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INTRODUCTION

It is well known that neither the classical nor the
quantum problem of three or more particles with a real-
istic interaction between them (Coulomb or nuclear) ad-
mits an explicit solution. This explains the interest in
simpler but in consequence exactly solvable models of
n interacting particles. There are reasons to believe
that some qualitative features of such models are also
preserved in the real case. In addition, these models
can be helpful for estimating the accuracy of the differ-
ent approximate methods widely used in nuclear phys-
1CS.

In the three-dimensional case, an exact solution is
known only for a system of n particles coupled by oscil-
lator forces:

U (s Tgy weer Tp)= ;hV(r;—rh); V(r) =02,

However, after the introduction of Jacobi coordinates
this model goes over into a model of » — 1 particles,
each of them moving independently in the field of the
common oscillator well. It therefore hardly differs
from the model of a single particle.

In the one-dimensional case (classical and quantum)
one can obtain exact results for a larger class of poten-
tials. As the first example of an exactly solvable one-
dimensional quantum model of » interacting particles
one can take the model with a 5-function interaction be-
tween the particles: V(g) =g&(g).!” We also mention
the model with an interaction of the form V(g) =g |¢|
(Ref. 6). In the present paper, we shall consider nei-
ther of these models, nor the classical model with an
interaction between only nearest neighbors of the form
V(g) =g exp(-q), the so-called Toda chain,”!!

In the present paper, we study in detail the one-di-
mensional classical and quantum models of » interacting
particles with potentials of the following five forms!’:

L V(g=g%%

II. V(g)=g%?*sh 2agq;
III. V (q)=g%?sin"2agq;
IV, V(q)=g%*P (ag);

V. V(g =g+ 0

Here, %(q) is the Weierstrass function.

1) Tyanslator’s Note. The Russian notation for the trigonome-
tric, inverse trigonometric, hyperbolic trigonometric func-
tions, etc., is retained here and throughout the article in the
displayed equations.
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A number of exact results on the form of the wave
functions, the spectrum and the nature of the scattering
for the quantum one-dimensional many-particle prob-
lem with potentials of the form (I) and (V) (Calogero
model)!2-" and potential of the form (III) (Sutherland
model)!® were obtained in 1969-1975, Not far removed
from this cycle are the papers of Refs. 19 and 20, in
which a three-particle system with a nonbinary interac-
tion of the type

U(gn g a)=gl 2V (a—a)+& 2 V(a—a—a) (1)
i<j 1#:1__;‘,&_;‘#&

with a function V(g) of the form (I) or (V) was studied.

Further progress in this field is associated with the
use (in the classical case) of a new method-the method
of isospectral deformation, which was first applied to
the Korteweg—de Vries equation, and then to the non-
linear Schrodinger equation and the sine—-Gordon equa-
tion. Application of this technique to many-particle
problems® 2! made it possible to establish the com-
plete integrability of the classical many-particle prob-
lems with potentials of the form (I)-(V),*"" Toda
chains,’™! and one further system of the type (I1).?

It was shown in Ref. 24 that these systems have a high
hidden symmetry and are a special case of a larger
class of systems associated with semisimple Lie alge-
bras. Subsequently, in Refs. 29 and 30, the principles
of complete integrability of classical systems of such
type were established. In particular, it was shown that
to systems with potentials of the form (I)-(III) there
corresponds free motion (motion along a geodesic) in
definite spaces (symmetric spaces) of more than »n di-
mensions. This connection made it possible to find a
natural generalization of this class of systems and com-
pletely integrate the equations of motion by means of the
method of projection of free motion.2% 3

The idea of the method is to consider the free motion
along a geodesic in a definite (symmetric) space of zero,
negative, or positive curvature, the space having more
than » dimensions. After special projection ontoaspace
of fewer dimensions (n-dimensional space) one no long-
er has a free motion, but motion in the potential field

U (g1, ---,an=j§iV(q;—qu,
where V(g) has the form (I)-(III).
Let us illustrate this by very simple examples.

1. Suppose a particle of unit mass moves freely with
momentum p in the two-dimensional plane x = (¥, %,).
Then the radial motion is described by the Hamiltonian
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H=p*2+ g, 2)
=lpl.a= x| =Va+x3, E=p'/2.

2, If we consider a two-dimensional isotropic oscilla-
tor with frequency w, then similarly we arrive at the
Hamiltonian

where p

H=p*2+g**+ o*¢?/2. (3)
3. For free motion of a particle on the upper sheet of

the two-sheeted hyperboloid H? = {x |x? —xo—x1 -xi=1,x,
>1} we obtain

H =p*2+g*sh™2g (zp=ch g). (4)
4. For free motion of a parhcle on the single-sheeted
hyperboloid H? ={x |x? =x} - x? - x} =-1} we have

H=p¥2—gichq (zo=shg). (5)

5. For free motion of a particle on the two-dimen-
sional sphere

St={x|2=a34+ai+al=1)
we obtain the Hamiltonian
H=p?2+ g?sin~2q (z.,:' cosg). (6)
It was found that a similar treatment for more com-
plicated symmetric spaces makes it possible to inte-

grate effectively the equations of motion in the many-
particle case as well,

This approach was subsequently extended to the quan-
tum case,3"3 which was made possible by, first, the
use of the results obtained for the classical case in Ref.
24, and, second, by the establishment of a connection
between the many-particle Hamiltonian and the so-
called Laplace-Beliramioperator onthe corresponding
symmetric space.” Because of this connection, many
mathematical results can be translated into the language
of the quantum systems considered here. On the other
hand, a number of the formulas obtained in the physical
investigations mentioned above are new mathematical
results.

1. THE CLASSICAL CASE

Completely Integrable Hamiltonian Systems. We con-
sider a dynamical system with » degrees of freedom
and Hamiltonian

H=‘§‘ 2 PiI+U(g) a=(q1s +ou1 @) 0

Here and in what follows, p; and g, are the momenta and
coordinates, and the dot denotes the derivative with re-
spect to the time. Such a system is deseribed by the
Hamilton equations

py=—0Uldgy, 4;=p; (8)

and is said to be completely integrable if there exist
variables I;(p,q) and @4(p, q) of the action-angle type
defined globally on the complete phase space® (see, for
example, Ref, 34).

2) 1t should not be thought that such variables always exist.
Usually, variables of the action—angle type have a local
nature and cannot be defined on the complete phase space.
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Such variables have a simple time dependence:

Ij(t)=const, @ ()= gk w0l

If I;(p,q) and @,(p,q) are known and the coordinates and
momenta can be expressed in terms of them in the form

2;=0;(L, )y p=px(L, @),

it is then puss1ble to integrate the equations of motion
of the system. Thus, for completely integrable systems
there is the basic possibility of integrating the equa-
tions of motion, but this possibility can be realized in

' practice only in rare cases. A criterion for complete

integrability of a system is given by Liouville’s theorem
(see, for example, Ref. 34):

If there exisi n functlionally independent global inte-
grals of the motion I;(p,q) that are in involution, i.e.,
such that the Poisson brackets of any two integrals van-
ish,

aly aly aly aly s
L ’k}=$(a—me—ﬂ“'a7i'a)—°' @

then the system is completely integrable.

Thus, completely integrable systems have n globdl in-
tegrals of the motion and, therefore, a definite hidden
symmetry.

Until recently, only a few such systems were known.
We mention some of them:

1) motion in a central (Newtonian) potential U{q)
=U(la));

2) motion in the field of two fixed centers (Euler),
with

Uq)=a|q—a [ +op|g—ay[™

3) free motion of a point on the surface of a triaxial
ellipsoid (Jacobi);

4) one-dimensional motion of three particles with a
two-body interaction of the form

3
U(q)= ,-% g (g— )

(Jacobi®).
For four and five particles, see Refs. 14 and 15;

5) motion of a rigid body with a fixed point in a num-
ber of special cases (Euler, Lagrange, Kovalevskaya).

Recently, considerable progress has been made in
this field following the discovery of a new method of in-
tegrating nonlinear equations.” This method was ap-
plied for the first time to dynamical systems of mech-
anics in Refs. 9, 10, and 21. There are now known a
large number of completely integrable mechanical sys-
tems, some of which have been completely integrated.
We shall consider here only completely integrable many-
particle systems. We now find the possible form of the
potential energy for such systems.

Many-Particle Systems Having Additional Integrals of
the Motion, To find the form of the two-particle poten-
tial for which the systems (7) have additional integrals
of the motion, we use, following Refs. 21-23, the meth-
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od of isospectral deformation, which is frequently call-
ed Lax’s device.’” We attempt to find a pair of Hermi-
tian » Xn matrices L and M, a so-called L-M pair,
whose elements depend on the coordinates ¢; and mo-
menta p, and are such that the Hamilton equations

4=pj Py=—0U/og (10)
are equivalent to the single matrix equation
il.=[M, L) (11)

It follows from (11) that the matrix L(t) undergoes a
unitary transformation:

LO=U@WLOU (@) Ut=U" M=ilU- (12)

Thus, the eigenvalues of the matrix L(f) do not depend
on the time or, which is the same thing, the matrix L(t)
undergoes an isospectral deformation with the course of
time. Therefore, the eigenvalues of the matrix L or,
which is more convenient, symmetric functions of the
eigenvalues, for example,

Iy =Sp (L*)/k, (13)

are integrals of the motion.

If one can find » independent integrals of the motion
and show that they are in involution, i.e., that the Pois-
son brackets vanish, then the system under considera-
tion is completely integrable.

We now implement this program for -a system charac-
terized by the Hamiltonian

n

H=73 3 i+ 3 VE—a)k V(—9=V (. (14)
J=1 j<h
For the matrices L and M we use the ansatz
Ljx=p8p~+i(1—8m) = (45— an); (15)
M =08 (lgjz(%‘_ql))‘(1_6ih)y(qj_‘QA)! (16)

where x(-¢) =-x(9),y(~q) =v(g),2(-q) =2 (q).

Substituting L and M in Lax’s equation (11) and re-
quiring that this equation be equivalent to the Jacobi
equations (10), we obtain an expression for the function

y(&):

y(E)=—2'(8) (1m
and a functional equation for the functions x(%) and z (£):

z(E)z (M—z(m)z' &)=z E+n)zE)—zMm)] (18)
The potential energy V(£) has the form
V () = 22 (§) + const. (19)

The solution of the functional equation (18) is given in
Refs. 24, 42, and 43 (see the Appendix).

It is found that

z(8) =ga" (B)/2z (8), (20)

and the function x(£) has the form
gy (21)
gacthak, gash™'ak; (22)
z(E)=19 gactgak, gasin~'ak; (23)
BaE, maeh. (24)

It follows from (21)-(24) and (19) that we obtain sys-
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tems with potential energy (I)-(IV).

Knowledge of the functions x(£), (&), and z(£) enables
us to construct an L—M pair for the considered many-
particle system and, thus, to find the integrals of the
motion in accordance with (13). A small modification of
the method of Ref. 25 enables us to include a potential of
the form (V) in the treatment. For this, instead of Lax’s
equation (11), we consider the equations

iL* =M, L*] £ oL*, (25)
It follows from these equations that although
B =Sp (L*)"/k (26)
are not integrals of the motion, they do depend verjr
simply on the time. Namely,
By (t) = Bi; (0) exp (F ikot). (27

From (25) we can also readily obtain integrals of the
motion. For example, the matrices

NysIL*L; Ny=L-L% (28)

as is readily seen, satisfy the ordinary Lax equation
iN,=[M, N,l, j=1,2. (29)

The eigenvalues of either of these matrices or the
traces of their powers are integrals of the motion.

As is shown in Ref, 25, the matrices L* in (25) have
the form

LE*=L & ieQ, (30)
where

Q=diag (g1, +++» In) (31)
and the matrix L is defined by (15); here x(g) =gq™'.
This follows from the simple identity

Q. M=X; Xp=g(1—6u)(g;—an) " (32)

Thus, for systems of all five types we have found a
series of integrals of the motion.

Proof of Complete Integrability of Many-Particle Sys-
tems Having Additional Integrals of the Motion., We
show that the considered systems are completely in-
tegrable. For this, it is sufficient to show that the in-
tegrals of the motion I, (13) (=2, ...,n) are functional-
ly independent and are in involution: {I,,I;}=0.

To prove the functional independence, we note that the
integrals I, have the form

(33)

Ih=-i—_ 2 pli+terms of lower degree
i=1 in the momenta
Therefore, the functional independence of the I, follows
from the functional independence of the S, =277.,p%,
which is readily proved. The proof that the integrals I,
are in involution is a more difficult problem,

As was shown by Moser,? for the systems (I) this
follows immediately from the circumstance that as ¢
— o the distance between any two particles tends to in-
finity, |g,(t)- q,(t)|—~ =. Indeed, we then have I,(f)—~
205, 0%(¢) and, using the fact that the quantities {I,,I,}
are integrals of the motion, they do not depend on the
time. For the systems (II), this proof remains valid.?
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For the systems (V), it follows directly that B,(p, q)
(26) are in involution, and this is sufficient for the com-
plete integrability of the systems.

With regard to the systems (III), they, as-is noted in
Ref. 22, are obtained from the systems (II) by the sub-
stitution @ —+ia, and they are therefore also completely
integrable.

However, the proof that the integrals of the motion for
the systems (IV) are in involution is 2 much more diffi-
cult problem. Two different proofs were given in Refs.
26 and 27. We give here the proof from Ref. 26. Note
that it is valid for the potentials (I)=(IV), and also for
some of the systems with nonbinary interaction consid-
ered in Ref., 24.

We consider the systems given above with a function
V(g) of the form (I)=(IV). Let the nXn Hermitian ma-
trix L =P +iX be constructed in accordance with (15),
where the function x(£) satisfies the functional equation
(18) Let Q= (‘ﬂr --!‘Pn) and V’ ('\bh---sz\bu) be the ei-
genvectors of L correSpondmg to the eigenvalues A and
p#p):

Lo=(P+iX)e=hey; Lp=(P-+iX)p=pyp. (34)
We show that if the function x(£) satisfies the function-
al equation (18), then X and u are in involution, i.e.,

o, p}==_§ (e b o). (35)

7 ap; dqy dgj dpj
Conceptually, the method of proof of (35) is close to
that of Refs. 44 and 10, in which it was shown that the
integrals of the motion are in involution for the nonlin-
ear Schrodinger equation and the Toda chain. Note first
that

D= (9 2 @) =Tasi (36)
e O =13« (@) @rwi— o) (37

Using these relations, we can cast the expression for
the Poisson brackets in the form

{2 P}=i.§ (Pat Rit— s Bur) 2" (2 — ), (38)
where

Ry =gppi—@uipns  Bip= — By. (39)
On the other hand, from Egs. (34),

Prpr=1(A —P)";: z(gn—a1) Rine (40)
Substituting the expressions for ¢,¥, and @Y, in Eq.
(38), we obtain

(o= (=™ 2 RuRyyla’ (@—0) = (@n—a)

—z(g;—an) &' (G —q)) (41)

Using the functional equation (18), we transform this
relation to

(b p}= (=0 ‘?;'&,- Ry By (2 (95— %)
— 3 (g — 1)l = (g, —q)- (42)

Equation (42) contains two sums. In the first of them,
we sum over /, and in the second over j. We then use
the relation

12 z (95— q) Rip= —ihprp; +1ipgup; +ip; Ry (43)
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and its complex conjugate. Noting that the function z(g)

is even, we obtain
(o) =T =23 2 (a0, By + 0nps Ryn) 2 (9~ an)
== 27 2] (eaby R+ 0y Rn) 24— ). (44)

It is easy to see that the expressions for the first and
the second sum are antisymmetric. Therefore, {1, p.}
=0 and these systems are completely integrable.

Explicit Integration of the Equations of Motion for Po-

_tentials V(q) of the Form (1) and (V). It was shownabove

that these systems for potentials of all five types are
completely integrable. However, Liouville’s theorem,
from which this assertion follows, does not give a con-
structive method for integrating the equahons of motion;
that is a difficult problem.

Following Ref. 28, we show here how, using the new
method, the so-called projection method, we can inte-
grate the equations of motion for systems with the po--
tentials (I) and (V).

The idea is to go over from the n-dimensional space
to a space of more dimensions, an N =(n?- 1)-dimen-
sional space, in which the equations of motion take a
simpler form and can be readily integrated. Projecting
the obtained solution onto the subspace in which we are
interested so as to obtain the necessary system, we ob-
tain an explicit solution of the equations of motion:

B=pp  by=—0Uldg,. (45)
1. We consider first the potential (I) (V(g) =g%"%). As
the extended space, we take the space X°=1{x} of Hermi-
tian n Xn matrices with vanishing trace, and in this
space we consider free motion. The equations of mo-
tion are then

z =0, (48)
and the general solution is

z(t)=at+b, (47)
where a,be X",

Using a unitary transformation U, we reduce the

Hermitian matrix x to diagonal form:

z(t)=U (1) Q1) U™ (2). (48)
Here

Q(t)=diag (g1 (&), - -, 4 (2)) (49)

and without loss of generality we can assume that the
quantities g; are ordered g, <¢,<...<g,. Note that in
the simplest casen =2, x =Z;;=1x,0j (o; are the Pauli
matrices), @ =diag(~¢,q) and ¢ = |x], i.e., the transi-
tion from x to @ can be called spherical projection.

‘We now attempt to derive equations for g;(f) and p;(t)
=g,(t). Differentiating Eq. (48) with respect to thetime,
we obtain

U@L@U () =a, (50)
where
L=P+i[M.Q). P=@; (51)
M= —iU-iU; (52)
L and M are Hermitian » Xn matrices.
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Differentiating Eq. (50) with respect to {, we obtain
L+i(M,L]=0, (53)
i,e., Lax’s equation (11).

Thus, the pair of matrices L and M must satisfy Eqgs.
(51) and (53). For matrices L and M having the form
(15) and (16), Eq. (53) is satisfied. It is easy to show,
by direct substitution of (15) and (16) in (51), that Eq.
(51) is also satisfied for the systems (I), i.e., for V(g)
=q'-2.

It should, however, be borne in mind that the matri-
ces a and b in (47) cannot be arbitrary. Indeed, the ma-
trix of the angular momentum

N=ilz, z]=ib,a]=U[Q, LU~ (54)
cannot be arbitrary, since n — 1 eigenvalues of this ma-
trix are equal. Without loss of generality, we can as-
sume that U(0) =1; at the same time, the matrices aand
b in (47) can be expressed in terms of the initial condi-
tions in accordance with the formulas

a=L(0); b=0Q(0),
where the matrix L is given by (15).

(55)

Thus, we have obtained the final result: the coordin-
ates q,(t)-the solutions of the equations of motion for
the system (I)-are eigenvalues of the matrix

Q(0)+L(0)1. _ (56)
We now discuss the scattering process. The potential
U(q) in (14) vanishes as ;- q,— =, so that

g;(8) ~ prt+gf, as t—-zco.

(57)

Thus, the scattering process is determined by a can-
onical transformation from the variables (p;,q;) to the
variables (p7,qz).

Further, it is easy to see that
=5 S0 =1 3 (b =1 S(eH" i)

It follows from this that pj differ from p; only be a per-
mutation:

WAy (59)
Using the condition ¢, <¢,<...<g,, we obtain
P<pl<...<phi Pi>P;>...>Dx
and, therefore,
PT=Pni Py =Phnts eeey Da= P}, (60)

We show that g} and g} also satisfy the analogous con-
dition

F=Gn G=Gn=ts-ei Ga=0q]. 61)
Indeed, it follows from (50) that
a="U(00) L (o0) U™ (00) =U(—o0) L (—00) U™ (—o0). (62)
In addition, .
L (o) = P* = diag (p], «. ., Pn);
L (—o0)=P*=diag (P}, ..., Pn) - (63)
Hence,
P+ =SP-5-1,
where
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§=U"(0)U(—o00). (64)
We now use the equation
Q(e)=U () z(t) U (t) =Pt +i (M, Q1¢ + U™ (¢) bU (2). (65)
1t follows from this that
Q* =U (£ 20)bU (£ ), Q*=8¢S,
and thus the relation (61) is proved.

A different proof of (61) is given in Ref. 38, The re-
lations (60) and (61) mean that in this problem scatter-
ing reduces to successive scatterings of individual pairs
of particles. As will be shown below, the situation is
analogous in the quantum case.

2, We now consider the potential (V):
V(9 =g+ 0¥

In this case, we consider, not free motion, but harmon-
ic motion in the space X°:

.J;-i-(d’.l'=0, z € Xo,

(66)
The solution of this equation is
z(tf)=sinot+beosot, a,beX0. 67)
Representing this expression in the form
z()=U@) Q)T (1), (68)

where @(t) =diag[g,(t),...,q,(f)] and U is a unitary ma-
trix and differentiating (68) twice with respect to the
time, we arrive as in the previous case at the following
assertion: the coordinates q,(t) of the considered sys-
tem are eigenvalues of the matrix

Q (0) cos wt 4 &@™1L (0) sin wt,
Further, it follows from (48) and (68) that

(69)

R __ k
Sp[Q(1)]*=Sp [z ()", (70)

but Sp[Q(#)] is a polynomial in ¢; of degree k that is in-
variant under permutations. Hence, we qbtain:

COROLLARY 1. The polynomial of degree k in g in-
variant under permutations is a polynomial of degree &
in #{w =0) or sinwf and coswi(w# 0).

Note that the explicit solutions of the eugations of mo-
tion for the systems (I) and (V) [see (56) and (69)] make
it possible to establish a simple relationship between
these solutions.

Let ¢;(£) be the solution of the equations of motion for
the system (I) (w =0). Then it follows from (56) and (69)
that

E,(t):q,—(-%—tgmz)cosmt (1)
are a solution of the corresponding system of type (V)
(w#0), Of course, the converse is also true. A similar
connection for systems of more general form is given
in Ref. 39.

Note also that Tr(@"L*1@*2 L2, ,,) have a simple time
dependence. Namely, quantities of this kind are poly-
nomials of degree & =Ek, in £ for w =0 or in coswf and
sinw! for w+#0. The algebra of the Poisson brackets for
such quantities is studied in Ref. 40.
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Explicit Integration of the Equations of Motion for the
Potentials (II) and (III). To integrate similarly the equa-
tions of motion for the systems (II) (V(g) =a?sinhaq)
and (II) (V(g) =a’sin™aq), we note first that the consid-
ered set X"—the set of Hermitian n Xn matrices with
vanishing trace—is a symmetric Riemannian space of
zero curvature (see Ref. 41) if the natural metric ds?
=Tr(dxdx) is chosen. We now consider its Cartan-
associated spaces of negative curvature X~ and positive
curvature X* and motion along geodesics in thesespaces.
As above, we obtain a solution of the equations of mo-
tion for the systems (II) and (III), respectively.

We consider first the system (II). Let X~ be the space
of negative curvature corresponding to the space X',
which is the space of Hermitian, positive-definite nXn
matrices with determinant equal to unity.

Let x(f) be 2 curve in X~. Then the matrices x™'(8)%(t)
and £()x"!() can be regarded as two vector fields on the
group G =SL(n,C), which is the group of complex ma-
trices with unit determinant. These fields are not vec-
tor fields on the space X7; their half-sum, as is readily
seen, is a vector field on X~. If now x(f) is a geodesic
on the space X~, the equation for it'has the form

d [ rlrtrz?
dt ( 2 )_0' (72)
Note that this equation can be obtained from the equa-

tion for geodesics for the two-sided invariant [under the

action of the group G=SL(n,C)] metric ds? -
=Tr(x'dxx"'dx). Indeed, from the condition 8ds =0 we
obtain

% —zz'z=0,

whence (72) follows directly.

(73)

1t is obvious that the following curve is a geodesic on
X"
z(t) =bexp (2at) b*;

beSL(n,C), (74)

a*=a, Spa=0.

We now represent the Hermitian, positive-definite ma-
trix x(f) in the form

z (t)=U (2) exp {2aQ (1)} U (2), (75)
where U(f) is a unitary matrix; @(t) =diag[q,(#),...,
q,(t)] is a diagonal matrix with vanishing trace.

Using (75) to calculate £#x™! and x™'¥#, we obtain

1) (za~t+2742)/2=2aU (£) L () U™ (2), (76)
where

L (t)= P+ lexp(—2aQ) M exp (2aQ) P

—exp (2aQ) M exp (—2aQ)];
— —iU () U (2) (78)
is the “angular velocity of rotation”, P =@;

9) (zzt—z'2)/2 =UMU", (79)
where

M =M —[exp (2aQ) M exp (—2aQ)

+exp (—2aQ) M exp (2aQ)]/2. (80)

On the other hand, it follows from (74) that the matri-
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ces
(227 -+ 2742)/2 = bab! + (%) b (81)
(rzt — 2 1z)/2i = [bab™t — (b*)t ab*)i (82)
do not depend on the time.
Differentiating Eqs. (76), (79), (81), and (82) with re-
spect to the time, we obtain equations of Lax’s type:
iL=[M,L}; (83)

iM = (M, 1), (84)

" where the matrices, L and M, and M are given by Egs.

(77), (80), and (78). Note that besides the matrix L we
have also obtained the matrix M, which also is subject-
ed to an isospectral deformation with the course of time.

We now take the matrices L and M in the form (15)
and (16), where x{g) =acothaq(g =1). Then, as is.well
known, Eq. (83) is satisfied. Substituting L and M in
Eq. (77), we see that this equation too for L and M is .
satisfied. We can also verify that Eq. (84) is satisfied
at the same time.

Thus, if L and M are chosen in the form (15) and (16)
and x(g) =a cothaq, all the consistency conditions are
satisfied and we arrive at the final result: the quanti-
ties exp[2aq,(t)], where q,(t) are solutions of the equa-
tions of motion for the system (Il), are eigenvalues of
the matrix

z (t) =bexp (2at) b,

. (85)
where
b=exp [aO(O)]; O“d:iag'(QIo sy QH}r . (86)
and the matrix @ is found from the condition
2al (0) = babt - b1ab; (87)
ap=apdp-+ia*(1—8y) sh™'a (g,—qn). (88)

In conclusion, we note that all results for the system
(I) can be obtained from the corresponding results for
the system (II) by the substitution 2— éz. In the limit a
— 0, we find the results for the system (I) [V(g) =q"?].

2. THE QUANTUM CASE

Completely Integrability of the Considered Systems.
We now turn to the generalization of the results obtained
for the considered many-particle systems to the quan-
tum case. We recall that we study systems described
by the Hamiltonian

B=3 D040 ot By= =i (h=1); (89)
Ulgs --osta)= ZV (@~ (90)

where the two-particle potential V(g) is a function having
one of the five forms (I)=(V).

We shall say that the quantum system (89) is com-
pletely integrable if there exist » independent differen-
tial operators that commute with the Hamiltonian A and
with one another, i.e., a complete set of integrals of
the motion. In the classical limit (2—0), the commuta-
tors go over into the Poisson brackets, and this defini-
tion coincides with the definition of complete integrabil-
ity of classical mechanics (Liouville’s theorem?®),
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We show that the systems studied for the classical
case also remain completely integrable for the quantum
case.’’ We consider first systems with potentials V(g)
of the form (I)-(IV). For this, to construct integrals of
the motion for arbitrary n, we use the results of Refs.
22 and 27. (For systems (I), one can also take the re-
sults of Ref. 45).

Following Ref. 22, it is convenient to consider the set
of classical integrals of the motion J,(k=2,...,%),
which are the coefficients of the characteristic poly-
nomial det(L — AI), where the matrix L is determined by
Eq. (15), and I is the unit matrix. Note first that in the
quantum case we do not here encounter the problem of
defining the corresponding operators jk, i.e., the prob-
lem of the correct arrangement of the momentum oper-
tors }5, in the classical expressions, since f. has the
form of a sum of terms, each of which contains only
commuting operators. Thus, we have a set of well-de-
fined operators Jz, 3 j,, =detL.

However, the commutator [J,,J;] of two operators is
not a well-defined opera}.tor and, therefore, thevanish-
ing of the operator [,, ;] does not follow from the van-
ishing of the Poisson brackets {.f,,f,} but requires a
further 1nvest1gat10n In particular, one must prove
that [J,, J,] =[#,J,] =0, i.e., that the operators J, are
integrals of the motion.

We note Ilrst that it is sufficient to show that the high-
est operator JW is an integral of the motion, i.e., that
[&,d,]=0.

For, as is readily seen,
I'E @ di]=1 (2 75) u=i =kt 1) Fps.

But, usmg the Jacobi ldenuty for the operatorsz =191,
H and J,,, we see that if J is an integral of the motion,
then so is JH.

(91)

We prove that the operator J, =det(.i) is an integral of
the motion. Following Ref. 22, we concentrate our at-
tention on the dependence of J,=det(L) on 131, bs, and
X1y =%(q( = qy):

Jn= A (Prpa— 23+ Bip+ Bypp 4 Bz +C oy (92)
Here, the coefficients ﬁm,ﬁ,,ﬁz,ﬁlz and éﬂ do not de-
pend on x5, Py, and p,.

It is easy to show that the commutator [I;’, f,,] depends
linearly on xz;, and the contribution of x{, is therefore
given by the expression

jn=l'[ﬁ.jn]=2(§2—§1)112-‘5;.
"l‘ﬁsz[(I;:—P?z)z;;‘*‘-r;g(ﬁl_52)1[2"‘--- * (93)
It can be seen from (93) that the first term in the sum

is a well-defined operator, whereas the second is not.
Therefore, after reduction of the terms of this type to

9 In some special cases, a complete set of integrals of the
motion was constructed earlier: for systems of three or four
particles in Ref. 14, and for a system of five particles in
Ref. 15.
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normal form additional terms arise, and from the van-
ishing of the Poisson brackets {H,J,} there follows van-
ishing of the commutator only if these additional terms
vanish. We show that this is indeed the case.

For convenience, we use a different expression for the
operator J,, which was obtained in Ref. 27. Namely,
(94)

Ta=exp{—73 21"('13—?:) =} @i ... Bo)

apa

It follows from this expression that the operator f,,
contains only quadratic terms in x,; =%(q, - ¢;) and, in
particular, quadratic terms in x;;. Therefore, the ex-
pression (92) for J, can be represented in the form

fn.= 12 (Pipz"‘a:u)‘i‘Blpl+BZP2+Cna (95)

where A,,, B,, B,, and €y, as before do not depend on p,,
Py, oOr x,,. Now, after commutation of the operator J,,
written down in the form (95), with H there arise only
well-defined operators and their cancellation follows
from the vanishing of the Poisson brackets {H, J,,}.
Thus, we have proved that the operators ef. are inte-
grals of the motion.

In the classical case, the integrals of the motion J,
are functions of the eigenvalues of the matrix L, They
are homogeneous polynomials of degree % in the vari-
ables Py, ..., Pn, *(¢x— q;), and it follows from (94) that
they depend only on x%(g,—¢q;). In addition, they are in-
variant under permutations,

Jr (sp, sq) =Jx (p, 9), (96)
and the term of the highest power in the momenta in J,
does not depend on the coordinates.

We now consider the operator [J,,d;]. It follows from
the Jacobi identity that this operator is an integral of
the motion, of homogeneity degree & +1 in the variables
p; and x(q, — ;) and invariant under permutations. How-
ever, the coefficients of the highest terms in the mo-
menta are not constant. Under fulfillment of those con-
ditions, one can show?®? that such an integral of the mo-
tion is identically equal to zero. This completes the
proof of the complete integrability of the systems (I)—
(Iv).

Besides the integrals f,, which are the coefficients of
the characteristic polynomial of the matrix L, interest
also attaches to the integrals I; corresponding to the
classical expressions I, =k™ Tr(L¥). To obtain these in-
tegrals, it is convenient to express I, in terms of J; by
means of the well-known formulas for symmetric func-
tions and then reduce the expression for I, to normal
form.

We give the explicit expressions for fa, f4, and f5:

To= 2 PA+3 2 Vigv—a) i (97)
k kst
=2 P+ 32V (0 —0) 2P+ Puli)
J‘% V‘(qj—qk)—i-?jEk} ! V(gg—a) V (g,—aq1)

+ 2V in—0) =V (@ — (98)
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5ly= ?: PS5 ,,):;a V (qx—a) (o} + phpi)
F5X V(g —q) pr+5 2V (05— 3 V (ge=—a) 11
+5 XV (g;—a) V(0 —a) px
+5 2V (gn—2) ip} —V" (gx—a) P1} - (99)

As we have already noted, using the complete set of
commuting operators Iy(p,q),...,,(p,q) for the system
(I), we can construct a complete set of raising and low-

ering operators for the system (V). These operators
satisfy the relations

[H, Bz]=*+moB;. (100)
Indeed, it follows from (100) that the operator B;, (re-
spectively, Bj;) raises (respectively, lowers) the ener-
gy of the state by muw.

One can show that operators of this kind are

Bt=1I,(p+iog,q) or Di=J,(p+iog, q); }

Bi=Ii(p—ivg,q) OF Dy=Jx(p—iog,q). (101)

Using these operators, we can readily construct inte-
grals of the motion and obtain the energy spectrum and
the corresponding wave functions for the system (V).

Note that the wave function of the ground state is an-
nihilated by all operators By (or D,):

By¥y=0 or Dy¥,=0. (102)

Note also that the operators B;, B, and B3, B} were

constructed in Ref, 14, and the operators B; and B; in
Ref, 15,

Systems (I). Such systems are characterized by the
Hamiltonian

n
1 F. :
H== 3 pi+g* D) (g, — o) py= —idldg;.

=1 i<k
We are interested in the properties of the solutions of
the Schriddinger equation
HY, = B,
Yu(@=0 for ;=01 9=(q5+++ n) - (104)
We list these properties (some of them are obvious).

(103)

1. For g?>—%, the operator H is self-adjoint (in other
words, there is no “fall toward the center”), and there-
fore its eigenvalues E, are real,

2, The energy spectrum is continuous and fills the
half-axis 0 €E, <%,

3. The wave function of a state with zero energy has
the form

Wy (q) “,le (g—aw"s nlp—1) =g (105)

To see this, substitute ¥y(q) in the Schridinger equa-
tion (104) for E,=0 and use the identity
! —_g) ! —gt=0.
N “2;!# (¢y=—a) ™ (;— ) (106)
4. For E,>0, the solution of the Schrédinger equa-
tion (104) can be conveniently sought in the form

¥y, = Oy Yo (107)
For the function ®,(q), we then obtain the equation
—(A+2p.3 (g— )™ (0, 60)) Du (a) = °Ps (a), (108)
7
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where
A= 6} d;=0ldq; K=2Ey, (109)

The function ®,(q) is at the same time normalized by the
condition ®,(0) =1.

5. In the cases p =0 and p =1 (g =0), explicit ex-
pressions can be given for &,(q):

1

O (q) =7 2\ exp [i (skq)], (110)
where the summation is over all permutations;
O (q)=C 3 {e(s)expli (ska)l}/ [] (2,21, (111)

where g(s)=+1 for an even and g(s) =-=1 for an odd per-
mutation.

We also give the expression for &}(q):

gy g1 Sinlkj—k) (@5 —a)
i (q)“H (kj—kp) (a5—41)

(112)

i<l
6. For three values of g2, namely g*? =—%, g*°=2, and
g2 =12 for n =3, and integral representation for the
function &,(q) is known.** Using it, one can calculate
the S matrix.

7. The functions ®,(q) are analytic in ¢; and invariant
under permutations. They can therefore be expanded in
series in invariants:

Si=2a, =23 ...,m (113)

Di(@) =2 Cryy + v omnSE e os S0 (114)

Equation (108), rewritten for this case in the vari-
ables Sy, ...,S,, has the form'
i 1 a0
z lm (Sm-H'*S_;S(—ﬂSm—I.) ?ET;:

I, m=2

F R0 (1—3) S0 T+ D 18810+ S+ -
=2 j=2
oDy

v+ 818 — (1 —1) S1) I'_E_ST = — k2D, (g).
(115)
From Eq. (115), we can readily obtain the first few

terms in the expansion of ®,(q) as ¢— 0.

8. As is well known, these systems are completely
integrable. A complete set of integrals of the motion .f,,
{or I) is given by Eqs. (94).

9. From the explicit form of the integrals of the mo-
tion (constancy of the coefficients of the highest powers
of the momenta) it follows that the behavior of the func-
tion ¥,(q) in the asymptotic limit |q |~ ig

¥y (q) ~ Zc(Sk)exP[i{Sk'qn, (116)
where the summation is over all permutations of s. For

the values of the coupling constants g given in property
6, we have the factorization

c) =[] etty—k)=c || &—R)", (117)
i<t i<t

which was obtained in Refs. 46 and 47. The problem of
factorization was also considered in Ref. 38. There is
no doubt that factorization of ¢(k) also holds for arbi-
trary value of g, but a proof of this fact is not known to
the author.

10. We now consider a different class of solutions of
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the Schrodinger equation (104); namely, following Refs.
12 and 13, we seek a solution of the form

Dy (a) = By (1) Pi(w), r=|ql, (118)
where P;(q) is a2 homogeneous function of degree I satis-
fying the equation

3 (¢;— gn) "t (3, — 8y)) Py =0.

(420 2 (0 — )™ (3,—0) Py (119)

For the function Ry (¥), we obtain the equation

e A S S R

(120)
The solution of this equation, normalized by the con-
dition Ry (0) =1, is

Ru (1) =2""12T (- 4/2) ey~ YD g (ks

poo=(n—1)/2 41+ pn (n—1)/2,
where J, (x) is the Bessel function of order p.

(121)

11. Equation (119) has polynomial solutions, which
may naturally be called genevalized harmonic polyno-
mials. In contrast to the ordinary Laplace operator (u
=0), all the polynomial solutions of this equation are
invariant under permutations.!

12, We denote by g,(!) the number of solutions of de-
gree ! of Eq. (119), i.e., the dimensionality of the space
of generalized harmonic polynomials of degree [. The
operator on the left-hand side of Eq. (119) maps the
space of polynomials of degree ! that are invariantunder
permutations—this space has dimension f,(I)—onto the
space of those of degree /-2, which has dimension f,(I
- 2). Generalized harmonic polynomials are the kernel
of this mapping, and therefore

En () =Fn () —fn(I—2). (122)
The dimension of g,(I) is equal to the number of solu-
tions of the equation

(123)

in non-negative integers. Hence, we obtain an expres-
sion for the generating function

1=3lL;+...-nl,

@m=§hmﬂ

(124)
Go(2)=[(1—2%) (1—2z%) ... (1—z")I"% (125)
To find g,(I) for small values of #, we consider the
equation
l=L+2L+ ... +nl, (126)
and the generating function
H(z)=[(1—2)(1—22) ... (1—z")]* (127)

for the number of solutions #%,(I) of this equation. We

give the quantities #,(I), which are calculated in Ref. 48:
By () =121+ 1; (128)

by (D) =(1+2) (1 +4)/12—=1/T2 4 (—1)"/8+ (2/9) cos (21/3); (129)
or

rza(a,):{.w%.z(_ﬂ}; (130)
h(h = {42 (12418143749 M)} (131)
s [(l+1} u+z).u+3) u+242)8-§-015512+15z (57+3(_1)’)]_ (132)

344 Sov. J, Part. Nucl. 10(4), July-Aug. 1979

In these formulas, [x] and {x} denote the integral part
of x and the number nearest x. The asymptotic behavior
of 1,(I) for I>n is determined by the strongest singular-
ity of the function H,(z), which is at the point z =1.
From this, we readily obtain

B (8) ~ 1 Y[(n— 1)L nl] . (133)
13. Comparing (125) and (127), we find

En () =ln () —=hn (I—=1)—hy (1=2) + by (1—3). (134)

14. We give explicit expressions for the simplest gen-
eralized harmonic polynomials!:

Pg=83;
Py=(@m+1+4n(n—1)p)S— @ (1—1/n)+(2n—3) p) §4

Py=(n+5+n(@n—1)p) S;—5 (2 (1=1/n)+(n—2) u) S;5,. (135)

An explicit expression for P; for arbitrary ! is unknown.

Systems (V). These systems are described by the
Hamiltonian
H=% 3 p+¢ D @—a*+5 S py=—i0/0g; (136)
F <k i
We are interested in the spectrum and eigenfunctions of
the Schrodinger equation

HY =EY, for ¢,<¢:<<...< s
[ 1) I Shs... < } (137)

Vi(@)=0 for g=gui; | |¥i(e)|2d< .
We list some of their properties.

1. As before, H for g2> -3 is a self-adjoint operator
and its eigenvalues E; are real.

2. The energy spectrum is discrete and E; > 0. The
energy E; is characterized by #» quantum numbers [
=(lls e ’ln)-

3. The wave function of the ground state factorizes:

W, (@) =N, (1) J_[<]k (25— 1) exp (— 0q?/2). (138)
Here g2 = (i - 1); * =23, ¢},
The ground-state energy is

Ey= o (r/2+ pn (n—1)/2). (139)

Formulas (138) and (139) can be readily obtained using
the identity (106).

4, As above, it is convenient to seek a solution in the
form

Y= ‘qu";. (140)
For the function ®; we then obtain the equation
[ (A28 3 @—a@=) +0 3 49,]
i<k F
=(E;— E,) @ (141)
5. The operators
i " ; =
Brn(p,a)=In(ptioq,q), m=1,2 ..., n (142)
or
by (p, 9)=Jn(p+ioq, q)
( (143)
satisfy the commutation relations
o +
[#, By l= 4+ moB;, (144)

and, therefore, raise (or lower) the energy of a state .
by mw,
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Here, the operators I,(p,q) and Jn(D,q) are integrals
of the motion for the system (I), as defined above. Us-
ing them, one can readily construct integrals of the mo-
tion.

6. The wave function of the ground state is annihilated
by all lowering operators:
B, ¥,=0; -
n¥o=0; D, ¥,=0. (145)
7. Using the raising operators B{, B, ...,B} (or Dj,
D3,...,D;}), we can readily construct the e1genfum:tmns
of A. Namely,

Vb, = N1(BY)R (B )" ... (BRY™ W,

(146)
Note that these functions form a nonorthogonal basis,
since the operators B} and B,, do not commute.
8. Hence, we find the energy spectrum
Efll.. ...,ln=Eﬂ+w(ll+2!2+--- +nI’n)- (147)
9. The multiplicity of degeneracy of i,(l) is deter-
mined by the number of solutions of Eq. (126) in non-

negative numbers. The generating function for 4,(I) has
the form (127).

10. For p=1, g®=0 and the considered system (136)
is an oscillator in the polyhedral corner

A={g| << ... K}

11. Knowing the energy spectrum and the degeneracy,
we can readily calculate the quantum partition function
of the operator & for B+#0, p;=i%d/9q;:

Z (B)=Sp exp (—PpH) = 3 h, (1) exp (—PBEy).

(148)
From (147), we find
Z (B) =exp (—PE,) [(1—exp (—phw)] [1 —exp (— 2pRw)]
vor [1—exp (—nfho)]} . (149)

12. Letting % in this expression tend to zero, and p to
infinity in such a way that 7 =const, we obtain the
classical limit of the partition function®’:

Zy (ﬁ)=mgigm—“exl’(—
13. On the other hand,

BE) (150)

Za (B) =z | exp(—BH (p, @) d"pd". (151)

Integrating over the momenta and using the explicit
form of H=p*/2 +U(q), we obtain

ZgP)= - 2n \n/2 exp[—pU (q)] d"q.
! (Z:lk) (T) R i

Comparing (150) and (152), we obtain an expression
for the multiple integral®®

T - § °"P(—["-’T’éq?+s”2(e;—qa)-= ) dq

X n/2
= (&) exe {0 (153)

14, We now turn to the calculation of the normaliza-
tion factor for the ground-state wave function. For this,
- we calculate the integral

n(né-i) }

Iy, 0)= S {11 (ﬂ'f_Q'h)}zu exp (— wZgh) d'g.
i<k (154)
We note first that the function
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Il @—a)™exp(—o0 X ¢3)
i<h i (155)
determines the probability distribution in the %-dimen-
sional space of q. For p =3, this distribution was con-
sidered by Wigner,*® and for u =1 and 2 in Dyson’s well-
known papers®!*3? on the statistical theory of the levels
of complex nuclei. This distribution is called a Gaus-
sian ensemble (E,, E,, and E,, respectively). Note that
I, ©)=1I(p, 1) o-0/24unin-1)/2] (156)
and it is therefore sufficient to consider the integral

"(154) only for w =1 (in what follows, I(j,1) will be de-

noted simply by I{u)).

For i =%, 1, and 2 this integral has been calculated
(see Ref. 52 and the references given there). In Ref. 52
it was conjectured that for arbitrary p the result is

y [] T (14pk)
I =
nl [T (1+p" (157)

The author of the present paper does not know whether

this hypothesis has now been proved.

15. Here, we can also consider a different class of
solutions of the Schridinger equation {141), namely sol-
utions of the form

i (0) = Run (1) P (0); (158)

where P,(q) is a homogeneous polynomial of degree m
satisfying Eq. (119).

r=|ql,

For the function R,,,,(r), we obtain the equation

—(&+2 ( 1)) d,)Rum+2@r Rim
=2(E;— E;— mo) Ry, (159)
whose solution is
Rim (r)= CimL¥ (0r2); (160)

fi=m+m-3)/2+nm-1)u/2, and L?‘(x) is a Laguerre
polynomial of degree I. '

Systems (II).
Hamiltonian

Such systems are characterized by the

He=j 5 2 Pi+g%a Y shta(g;—a), py= —idldg;.

J—i i<k

(161)
We are interested in the properties of solutions of the
Schrddinger equation

<n;

a5 = Gj+1+

HY,=Ex¥p 1€
¥ (q) =0 for

We list some of these properties.

(162)

We note that the system has the properties 1 and 2 of
the systems (I).

3. A wave function of the form

¥-={[] sh(g—aml” (a=1)
i>k

(163)
is an eigenfunction of the operator H with eigenvalue
n—3 n—1

el et

(164)

e 2 aany
E= 2= —tonm—1); p=("3~,

To prove this, we use the identity
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) cth (g;— gx) cth (g, —q) = 0. (185)

k=1
Note, however, that the function ¥7(¢) increases expon-
entially as [gq] ==, and therefore E~ does not belong to
the spectrum of H,

4, We seek eigenfunctions of the Schridinger equation
in the form

V=¥ (166)
For the function ®}(q), we then obtain the equation

{A+2p ,-§\ cth (g;—qa) (3)— )} D (q)=—(k2+ 4p%u?) Dy (q).  (167)

5. For the special values =0 and p =1 of the con-
stants corresponding to g% =0, we can write down ex-
- plicit formulas for &,(q):
P (q) =-:!— >\ exp{i (sk, @)}; (168)
) e () exp {i (sk, @)}
(Du) - L]
R (g)=¢ ”, sh (g;—q1) (169)
i<
where the summation is over all permutations of s, and
£(s) =1 for even and odd permutatipns, respectively.

6. The asymptotic behavior of the wave functions

(@) as [q] == is
i (a) ~ 2 ¢ (sk) exp {i (sk, @)}

For the special cases i =3, 2, and 4 (for n=3) the
function c(k) factorizes!® 4’ and, therefore, so does the
S matrix. This factorization evidently also holds for all
values of i (and accordingly g?).

(170)

7. In these distinguished cases [ =3, 2 and p =4 (for
n=3)], an integral representation for the function &,(q)
is known,*®*47 and from this the factorization assertion
can be obtained. Thus, for pu =% we have®®

Dy (q) =coexp{(ik—p, q)}

Al.l(h—kg).'ﬁ- l/ﬁdi'lh,—kgl,':'- 12 - Aji!(ﬁ,;_lfkn)fﬁr 12

4 &
X 5 DR =R I T2 DR E 172 . pithn 1~ AmV/ZF 172 H dzjn.
- 1 2 nee D f ik

(171)
Here, the integration is over the subgroup of real low-
er-triangular matrices X_ with units on the diagonal. In
the numerator we have the upper corner minors 4; of
the matrix [exp(@)X exp(-Q)]'[exp(Q)X exp(-Q)], where
Q@ =diag(qy,...,q,), and in the denominator the upper
corner minors of the matrix (X'X); the prime denotes
the transpose. The components of the vector p are p;
=(m+1)/2-j.

8. Going in (171) to the limit g; == in such a way that
gy =gy~ %, ...,0nq =4, °, We obtain an expressionfor
c(k) in (170) which determines the behavior of the func-
tion &,(q) in the limit |q|— w:

4=
e (k) =°u-5 3'5 Dl—i(k.-k,)g‘z-iiﬂ e D;‘i_[:!n_l-kn}lelﬂ. H deg.
“o i>h (172)
This integral was calculated in Ref, 46, and it was found
that c(k) factorizes:

e(k)=c, [] ¢ (k;—ky;
i<l
[p41/2)  TI'(iky) l

elb)=—F= T
‘/-J'l. F(ik1+ll) (173)

Systems (III). Such systems are characterized by the
Hamiltonian
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i P
5 2 Pi+g%? D) sin"2a (g;—qu)-
i i<h

He= (174)

We consider the eigenvalue problem

HY, (q)=EY (9); (175)

¥i(q)=0 for ;=g (1176)
fle@pdg<o;

0Ly << .. <qy ... L', (177)

Such systems were considered for the first time in Ref.
18 and describe a system of n particles onacircle which
repel each other.

We list the properties of such systems.

1. As before, the operator H is self-adjoint for g*
>-%.

2, The energy spectrum is discrete, E;>0. The en-
ergy is characterized by n quantum numbers I =(I;,...,
1), and

Ey= (14 2pp)¥/2. Q 78)

3. In accordance with (105) and (163) there exists the

solution

Vo=l j[:],, (sin (g;—g)"s p(p—1)=g?

(179)
which corresponds to the energy
E* =2p%p? = pn (n*—1)/6. (180)
4. We seek a solution of Eq. (175) in the form
¥ (q) =D (q) ¥* (9)- (181)

For the function &;(g) we obtain the equation
H‘DJE[A+2gj§zctg (45— an) (8;— 3,)] D= —2 (E,—E')w..(laz)
5. All the formulas for ®;(q) can be obtained from the

formulas for the systems (II) by including in them the

parameter a and then replacing it by ia. We give the

formulas for &;(q) when p =1 [cf. (169)]:

o D e@exmlich)]
® ()= H ( ‘:j—t: ) ’“ sin (qf—qh) J +
s i<k (183)
This function is proportional to the character of the
irreducible SU(n) representation with highest weight I.
Similarly, replacing a by ia in (171), we obtain an in-
tegral representation for &,(q).

6. One can show!® that the operator B in (182) in the
basis of the exponentials exp[i(l,q)] has triangular form.
From this we obtain an expression for the energy spec-
trum:

Ei— Ey) = [(1+ 2up)2 — 4n?p?)/2,
(E1— Eg) = [(1+ 2up)® — 4u?p?) (184)
where
_fp—1 p—3 p—1
p=(27 £ —5)
7. We now calculate the normalization factor N(u) of
the solution ¥*(q), namely N(u) =I"'(n), where
1= { {] sin(—a)} ™ d":
i<k
I <Hp<. << (185)

Up to a factor, this integral is equal to the partition
function, which determines the distribution function of
the eigenvalues of the Hamiltonian describing n succes-
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sive levels of heavy nuclei.’! Its value was predicted

for all values of p in Ref. 51%’;

_p Tl+nw | s ang-Bn(n—1)
I (W) =C v - -

This formula is proved in Refs. 53 and 54.

APPENDIX
Solution of the functional equation (18)
Suppose the odd function x(£) satisfies the functional
equation
z @ = () —z ) &' @ == E+n) 3@ —z M) (A.1)

It is easy to see that if x(£) is regular at £=0, then
%(£)=0 and this function must have as £— 0 the behavior

z(E) ~gE1+30) (g 0). (A.2)

To find the general solution of (A.1), we must, follow-
ing Ref. 24, let n tend to zero. Equating the coefficients
of different powers of 1, we obtain

3(E) ~g(E?—=0);
2@=¢ (3T 4v-8). }
However, since the function z(£) is determined up to
a constant, setting 6 =7, we can assume that
z2(8)=g=" @[22 @)- (A.4)

Thus, any soluti;)n of Eq. (A.1) must also satisfy the
equation

(A.3)

2@« —zm e @=F (28 20

z@E) oz (A.5)

) =&+

We again let 1 tend to zero. Then the coefficients of
1%, 7™, and 1 on the left- and right-hand sides of the
equation are identically equal. Equating the coefficients
of n, we find the equation

z(8) 2" {)—3z" (B) =" B)—12vz (B) 2’ ()= (A.6)
Multiplying it by x™ and integrating, we obtain
3" - Byz-2 4 ¢ =04 (A-’?)

But x(£)~g£™ in the limit £— 0. It follows that ¢ =—2g~2
Multiplying (A.7) by x%x’ and integrating, we find

(e =g tt—2pz 4 (L=3y). (A.8)
Note that from (A.7) there follows
20 =8 FriEh =128 Q)+ =1 (9 -+ const, (4.9)

Integrating (A.8) with the boundary condition x(£)~g£™!
as £—0, we obtain an expression for the function that
is the inverse of x(£):

2 (g)= S N e (A.10)

This integral can be simplified in the following cases:

1) p=0, =0, z(=gk™

2) p=cza?, A=g%', z()=gacthaf, gactgaf;

3) p=Fa%2, A=0, z(f)=gash-1ak, gasin-!ak. (A 11)
In the remaining cases, the integral can be expressed

in terms of elliptic functions. The explicit formulas for

%(£) depend on the positions of the roots z, and z, of the

quadratic equation

) For the special values p=%, 1, and 2, it was calculated in
Ref. 51.
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— gtz gt =0. (A-IZ)

I. Suppose g’u®~ X >0 and, therefore, z, and z, are

real. We consider separately three cases:
1) 2,<2,<0. We set |z,| =a?, |z, =(1 - %%a’. Then
2@ LR Ly @)= got du a3, Kyons (a8, by }
V (§)=g*sn~* (af, k) =g (af)+const. (A.13)

2) 2,<0,2,>0. We set |z,|=k%a?,2z,=(1 - k¥)a’. Then

dn{aa k) . a%n?(ak, k) |
*R=EemaEn s I nt(ak, k) } (A.14)
V (E) =g2a® sn~2 (af, k) -~ g% (ak) -+ const.
3) 2,>0,2,>0. Then
oy 1 2 __a*cn (ak, K dn (e, &) |
x(G)—-gam. y(&)= —m-k)—-} (A.15)
V (E) = g%® sn~2 (ak, k) = g% (af) |- const.

II. Suppose gp?-2A<0 and, therefore, z; and z, are
complex. Then the expression x* - 4pg??® +\g? can be
represented in the form

(e24+-2v2+g V) (22 —2vz-g V'R), v= Vm)
In the integral (A.10), we make the change of variables

— (Ag? 1/41'.:.,1_.
z=(hg?) =~

i dz=(vg3)"/s s

@+
After this, the integral takes the form

E=]/ 2 5 :
gV h—ngt J i(x=+r*)(1=+o*nf2

(A.16)
where -
= [(Ag) V4wl (g s 0P =2, (A.17)
Hence,
FE=asm(aV 2/e Vi—pg?) G+ o) k
or
e =gy A=etenle VBl VI—ug?) Gty 0 (A.18)

t-tatsn (V2 VEi—pg?) G—Eo) )

If is easy to show that in all cases the potential has
the form

V" (§) = %27 (a) - const. (A.19)
Indeed, it follows from Eq. (A.8) that
((x%))? = 4g~2a® — Bpat - 4ha?
or
(V)2 = (4gV2 —8pV - 44) V. (A.20)

It remains to show that in all the considered cases the
functions x(£) and z () satisfy the functional equation
(A.1). This can be directly verified on (A.1) by means
of the composition formula for elliptic functions (see
Ref. 23).
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