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The general theory of multiple scattering of pions by nuclei is expounded on the basis of relativistic
potential theory. Different formulations of this theory are considered. The connection between the f

matrix for scattering of a pion by a nucleon in their center-of-mass frame and the same matrix in an
arbitrary frame is considered in the framework of the general theory. On the basis of the Lippman-
Schwinger equation for the T matrix for the scattering of a pion by a nucleus, a general expression is
obtained (in the form of a series) for the amplitud= of w4 scattering in the fixed-scatterer approximation
(FSA), and different solvable models are considered in this approximation. The currently available

approximate methods of solution of the problem of wA scattering are discussed in detail. Allowance for
various effects that enable one to go beyond the fixed-scatterer approximation is considered on the basis
of the first-order optical potential. Consideration is also given to the results of the first attempts to
construct the second-order optical potential and to take into account real absorption of pions by nuclei in
A scattering. The problem of pion-deuteron scattering is considered separately on the basis of the

relativistic three-particle equations. The main attention is devoted to pion-nucleus scattering in the region

of the (3,3) resonance.
PACS numbers: 25.80. + f, 24.10.Ht,
INTRODUCTION

Study of the interaction of pions with nuclei is one of
the central problems of the physics of intermediate
energies. The recently commissioned meson factories
open up wide possibilities for comprehensive and de-
tailed quantitative study of this interaction. At the
present state of theory, there is no unified dynamical
scheme for treating all the phenomena that are observed
when pions interact with nuclei. Therefore, different
theoretical approaches are used to investigate particu-
lar aspects of the problem. One such approach to pion—
nucleus interactions is the general theory of multiple
scattering of a particle by a bound system. This theory
enables one to find the differential and integral cross
sections of elastic scattering, o,,, and the total cross
section o, for scattering of a pion by a nucleus as a
function of the pion kinetic energy T,.

The theory of multiple scattering of a pion by a nucle-
us relates the pion-nucleus collision matrix to the
free-state pion—nucleon collision matrix, which is as-
sumed known to some degree or other. In this respect,
the theory is phenomenological, but it is nevertheless
sufficiently general to be used as the basis for investi-
gating various aspects of the pion—nucleus dynamics.

Aspects of the theory of multiple scattering relating
to pion-nucleus scattering were discussed in Ref. 1 as
part of the general problem of the pion-nucleus inter-
action. However, in Ref. 1 the aspects of the theory of
multiple scattering were considered only schematically
and, further, the results of investigations published
only up to the middle of 1974 were discussed. In the
last three or four years many papers have been pub-
lished on both the fundamentals of the theory and its
development and on the application of this theory to
particular problems of 7A scattering.

The present review is devoted to a more detailed
analysis of the state of the theory of multiple scattering
of pions by nuclei. The main attention is devoted to
the formulation of the theory and its further develop-
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ment, the analysis of approximate solutions to the

problem, and the main assumptions used at present in
concrete calculations. We consider separately pion-
deuteron scattering, for which (in a definite range of
the energy T,) it is possible to give a three-particle
formulation of the problem on the basis of Faddeev’s
equations or the relativistic generalizations of these
equations.

1. GENERAL THEORY OF MULTIPLE SCATTERING
OF PIONS BY NUCLEI

The theory of multiple scattering is in essence a po-
tential theory, and it presupposes that the interaction of
the incident particle, in this case a pion, with nuclei is
of a two-particle nature. As a result, the Hamiltonian
of the system consisting of the pion and the nucleus (14)
is represented in the form

A

H=h,+H,+ ;}1 viy (1)
where h, is the Hamiltonian of the free pion, H, is the
Hamiltonian of the nucleus, and v; is the potential of
the interaction of the pion with nucleon ¢ of the nucleus.
In the framework of relativistic potential theory,?™ it is
found that even in the first order in the square of the
ratio of the particle velocity to the velocity of light
three-particle forces occur in the expansion of the in-
teraction. Therefore, the Hamiltonian (1) is an approx-
imation that does not take into account the many-particle
forces in the pion-nucleus interaction. In addition, the
theory based on the Hamiltonian (1) ignores an impor-
tant physical process—real absorption of the pion by -
the nucleus, which proceeds basically through the two-
nucleon mechanism (see, for example, Ref. 7). Below,
we formulate the general theory of the multiple scatter-
ing of pions by nuclei, following Refs., 8-11.

The T matrix corresponding to the Hamiltonian (1.1)
is determined by the solution of the Lippmann-Schwin-
ger equation:

Y w+ X w6 (E) T (E); (2)
T(By=14 2 .
( Sut+T(E)GE) Zw, (3)
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where
G (E)=E +i0—ha— H I (4)
E is the energy of the system.

This form of expression for the T matrix presupposes
that the iteration series of Eqs. (2) and (3) converge or
that the corresponding inverse operators exist,

It is important that the state vectors of the nucleus
between which the matrix elements of the operator T'
and, generally, physical operators are taken must be
antisymmetric under permutation of the nucleons. We
denote by .o =a® the operator that projects the Hilbert
space of the nucleus onto antisymmetrized state vectors,
which form a subspace orthogonal to the remaining part
of the Hilbert space. Because of the symmetry of the
operator },v; under permutation of the nucleons, its
matrix elements between the state vectors of these two
different parts of the Hilbert space are zero. There-
fore, Eqs. (2) and (3) can be written without loss of
generality in the form

[ Av+ AvGAT; (5)

_{ Av+TAGpA, (6)
where

Av= ;. (7)

The main physical quantity determined in the theory
of multiple scattering is the submatrix of the total T
matrix corresponding to elastic scattering. It is fre-
quently convenient to reduce the problem of finding this
matrix to that of finding some effective potential, which
is called the optical potential. It is desirable and con-
venient to express this potential in terms of the pion—
nucleon scattering matrix, which in principle is exper-
imentally observable.

We represent the projection operator a as the sum of
an operator p that projects the space of antisymmetric
state vectors of the nucleus onto the ground state, and
the operator @, which separates all possible excited
antisymmetric state vectors:

P+Q=ob

B, =g, =0, @o=0@=0.} (8)

It is obvious that the equations #/G=G«; ZG=GZ; QG
=GQ, which will be frequently used below, hold.

By definition, the optical potential is an operator by
means of which the elastic-scattering matrix can be
determined from a Lippmann-Schwinger equation of
the following form:

I (B = U(E)+U (E) #G(E) T (E); (9)

( )_{ U (E)+T (E)G (E) &U (E). (10)
We introduce the auxiliary operators

gy | v G (B) AT(E); (11)

T )ﬁ{ v+1(E) AG (E) v; (12)

2 (E)={ v+ G (E) QT (E); (13)

v+1(E) QG (E) v. (14)

Determining the operator v from Eq. (12) and substitu-
ting in (5), we obtain

T =1 +5ACI At (1 4+ TAGI™ AGAT,
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which is equivalent to the equation

T=Av+(A—1)1GAT. . (15)
Similarly, we can show that

T = At [ATAG—1QG] T. (16)
Introducing the new operator

I'=T(A—1)/4, 1n
we can reduce Eq. (15) to the form

T’ =(A—1) T+ (A—1) 6AT". (18)

We determine an operator U’ in such a way that the
equation for the matrix T’ takes the form (10), i.e.,
7 (E)={ U’ (E)+U' (E)G(E) &#T" (E); (19)
U (E)+TI'(E)PG(E)U' (E). (20)
Solving formally Eq. (18) for T’, substituting the ob-
tained expression for T’ in (20), and making algebraic
transformations similar to the ones used in the deriva-
tion of (15), we obtain the equation for the optical po-
tential:

U' (E)=(A—1) v (E)+ (A—1) T (E) G (E) QU' (E). (21)
On the basis of (16), we can similarly obtain
T(E)={ U (E)+U (E)G(E) §T(E); (22)
U (E)+T (E)9G(E)U (), (23)
where U is determined from the equation
U (E) = At (E) + (A —1) T (E) G (E) QU (E). (24)

Equations (13), (14), and (22)—(23) are the basic rela-
tions of the theory of multiple scattering in Watson’s
formulation,® and Eqs. (11), (12), (17), and (19)-(21)
are the basis of the Kerman-McManus-Thaler (KMT)
formulation.® It is evident from the derivation that the
two formulations are equivalent in an exact solution of
the problem. They differ in an approximate solution.
This difference is due to the difference between the
auxiliary operators 7 [(11), (12)] and # [(13), (14)],
which represent the ¢ matrix of pion scattering by a
nucleon in a nucleus. It can be seen from the definition
that 7 and 7 are many-particle operators that take into
account in different ways the influence of the nuclear
medium on the distinguished nucleon that interacts with
the pion. Determining v from Eq. (14), substituting the
result in (11), and using the algebraic transformations
performed above, we can readily find the connection
between T and 7:

(25)
(26)

We now consider the fulfillment of the unitarity condi-
tion for the elastic scattering matrix

T (E)= { T (E) +1(E) G(E) # «E);
i(E) +1(E) PG (E)% (E).

Ty =TS, (27)

For this, using the equality #% =2, we obtain from
Eags. (19), (20), (22), and (23)

ry ()= { Vopt(E) +V opt (E) Go (E) Ty (E); (28)

° Vont (E)+T7y (E)Gy(E)Vope (E), (29)
where

Ty =PT'F; Vo, =FU'F; G=FCP, (30)

and
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T (B)= { V opt (E) +Vope (E) Gy (E)T o (E); (31)

g Voot (B)+T 4 (EVGo(E)V,,, (B). (32)
where

V‘opt = 5‘&9‘ (33)

Equations (28), (29) and (31), (32) are equations of
the form
7 (E)+ 7 (EY§(E) T (E);
7 (E)+.7 (EYS(E) 7" (E),
where #7(E) in the general case is a non-Hermitian
operator; ¥(E) is the Green’s operator. It is easy to
show'? that the matrix 7 (E) satisfies a unitary relation
of the form
T (E)—T*(E)=35*(E)[% (E)—5" (E)) T (E)

++I(E) G (E)NIT (E)—7™ (E)I[1 -+ (E)T (E)l.
We use this relation for the matrices T, and T deter-
mined by the relations (27), (31)-(33), (28)-(30). We
also use a relation obtained from (4):

G(E)—G* (E) = —2nib (E — ha— H ).

ﬁ(g):{

As a result, we obtain the equation

Ty (E)—Ty (Ey= —2niTY (E) F8(E—h,—H,) $T, (E)
FU+Ty (B) GEHENV ope (E)—Vip (BN 1 +Go(E) T o (E)]  (34)
for Watson’s formulation, and

A

=L re (B) PO(E—ha—HL)

Ty (E)—T} (E)=—2mi2s

X FTy (E)+=p U+T7% (E)GE(EN IV, (E)—Viy (E)]
X1 +Gy(B) T, (E)] (35)
for the KMT formulation.

It can be seen that the first term on the right-hand
side of (34) is proportional to the cross section of elas-
tic scattering, while the second term corresponds to
inelastic processes, which are directly related to the
non-Hermitian part of the optical potential ¥,,,. With
regard to the first term on the right-hand side of (35),
before the elastic scattering cross section it does not
include the quantity

T (E) $8(E—ha—Ha) 8T, (E)iA.

And since the relation (35) is exact and therefore equiv-
alent to (34), the second term on the right-hand side of
(35) must contain a contribution from elastic scattering,
i.e., the first term does not completely exhaust the
elastic channel. Thus, whereas in Watson’s formula-
tion the contribution to the unitarity condition from
elastic scattering is rigorously separated from the con-
tribution of the inelastic processes, in the KMT formu-
lation these contributions are not completely separated.
Therefore, in an approximate solution of the scattering
problem in the KMT formulation it is not certain what
inelastic channels have been ignored in this approxima-
tion. This shortcoming of the KMT formulation was
pointed out in Ref. 13, and this question was discussed
in Ref. 14.

In the approximate solution of the problem of pion
scattering by nuclei, it is sometimes convenient to
represent the T matrix as a series (Watson series).
To obtain this, we note that in accordance with the
definition (7) the matrix elements of v, and v between
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antisymmetric wave functions are equal, and therefore
80 will be the matrix elements of the operator 7 [(11),
(12)] and the operator 7, defined by the equations

o= o
We define the operators
Ti=v;+0v,GAT. ‘ (38)
Using Eqs. (5), we see that
T= 2-’1':- (39)

If from Eq. (37) we find v; and substitute in (38), then,
using (39), we find

Ty (E) =1 (E)+7; (E) G (E)A § T (E). (40)

Solving this system of equations iteratively, we obtain
for T (39) the required series

T(E)= 2 T (E)+ 2 E 1 (E) G (E) Aty (E)
+2 2 3w (E)G(E) A1y (E) G (E) ATa (B) + ... (41)

Before we consider the different approximations used
at present to investigate pion scattering by nuclei in
the framework of the above thoery of multiple scatter-
ing, we must particularize the method used to describe
the nucleus. Let Hi" be the Hamiltonian of the internal
motion of the nucleus; then in the framework of rela-
tivistic potential theory H, will have the form (fi=c=1)

Hy=V K4+ (HT—M,. (42) .

Here and in what follows, the energy is measured from
the ground-state energy of the nucleus (M, is the corre-
sponding mass), and K, is the total momentum of the
nucleus.,

We introduce antisymmetrized state vectors
| K a) =|Ky)| @), of the nucleus, which satisfy the
Schrddinger equation

HA]KAG)=EAm|KAG)| (43}
where
EAa=VK:1+sim_MA- (44)

Here, &,,=MA+#& , is the total energy of the nucleus
A in the center-of-mass system; &, is the energy of
the internal motion of the nucleus, which is determined
by the equation

H o= (M A+ 8q) @), (45)

In modern theory, nuclei with A =3 nucleons are
treated on the basis of nonrelativistic quantum mecahn-
ics (for the deuteron, a quasirelativistic treatment is
possible). Accordingly, we must consider the nonrela-
tivistic limit of the expression H, (42):

H,m HP— M, +e8%; &a=K4/(2MA). (46)
In this case, we obtain for the energy

B By (B 8B, (47)
where

Boa=MA—DM,; E,(Ku)=Ky(2MA) =~ VKL +My—M,.(48)

It is clear that the state vectors |KAa> satisfy the com-
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pleteness condition

> j |K @) dK 4 (@K 5| =oA. (49)
We shall assume that these state vectors are ortho-
normalized in accordance with the equation

(Kao'|aK z) = 6 (K —K,) Oovc. (50)

2. THE 7N SCATTERING MATRIX

In the theory of multiple scattering it is desirable, as
we pointed out in Sec. 1, to express the 7A scattering
matrixintermsofthe N scattering matrix. In the pres-
ent section, we consider some models of the 7N inter-
action and questions associated with the use of the 7N
scattering matrix in the theory of multiple scattering
of pions by nuclei.

In potential theory, the point of departure is the Lipp-
mann-Schwinger equation for the { matrix, which we
initially write down in the pion-nucleon center-of-mass
system:

il (mcm) =0+ Vgem (Ocm) (@em)s (51)
where
Eom (Vem) = [@em + 10— BT" — BT = [0g +-10 =TT (52)

h{™ and K™ are the Hamiltonian operators of the free
pion and nucleon in the 7N center-of-mass system; v
in the general case is the nonlocal operator of the 7N
interaction, which depends on the spins and isospins of
the particles. It can be represented in the form

®'lvlm=4n 3 vy (p's p) @' iTmgmy) (iImgm,|B), (53)
lJIme‘.

where (p|Lilm;m,) are the eigenfunctions of the orbital
and total angular momenta and the isospin moment of
the 7N system and satisfy the well-known conditions of
orthonormality and completeness:

5 ' I'mjem .| p) dp (B|1iTmymy) = 8171881 18myumBmp.mi (54)

2 @ 1liImym) (1iTmm, ) =8 (p—p). (55)

Ij!m,mr
In (53), p is the relative momentum of the TN system.
It is clear that the £ matrix can be written in a form
analogous to (53):

(p'|te™ (@em)|p) =4n i g

iTmym

X (ﬁ'”jlmjml)“frmjmllﬁ}' (56)

t:ﬂ (P‘s Dy @em)

On the basis of Eqs. (51)-(56), we can readily obtain
an equation for the partial-wave { matrices:

1551 (p's P35 @em) =iy (0's P)

vizr (P's P") 151 (P", P5 ©em) P"® dp” 2
+in S Wemn +i0— e (p”) 2 (5 )
where
O (P)= 01 (p) + 0, (p);
oz (p)=V PP+ m¥; (58)
o, (p)=V PP+ M3
m and M are the pion and nucleon masses. The partial-

wave amplitude of 7N scattering is related to #]7; by the
well-known relation

fiyr (B) = — (270 pay (B) 831 (R, K3 ©@cm (K))
= exp [y (k)] sin 8, (K)/k, (59)
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where 8, are the phase shifts;
Wy (k) = 0 (k) 0 (k)/ [0z (k) + o, (k)]
is the reduced “mass” of the 7N system. For the

partial-wave ¢ matrices, there follows from Eq. (57)
a unitarity condition off the energy shell:

(60)

51 (0'y D3 Oem (K)—15T (P, P's Ocm (K))
= L OF om0, ks 0em (B 155 (B, i @ (K)). (61)

One of the models of the 7N interaction that is fre-
quently used in the theory of the scattering of pions by
nuclei is the separable model, which in the region of
the (3, 3) resonance (=1, j=I=3%) has a certain theo-
retical justification.'® In the framework of potential
theory, this model presupposes that v,(p’, p) (below, to
shorten the expressions, we take y =IjI) can be repre-
sented in the form

vy (p's p) =My (') vy (D), (62)

where A, is a constant and v,(p) is a form factor. Then,
solving Eq. (57), we obtain

52y D7 0em () =y (p') DiF (0em (K)) 3 (p), (63)
where
- v3 (p) p*dp
Dy (0em () = A3t —dn 5 iy (;;")"'+ 10— 0em (p) * L

The form factors v,(p) in (62) and (63) are usually de-
termined by two methods. In the first, the functions
v,(p) are specified in the simplest possible form com-
patible with the correct behavior of the 7N scattering
amplitude at low energies (f,(k)~#*'). The parameters
of the functions v,(p) are determined in such a way as to
obtain the experimentally measured phase shifts in a
definite range of energies. In the second method, the
inverse problem of 7N scattering is solved using all in-
formation on the phase shifts in the energy range
(0,+=). Such a problem was solved, for example, in
Refs. 16 and 17. In Ref. 16, the potential was taken in
the form (63), where ), is assumed to be independent of
the energy. It was found that the form factors v,(p)
determined in this manner are, first, complex even at
momenta below the corresponding threshold of inelastic
processes of the 7N collision and, second, have unde-
sirable oscillations in a wide range of momenta. In
Ref. 17, all inelastic channels in 7N collisions were
taken into account effectively through an energy-depen-
dent optical potential of the elastic channel with a
separable form:

740"y P @om () = Ay (0cm () 77 (p') 7" (p)- (85)
Here, ) [w,,(k)]is a function that is real below the
threshold of the inelastic processes (thereafter it is
complex); the form factors of the elastic channels are
real. The { matrix corresponding to the potential (65)
can be obtained by solving an equation of the type (57),
in which »,(p’, p) is replaced by the potential (65). One
obtains

50y D5 Ocm () =75 (2") Dt (0em (1)) 7' (P, &
where
o2 * d,
D5 (0om () =5 (0om () | ity (6T)
¢ g} (p) p2dp
=43 —4“5m' e
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The functions #,(p) and g,(p) were determined in Ref,
17 in terms of the phase shifts. Note that to determine
DM w u(R)] it is not necessary to know the function &,(b),
and it can be determined in accordance with the formula

Dy (@em (B)) =13" (K, ki @em (R))/T7} (R), (69)

which follows directly from (66). The relation requires
knowledge of the / matrix on the energy shell at all
values of the energy.

It is clear that these two methods of determining the ¢
matrix lead to different behaviors off the energy shell.
Therefore, if they are investigated when one is finding
the T matrix of pion—nucleus scattering, one can in
principle obtain information about the off-shell behavior
of the 7N scattering matrix. This is one of the aims of
studying 7A scattering,

For the state y=1jl=133, the { matrix in the region
of the resonance can be represented in the form

32 (8" P} Wem (B) =155 (0's B3 ©Ocm (K))

g (70)
where wy=wg(ky) is the resonance energy, kg is the
corresponding momentum, I'(k) is the width of the res-
onance, and A4, is a constant, It is possible to express
T'(k) and A, in terms of a form factor, the values of the
7N scattering amplitude, and the width of the resonance
Wem(k)=wy, at the point of resonance by using the uni-
tarity condition (61) and the optical theorem for the
amplitude (59):

T Utut (kﬁ)
Fearpeari= L] - . D=T(kg); 71
B E )P e (@) kil (kR) el ()
T (k) T pan (@em (k) kvi (k) kao':',gt (kr). (72)

T8 @) pan @R e (k)

In the theory of multiple scattering of pions by nuclei
in the region of the (3, 3) resonance, one also uses the
Chew-Low model,'® which describes the scattering of
a p-wave pion by a fixed nucleon. The scattering
matrix in this theory can be obtained from the expres
sion (56) by substituting in it I=1, jI=a=11;3L;
and

.3
» 2

e

3
2

[

ﬁ,; (p'y Pi ©em (%)) )
— __Pu(p) ha(ox(k) pvip)
Vo7 4 Ve’
where v(p) is the nucleon form factor; h,(w,) has the
form

(73)

he (('3:1)
= A /Og (7 4)
S i | PED0a0) j"’"“"’ Bo 0z (5) don () *
a0 | G () (@n+0—0a (PN % ) 0% (7) (@ +-0 (P)

Here, B,(w,) is a function determined from the crossing-
symmetry relation; A, is expressed in terms of the 7N
coupling constant f(f%=0.08) in accordance with

—%, =t

-—1, us"fz ‘fz

(75)

a=1,%,
2, Gzal‘;s}z

In the theory of multiple scattering of pions by nuclei,
the corresponding T matrix ean be expressed in terms
of the { matrix of the 7N collision in the pion-nucleus
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center-of-mass system. We therefore face the problem
of relating this matrix to the matrix in the pion-nucleon
center-of-mass system, i.e., *®, This question was
discussed in a number of papers.’®* In our view, the
natural and most convenient solution of this problem,
corresponding to the common formulation of the prob-
lem of pion-nucleus scattering in which the interaction
of the pion with the nucleus is treated phenomenolog-
ically, was given in Ref. 23 on the bases of relativistic
potential theory. In the case of pion scattering by the
deuteron, a different formulation is possible, which is
more general and has a field-theoretical basis. It will
be considered separately in the final section of this
paper.

In relativistic potential theory, the interaction
between the particles (in our case, between the pion and
the nucleon) does not depend on the energy and in the
general case is nonlocal and is introduced phenomeno-
logically. Thus, in the 7N center-of-mass system we
have Egs. (51) and (52), where v=uv(r,p). Here, r and
p are the relative radius vector and the momentum of
the 7N system. In an arbitrary system in which the
pion and nucleon momenta are p, and p,, respectively,

t(0)=v+vg (o)t (a), (76)
where
g(0)=[0+i0—ho]t = [0 +i0—hy— ] (77)
ho=V (™ +P% o (p, P)=V 0 () FP% P=pa+tp,; (78)
B =hgm v (e, p); b=V (B + P2, v=h—hy. (79)
It should be emphasized that in this (potentiall) theory
the particles are always considered on the mass shell.
The relative momentum in the expressions (51)-(69)
and (76)—(79) is defined in accordance with

PanP

P =Pt P G e oem (AT 0 (7, 7T — P (P Pl (80)
i 2 (Pn)ol:s(:;'ﬂ;;; (Pa) Pn (81)

The expression (80) can be obtained by going over from
the four—-momenta defined in an arbitrary system,
P=(Py, P), Py= 0z (ps)+ 0n(pn), P=patps;
Pan = Pnpx— PaPn/Po= (0, Pm), (82)
to the four-momenta in the 7N center-of-mass system
(P..=(VP?,0)) by means of a Lorentz transformation:

L (P) (pa+pn)*=0, p=0,1,2,3, (83)
where

2W(P)=Pu’ Vsz; -'ﬁni(P)= —2.'0(1“) =Py Vﬁ.

Liy=8,— PP VP (Po+ V), 1,j=1,2,3. (84)

It is readily shown that the Jacobian of this transforma-
tion is
J (pxPr; PP)=|D (P=, Px)/D (P, P)|
. (Px) @n (Pn) _ @q (P)+0n (P)
O (P) On (P) g (Pa)--On (Pa) *
We introduce the state vectors |p,p, and |pP), which
satisfy the following conditions of orthonormality and
completeness: -

(85)

(PuPi| PaPn) = 6 (P —Py) 6 (Px—Pa); (86)
3 | PaPn) AP dp, (PaPa | = 1; (87)
(P'p’ |pP)=8(P'—P) & (p'—p); (88)
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§ 1Py apap pp|=1. (89)

Using the equation dp,dp, =J(p,p,; pP)dpdP, we can
readily see that the matrix relating these two sets of
state vectors |p,p,) and |pP) has the form

(PP | paPn) = 8 (P—pa—pn) 8 [P—P (P, Pa)1J "/ (pspa; PP). (90)
From Egs. (51) and (76) there follows directly the
equation

(P'p’ |t (0) | pPy =8 (P —P) ¢ (p', p; @, P). (91)
Using the well-known connection between the f matrix
and the wave function and the circumstance that, be-
cause the potential »(r,p) is independent of the energy
the center-of-mass variables and the variables of the
relative motion separate in the wave function in the mo-
mentum representation, we can show?® that

“t(p m o(p PY, BY=F(p', pi P)t" (0, ;i o(p)), (92)
where

F' (0, pi P)=[0cm (p')+ 0 (P)V(0 (p', P)-+0(p, P)].  (93)

Equation (92) relates the half-off-shell ¢ matrix in an
arbitrary frame to the same { matrix in the center-of-
mass system.

On the basis of the relations (86)-(91), we obtain
(Bp | (@) | Papa) — 8 (B — B) £ (P, Pabri 0, (94)
where
t (prPrs PaPni @) =1 (P, B; @, P)
X1 (Bxphi B'P)J (Paba; PR)IT'% (95)
Using Egs. (92) and (93), we obtain from (95)
V 0z (07) O (p2) t (PaPrs PaPui O (pr)+0n () V 0x(P) ©p (Pa)
=V oa(p) on (P) (0, 1; ©(p)V 0x(p) 0a(p) @ (p', pi P)
' (96)

where

So(p’.P)  a(p)iop) o(p. P) (917)

@ p D=V Gy sw Prae BV e

It is clear from the definition that &(p, p; P)=1, and
then Eq. (96) reduces to the well-known® connection
between the on-shell { matrix in an arbitrary frame and
the same f matrix in the center-of-mass system:

V @z (2) @ () £ (PaPhs PaPri ©x (P} + p (P0)) V ©x (px) 0y (Pn)
=V 0x(p) 0, (") 1" (0", B @ (p))V 0x(p) 0 (P)s
@a (pa) + 00 (pa) = 0 (p). (98)

In Ref. 19 and all subsequent investigations®°™2 into
the problem of finding the connection between the ¢ ma-
trix of 7N scattering in the pion—-nucleus center-of-
mass system and the { matrix in the pion-nucleon
center-of-mass system it was assumed that Eq. (98)
holds for the ¢ matrices off the energy shell as well.
As can be seen from the above, this assumption is not
justified,

Note that if the nucleon is considered in the nonrela-
tivistic limit (which means going to the limit m/M — 0
in the calculation of the kinematic factors), the function
&(p’, p; P) will again be equal to unity:
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O, pi P)—> 1. (99)

LY

M

Bearing in mind that in the nonrelativistic limit the
total energy w,(p;) is

oy (pi) = my+ pi/2m; = my+ E; (ps), (100)
from (96) in the nonrelativistic limit with respect to the
nucleon we obtain

V ©x (PR t (Pibas PaBni Ox (Px)+M + En (pa)) V0r(Px)-

=Vo )™, B 0x (D) - M+ E. (p)) Voa (p).  (101)

If we consider the pion in the nonrelativistic limit, we
obtain i

£(PaP, PaPni E(p, P) =t (', 05 £r(p)) (102)
where
E (p, P)="P[2(m+ M)]+p*(2pny) = E. (P) + E; (p), (103)

which expresses Galilean invariance of the { matrix
and follows directly from (51) and (76).

The connection between the off-shell 7N collision
matrices in an arbitrary frame and in the 7N center-of-
mass system can be readily found®® from Eq. (76) if it
is assumed that the 7N system does not have bound
states (so that the state vectors of the continuum form
a complete system) and the relation (92) is used. Then

t', ;i o, P)=F@p', p; P)t™ (p', ;; ©(p)
+ [ F @ o PP i P)

X1 (0, B 0 (@NE™ (0, B 0 ()
F-1(k, p" P) F=t(p, p"; P)

S e B eI e (104)
where k is determined from w(k)=+v w® - P>. The ex-
pression (104) in conjunction with (94) and (95) deter-
mines the required connection between ¢ and {*". Note
that in Ref. 24 this connection was obtained on the basis
of a formulation of relativistic potential theory which
differs from the one assumed by Bakamjian and
Thomas® and has the form

(|t (@) | papn) =7 (papis P'P)J (Pap,; PP)I V2

8(p /o (p')—P/w(p) w(p. P) em [ » .  @(p)
(o @E* @) ! ( ' B, P)m)'

(105)

It should be emphasized that the on-shell matrix (105)
coincides with the matrix determined by Eqs. (94), (95),
and (104).

In Ref. 23, it was suggested that the expression (104)
should be expanded in powers of P?/(m +M)*. In our
opinion, rather than doing this, it would be better to
make an expansion in #/M (k is the momentum of the
nucleon in the nucleus) where this ratio really is small,
which, in its turn, is the main argument for using the
nonrelativistic nuclear wave functions in the calcula-
tions.

3. FIXED-SCATTERER APPROXIMATION

We introduce state vectors |k0) for free motion of a
pion with momentum k, (for simplicity, we ignore the
pion isospin), which are determined by the equations

b | ko) = @ (ko) | ko).
1) dleg (o [ = 1,
(kg | ko) = B (ki — ko).

(106)
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Then on the basis of (4) and (45)-(49) we obtain for the

Green’s operator
G(E) A= 5‘ | k"Kae) dkiy dKa (oK aks |
= g (k) +E4 (Kg)+i0—0g (k) — E4 (K2)— 6%

(107)

In this expression, ignoring the excitation energy &} of
the nucleus, and also the recoil energy of the nucleus
compared with the kinetic energy of the incident pion,
i.e., setting

Eq (Ka)— Ea (K )+ 82 € 0g (ko) —m (108)

and using the completeness conditions (49) and (106),
we obtain

G (E) A 7= Gy (05 (Ko)) A, (109)
where
G (on (k) = | i oo = 10 (b9 +0—hal™*  (110)

is the Green’s operator for free motion of the pion.

In the Hilbert space of the nucleus, we introduce the
basis vectors |r,...r,) and |k, ...k,) (for the r and p
representations, respectively), which satisfy the com-
pleteness and orthonomality relations

A

‘-11-, et [T drakea ooy =15

) i=t 3 (111)

(s o..raley ... rA)=iEl|5(ri'—r,-).
Similar relations hold for |k,...k,). Thenin the r
representation on the basis of (109) and (110), we
obtain

(ry o..org |G (E) A | rory ... Ta)

~ 11 8(i—r0) (5} Ga (@ (ko)) 7o) 4. (112)

We assume that the operator Av=},v, in the r repre-
sentation has the form
(... 10| E vi| Tty ... Ta)

=[]8@i—r) Dt —rilvi[ra—ra). (113)

Then, substituting the expressions (112) and (113) in Eq.

(5), we can readily verify that the T matrix satisfies
the approximate equation

(€a oo v | T (E) | pory o .. ka)

(18 (ri—r) 051 7% (0a (ko 74 - v I, (114)
where T** is determined by the equation
TP (0 (ho)iry oo . Fa)= Z, (rg—ra|vi|mp—rs)
+ 3 [ o —rilvdl 5= r) dr (51 G (0 () o [ X5 e
1 XAry | T (0x (ko))s o oo Pa|E5) (115)

It is clear that T%*(w,(k,); T, ...T,) is the matrix for
scattering of a pion with momentum k, on fixed scatter-
ing centers r,...r,.

Note that the expression (113) for the potential of the
7A interaction is the limiting case (m/M — 0) of the
Galilean-invariant expression

{l':q, s l';l';l 2 Ujil‘gh s I'A):Z (l’;—l‘;]ﬂg‘l‘u—l'j)

(116)

* mey4- Mri __ mry+Mr; :
xb[m::-:_Mn m“.’:+M ]l:;[{ﬁ(r;-;ri).
>
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Thus, the potential (113) is not Galilean invariant but it
is translationally invariant. Therefore, the { matrix is
not Galilian invariant in the fixed-scatterer approxima-
tion (FSA). The circumstance that the Galilean-invari-
ant two-particle potential (116) together with the approx-
imation (109) does not in the general case lead to the
FSA was noted in Ref. 25. The effects associated with
the violation of Galilean invariance in the FSA were in-
vestigated in Ref. 26 for proton scattering by the deu-
teron at energies ~100 MeV. It was shown that these
effects play an important part. With regard to pion
scattering, the effects of the violation of Galilean invar-
iance are, so far as we know, unknown, having not yet
been investigated, though we can expect that the effects
for pions will not be large because of the small ratio
m/M= 1,

For the fulfillment of the relation (108), i.e., for the
validity of the FSA, it is necessary (but not sufficient)
that the recoil energy of the target particles (nucleons)
be much less than the energy of the incident particle
(pion)®™:

(kg —ko)?/(2M) & @ (ko) —m, (117)

where k, and k] are the pion momenta before and after
scattering.

The matrix of elastic scattering of a pion by a nucleus
in the FSA is determined on the basis of the relations
(114) and (115):

(OK4K | T (E) | koK 40) = 5(01(;1 [Py bl
XK T (0n (ke); 1 ...rA)lko)Hdrg(r, .14 Ku0),  (118)
where T'® gatisfies the equation
| T (0 vy ...00) | ko}= 2 (kg | vz (ri) | ko)
1

+ Xk | i (r2) Ik;?ﬁﬂ(kﬁ(knl T5 (@ 1y ... 1) | Kob; (119)

ik | v (r7) | ko) = exp ( —ikire) (kg | vi | o) exp (ikors).  (120)

Introducing the radius vector R, of the center of mass
of the nucleus and the radius vectors r? of the nucleons
relative to R, :

n=rl+Ry R,=r/4;
=0 (121)
and using the obvious equation
Hdrimﬁ(ZIr?)dRAl;]dr?, (122)
we can obtain from (118)
(OKiak; | 7% (E) | koK 40) .
=8 (Ki+k;—Ky —ko) T58 (k;, ko; 0 (o)), (123)
where
T8 (k;, ko; @n (ko))
= 5 Poo (- .- 1‘31)5(2‘ r‘i')
x [T | T% (@ (he); 7§ ... 12) | Kok (124)
Poo(r? ... PU) = (0] 2% ... T (x2 ... 7% O). (125)

Here, (r?...r]|0) is the wave function of the internal
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motion of the nucleus in the ground state, p,, is the
corresponding density, and T*(w,;r{...r%) satisfies
the operator equation

T® (a1 1) 2 v (rf)
+ 2 01 (0) G () AT™ (07 19 ... 1), (126)
where v,;(r}) is determined by the equation
{ky | i (rf) | Keo) = exp (—ikyed) {kj | vi | ko) exp (ikkorf). (127)

We introduce the operator 7,(w,;r}), which satisfies
the equation

Ty (@n; ¥0) = 3 (1}) +vi (8F) Gz (@x) ATi (025 ¥F). (128)

Equations (126) and (128) are analogous to Egs. (2) and
(38), respectively, and therefore by analogy with (41)
we can immediately write

1) = 2 7 (0 1)

+ 3 3 v (0n5 1) G (03) A7y 053 1)

™ (0 1. ..

+E ,S_‘i 2, Ti (a3 1) Gx (0) Ay (0 )

X G (05) Aty (055 1)+ <. (129)
It is easy to see that
(kg | T (@n; 1Y) | o) = exp (— ikir?) (k; | £ (0a) | ko) exp (—ikor?),  (130)
where
K3 11 (02) | Koy = (ks w0 Ry - | Bl B GEIL o) k) - (137)

It is evident from the derivation of the expression (129)
that it could be obtained directly from (41) and (36),
using the completeness approximation (109), Without
loss of generality, the operator A can be omitted in
(126) and (127).

We consider the case when the potential of the 7A in-
teraction is local, i.e., when

(¥a...mir| 2 vi|Tofy .0 o Fa)
T

=[] 8 (xi —rs) 2] 6 (r; —ro) vi (ro—11). (132)

This expression is not only translationally invariant but
also Galilean invariant, since it is a special case of the
expression (116) when (r;—r,|v,|r,— 1) =8(r{-1,)

v;(r,—r,;). Introducing the new variables
R = (mry-+ MARL)/(m + M A);
0 r=ru_ARA (133)

and taking into account the relation (121), we can repre-
sent the potential (132) in the form

o4 P > ] ZUi]ror, )

—R)6(r -—r)HG(r, —r?)ng(r—r") (134)

Note that in the expression (116) r}+r, and therefore
R’#R, as in the case in the expression (134). Because
of this, the results obtained below on the basis of (134)
will not be valid for the nonlocal potential (116).

._5(

If we use nonrelativistic kinematics, the expression
(107) for the Green’s operator can be reduced to the
form

o [ KK dk” dK" (KK |
CEVA=D | Emi0—E@—%1
a

where

(135)

| &) (],
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k=(MAky—mK,)/(m+MA); K=k +K,;
E(K)=K(2Mz4); Paa=mMA/(m-+ M 4).

(136)
(137)

If in the expression (135) we ignore the excitation ener-
gy &% of the internal states of the nucleus compared
with the energy of the relative motion of the pion and
the nucleus, i.e., we set

&L < E(k), (138)

then, using the completeness conditions (49), we obtain
from (135)

G(E) A =~ G (E (k) A (139)
where
G (E (K) = S Tills-l}‘"——ii?(l}‘”—% =[E (k) +i0—&r ] (140)

Here, % is the operator of the kinetic energy of the

relative motion of the pion and the nucleus. Therefore,
in this case we have
(a...6r | G(E) A | rory ... xy)
O (R —R)[[8(c" —x0) (' | G (E (k) | 1) oA. (141)

In this approximation, using the expression (140), we
readily see that the solution of Eq. (5) is

(Fa.o.mirg| T(E) | rory ... Ta)
R)[18 (Y —rd) ' 1 7% (Ek); 12...

(142)
where T'(E(k); r9...r,) is the matrix for scattering of
a pion with momentum k by fixed scatterers at r}...rg,
for which the relations (123)-(125) and (129), in which

w,(k,) must be replaced by E(k), hold.

~6(R — ra)| ),

Thus, if the interaction of the incident pion with the
nucleus is local, the reduction of the problem of mA
scattering to the problem of scattering by fixed scat-
terers does not impose restrictions on the recoil en-
ergy of the nucleus, i.e., it is sufficient to require that
the excitation energy of the internal state of the nucleus
in the Green’s function be negligible, This does not
lead to a violation of Galilean invariance, in contrast
to the case of a nonlocal interaction.

There exist three cases when the problem of the
scattering of a pion (or an arbitrary particle) by a nu-
cleus can be solved in a closed form in the FSA: 1)
when the eikonal approximation is used for the 7N col-
lision matrix; 2) when the 7N interaction is separable;
and 3) when the potentials of the interaction of the pion
with the different nucleons of the nucleus do not over-
lap. The first case corresponds to the Glauber®® theory
of multiple scattering (in this connection, see also the
review of Ref, 29). The derivation of the expression
for the mA scattering matrix in Glauber’s theory from
the Watson series (41) in the framework of the (local)
potential model of the interaction was considered in a
number of papers.’**™* In Refs. 30 and 31, this ques-
tion was investigated for the example of the deuteron,
and in Refs. 32 and 33 in the general case for any nu-
cleus. An elegant, in our opinion, derivation of the
Glauber amplitude is given in Ref. 33, in which an im-
portant result is also proved. To obtain the Glauber
result from summation of the series (129), it is neces-
sary to take into account as well the terms correspond-
ing to 7N backward scattering [for example, the terms’
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with £=7 in the third term of the series (129)]. Thus,
one can show the incorrectness of the assertion that
Glauber theory in the elementary event takes into ac-
count only forward scattering.

The solution of the scattering problem in the FSA for
a separable potential was considered in Ref. 27, and
for nonoverlapping potentials in Refs. 34 and 35.
These solutions can be directly obtained by summing
the series (129) for the T matrix in the FSA. For a
separable potential, we use the expressions (53) and
(56). Omitting the spin—isospin dependence, we find

k' |v|k)=4n 12 Ao, (K') U1, (K); (143)
"y
| £ (0a (ko)) [ k) =4 3 vl (K') i’ (@ (ko)) Vi, (), (144)
my
where
O, (k) = v (R) k| Ime); k=kiks  Di(ox (ko) = 47" (145)
"‘l‘m (k) Vlm (k) dk vf (kg) Pan (27)%
= nS'mn(i‘n)Jriuimn(k): X amd; (Fg) (146)
We introduce the notation
€ivrmy, =exp (ik't?) vimy. (K); ]
vim 2 = Vim, (k) exp (ikr$); (147)
Vime; = Dit (wx) Ut €} j
Then on the basis of (130), we obtain
(k' | T (0x; 70) | k)
=2 2 (eiviem;)* 18mym Di* (©2) (vimye)- (148)

Ve Imy
Further, for the pion Green’s function (110) we have

(k' | Gx(0q) | k)= 8 (k' —K)/[©n+i0—wa (kn

=8 (k' —k) Gz (0n; k). (149)
We introduce
Gttmys tmy= — D (@ (ko)) Cilmy; tm (0 (ko)) A5 }
G, 1y =0, {50)
where
Gl iy (02) = | (ewirm,) G (@i B) (e 01m )* dc. (151)

In the special case when i=j,
Gis imy (@) = S8 mpom 4t | 1 (K) B2 AR [0+ 10— w0z (B)). (152)

These quantities form a (21’+1)A X (21 +1)A matrix ¥.
In this notation, the series (129) can be represented in
the form

(I.l:’|i"fli (05 ¥ ... 7%) | K)

1 ’ 8"
= eivirm.)* 81:16m,, Ui
12 2["1 f( illrmy ) myem, (ell)[ ;)

2_ (e; "E'mp)* g;')ﬂltv; ImleJVlm'
(3

itrmpilm

(153)

il mypejlmyh (e; vi‘"‘l')* g;f’“l‘: Imyn §{fm[,,; im Toeeen

We represent the quantities e;v,,, (¢;V,, ) in the form
of a column, whose elements we label by the indices
i=1,2,...,A;-l<sm; <l,1=1,2,... We denote these
sets by (ev) and (Ve), respectively. Then the set of
quantities (e,v,,,) can be represented in the form of the
row (ev)'. In the new notation, the series (153) takes
the form?’
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(KT (0n; 19 ... 0%) | k)= (V') (1 —5 455 — ...] (Ve); (154)
(T (0 12, 13) | k)= (V)" 1+ 5] (Ve). (155)

Thus, the problem of finding the matrix for scattering
of a particle (in our case a pion) by a nucleus in the FSA
in the model of a separable interaction reduces to the
construction of the matrix ¥ and the inversion of the
matrix 1+ %. It can be seen from the definition that
the matrix ¥ depends on the coordinates r?...r} of the
nucleons of the nucleus as parameters, with respect to

which the expression (155) should be averaged over the

wave function of the nucleus in accordance with (124).
The solution of the problem in this form is extremely
difficult even for the simplest nucleus—the deuteron.
With increasing mass number A of the nucleus, the
dimension of the matrix ¥ rapidly increases, and with
it the difficulties of solving the problem. This is one
of the main reasons why (155) has not, so far as we
know, been used by anyone for nuclei with A >3. Nat-
urally, one must ask whether the iterative expansion
(154) could not be used to concrete calculations. This
question was investigated in Ref. 36 for the example of
pion scattering by the deuteron in the region of the (3, 3)
resonance, and it was shown that for physically reason-
able values of the parameters (in particular, for the
radius of the repulsive core of the NN interaction) the
series (154) does not converge, although the expression
(155) exists.

We now consider the solution of the scattering problem
in the FSA for nonoverlapping potentials, We assume
that the potential »; is nonlocal, with limited range (d;),
and with center at the point r; (i=1,2,...,4). Itis
clear that the two potentials »; and v; will not overlap if

(p—ri| vi|ry—r;) 5= 0
for

| pp—ri| <dy |mp—ri] <ds
ry=|ri—r;| = —r§| >d;+d;. }

We show that in this case the series (129) can be

summed in a closed form. For this, we write the pion

Green’s function (110) in the coordinate representation:

(156)

(8] G (0 () ro) = — 22 f0). XP LI IS5kl (157)
We introduce the new variables
pi=r—r{; pj=ro—rj, (158)

which in accordance with the definition of the potential
(156) satisfy the conditions

pi <di; | pi—p; | <Tij (159)
Then the expression (157) can be represented in the
form

p;éd,;

20y (ko) %P [iko | (P —pj)—Tij]]
4n [ {ei—ps)—rig]

= —204 (ko) D) ki, (o | pi—p;1) hi} (korsy)

[,m;n

(x5 | Ga(0x (Fo)) | o) = —

(160)

where j,(x) and h{*)(x) are known spherical Bessel and
Hankel functions, respectively. Determining

o .
X (0i—p; | lamu,) (lgm, | ¥1p),

Ja, (ko | P} —p;) (p: —p; | loms)
from the plane-wave expansion
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” i ” e s "
D 1/ % ik 1pi—p; 1) (Pi—p;] Lomy,) (Lml, | )

lomp,

={Pi— oy | ko) = (2)" (p} | ko) (ko | p;)
= 3@V L otho) i | V) (U | oy

mys

X 3V Ly ogke) (ko | Iy (imi |y,

"’!f

(161)

we can reduce the expression (160) to

{1y | Ga (0 (k) | ro) = (9 | G (0 (ko); ri;) | p;)
= —2nfille 3 -y (kopi) Ji (o)

Umyelmy

X (PE ] Vmu) (| 93 Fimy; 1m, (ko 117), (162)

where

Fitmy; 1my (ks 1) = 3 VAR @ +1) @0 —1)

rﬂ""l,
: i A { Y ) [ TN
% (0 0 0) (-ﬁmr my —mz,) e
X (g | loma) B2 (feriy)-
On the basis of (130), (144), and (145),

(kg | i (0 (Ko); 17 | ko) = exp (—ikx?)
x 4= lz: (e | 1 (@ (Ro)) | Fegd (kg | I} (lmy| Keg)] exp (ikkor?),
oy

(163)

(164)

where
(Bq | 1} (0= (ko)) | ko) = v1 (k) vt (ko) Dy (0 (o))
Using (162) and (164), we can readily show that
(kg | i (0 (ko) 18) G (@ (Ro)) o Ti (@ (Ro); x9) | o).
=oxp (—ikiet) ldn % (k) th on (ko) | o

(165)

X koFm; tmy (ko Xig) ot (ko | f1 (0 (ko)) | Ko) (g | ')
3 (U mye | k) exp (ikor), (166)
where

fi(w) = — (22)2 ot; (w). (167)

Similarly,

(k| 7 (0 (k)i ¥8) G (0 (ko)
X ATy (0 (Ro); ) G (0 (o)) ATy (@ (Ro)i 1) | Ko)
=exp(—ikt) [4n B (k| tie (0 (ko)) | ko)

" mpempemy
X Ko ity 1rmpe (i ¥1) A (Ko | fle (001 (o)) | )
X koFlrmye; tm, (Ko, ¥%) A (kg | F1 (0 (o)) | K}
® (El', | E'mpe) {Imy | ko) exp (ikorf). (168)

From (164), (166), and (168) we can see the structure
of an arbitrary term of the series (129). It is impor-
tant to emphasize that for &} =k; each term of this ser-
ies depends on the ¢ matrix of =N scattering on the
energy shell. This is a consequence of the use of the
expressions (162) and (163) for the Green’s functions,
which, in their turn, are related to the choice of the
potential (156). The assertion that for nonoverlapping
potentials of the interaction of the incident particle
with the different nucleons of the nucleus the amplitude
of elastic scattering of the particle by the nucleus de-
pends on the ¢ matrix of the scattering of the particle
by a nucleon only on the energy shell was first formu-
lated in Ref. 37 and called Bég’s theorem. This theo-
rem is also proved in Refs. 27, 34, 35, and 38.

We introduce the matrix F, whose elements Fym,;lm’,
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(ko3 T;;) are labeled by the indices i=1,2, ... JA; =1
sm,<l=1,2,.... At the same time, we require that
F#=0, In this representation, it is clear that

1 (@a (ko)y=Chs | £ (0 (o)) | o) = exp [i6] (ko)) sin & (ko) (169)

are the elements of a diagonal matrix f. If we now in-
troduce a column C(k;) with elements (im, |k,

X exp(ik,r?), then on the basis of Eqs. (164), (168),
(168), and (129) we can write®*

(k| T (@n (ko); 13 ... %) | ) (170)
= { C* () f [+ koF Af + kP AfkoFAf + . . .1 € (ko (11)
C+ (k) U1 —koF #1172 C (k).

Thus, the problem of finding the matrix for scattering
of a pion by a nucleus in the FSA for nonoverlapping
potentials has been reduced to the construction of the
matrix F, whose dimension depends on the number of
partial waves which determine the 7N interaction and on
the mass number of the nucleus. Further, it is neces-
sary to invert the matrix [1 — k F «/f], which depends on
the nucleon coordinates r{ as on parameters, and it is
then necessary to average (171) over the wave function
of the ground state of the nucleus in accordance with
(124). It is clear that the difficulties associated with
the practical realization of the scheme for calculating
the 7A scattering matrix on the basis of (171) are of the
same order as the difficulties associated with the use
of (155). Note that in the derivation of (170) and (171),
fewer restrictions were imposed on the 7N interaction
potential than in the derivation of (154) and (155). The
first expression of (170) and (171) was obtained without
particularization of the form of the potential and a re-
striction was imposed only on the range 7,, of the 7N
interaction, namely, 27, must be much less than the
mean distance 7, between the nucleons in the nucleus.
Bearing in mind that »,, =0.5 F and v,=1.2 F, we may
conclude that good quantitative results are not to be ex-
pected from the use of (170) and (171). This is also
confirmed by the calculations of Ref. 38 made for pion
scattering on the “He nucleus in the region of the (3, 3)
resonance, for which the first two terms in the expan-
sion (170) were taken into account,

So far as we know, the convergence of the iterative
series (170) has not been investigated. However, in
our opinion the same result for (170) is to be expected
as for the series (154), since the convergence of the
series (129) should not essentially depend on the model
in which the matrix 7,(w,) is calculated, The poor con-
vergence of the series (129) is evidently due to the ap-
proximations in which it is derived.

4. FIRST-ORDER OPTICAL POTENTIAL

Experimental and theoretical investigations of pion
scattering by nuclei are at present mainly made in the
region of energies of the (3, 3) resonance. The great
interest in this region is due to the hope of obtaining in-
formation about the behavior of the A resonance in nu=-
clear matter and, in particular, the hope of elucidating
the part played by the A resonance in the determination
of various properties of the nucleus, i.e., in determin-
ing the extent to which the dynamics of the nucleus is ’
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determined by the A resonance, which is one of the
manifestations of the meson degrees of freedom of the
nucleus.

In the FSA the production and propagation of the A
resonance in the nucleus is precluded for pion scatter-
ing by nuclei in the region of the (3, 3) resonance. This
is readily seen from the expression (130) for the matrix
for collision of a pion with a nucleon in the nucleus,
which corresponds to scattering of a pion by a nucleon
fixed at the point r). This aspect of the use of the FSA
was pointed out in Ref. 41. A simple estimate of the
mean free path of the A resonance shows that it is of
order 1 F and comparable with the mean internucleon
distance in the nucleus. It follows that the production
and propagation of the A resonance in the nucleus must
be taken into account when one is considering the scat-
tering of pions by nuclei in the region of the (3, 3) reso-
nance. And, since these effects are not taken into ac-
count in the FSA, it is necessary to go beyond the
framework of this approximation. That the use of the
FSA in the region of the (3, 3) resonance is suspect
can also be seen from the fact that in the expression
(130) the ¢ matrix of free 7N scattering does not depend
on the energy and momentum of the nucleon in the nu-
cleus. Such an approximation is hardly justified if one
bears in mind the strong energy dependence of the 7N
collision matrix in the region of the (3, 3) resonance.

We consider various approximations that go beyond
the framework of the FSA to greater or lesser extents.
In the general case, the solution of this problem re-
duces to solving the equation

T(E)=T% (E))+T"™ (Ey) (G (E)— (172)

which is obtained from the exact equation for the T ma-
trix (2) and the equation for T*® with the Green’s func-
tion G (E,) (110) if the potential is nonlocal or with
G,(E,) (140) if the potential is local. One of the variants
of (172) was considered in Ref. 39 for m*He(°H) scatter-
ing.

Go(E)1 AT (E),

Coherent Approximation. As we have seen in the
preceding section, the FSA can be obtained if in the
Watson series (41) and in the Green’s function G(E)%
(107) the excitation energies of the nucleus in all states
are ignored but the states themselves are taken into
account through the completeness condition (49). In-
stead of this, in G(E)« we shall now ignore all excited
(internal) states of the nucleus with the corresponding
energies, retaining only the ground state, i.e., we set

G(E) # = Gy (Eo) &
5 Jk“k“ )u‘k“ dK’y (!\'AI.."|

G Tl T Ea (ha) T D= ) —Ea iy | 91401 (173)

We then obtain
T'(E)= X i (E) + E E 1 (E) Gy (Eo) 8714 (E)

+3 % “r (E) Gy (Eo) 7, (E) Go (Eo) I15 (E) = (174)

It can be seen from this expression that the con-
sidered approximation reduces to neglecting the exci-
tation of the nucleus in all intermediate scatterings of
the pion by different nucleons of the nucleus (hence the
epithet coherent for the approximation). At the same
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time, the excitation of the nucleus is assumed to be
completely included in the operator 7,(E) in (36) and
(37) through the Green’s function G(E)  (107).

From the relation (174) for the matrix elements with
respect to the ground state, we obtain
Tog (E) = Avgo (E) — Avgg (E) Go (E,) (A—1) T (E)
=+ Aty (E) Go (Eo) (A—1) o9 (E) G (Eo) (A—1) Tpo (E) —

= Aty (E) = 4100 () Go (Eq) [ 25 Too (B) ], (1175)
where
Too (E)=(0| T (E)| )3 (176)
Too (E) = (0| T (E) | 0)= (0| w: (E) | O). (177)
From Eq. (175), we have
TN E) = USSNE) - USSP(E) Go (Eq) TiM(E). (178)
where
To ()= AL 76NE) UEMNE) = (A— 1)t (F). (179)

Note that (178) could be obtained directly from (19)
and (20) if in (21) for the optical potential the term tak-
ing in to account the excited states of the nucleus is
ignored. The optical potential obtained in such an
approximation is called the first-order optical poten-
tial in the KMT formulation, i.e.,

U (E) =

UPNE) = (A=) T (E)=[(A— 1)/ T (E).  (180)

Note that this last equation holds only in the space of
antisymmetric states of the nucleus.

We now show that in the first (in the optical potential)
approximation Watson’s formulation of the theory of
multiple scattering is identical with the KMT formula-

tion. For this we note that from (24)

0" (E)= A1 (E) = ; T (E), (181)
where 7,(E) satisfies the equation

) (89
On the basis of Eq. (181), we obtain from (22)

T (E)= r,(E}T 1, (E)G (E)&T™ (E). (184)

It is clear that between the operators 7; and #; there
is a connection analogous to (25) and (26), i.e.,
{ T (E) -1 (E) G (E) 1 (E);
Ti (E) = g i
T (E) 1 (E) 6 (E) t: (E).

(185)
(186)

Note that (184) and (185), (186) can be obtained from
(5), ('7), and (36), (37), respectively, by the replace-
ment of v; by 7, and G by G#Z, and therefore for
TM(E) we can write down directly a series analogous
to the series (41) obtained from (5), (7) and (36), (37):

TV (E)= ,_z, (E)+

;g ,—%‘; k\: T (E) G (E) §7; (E) Tt (E) 4+ oo

\‘;‘i-:,- (E)G(E) &1, (E)
(187)

From this there follows directly the expression (175)

and, therefore, Eq. (178). Thus, we have shown that
in the first approximation in the optical potential, i.e.,
when the second terms on the right-hand sides are ig-
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noted in the equations for the optical potential (21) and
(24), the matrix for pion scattering by a nucleus is the
same in both.the Watson and KMT formulations of the
theory of multiple scattering.?® It is clear that a
difference between these formulations appears when T
and 7, are taken in some approximation instead of the
exact solutions of Eqs. (36), (37) and (182), (183).
Therefore, the difference between the matrices T®)(E)
obtained in the two different formulations will to some
degree determine the accuracy of the given approxima-
tion.

Impulse Approximation and the Role of Feymi Motion.
One of the frequently used approximations for T,(E) or
#,(E) is the impulse approximation, which amounts to
the replacement of 7; or #; by the free 7N matrix £,(w)
(76). Using the well-known operator algebra, we can
readily show that

(188)
(189)

T (E) =t (0) + & (0) [G (E) £ —g (0)] T (E);
% (E)=t: () +ti (0) [G (E) Q— g (o)) T ().
Here, w is a parameter that is usually chosen in one of
two forms:
(190)

where p; is the momentum of nucleon : in the nucleus,
and

© = 0 (ko) + 0, (),

O=E+ M=o (k) + E, (K,)+ M. (191)

The variant (190), which has a transparent physical
meaning,® leads in the nonrelativistic limit to a Galile-
an-invariant matrix #,(w), and to the variant (191) there
corresponds a Galilean non-invariant matrix ¢,(w).

The choice of w in the form (190) has the further advan-
tage over the choice of w in the form (191) that in the
first case the optical potential depends on the half-off-
shell #,(w) matrix, as will be seen below. Therefore,
the connection between the #,(w) matrices in the pion-
nucleus and pion-nucleon center-of-mass systems will
be determined by the simple formula (92). When w is
chosen in the form (191), the optical potential depends
on the off-shell #,(w) matrix, and the connection is
given by the more complicated (104). But the variant
(190) has the shortcoming that in this case the connec-
tion between the matrices 7; and #; and the matrix ¢,(w)
is not given by a simple relationship of the form (188)
and (189). It is therefore hard to find the corrections
to the impulse approximation. In the variant (191),

the correction entails allowance of the second term on
the right-hand sides of Egs. (188) and (189).

To determine the first-order optical potential in the
impulse approximation, it is necessary to find the
matrix element of the operator #,(w). In the normal-
ization of the basis state vectors adopted in the pre-
vious sections,

(kK aa' | i (o) | oK 4ko)
= j (Kaa' | Py o.. Pi - .. Pa) dpi (pik; |t (0) | kops)

x dp: [] dp;(pe ... pio..palaKy),

i
where the matrix (pjk;|¢,(w)|k,b,) in the general case
(when relativistic kinematics is used for the pion and

(192)

the nucleon) is determined by Eqs. (94), (95), and (104).
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But if we take into account the fact that the wave func-
tions of nuclei with A = 3 are usually considered in the
nonrelativistic approximation, it would be more con-
sistent to use for (pjk}|#,(w)|k,p,) the expression ob-
tained from (94), (95), and (104) in the nonrelativistic
limit with respect to the nucleon. In this case, on the
basis of Egs. (80), (81), (85)-(95), (100), and (104), we
obtain

(pik;|t; ()| kops) = 8 (Ko — Koi) V (F'k; tho) £ (F, E; o, Koy), (193)

where

oaine. My W (') 0 () (M F 0y Ug)) (M -0y (k)] .

¥ (kikh] = ‘/ @ (9) 0 () (1 65 (00) (37 T () (194)
=M Onlld B o pp gp; atb=1; Ky=kotpi (195)

M -0 ()
LE, B o, Kg) =", § co(E))+j dk" ™ (8, ¥, o (F)

1 1
YR =T ] (196)

Vo2 —K3 +i0—o (¥)

KE™EET o (7)) [

Introducing new variables in accordance with

_ MAk,—0 (k) K,

k= ATty = Ak
—aaKy, ay—by=1, K=Ik+Kg; (197)
pi=p+KalA,

we obtain on the basis of (180), (181), and (192)

U'(l) E

(k;KZ\Oi[~ffT°( )]IUI\'Ako>=5(K'—K) VP K, k o, K), (198)
b2 (E)

where

A—1
V¥ (k, k; o, K)=|: A ]N(f'k:.; tko)

X 5 Pa'a(p“j* A;1

(k—X'), p°) dp

xXt(¥, } o, KDI)E[ 4

]Mm #, 5 o, K). (199)
Here, the factor (A — 1) corresponds to the KMT formu-
lation and the factor A to Watson’s formulation; the vec-

tors I and K; are defined in accordance with

__MAtog(ky) oz (k) o,

= vaw’; “_:n i ;‘wn'“_n, P (200)
_4—1 M+og(ky) 4

Koi=— k+ i g k- (201)

The function p,.,(p; p) in the expression (199) is deter-
mined by

pwa (0, D)= § (F'1P") (@' Ixa0a ... xax")

X dr'dxy ... dx,odr{rx, ... x|} {p|r), (202)

where r=r;-R, ., and %, ...X,., are Jacobi coordinates
for the internal motion of the nucleus. Using the single-
particle fractional-parentage expansion of the internal
state vectors of the nucleus,

)= 3 Caya, o) o), (203)
Fp%p

we obtain from (202) (schematically)

Paa (P’ P)=a§ha:;§bpam (p', p) (204)
where
Pagr, (B'+ P) = (@] P) (Plets); (205)
i = 2 CoCoya, (o oty). (206)
@pl
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In the expressions (203) and (205), |a,) are vectors of
single-particle states in the nucleus.

In the new variables (f, K,;) and (k, K), the expressions
(190) and (191) take the form

o=V ol () +Kbi; o(f)=0:()+ o, )=o)
o =V 0ra (R KM 4 + ;024 (R) = 0x(k) +0 .4 (k)= 0(k) + M.

(207)
(208)

It can be seen that when w is chosen in the form (190)
the integral term in the expression (104) becomes equal
to zero. In addition, the matrix V', I; w, K,;) ceases to
depend on K,; and, therefore, on K. As a result, for
the optical potential we obtain a comparatively simple
expression. This is one of the important advantages of
choosing w in the form (190) compared with the choice
of w in the form (191).

If in the integrand of (199) we ignore the dependence
of the { matrix on the momentum of a nucleon in the
nucleus relative to the center-of-mass p° [this depend-
ence arises from (200)], then, integrating p,[p°
+[(A =1)/A)(k-k’)] over p,, we obtain

A—1
Vi (', k; o, K)”[ A :IN (f, kg folg)

Xt (f Toi 0, Ko poo [ 27— (k—K') ], (209)
where
p,‘.u( q) Fe\p( qr){oc [Xaz ... Xy}
KX on e EXid zdr(n:, U P ) (210)
fo= %{}%_ﬁ&% (211)

In the limit of an infinitely heavy nucleon (m/M — 0)
and, therefore, an infinitely heavy nucleus [(4 - 1)/
A — 1], we obtain from (209), using (194), (195), (197),
(201), (207), (208), (210), and (211), ¢ ~k, =%, K,, =k
and

T (K, k; o, K) = (A—1) t (k), ko; ©x (ko)) poo (ko—k;). (212)

This expression determines the first-order optical po-
tential in the FSA. Indeed, as we have seen, the solu-
tions of Eqs. (36) and (37) in the FSA have the form
(124), and the corresponding series (129) for the T ma-
trix reduces to Eq. (178), where U is determined
from (198) and (212) if in (129) the projection operator
o is replaced by the operator Z=|0) (0|, i.e., in the
intermediate states all excited states of the nucleus are
ignored. Note that to improve the approximation of
“freezing” the nucleons in the nucleus, which reduces
the optical potential (199) to the factorized form (209),
the nucleon momentum in the nucleus p, =-k/A +p° (in
the pion-nucleus center-of-mass system) in the { ma-
trix is sometimes taken to be equal not to -k/A, but
rather to some mean value p,, and the { matrix is again
taken in front of the integral., In Ref. 42, it was sug-
gested that p° should be chosen in the form p,=-k/A

+ [(A - 1)/2A](k’ —Kk), which arises naturally® if the
wave function of the nucleus has a Gaussian form (the
main component of the wave function of a nucleus with
A =3 or 4 in the oscillator model).

Thus, in contrast to the FSA the first-order optical
potential (198) takes into account the motions of the nu-
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cleons in the nucleus both kinematically and dynamically
(Fermi motion), this being achieved by averaging of the
free 7N collision matrix over the momenta of the nucle-
on in the nucleus. The problem of allowing for the
Fermi motion of the nucleons in the nucleus in 74
scattering in the region of the (3, 3) resonance was con-
sidered in Refs. 41 and 44-46. In Refs, 41 and 46,

this question was investigated in the approximation in
which the intermediate states are taken into account in
the framework of the model of nuclear matter, while

in Refs. 44 and 45 this question was considered from
the state in the shell model with an oscillator potential.
In both cases, it was shown that allowance for the Fermi
motion has a strong influence on the cross section in
the region of the (3, 3) resonance as well as on the ener-
gy dependence of this cross section.

Let us now consider the applicability of the impulse
approximation. When the energy parameter w is chosen
in the form (191), the condition of applicability of the
impulse approximation can be obtained by estimating the
second term on the right-hand sides of Eqs. (188) and
(189). So far as I know, such an estimate has not
hitherto been made. With regard to the choice (190),
in this case, as we have noted above, Eqs. (188) and
(189) do not hold. A condition of applicability of the
impulse approximation for this case was obtained in
Ref. 8 by estimating the second term of a certain ex-
pansion for 7,(E) with respect to the ¢ matrix for col-
lision of the incident particle and the nucleon. In the
presence of a resonance in the scattering (in our case,
TN scattering) the condition of applicability of the im-
pulse approximation takes the form®

fan By &1, (213)

where f,y is the 7N scattering amplitude, x=1/k, is
the de Broglie wavelength of the pion, I is the width

of the resonance and € is the energy of stripping of a
nucleon from the nucleus. The estimate shows® that in
the region of the (3, 3) resonance the condition (213) is not
satisfied, since the parameter 2f, y& »/(XT) is of order
unity. The condition (213), which is sufficient but not
necessary, is too stringent. Investigations into the
scattering of a pion by the deuteron made in the frame-
work of the three-particle equations showed?”"* that the
iteration series for the T matrix converges fairly well,
which is due to mutual partial cancellation of the higher
terms (beginning with the second) of the series.

For scattering of a pion by a nucleus more compli-
cated than the deuteron, a numerical estimate of the
accuracy of the impulse approximation can, in our
opinion, be obtained by using the theorem proved above
on the equivalence of Watson’s formulation and the KMT
formulation for the T matrix in the first approximation
in the optical potential. In this case, the difference be-
tween these formulations arises because of the impulse
approximation for 7; and %;. The difference can be
seen in the equation for the T, matrix:

A—1
Toy () = Ateg cm)+[ ’ :{too (@) Go (E) Too (E), (214)
which is obtained from Egs. (19), (20) and (22), (23) by
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using (180), (192), and (199). In (214), the factor
(A - 1) corresponds to the KMT formulation, and the
factor A to Watson’s formulation.

Allowance for Binding, Recoil, and the Pauli Principle
Jor Nucleons in the Nucleus. We now consider the
possibility of improving the impulse approximation.
Such an improvement must always take into account
the fact that the nucleon with which the incident pion
collides is in the environment of the remaining nucleons
of the nucleus. The excitation of the nucleus resulting
from the collision of the pion with the distinguished
nucleon, which is not taken into account in the FSA, is
an important aspect of pion-nucleus dynamics, and this
must be taken into account in the first place.

To investigate this question, one can proceed from
Eqgs. (36) and (37) for the matrix of pion collision with
a nucleon of the nucleus. Using the expression (107)
for the Green’s function and the Galilian invariance of
the 7N interaction potential v;, we readily obtain, using
(197),

(o' Kk |vg| koK y) = 8 (K’ — K [(K'|voro| k)= ('K’ |v|ka));  (215)
(' Kiky| 7 (E) | koK o) = 8 (K' —K) [(K'| 1002 (E) | )
= (a'k’|1; (E) | ka)], (216)
where
(k' |Tare (E) k) = (k" |vgra k)
. (k' |ty | K”) dk” (k" | Ty, (E) | k) (217)
"'?5 wx (Tk+esK ) Ea ([—k=baK [)+10
—n (| K"+ asK|)—Eq (| —k"+b4K | )—E%.
(k' |vara| k)= S Pu'a[l}u + A;i (k—Kk'); PG]
X dp° <k'—kfb—ik—ap°|u|%k—ap°>. (218)

Note that the denominator of the integrand in (217) for
relativistic kinematics depends on the total momentum
of the system and, therefore, (k'|7,.,(E)|k) also depends
on the total momentum. In the nonrelativistic limit, the
dependence disappears, since

Ox((k+a,K))+E,4 (| —k+0,K|) —ox (k" +a,K|}
—E (| =k "+ 0aK"|) & Eqp (E)— Eay (B'); Exy (B) =Kk (2ua4). (219)

Usually, Eq. (217) is considered in the 7A center-of-
mass system. The question arises of the connection
between the T matrix in this system and the T matrix
in an arbitrary system, in which Eq. (217) was written
down; we have already considered this question in Sec.
2:

Equation (217), written down in the 7A center-of-mass
system, was used in Ref. 51 to estimate the correction
of the impulse approximation resulting from allowance
for the binding of the nucleon in the nucleus and the
excitation of the nucleus. In Ref. 51, the shell model
with an oscillator potential was used. It was assumed
that in the region of the (3, 3) resonance the 7A interac-
tion as well as the 7N interaction factorizes. In addi-
tion, an approximation was made that in some manner
is equivalent to a completeness approximation with
respect to the vectors of the internal state of the nucle-
us, namely, it was assumed that

(k'l Va'a| k)~ f'.pa-a (k') v* (kl) v (k) Paro (k)

= hpheo (K') v (K) v (K) pag (K), (220)
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where p,, (k) is determined by (210).

The solution of Eq. (217) with the potential (220) and
with allowance for (218) has the form

(k' | Too(£) |k}
58 0o w0 [ 3 [

(221)

Concrete calculations made for the nucleus 2C
showed™ that allowance in this manner for the binding
of the nucleon in the nucleus and for the excitation of
the nucleus in the intermediate states shifts the position
of the resonance to higher energies by =12% and leads
to a shrinking of the resonance by an amount of the
same order.

The excitations of the nucleus in the intermediate
states in the 7 matrix can be taken into account through
Egs. (217) “quasiclassically” if the excitation energy
&* is replaced by some mean excitation energy # and
the completeness condition E| o) {a |= 1 is then used.
The result is

(K| Tog (E) | k) = (OK'|£ (E — E) | KO), (222)

where T(E — #) is the matrix of free 7N scattering with
energy shifted by &. Binding of the nucleon in the nu-
cleus was taken into account in this manner in Refs. 44
and 52, in which the inadequacy of such an approxima-
tion in the region of the (3, 3) resonance was demon-
strated; this is due to the strong energy dependence of
the 7N { matrix in this region.

The problem of allowing for the binding of the nucleon
in the nucleus and for the Pauli principle can be inves-
tigated for the example of the scattering of a pion by a
nucleon moving in a given external field that simulates
the field produced by the core (the system of A — 1 nu-
cleons in the nucleus) in the limit of infinite mass of
the core (A = 1— =), Such a model was considered in
Refs. 53 and 54. It can be applied to real nuclei when
it is possible to ignore the center-of-mass motion of the
nucleus in the scattering process. If in (215)-(218) and
(194), (197), (202)~(206) we go to the limit (A — =, a,
—-0,b, —1), we obtain the basic equation of the model:

(kg T 9,0 (£)[ko) = (k;lv 0,9 |Ko)
G g0 168 kG (KG9, () o)

E-- 10— 0 () — €5, ‘

+3 |
%y

(223)

where a, are the quantum numbers of the nucleon in the
external field, @ corresponding to the ground state;
#7, is the excitation energy of the nucleon in this field,
and

(kj|T, (224)

aplp

(E)lkey= { (@ [p') dB’ (0I;] 7 (E) ko) dp (plowe)
(kﬂll’u;qbwo)

= [ Puaguy (5 P+ —ke) dp (ky—a (ky - B) v ko —a (k; + P')), (225)

where the function Para, (p’, p) is determined by the ex-

pression (205).

The main approximation made in Ref. 53 in solving
Eq. (223) consists of replacing the state vectors |a,)
of the bound nucleon by the state vectors of a free nu- -
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cleon. In other words, in the intermediate states the
model of nuclear matter is used for the nucleus. Ac-
cordingly, E and &} are taken in the form (the kine-
matics is nonrelativistic)

=Ex(k); &%, =Ex(p)+(Vy)—(hy—M)—Vx)o  (226)

where hy is the Hamiltonian operator for the free nucle-
on; V, is the potential of the external field; (h,=M),,
{Vyos and (V,) are the corresponding expectation values
with respect to the ground state and the excited states,
(Vy) being assumed to be independent of p. In this
model, we readily obtain from (223) and (225) (ground
state)

(kg Tog (E) | ko)
= [ 0P (0 = 1, — ko 0) ok — o | T (E) ko — o (K, +9')) ', (227)

where
(bok;, — aop’| T (E) |k —aq (k; - p'))
= (boky— aop’ || kg — ay (kg ') (228)
"{bakn—“nl‘ [v|¥)dy (¥ T(E) | ke —ao(k'—"ﬂ)}
J E; (| boko—agp’)-Li0—E, (y)—B
B=(hy—M)—Ex (p) = (Vydo—(Vy): E. () =¥y (229)
ap=m (m—2M); by=/(m=— ). (230)

If the potential v is chosen in the form (143) and (145),
then the corresponding solution of Eq. (228) has the
form

(boky — aop’ |7 (E) ko —ao (ko +p'))
”?‘mi (bﬂkaiaopu ".(ml (kﬂgab "\ké'fP'J]

=4n12 Dy (ky, p5 B) ! (231)
"y
where
Di (ks ¥s By=A'— | =SB (202)
Substituting (231) and (232), we finally obtain
(ks a0 (E) ko) = [ (O1p") dp’ (B + ey — o[ 0)
x 3} daty, (boklf;:l:l"):;:f;ti:)ﬁan (k—p) (233)

imy

The quantity B (229), which enters (231) and (233)
through the function D, (232), takes into account the ex-
citation of the bound nucleon (imitation of single-parti-
cle excitations in real nuclei) in intermediate states in
the case of elastic scattering of the pion. If the depen-
dence on B is ignored, then (231) is the free 7N matrix
in a coordinate system with origin at the center of the
field. Thus, in this case the expression (233) will be
the matrix of pion scattering by a bound nucleon in the
impulse approximation, this taking into account the
effect of recoil of the nucleon and averaging over the
momenta of the bound nucleon (Fermi motion) in accord-
ance with the general expression (199). If we consider
the limit of infinite nucleon mass (m/M — 0 and, there-
fore, a,—0,b,— 1), we return to the FAS. The analy-
sis made for 7'%0 scattering in the region of the (3, 3)
resonance shows®? that allowance for the excitation of
the ‘“nucleus” (B #0) increases the real part of the opti-
cal potential and decreases its imaginary part. As a
result, there is a decrease in the cross section of for-
ward scattering and, therefore, of the total cross
section, while the cross section at large (backward)
angles increases. These effects depend on the chosen
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value of A'={hy —M),+(V},=(Vy). It was also shown
that for scattering through large angles allowance for
the Fermi motion is also important,® as is allowance
for the excitation of the nucleus in the intermediate
states,

Closer to the real scattering of a pion by light nuclei
is the model of an oscillator potential for the field in
which the nucleon moves. The basic equation of this
model can be obtained from (223) by setting in this equa-
tion E=w,(k,), oy =n,lym, and E, =E , =n,N, =1,

x (2n, +1,), where n,=0,1,... is the radial quantum
number, [, is the orbital angular momentum, m, is its
projection (for simplicity, we here ignore the spin-orbit
interaction), and 1, is the frequency of the oscillator
field. As a result, we obtain

kyjT 0 Omd: ndimd (x (Fo)) | ko) = (k;[v

nply ™Mb

o | ko)

nb!gmb; nbtgm

- L (kg | v "b‘b"‘b; “b’h'"bILD} dkj (kg IT“ Bl “g!gmg (@ (ko)) 1 ko)
s J n (ha) 10— (F) — oMy '
"b bﬂ]b
(Np=2np+1p)
(234)
where
(ku | Uua(b'ma; ﬂblbmtEko)
5 j Paitim: nytym, (P P+ — ko) (k;—ao (k -+ p')
X |v|kp— ap (ky+p')) dp'. (235)

In Ref. 54, a study was made of a special case of this
model, namely, the limiting case when m/M —0 and,
therefore, a,—~ 0 and b,— 1 in the expression (235).
Conceptually, this model is similar to Chew and Low’s
model.’® For it to be close to this model, the radial
part of the 7N interaction potential in the state with /=1
was chosen in accordance with (73) in for form

' _;. _prp) _ pi(p) 236
W llir=sa Vez () Vealp * (236)
In this case, the expression (235) takes the form
(kalvﬂBISMi,lnb!bmbl ko) & {k;J U‘fk") pnéféms: nplymy, (ku_"kl;)’ (237)
where
Putpmp: myl ymy, (q)= 5 exp (iqry) (rglymy| rp} dry (vy|nglymy). (238)

In Ref. 54, Eq. (234) with the kernel (237) was solved

by the method of Padé approximation, a partial expan-
sion having first been made. In particular, the second
Padé approximant

Ty = 1 — Y/l

(239)

was used; here -r“) and 'r(z) are the first and second
lteratlon of the equatmn for T, (I, corresponds to j=1
4; here, j is the total ang'ular momentum). The ex--
pressmn (239) gives the exact solution of the Lippmann—
Schwinger equation for the free 7N collision matrix,
and it is to be expected that it will be a good approxima-
tion to the exact solution of Eq. (234). Concrete calcu-
lations made for the case that simulated 7'°Q scattering
without allowance for the Pauli principle showed®* that
allowance for the binding of the nucleon in the nucleus
shifts the resonance energy downward compared with the
resonance energy of free 7N scattering, But if allow-
ance is made for the Pauli principle, which reduces to
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the elimination of corresponding terms in the summa-
tion in (234), the resonance energy of 7'°0 scattering
approaches the resonance energy of free 7N scattering.
Thus, the effect of the Pauli principle and the binding of
the nucleon in the nucleus virtually compensate each
other for the resonance energy.

It should be emphasized that the results discussed
above were obtained® under a number of simplifying
assumptions, among which the main one is the approxi-
mation of “freezing” of the nucleon during the time of
its interaction with the pion; this reduces (235) to the
expression (237). It would be interesting to solve Eq.
(234) using (235) without additional assumptions. At
the present time, such a problem is more realistic,
éven for a p-wave 7N (separable!) interaction, which is
the main interaction for 7A scattering in the region of
the resonance. This problem was considered for an s-
wave interaction in Refs. 52 and 55 and was solved under
some further simplifying assumptions. It was shown
that to obtain the cross section in the region of the reso-
nance neither the impulse approximation, nor the ap-
proximation of a “frozen” nucleon, nor the ‘“quasiclassi-
cal” approximation is really suitable.

The problem of finding the corrections to the impulse
approximation due to allowance for binding of the nucle-
on in the nucleus and the Pauli principle can be investi-
gated on the basis of Eq. (188). In this equation, the
corrections are associated with the second term on the
right-hand side. Choosing w in the form w=E +M, we
obtain

G(E) =1, (E M)~ t;(E -+ M) [G(E)4 —g (E -+ D] (E), (240)

where G(E) and g(E) are determined from (4) and (77),
an t{(E+M) by Eq. (76). In the nonrelativistic limit,
the Hamiltonian H, (42) of the nucleus can be repre-
sented in the form

Hy=H, oLtV B = L HT Sy~ T, L B, (241)

where HS?, is the Hamiltonian of the internal excitation
of nucleus (A —1); #7% ., is the operator of the kinetic
energy of the center-of-mass motion; %" ,‘, is the opera-
tor of the kinetic energy of the distinguished nucleon i;
V, is the operator of the potential energy of the interac-
tion of the “residual nucleus” (A —1); B, is the energy
needed to separate nucleus A into nucleon ¢ and the “re-
sidual nucleus” (A — 1), If the operator o in (240) is
omitted, i.e., the Pauli prineciple is ignored, then under
the assumption that the residual nucleus (A - 1) is not
excited in the considered process (“inert” core), Eq.
(240) takes the form

T (E) =1, (E)+ M) +1; (E) [E 10— by — H 5]

XVilE—Bi=i0— %S | — 5 — Vit 1. (E). (242)

Using the relation
VilE—B;~i0—ha— K5 —ViI™*

=t;(E—Bi—ha) [E— B+ 10— 585 — #5117,
where £,, is the matrix of the collision of the distin-
guished nucleon 7 with the inert core, we reduce Eq.
(242) to the form

T (E) =t (E -+ M)~ t; (E-+ M) [E+i0—hy— 385

X tie (B — By — k) [E— By -+i0 — 58y — #5417 v (E). (243)
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In Ref. 56, in which the correction associated with
allowing for the binding of the nucleon in the nucleus
was calculated on the basis of Eq. (243), the second
term was taken into account in the first approximation,
i.e., the matrix

TP (E)=t;(E+ M)~ t; (E+ M) [E+i0— hg— 585
X tig (E— By —ha) [E— Bi +i0— s8N — 585 _ | 4 (B 01)  (244)

- was considered. In Ref. 56, further simplifying as-

sumptions were made in order to calculate this matrix:
1) for the nucleus, the independent-particle model was
used, and accordingly the operator of the kinetic ener-
gy of the core %3, was omitted for nuclei with filled
single-particle states (244); 2) the Green’s functions
were replaced by 6 functions, with the result that the
matrix of scattering of a nucleon by the core, #;,, was
on the energy shell, and it was calculated in a model of
an optical potential having the form of a rectangular

. well with spin—-orbit interaction; 3) the first term of

(244) was calculated in the approximation of a nucleon
frozen in the nucleus (“factorization” approximation);

4) in the second term of (244) the 7N scattering matrix
was taken on the energy shell; 5) for the averaged

(with respect to the wave functions of the single-particle
states) matrix ¢, in the r representation the local ap-
proximation was used.

For the example of 7'2C scattering in this model it
was shown®® that allowance for the effect of the binding
of the nucleon in the nucleus leads to an important cor-
rection (50-100%) to the optical potential of lowest
order at energies 120 < T < 420 MeV, but for the total
and differential cross sections this correction is only
10-20%. The large value of the correction to the op-
tical potential is evidently due to the use of the factor-
ization approximation in the optical potential of lowest
order [see (202)], which, as we have noted many times
above, is a bad approximation in the region of the (3, 3)
resonance.

For the model just considered, an important element
was the neglect of both the excitation of the internal
motion of the residual nucleus (A - 1) and the motion of
it in the center-of-mass system. This approximation
corresponds to the independent-particle model used in
Ref. 56 for nuclei with filled single-particle states.
One can consider a model in which the core is again
assumed to be “inert,” i.e., in H, (241) the Hamiltonian
H{Y is ignored, but allowance is made for the recoil
of the core through the kinetic energy operator %7 .,.
With regard to the operator V;, it is replaced by the
single-particle operator V.. This model, which is
called the three-particle model, was proposed by
Révai,” and it was then considered in Refs. 40 and 58-
60. We shall show that the equation for the matrix of
pion scattering by a bound nucleon in this model has the
form?10.60

v (E)=1t(E— By

+t; (E—Bi) Goi (E— B) tic (E— B;) 6o (E— B) w (E). (245)
Here
E=uwgy (ko) + E4 (Ka);
i (Ey=1v;+v,Go; (E—B)) §; (E—B)); (246)
Lic (E—Bi) =Vie+Viloi (E—By) i (E— By), (247)
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where

Cot(E—Bi)=E — Bi+ 10+ ha— 35y — 885 _ 1], (248)

Note that the expression (245) can be obtained from Eq.
(243) if obvious substitutions are made in it. The
expression (245) is too complicated for practical use,
and therefore further simplifying approximations were
made in Ref. 60: 1) the second term in the expression
(245) was completely ignored, so that the 7, matrix
could be obtained in the impulse approximation, but
with allowance for the three-particle kinematics; 2) the
operator h,—m + ¥ was represented as a sum of the
operators of the kinetic energies of the relative motion
of the pion and the nucleon, %7, and the motion of
their center of mass, #7,. This, strictly speaking, is
valid when not only the nucleon but also the pion is con-
sidered in the nonrelativistic limit, As a result of these
simplifications, we obtain

T (E) ma?

(249)

If we again use the nonrelativistic kinematics and ignore
the transformation of the { matrix from the pion-nucleon
center-of-mass system to the pion-nucleus center-of-
mass system, we obtain®

(k'pi | 7 (E) |kpy) = 8 (k' —pi —k—py) 6 (F, §; Eqa (k)
—Bi— (k- Pi)z"(gli-‘!.\'.d—l))v (250)
where k and t(k’, ') are defined in accordance with (194),
(196), and (197) in the nonrelativistic limit with respect
to the nucleon, and

(E)=t1(E—m—B;—$Fan—HF%-4).

Efy (k) =K% 204 = Exy (R);

Wax, a1 = (m4 M) M (A—1) (m=M4). (251)

Note that at energies E, (k) less than the energy of
breakup of the nucleus into the nucleon and the residual
nucleus B, the ¢ matrix (249) and, therefore, the optical
potential U;{*’ (180) are real, so that the elastic uni-
tarity (35) is ensured (to accuracy 1/4). Such unitarity
is not satisfied, for example, for the ordinary impulse
approximation, since for either choice (190) or (191) of
w we obtain complex ¢,(w). Although the impulse ap-
proximation in the three-particle model has in this re-
spect an advantage over the usual impulse approxima-
tion, it is less justified and consistent that the model in
which (in accordance with the independent-particle
model) one ignores not only the excitations of the resid-
ual nucleus (A — 1) but also the motion of its center of
mass.*+5%:% The point is that for *He, '*C, and '°0
nuclei, for which 7A scattering has been investigated,
the energy of the binding of the nucleon to the core is
greater than (for the *He nucleus considerably greater)
or of the order of the mean binding‘ energy of a nucleon
in the core, which therefore cannot be regarded as an
inert structureless “particle” that recoils as a whole,
as is assumed in the three-particle model.

In Refs. 54, 56, and 60, the results of which were
discussed above, the Pauli principle for the nucleons in
the nucleus is taken into account very approximately,
which is motivated by the difficulties that arise in the
solution of Egs. (36), (37), or (182), (183) for finite
nuclei. These difficulties partly derive from theneed
for simultaneous allowance of several interconnected
effects: the binding of the nucleon in the nucleus, the
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Fermi motion of the nucleon, and the Pauli principle.
The last two effects are more readily investigated in the
model of nuclear matter for 7A scattering, in which
there is no problem of allowing for the binding of the
nucleon. This was done in Refs. 61-64. In Refs. 61—
63, only the effect of the Pauli principle was considered.
This was due to the use of the Chew—Low model for the
7N interaction (static model with respect to the nucle-
on!). In Ref. 64, the effect of the Pauli principle was
investigated together with the effect of the Fermi mo-
tion.

Bearing in mind that the nuclear-matter model is a
special case of the independent-particle model, in which
the single-particle states are states of free motion of
the nucleons, in the expression H, (241) we should
ignore H, ., and V;, and instead of B; we should take —¢,
where g, is the single-particle energy. Further, bear-
ing in mind that the model of nuclear matter corre-
sponds to the limit of an infinitely heavy nucleus (A — «),
in (197) we should set k=0, which immediately leads to
k=k, and p;=p?. Then, using Watson’s formulation of
the theory of multiple scattering (here, we follow Ref,
64), on the basis of Eqs. (181)-(183) and (4) we obtain

(k3 | Uao (E) | ko) = X (Oky | T4 (E) | ko)

=2 (kT (B ) [ om), (252)
where
'k | T(E +e,) | kon) = (n'k; | v | kon)
+ 3 <n-k.-,|=-!E k+>ikﬂ<_::(:<)£:nk> (253)

n"go

Remembering that for nuclear matter £, =E,(p,), and
introducing the matrix #(w) of free 7N scatering, on
the basis of Eqs. (189), (253), and (77) we obtain
) (p'ky | T (@ (ko) + Ex (p) | kop) = (p'ks | £ () | ko)
+ J K101 600 [ e =B
— et —Er ] ka1 ¥ (@x (ko) + Ey (p)) | keb), (254)

where

I,x:20
9(")={o,x<o};

and Py is the Fermi momentum,

We now encounter the problem of transforming the
matrix f(w) on the transition from the pion-nucleus
laboratory system to the pion—nucleon center-of-mass
system. The solution of this problem is given by (193)
and (196). They take a simple form in the approxima-
tions used in Ref. 64 to solve Egs. (254): 1) the
single-particle potential in nuclear matter is assumed
to be local, i.e., the potential acting on a nucleon within
the Fermi sea and outside it is assumed to be the same;
2) the parameter w is chosen in the form (190), namely
w=w,k,)+ E,(p)+M, which leads to the vanishing of
the integral term in (196); 3) nonrelativistic kinematics
is used for the pion as well.

In the concrete calculations of Ref. 64, Schmit used
a separable s-wave ¢ matrix of 7N scattering chosen to
simulate the resonance behavior of this matrix. It was
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shown that the influence of the Pauli principle on the
optical potential strongly depends on the Fermi averag-
ing; namely, when allowance is made for this motion,
the effect of the Pauli principle in the region of the
resonance is very small, whereas in the static
model® ™ this effect is important. At low energies, the
effect of the Pauli principle is important,® but it is
always appreciably smaller than in the static model,? ™

The model of nuclear matter for nA scattering also
enables one to investigate comparatively easily impor-
tant aspects of this problem in the region of the reso-
nance associated with the production and propagation
of the A resonance in nuclear matter. This question
was considered in Refs. 64 and 41. In Ref. 41, in con-
trast to Ref. 64, the Pauli principle is ignored. Ac-
cordingly, it is more convenient to use the KMT formu-
lation of the theory of multiple scattering [see (180) and
(36), (37)], and therefore, instead of (252) and (253),
remembering that

In)=|p) and en=Ey (p),
we obtain

&1 U 02) k= | (P17 (0a+Ex (p)) | ko) P, (255)
PSPp

where

(p'k; | T(0x+ Ey () | kop) = (p'k; | | kop)

j (p'k; | v 1 k5p” ) digdp” {p” kan(“’n‘f"E'\"(P)HkaP)
On+En (p)+i0—og (k) —Ex (p")

Note that in (255) we have omitted the factor (A -1)/
A=1(A—~=»). We recall that in accordance with (78)
and (195) in the nonrelativistic limit with respect to
the nucleon we have

0 (ko) +©p (p) =V [0n (B) + 0 OF + (ko TP
{ 2
2 0 (1) F 00 () + i

N ORI = Loy T TR RN

(256)

In accordance with Eqgs. (193), (195), and (196), we
obtain from (256)

(P'k; | T (0 (ko) 4 Exy (p)) | ko)
=Nb§ (k; +p' —ky—p) t°™ (bk; —ap';
by — ap; 0 (ko) + Ex (p) — (ko -+ p)Y2M*). (257)

Substituting this expression in (255), for the optical po-
tential we obtain
(ky | U (0 (ko)) | ko) = Vope (k5 ki 0z (ko))

=5 (k! —k) S N1*™ (bk,— ap, bk — ap;
0 (ko) + Ex (p) — (ko + p)2/201%). (258)

It should be noted that in Ref. 41 the expression (258)
was written down for arbitrary w,, i.e., for w,#w,(k,),
which hold if the integral term in (196) is ignored.

For the investigation of the propagation of the pion in
the nuclear medium with the optical potential (258) with
w,#w,(k,), the resonance expression (70) was used in
Ref. 41 for the 7N scattering matrix £*™. It was shown®
that when a pion with energy in the region of the (3, 3)
resonance propagates in nuclear matter two kinds of
motion arise—genuine pion motion and A - & type of
motion (% is a hole in the nuclear matter). These two
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motions are coupled, and go over continuously from one
form to the other. They can be distinguished only at
low densities of the nuclear matter (p<p,=0.042 F73),
where the pion form of motion is predominant. With
increasing density, the relative weight of the A - k form
of motion increases, and at densities close to and even
lower than the density of real nuclei (p~0.15F™®) the

A ~ b form of motion becomes as important as the pion
form. This is a consequence of the allowance for the
Fermi motion. It should be emphasized that these re-
sults were obtained without allowance for the Pauli
principle in the T matrix, but, as the model calcula-
tions of Ref. 64 show, they remain virtually unchanged
when this effect is taken into account.

The picture of the production of the A isobar for pions
with energies in the region of the (3, 3) resonance that
we have in nuclear matter (for a review of the state of
this problem, see Ref. 65) can also arise in finite nu-
clei if they are described by the independent-particle
model and consist of shells with filled single-particle
states. In contrast to nuclear matter, a hole in the in-
dependent-particle model corresponds to a single-par-
ticle state in some self-consistent field. It is clear
that the A - states will be degenerate if the interac-
tion of the A isobar with the hole is not taken into ac-
count. If it is, the degeneracy will be lifted, and as a
result we obtain an excitation spectrum of the nucleus
of the type of particle-hole excitations in nuclei with
filled single-particle states. Such allowance for the
excitation of the nucleus in the construction of the first-
order optical potential was considered in Refs. 66 and
67 for the example of 7*He. Here, we should point out
that the applicability of this model to a nucleus as light
as “He is doubtful because of the incorrect allowance
for the center-of-mass motion of the nucleus in the
independent-particle model. It is also difficult to
justify the assumption that the potential of the interac-
tion of nucleon i with the residual nucleus, V, [see
(241)], can be regarded as the potential of the interac-
tion of the A isobar (pion +nucleon ¢ in resonance) with
the residual nucleus, as is done in Ref. 66 in the for-
mulation of the problem in the framework of the theory
of multiple scattering. In addition, this treatment in-
troduces into the theory the additional phenomenological
A-nucleus interaction, although allowance for this in-
teraction is a necessary and important element of the
A-isobar dynamics in the nucleus.

For n*He scattering there is the possibility of allowing
correctly for the center-of-mass motion of the nucleus
and the Fermi motion by using the wave function ob-
tained in the translationally invariant oscillator basis,5®
which makes it possible for this example to investigate
various questions of the theory of multiple scattering
of pions by nuclei.®® The existence of fairly complete
experimental data on 7*He scattering™ " makes such
investigations desirable.

5. SECOND-ORDER OPTICAL POTENTIAL _

We now consider the problem of finding the correct-
ions to the first-order optical potential. These cor-
rections, naturally, arise from the second term on the’
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right-hand side of Eq. (21) or (24). We consider first
the approach to the solution of this problem proposed in
Ref. 70. We proceed from Eq. (18) for the T matrix.
Taking into account the equation & = #+ @ (8), from
(18) we obtain

PI' =P 4 FPUCPT + Pv'6GOT"; (259)
Q' = Qv + Qv'GPT' + Qr'GQT”, (260)

where T’ is the matrix related to the T matrix by the
equation T'=(A - 1)T/A (17), and 7’ is the matrix
T (E)=(A—1) 1 (E). (261)

Solving Eq. (260) for @T’ [taking into account the equa-
tions @*=Q and QG =GQ (8)],

1

or' =T)’(1—T)Q[Q1‘ +QUGTFT')
: 1 i A
=6 Gy [0V + QUG T’ (262)
and substituting it in (259), we obtain
PT' =@U’ + PU'GCGHT’, (263)
where
r r ’ i ’
UV=v+7¥ ot Hi—0 &
S LTS S (264)

QIE+I0—hg—Ha)Q =~

It is clear that Eqs. (263) and (19), (20) coincide for
elastic scattering and, therefore, the operator U’ de-
termined in accordance with (264) coincides with the
optical potential (21) in the KMT formulation. Thus,
for the optical potential U}, (E)=(0|U’(E)|0) we obtain
from (264)

Uppt (E) =700 (E)
+ g‘#_u Toar (E) [E+ 10— &% — 4% —ha—Toru (E) o (E),  (265)
where E=w,+E,. Equation (265) for the optical poten-
tial with the Green’s operator

C(E)y=[E+i0—hy—H,—7 (E)I"* (266)

is exact. The operator (266) in the general case is non-
diagonal with respect to the excited internal states a of

the nucleus because of the nondiagonality of the operator
7/(E). I in (265) we ignore the nondiagonal elements of
the operator 7’/ and, therefore, of the operator G(E), we
obtain

Ubpt (E) = oo (E)

4 §., Too (B) [ E + 10— 8% — 8% — b — T (E) ' Tag (E).  (267)

This expression was obtained in Ref. 72 and called the
second-order optical potential.

As can be seen from the definition (11)-(12), the
matrix 7(E) is a many-particle operator that takes into
account the antisymmetrization of the state vectors of
the nucleus and, therefore, takes into account the Pauli
principle. In the determination of the optical potential
(267) a significant simplification can be achieved if
instead of the operator 7; defined in accordance with
(36) and (37) we use the operator f;, which is defined
by the equation

tZGS)

- G (E)t,(E);
ti(E)={va+v (B)t(E) i

v+ (E) G (E)vy
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and does not take into account antisymmetrization.
Solving Eq. (269) for v; and substituting the resulting
expression in (36), we obtain

i (E) =% (E) + 5 (E) G (E) (#—1) 7, (E). (270)

As we have already said above, the operators 7 (25),
(26) and T, (36), (37) in the space of antisymmetric
states of the nucleus are related by 7=2};7,/A, and
from (270) we therefore have

“(E) = 0B+ N E(E) 6 (E) (A—1)u(E). (271)
i i
On the basis of Hilbert’s identity,
A —Bt=A"(B—A)B*=B"(B—A) A",
From (4) and (266), we obtain
G(E)=G (E)—G(E)7 (E)G (E). (272)

Taking into account the circumstance that the matrix
elements of the operators 7 and G between states of
the spaces & and 1~ & are zero and, therefore, that
these matrix elements are also zero for G, we see
from (271) that the operator G(« ~ 1) can be replaced
by the operator G(«/ — 1), As a result,

A—)w (B =7 (J @),

+ AL (SR EEE) (A -)w @), (273)

If in the second term on the right-hand side of this re-
lation we replace the operator 7; by the operator 7; and
remember that the operator «f; has matrix elements
only in the space of antisymmetric states, we can write

(A—1) o (B) = 271 (; B(E))

SAGI AN
i i

A—1
4

4
T

A—1
A

(274) '

(Da@e@n®),.

We now calculate the sum in the expression (267).
For this, we make the following approximations: 1) we
shall assume that the 7, in (266) are independent of
the state (o) and replace them by the averaged quantity
(T'(E)) =U,(E); 2) instead of &} we take some average
excitation energy # of the nucleus. Then, retaining in
(271) only the first term and using the completeness of
the states vectors |a), we obtain

N Toa (E) Gag (E) Tao (E)
a0

~ESE[(SnwE® 3hum),

6 ( 2 t_(E))w(T(E) (Z t (E))uu]'

i

(275)

where
(276)

Adding the expression (274) and (275) in accordance with
(267) and (261), we obtain an approximate expression
for the optical potential:

G(E)=[E+i0—KS—h—E =T, (E)I

Ut (B) R Uy (B) + Uggy (E), (277)

where
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Ugn(B)=(4—1) 0|5 3 &(£)|0), (278)
Ut (B)=(4— 17| 5=y 3 Q17 (E)E ()T (B) | 0)
ii
(279)

— 0| 5 DR E I 0FEO 5 5B 0].
i E)

This optical potential was used in Ref. 73 to investi-
gate pion scattering by the *He nucleus. In the con-
crete calculations, further simplifying approximations
were made: 1) the matrix 7;(E) was replaced by the
free 7N scattering matrix #;,(w), in which the energy w
was chosen in accordance with the simplified three-
particle model; 2) for the matrix elements (0|#,(w)|a)
the following approximate factorization was used:

(Ok" | 352 (@) | ka) = pow (a) (k', Po—a | £ (0) | kpo),

where k and k’ are the pion momenta before and after
scattering in the pion—nucleus center-of-mass system,
q=k-k’'=k,-k; is the momentum transfer, k, is the
momentum of the incident pion, p,,(q) is determined by
the expression (210), and p,=-k/A + (A -1)a/24 in
accordance with Refs. 41 and 42; 3) the averaged oper-
ator of the optical potential U (E) and G(E) (276) was
replaced by the constant quantity (k,| U}(E)|k,). Asa
result of these approximations, the optical potential
U&} can be expressed in terms of the correlation func-
tion

(280)

where py,(a’, @) and p,,(q) are defined in accordance with
(202) and (210), respectively. In Ref. 73, the function
C(a’,q) was calculated in the framework of the shell
model with phenomenological allowance for short-range
pairing correlation. The correlation associated with
correct allowance for the center-of-mass motion of the
nucleus was also taken into account. It is clear that
this correlation must be taken into account in the scat-
tering of a pion by a light nucleus such as *He (as we
have pointed out above). The problem of the connection
between the 7N scattering matrix in the pion—nucleon
center-of-mass system and the same matrix in the
pion-nucleus system was solved in Ref. 73 in the
framework of the relativistic potential theory of Ref.
23. Use was made of an expansion in Q?/(m + M),
where Q is the total momentum of the 7N system (for a
discussion of this question, see below).

C(q', @) = poo (a4 9 —Poo (a') Poo (D)

The second-order optical potential is usually investi-
gated with a view to obtaining information about the
pairing correlation of nucleons in the nucleus; this
really is contained in the second-order potential. How-
ever, it must be borne in mind that in an exact solution
of the problem information about the correlation can
also be obtained from the first-order optical potential,
since it is also included in the operators 7 (11)-12) or 7
(25)—-(26) through the Green’s operator (4) and the pro-
jection operator &. When the impulse approximation
is used, the effect of the pairing correlation in T or 7
is partly ignored.

A somewhat different representation than the one ob-
tained above for the second-order optical potential was
obtain in Ref. 11 on the basis of a correlation expansion
of the total optical potential in the KMT formulation.
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This expansion, obtained directly on the basis of Eq.
(2), has the form

U' (E)=U™(E)+-U®(E)+..., (281)
where
Ue (B)= 474 57, (B (282)
i
U= (B)= 273 @y (B) T (B) —F (E)). (283)

i>j

The matrix f; (#;) in these relations is determined by
(268) and (269), and #;;=A,; + A;;, where A;, and A,
satisfy the system of equations

Ay=1,4+5,6(1 —&F) Ay; (284)
Ap=1+5,6(1—&) Ay, (285)
or the two equivalent uncoupled equations
Ay=t+1G1—P) G+ EG(1—F) 6 (1— F) Ay (286)
Ap=t;+5,0 (1 — P) b+ 5G (1 — ) G (1 — &) Age (287)

It is easy to see that, iterating these equations for F, j
=A;; + Ay, we obtain the series

11 (E) =1 (E)+1; (E) +1; (E) G (E) (1 — 9) I; (E)
+1;(E) 6 (1— 7)1 (E) + 1 (E) G (E) (1 — #) 5 (E) G (E) (1 — T)

Xt (E)+1;(E) G (E) (1 — &) 1; (E) G (E) (1 — F) G5 (E) +....  (288)

Note that (284)-(288) are also valid when G in them is
replaced by G&. Accordingly, G(1 - #) is replaced by
GQ and the substitution of G should also be made in
Eqs. (268) and (269), which as a result reduce to (36)
and (37) for 7;,. If in the expansion (288) we restrict
ourselves to the single and double terms, then for the
second-order optical potential we obtain

U™ (E) z% 3 1 (E) G (E) (1 — &) T (E).

=]

(289)

The operator (289), like the corresponding part of the
operator (267), is in the general case a many-particle
operator. If for {; we use the impulse approximation
1;(E)=f,(w), then this operator is transformed into a
two-particle operator. But the operator of real absorp-
tion of a pion by a nucleus’ is also (basically) a two-
particle operator. Therefore, when we consider the
second-order optical potential we must take into ac-
count as well the real absorption of pions by nuclei. In
Refs. 69 and 74, this effect was taken into account
phenomenologically in the first-order optical potential.
Such allowance was also made in Ref. 75 by introducing
into the Hamiltonian of the 7A interaction an operator of
pair absorption or production R, Approximate allow-
ance for this operator reduces to replacing the Green’s
function G(E) in (177), (178) and (25), (26) by the func-
tion

G(E)=[G"(E)—Al"; A=RG(E)R.

Concrete calculations were made in Ref. 75 using
instead of A its mean value (A) =-iv,,,” in which v,
is the pion velocity, and A, is the mean free path until
absorption in nuclear matter. The calculations made
for m*He scatteri:.z®™ showed that allowance for real
absorption of the pion by the nucleus leads to an appre-
ciable decrease of the cross section in the region of
the (3, 3) resonance and that with decreasing energy
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this effect increases relatively.

In our opinion, the effect of the real absorption of the
pion by the nucleus in the scattering process was taken
into account more consistently in Ref. 77 for nd scat-
tering. The results of Ref. 77 will be discussed in the
following section.

6. nd SCATTERING

The general theory of multiple scattering of pions by
nuclei presented in the foregoing sections on the basis
of the Lippmann-Schwinger equation (1) can of course
also be applied to the scattering of pions by the deuter-
on. But it is then necessary to remember that the
deuteron is a weakly bound system that does not have
bound excited states, so that the influence of the deu-
teron breakup channel on the elastic scattering of pions
may be important. It is well known that the deuteron
breakup channel is not correctly taken into account in
the framework of the Lippmann-Schwinger equations,
and it may therefore happen that Eq. (1) is not always
a suitable equation for describing 7d scattering even in
the case of the elastic channel.

If the nd interaction is considered at pion kinetic en-
ergies T, <300 MeV, where one can ignore the produc-
tion of new strongly interacting particles, then Fad-
deev’s equations or their relativistic generalizations
can be applied to this problem. It is clear that these
equations directly describe the following channels:

d -~ n*; (290)
atLd= np 4 n*; (291)
(72)+w. (292)

The absorption channel 7d — NN can be taken into
account for nd scattering if the solution of the problem
(290)—(292) is available (this question is discussed
below).

The Faddeev equations for the processes (290)-(292)
correctly take into account the breakup channels (291)
and (292), i.e., they do not have the shortcoming in-
herent in the Lippmann—Schwinger equations (1). The
use of the Faddeev equations or their relativistic gen-
eralizations has the advantage over the theory of mul-
tiple scattering presented in this review that they are
directly expressed in terms of the matrices of wd col-
lisions in the free state, i.e., there is no need to use
the impulse approximation, whose applicability in the
region T, <300 MeV is doubtful. In addition, since
these equations can be solved by numerical methods in
certain models of the two-body interactions without us-
ing, for example, the FSA, it is possible to investigate
the accuracy of this approximation for the example of
nd scattering. The convergence of the multiple scat-
tering series can also be investigated for this example.
Further, using the circumstance that the three-particle
Faddeev equations contain the two-particle off-shell
collision matrices, by studying nd scattering in the
framework of these equations one can obtain informa-
tion about the off-shell behavior of the 7N and NN ma-
trices. In this example, one can also investigate other
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questions of the dynamics of the pion-nucleus interac-
tion. From what we have said the fundamental impor-
tance of studying nd scattering in the framework of the
three-particle equations for pion-nuclear physics is
evident,

Numerous investigations?7"5°:"8"%¢ have been made of
nd scattering in the framework of the three-particle
equations. Some of them®*"7%70.%2.85 yge the nonrela-
tivistic equations (the Faddeev equations), while the
remainder?®5%:81,82,84,86 g0 the relativistic equations.
The effect of the relativistic kinematics is apparent
even for the nd scattering length,* and therefore scat-
tering of pions by the deuteron should be studied on the
basis of the relativistic three-particle equations. The
equations used in Refs. 82 and 86 were obtained in Ref.
87 by the Blankenbecler—Sugar method,®® and in Refs.
48 and 49 equations obtained by this method in the iso-
bar model® were used. With regard to Refs. 50, 81,
and 84, the problem was investigated in these papers
on the basis of the three-particle equations obtained in
Ref. 90 in the framework of the Logunov-Tavkhelidze
quasipotential approach.®® We emphasize that in all
these relativistic equations all particles are on the
mass shell, The relativistic equations are potential
equations, i.e., they are similar to the equations in
relativistic potential theory discussed in Secs. 1 and 2
of this paper. But incontrast to this theory, in which
all the propagators are linear in the energies, the equa-
tions used in Refs. 48, 49, 82, and 86 contain propa-
gators quadratic in the energy and, as a consequence,
the so-called cluster properties of the Faddeev equa-
tions are violated.

Note that this difficulty in equations of this kind can
be avoided if one uses Wightman—Garding relative co-
ordinates® (so far as we know, this formalism has not
hitherto been applied to 7d scattering). With regard to
the relativistic three-particle equations investigated in
Refs. 50, 81, and 84, this difficulty does not arise for
them because their propagators are linear in the ener-
gies. These equations are the closest to the Faddeev
equations and admit a natural passage to the limit of
them, and they are therefore close to the equations of
relativistic potential theory. But there is a difference:
in relativistic potential theory the potential does not de-
pend on the energy [see (79)], but the quasipotential does.

The equations for the problem of scattering of a pion
(particle 1) by a deuteron with allowance for the iden-
tity of the nucleons (particles 2 and 3) used in Refs. 50
and 84 have the form®

Fogtyy (Po) Tgg = 550, (Po) Gy (Py) tges, 1 (Po) Fos; (293)
Uzes, 1 (Po) Fay = 267 (P) Doy 52T (Po) Gy (Pg) P gty (Po) Fgg
— PyT (Po) Go (Po) tgig, 1 (Po) Pas. (294)

where P,, is the operator of transposition of the nucle-
ons, P, is the total energy of the system, G, (P,) is the
Green’s function, and

(295)
(296)

Pog= j‘;-,- T;s:(l "st)‘?;
Uass, 1 (Po) =gy (Po) — Paglia (P).

Here T_1 and ’I"z are, respectively, the two-particle
collision matrices for the pairs (3, 3) and (3, 1) in the
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center-of-mass system of the three particles; i, is

the operator of the transition nd— nd; @,,, , is an
auxiliary operator. The operator of the transition
1+(2,3)—-1+2+3, i.e., the operator of pion scattering
by the deuteron with breakup of the latter, can be ex-
pressed in terms of the solutions of the system of equa-
tions (293)-(294) in the form

Fasttoy (Po) Prs= G (Po) & g3+ TsT2 (Po) Go (Po) Uzes, 1 (Po) Fa
+ BTy (Po) Gy (Po) Pasllyy (Pg) Pase (297)

The problem of finding the connection between the
two-particle collision matrices in the center-of-mass
system of the three particles and the same matrices in
the center-of-mass systems of the corresponding pairs
can be solved in the present approach much more sim-
ply than in the relativistic potential theory considered
in the second section of this paper. To demonsirate
this, we note that in the Jacobi coordinates

4L mpp? —m;p?
p= AR g — TR ijk=123, 231, 312 (298)
. (pitPn)—(mymudBi _p, By P —Pis (299)

mi--mjmy

where p;, p;, D, and m;, m;, m, are the momenta and
masses of the particles, and p{ is the fourth component
of the four-momentum p, = (p}, p,) in the center-of-mass
system of the three particles. The two-particle matrix
T, in this system has the form®

gl | Ti(Po) | pyras) = 04 (4:) 8 (g — qi) T (Dipsns PoiPy),  (300)
where
o (p)=V mi +p% Poy=Po—0;i(g:)i (301)

T ,(p;uD;4 PosP;) satisfies the quasipotential equation®

T (PikPins PoilPy) = Vi (PiaPjns PoiPy)
o _Fi@unss PoPo) T (e PotlPi) dej
) (75) O (P) [Poq 10— 0 (7)) — ok (P )1

(302)

The connection between this matrix and the same matrix
in the center-of-mass system of pair jk has the form®

T: (inpju; PoiPs)'2
= a; (gnq;Po) V 0 (gin) @n (g3) T (Windtni PT)

% Vo (g5m) @x (20) @i (2509: Po) (303)
(similarly for 17,-), where

[

k@ [Poi+V Sjn (9)+4qi
a;(;,9:P) = [[S;k @<al 2 (VI o= _poi;]l 2 x o (304)
= o Pt
( V@ V@~V —P
P} =P, —Pi=[Pp—uw; (g)1P—ai;

Sjn (@) = [0 (28) + 0k (@) = [0} (p;) + ©On (Px)F — (B3 — Pa), (305)

and the matrix T,(q},q; P}) is determined by an equa-
tion of Lippmann-Schwinger type:

T (q5gyms PL) =V (qiuam; PY)

L Vi P T (g P})dqj), |
: j T(PT) — 10— 0; (a3, — Ok (6js) (306)
P, Pr>0;
§(P$)={ i R (307)
—V—="F, Pi<O.

The relative momentum of pair jk in (303)-(307) is de-
termined by the expression®
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Gn= — 45— P (90:4) O (303)
) — 2185)
Tin (9:9;) —’—-V YT
LILT] (309)

+* i
V'S @ o) (g)+or (| g+ D+ S (@)

which is obtained by a Lorentz transformation (84) on
the momentum p;=-q;. Similarly, for the relative
momentum of pair ki we have the expression

(310)

which is obtained from the expression for q,; given in
Ref. 81 by some simple transformations. Note that if
the four-momentum p = (p3,, p,,) is defined, not by
(298), but in accordance with

Gni = 9 — Pri (0:9;) G5

_on(pel) pi—0i (il Pr
Pik = ;o Dok (P ]

(311)

then as a result of a Lorentz transformation on this
four-momentum we obtain for the relative momentum
q;, an expression of the form (80), (81). However, the
form of the equations found in Ref. 81 remains un-
changed.

Note that the expression (303), which holds for the
off-shell two-particle collision matrix, is much sim-
pler than the expression (104) obtained in Ref. 23 in
relativistic potential theory. This is so because in the
quasipotential approach used in the derivation of (303)
the connection between V; and V,, which depend on the
energy, is given by an expression analogous to (303),
whereas in the Lorentz-invariant potential theory the
connection between v; and v;, which are assumed to be
independent of the energy, is determined by the equa-
tion

v=Y 0T v P+ P =V (R —P} (312)

[see (78), (79)], where hST is the Hamiltonian of the
noninteracting particles j and k in the center-of-mass
system of the pair.

Very important for applications is the fact that in
(303) the matrix relating 7, and T; is not an integral
but a simple function and that it is factorized. In this
respect, an analogous connection between Ti and T, is
obtained in Ref. 86, in which one of the variants (non-
covariant) of the three-particle equations of Ref. 87 is
used.

The problem of going over from the center-of-mass
system of two particles to the center-of-mass system
for three particles for the equations used in Refs. 48
and 49 reduces merely to the correct choice of the rela-
tive momenta of the pair of particles, this being due to
the covariance of the corresponding equations in the
isobar model of Ref. 87. One of the two variants of
relative momenta used in Refs. 48 and 49 coincides
with (310) and (311).

As we said above, one of the questions that can be
studied by applying the three-particle equations to nd
scattering is the question of the convergence of the

The quantity wo(gy)=vP7in (1.2) in Ref, 86 requires definition
in accordance with (307).
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multiple scattering series. In Ref. 48, an interesting
result relating to nd scattering in the region of the (3, 3)
resonance was obtained: the multiple scattering series
converges much more rapidly in the three-particle ap-
proach than does the analogous series in the FSA.

Thus, the reason for the poor convergence (divergence)
of the series (154) is to be sought in the basic approxi-
mation (109) in which it is obtained. However, the
multiple scattering series still converges slowly in

the three-particle approach, this being due to NN re-
scattering in intermediate states. This effect plays an
important part at large scattering angles. Attention
was drawn to this circumstance for the first time in
Ref. 47. Subsequently, this result was confirmed to a
greater or lesser extent in subsequent calculations, and
according to Ref. 50 the main contribution to the cross
section from multiple scattering is due to NN rescatter-
ing; this means that in the region of the (3, 3) reso-
nance the last term on the right-hand side of (294) can
be ignored, and as a result we obtain from Egs. (293)
and (294) a separate equation for elastic scattering:

(313)

Bearing in mind that G,T,G,=G, - G,, where G, is the
total Green’s function of the first channel (7d — rd), we
obtain from (313)

Fooglhyy Pag = 2P 53 T2 Pog — 2P gaTa (G —Go) PagiiyFas.

Pogtiss P = 2P 03 T2 T 23+ 299 oG TGy P agtiss Tgg.

(314)

The operator G, coincides with the operator G (4) for
the nd system, and therefore (314) is an equation
equivalent to the Lippmann-Schwinger equations for
7d scattering with allowance for the identity of the
nucleons. It is clearly much simpler to solve Eqs.
(314) or (313) than the system of equations (293) and
(294). We emphasize once more that Eqs. (313) and
(314) are approximate.

Let us briefly consider the part played by the rela-
tivistic kinematics in 7d scattering in the region of the
(3, 3) resonance. This question was considered in Refs.
49 and 50, and it was shown that for the 7N system it is
necessary to take into account the relativistic kinemat-
ics,?? this leading to an appreciable effect even for for-
ward scattering, and that the effect of complete allow-
ance for the relativistic kinematics for the pion in the
cross sections is of the same order as the effect of
multiple scattering.®

One of the main aims of studying the pion-nucleus in-
teraction is, as is well known, to obtain information
about the off-shell behavior of the 7N collision matrix.
Application of the three-particle equations to nd scat-
tering gives a unique possibility for extracting such in-
formation, since these equations directly contain the
off-shell free 7N collision matrix. This question was
investigated for the scattering of pions with both zero
energy®® and energies in the region of the (3, 3) reso-
nance.*® For this purpose, two different 7N collision
matrices were used: one of them®® corresponds to a
potential of the form (62) with parameters chosen to
describe the experimental data up to 300 MeV, and the
other'” is obtained by solving the inverse scattering
problem and corresponds to the energy-dependent po-
tential (65). The two matrices differ in their off-shell
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behavior even in the region of momenta <400 MeV/c,
which, as calculations show, is the main region in the
integration when the integral equations (293) and (294)
are solved.

It was shown in Ref. 50 that nd scattering in the re-
gion of the (3, 3) resonance is definitely sensitive to the
off-shell behavior of the 7N collision matrix, and the
effect for the behavior of the 7N collison matrix, and
the effect for the nd scattering length was found to be
more pronounced.®® We mention here the weak sensi-
tivity found in Ref. 86 of the nd scattering cross sec-
tions to the off-shell behavior of the 7N collision matrix.
This difference between the results is evidently due to
the fact that in Ref. 86 the interaction parameters were
chosen to give a good desecription of the 7N scattering
data only in the region of the (3, 3) resonance, the f ma-
trix being taken in the form (70), and variation in the
off-shell behavior was achieved only by changing the
range of the 7N interaction, i.e., by changing the pa-
rameter of the form factor #,(p). The construction of
the ¢ matrix used in Ref. 50 took into account the phase
shifts in a much wider range of energies (<9 GeV), and
it is probable that in this case the effect of the off-shell
behavior is not restricted to just the range of the 7N
interaction.

We now discuss the problem of allowing for the pion
absorption channel 7d— NN in nd scattering, which in
Ref. 77 was considered on the basis of the channel-
coupling method proposed in Ref. 93, Correct allow-
ance for absorption of the pion by the system of nucleus
requires that there should be no overcounting of the
events of pion absorption and emission by the nucleon
(xN=N). The point is that, from the point of view of
the field approach, the TN =N vertex participates in
both the 7N and NN interactions and in the real absorp-
tion of the pion by the system of nucleons. To avoid
overcounting the 7N == N vertices, Mizutani and Koltun”
proceed from the Hamiltonian of a system with a fixed
number of nucleons (in the considered case a system of
two nucleons) and an arbitrary number of pions:

H=Ho+Vax+Vyx+R+ R,
where H, is the kinetic energy operator of the particles,
Vyy is the operator of the interaction between the nu-
cleons, not including pion exchange but including the
exchange of heavy mesons (p, w, etc.), R and R* are the
operators of annihilation and creation of a pion by an
individual nucleon, and V,, is the operator of the 7N
interaction that cannot be generated by any combination
of the operators R and R*. For example, V,, includes
interaction through the exchange of heavy mesons. Two
coupled channels were considered—the mesonless chan-
nel (with two nucleons and no pion) and the single-
meson channel (with two nucleons and one pion); the
remaining channels were taken into account effectively.

In Ref. 77, an expression was obtained for the T ma-
trix of transitions between single-meson states
(TNN == NN):

Ty (E)=T{ (E)+(¥i" | Ryg[E 410 —ho— Wy (E)™ Roy | ¥{7).(315)

Here, TT, is the matrix for the tNN = 7NN transitions
obtained by solving the three-particle equations with
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certain effective 7N and NN interactions (in the general
case, the three-particle 7NN interaction is also taken
into account), |¥{™) are the corresponding state vec-
tors, h, is the effective kinetic energy operator of two
nucleons, W,,(E) is the corresponding interaction op-
erator, which, for example, reproduces the experi-
mental NN phase shifts, and R;, and R, are operators
that couple the mesonless channel (NN) to the single-
meson channel (TNN). The second term in (315) takes
into account the contribution to the matrix of TNN = 7NN
transitions from transitions that proceed through the
mesonless channel, i.e., it takes into account real
absorption of the pion by the NN system,

Thus, Eq. (315) solves (in principle) the problem of
taking into account absorption of a pion scattered by a
deuteron. On the basis of this formula, the contribu-
tion from the second term of (315) to the nd scattering
length was calculated in Ref. 77 in a definite model.
The value of the correction was found to depend on the
details of the model.

CONCLUSIONS

It is evident from the above analysis that the theory
of multiple scattering based on relativistic potential
theory has wide possibilities for studying pion-nucleus
dynamics. From the analysis of the results obtained on
the basis of the first-order optical potential, it can be
seenthat in the construction of the { matrix for the scat-
tering of a pion by a nucleon bound in a nucleus it is
necessary to make a further investigation of the part
played by the excitation of the target nucleus and the
Pauli principle. In this connection, considerable in-
terest attaches to the exact solution of the model prob-
lem of the scattering of a pion by a nucleon bound in an
external field. At the present time, it is possible to
solve (numerically) this problem for an external osecil-
lator field. The f matrix obtained in this manner can
be applied to the real problem of pion scattering by
light nuclei, for which most of the experimental in-
vestigations are made.

Allowance for the pair absorption of pions by nucle-
ons of the target nucleus in the construction of the
second-order optical potential is currently an important
problem which has a bearing on the problem of obtain-
ing reliable information about the pairing correlation
of nucleons in the nucleus.

Calculations of 1A scattering on the basis of the
second-order optical potential will be informative with
regard to the pairing correlation of nucleons if the part
played by all effects associated with the first-order
optical potential has first been elucidated; in this man-
ner, it will be possible to separate the effects associ-
ated exclusively with the second-order optical potential.

Of great interest in our view is the study of the part
played by the relativistic kinematics of the pion in 7A
(A = 3) scattering; that has proved to be significant for
md scattering.
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