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Path integrals in collective fields are used to reformulate various models of field theory (nonrelativistic
nuclear many-particle model, Abelian gauge theory of massless quarks and gluons, two-dimensional

quantum chromodynamics). Observable bound states are taken as the collective fields. The first and
second variations of the collective actions give equations for the fermion and boson spectrum of the

theories. New diagram rules of perturbation theory are obtained.
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INTRODUCTION

Path integrals'™® are widely used in nonrelativistic
many-body physics and in relativistic quantum field
theory, including its use for quantizing non-Abelian
gauge theories.® In particular, these integrals give a
natural generalization to field theory of the quasi-
classical methods of quantum mechanics.®

The functional (path integral) technique becomes
especially effective in the investigation of collective
phenomena for which the ordinary methods of per-
turbation theory are inapplicable and must be modified.
This is the case, for example, in descriptions of col-
lective oscillations in a superconductor,® plasma oscil-
lations of electrons interacting through Coulomb
forces,” or collective motions in a nuclear many-
nucleon system.?

In relativistic field theory, path integrals can be
used for the transition from the local quark-gluon
theory to a completely equivalent field theory formu-
lated in terms of observable hadrons,®® which are
interpreted as collective degrees of freedom. An im-
portant feature of the method considered here of using
path integrals in collective fields is the transition to
new dynamical degrees of freedom, which, as a rule,
are characterized by different quantum numbers. In
the majority of cases, the introduction of the collective
degrees of freedom considerably simplifies the treat-
ment of many-particle systems. This comes about
because the major part of the interaction between the
fundamental fields of the theory can be included in the
collective modes, so that the residual interaction can
be treated perturbatively.

The functional technique is particularly convenient
for deriving the Feynman rules of the modified per-
turbation theory which includes the collective excita-
tions of the system as basic fields of the theory (for
example, plasmons in an electron gas, surface and
pairing phonons in a nucleus, mesons and diquarks
in quark-gluon theory).

The aim of the present review is to demonstrate the
effectiveness of the use of functional methods for de-
scribing collective degrees of freedom in different
branches of modern physics., For clarity, the methods
are demonstrated in simplified models (see Secs. 1
and 3). For better understanding, we briefly list the
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main aspects of the method of functional integration in
collective variables, Our point of departure is a
Lagrangian of fermions with a two-particle interaction.
Such an interaction can arise, for example, through
exchange of fundamental particles (gluons). This two-

‘particle interaction (of fourth order in the fermion

fields) is then linearized by the introduction of col-
lective (boson) variables. For particle-hole (quark-
antiquark) excitations, real fields, which are bilocal
in relativistic theory, are used. Particle-particle
excitations (diquarks) are described by complex fields.
Integration over the fermion variables gives finally a
new “effective” action in terms of collective fields,
which (to a high degree) is nonlinear and nonlocal.
From the prinicple of least action, we then find
“classical” equations of motion of the collective
fields.

These equations coincide with the Schwinger-Dyson
equations''*'? for the fermion Green’s functions in the
lowest nontrivial approximation of perturbation theory.
The collective action is then expanded around the
classical solutions. The second-order term gives the
Bethe-Salpeter equation in the ladder approximation,
which determines the free collective (boson) excita-
tions. Finally, a modified perturbation theory is
derived in terms of the collective fields (loop ex-
pansion),

In Sec. 1, this method is applied to a schematic model
of a nuclear many-particle system with pairing and
particle-hole forces. As will be shown below, the
functional method gives a rigorous justification (with-
out the use of perturbation theory) of the so-called
nuclear field theory,'*"*¢ which has hitherto been de-
rived heuristically. Naturally, the corresponding
graphical rules of nuclear field theory are obtained.
In the framework of this model, one can readily study
various many-particle effects, for example, phase
transitions and concomitant phenomena. In addition,
this method reveals some interesting connections be-
tween collective excitation modes in phase transitions.

In Sec. 2, we describe the Abelian gauge theory of
interacting massless quarks and vector gluons. In this
model, the radiative corrections result in dynamical
spontaneous breaking of the chiral y, invariance.

Finally, in Sec. 3, we investigate the two-dimensional
non-Abelian gauge theory of colored quarks and gluons,
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which is known as quantum chromodynamies. It is
demonstrated in this model that local quark-gluon
theory can be transformed into an infinite~component
nonpolynomial field theory in terms of colorless bound
states-mesons. The modified perturbation theory
arises in the form of a 1/N, expansion (N, is the num-
ber of colors), which is formally very close to the 1/Q
expansion (2 is the degeneracy of the single-particle
levels) in nuclear field theory,

1. SCHEMATIC MODEL FOR NUCLEAR
MANY-PARTICLE SYSTEM

We begin by applying the functional technique to the
nonrelativistic many-body problem. The effectiveness
of the functional method can be demonstrated fairly
clearly in a simple schematic model of the nucleus,®
This comparatively simple model reflects the charac-
teristic features of the nuclear many-particle sys-
tem.'” In addition, it reveals interesting relationships
between different phase transitions in nuclei (super-
fluid phases, deformation of the nucleus).

This model makes it possible to explain in a simple
manner the basic features of a new type of field theory;
this is a field theory for composite fields and is known
as nuclear field theory (Refs. 13-16, 19, and 21).
This theory correctly describes the interaction be-
tween elementary and composite (collective) fields.

It also overcomes all the problems associated with the
identity of the fermions occurring simultaneously in
single-particle and collective excitations (Pauli
principle). In recent years, nuclear field theory has
been successfully used to study the physics of nuclear
structure,':22:23

Model and Method. We consider a model consisting
of N fermions distributed over two single-particle
levels, each of which has degeneracy 2Q2=N. The
single-particle levels are separated by the energy €.
The state of the particles is characterized by the
quantum numbers (0, 72), where the index ¢ takes the
two values 0==1 and 1 for the lower and upper level,
respectively, and m denotes the degenerate states in
each level. The fermions interact pairwise through
monopole forces [particle-hole and particle-particle]:

H=Hg,+Hy; Hsp=t 3 0ahotme/2; }

o RS (1)
Hyy= —k(P*P+ PP")/2—p (A -+ A*),
where
Pt =) ahotty A*=2ah, O, -1 (2)
mao m

The operators 4, and a,, create and annihilate a
particle in the state (0, m), respectively. By definition,
| (9, m)) =T| (o, m)), where T is the operation of time
reversal. In the unperturbed ground state | 0), the
lower level is filled (the N fermions occupy the 20
substates of the lower level), the upper level is
empty, and

8| 0) =ap, —1]0)=0. @)

Since our system can undergo a phase transition to a
superfluid ground state, one could include in the
Hamiltonian (1) the term —AN in order to guarantee

445 Sov. J. Part. Nucl. 10(5), Sept.-Oct. 1979

conservation of the particle number N on the average.
However, in the considered model the chemical po-
tential A can be set equal to zero.® If we include
Hartree-Fock self-energy contributions arising from
H;y, in the renormalization of the single-particle en-

ergy £=(€+2p+£)/2, we can rewrite the Hamiltonian
in the form

H=8) 00h00ms—k: P*P:—p: (44 A%, (4)
mag

where the normal product (denoted : :) is defined rela-
tive to the Hartree-Fock ground state (3).

The generating functional for the fermion Green’s
functions of the system is given by the path integral
Z, n1=N j DaDa- exp| i g LA ACER CERA (5)
where ‘
L1 (0)=2oana (1) (101 —08) g (8) +-k: PP i+ p: (A+a%):  (6)

is the Lagrangian corresponding to the Hamiltonian (4);
N is an unimportant normalization factor, which is
fixed by the requirement Z[0,0]=1. The fermion op-
erators @,,(¢) and @,4(f) and the external sources

Nme(t) are regarded as anticommuting variables
(Grassman variables), which are introduced in the
Appendix. The integration over the fermion variables
in (5) can be readily performed by linearizing the inter=-
action by means of new dynamical variables (collective
fields).

Using the functional identities (see Appendix 3):
exp i S dip (A+ 4"
=c,jnd:exp[i S dt{—TL(DE(!)+(D(t)(11+A*)}]; (7
exp[i 5 dikp*P |
=cp { DYDY*exp|i S dt {(—(1/k) ¥ (1) ¥ (1) + P (1)+ ¥ (1) P} ], (8)
where &(¢) and ¥(¢) are commuting (Bose) variables,

We represent the generating functional Z[n, '] in the
form

Zin, w'1=N, | Dhow | DO j DYDY

X exp [i S dt {B* (t) Gk () + Q*h (2)
00 (2) Q— (1/F) W* (2) W (¢) — (1/4p) D° (t)}] . ©)
Here, for convenience, we have introduced the matrix
notation

himo = (8mas A5p)i Qo= (Mmoi —M5e)s
Ggor (m; 8, t') =Gy (m; 1) 8 (¢ —1');
(i0;—08) 8gg- + (1—8g07) @ (2); W (1) 6cn:v')

G imitl= (W* () S (i8¢ + 0) Bgr—(1 — 80 D(2) (10)

Integrating over the fermion fields in (9), we obtain
210, @)=, | DO | DYDY exp[i(S(®, ¥, ¥1—Q'GQ), (11)

where the new effective action S depends only on the
collective variables & and ¥:

SI0, ¥, ¥={ at{—1 ¥ ) ¥ ()
‘ —4_19 O (1)—iQur (169 (¢, 1)} (12)

Here, G is the Green’s function of a fermion moving
in the collective fields ®(¢) and ¥(¢). The explicit ex-
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pression for G can be found in Appendix 1. The equa-
tions of motion of the collective fields follow from
variation of the action:

@y (1) = —i2Qptr {((1} g)G(t._ r’)}' 2 (13)
2l L
00
¥, (1) = —iQktr {(1 o) 6, a')}t,ﬂm, (14)
where

s {0 1)
(4

Single-Particle Excitations, We solve Egs. (13) and
(14). For simplicity, we restrict ourselves to the
static solution &, ¥,. In this case, Eqgs. (13) and
(14) reduce to the so-called Hartree-Fock—Bogolyubov
equations.?® Using the explicit expression for the
Green’s function G(t,¢') given in Appendix 1, we rep-
resent Eqs. (13) and (14) in the form

(Du=®05/E; ‘1’0=‘Fu’;’£§ (p=49p, k=0QR), (15)
where the quasiparticle energy is

—VEFELGE
E=VET BT [T (16)

It follows from (16) that &, and ¥, are the energy gaps
arising due to the phase transitions in the particle-
hole and (or) particle-particle channels. Depending
on the values of the coupling constants p and &, we can
distinguish the following cases:

(i) p<e,k<g,&,=¥,=0; the static field configuration
&,=¥,=0 is stable;

(ii) p=E>¢,k<E,®,#0,¥,=0; there exists a phase
transition in the particle-hole channel, and the field
configuration &,=¥,=0 becomes unstable;

(iii) Z=E>¢,p<E,&,=0,¥,#0; there exists a phase
transition of superconducting type in the particle-
particle channel;

(iv) E=p=E>¢,®2+|¥,/*>0; the system undergoes
a simultaneous phase transition in both channels.

One can show exactly that these solutions realize a
minimum of the collective action S[®,¥,¥"] (see, for
example, Ref. 8)." Solving (13) and (14), we can
formulate a modified perturbation theory, which uses
the Green’s function G,=G(®,, ¥,,¥;) as an “unper-
turbed” propagator. For this, we expand the integrand
of the functional (11) around the static solution &

D (1)
O()=0,+® (1) ()= (w) ) : amn
¥ (1)

Then the third term in (12) takes the form (in what
follows, &'=&)*
) S dttr(1gG (t, t)=—iQ S dttr(1gG;Y) (6, )+ 3 Ly (D],

2 (18)

D1n the functional treatment of superconductivity, 8 variation
of the corresponding collective action gives an equation for
the gap analogous to (14). In this case, the Bogolyubov—BCS
theory?%" ig simply the classical limit of quantum theory in
collective variables,

2 Matrix multiplication here includes integration over inter-
mediate times.
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where the term

L.lgl=—iQt dt[ = [G.,(:f _L)]n} ty  (19)

represents closed fermion loops with the emission or
absorption of the collective lines & and ¥. The loop
processes described by the term L,[®] are usually in-
cluded in the free action:

Stree |01 = | dt{— 4 ¥ @O¥(0) = 2P (O} + L [@)- (20)
Thus, .
S [®] = Steee [®] + Sput [@F; Sin [®)= 3] L[] (21)

The free action can be rewritten in the form

Stree (0] = | dedt'® (1) T4 (') @ (¢), (22)
where the propagator of the collective fields

(2, ) =@ () D (")sgree

[{-++)sg.. denotes functional averaging with weight
factor exp(iS p..)] is determined by the matrix

F=—[+ VBV, (23)
where
4 0 0
P= (0 0 Qk) (24)
0 2% 0

is the matrix of coupling constants, and B is the matrix
whose elements are given by loop graphs composed of
normal or anomalous Green’s functions (see Appendix
2). The collective propagator T is identical with the
two-channel amplitude for particle-particle and
particle-hole scattering in the ladder approximation.
This is readily seen by rewriting (23) as an inho-
mogeneous Bethe-Salpeter equation:

T'=—V/2—VBT. (25)
The Euler-Lagrange equation of motion for the free
collective fields &(¢) follows from variation of the free
action

O(t)=—7 Sdt' B, )@t (26)

and is identical with the homogeneous Bethe-Salpeter
equation.

Modes of Collective Excitations. We discuss the
spectrum of collective (boson) excitations. The eigen-
frequencies w, of the collective modes are obtained by
solving the homogeneous Bethe-Salpeter equation (26).
Fourier transformation of (26) gives the eigenvalue
equation

det [1 4V B (0)] =0, (1)
where
B(o)=gZgm b (28)
and the matrix b is defined as (see Appendix 2)
Lo [ BEHITP —4¥iD —4¥,
b=3p ( —4v®, 27 2(E2+az+®ﬁ))
—AV,®, 2(E*re+®) —2Y .

Equation (27) has the roots

o =2VEEF o fAE; 0,=2VE(E—k); wy=2VE T4k,
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where

o= —2[p (24| W, |2) + F (2 + DY)]
£ 2V [p (e2+] Wo [P)+F (22 + O3) 12— 4phe?E? (2, < 0).

Depending on the various possibilities of phase
transitions discussed above, we obtain the eigenfre-
quencies

(i) m,=2m —is a surface vibration;
Wy =0y=2 Va(e——ﬁ) — is a pairing vibration;
(ii) @, =2y, 0= w3=2VEE—F);
(i) 0,=2VE(E—p), 01=0, 0,=2|¥,]:
(w) oy =0, =0, ay=2)DFH[T, [

Case (i) gives the modes (phonons) well known in the
random phase approximation that describe surface
and pairing vibrations of the system with the normal
ground state. If p>¢ and (or) k> ¢, the frequencies

w, become imaginary, which leads to exponential
growth of the wave function (exp(=iw,t)—=). The
probability for a phase transition of the system to a
new ground state containing Cooper pairs and (or)
particle-hole pairs increases infinitely, and the normal
ground state becomes unstable. This picture agrees
with the simultaneous appearance of a gap in the
single-particle spectrum if p>¢ and (or) 2> €. Case
(ii) corresponds to a phase transition in the particle-
hole channel. The frequency of the surface phonons is
twice the gap |®,|. Note that a phase transition in the
particle-hole channel decreases the ratio 2/E(k/E<E/t),
which characterizes the extent to which the pairing
phonons are collective. Thus, the phase transition in
the particle-hole channel removes the collectivization
from the particle-particle channel, Similar results
are also valid for phase transitions in the particle-
particle channel [case (iii)]. However, in this case
there is a solution with zero frequency w=0 (Gold-
stone boson), which corresponds to azimuthal motion
with zero energy in the complex plane of ¥: | ¥ |* =R2,
As is well known, such a solution indicates spontaneous
symmetry breaking in the new ground state (in the
present case, breaking of the conservation of the
particle number). In case (iv), we observe a simul-
taneous phase transition in both channels, which leads
to azimuthal motion with zero energy on the sphere
o2+ | v, [2=R?,

Loop Expansion. We formulate the modified per-
turbation theory, which uses the collective propagator
7 (23) and the quasiparticle propagator G, as “free”
propagators of the theory. For this purpose, it is
convenient to introduce the term ¢j® (j is the source
of the field &) in the exponential of Eq. (11) and write
the generating functional in the form

Z[Q, Q*']=N;exp {i [Sl.ut [i—g}—,]—O*G (¢'u+‘i'§§)o] }
% 5 D® exp {i [Stree [§] + 5 D}—0-

Then the integral over & is of Gaussian type and can be
calculated, which gives

Z1Q. ¢']=N,exp {i[sm[-ﬂ;‘,—,]

8

—Q'6 (@0t 5 ) €] } exp (—if T2l (30)
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Using the identity
P —ia—az)G(.z):[G(—-i%)F(y)BXP(iW)]y;Dn

where F and G are two arbitrary functions, we write
the generating functional in the form
Z1Q, @'1=Neexp[ 3img 5]
; 5 )
X exp [ —1i 6_?\7 G (Oy+ M) 6:\’_+] exp [i{Sint (M)+Q*N —|--N*O}§,_:#’=n}.

(31)
Equation (31) expresses in compact form the Feynman
rules of the loop expansion discussed above. In this
expansion, G(®,+M) and S, (M) are given by open and
closed fermion lines, which emit and absorb collec-
tive lines described by the propagator T (Fig. 1). Note
that in such a picture all the fermion loops of the type
of self-energy corrections are absent. There remain
only fermion loops from S;,, which represent the ef-
fective interaction ®" of the collective fields.

Such interaction terms lead to anharmonic effects in
the spectrum of collective excitations, It should be
noted that the frequencies of the phonons and the mag-
nitude of the gap contain only the scale-invariant cou-
pling constants % = Qk and p=49p, which are assumed
to be fixed. If we bear in mind the fact that the residue
of the collective propagator at the pole w=w, contains
the factor @ [see (29)], we find an effective coupling
constant at the particle-phonon vertex of order Q~'2,
Further, for each closed fermion loop there is an
additional factor £, which arises from the summation
over the index m. Thus, we obtain an expansion in a
perturbation series in 1/Q, which for sufficiently large
values of the degeneracy 2 (or, equivalently, the
fermion number N =2%) converges much better than
ordinary perturbation theory in & and p.

Nuclear Field Theory. In the modified perturbation
theory based on the generating functional (31) (“loop
expansion”), the fermion variables are completely

L 4h

FIG. 1. Diagrammatic representation of the single-particle
Green’s function in terms of the collective fields ®(¢) and ¥ (¢)
(a); some typical loop graphs of order 1/ resuiting from the
expansion of exp(iSint) (b); and diagrams that contribute to the
total single-particle Green’s function (¢). The continuous line
denotes the “free” Green's function Gy =G(®, ¥, ¥{); () is
denoted by the wavy line, and ¥(¢) by the continuous line.
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eliminated. A memory of them is contained only in

the external sources. On the other hand, it is well
known that single-particle and collective excitations
(phonons) are observed in the spectrum of nuclear
excitations. The interconnection between the single-
particl'e and collective degrees of freedom is important
for the low-energy behavior of the nucleus, It is
therefore desirable to have a theory that includes ex-
plicitly the elementary fermion field and the composite
phonon field together with their coupling. The phonon-
particle coupling constant can be determined directly
from experiment (see Refs. 19 and 23). Therefore, in
what follows we shall reformulate the theory in such a
way that the unperturbed basis is given by the product
of the spaces of the quasiparticles (Fock space) and the
collective bound states (space of phonons). This basis
is undoubtedly overcomplete, and the Pauli principle
is also violated. Both these defects are eliminated in
the so-called nuclear field theory (see Refs. 13, 14,
19, and 21). In what follows, we obtain for this model
the Lagrangian of nuclear field theory together with the
corresponding Feynman rules. (The derivation of nu-
clear field theory for the general case is given, for
example, in Refs. 21 and 28.)

We begin by remarking that the collective field ¢
used in the loop approximation is not a.ctually the
phonon field 1tsel.f since the propagator T contains
the contact term V. We therefore subtract this con-
tact term from the T matrix. This gives

P= —Vi24-T,,
r + T 32)
where?
T,=K'DK; K=VT2u Vi, (33)
e S 0
- 1
D)™y D1 gt O (34)
1
0 O BTy e

Here, u is an orthogonal matrix constructed from the
eigensolutions &, of the homogeneous Bethe-Salpeter
equation (26). We write this equation in the more
symmetric form

([@—4E2 L VT VE ©,=0 (n=1,2,3);
u= (D, @, V). (35)

We then introduce again fermion degrees of freedom,
expressing exp(iS,, ) in Egs. (11) and (21) by means of
an integral over the fermion fields. This gives

210, ¢'1=Nsexp{—i S L[L ]} | D@ | DaDet
i=1

x exp [i S dt {h*G*h -+ Q*h+ h*Q 4 @' T ®/2 + (j+ P) ®}]j=0s

where (36)

At a
R
P

We use here the original fermion variables correspond-

- 9The square root of the matrix b is defined as usual by the
equation Vb = W™ B ase W, where W is the matrix that diagon-
alizes b. The index { denotes transposition.
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ing to the free single-particle states [see Eq. (1),
However, for practical application, it is more con-
venient to make a unitary transformation with respect
to the fermion variables (similar to the Bogolyubov
transformation to quasiparticles®™'?®) to make the
Green’s function of the quasiparticles (A.5), (A.9),
and (A.11) a diagonal matrix.

After integration over &, we obtain
2
210, Q'1=Noexp { —i X L[+ 53]} | Da Da*
i=1

X exp [i 5 dt {2,+%j’ﬁi+ii‘f/?

+Qh+RQ—7 ((+PF KIDIKG+PN}], @M
where
£,=hGith+ P'VP/4 (38)

is the Lagrangian for the fermions. To linearize the
last term in the exponential (37), we can by analogy
with (7) introduce new collective fields ¢(t), whose
propagator is the Green’s function D [see (34)]. This
gives

210, @'1=Nrexp { —iLs [+ 3¢ |} | Do | Dabat
cosa[1 [ { e - 1T1 41 (7o) HOR 1) ]

or, equivalently,

Z[Q, Q]—-Ne‘(p{—lz L;[ VP4 +Tﬁ—]}jﬂzpjﬂaDa

xexp| i 5 dtf:ﬂ‘vnr-f-om+h+0+ifK“P}]j_ (39)

where the Lagrangian

-‘gi\rrr=$;+3b+2pb (40)

is the effective Lagrangian of nuclear field theory. It
includes the total fermion Lagrangian ¢, which is
defined by (38) or, in the absence of phase transitions,
by (6), the free boson Lagrangian -£;, and the inter-
action part ¥ ,,:

2, =+ ¢'Dg; (41)
=P!k'y. (42)

The expressions P appearing in the argument of

L[ .] are obtained from P by replacing the variables
a and @ by the functional derivatives 6/i6n" and
5/i6n; K is the vertex describing the interaction of
the vibrations and the particles. The collective fields
are quantized as in Ref. 30. The functional derivation
of the Lagrangian of nuclear field theory given above
gives simultaneously the graphical rules for the
diagrammatic perturbation theory based on this La-
grangian. The factor in front of the integral in (39)
eliminates the Hartree-Fock—Bogolyubov self-energy
insertions (i =1) and the loop diagrams (i =2) (Figs.
2a and 2b). These graphs are already included in the

NI o b
FIG. 2. Diagrams that must be eliminated from the diagrams
of the nuclear loop approach: a) Hartree-Fock—Bogolyubov

insertion; b) loop diagrams. The black dot denotes the two-
particle interaction, and the dashed line denotes the phonon.
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definition of a particle (quasiparticle) and the collective
(phonon) excitations,

Thus, we have eliminated from the theory the double
allowance (overallowance) for the corrections that are
already included in the effective Lagrangian (40). Be-
cause of the condition j =0, the generating functional
(40) describes bosons that appear only in the inter-
mediate state. The natural generalization of (40)
that also takes into account external boson states is
obtained by giving up the condition j=0. It is then
necessary to restrict oneself to the use of external
fermion sources in such a manner that fermion con-
figurations do not arise in the external states that
could be replaced by phonon states. This restriction
is necessary to eliminate the overcompleteness of the
basis, which includes fermion and phonon fields (for a
more detailed discussion of the problem associated
with external states in nuclear field theory, see
Refs. 21 and 29).

2. DYNAMICAL BREAKING OF CHIRAL SYMMETRY
IN THE ABELIAN GAUGE THEORY OF MASSLESS
QUARKS AND GLUONS

According to current ideas, the observed hadrons,
the particles which participate in strong interactions,
are bound states of unobservable quarks and gluons.

By analogy with the nonrelativistic case, one can con-
struct quark field models in which the hadrons play

the part of collective fields. In the present section, we
consider one such model— the Abelian gauge theory

of massless quarks and gluons. As was shown above,
the introduction of collective fields may be accompan-
ied by spontaneous breaking of the symmetry of the
theory introduced at the level of the elementary fields.
This symmetry breaking occurs dynamically without the
introduction of elementary Higgs fields,* whose part
is played by the collective excitations.

Such a point of view was expressed many years ago
by Nambu and Jona-Lasinio®? (for the model with a
four-fermion interaction) in the description of spon-
taneous breaking of chiral symmetry dynamically by
analogy with the theory of superconductivity. The
papers of Ref. 32 stimulated a large number of in-
vestigations in this direction,®

In this section, we also study the problem of dynam-
ical breaking of chiral y, symmetry in the Abelian
gauge model of interacting quarks and vector gluons.
The mass-like quark term that can arise through radia-
tive corrections and break the original chiral sym-
metry is a scalar quantity, and the main idea is to go
over to new bilocal dynamical variables containing
scalar components. For this, path integrals are
again used.

Calculation of the path integrals with respect to the
bilocal variables by the method of stationary phase
leads to “classical” equations, which are identical
with the Schwinger-Dyson equation in differential form,
We discuss the solution of this equation that was pro-
posed some years ago as the point of departure for
constructing “finite” quantum electrodynamics.?* We
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then formulate a modified perturbation theory with re-
spect to the bilocal variables, this having a nontrivial
classical solution as the zeroth approximation.

New Dynamical Variables. We consider massless
fermions (“quarks”) g interacting with a vector field
A,. The original expression is the generating func-
tional for the Green’s function:?

Zyj, 7, =N | D4,DIDT(0,4,]

xexp {i | @ [qidg— Fiu/i+ g2hg+ juAu+an+70) } 5
Fuv=—0,4u— 0,4,; A=1,4, , etc., (43)

where j,, 1, and 7 are external sources.

The normalization N is chosen such that Z[0,0,0]=1.
The Lagrangian in (43) is invariant under 1) chiral
and 2) scale transformations: 1) g— exp(iy;N)g; 2)
g(x)=23%g(Ax); A, (x)~ LA, (\x). The dynamical vari-
ables are here a spinor and a vector field, whereas
the mass of the spinor field is a scalar quantity,
Therefore, to investigate the problem of dynamical
occurrence of fermion mass, we intend to go over to
new dynamical variables containing sealar components.

After integration over the vector field A,, we obtain

20, % mi=~" § Dgbgexp {i | %24 (o) (10

— &% j YDy (2~ 1) js (0) ) 7 (@) +g+1m |
— § 2y liai2) Do (e —3) v 1)
+6% () 1ug (2) Dus (2— ) 7 (0) 192 )], (44)
where D,,(x) is the gluon propagator in the Landau
gauge:
Dy (2) = (guy— 9,0:/8%) D° (z);
(my e _ | 4% exp(—iqz)

D* (2)= — | e SR (45)
(We shall use the notation of the book of Ref, 11,) We
introduce the abbreviation

K(uqu: asa) (Z1Y13 Taya)

= (WwdaspeDuv (21— 22) (Va8 (21— 12) 8 (91 —22) (46)
and rewrite the four-fermion term in the argument of
the exponential of (44) in the form

§ 2 %3 (2) 1g () Do (2— 1) T W) 1t )
= _5 dizy dby, dhzs A4y, [gp, (¥1)Fay (21)]
X Kiaspy; asbe) (T1y15 Tays) (085 (4e) Tury (22)]
or

= qblaﬂlK(‘zlbli szg)'?baaug A (QI_I, an.)- (47)

The minus sign in (47) arises from the permutation of
the fields ¢ and g. Further, we denote the pair (o, x;)
of a discrete and a continuous variable by the Latin
index a@;. Summation over Latin indices denotes si-
multaneously integration over the continuous variables.

We can linearize (47), using an integral over the
bilocal variables (see Appendix 3):

oxp 5 £2(47, Kg9)=C | Dyexp {—lx (4, K9 +idhiitan }
K(-alb'. cd)Kd:. o= B(n:b, ef) = 'sarﬁbes (48)

YWe shall not here consider renormalization questions. For
simplicity, we do not take into account the internal degrees of
freedom of the quarks (see Sec. 3, where the internal degrees
of freedom are included).
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where the bilocal field x., =Xas(X, ¥) is treated as a

boson field. It can be decomposed into scalar, pseudo-

scalar, vector, axial, and tensor components:
1(z, 1) =5z ¥+l ¥+ V(s )
+i\'p"|'544u(z'o y)+'%‘['\‘|u Yol Ty (z, ¥)-

In accordance with (49), Dx =DSDPDV DA DT ,,. Sub-
stituting (48) in (44) and integrating over the fermion
fields [see Eq. (A.14)], we obtain an expression for the
generating functional (43):

(49)

ztj, 5, 0=7 | Dyexo(SLDZ Ui, 1, i (50)
Here
S [0l = —5or (e K1) —itrln (4+Gox); (51)
Z17, %, nlxl=oxp | — 5 fuDuis + MG (X—ghext) M
+trIn (1— 6 (x) dext) ] (62)
The Green’s functions G, and G(x —g4.,,) are deter-
mined by the equations
18,6y (2, y)=—8“ (z—u);
(10, gAext) G (2, YIX—8dext) (53)

—5 dzy (2, 2)G (3, Y|y —gdexy) = —8Y (@ —p)
where ]
et (2) = — W | YDy (2—0) 1+ (0)-

We use the abbreviation j,D,.j.
= [ d*xd*yj, ()D,u(% = ¥)ji( ), etc. In deriving (52),
we have used the identity® DetA =exptrInA and
£ In[G; 1 +x — ghox ] =tr INGG (1 +Gox]
+trIn[1-gG(x)£ o ]. The expression Z[0,7,7|x] can
be interpreted as the generating functional of the
fermion fields in the external bilocal field x(x, ) with
probability distribution expiS[x].

“Classical” Equation of Motion of the Bilocal Field
and Discussion of the Solutions. The functional S[x]
in the integrand of the path integral (50) can be natural-
ly interpreted as the action function for the bilocal
fields. Then the classical equation of motion that
follows from variation of the action has the form

(54)

Let M=y denote the solution of (54). Then, multiplying
(54) by the operator g2K, we obtain®

88 [x1/dx = — (g?K) ' x—1 G () =0

Mg (z, y)= —ig*Dyy (z—y) [VuG (2, Y| M) Vvlaps (55)
where the Green’s function G(x, y| M) satisfies the
equation

i0,6 (z, yIM)— | M (2, 9G(z, Y= —8@—v.  (56)

Since Eqgs. (54) and (55) are obtained without allowance
for the external currents, it is natural to assume trans-
lational invariance:

Mz y)=M(z—y), G(z, yIM)=C(z—y|M).
Then in the momentum representation, we have instead

5'The operation tr denotes the taking of the trace of the oper-
ator in the functional sense and the ordinary trace with re-
spect to the matrix indices; G(x) = G(X = glext)Aexi=0-

®) Note that the class of solutions may be changed by such mul-
tiplication.
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of (55)
M(p)=—ig* 5 (—'zi-::;—,Du(P—Q) Ynﬁﬁir;—q?v; }

57
& (pIM)=1/IM () —P)- i

It follows from PT and T invariance that M(p) has only
a scalar and a vector part, and it is easy to show that
in the transverse Landau gauge the vector part of M
is zero. Thus, we finally obtain
2

M) =—i3 | Gl R M (58)
Equations (57) and (58) are identical with the Schwinger-
Dyson equation for the mass operator in the lowest non-
trivial order of perturbation theory.!! The original
equation (54) is a differential form of the Schwinger-

Dyson equation:
(0/0py) M (p) = —4AM (p)/1p>—M*(p)]. (59)

This equation is equivalent to (58) under the boundary
conditions (M(p)=M(p?))

M (p) L

[ 2E) o, = } (60)
dM (p) -

[pb dp* phﬂ_o'

which follow from (58) after integration over the angular
variables.

Equation (58) is satisfied, in particular, by the trivial
symmetric solution M (p)=0. The nontrivial solution
of the linearized equation (58) was studied in “finite”
quantum electrodynamics®¥*® for large values of the
momentum in a space-like region. Recently, a solu-
tion of the nonlinear equation (59) was also studied in
space- and time-like regions.’® Substituting the asymp-
totic expression M(p)~ (=p?)° (or vp?) for p?— = (+=)
in (59) and (60), we readily obtain nontrivial asymp-
totic solutions:

My (—py)~ U VImE _ptyco;

MR {V‘ AT @B,
As was pointed out in Ref. 32, an equation of the

type (58) is the relativistic analog of the equation for
the gap in superconductivity theory.?®'®" And just as a
quasiparticle in a superconductor is a mixture of bare
electrons with opposite signs of the charge, the mas-
sive Dirac particle must be a mixture of bare fermions
with opposite chirality. [Cf. also (58) with the “gap”
equation (15) in the nonrelativistic case. ]

(61)

p2—»o00.

Decomposing the Green’s function G(M) into normal
and anomalous parts:

G (M)=[Grr (M) + Grr (M) + [Grr (M) + Grr (M), (62)
where
o =
Crr (M)= 1(';) Vs G(M) 1'(';) Vs ;
(LL) 3 % (63)
GRL (ﬂ«f)= 1 {Tz) Vs G(M) 1 (_2) 'Y.'.‘ s
(LR) -
we obtain
1Sy 1
G&RL)(M)= Pl =P pl_M! ® H (64)

+
L. 1(—=)vs
GFLPR)(M) = """fj”—“M (p)-
Thus, the anomalous Green’s function vanishes iden-
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tically in the symmetric case M(p)=0, just as the
anomalous Green’s function of the nonrelativistic model
vanishes in the absence of superfluidity [see Eq. (A.11)].
It follows from the invariance of the vacuum under
chiral transformations that

exp (iysh) G exp (iysh) =G, (65)

as can be readily seen by expressing G in the form of
the vacuum expectation value of the T product of the
field operators. The nontrivial solution M(p)+#0 vio-
lates (65) and is associated with a noninvariant vacuum.

Finally, we note that (58), rewritten in terms of the
functions M(p)/[p* = M?(p)], is equivalent to the
pseudoscalar sector of the homogeneous fermion-
antifermion Bethe-Salpeter equation for P?=0, Thus,
for M(p)#0 there also exists a nontrivial solution of
the homogeneous Bethe-Salpeter equation I'(p, P =0)
~vsM(p)/[p* - M?(p)]. This solution (see below), which
is usually identified with a Goldstone boson, neverthe-
less leads to a continuous spectrum and cannot be
normalized,®®

Loop Expansion. The classical solution of Eq. (54)
corresponds to summation of a definite class of dia-
grams of ordinary perturbation theory. To calculate
the corrections to the Green’s functions, it is con-
venient to consider a perturbation theory in the bilocal
dynamical variables that uses a nontrivial classical
solution as the zeroth approximation. By analogy with
the nonrelativistic case (see Sec. 1), we make for
this purpose in the integral (50) the change of variables

wiz, y)=M(z—y)+P(z, y), (66)
where M is the solution of Eq. (54), and we expand the
integrand of (50) with respect to the bilocal field
®(x,y). Then the generating functional (50) can be
represented in the form

ZU. 0 =" [ DD expiStee (D))

X (exp (iS10 (PN Z (1, m, nIM + D)), (67)
where S ., [8] = =(@, 52 (M)®)/2;
Stree [D] = — (D, S (M) ©)/2;
Sy asby) (M) :%K(Tz:m: asby) - (68)
X [Bipaag: agba) = inguzk (M) K(bsug: kliGlhz (.lU)]
and
S (@1=i 3 =L e (6 (an o), (69)

n=3
The term linear in @ in the expansion of S[M +&],
which can lead to spontaneous rearrangement of the
vacuum, is not present in (67) by virtue of Eq. (54).
The bilocal path integral (67) again gives a modified
perturbation theory with free action S ;. [¢] for the
bilocal fields. The higher powers of the expansion in
@ of the action S[M +&] determine the interactions
Sin [®] and the vertices. In what follows, the functional
averaging with weight factor exp[-i/2(&,S® (M)&] will
be denoted by (...)s ... (The definition of the averag-
ing (...)s,, 2lready includes the normalization factor
(1)55..» Which we omit for brevity.) We define the

propagator 7 .g.ys(xy; #'9’) for the bilocal field &,4(x, ):?

DHere, we include the factor 7 in the definition of the propaga=
or.
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Tiapsyvey (29 2'y") =i (Dgsp (2, y) @y (2, y’))sﬂ-gg
=8 (M) |up; vo (zy; 2'y'). (70)
Note that T is the relativistic analog of (23) and sat-

isfies the following inhomogeneous integral equation
of Bethe-Salpeter type:

T ab; gy = 8K at; gar + 18°Cjn (M) K e, wasGui (M) T g (71)

The graphical representation of (70) and the expansion
in the perturbation series of the propagator T is given
in Fig. 3, in which the dashed line denotes the propa-
gator of the bilocal field , for which we can introduce
the notation $&. In the second row of Fig. 3, we

give the expression for the propagator of the bilocal
field in terms of ordinary Feynman graphs, the con-
tinuous line denoting the quark Green’s function

G(x,y| M). This class of graphs will be denoted by a
broken line, symbolizing the exchange of a large num-
ber of gluons.

For completeness, ‘we also give the field equation
of motion that arises from variation of the free (quad-
ratic) part of the bilocal action S ¢, [®]:

Bteee (D] _ g 5 (M) =0

(72)
or, using Egs. (68),
® (2, ) =igDuy (e —) | P2'dY'3,6 (2, 2’| M)
X @' y) Gy, y| M)y (73)

We go over to the momentum space:
D (pz, p)=D(g| P)= S day dzy exp [i (zpy— x4p5)] © (@2, 24),

where g and P are the relative and the total momentum
of the quark-antiquark pair: g=(p,+p,)/2 and
2 =p, =0,
Equation (73) takes the form
®(g| P)=ig? | (o Dun (94— ) 06 (7' +5 A O(@ | P)
X6 (0 —5| M) w. (74)

In this equation, we readily recognize the homogeneous
Bethe-Salpeter equation in the ladder approximation
for the vertex function I',(g| P) of the bound state of
the quark and antiquark,

Lolg | 1) =NnG (q-?—-;l M) 5 dizexp (igz) .

X (0 Tq@/2)7(—2/2) | By)G (—

M) ; (15)

where N, is a normalization factor. The solution of
(74) can be normalized in accordance with the condition

~i | G tr[6 (a4 5| M) Tnia1 Py
%6 (g— 5| M) T (01— 2] = e -

where £, is a factor that takes the values +1, =1, 0;

8 ¥
= !
T g =’y )">'“"“<
. 3

B ;i g f
k z +ﬂ+ + g E
= « B o ]
FIG. 3. Graphical representation of the bilocal propagator T.
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T, is the conjugate vertex function, Note that the
complete set of states (75) can in principle be used
to expand the collective variable &(x, y) with respect
to this basis. These states represent bare quanta of
the Hilbert space in the interaction representation.

The expectation value of the product of bilocal fields
can be readily calculated in accordance with Wick’s
theorem; for example,

o v [
L e e
i= <¢.¢’a¢,m*>s,m=¢‘oa¢ami+¢.&:z&:,cL.+$chz¢,du:

(DD, .. (77)

i (Dz,,J,‘)s'm:O , efc.

For Wick’s theorem, we can use the compact form of
expression
if 8 5
(f(m)}sfreo=exp[__2'(ﬁ' T W)]f(g) |s=o' (78)

Corvections to the Green’s Functions. As an illus-
tration, we consider some examples of the corrections
to the quark propaga.tor:")
ibe i e85 5
i 8np (1) 6mg () |p=z=o
=R (R[D]Gap(z, y) | (M +P—gdext))sy,s

Gap (z, y) =

R[®]=exp (i8S [P) 217, 0, 0| M +@; R=(R(DDs,,, (79)
or, using (78), we obtain
Gup (2, y)=Rtexp[ —4 (3, T %)]
X {R [B) Gap (, y) | M + B— gdext)}p=0. (80)

For simplicity, we shall consider in what follows only
the case J,=0.

The corresponding terms of the expansion in the
modified perturbation theory for the Green’s function
can be obtained by expanding exp(iSy, [2]), G(M +®)
in a-Taylor series with respect to the bilocal field
&(x,y) and performing functional averaging.

Substituting
exp (iSya [O]) = {1+ Lweunop+o @9}
in (79) and using (70), (77), and (78), we obtain
G =G (M)+ R (exp (iSyne [P)) [ — G (M) DG (M)
+G(M)OG (M) OG (M) — G (M) B6 (M) G (M) OG (M) + .. D,
and
6 =G (M)—iGs (M) DG, (M) &G, (M)
-4 ger b, (3) D6, (M) DG, () 6 (1) DG, (M)

|
e e
— L {1 G (M) DM DG MYDYG (M DCH (M DG (MYDG (M) + ...
(81)

% One can also obtain a different modified expansion of the
quark Green’s function around the stationary point of the com-
plete integrand (79). Then instead of (55),

6/6M {exp [iS (M) G (M)]}=0.

It is easy to show that, as a result, the Schwinger-Dyson
equation includes the averaged electromagnetic field

W, ()= — | D,y e— D)1, ) +igtr 1,6 (0 9] M+ P2 fext)):

A similar result for a system of interacting Fermi and Bose
fields is obtained in Ref. 39.
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Here and in what follows, we omit the vacuum con-
tribution, which arises from the normalization factor

Ri= {exp (iSint [w})ﬁ;ree‘

The second, third, and fourth terms in (81) are shown
graphically in Fig. 4. The graphs on the left-hand side
of Fig. 4 are the expressions obtained by expansion

in the integrand of the functional integral with respect
to the bilocal field ®(x, y) (dashed line). (The closed
quark loops with external dashed lines arise from

S [®].) If we substitute for the dashed lines of the
bilocal propagator ®d their corresponding zigzag
lines, symbolizing many-particle exchange (see Fig. 3),
we obtain the class of Feynman diagrams on the right-
hand side of Fig. 4. In Eq. (81), we have numbered the
Green’s functions, to indicate their position in the
diagrams. Thus, the loop expansion gives in principle
a new perturbation theory, in which the fundamental
particles (the dressed quarks) of the original theory
interact with their bound states.? Dynamical spon-
taneous symmetry breaking was also investigated by
functional methods in Ref. 40,

3. TWO-DIMENSIONAL QUANTUM

CHROMODYNAMICS

We describe here the application of a path integral
with respect to collective fields to a model with internal
degrees of freedom (such as color and flavor of quarks),
namely, to a two-dimensional model of quantum
chromodynamics.

It is currently hoped that quantum chromodynamics,
the gauge theory of coloved quarks and gluons, is a
good candidate for a realistic theory of hadrons.*" It is
expected that infrared singularities will confine the
quarks within the observed hadrons, which are them-
selves colorless. An important step toward the under-
standing of these ideas was the investigation of two-
dimensional quantum chromodynamics.** This model

FIG, 4. Examples of corrections to the quark propagator G.

D The convergence of such a modified perturbation theory can
be significantly improved by including the internal degrees of
freedom of the quarks and gluons. For the group SU(N), an
effective expansion in 1/N is obtained (see Sec. 3).
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has been used to study many questions such as the
Regge behavior of the amplitudes of bound states,®
the asymptotic behavior of the form factors, deep
inelastic scattering, and ¢'e” annihilation.**'* Qur
aim is to formulate two-dimensional quantum chromo-
dynamics directly in terms of the fields of bound
states. As is shown above, this can be achieved by the
introduction of bilocal fields as new dynamical vari-
ables. In terms of these variables, the quasiclassical
approximation is identical with the approximation of
planar diagrams. As a result, we obtain an infinite-
component nonpolynomial field theory for bound
states.*® The loop expansion in the tl{eory considered
here can be rewrittén in a form completely analogous
to nuclear field theory (see Sec. 1). The effective
expansion parameter is 1/N, (N, is the number of
colors), instead of 1/8 in nuclear field theory.

Model and Method. The Lagrangian for two-dimen-
sional chromodynamics has the form

L =Gy, upGhalh+ Qo (iY* Dy — my) @ua, (82)

where the intensity tensor G, .z and the covariant
derivative are defined by

Gy, uﬂ=au44-v. ap— Oy Au of+ & [Ayy Aylas;
Dygoo = [0u8up -+ 8Ay, a8) Qapi
NE-1
Awap= 3 APRG. (83)
Here, g and A, are the quark and gluon fields. The
indices o, 8=1,2,...,N, denote the color, and the
indices =1, 2, ..., N; the flavor. The local gauge
group SU(N,) is conserved exactly, whereas the global
SU(Ny) symmetry is broken by the quark masses
GaaMaa, if there are no m,=m; A" isan SUN,)
representation of the generators with normalization
condition trA{™A™ = T6"™; g_, = (¢,/4,)ee is a two-com-
ponent Dirac spinor. Two-dimensional chromodynam-
ics takes its simplest form in the light-cone gauge:

A._=% (Ag—A)=4*=0
(:ri =x-=(2"+ x!);’]/i; ab=a't* +a b =a'b_+a_b,). (84)

In such a gauge, only g, = ) is an independent dynam-
ical variable, 4748 the self—mteractlon of the gluon
fields disappears, and Faddeev-Popov ghosts? are
absent.

After elimination of the dependent dynamical vari-
ables A,, (;!), the generating functional for the Green’s
functions takes a form analogous to (44) (2,~q):

ZJ,
=N § DeD*exp {i | a2eaty [ ¢ (21671 (2, 4) | Aex) 0 (0)
+ " (2) 4 () + 9" (2) n (¥)) 8 (z—y)

_ Ni-1
+3 XTI @) D(—y) ™ ()

n=1

-l 2 ¢" () A"q(2) D (z—w) " W A"a (1) ]}. (85)

n={

The quark and gluon Green’s functions are determined
by the equation
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§ % (63t (2, 1)+ 2igAent (2) 8 (2 — 1)) 6 (8, 2] Aexd) ]

=82 (z—z); (86)
Ao @)= [ @YD (2 —1) T @) l
Go(z, y) _Tﬁ‘_jm—-i-m 6% (z—y)

= ‘;T: Ty | e [ — ik e — )l (87)

D (2) = 8% (2) = .F(anw %]exp(—ik.r). (88)

The generating functional (85) together with the
propagators (86)—(88) reproduces the Feynman rules
of two-dimensional quantum chromodynamics form-
ulated in Ref, 42 (we choose the normalization
z[0,0,0]=1).

Introduction of Bilocal Variables, Our task is to
integrate over the quark fields in the expression (85).
For this purpose, it is convenient to rewrite the four-
quark term in (85) (the factor #(2g%)?/2 is omitted)
in the abbreviated notation [cf, (47)]

F = —qpqaKap; cpqp96, (89)
where
.
(aabﬁ g-,d:g))k nz: l‘“’?x{'ﬁﬁadﬁgbf‘ ‘D (z—y)b(z—= )ﬁ(y —U)
(90)

Here, the index A denotes the triplet of two discrete
and one continuous index (@, @, x) (summation over A
also means integration over the continuous index).

Using the decomposition {N,} x{N:} ={1} +{N2 -1}
and denoting the projection operators onto the singlet
and (N3 - 1)-plet quark-antiquark channels by P, and
pP% ..., We can write

Ni-1

o M1 - ‘
kap, = 3 MigAg =T { P Pl—f\%[)ﬁg—’}uﬂvs' (91)
n={i ¢

It can be seen from (91) that in the singlet channel
attractive forces exist. We shall consider only this
channel, since we are interested in only bound states.
We rewrite (89) in the form

F=—qpqi (PAKP) ag, 600096+ W (¢, ¢°)- (92)

Here, W contains the projection of the interaction onto
the nonresonance channel (N2 —-1). We write Wi(g, ¢*)
in the form

r(L_ ii)

i 8t By

and take this part of the interaction outside the path
integral.

To integrate over the quark fields, we again linear-
ize the four-quark interaction by introducing an addi-
tional Gaussian functional integration over the bilocal
fields* as in the case of Eq. (48). Integrating over ¢
and ¢*, we obtain the following expression for
Z=0):

Zn, v, RI=N"S Dy exp (iS[x)) Z (n, u*, R | %, (93)
where
Syl= —.-,—(;g—i},(x, K —itrIn[iG3* —yl; (94)
Zn, ", R |yl

1 e 1 c:
=exp{ =G (1) 1+ 5 (PR, KPLR) — i (PR, K1)}
G () =63 — % w=Pu

G(y) is the quark Green’s function in the external bi-
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local field x(¥,y).”*) For convenience, we have also
included the bilocal source (g4"P,), R4 in the integral
(85) in order to have the possibility of varying with
respect to R.

Quavk Spectrum. To obtain the quark spectrum, we
consider the stationary point of the phase of the
integrand in (93) in the absence of external sources.
The equation for the stationary point of the action
5[x] has the form

M= (2g:.)2 KP,—— & (M) (95)

and is identical thh the Schwinger-Dyson equation in
the first nontrivial order of perturbation theory. In
the momentum representation,

M (p)= 2P ™52 [ GOk |~ N G (p+ k1D, (96)
where 6(| k.| =A)(x~0) is an infrared cutoff.

This equation corresponds to allowance for only
planar diagrams and was studied by 't Hooft, 42 who
showed that the approximation of planar diagrams is
valid in the limit N,~ = and g°®N, fixed.

Equation (96) has the solution”

Mpym BB (B _ 1), (87)
ip-

G(p| M) Sp.p.—mi+ie—p M (p-)" (98)

As can be seen from (97) and (98), the poles of the
quark propagator become infinite if A~ 0(M(p.)~ o)

i
sgnp-|". (99)
Meson Spectrum. We give here a derivation of the
equation that describes the meson spectrum of the the-
ory. Since this derivation is completely analogous to
that of the equation for the boson spectrum in Sec. 2,
we give only the main results.

G(p| M) ~—n[ £ X

The shift x =M +& of the bilocal field and expansion
of the path integral around the stationary point
M(x - v) of the action leads to the propagator of the
bilocal field &(x, y):

_ sl T
P= oy :=M}

which satisfies the inhomogeneous Bethe-Salpeter
equation for ¢g scattering.

The free-field equations
8S¢r -
5032 o=T 0
correspond to the homogeneous Bethe-Salpeter equation
for the bound states of a quark and an antiquark. Using
the momentum representation, we obtain

10)The definition of the propagator G here differs by the factor
—i from the definition in Sec. 2.

1) Thig vanishing of the pole of the quark propagator can be in-
terpreted as infrared confinement of quarks. The infrared
regularization of the integral (96) by means of the step @
function or the principal value®® was questioned in Ref. 49.

For the quark propagator one can then obtain a different re-

sult by making a Wick rotation and using 2 symmetric cut-

off.4? The obtained propagator contains a cut in the complex
plane. However, the part played by this cut for the Wick ro-
tation is not clear. We use here 't Hooft’s solution.
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I (p,r)=—i (e Y5

x | Bk A G@+RIMNT @+ENGE+k—r1M).  (100)

EnpE =
The arguments p and » in the vertex function denote
the momentum of the ingoing quark and the total mo-
mentum of the quark-antiquark pair (Fig. 5). Equa-
tion (100) can be solved by introducing the wave
function

(P r)=5 dpG(p| MT (p, NG (p—T | M). (101)

The equation for # takes the form
5 ay e, (102)

ki (2) = B (2) = (S o+ 5225 ) T ()=

where

N!
z=pJr; a,,2=m%,./ g:: P —1];}
T Ni—
Mi=(2rrh=4-5— Lk,

and P is the principal-value symbol.

(103)

The following results are obtained®'*:

i) H is a positive definite and self-adjoint operator
on the space of functions that vanish for x=0 [x=1]
like xﬂ"‘[(l - x)"h], where w8, cotmfy =—0a,. The opera-
tor H has only a discrete spectrum. The eigenfunctions
are complete and orthogonal:
1
3@ by @) =8 (=) | dzhim (2) b (2) = B (104)
k 0
ii) For large k, the eigenfunctions and eigenvalues
can be written approximately in the form

V2 sin nkz (k> 1);

From the inhomogeneous and the homogeneous Bethe-
Salpeter equations for T and I' we obtain in the standard
manner orthogonality and normalization relations (Ref.

46):12)
3 d*q = a G(g+r/2|M)
o S Tl (q,—r)[ 3 ar, =Py

(105)

by (2) = pf, a2 n2k.

<6 (a—F] ) 7] grie = o)
iuj(.j%'—,ﬁ(q,—r)[%f?(ﬁ% M) P16 q__‘M ) P
—fe (o3| M) iy 6 (e— 3 M) ] Ttg. =0, 1k (10T

Using the explicit expression for the normalized vertex

FIG. 5. Graphical representation of the vertex part Vi ...,

12 deriving (106) and (107), we have used the fact that here
the argument g of the function I is the relative momentum of
the quark—antiquark pair. For real ky(x), we also have

T,(q, — ) /i=Tylg, — 1) /i.
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functions, we can rewrite the bilocal propagator T in
the final form

: Tz, 251)
== (zg)z kaB. 6 ;'?-(z'i——.z;)_‘_ 2 .r’—l—M}‘ [r—i. Iy (.‘L‘)] [r_l_- fk (__':r)] :
¢ h

(108)
The bilocal propagator describes the propagation
of bound states. In the calculation of the scattering
amplitude of the bound states, the factor @ (x(1 - x))/A
in the vertex'compensates the factor A in the quark
propagator, which gives a finite nontrivial result in
the limit A= 0

Infinile -Component Field Theory for Bound Stafes.
We show that quantum field theory in biloeal fields can
be interpreted as an infinite-component field theory
for bound states.

For this we expand the bilocal fields with respect to
a complete set of solutions of the homogeneous Bethe-
Salpeter equation. These last can be interpreted like
the plane-wave solutions of the free field equations
(&,P,3)

E S (j::;= S e °‘*’{ = [

where the mesons are described by the Hermitian
fields ¢,(X) (X =(x +¥)/2). Substituting the expansion
(109) in the free action function and using (106) and
(107), we obtain

Dy (z, y)

9 ]} Taa v antr),
(109)

Stree ~ 5 3 | o (=1 12— Ml gu ). (110)
k

Equation (110) can be interpreted as the free effective
action of an infinite-component field theory. The mass
spectrum is determined by the Klein-Gordon operator
(=Og = M3) [see (103)].

The Lagrangian of the interaction of the mesons is
essentially nonpolynomial and nonlocal:
St [ =i 3 J—il- lr[@-d),]"

=3

=3 3 ‘i’,"“j'n o (gmza«z-(;n)

n=3 ky,

x Vhy;, Gadsly (T’n -

T l[ P, (r2),
g (111)

ry)= S (g%g,hr Thy (Bny 7)) G (gn—!'i'%’M)
e (842 | M) @ r G (a1 M)

an ..... l,{rn: LCRE )

x I‘kn-, (En—ln rn~1)! Ty
k-1

E=g+ ) "r{--rzj-.

fam=i

Thus, starting from the local theory of quarks and
gluons, we have finally obtained a nonpolynomial,
nonlocal, infinite-component field theory for bound
states, It is easy to show that this loop expansion can
be rewritten in the equivalent form of a theory de-
scribing the direct interaction of dressed quarks with
their bound states, i.e., mesons. Using the same
technique as for the nonrelativistic nuclear field theory,
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we obtain the equivalent representation'®
e e 1L & 48
Zn', ﬂl%NexP[zng(-i-“aT 75—")]

XEYP{—I

X j I;[ Dy 5 DgDq* exp 5 {%% on (r2—

I () g+ ('a+g'm)—i T, (°Pra) (T ) oa
k

P" L3 ]}

B on+i D) jugn
&

2
1 8 6
L [(23 > keap, YT — o Ton © T T
=1

+ 3 @P) Q8 b o P}, (112)

where the momentum integration is written out only
symbolically. Here, exp{—i3}2_,L,} is the projection op-
erator that subtracts the ladder diagrams already
taken into account in the formation of the meson
spectrum. Thus, double allowance is eliminated. It
can be seen from (112) that the quarks interact with
the mesons nonlocally in the form of the Yukawa inter-
action (¢°P,q)(1/7.T,)¢,. With allowance for the ex-
plicit expression for the normalized vertex function,

1/2 Ni—1\1/2 2g
7 eld I a1
) (g Ncn) A

“’t I (EL_L%”MR)'&&(I)NO(%)?

'*—I‘h(.l')" —2I(
x[(-)(a:(1~

we can see that the representation (112) ensures a
modified perturbation theory with effective expansion
parameter 1/N,. It is also easy to include the di-
quark sector® in our treatment. In this case, the
stationary point of the collective action determines the
equations for the normal and anomalous Green’s func-
tions in complete analogy with the equations of super-
conductivity.'*2%2" Moreover, as was shown in Ref.
46, there exists a bound state in the gq (diquark)
channel. The mass of this state tends to infinity when
the infrared cutoff is lifted.

CONCLUSIONS

We have presented the use of path integrals for de-
scribing collective phenomena in nonrelativistic many-
body physics and in relativistic quantum field theory.
The principal feature of this functional technique is the
transition to dynamical variables with different quantum
numbers not present in the original formulation of the
theory in terms of elementary fields. -

The main result of the path-integral method in col-
lective fields is the derivation of the Feynman rules
for the quantum field theory that describes the inter-
action of the elementary and the composite fields. In
particular, in this way one can rigorously justify
nuclear field theory (Refs, 13-16 and 19-21),

Functional methods could also adequately describe
the low-energy limit of quantum chromodynamics, non-
Abelian gauge theory, by means of which it is hoped
to construct a theory of the strong interactions. One
of the main results of quantum chromodynamics is

) The representation (112) for the infrared cutoff with the ®
function demonstrates clearly once more quark confinement.
Indeed, introducing the new variables ¢ =g’ for A —0, we
find that the terms with external sources vanish and the
quarks contribute only to the loop diagrams.
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asymptotic freedom, i.e., a small value of the cou-
pling constant at short distances, which agrees with
the idea that at short distances hadrons consist of non-
interacting point quark-partons. Feynman’s quark-
parton model, which is based on this idea, successfully
describes the data on deep inelastic processes,*® and
thus indicates that hadrons have the structure of
composite particles. Thus, the hadrons could be
regarded as collective excitations of elementary fields
of quarks and gluons. The unobservability of the quarks
and gluons (quark confinement) means that they are

not present in the complete spectrum of elementary
excitations.

An important argument for the correctness of this
interpretation of hadrons is the chiral symmetry of the
strong interactions, which is exact at high energies
(at short distances for the quarks and gluons) and is
spontaneously broken at low energies. In this con~
nection, it should be noted that the low-energy physics
of hadrons can be satisfactorily described by the
theorems of current algebra and PCAC.* The results
of these theorems are reproduced by chiral phenome-
nological Lagrangians® with spontaneous breaking of
chiral symmetry and Goldstone pions. From the point
of view of “collective fields,” quantum chromodynamics
must appear as a “microscopic theory,” explaining dy-
namically (without the Higgs effect) the spontaneous
breaking of chiral symmetry, just as the microscopic
Bogolyubov-BCS theory of superfluidity explains the
phenomenology of superconductivity and the spontaneous
breaking of gauge symmetry (another similar example
has been considered above). From this point of view,
it is to be expected that chiral phenomenological La-
grangians, written down directly in terms of collective
excitations (hadvons) represent the low-energy limit
of quantum chromodynamics. The description of
hadrons as collective fields in the framework of
quantum chromodynamics for D =4 space-time dimen-
sions encounters serious difficulties. In contrast
to Abelian theory or QCD, we cannot, because of the
existence of gluon self-interaction terms ~A}, and ~Aj,
exactly calculate the path integrals over the Yang-
Mills fields A,.

During the last few years, there have been several
new discoveries in the quantum theory of non-Abelian
gauge fields. The most important of them is the
discovery of a periodic structure of the classical vac-
uum in Yang-Mills theory.*® It is the periodic vacuum
that provides the solution of the problem of the number
of Goldstone mesons.?* We discuss in conclusion this
question.

Historically, the periodic structure of the vacuum
in Yang-Mills theory was discovered through the re-
quirement of finiteness of the action®™ [we here con-
sider the group SU(2)]:

Sm | d2GLE™ % Gl=0,45— 0y A} — g™ ALAS.

This requirement follows from the guasiclassical
treatment of the Euclidean path integral f DA exp(=S).
All fields with finite action must be purely longitudinal
at infinity:
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A, =vowlg; Ay=i 12- AL

With each matrix v(x) there is associated a mapping
of S% (of the boundary of four-space) into the group
SU(2). This mapping is characterized by an integer
(the Pontryagin index), which indicates how many
times the boundary of S® is wrapped around the SU(2)
sphere by the mapping. Therefore, all fields with
finite action are divided into different topologically
inequivalent classes with index v calculated in ac-
cordance with the formula

v i | BB = — i § a0 = i |

X* = 8,09 tr (4°0°4% + 204745 Gap= a2,

The minimum of the action in each class is attained
for fields that are called pseudoparticles or instan-
tons, these satisfying the (Euclidean) self-duality
equation G, =% G,v. The instantons have zero energy
and are interpreted as classical solutions that inter-
polate from one classical vacuum to another. In the
field theory of interacting massless quarks with
Yang-Mills fields, the divergence of the axial current,
which corresponds to U(1) chiral symmetry, is not
zero. This is a consequence of the Adler anomalies®
and the existence of topologically nontrivial configura-
tions of the Yang-Mills fields with nonzero Pontryagin
index v #0:

B it ~ GpyG™™ " ~ p <0,

From the nonconservation of the chiral U(1) current
one can deduce absence of the ninth pseudoscalar me-
son.® A gquasiclassical expansion® around the in-
stantons has led to interesting results. However, a
discussion of these results would go far beyond the
ambit of the present review.

APPENDIX 1

Single-particle Green's function

In this Appendix, we give some formulas for the
Green’s functions used in the review.

We introduce the “free” fermion Green’s function
G;‘ (¢, 1")== (i Fe)b(t—1t');
G (1, ')=%8 (£ (t—1)explF ie (1 — )]
G (¢, t)=(ia, £ &) S(t—1);

G (1 £)=—i6y (', 1), (A.1)

where ©(¢) is the step function. By definition,

5 ety (b, DG, (5 €)= (—1).

It is convenient to rewrite the inverse Green’s function
defined by Eq. (10) in the form

e (G ) V()8 (t—1)
G- (m; t, t)f('{"(t)ﬁ(t—l') GL(t, t) )
(A.2)
where
(G ) @Bty . =2
G (t, !)ﬁ(cu(z)ﬁ(t—r) G2 (t, t) : Wil
e i A —"’(‘)6(‘_”)
Gt ”*(_@(t)é(t-—t') G, 1) e

The matrix operator that is the inverse of (A.2) has the
form
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Gy (t, 1) Gaft, t')) (A.5)

G(m; t, t') :( o
Galt, t') Gy (L, t)
where the normal and anomalous Green’s functions are
defined by the equations'?
Gy =G (L — Y6 ¥*G ),
Gy =Gy (1— VG, ¥Gy) Y }

Ga=—GCy¥*G, (1— YELW*G,)Y; (A.6)
Ga=—G¥Gy (1 —¥*G,¥Gp)!,
where

6, (1—0G_@G,)1 —G,D6_ (1 — DG, DE_)-1

A ;

& (*a_m@ukmc_mg,,)-l G_ (1—DG,06_)! ) (A.7)
G, (1—DG_DG, )~ G, DG (1— DG, DG.)

cb=(:(_ Gy E9C (- sl ) (A.8)
G-0G, (1—®G_0F,)" G (1—OF,0F.)1

The Green’s functions for configurations of the static
fields &, and ¥, can be readily calculated by means

of (A.6)=(A.8). Setting T=¢-#', for the normal Green’s
function we obtain the expression

Gy (1)= —i{0 () @ (E) exp(—il1)—8 (—1) a (—E)exp (iEv)}, (A.9)
where
~ 1 + Bl — (D,
a(+ F)=i'ﬁ( _;: ib‘—os) (A.IO)
and

E=Ve T [hI

are the quasiparticle energies determined in (16).
Similarly, for the anomalous Green’s functions we
find the expression

Ga ()=1¥, {® (1) 5 (E) exp (—iE1)—8 (—1) [ (—E) exp (IET)}.

(A.11)
where

- ol
(xBy=x (5 7).

The Green’s functions satisfy the symmetry relations
Gx ()= —6x (—1);  Ga (0 ¥s=Ga (%)/ ¥ (A.12)

APPENDIX 2
Definitions of the Matrix B

The elements of the “loop” matrix B are defined
as B=-i0A/2, where :

At O)=tr {6y @, ) Cn () O+Gnit, IGN (E, D
~[Ga (t, )64 (s D+6alt, )Ea @, DIk
A (t, ) =tr {Gn (e, ) Ga (') —Galt, )Gy (2, B);
A e, ) =tr {Ba (2, BN (', -G (t, ¥)Ca (') O3
Ay (8, )=t {Ba (8, V) Gx (') O—C (1, 1) Ca () OY:
Aga (8, t)=1T{GA (L, 1) Ga (', B)};
Agy (t, t)=tr {Gy (t, ') Cx (t', D)}
Aag(t, ) =tr {Gy (t, £)Ca (', —Ga(t, ) B (', O);
Agy (t, t)=tr{Gn(t, ) Cn (t', )}
Agy (t, t')=tr {G4 (t, )G (', O}

(A.13)

We have used here the abbreviated notation

Galt, th=6Galr, ), = (” 1

1 0): etc.

APPENDIX 3

In this Appendix, we give some useful equations that
are frequently used.!™*

W)The matrix multiplication here includes integration over the
intermediate times.
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We consider the real and complex Gaussian integrals

5 Vd,% exp [i (%Mm%w)]mﬁ“exp(——zi—fA-li): (A.14)

VCI%?TV‘IZ‘)‘TT“" li (=A@ /g + 9*)] = At exp(—ij*4Y),  (A.15)
where f dgde* is a symbolic representation of
2 [d(Rep)d(Img); A has a positive imaginary part
that does not vanish. (In the case of real A, we define
the integral by taking A~ A +ig (€>0), £~0.) Suppose
¢ is the n-component vector ¢ =(¢,, ¢,,...,®,), and
A is a nonsingular symmetric or Hermitian matrix.
Then (A.14) and (A.15) are generalized by

§ oo {1 [ @ 490+0, 0]} = (et aysresp [z 40] (A16)

jD‘FDW* exp {i[(9*, A9} + (%, @)+ (9% DI} = (dek A) exp[ — i (*, 4-15)),

(A.17)
where (j, ¢) denotes the scalar product 7., j,¢@n, ¢

ete., and we have used the abbreviation

Do = kIIdrpk/ﬁﬁ )
=1

When A is diagonal, detA=AA4, ...4,, and Eqs.

(A.16) and (A.17) follow trivially from (A.14) and

(A.15). For a nondiagonal matrix, (A.16) and (A.17)

can be proved by diagonalization by means of an
orthogonal or unitary matrix using the invariance of

the scalar product and the measure of integration. Note
that (A.17) is a special case of the more general
integral

jﬂmﬂfp* exp (i [(@", 49)+(b* ) + (9%, a)l} = (det A) 2 exp| — i(b+ A-la)].

(A.18)
We also give a helpful matrix generalization of Eqgs.
(A.16) and (A.17) (Ref. 3):

§poexn {i [ won (42 42) (&) 0w ( w1
=[det (j:i j::)]_mexp{——;-(f;fz) (i: j::)_’ (;:)} v (A.19)
where
DO= DyDg+.

Using the ordinary Gaussian integrals given above, we
define the path integrals used in the review.

i) The case of Bose statistics:
Joeexp{i [ ez ioac, DU+ 98" ==}

[det A (zy)]-2/2 exp {—’T S iz diyj (z) A (2, y) Hy)} H (A.20)
S DyDg* exp {i S'aiz diy [q* () 4 (=, Y@ ()
U@ OO+ ) () 8 ()]}
=[det Az, )it exp{—i j dizdiyy (2) 47 (5, 0)] ()} (@A.21)

where detA(x, y) is the functional determinant of the
operator A(x, ¥); the inverse operator satisfies the
equation

j- diyd(z, y) A2 (y, 5)=6 (z—2z). (A.ZZ)
Equations (A.20) and (A.21) are understood as the
n-~=, g~ 0 limit of the ordinary integrals. Here, &
is the volume of the cells of the lattice space with
points x;=je (7=0,+£1,+2,...) and one makes the sub-
stitution ¢(x)~ (¢, ¢,, ..., ®,) with field values
@;=Ve@ (¥;) (n is the number of cells).
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ii) Case of Fermi statistics. Classical Fermi fields
are regarded as anticommuting elements of a Grass-
mann algebra with involution, i.e.,

{0 (=), P ()= P (@), ¥ he={0" (@) ¥ @h=0- (A.23)
The path integral can be defined as the 7 limit for
an integral with respect to n-dimensional vectors in
the space of Grassmann variables: §=(;, %5, ..., ¥a)s
¥ =@, 9, ...,V,). Using the following definitions for
integrals over Grassmann variables,

[ av={ =0 | wiow= § wravr—1,

(A.24)
we can obtain a formula analogous to (A.17):
S DDy exp (i [(%*, A9+t W+ D}
=[det AJexp[i (n*, 47 'n)l. (A.25)

Note that [detA] here occurs in a positive power,
in contrast to Bose statistics, It is also easy to
obtain the generalization

[ oeovrexp {i [ovewa (32 42) (3) + ot (%1)-+owiva (33) ]}

Lot (40 ) Joxp { =i [cama (52 42) " ()]

(A.26)

where ¥ = (¥, ¥,)-

Finally, we write down the functional integral ob-
tained by going to the limit in (A.25):

S Dy exp {i [ a0 @ 4G ne@+ar@ew

9 (@) @) 8 @)}

(et A (e, exp { i | draun @47 @ W]} (a.27)

iii) Bilocal path integral. We consider the path
integral over the bilocal matrix functions ®44(%, ¥),
where the pair (a, g) ranges over the Dirac indices
and (or) internal symmetry indices; & is a Bose
variable. The corresponding bilocal Gaussian integral
has the form (d *xd %y =d *(x, »)):

[ 0o nex i [4§ @ 0t 1) Pas o1 0) Aoy 055 =6
X Dy ')+ | 84 1) Dap (22 1) a0, 9) |}
= [Det 4., ,n.,,,)l-lﬂexp{—-%- S a4 (z, y)d (=, V') Jap (2, ¥)
(A.28)

To see this, we introduce the orthogonal system of
matrix functions [Hm,(%, ¥)]as =(Tmasha(x, y); here,
ho(x, ) is Hermitian: h,(x,y)=h}(¥,%); T'n is a com=
plete set of Dirac and internal-symmetry matrices.
The functions H satisfy the completeness and ortho-
gonality relations

X Al yoy 3 20 oy s )}

uS 3z diyHmn (2, ¥) Hag (02 2)=8madars (A.29)
5 i e )l Ul &9 o= By =) sw—=). (A.30)
Using the Fourier expansion
@ (z, )= 3 DmnHmn (2, ¥);
" i
Az 2'y)= Hun (4 ) Ay, e Hpprne (34 N (A.31)

(m, n), {(m'n’)

J (=, y)= E Imnfmn (2, ¥)
m,n

and substituting Eqs. (A.31) in the left-hand side of
(A.28), we obtain (D®(x, ¥) = II (m,n)D® mn):
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S H D@m“exp{i ['1? Z ‘I’mnAmn,m'n'mm'n'+®mn1mn]} :

(m, n) (mn), (m’n%)

i
=[Det Apyy 12 03P {_7 v J,,,.A;,‘l,‘lm.n,.rm.,,.},
(mn), (m'n’)
(A.32)

The right-hand side of Eq. (A.28) follows from (A.32)
by means of the substitution

AZh mene= S @8 (ay) 4 (="y') Himn (2, 9) A7 (v 2'9") Hppopr (4'2").
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