can have admixing (with arbitrary weights) of spurious
solutions y, (forbidden states) to the solution x. This
means that at zero energy the solution of Satio’s equa-
tion (31) is not orthogonal to the forbidden states. We
shall see below that this is a reflection of a deeper
fact, namely, that Saito’s equation is not valid off the

(T'y ~Vp—E)y= Zi Yo) Yo | IV |10
x
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mass shell and that the method of Lagrange multipliers
is inconvenient for the systematic and complete allow-
ance for the orthogonality conditions. For the solution
of this last problem, the method of orthogonalizing
pseudopotentials proposed in Ref. 24 is very effective,
But before we explain the technique of orthogonal
projection, we shall briefly discuss the results obtained
by means of the orthogonality-condition model.

aa Scatteving. Application of the orthogonality-con-
dition model to aa scatttering is effective for the fol-
lowing reasons: First, the a particle is very stable,
-and therefore application to the aa system of the re-
sonating-group method, which is the basis of Saito’s
model, is physically justified; second, the spectrum of
eigenvalues of Feshbach’s overlap kernel for the aa
system (see §2) is very well suited for using the or-
thogonality-condition model, since in this system there
are eigenvalues that are strictly unity, and the re-
maining eigenvalues are small; third, there are here
no spin effects complicating the treatment. The exper-
imental values are compared with those calculated in
the orthogonality-condition model for the aa phase
shifts with 1 = 0, 2,4 in Fig. 1 (Ref. 25), from which it
can be seen that the orthogonality-condition model gives
a very good description of the phase shifts and also the
scattering wave functions, the simplicity and perspicui-
ty of the description being incomparably better than
that of the resonating-group method.

We may add that the good accuracy achieved by the
orthogonality-condition model in the ao problem even
made it possible to consider extraction of the coupling
constant of the c-meson—nucleon interaction from the
data on aa scattering.?® Subsequently, the model was
also used for other two-cluster systems® of the type
a'2C, a'®0, etc., and also for three-cluster systems,
in particular, for the 3a system.? We discuss this
case in Sec. 5. However, the use of the model for sys-
tems of the type «'C, a'®0, and others encounters
some difficulties, in contrast to the aa system. These
are due to the nature of the spectrum of eigenvalues
7, of the overlap kernel. As was shown in Refs. 16, 17,
and 23, for a system of two clusters with mass num-
bers A >4 or with significantly differing oscillator
radii (which is the case for systems such as a'®0) the
eigenvalue spectrum of the kernel K(R, R’) is smooth
(see, for example, Fig. 2, which shows the spectrum of
of eigenvalues v, for the system '°O+ 180). In this
spectrum, there are no strictly forbidden or strictly

180 -

120+
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FIG. 1. Comparison of the experimental o phase shifts with
calculations based on the orthogonality-condition model.
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allowed states, and all eigenfunctions correspond to
the so-called half-forbidden states, which in shell
language correspond to partly filled states. Unfor-
tunately, for these cases the orthogonality-condition
model is inapplicable in its original form, and it would
seem that one must return to the cumbersome res-
onating-group method. However, a more detailed and
rigorous analysis based on the exact many-particle
Faddeev and Faddeev—Yakubovskii integral equations
shows that this is not so, and it has proved possible

to generalize and make more precise the orthogonality-
condition model for the majority of cases of scattering
of two and also more clusters, "»2!+2®

Orthogonal Projection Method Based on Orthogonal-
izing Pseudopotentials. The idea of the method of or-
thogonalizing pseudopotentials is very simple and is
intimately related to the concept of penalty functions
in the theory of dynamic programming. Suppose a
part of a space (in our case, this part of the Hilbert
space, and in optimization theory it is part of the
parameter space in which the optimization is per-
formed) is forbidden (or inaccessible to the dynamical
system). Then, instead of directly solving the prob-
lem in the orthogonal subspace 7, of the total space
H= Hp®Hg, it is more convenient to introduce into
the equation a penalty function, which, when the equa-
tion is solved, “forces” the dynamical system into the
allowed subspace H,. For the Schrédinger equation
(26) with the additional conditions (27), a convenient
penalty function is a repulsive separable addition to the
Hamiltonian AI', where the projection operator I’
=23 " |xa)xa | contains a sum over the forbidden
states, and the constant A must tend to infinity in the
final result. In the limit x ==, we obtain a solution
that is strictly orthogonal to the forbidden subspace.
Hp. Implementing now this program, we introduce the
pseudo-Hamiltonian

H=H+4AT
and find the solution of the Schrodinger equation

(H —E)¥p=0. (32)
It is easy to obtain

Tp=¥etc(h)G(E) Lo (33)
with the constant

c(M)=~{y | ¥e)/(1 =% (% | G (E) | %o})s

where G(E)= (E - H)™ is the Green’s function of the
original Hamiltonian; for simplicity, we consider the
case when there is only one forbidden state x,. The
generalization for several forbidden states is obvious.
The function ¥ is a solution of the original Schrdin-
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ger equation. In the limit A=, we find
lime(d) = — (o | ¥2)/(%o | G | 1o}

and the admixture of the function y, to the solution \f'E:

lim (4| ¥ =lim (3 | W) (1 =M o | 6 () | 1)) =0, (34)

i.e., in the limit A - = we obtain the required orthogon-
ality of the solution ¥ to x,. Then the solution of (32)
can be written in the explicit form

¥o=We—G| 1) (X | ¥u)/(to | G | ko) =¥ —GT (DGT) ' T¥s.  (35)
It is easy to see that Saito’s equation for E+# 0 gives the
same solution for the scattering wave function as (35).
However, if the corresponding operators are consid-
ered off the mass shell, the projection technique by

means of the orthogonalizing pseudopotentials leads to
results that differ from those of the Saito equation (31).

As an example, let us consider the projection of the
Green’s function for Eq. (32):

Gy (E)=(E—H)*=(E—H—\I)™.
Using the further the standard resolvent identities,
we find

& =G+ )6IG;. (36)
In the limit A — oo,

G=1im G,=G —GT (IGI)' TG, (37)

where the inverse operator (I'GT')"! is defined only in
the subspace & re

It is easy to see that the projected G has the required
orthogonality property, since I'G= 0, and in the limit
A== it has no spurious poles in the physical region.
However, if the original Hamiltonian 5 is projected
onto the allowed subspace #,, as is done in Satio’s
approach, the corresponding resolvent

Gs=(E—QHQ)™ (38)
satisfies the different equation

GszG-G(I‘H—f_-HI‘—PHl") Gs,
from which we obtain

Gs=G—GI (TG ' TG+T/E=G +TVE,

i.e., the resolvent of Saito’s equation differs from the
one found by means of the orthogonalizing pseudopo-
tentials by the additional term I'/E, which for E= 0
destroys the property of orthogonality to # .. How-
ever, if we invert, not (38), but the operator Q(E —
H)Q, i.e., we invert the operator (E - H) in the or-
thogonal subspace (and the technique with orthogonali-
zing pseudopotentials makes it possible to do this
easily), we readily find

G=Q[Q(E—H)QI"Q; }

GIQ(E—H)Q1=0. (39)

This last equation is the analog of the ordinary identity
(E—H)G=1I

in the orthogonal subspace &, o- Thus, the proposed
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technique of orthogonal projection gives (in contrast
to Feshbach’s projection formalism) a convenient
means for finding the inverse operators in the orthog-
onal subspace. The further generalization of this
approach to the many-particle case is given in the
following sections.

The Pauli Principle and Reduction of the Intevaction.
Allowance for the Pauli principle in the problem of the
scattering of composite particles leads to an inter-
esting physical consequence—a kind of reduction of
the interaction. This reduction is manifested in two
important aspects: First, the effective interaction in
the system is significantly weakened; second, and this
is intimately related to the first point, there is a sig-
nificant reduction in the sensitivity of the results (i.e.,
the phase shifts, wave functions, etc.), to the details
of the interaction potential between the particles,
especially in the inner region, i.e., where this inter-
action is least well known and, generally, only an
effective description is meaningful. In particular, for
the orthogonality-condition model the detailed behavior
of the direct interaction potential V, in the inner region
has very little influence on the results. Essentially,
both these consequences are a manifestation of the
well-known fundamental fact that in a system of fer-
mions the Pauli principle greatly enhances the impor-
tance of the kinetic energy and accordingly reduces the
significance of the interaction potential energy. It is
this circumstance in particular that underlies the model
of almost free electrons in the theory of metals. The
same fundamental fact was made the basis of the ap-
proaches of Lippmann and Schey?*® and Burke and Chan-
dra® to the description of electron scattering by atoms
and molecules. In the problem of the scattering of two
composite nuclear particles discussed here, this very
important consequence of the Pauli principle can be
illustrated best as follows.

We write down the Lippmann-Schwinger equation cor-
responding to the Schrodinger equation (32) for the pro-
jected wave function ¥,

¥ =¥,+G,V7T, (40)
where
Wo=Wo— Gy | %6)(%0 | ¥o)io | Go | %0

is a solution of the free Schrédinger equation in the
orthogonal subspace ¥, and

Go=Go— Gy | %0) o | Gol(io | Go | %) = Go— G, (TG,T) TG, (41)

is the free Green’s function corresponding to ¥. Note
that the last expression for G, is valid in the general
case, i.e., when the projection operator I" has any
dimension. As a calculation shows,?"%! the zeroth ap-
proximation \30 and its corresponding amplitude

A, =T/TG,T 42)

already describe the exact resonating-group method
phase shifts and the corresponding wave functions sat-
isfactorily in a number of cases. In addition, the amp-
litude A, is unitrary, and the function ¥, being ortho-
gonal to all the forbidden states (included in I'), has the
necessary number of nodes in the inner region, and the
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phase shift calculated for it corresponds to the ampli-
tude A, Since both ¥, and A4, correspond to scattering
induced by the imposition of the orthogonality conditions,
they were called,?' respectively, the wave function and
the amplitude of orthogonal scattering. If now the amp-
litude A, which is entively due to the Pauli principle,
includes an appreciable fraction of the total amplitude,
the remainder, which depends on the dynamics, i.e.,
the difference A — A, between the exact amplitude and
the orthogonal scattering amplitude, will make a rel-
atively small contribution and, as a result, the exact
amplitude will depend much less strongly on the details
of the interaction potentials than the corresponding
amplitude without allowance for the orthogonalization
conditions. It is important that the outer part of the
effective interaction, which is not strongly affected by
the orthogonalization, can be calculated with sufficient
accuracy in both atomic and nuclear physics (see the
following section). Note further that since the scat-
tering wave functions for a Hermitian Hamiltonian are
always orthogonal to the wave functions of the discrete
spectrum irrespective of whether forbidden or allowed
states are under consideration, the same technique of
orthogonal projection will be effective if the known (for
example, from the shell model) physically observed
bound states are included in the projection operator I,
In this case, the sensitivity of the scattering problem
(for composite particles) to the uncertainties in the
choice of the optical potential is reduced even more
significantly.

Thus, we arrive at a new picture of the interaction
of composite particles (or of a nucleon with a nucleus)
and a corresponding new approach, which makes it
possible to clarify and make more precise the intuitive
phenomenological models used in this field. To some
extent, this new approach has already been implemen-
ted in atomic physics to solve the problem of electron
scattering by atoms and molecules,

Electvon Scattering by Atoms and Molecules. In
1960, Lippmann and Schey?® proposed an optical model
for the scattering of electrons by atoms!’ analogous
to Saito’s model for nuclear particles. In their paper,
they formulated a general view of the problem of elec-
tron scattering by composite particles that is some-
what more general than the approach of the orthogonal-
ity-condition model and has served as the basis for a
number of more recent investigations into more com-
plicated problems such as, for example, the scattering
of electrons on molecules (see below). Lippmann and
Schey proceeded from the same considerations as we
have discussed above in this section. Namely, they
assumed that the long-range part of the electron-atom
atomic potential is known and equal to

Vi(r)=Ve (r)-+Vp(r), (43)
where
Ve(r)= —e?(1/ag+ 1/r) exp (— 2rlay)

is the screened Coulomb potential (a, is the Bohr rad-

Dgpecifically, they considered the scattering of electrons by
hydrogen atoms.
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ius), and V,(r) is the polarization potential

Vp(r)= —al/2rt, (44)

where a is the experimentally known dipole polariza-
bility.*’ The polarization potential (44) is the asymp-
totic part (» = «) of the first-order correction (in per-
turbation theory) to the electron-atom potential cal-
culated in the adiabatic approximation. In the inner
region, the behavior of the optical potential is unknown
and in fact, in this region, a precise concept of an
optical potential is hardly meaningful, except perhaps
for an effective description of the wave function of the
relative motion of the fragments in the inner region.
Therefore, instead of constructing an optical potential
in this region, it is more expedient to impose on the
scattering wave function the condition of orthogonality
to the exact many- particle states of the discrete spec-
trum, it being necessary to take into account both the
allowed (i.e., physically realized) and the forbidden
states. For example, for s-wave eH scattering, it is
necessary to orthogonalize the scattering wave func-
tion in the triplet channel to the 1s-occupied orbital

of the hydrogen atom, and in the singlet channel to the
unique bound state of the ion H™. Scattering in the
higher partial waves “feels” only the tail of the optical
potential, which is adequately described by a con-
struction of the type (43). Thus, we arrive at a very
perspicuous and simple procedure for constructing

an approximate optical potential. In such an approach,
the important thing is not so much the optical po-
tential itself as the construction of the approximate
scattering wave function. If necessary, and this is
very important, the obtained function (of the corres-
ponding scattering amplitude) can be made more pre-
cise by means of an appropriate variational principle,®
in order to take into account the polarization of the
system and nonadiabatic effects. In Fig. 3, we give
the results of calculations for eH scattering and com-
pare these results with the experimental data; we also
show the variational corrections to the obtained scat-
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FIG. 3. Cross section of ¢H scattering in the triplet channel
(a) and comparison of the theoretical (curves) and experimen-
tal s-wave phase shifts (points) of triplet eH scattering (b).

DFor the hydrogen atom, a=4.5.
$Lippmann and Schey used Kohn’s principle.
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tering function (and amplitude). It can be seen that the
corrections are small and that the result of the or-
thogonality-condition model makes the main contribu-
tion.

In the case of electron scattering by molecules, it is
absolutely necessary to take into account the Pauli
principle by means of orthogonalization with respect to
the occupied molecular orbitals, since even when ex-
change effects are ignored the problem is much more
complicated than in the atomic case. Therefore, the
appreciable complication of the equations through the
rigorous treatment of the exchange effects leads in the
majority of cases to excessively cumbersome equations
even for modern high-speed computers. This diffi-
culty is usually circumvented as follows. The exact
treatment of the exchange effects is used only in one
or two of the most important channels. In the remain-
ing channels, these effects are treated approximately,
i.e., by means of orthogonalization. After expansion
of all the interaction potentials (of the electron and the
molecule) and the corresponding scattering wave func-
tions with respect to partial waves, we obtain the sys-
tem of equations

( el G ) +.’r2) U, (r)

dr? r2

= ; Vigy () Uy, ()= 3} @1 (), (45)

7

where the right-hand side is the orthogonalizing cor-
rection to the original Schridinger equation for the
wave function @,', (r) of the scattered electron in the
molecular field V,‘, : @{:’ (r) are the wave functions
of the occupied orbiials, and the constants ¥, must
be chosen on the basis of the orthogonality conditions

(@ | Uy =0, a==1, ..y

The second index [; of the solution refers to the var-
iable describing the orientation of the molecule in the
laboratory coordinate system. For scattering on
atoms, the orthogonalizing correction simplifies and

in the case of a single occupied orbital @,) is equal to
¥&,(r). It is easy to see that the above method of orth-
ogonalization using orthogonalizing pseudopotentials
leads to exactly the same form of the orthogonalizing
correction. Indeed, in the approach of the orthogonaliz-
ing pseudopotentials, the correction is

| @) (D | W)y

where A= and U, is the solution of the equation with
the orthogonalizing correction. It can easily be seen
from (34) that the overlap is

(D | Uy =Dy | /(1 =2 (D | G | D)) ~ O (1/2),

where x, is the solution of the original Schrédinger
equation (without allowance for orthogonalization).

Thus, in the limit A- the parameter A cancels
strictly, and we arrive at the following form of the
orthogonalizing correction:

— 1 ) (@ | /(Y | G | D)=y (E) | D).

i.e., we arrive at exactly the same form as was used
in the calculations of Refs. 32 and 33. In addition, it

501 Sov. J. Part. Nucl. 10(6), Nov. -Dec. 1979

is now easy to write down a general expression for the
Lagrange multiplier y(E):

V(E)= — (D | 72)/ (D | G | D).

The generalization to the case of many occupied or-
bitals is obvious. Very complete calculations were
made in recent years for eN, scattering.’®***'** These
calculations showed that in the states "2,,%Z,,%Il,, in
which there are occupied orbitals of the N, core, ap-
proximate treatment of the Pauli principle by means
of orthogonal projection leads to results that are close
to the exact results,*’ whereas in the state 2I, in
which there is a well-known and important resonance
at E,=2.5 eV, occupied orbitals of the core are absent
and the exchange effects must be taken into account by
complete antisymmetrization.

3. OPTICAL POTENTIALS WITH FORBIDDEN STATES
FOR DESCRIBING THE INTERACTION OF THE
LIGHTEST NUCLEI

Phenomenological Analysis. It is well known that the
optical model in nuclear physics has proved to be very
successful and fruitful for describing numerous phen-
omena associated with scattering of nucleons by nu-
clei. The optical potential is usually assumed to be
the local equivalent of the self-consistent nonlocal
potential of the nuclear field, which can be found from
a microscopic approach of the Hartree—Fock type.

It has been shown (see, for example, Ref, 34) that if
a phase-shift equivalent potential is constructed for
the nonlocal interaction of a neutron with the °0 nu-
cleus calculated in Hartree—Fock theory, this po-
tential virtually coincides with the standard Woods—
Saxon potential used in the optical model for scat-
tering of neutrons by '°0.

We now consider the scattering of composite particles
by composite particles, in particular, the best stud-
ied case of e« scattering. Already in the fifties, there
were constructed for this system (see the digression
into the history of the aa problem and the complete
bibliography in the review of Ref. 35) several pheno-
menological local potentials giving a good description
of the aa phase shifts at low energies (up to 10 MeV).
However, all these local potentials differed strongly
from the potentials of the optical model, since they
contained a hard core of appreciable radius and their
parameters depended strongly on the angular momen-
tum I. The standard motivation for including the hard
core was the argument that the Pauli principle pre-
vents the particles from penetrating each other. How-
ever, subsequent investigations showed that arguments
of this kind are too simplified even for heavy particles
such as '*C and '°0, while for the light cluster sys-
tems such as aa, af, and »°He, etc., they are simply
false. The point is that the local repulsive core sim-
ulating the effect of the Pauli principle is merely a
quasiclassical image, which is valid when the nucleons

4By exact, we mean caleulations in which the identity of the
particles and the Pauli principle are taken into account by
complete antisymmetrization of the wave function of the sys-
tem with respect to all the electrons.
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with respect to which the antisymmetrization is per-
formed have large radial quantum numbers, i.e.,

this picture is more or less suitable for medium and
especially heavy nuclei. But in the case of light nuclei
such as "Li, and a fortiori for the very large class of
nuclear processes in which deuterons, tritons, and a
particles participate, the notion of a local Pauli-re-
pulsive core is simply false.

This is already indicated by the traditional optical
model, which successfully describes the scattering of
deuterons, tritons, and a particles by means of the

*smooth attractive Woods—Saxon potential with ap-
preciable depth V;~80-100 MeV. Therefore, the phen-
omenological potentials with repulsive core for the
interaction of light clusters (for example, for the aa
system) that were proposed and widely used in the fif-
ties and sixties already appear inadequate from this
point of view. As we have already said, the main
ideas about the nature of these interactions were de-
duced on the basis of calculations by means of the
resonating-group method, especially those from the
pioneering work of Okai and Park.*® They were the
first to point out the importance of taking into account
the spurious solutions of the equations of the resona-
ting-group method and the close correspondence be-
tween the scattering wave functions (i.e., the wave
functions of the relative motion) and the shell model.
It also became clear from their paper that in systems
such as the aa system (and ones like it) the Pauli
principle is manifested, not through damping of the
wave function in the region of overlap of the particles
(as simulated by a replusive core), but through the
shell nature of the oscillations of this function. More-
over, the characteristic oscillations appear only after
the elimination of the so-called spurious (or redundant)
solutions of the resonating-group equations, these
spurious solutions being the states forbidden by the
Pauli principle. Bringing together all these ideas about
the interaction of composite particles (including the
orthogonality-condition model), we succeeded in 1971
in formulating a simple and physically perspicuous ap-
proach to the description of the interaction of light
composite particles on the basis of a microscopically
derived optical potential with forbidden states.?":3®

The idea of this approach is based on the well-known
fact that for Hermitian Hamiltonians the scattering
wave functions are orthogonal (at all energies) to the
functions of the discrete spectrum. Therefore, if one
constructs a sufficiently deep local potential whose
lower states correspond to the states forbidden by the
Pauli principle, i.e., correspond to eigenfunctions of
the antisymmetrization kernel, the required orthogon-
ality of the scattering functions to the forbidden states
will be ensured automatically.

And since the structure of the forbidden states can be
extracted readily from the shell model, byvpassing the
resonating-group method, the actual procedure for
constructing the optical potential with forbidden states
includes the following elements: 1) analysis of the
forbidden states in the given system on the basis of the
shell model; 2) construction of the corresponding local
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potential containing these states as its bound states;
3) refinement of the parameters of the potential by
fitting to the experimentally known phase shifts,

We shall now illustrate how this approach is realized
for specific cases. For example, let us again take
the aa system. In shell language, the lowest for-
bidden configurations are s® (L = 0) and s%?2 (L
=0, 2),” zero oscillator quanta corresponding to the
s® configuration and two to s%?2. Therefore, the lowest
allowed configuration, corresponding to the ground
state of the Be nucleus, is the configuration s'p*(L
=0, 2, 4) with four excitation quanta. When such a
configuration is broken up into two unexcited o
particles (each having the configuration s?) the ex-
citation energy E*~4fiw~60-70 MeV goes over into
the kinetic energy of the relative motion of the «
clusters in their overlap region. It is therefore clear
that the local potential simulating the shell picture
deseribed above must be sufficiently deep and broad
to accommodate the 0S, 25, and 2D forbidden states
(the last two are degenerate in the oscillator potential)
and the 4s allowed state corresponding to the *Be
ground state. Simple estimates immediately give the
following parameters of the potential: depth V,=
120 MeV, width R=1.7 F. Subsequent improvement of
the parameters on the basis of the observed aa phase
shifts leads to the following parameters of the potential
in the Woods—-Saxon form:

V,=125 MeV; R=1.78F, a=0,66 F. (8)

The theoretical and experimental aa phase shifts are
compared in Fig. 4. The corresponding elastic scat-
tering cross sections are shown in Fig. 5. It can be
seen that the very simple 1-independent three-para-
meter potential describes well the five phase-shift
curves in a wide energy range, and also the energy of
the 0* ground state of ®Be (96 keV). Figure 6 shows

Fr
160}
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I 2r

aa phase, de
™
>

2 w15 20 25 30 E

FIG. 4. Comparison of theoretical and experimental o phase
shifts for L=0, 2, 4, 6, 8. Along the ordinate, we have used
the calibration that follows the generalized Levinson theorem
(with allowance for forbidden states). The theoretical phase
shifts are the phases for the aa optical potential with forbid-
den states (46).

5)Because the two o particles are identical and have zero spin,
only even angular momenta L =0, 2..., are allowed in the aa
system.
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FIG. 5. Differential cross sections of aca scattering at dif-
ferent energies calculated with the potential (46). At E,=53.4
MeV there is added a volume absorbing potential with the
same geometrical parameters as for the real part and depth
W=5 MeV.

the potential well of the optical potential with for-
bidden states, and its levels. It can be seen that the
states 25-2D are almost degenerate and that the dis-
tance between the levels 25 and 0S, AE= 36 MeV, ag-
rees well with the excitation energy 2fiw = 18 MeV,
which is characteristic of the free a particles, i.e.,
taken as whole, the picture of the potential levels
agrees well with the oscillator shell model. It re-
mains to add that the parameters were fitted by means
of the phase shifts, and the structure of the discrete
spectrum was obtained automatically. This shows that
the described potential approach to the scattering of
clusters leads, in contrast to the standard pheno-
menological fits in nuclear physics, to an internally
consistent physical picture in good agreement with the
shell model. We mention one further important aspect

100
T

-125L

FIG, 6. Comparison of the effective local potentials derived
from the resonating-group method with the optical e« poten-
tial (46) for two energies in the center-of-mass system. The
continuous curve is the Woods—Saxon potential with the para-
meters (46); the remaining curves are effective local resonat-
ing-group potentials. The insertion in the lower right shows
the position of the ac forbidden states.
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of the use of such microscopically derived potentials
which is related to Levinson’s theorem (for details,
see the following section). The point is that optical
potentials with forbidden states automatically lead to
a generalization of Levinson’s theorem with allowance
for the forbidden states, since they occur here on an
equal footing with the allowed states, and the fact that
the forbidden states are physically unrealizable must
be taken into account only off the mass shell.

A similar analysis was made for the majority of
light-particle pairs ad, #*He, df, etc., and optical
potentials were obtained that give a very good des-
cription (with a small number of parameters) of the
experimental phase shifts and cross sections (for the
details, see Refs. 37-40); moreover, the structure
of the scattering wave functions and the discrete spec-
trum is in complete agreement with the shell model
for all the considered systems. Subsequent investi-
gations®*! revealed that the microscopically derived
interaction potentials found in this manner are phase-
shift-equivalent to the nonlocal interactions that are
used in the resonating-group method and the ortho-
gonality-condition model.

We should, however, point out that this correspondence
ence is good only for light cluster systems such as aa
and the like, whereas for the scattering of heavy ions
for example, *C+ 2C, 0+ 'C, an optical potential of
this kind has little meaning for two reasons. The point
is that in the rigorous theory of phase-shift-equivalent
optical potentials®* these potentials must depend on the
energy (even if the original nonlocal potential is static)
And the weak energy dependence found for the light
systems probably reflects the fact that the nonlocality
of the potential is very slight. This is also indicated
by comparison of the wave functions in the region of
overlapping of the particles, i.e., the slight difference
of the suppression factor A(k,7) from unity.*® This last
is not the case for scattering of heavy ions, which is
indicated in the first place (and also by general phy-
sical considerations) by the strong suppression of the
scattering wave functions in the inner region.** Under
these conditions, and bearing in mind the important
circumstance that the imaginary part of the potential
is no longer small (essentially, the imaginary part
screens the entire inner region), so that the nature of
the oscillations of the scattering wave function in the
inner region is no longer particularly significant, it
is expedient to give up a local potential consistent with
the shell model and go over to a phenomenological po-
tential that describes satisfactorily the experimental
data and leads to smooth solutions (without frequent
oscillations due to the Pauli principle in the overlap
region) which are damped in the inner region. There is
no need to say that such optical potentials must be
shallow. Such shallow potentials are usually employed
to describe scattering of heavy ions such as '°0O+ 0.
From the point of view of the correspondence with the
true phase-shift-equivalent potentials, these phen-
omenological shallow potentials are typical model
pseudopotentials and are very similar to the ones used
in solid-state theory to calculate band structure.*
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Genevalization of Levinson’s Theorem to Scattering
of Composite Particles. In any microscopic approach
to the interaction of composite particles, the interac-
tion potential is nonlocal (and, in general, energy de-
pendent). Since the most general case of a nonlocal,
energy-dependent interaction is too complicated for
analytic treatment, the results given below apply,
strictly speaking, to models for which an analytic
investigation is possible. Swan®* was the first to sug-
gest a generalization of Levinson’s theorem to com-
posite particles (in both atomic and nuclear physics).
Taking the example of a particular form of the ex-

" change potentials in the framework of the resonating-
group approach, he showed that the forbidden states
must be included in Levinson’s theorem on an equal
footing with the physically observed allowed bound
states, so that the generalized Levinson theorem must
have the form

81 (0)— 8; (00) = 1t (n+m), 47)

where » is the number of allowed bound states and m
is the number of forbidden states in the I-th partial
wave. Chronologically, the latest proof is due to
Glockle and Le Turneux,* who proved Eq. (47) for the
orthogonality-condition model. Their proof is a direct
generalization of the standard proof of this theorem
based on the analytic behavior of the Jost function of
the problem in the upper half-plane, Im %= 0,%

Brieily, their proof is as follows. Let G(E) be the
Green’s function corresponding to the left-hand side
of Eq. (31); f,(k) is the corresponding Jost function.
Then the function

D (k) = fo (k) det [Gop (E)] = fo (k) & (k)

+(E)] is the matrix composed of the elements
(x«TG(E) |Xs)) is the Fredholm determinant of the in-
tegral equation corresponding to the Schridinger
equation (31). Further, one can show that the zeros of
D(%) are directly related to the poles of the total S
matrix, and the argument of D(k) is equal to the phase
shift 6(k) in the orthogonality-condition model, i.e.,

D (k)=| D (k) | exp[—ib (k)];

D(k) is not equal to the total Jost function of the prob-
lem, but differs from it by a factor A(k%). Considering
then the analytic properties of the matrix elements
Goa(k) in the upper half-plane, Glockle and Le Turneux
show that

g (k) [-——j‘:(i.’kﬁ")[I +01/k)], Imk>=>0, (48)

where » is the number of states forbidden by the Pauli
principle. But since the original Jost function sat-
isfies fy(k) = 1 ag k =, D(k) - g(k) in this limit. If now
there are on the upper % half-axis w zeros of D(k)
corresponding to physical bound states, we have the
standard contour integra.l46
1 1 .dD .y

S S o =m (49)

But because of the property (48), the integral over the

upper semicircle is

é_ﬂf_"ﬂ(%) Yk = — 2gin, (50)
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Using further the properties |D(~k)| = |D(k)| and

8(=k) ==6(k), we find

S dk HBDE _ 9515 (0) — 8 (c0)),
and, using (49) and (50), we finally arrive at (47).
give here a different and simpler proof of the theorem,
which is due to Pomerantsev®’ and is entirely based
on completeness properties.

Using (35), we can show that
(Fg| Tp)= (V5| ¥u) ~ 8 (E—E),

i.e., that the normalization to the § function is con-
served by the orthogonalization. The completeness
relation for the functions ¥, can be obtained by noting
that the basis of the functions ¥, is identical with the
eigenfunctions of the Hamiltonian QHQ, where @ =1-
I'. Therefore

[ 1% (Fe|aB+ Py=1-T, (51)

where Py=21, |XaXXe| is the projection operator onto
the bound states of the pseudo-Hamiltonian H=H
+Al, and |xa) are also eigenfunctions of QHQ. Since
I'P,=P,I'=0, it follows that P, +T is the total
projection operator onto the complete discrete spec-
trum of the operator QHQ. It is then necessary to
introduce the Mgller operator

8= dE| ¥n (¥, ),
0
which maps the continuum of the Hamiltonian H, iso-
metrically onto the continuum of # (or QHQ, which
is the same). From (51), we deduce

G0 --00*= P, +T. (52)

Further following Jauch’s method,*"*® we take the trace
of Eq. (52) and express the trace of the left-hand side
in terms of the ¢ matrix on the mass shell:

-~ at

znjdﬁSp{t*ifth-} Ng+Ar, (53)

where NB is the number of bound states )-ca; Np is the
dimension of I', and the right-hand side is obtained
because the trace of the projection operator is equal
to its dimension. If we now use the unitarity of the ¢
operator and write the ¢ operator in the form

T(B) = —+ 3\ exp[i8 ()] sin & (E) | 1) (i |, 54)
i

we find, after substitution in (53) and integration,
+[ 380 —8i(w0) | =
1

In the case of a spherically symmetric potential, (54)
reduces to the ordinary partial-wave expansion, and
|x)(x;|=1, since the energy and the angular momentum
exhaust all the variables. If now the projection oper-
ator I' is invariant under rotations and is a sum of
projection operators with definite I, I=2 I',, we read-
ily obtain

B"('NI‘

(4/m) 81 (0)— 61 (00)) = N5, + Nr,.

It is easily seen that the proof does not use explicitly
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the analytic properties of the solutions for complex %,
but is entirely based on the unitarity of the ¢ matrix
and the completeness properties of the basis in the
truncated space. We add that when an optical potential
with forbidden states is used the generalized Levinson
theorem is satisfied automatically. As regards the
practical value of the theorem, it consists in predict-
ing large elastic phase shifts at high energies for the
systems in which there are many forbidden states but
the number of allowed bound states is usually small.
In particular, large elastic phase shifts were pre-
dicted in Refs. 37 and 39 for o« scattering at energies
E, .~ 200-400 MeV in the center-of-mass system. To
test these predictions, elastic scattering in the aa
system at E, ,,, ~600-800 MeV was studied in the ex-
periments of Ref. 49. An appreciable elastic cross
section of nondiffraction nature was found. However,
if final conclusions are to be drawn, we require a
theory (not yet developed) of the interaction of com-
posite particles at intermediate energies E,~0.5
GeV,

Model System of the Interaction of Two
Clusters. Resonating-group method equation for
the 2+ 2 system. We analyze how the general features
of the interaction of composite systems of fermions are
manifested for the example of a model system consis-
ting of two identical clusters. Each cluster is, in its
turn, composed of two particles with masses M and m.
We shall call it a 2+ 2 system. The advantage of this
model system is that it is sufficiently simple for one to
be able to calculate all the integral kernels of the res-
onating-group method and investigate their properties.
At the same time, it is sufficiently complicated to have
nontrivial properties and be of physical interest.

The m + M cluster can be regarded as, for example,
consisting of a nucleon m and a heavy core M, The
distinctive feature of the system is that for M =m it is
identical with the bineutron—bineutron system, which
is a system of two clusters with closed shells, i.e.,
it is similar to the o« system. In the limit M>m,
it becomes similar to the hydrogen molecule, This
model problem is convenient in that, by varying the
mass ratio y =M/m, one can follow in detail the evolu-
tion of the system and understand at the microscopic
level how the Pauli principle is manifested in different
limiting cases., Direct comparison of the cumbersome
equations of the resonating-group method for aa and
160180, for example, would be not very effective,

We shall consider the state of the 2 +2 system in
which the spatial wave function is antisymmetric under
transposition of the two particles with mass M (num-
bered 1 and 3) and also of the pair of particles with
mass m (numbered 2 and 4), i.e., the system has a
structure like that of orthohydrogen in the triplet state.
To simplify the calculations, we use a wave function of
the form

@ (rys) = (a/m)*" exp ( —aris/2) (55)

to describe each cluster (“hydrogen pseudoatom™) and a
Gaussian interaction between all four particles:

505 Sov. J. Part. Nucl. 10(6), Nov. -Dec. 1979

Vij=—Vsexp(—yri;). (56)

We shall solve the problem of the scattering of such
clusters in the single-channel approximation of the
resonating-group method. The wave function of the
system is sought in the form

Y =(1—Pys) (1 —Pa) ¢ (rs2) ¢ (r3) @ (p), (57)

where p=(yry try=yry=r,)/(y +1),y=M/m. The
equation for the wave function &#(p) of the relative mo-
tion of the clusters is written in the form

(@(ry2) @ (ta) | H—E | (1—Pys) (1 — Pyy) 9 (ry2) ¢ (ra) @ (o)) =0.  (58)

Bearing in mind that the cluster m + M as a whole is a
boson, we require &(p) to be an even function of p.
Equation (58) then takes the form

(T+V,—K—E)®D(p)=0. (59)

Here, Vj is the direct interaction of the clusters, and
the integral exchange kernel K =K, + K, + EK; includes
contributions from the kinetic, K, and potential, K,
energies and the integral overlap kernel Ky,. The ex-
plicit form of the nonlocal terms Ky, K4, Ky, and the
direct interaction V, is given in Ref, 50,

In accordance with the results of the preceding sub-

' section, the eigenfunctions of the overlap kernel

Ko=(a/2)""* (1 +9)* (20)™
X exp{—fa(y+17*/8y*] [y (o —p'P + (0 + 01} (60)
are the wave functions @,,,(p) of a three-dimensional
harmonic oscillator, and we have the eigenvalueso

Ay =(y—D)"(y+1)" =exp[—2n/(y+1)], neven. (61)

It is clear from this that in the 2 + 2 system at all values
of y there is only one truly forbidden state 0s(r=1=0).
The spectrum of the eigenvalues A, is interesting. For
y=1, only one state is forbidden, the remaining values
A,=0 corresponding to allowed states. For y#1, in-
stead of an abrupt change of A, from 1 to 0 there is a
smooth exponential transition between these limiting
values. The states with 0 <}, <1 in this transition
region can be called half-forbidden.

The limiting case y>-1 is interesting. In this case,
the integral kernels of the resonating-group method in
(59) become almost local. A measure of the nonlocal-
ity is the width of the spread of the kernels with respect
to the variable p-p’. It can be seen from (60) that at
large y we can write for the kernel K,

Kof (p) = oxp [ — (2/2) p?] f (p). (62)

The remaining kernels of the resonating=-group method
can be reduced similarly to a local form. If this pro-
cedure is carried out, it is found that all the kernels
acquire the form characteristic of the exchange terms
in the Heitler—London method.’’ In this method, the
distance between the heavy particles 1 and 3 is fixed,
and the wave function of the light particles is com-
posed of the orbitals ¢ relative to the two heavy centers
1 and 3:

W (11 2) [y (ra) a2 (re) — @a (r2) 4 (1)1, (63)

where
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9 (1)) = (@/m)*"* exp [ — (a/2) (r;—p/2)2];
s (1)) = (/)" * exp [ — (@/2) (r;+ 0/2)].

Direct calculation of the overlap integral gives

S(p)= g dry dragpy (va) @a (rs) @3 (rz) @y (r) = exp ( = [; Pz) . (64)

which agrees with the local form (62) of the kernel K.
Similarly, we find that the expectation value of the
operator H - E with respect to the function (63) is equal
to the left-hand side of the resonating-group equation
(58) in the limit of large y. Thus, we have shown that
. when one of the particles M of the cluster is much
heavier than the second particle mw, i.e., when we
approach the situation characteristic of molecules, the
resonating-group equation goes over naturally into

the equation of the Heitler—London method based on
the Born-Oppenheimer adiabatic approximation. This
equation has the form

(1 =8 (p)I-* (g (rs) g3 (r) |l — E|
¥ gy (r2) @3 (ra) — @3 (Ta) ¢y (1)) £ (0)
= [—(B/M) Ay + Ve (p)+ Vi () + V() —E) f () =0.  (65)
Here,

Vr (p) = h2apexp (—ap®2)/4m [1 —exp (—ap?2))

is the repulsive potential that reflects the increase in
the kinetic energy of the light fermions in the overlap
region of the clusters, As p-0, Vy(p)=ha/2m=hw/
2, which is equal to the excess kinetic energy of the
light fermions in the combined system, in which they
occupy the oscillator orbits 1s and 1p, as compared
with their kinetic energy at large distances p, where
they are each in the 1s orbit around their respective
centers. The potential V,(p) is due to the interaction
of the light particles with the heavy particles and with
each other; Vi,(p) is the direct interaction of the heavy
particles 1 and 3. Of course, the above treatment is
schematic and reflects only the behavior of the contrib-
utions to the interaction potential between the heavy
ions that correspond to the exchange of a small number
of nucleons between the colliding particles. (However,
such exchanges are evidently the most important.)*’
Nevertheless, the results of Refs, 41 and 50 quoted
above indicate (and similar conclusions are drawn in
Ref. 53) why the scattering of sufficiently heavy ions
can be reproduced by optical potentials with repulsion
of the type of the interatomic potentials in a mole-
cule®*®" and why methods like the molecular orbital—
linear combination of atomic orbitals (MO LCAQ) meth-
od are effective in the theory of heavy ions.’®

The situation is different for y~1, when the nonlocal-
ity of the potential cannot be ignored. Below, we shall
consider this case in more detail.

The bineutron-bineutron system. We in-
vestigate a model system in which there are only for-
bidden and allowed states (y=1), Hali-forbidden states
(including the case of the 2+2 system) are analyzed in
Refs. 18 and 59-62. We consider the scattering of a
bineutron (with spin S=0) by a bineutron. As a whole,
this system in the lowest state corresponds to the shell
configuration s?»® and has the one forbidden state
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@, (p) = (2a/m)®/* exp (—ap?). (66)

As usual in the resonating-group method, we take the
effective interaction of the nucleons in the form®

V(r)= — Vo (W -+ MP*)exp (—yr?). (67)
The direct potential V, in (59) has the form
Vo (p) = —Vo[20/(2a-+ )12 (4W — 20) exp (— 2ayp*(2a+7)], (68)

and the exchange kernel K(p, p’) includes several terms
the exchange integrals for the kinetic and the potential
energy and the overlap integral K;. The S-wave solu-
tion of Eq. (59) is not necessarily orthogonal to the
function &,.. However, physical meaning attaches to
only the projected function &(p), which is orthogonal to
@0(9), i.e. ]

@ (p) = Py® (p), (69)

where the projection operator Py=1- | ®,)®,| sep-
arates only the allowed states of the system. We shall
therefore investigate the resonating-group equations
on the basis of the functions &(p).

Using the operator Py, we can rewrite the Schrddinger
equation (59) for our system in the form

Py(To+Vp+Vy—E) P®(p) =0, (70)
with the nonlocal exchange correction
VD (p) = — Vo (411 —2W) (2a/7)3/2
% \ dp’ exp [ —2a (@)J
xexp [ —(F+7v) (0—p) | 2 (0). (71)

It follows from (70) that on the transition from a function
tion & of arbitrary form to the orthogonalized functions
& =P,& all the nonlocal kernels (except V) are annihil-
ated. In a more complicated system, of course, this
will not occur, but some of the nonlocal kernels will un=-
doubtedly disappear. Equation (70) can be rewritten

in the form

(To+Vp+Vy—E)D(p)=0 (72)
with the additional condition
(D] Dy) =0. (73)

The relation (72) shows that the neglect of several non=
local kernels in (59) is compensated by the orthogon-
ality condition (73). From the energy point of view,
this last means that the contribution of these terms of
the Hamiltonian is transformed into the extra kinetic
energy corresponding to the oscillating function &.

It can be seen from (71) that for a >y, when the rad-
ius of the clusters is much less than the range of the
NN forces, and when allowance is made for the or-
thogonality condition (73), the contribution of the in-
tegral kernel Vy is zero, since Vy =K, for y<a.

In the opposite case y > «, the exchange correction
Vy is transformed into the local potential

Uy (p)= —V, (4M —2W) (20:/7)%/2 exp (— 2ap?),
and, as a whole, the sum U, =V, + Uy appears as the
effective local potential
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Uegr== — 2V, (2a/y)* 2 exp ( — 2ap?).

Despite the fact that V, can be repulsive for M

>2W, U, is an attractive potential and does not de-
pend on the ratio of the forces in the even and odd or-
bital states,* Thus, already our simplest schematic
examples show that the potential U, can differ
strongly from the potential V,. In the general case,
when y~a, the potential Vj is essentially nonlocal and
plays an appreciable part. However, under these
conditions too one can construct a local, E-dependent
optical potential U,,(p) equivalent to the nonlocal po-
tential U, both from the point of view of the phase
shifts and the point of view of the number of nodes of
the function &(p) and their positions. When this po-
tential is used, Eq. (70) takes the form

Py (T = Uetr — E) Py (p) =0. (74)

For the 2+ 2 system, it is the exact equivalent of the
equations of the resonating-group method. However,
as is shown in Secs. 2 and 5, it is a good approxima-
tion to these equations in more complicated cases as
well, In practical calculations in accordance with the
orthogonality-condition model, one frequently uses V,
instead of U,,, which is not always justified, as can
be seen from our investigations.

Calculation of Equivalent Local Potentials by the
Buck-Perey Method. It was shown above that in the
resonating-group method the Schrddinger equation for
the relative motion of the clusters contains, in addition
to the direct local interaction V,, nonlocal terms, Un-
fortunately, the scattering problem for nonlocal po-
tentials has not been studied nearly as well as for local
potentials. Therefore, the concepts deduced from the
experience with local potentials are more familiar and
one is naturally led to attempt to replace a nonlocal
potential by a local one that is equivalent in, for ex-
ample, the sense of describing the phase shifts. Of
course, this equivalent local potential cannot be an
ordinary local potential; it will necessarily depend on
the energy E and probably also on the angular momen-
tum I. The eigenfunctions of the equivalent local po-
tential and the nonlocal potential need not be identical
in the whole of space (the Perey effect).® Therefore,
equivalent local potentials have limited value and do
not give a complete picture of the properties of the
system. However, they are very helpful for under-
standing qualitative features. Moreover, in nuclear
physics the experimental data on the scattering of
clusters by clusters and by heavier nuclei are usually
interpreted by means of local optical potentials.

There exists a rigorous method for constructing an
equivalent local potential for a given nonlocal inter-
action; it was developed by Coz, Arnold, and McKell-
ar.* However, it suffers from the shortcoming that
before one obtains the equivalent local potential it is
necessary to solve a complicated Schrédinger equation
with the nonlocal potential. But then the equivalent
local potential is actually no longer necessary and can
serve only for illustrative purposes. It is much more
important to develop an approach that makes it pos-
sible to find at least approximately the equivalent local
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potential directly from the nonlocal potential without
solving the Schrddinger equation for the latter. Such
methods exist, though they are approximate, As an
example, we can take the method of Buck and
Perey,*"% who showed that if there is a system des-
cribed by the Schrddinger equation

[ 5 V2= Vot E] s ®)
= [y (B2 2R Py () R, (75)

2 n.’i, 2ﬁ,

then when Uy(R) varies smoothly and the derivatives
of the potential can be ignored compared with the der-
ivatives of ¥,(R) (we recall that in problems of cluster
scattering we encounter rapidly oscillating functions
¥(R) which are orthogonal to the forbidden states, and
therefore such an assumption is perfectly reasonable),
Eq. (75) can be reduced approximately to the form

[(7220) v2+ E—Vpl §x (R) = Viyy (R), (76)

where V; is obtained from the transcendental equation
Vi (R)=exp ((uf*/28%) (Vi Vp— E)] Uy (R). (77

The total equivalent local potential for (75) is
Vi=VprVi (78)

Of course, the Buck-Perey procedure is not at all rig-
orous, since it is assumed that ¥y =¥, (neglect of the
Perey suppression factor) and that the gradients of the
potentials Uy(R) and V;(R) are small. Therefore, it
probably cannot reproduce fine details of the true equiv-
alent local potential. However, it gives the correct
result V{R) ~ Uy(R) in the limit of a short nonlocality
range B and is very effective in practical calculations
(see Ref. 64, in which equivalent local potentials were
found for scattering of 14-MeV neutrons by %Fe). In
Eq. (75), a nonlocality of a special Gaussian form is
chosen. This is convenient for treating cluster sys-
tems, in which integral kernels of Gaussian type are
encountered. However, the Buck—Perey procedure
can be generalized to more complicated systems. For
example, in Ref. 67 the Buck—Perey method was suc-
cessfully used to obtain an equivalent local potential
for scattering of an electron by the hydrogen atom.

We shall apply the Buck—perey method to the potential
Vy for the bineutron-bineutron system. This can be
done, since the potential Vy in (71) corresponds to the
type of potential treated in this method, It is impor=-
tant to know that the local potential V ; equivalent to
Vy, being E-dependent, is the same for all the four
values of the orbital angular momentum ! of the clus-
ters that we consider. We use the customary® para-
meters of the NN forces:

Vo=73 MeV; y=0.46 F? ; W=M=05 ('79)

and @ =0,22 F~?, which corresponds approximately to
the minimal internal energy of a cluster for the inter-
action (67). Then the Buck—Perey procedure (77)—(78)
in conjunction with the functions

I'p (R)=—Topexp(—xf); Uy (B)= —Uloyexp (— %R

leads to the phase-shift-equivalent local potential
V.(R), which can be approximately represented by the
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Woods—Saxon potential with the parameters

Vo=50 MeV; R,=1.5 F; a=0.6 F.

In this potential, there is a forbidden 0S state with
binding energy ~9 MeV, If we take the Gaussian
exp(-6R? as the trial function of this state, a mini-
mum of the energy is attained at o =0.20 F*? for the
wave function (66) of the forbidden state. Therefore,
the orthogonality condition (73) is satisfied automati-
cally. Such a situation is found for all optical poten-
tials of cluster—cluster scattering of the type ca, af,
~ad, etc, %

For the energy dependence of the phase-slﬁit?equiv-
alent potential V; at low energies, we obtain

Viw (E) & Vig, (E=0) exp (— E/Eq),

where E,=84 MeV. For the optical potential V(R)

= Vp(R)+ V,(R), the energy dependence of the well depth
V; in the region of comparatively low energies E <E,
has the form

Vo (E) m Vo—(1/4) E,

which is close to that usually employed in the nuclear
optical model and which we obtained from analysis of
the E dependence of the optical potentials for differ-
ent pairs of clusters, 338

In Ref. 41, an equivalent local potential was ob-
tained for the bineutron-bineutron system for the
Brink-Boiker NN forces, which contain repulsion at
short distances. The obtained equivalent local potential
was found to be very close to the one described above
for the equivalent local potential between clusters was
noted by Tamagaki® in an investigation of the aa sys-
tem. This property is apparently a general property of
cluster systems. In Ref. 41, the S-wave phase shift
was also calculated for the obtained equivalent local
potential of the bineutron-bineutron system, and the
result is in reasonable agreement with the results of
exact calculations in the resonating-group method for
the same system.?? In calculations by the Buck-Perey
method, no allowance is made for the Perey suppres-
sion factor. It can be estimated in accordance with a
simple formula obtained for potentials of the type (75)=
(78) by Fiedeldey™; A(p) ~ exp[~(mp*/8#°)V,], which for
our system gives A(p)~0.8 near p=0, Therefore, the
suppression factor can be ignored in our case in a first
approximation,

4. APPLICATION OF THE FORMALISM OF THE
FADDEEV EQUATIONS TO A SYSTEM OF THREE
COMPOSITE PARTICLES

We point out first that a system of three composite
particles is a convenient model for the entire theory
of direct nuclear reactions, in which one or even two
particles can be elementary (for example, in dp reac-
tions), or all three particles composite [for example,
in reactions of the type ("Li, @) with lithium ions]. In
addition, light nuclei such as °Li, °Be, !’C, *Mg, and
others can be handled with great success in the frame-
work of a three-particle model of the type ®Li— anp,
°Be-aan, *C-3a, etc., where at least one of
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the particles is composite. And if the discrete spec-
trum in such systems can also be calculated by means
of variational methods, the most reliable basis for
treating a structurally rich continuum (and quasidis-
crete spectrum) is provided by the Faddeev integral
equations, which have already been used more than
once for this purpose, "

Review of Results so Fay Obtained. We note first
of all the pronounced discrepancy in this region be=-

~tween the generality of the proposed three-body ap-

proaches (generalized Faddeev equations) and the ex-
tent to which they can be realized in practice. In this
respect, the problem of three composite particles lags
far behind the three-nucleon problem, in which vir-
tually all the so far proposed methodological treat-
ments have been exploited in practice and there are in
addition several three-particle calculations with com-
plete allowance for all the physically important states
of the 3N system and all components of the NN poten-
tial (up to angular momentum value J=2),%

In the problem of three composite particles, all the
necessary generalizations of the three-particle for-
malism have been implemented theoretically. In par-
ticular, in the first of the papers of Ref. 71, modified
Faddeev equations are derived with allowance for the
complex form of the interaction potential between the
composite particles (i.e., allowance is made for the
imaginary part of the two-body interaction potential).
Subsequently, Lovas'' generalized the three-particle
equations to take into account internal excitations of the
composite particles (for example, excitation of the tar-
get in a dp reaction). Interesting three-particle effects
then arise that are associated with the excitation and
de-excitation of the core (or simply the composite par-
ticles participating in the reaction) in the intermediate
states.

Finally, the last important missing link—allowance
for the Pauli principle in the system of three composite
particles—was supplied in Refs, 28 and 79. Here too,
we encounter specific three-particle effects such as
deuteron disintegration only “subject to the orthogon-
ality condition.” However, the level of practical ap-
plication of the three=-particle model of nuclear reac-
tions remains relatively “low,” corresponding to the
level in the three-nucleon problem in the middle of the
sixties. We shall here devote our main attention to
allowance for the Pauli principle in a system of three
composite particles.

The standard approach with the Faddeev equations
consists of using separable potentials, which are con-
structed with the same Yamaguchi-type form factors
as for the NN interaction, the parameters being fitted
to the experimental phase shifts, This approach is a
mechanical generalization of the formalism developed
for 3Nsystems, but, although simple, does not appear
to us to be physically justified, since, as we have shown
above, the interaction of composite particles is to a
large extent determined by the Pauli principle and the

®n particular, in Ref, 100, a system of (18) (!) two-dimen-
sional (!) Faddeev equations was solved.
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corresponding exchange effects, and the nature of, for
example, the aa potential is not similar to that of the
NN potential, Nevertheless, a considerable number of
calculations of light nuclei have already been performed
on the basis of this formalism, The general scheme

is as follows. In the partial waves in which there are
near-threshold bound states or resonances of the two-
particle subsystems, ordinary separable attractive
potentials (of Yamaguchi type) are used. We give ex-
amples:

n(p)e in the states Py, P, 5;

‘H(*He)a inthestates Py, Fypa, Frj;
[-1:4 in the states D,, @, ,
etc.

In the partial waves in which there are no such def-
inite near-threshold singularities of where the phase
shifts “change sign,” a separable repulsive potential
is taken. Here are some typical examples:

n(p)a in the state S ,»;

*H(*He)@ in the states with even orbital angular mo-
menta S, D, etc,

The same applies to the application of the formalism
of the Faddeev equations to the investigation of three-
particle models of direct nuclear reactions of the dp
type, ! in which an approach of this kind is used to
describe the interaction of a nucleon with a core nu-
cleus. It is therefore not surprising that the general
nature of the nuclear spectra found in such an approach
(for typical three-particle nuclei such as °Li, °Be, 12C,
ete.) is similar to what is found in variational calcula-
tions with local interactions containing a local repulsive
core, ™

Figure 7 shows the spectrum of the levels with 7'=0
of the best studied nucleus 'EC, calculated on the basis
‘of the Faddeev equations in the 3a@ model for aa po-
tentials with and without a repulsive core but with the
introduction of an orthogonality condition on the aa
scattering wave function (for a more detailed discus-
sion of the applicability of the 3 model to the '*C
nucleus, see the following section), It can be seen
clearly that the standard (i.e., NN-like) approach to
this problem leads to a spectrum that is “contracted”
compared with the experimental spectrum. The rms
radius of the nucleus is also overestimated. This
means essentially that the repulsive core incorrectly
simulates the effect of the Pauli principle in such sys-
tems, and that a more adequate approach is needed,
which, for example, should take into account the con-
ditions of orthogonality to the two-particle forbidden
states in the formalism of the Faddeev equations.
However, Feshbach’s well-known technique of orthogo-
nal projection (used by Lovas')) does not lead to a
simple scheme of rearrangement of the equations., The
difficulties here can be best understood by attempting
to write down the Faddeev equations in which the two-
body interaction is described by the orthogonality=-
condition model (26) and (27).

In an attempt to avoid these difficulties, it was sug=-
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FIG. 7. Comparison of the spectra of the 1°C nucleus in the
3a model found in different approaches. First on the left is
the experimental spectrum of the T=0 levels of the nucleus
12¢; - second on the left, the standard variational calculation
with local Ali—-Bodmer a« potential, which contains a repul-
sive core with large radius (the calculation was made by the
method of K harmonics); third from the left, the standard ap-
proach with Faddeev equations with separable Yamaguchi po-
tentials%; third from the right, Faddeev equations with os-
cillating separable aa potentials leading to approximate or-
thogonality of the continuum functions to the forbidden aa
states; second from the right, completely mieroscopic calcu-
lation in the generator-coordinate method; extreme right,
semiempirical orthogonality-condition approach.

gested that one should.use oscillating separable poten-
tials based on the shell wave functions and describing
not only the experimental phase shifts but also the
shell structure of the radial scattering wave functions
in the inner region., In other words, the oscillating
separable potentials give scattering wave functions that
are approximately orthogonal to the wave functions of
the occupied states of the system. Such potentials were
constructed in Ref. 72 for all pairs of light clusters of
the type ’He, td, etc., and it was shown’® that such
potentials have numerous attractive features which
distinguish them from the purely phenomenological
constructions frequently used for the same purposes.
In particular, these potentials include few free para-
meters, while the remaining parameters are taken
directly from the shell model." This, in its turn,
makes it possible to relate the potentials for different
partial waves, different spin-isospin states, and even
for different particles; in addition, without any cal-
culations one can predict the general nature of the
phase shifts and, in particular, the values of the energy
at which the phase shifts are equal to zero or n 7, n
1117 S

In the following years, these oscillating separable
potentials were used in the solution of the Faddeev
equations for the 3o system,*™ in which it was shown
that the energies of the two 0* states of '2C correspond
very well to the experimental values, The structure
of the '’C states was investigated in such an approach
in particular detail by Tamagaki and Fujiwara.® They
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took into account all the important partial waves and
found that the spectrum of the low-lying states of the
carbon nucleus (0%, 2%, 4*, etc.) correspond very well
to the experimental situation (see Fig, 7). It can be
clearly seen that the more correct allowance for the
Pauli principle immediately leads to the correct nature
of the '’C spectrum, In addition, Tamagaki and Fuji-
wara showed that such an approach also leads to a sat-
isfactory description of the structure of the low-lying
states of the nucleus '’C with T=0. Nevertheless,
their calculations showed that the wave functions of the
low-lying states have appreciable admixtures of for-
bidden states, which is due, in all probability, to the
fact that the oscillating separable potentials take into
account only approximately the requirement of or-
thogonality to the occupied states and this requirement
is violated at an appreciable distance from the mass
shell, Therefore, for subsequent investigations it is
necessary to modify the three-particle equations so as
to make their solutions strictly orthogonal to the wave
functions of the occupied states in each two-particle
system and, in addition, to eliminate the corresponding
forbidden virtual transitions in all intermediate states.

Faddeev Equations with Orthogonalizatlion o the Two-
Particle State. Thus we can consider a system of three
composite particles with two-body interactions des-
cribed by potentials V; with the orthogonality condition
T',¢=0. The projection operators I'; are now infinite-
dimensional and can be expressed in, for example, the
coordinate representation in the form

Ti= > " ()™ (r}) & (pi —pi)s

where r;=r,, and p; are Jacobi coordinates, and the
sum over z is over all forbidden states. Further, we
introduce the orthogonalizing pseudopotentials_; |4 e
=V, +\,T,, the pseudo-Hamiltonian A=H,+ V; +V;
+ 7, and the corresponding Green’s functions:
G=(E—H)yY Gi=(E—Hy—V)™", i=1, 2, 3.
Using the standard identities
G=Gy+G VG V=V,+VatVs Gi=GC+GV G
and the Faddeev reduction,” we obtain a modified sys-
tem of Faddeev equations for the Green’s functions®®:

= &dl+§(2)+f;‘(:h;
gl B gy &4 } (80)
GO =GV (Gy+ GG,
where the components G’ are determined by the equa-
tion

GO =G,V G.
In the system (80), we now go to the limit \; ~, using
the relation

1nm G (M V(M) =GV —GT (TGT)' Ty, (81)

[G-‘ is defined by the expression (37)]. If we now apply
the projection operator T, to equation i of system (80),
we obtain

DG = — Ty (G, + G + G™)

or
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IG=0 as A — oo,

1=1,2, 3.
Similarly, we can show that GT';=0 as \; =,

Thus, the derived system of Faddeev equations has
solutions strictly orthogonal to the forbidden states in-
cluded in the projection operators I';. Note that if
there are no forbidden states in pair i (for example,
when the two particles j and % are nucleons), one must
take »;=0. Thus, the system (80) includes the most
general case of three composite particles.

I_‘E is also important to add that if all A; -, then TG
=GI'=0, where T is the fofal projection operator de-
fined by the conditions

F,~I‘ = FI‘E = Fi; n=r.

And since the different I"; do not commute with one
another, the total projection operator I' is an infinite
series of products of the projection operators I';, T},
and I',, with which it is very inconvenient to operate.
The method described here enables one, as follows
from the above relations, to obtain orthogonalization
without using the total projection operator.

Using the system of Faddeev equations (80) for the
Green’s functions, we can now readily derive the Fad-
deev equations for the wave functions by means of the
well-known relation for the total projected wave func-
tion

§ —lim ieG (E +ie) @,
e-0

which, like the total Green’s function, is orthogonal to
all the forbidden states included in I';. For example,
for scattering of particle 1 on the bound state (23), we
find

Fo=0 B 8

U = Dy + GV () + H(), }
where the function of the initial state &;=&,(k)5(p, -
p}) must be an eigenfunction of the channel pseudo-
Hamiltonian H, (i.e., with allowance for the orthogon-
ality condition) as X -,

82)

These three-particle equations are suitable not only
when the two-particle interaction is represented by
oscillating separable potentials, but also for optical
potentials with forbidden states. In this last case,

GI — GE— ‘E_‘] % ]
i.e., the orthogonalized Green’s function G, is equal
to the original Green’s function G; with subtraction of
the spectral terms that correspond to the forbidden
states with energy E7. At the same time, it is easy
to show that the correction due to the orthogonaliza-
tion to the kernel of the Faddeev equations is

AK; =GV — GV, = E |of (9}

vy ;
& (m+ 1) 8 (pi—pi)-

The Faddeev equations (80) and (82) written above for
the scattering of three composite particles were pro-
posed in Ref, 7 for eigenstate projection, i.e., when
the forbidden states are eigenstates of the optical
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Hamiltonian, and in Ref, 28 in the more general case
of noneigenstate projection, including oscillating sep-
arable potentials (see also Ref. 27).

Equations for deutervon reactions. When one of the
particles is infinitely heavy, for example, mz=, it
is convenient to use a different scheme of Faddeev
reduction proposed by Baz, and also by Dodd and
Greider.™ A three-particle model of this kind can be
conveniently used for integral description of direct
nuclear reactions involving deuterons. Forbidden
states are present only in the pairs 13 and 23, and the
projection operators I'j; and I'y; commute. We now
use a decomposition of the form

6= 6o+ 61461,
corresponding to the Hamiltonian
Vs=Vys+Vas. (83)

We introduce a pseudo-Hamiltonian with V3= V3 + V53
and after the Faddeev reduction corresponding to the
decomposition (83) we obtain the modified system of
Faddeev equations

H=H,+Vu+V,,

B= Gyt G0+ G,

?dzl =~6‘1~ng (Go 1-5‘3')'. (84)
Gm' i GaVs (Go +G(121)‘

where
v =GV Gy G =GV oG-

As in the case of (81), one can show that

lim Gy (h) Ty (M) =G5V —Go (TG,T) T, (85)

where I'=T'; + I'y3 = '35 is the total projection oper-
ator. Applying the operator T to the second equation of
(84), we obtain

lim I'G =1im 6T =0

j— h->00
.and

T G=0, TyulG=0 as

A — o0,

i.e., we again have the required orthogonality of a
total Green’s function to the forbidden states in the nu-
cleon-nucleus subsystems. One can now show'" that

©

Gy (B) =5 | 213(e) gus (E—2) e,

i.e., the Green’s function of two noninteracting par-
ticles in the field of the core is given by the convolution
of the two single-particle Green’s functions (a detailed
discussion of the ways of calculating this convolution is
given in Ref. 78). Similarly, we can readily find

oo

Gy (B) = | Bs(®) s (E—e)de

and, projecting onto the eigenstates of the subsystems
13 and 23, i.e., using an optical potential with for-
bidden states, we obtain

G3=(1—Ty) (1 —Ty3) G3=(1—T) Gs.
In this case,

lim Gy (b) V3 (A) =G,V —T.
Ao
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Further, in the standard manner one can readily derive
the projected equations for the wave functions (for
details of the derivation, see Refs. 7, 28, and 79) and
find the correction terms in the kernel that are en-
entirely due fo the effect of the Pauli principle, The
correction is AK = T,(G; = G;), where Ty, is the scat-
tering matrix of particles 1 and 2. For eigenstate pro-
jection, we find

AK = —Ty, [Z 1975) {Pis| B2a (B — ETy)

+(122)_2 |‘P’l‘§ﬂ§;ﬁ%{£‘ﬁl E
n.m

Equations for scattering of a nucleon by a bound state
of a nucleon and a nucleus can be derived similarly.

5. THE '2C NUCLEUS AS A 3¢ SYSTEM WITH
FORBIDDEN STATES

Oscillator Basis for Three-Boson System “Purified”
of Forbidden States. It is well known that there are two
different approaches to the three-body problem; these
are through the Faddeev equations and the variational
method. In the preceding section, we have discussed
the modification of the Faddeev equations for three com-
posite particles; in this section, taking the example of
the '2C nucleus, we discuss the second approach, re-
garding 2C ag a 3a system. As variational basis, we
use the oscillator basis of the translationally invariant
shell model, and we choose the two-body a« interaction
in the form of an optical potential with forbidden states.

Attempts to treat the I"C nucleus (in the ground state
and low-lying states with 7'=0) as a 3o system were
frequently made quite some time ago (see the review of
Ref. 80), but in the overwhelming majority of investi-
gations the Pauli principle in the o« interaction was
taken into account too crudely by the introduction into
the potential of an L-dependent local repulsive core,
Naturally, none of these potentials leads to a correct,
from the microscopic point of view, wave function of
the relative motion in the oo subsystem.

Although the 3a model of the 12C nucleus does not take
into account a number of factors (triple exchange
forces, spin=-orbit interaction in the system of 12 nu-
cleons, etc.) it is still of interest to use optical po-
tentials with forbidden states in the 3a system and con-
sider how they reproduce the true interaction off the
mass shell, whether they give a reasonable value for
the binding energy, and so forth,

A specific feature of the use of a complete basis of
the translationally invariant shell model in our case i
is that it must be “purified” of forbidden states with
respect to each pair of particles. This not entirely
elementary requirement can be readily taken into ac=-
count with precisely the oscillator basis, in view of
the facility of recoupling of the particles that it ad-
mits. Here, we consider the simplest case of the
construction of a projected basis of the translationally
invariant shell model corresponding to the assumption
that the forbidden states of the two-body aa Hamil-
tonian are approximated by oscillator wave functions.
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The best approximation of the wave functions of the
forbidden states is attained at the value fiw=22.5
MeV of the oscillator parameters, which was used.

In accordance with Refs. 81-84, we shall label the
states of the basis of the translationally invariant shell
model for three composite bosons by the quantum num-
bers N, [f], (Aun), K, @, L, M, Since the ’C nucleus in
the shell model has lowest configuration s*p®, we re-
strict ourselves to the set of states with total number
N =8 of oscillator quanta. The permutational sym-
metry [f]=[3] of the o particles imposes the follow-
-ing restrictions® on the number K=\, A=2,A=4,. ..,
1or 0: K=0{mod 3}; if K=0, then yu must be even,

A complete list of the basis vectors of the trans-
lationally invariant shell model for N <12 is given
in Table I, However, not all states with N= 8 are
free of forbidden components, which can be construc-
ted as follows. We multiply the oscillator function
| ntm (7)) of the forbidden state (nl= 00, 20, 22) of the
aa subsystem with coordinate r=r;;=r; = r; of the
relative motion of the two o clusters by some oscil-
lator function |N -n, AM,(p)), which depends on the
second Jacobi coordinate p=p;=(1/2)(r; + ;) = r3.
Using the Clebsch—Gordan coefficients for SU(3), we
construct from these products states with definite
SU(3) symmetry (Au):

In, N—n(h)QLM) -
= 3(n0) L(V —n, 0) A|(Mp) Q) [l (), N—nA (pg): Ly, (86)

If #=0, then one can have only (Au) =(NO). If n=2,
one can have (Ap)=(NO), (N=2,1), and (N =4, 2),
We now symmetrize the vector (86) with respect to
permutation of the o particles. Since the vector (86)
is symmetric under the permutation P,,, the symme-
trization operator S takes the form

S=1+ P+ Py
and for the function of the forbidden state we obtain
the expression

|A=3N[3] (M) QLM = (L/W) S|n, N—n(hp)QLM), (87)

forl
where the normalization factor can be expressed by
means of the results of Ref. 83 in the form
W2=3[14-2(n, N—n(Ap) QLM |Py3|n, N —n (hu) QLM)

=311 4+2(—1)" " DiZypz, nonpz (20/3)). (88)
The condition of orthogonality of a symmetric function
Py to the function (87) has the form

($rarlA=3, N [3] (hp) QLM)

=(3/W) (Yrain, N—n(Ap)QLM)=0, (89)
TABLE I.
2:3?:}0'- Total set of states Allowed states
0 (00) o
2 (20) =
3 (30) =
4 (40)(02) -
bt (50)(31) =
] (60)3(22) —
7 (70)(51)(32) —
8 (80)2(61)(42)(04) (04)
gl (90)2(71)(52)(33) (33)
10 (10.0)2(81)(62)2(24) (62). (24)
11 (LLO)3(41)2(72)(53)(34) (91). (53). (34)
12 (12,0)3(10.1)(82)2(63) (12.0)(82)(63)
(44)(06) (44)(06)
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where » <2, and the quantum numbers N(\u)8 take
all possible values, Since the transformation (86) is
unitary, we can write

(Prar|nl (ri2), N—nd(pg): LM)=0, nl=00, 20, 22. (90)

Here, the values of N—nand A are arbitrary, and we
therefore obtain the condition

(racInim (r))=0, nl=00, 20, 22. (91)

By the symmetry of the function ¥, under permutations
of the o particles, the condition of orthogonality to the
bound states of the three-particle system (89) reduces
to the condition (91), in which there is only the single
degree of freedom r =r;; with fixed numbers of the «
particles.

Direct calculation shows that for N = 8 all states (87)
with =0, (Au)=(NO) or n=2, (A)=(NO), (N-2,1),
and (N =4, 2) are linearly independent nonzero vectors.
From this we obtain the following procedure for con-
structing the projected basis of the translationally in-
variant shell model “purified” of the forbidden states.
For each N, we must construct the total basis Py 4 of
the model, construct the complete set of forbidden
states (87), and, finally, orthogonalize the basis state
Py With respect to the forbidden states by, for ex-
ample, the Gram-Schmidt procedure. The overlap
integrals of the original basis vectors ¥, with for-
bidden states are given by Egs. (89) and (90). Con-
cretely, for the nucleus 2C the procedure we have des-
cribed leads to the following results. In the ground
state, this nucleus has spin 0*, and therefore its wave
function can contain only vectors of the translationally
invariant shell model with even N and pu. Therefore,
for fixed N, there are three types of linearly indepen-
dent vectors of forbidden states, namely,

two sets of vectors with p=0, } (92)
one set of vectors with p=2.
All vectors with u>2 are allowed, and therefore in
practice the procedure of orthogonalization to the for-
bidden states described above need be carried out only
for the vectors of the basis of the model with =0 and
2 (see Table I).

From the condition (91) there follows a further pos-
sibility for projecting the forbidden states in the three-
particle system. It reduces to diagonalization on the
total basis of the translationally invariant shell of the
operator P=P, + P, + P;, where P;, P,, P; are the pro-
jection operators on the forbidden states for the degrees
of freedom ry,, ry;, ry;;. Because of the symmetry of
the three-boson states under permutations of the part-
icles, it is sufficient to diagonalize part of the oper-
ator P, for example,

Py = |00) (00] -- |20) (20| + |22) (22]. (93)

The allowed states correspond to the zero eigenvalues
of this operator. It is clear that this last approach can
also be applied to systems of four or more « clusters.
It also makes it possible to generalize the projection
procedure to the case when one uses, not oscillator
wave functions, but functions of a more general form.

There are other methods for separating allowed and
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forbidden states in a system of three (Ref. 2) and four
(Ref. 85) a clusters, and also for other many-cluster
systems based on study of the properties of the eigen-
values and eigenfunctions of the three-cluster (and
more complicated) overlap integrals similar to those
considered for two-cluster systems., For the 3a sys-
tem, they lead to the same results as were described
above.

We now turn to the results of actual calculations.,

Levels of the C Nucleus in the 3a Model with For-
bidden States. In the variational calculation of Ref. 5,
the trial function was a linear combination of allowed
basis vectors of the translationally invariant shell
model:

imax

Yal = ¥ Ci|A=3N [3] (Ap) ©LM ) altow . (94)

T

Here, the subscript ¢ labels the complete set of quan-
tum numbers of the translationally invariant shell
model: {N, (Au), w}; imax is the number of the vector
at which the basis is “truncated.” The unknown co-
efficients C; and the energies E of the levels are ob-
tained by solving the system of linear equations

(9/9CT) (Wigiat | H — Epreiat) =0, =1, 2, ..., imax (95)
and the corresponding secular equations.

The two-body aa interaction in the Hamiltonian H has
the form (see Sec. 3)

Vaa (r) =Vo{1l4exp [(r—ro)/al}™ + Veou (r), (96)

where Vy=-125 MeV, #;=1.78 F, and ¢=0.66 F,
Note that in this calculation it was not possible, in
contrast to the usual case, to vary the parameter, fiw,
since it was fixed in advance (fiw =22.5 MeV) by the
condition of best approximation of the forbidden states.
Therefore, the class of trial functions (94) in such a
.calculation is less flexible than in the usual variational
calculations on an oscillator basis. As a result, to
obtain good convergence it is necessary to use a basis
of sufficiently large dimension. The calculation was
made up to Ny =24 (a 68 x 68 matrix was diagonal
ized). The energy of the 0* ground state and the posi-
tions of the first two excited 03 and 0; states were de-
termined:

E

= —15.06 MeV; Eg = +9.42MeV; E=1175MeV.  (97)

For comparison, we made a calculation of the 3a sys-
tem with the interaction (96) on the complete basis of

the translationally invariant shell model (i.e., without
orthogonalization to the forbidden states) and obtained

Ej = —217.3 MeV;  Ej = —1669.MeV;  E,

03

= —116.9 MeV.
(98)

Thus, orthogonalization to the forbidden states in
the absence of repulsion in the aa potential does in-
deed keep the 3a system from collapse. This fact once
more confirms our basic assumption that there is no
need fo introduce a repulsive core in the aa interac-
tion,

It can also be seen that the scales of the kinetic and
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potential energy in the 3o system are large. In com-
parison with these scales, the obtained overestimation
of the '2C binding energy by 7.8 MeV" can be regarded
as a relatively small deviation if one bears in mind
that the model is only a “first approximation, ” since
it does not take into account the following aspects.

1. The '2C nucleus in the ground state evidently has a
structure intermediate between shell and 3a~-cluster
structure. Orthogonalization to the two-body for-
bidden states takes into account only the contribution
from the two-body exchanges of identical nucleons
from different o particles, but triple exchanges must
also make a contribution in the 3a system. This leads
to a renormalization of the aa interaction in the 3a
system,

2. As calculations in the resonating-group method
show,! the interaction between the a clusters associa-
ted with the two-body exchanges is nonlocal and energy
dependent. The potential (96) is equivalent to such an
interaction in the sense of describing the phase shifts
and the fact that certain states are forbidden. How-
ever, we do not take into account the energy dependence
of the potential. Therefore, the { matrix for the po-
tential (96) may still differ from the { matrix for the
“true” nonlocal interaction,

3. If we are guided by the nuclear shell model (ac-
tually, this corresponds to the central region, where
the eensity of nucleons is high), then with high prob-
ability the '2C nucleus contains, as virtual, a parti-
cles in excited states,®® which can, for example, be
in the 2S5 state of relative motion, etc., i.e., they
must be treated in a special manner. However, the
calculations of Jackson ef ql.® show that their con-
tribution to the binding energy of the 2C nucleus is
small,

Thus, the “second approximation” must take into
account the effects listed under 1)-3).

With regard to the excited 0; and 03 states, they
probably have an a-cluster nature. This conclusion
is in agreement with the results of microscopic cal-
culations,% which clearly indicate that the 2C nucleus
in the 03 state is a vibrating chain of « clusters.,

We have considered here only the 0* levels of the '*C
nucleus. A similar scheme (on the basis of the or-
thogonality-condition model described in Sec. 2) can
also be applied to the states with different angular
momenta™®! and gives a good description of all the
levels of the *C nucleus with excitation energy below
15 MeV, at which breakup of the o clusters commen-_
ces (see Fig. T). The results of these calculations
are also in good agreement with the exact calculation
in the resonating-group method. **

CONCLUSIONS

We mention here possible uses of the theoretical
schemes described in the review. First, they can be

DNote that calculations with an aa potential containing a re-
pulsive core usually lead to a strongly underbound 1°C nu-
cleus.%
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used for different nuclear reactions at comparatively
low energies in three-cluster systems, e.g.,
6Li(ad)®Be, *Li(t, d)"Li, *O(°Li, d)**Ne, which are not
accompanied by rearrangement of the clusters them-
selves but are characterized in the diagram descrip-
tion by a complex play of different mechanisms. ST
our scheme, they must be described by modified Fad-
deev equations. There is a possible simplification®
associated with the use of a sum of oscillating separ-
able potentials’ for each pair of clusters. For ex-
ample, for the pair af bound states and resonances are
present in the channels P, (j=3/2 and 1/2) and

"!F,(J="7/2 and 5/2). Here, we can also include the
problem of investigating resonance states in the 3a
system, for the solution of which the first useful steps
have been taken.® True, a certain admixture of for-
bidden states remains,?

Further, we can mention the stripping reaction (d, p)
on light nuclei in the region of comparatively low en-
ergies 3—10 MeV with capture of a neutron in single-
particle levels [for example, '2C(d, p)'*C*, E* =3.09
MeV, 2s is the level of the nucleon]., Here, there is
every reason to expect a non-Bohr mechanism of a
direct nuclear reaction (significant contribution of
many ladder diagrams), i.e., a three-body approach
is necessary.s’5 Similarly, one must consider at rel-
atively low energies the inelastic processes (p p’) or
(n,n’) on the nuclei *Be, *C, and '"O with excitation
of single-particle levels.

It is of interest to consider the structure of light nu-
clei such as ®Li-*Be-°He, *Be-°B, etc., as systems of
three bodies with known a@a and azn interactions for
which one can use either the modified Faddeev equations
or the projected variational basis of the type described
in Sec. 5, but for particles with different masses.
Certain steps in this direction have already been
taken.” As we see, there are quite a number of nice
problems of nuclear physics in this field,

Finally, interesting possibilities are opened up by the
application of these ideas to the NN problem. Namely,
it is entirely possible that in the NN interaction there
is no repulsive core, but instead a node of the wave
function.” One can imagine what kind of interaction
between quarks leads to such a result,” predict qual-
itatively the spectrum of excitations in the NN system,
calculate the AA admixture in the deuteron,® the form
factors of electron scattering by the deuteron,” and
so forth.
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