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The theory of Hamiltonian mechanical systems is formulated solely in terms of physical and mathematical
concepts which have meaning in both classical and quantum mechanics. In particular, the observables in
both mechanics are c-number functions of the coordinates and the momenta. The operations of ordinary
multiplication of observables and the Poisson brackets, also treated as a form of multiplication operation,
are treated as separate objects which can have structural properties, including a dependence on #. It is a
consequence of this that the only primary difference between quantum mechanics and classical mechanics
is the concrete form of one algebraic identity for the multiplication operations. All other differences are
secondary. The formalism developed in the present paper is particularly convenient for quantizations and
for transitions (including partial ones) to the classical limits. The ‘transitions in both directions are
perspicuous and amenable to investigation for all quantities at any stage of the calculations. A unified
quantum-classical scattering theory is constructed. An integral quantum equation of Lippmann-Schwinger
type is obtained, the solution of the corresponding classical problem playing the part of the free solution

in this equation. Iteration of this equation gives the quantum corrections to the classical solutions.

PACS numbers: 03.65.Fd

INTRODUCTION

The standard formulations of quantum mechanics and
classical mechanics are based on systems of essential-
ly different physical and mathematical concepts, and,
as a rule, these do not “survive” transitions from the
one theory to the other. In classical mechanics, there
is no analog of the quantum state vector, and in quan-
tum theory there is no analog of a classical path, ete.
Each of the formulations is splendidly adapted to calcu-
lations within the framework of the corresponding me-
chanics. But transitions from one mechanics to the
other often appear tortuous and mysterious, and seem
to require not only science but also ingenuity. For ex-
ample, suppose that one subsystem can be treated clas-
sically (with possible quantum corrections) but another
only in quantum terms. How is one to describe the
interaction between them?

Problems in which it is necessary to have a combined
quantum-classical treatment occur in many and varied
situations (quantization of solitons, collisions of heavy
ions with transitions to excited levels, quantum correc-
tions to classical radiation, multidimensional tunneling,
etc.). Attempts to find solutions to these problems lead
to the obvious idea that for the treatment of all such
combined situations it would be convenient to formulate
classical and quantum mechanics in terms of the same
physical and mathematical concepts. Such a unified
formulation exists and is presented in what follows. In
Ref. 1, it is called the combined algebra for quantum
and classical mechanics. In the combined algebra, it
turns out that the structures of classical and quantum
mechanics are not only similar but are even identical
in everything except the concrete form of one identity
[(12a) in classical mechanics instead of (12) in quantum
mechanics].

Three groups of ideas and methods are synthesized
in the construction of the combined algebra.

1. Methods employing the phase space to describe
quantum states and observables derived from the pion-
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eering investigations of Weyl,? Wigner,® and Moyal.*

2. The methods of the theory of topological vector
spaces and topological algebras (see, for example,
Refs. 5 and 6 for the general definitions of observables;
states, pure states, and positive states).

3. The methods of universal algebras, which make it
possible to consider algebras with several different
multiplication operations (for the general theory of
these methods, see, for example, Refs. 7 and 8; for
their use in quantum mechanics, see Refs. 9-11).

The transition to the combined algebra gives a defi-
nite gain, at a definite price. The gain is that transi-
tions between quantum and classical mechanics become
perspicuous and amenable to direct investigation (and .
completion when possible) at any stage of the calcula-
tions. The price to be paid is that both theories must
be presented in terms of unfamiliar physical and math-
ematical concepts. Therefore, to facilitate the reading

of this review and to avoid misunderstandings, we give
below some notes for the reader.

1. Classical and quantum mechanics are regarded as
special cases of Hamiltonian theories. Therefore, the
epithet “Hamiltonian” is to be understood as “both clas-
sical and quantum,” and statements (definitions, prop-
erties, formulas, ete.) whose region of applicability is
not stated or is not clear from the context are to be as-
sumed valid for both mechanics.

2. The symbols 7,7, T, I, 0, 0o, 0, everywhere (ex-
cept cases clear from the context; for example, when
7 is the corresponding number) denote new objects—
different operations of multiplication of observables.
The multiplication symbol is written to the right of the
pair of multiplied objects. For example, ABg, denotes
multiplication of A by B by means of the operation o,
In general, of course, ABog,#ABg,, etc. In accordance
with 1), ,,q,, I, are quantum multiplications and ,, 0,
are classical multiplications (in them #=0), and the use
of the multiplications 7 and ¢ means that the corre-
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sponding formula holds in both mechanics.

3. Linear operators that act on different spaces are
used. The ordinary quantum-mechanical operators
acting on state vectors are denoted by upper-case let-
ters with “hats,” for example, A B, Aggregates of the
type Br and Bo, and also upper-case script letters [for
example, %(¢)] denote operators applied to the left to
observables A. As a result of such an operation, we
obtain new observables ABr, ABg, A%(t). By definition,
Br is the operator of multiplication to the left by B by
means of the operation 7, as is reflected in the nota-
tion,

Operators that act to the right on states p are denoted
by the same symbols with arrows underneath them, for
example, By, Bg,%(t). By definition, for any observable
A and any state p

(A, py=(4, Up), (1)

where (A, p) is a bilinear functional whose physical
meaning is that of the expectation value of the observ-
able A in the state p.

4. For the understanding of the present review, no
special knowledge is required of either topological or
universal algebras. Mathematical results needed for
understanding things such as the existence of expansions
in 7, the mathematical correctness of various multi-
plication operations, and so forth, are given without
proof with appropriate references.

1. OBSERVABLES, STATES, EXPECTATION VALUES

We begin the construction of the combined quantum-
classical algebra for one-dimensional motion.

In any physical theory, we are interested in observ-
ables, states, and the means for calculating the expec-
tation value of a given observable in a given state.

In the ordinary formulation of classical mechanics,
every observable is a ¢c-number function A(p, ¢) of the
momenta and the coordinates, and each state is given
by a pair of numbers p,, g, The value of the observable
in such a state is simply A(p,, q,). To get closer to the
quantum treatment, we go over to a more general sta-
tistical description of the state by means of a distribu-
tion function p(p, ¢) (also a ¢-number function) which
satisfies the obvious conditions of reality, normaliz-
ability, and positivity:

p= \dpﬂ’qp(p D=1, p=1; oy =0. (2)
We can now introduce the expectation value (A, p) of the
observable A in the state p:
del
(4, p)= { dpdqA(p, a)p(p, 9). (3)

For a completely determined (determinate) state, p
= 0(p - po)&(g — g,), We obtain the old result (4, p)

= A(po, Q’u)'

In the usual formulation of quantum theory, the ob-
servables are operators A and are described by ma-
trix elements (g, |4 |g,) & Aq,,g,). The states are de-
scribed by state vectors y(g). Instead of the state vec-
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tor, one can introduce the more general concept of a
density matrix (Q’zlP,fh Po(Qz’ @)

(g:1p]an) =Z AnWa (72) &3 (20), (4)

where ,>0 and 27,\,=1. The expectation value of the
observable A in the state p is written in the form

(4, py=Sp(dp)=

To make the quantum description closer to the classical
one, we go over from the functions A, and p, by a linear
nondegenerate transformation

Sdth dgads (915 92) 0o (92s 1) (5)

1 [ =
Ao (a1 92) =5 | P daA (p, ) exp {ih™'p (1 —1:)}

x8{a—7(@+a}:
Po gy q1)= j dpdgexp{ih™'p (g:—q1)}

%8 {
to the Weyl representation of operators® by c-number
functions A(p, ) and to the Wigner® density matrix
p(p,q). The transformations (6) have the following
properties, which make the new functions A and p more
similar to the classical quantities:

(6)

—5la+a} e, 9 J

1) the variables p and g of the functions A(p, q) are
assocw,ted with the momentum and coordinate operators
p and §, respectively;

2) for any observable A(p, q), the quantum Poisson
brackets (i7)"*[4, $] and (i) 1[4, §] are associated
with the functions 8A4/8q and -3A4/8p;

3) the functions A(p, ¢) and p(p, ¢) are real if they are
associated with self-adjoint operators A and p;

4) the expression (5) for the expectation value takes
the same form (3) as in the classical case.

However, it is well known that the Wigner density
matrix is not always positive definite. Therefore, of
the three conditions (2) only the first two hold for both
mechanics. Below, in Sec. 3, we shall see that the dif-
ference in the third of the conditions (2) is not a pri-
mary but only a secondary difference.

2, CLASSICAL AND QUANTUM OPERATIONS OF
MULTIPLICATION OF OBSERVABLES ’

We now turn to the key question of the operations of
multiplication of observables. We give the name multi-
plication operation 7 to any rule that uniquely and bi-
linearly associates with any ordered pair (4, B) of ob-
servables a third observable C, which is called their
product: (A4,B)~C % ABr. The bilinearity of multi-
plication is expressed by the equations

(@As+BA4,) Bi=ad,Bn+pABr; A(aB,+pBy)=aABn-+pAB,n,

where ¢ and g are complex numbers.

Note that the multiplication operation is written to the
right of the multiplied entities, and not between them
(see, for example, Refs. 7 and 8).

It is obvious that with such a definition one can intro-
duce several multiplication operations, not necessarily
commutative or associative, for one and the same set.
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We now list the independent operations over the ob-
servables A(p, g). Above all, observables can be multi-
plied by numbers and added to one another. This means
that the set {A} of all observables forms a vector space.
In addition, in each of the forms of mechanics there
exist for the observables two multiplication operations—
ordinary multiplication 7 and Poisson multiplication .

The classical ordinary multiplication 7, is associative
and commutative, and is realized as the simple multi-
plication of functions. The classical Poisson multipli-
cation ¢, is anticommutative and is realized by the
classical Poisson brackets:

defr- 54 9B 94 OB
o= 5 5% B (M)

We recall that any pair of observables, for example,
(8A/8q)8B/8p, becomes a product only once the cor-
responding multiplication operation has been written to
the right. It follows from the arbitrariness of A and B
that (7) can be rewritten in the form of an equation be-
tween operations: ’

Ty =(alqaﬂp_alpaw) g (3)

Here, 9,  is the operation of differentiation with respect
to g applied to the left to the first factor, ete.

We now introduce for observables the operation of as-
sociative quantum multiplication II,, defining it by the
requirement

ABIly=C, ‘ (9)
if for the corresponding operators AB=C. It follows
from (6) that II, has the form
(10)

The exponential of the differentiation operations is to be
understood as calculated by means of Fourier transfor-
mations:

Il =exp {(ih)/2 (81q0p — 1 02q)} To.

C(p, qy=ABII} = ﬁ 5 dzydz,dpidpyexp{ip (z; + z3)
. . B h
—ipzy—ipezs} A (Pss —%) B (PSs q-&-%) .
i
= | d01daadpidp.d (pr. 90 B (oo 20

X exp {“ii (P92 — p2s— Psga+ Pod1 + Py —qpa)} : (11)

Formula (11) was obtained by Moyal.* In the ordinary
formalism, the quantum Poisson brackets have the
form (i%)"'[A, B]. It follows from this that the opera-
tion of quantum Poisson multiplication ¢, can be re-
lated to IT, by the equation

Iy —IIf = itop, (12)
where IIT is the transposed II, multiplication:
ABIIY ri=EfBAl'I,,. (13)

One can also introduce a commutative but not asso-
ciative quantum multiplication m,:

1t = (Il +TI2)/2, (14)
corresponding to half of the anticommutator. The
multiplication 7, is called Jordan multiplication. In
accordance with (10), (12), and (14),

on = (2/%) sin (AD13/2) 73 (15)

7ty = cos (hDy,/2) my, (16)
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where D ,=8, 9,,—9,,9,.

It can be seen from (10), (15), and (16) that as #~0
(more precisely, as 7~+0)

Iy — ng;

(17)

Therefore, one should take either II, or 7, as the opera-
tion of ordinary quantum multiplication corresponding
to m,. In Refs. 9 and 10, in which operations of multi-
plication of quantum observables were apparently intro-
duced for the first time as independent entities, and
also in Refs. 1 and 12, Jordan multiplication 7, was
taken as the quantum analog of 7,. However, in Sec. 3
we shall see that it is correct to take II, as the ordi-
nary quantum multiplication, since it is precisely for
this choice that we can formulate the principal asser-
tion of the present paper: the only primary diffevence
between quantum and classical mechanics is the dif-
ference between the paivs of mulliplications m,, 0, and
Il,, 0, veflected in the fact that the multiplication m, is
commutative, i.e., it satisfies the identily

g —> Ty Op —=Ope

(12a)

whereas I, satisfies the identity (12), All the remain-
ing necessary and sufficient basic propositions can be
formulated in terms of the multiplications 7 and o in
the same way for both forms of mechanics.

”
ny—mg =0,

These propositions single out classical mechanics as
=Ty, 0= 0, and quantum mechanics as 7~Il;, 0~ 0.
In particular, one can obtain from (8), (10), and (15)
identities for all observables A, B,C:

ABaCo = ACoBn + ABComn;
ABoCo = ACoBo - ABCouo,

which hold (as is indicated by the notation) for both
forms of mechanics. In Ref. 11, these identities were
called the conditions for Hamiltonicity of the theory.
Their meaning is explained in Sec. 5.

(18)
(19)

In the mathematical sense, the observables of each
of the mechanics form an algebra with the two multi-
plications 7 and ¢. One can go even further and define
a combined quantum-classical algebra with four multi-
plication operations 7, 0y, II,, 0, Since both algebras
are realized on the same entities—the functions A(p, q).
It is only necessary to remember that in the algebra
each operation must exist for any pair of elements and
lead to another element of the algebra. This require-
ment imposes fairly stringent restrictions on the set of
elements {A} of the vector space of observables. These
restrictions were analyzed in Ref. 1, and it was shown
that in the space {A} one can include all infinitely dif-
ferentiable functions that increase at infinity (together
with all their derivatives) not faster than polynomials.-

The quantum algebra of observables with Moyal
multiplication (10) has been investigated on many occa-
sions (see, for example, Refs. 13-17, in which refer-
ences to earlier papers can be found), in which, how-
ever, the space {A} was either not defined at all (for
example, in Refs. 13 and 14) or was assumed to be the
space of infinitely differentiable functions that decrease
rapidly (faster than any polynomial in |p|™* and |¢|™)
at infinity (for example, in Ref. 15) or was assumed to
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be isomorphic to the space of bounded operators. How-
ever, the restriction to either rapidly decreasing func-
tions or functions corresponding to bounded operators
means that one cannot consider observables such as the
momentum and kinetic energy. In addition, for func-
tions corresponding to bounded operators differentia-
tion, and thus the multiplication ¢, itself, is not defined
almost everywhere.

3. CONDITIONS OF REALITY AND POSITIVITY OF
OBSERVABLES AND STATES

Beginning with this section, we shall work toward the
establishment of the main assertion of the paper. The
set of observables {A} is the same for the classical and
quantum theories. Since quantum theory also uses non-
self-adjoint operators, we must assume that the func-
tions A(p, g) can be not only real but also complex. We
then encounter a new operation over observables—the
involution J, which in the operator formulation corre-
sponds to Hermitian conjugation, A~A*, and in the
phase space realization to complex conjugation, A(p, q)
~A*(p,q). We shall assume that the involution opera-
tion acts to the left, so that

AT = A%, (20)
Obviously, J2=1.
Real (or, which is the same thing, Hermitian) ob-
servables are now distinguished by the condition
AT=4, ie, A=A4* (21)

In the complete state space {p} we include all real and
complex functions p(p, q) for which (A4, p) in (3) exists
for all 4 in {A}. In this case, {p} will be a vector space
containing all ordinary and generalized functions that
decrease rapidly at infinity (together with all their de-
rivatives). In particular, {p} will include the determ-
inate classical states 8(p - p,)8(q — o)

In the space {p}, we also introduce the involution op-
eration J, which it is convenient to assume acts to the
right and realizes complex conjugation:

Jp=p* (22)

The operations J and J are connected by the further re-
lation (AJ, p)= (A, Jp)*. In complete analogy with (21),
real states are distinguished by the condition

Jo=p. ie, p=p* (23)

The bilinear form (A, p) is real for real A and p. We
emphasize that the exposition applies throughout to both
forms of mechanics.

In physics, one encounters observables (for example,
the kinetic energy) for which measurements of them
give only non-negative results. Such observables are
called positive. By definition, an observable B is pos-
itive if it can be represented in the form

B pos = Ad*n, (24)

where A is some other (not necessarily real) observ-
able. Here one encounters in a typical form one of the
secondary differences between quantum and classical
mechanics. The condition (24) holds for both forms of
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mechanics, but it contains the multiplication operation
7, which has different properties in the different me-
chanics. In classical mechanics 7=m,, so that (24) re-
duces to

(24a)

In quantum mechanics, the positive elements are the
ones that can be represented in the form

Bpos.cl 2 0.

(24b)

We have here a manifestation of the difference noted in
the previous section between the definition m=1II,
adopted here for the ordinary quantum multiplication
and the definition 7=, adopted in Refs, 1, 9, 10, and
12. For example, the observable

Bpos. qu = AA*I,.

PP+ —h=(p+ig) (p—ig) Iy
is positive with respect to the first definition and non-
positive with respect to the second. Note that if only
real observables are used, then the two definitions are
identical.

The only physically admissible states are those in
which the expectation values of positive observables
are non-negative, i.e., for all A;

(Ad*n, p) = 0. (25)

This condition is also valid for both forms of mechan-
ics. Here too the difference between the multiplications
7o and Il results in a secondary difference between the
sets [p], and [p],, of classical and quantum positive
states, respectively. For classical positive states,

the condition (25) is equivalent to non-negativity of p:

(25a)

As one would expect, the set [p], is composed of the
classical distribution functions p(p, ¢). The set of quan-
tum states [p],, coincides with the set of admissible
Wigner density matrices (6). It differs, on the one
hand, from [p] , so fundamentally that there exists no
linear transformation that carries the one set into the
other.! On the other hand, there are “rather many”
functions that occur in both sets. For example, there
are the Gaussian functions

(27QP)* exp {— (1/2) [{g— q0)* @2 — (p— po)* P2}, - (26)

for which the widths @>0 and P>0 are compatible with
the uncertainty relation QP = 7/2. Note that these
Gaussian functions satisfy the inequality |p(p, )| <(7i)™
obtained in Sec. 13 for p in [p]

pc] 20.

qu®

It is well known that there exist Wigner density ma-
trices p in [p],, that are not positive definite, i.e., do
not belong to [p],,. Less well known is the dual prop-
erty': there exist classical states that do not satisfy
the quantum positivity condition, In particular, the
classical states p = 6(p - p,)6(g - q,) corresponding to
exact fixing of the momentum and coordinate are “Qguan-
tum nonpositive”; indeed, for the observable A =(p>
+¢%)/2 we obtain

(A4, po ) = (p3+ g% 4 — 124,
i.e., an expression that is negative for p2+ ¢2<k. Veri-

fying that a quantum state is positive is frequently a
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technically complicated problem. This difficulty can be
avoided by going over from the states p,, to the new
quantities ¥_(p, q), which can be called state ampli-
tudes. We define the amplitude of a quantum state by
the relation

Pau(Pr @) =¥au(p, 9) ¥4 (P, 9)Th, (27)
where ﬁn is the operation of associative multiplication
fl = exp (i2Dsy/2) 7. (28)

It can be seen that II, coincides with I,. But this coin-
cidence is, in a certain sense, accidental. The multi-
plication T, is not defined on the same entities as II,
and, in addition, it transforms differently under linear .
transformations.” By direct verification one can show
that states represented in the form (27) satisfy the con-
dition of guantum positivity.

Positive states will also be called physical states,
since only these states describe real physical systems.

4. PURE AND MIXED STATES

Physical states p are divided into pure and mixed
states. A definition common to both forms of mechan-
ics is as follows. A positive normalized state p is said
to be mixed if it can be represented in the form

= hpr +Aopa, (29)

where A\, 2,20, A +2,=1, p, #p, p,#p, and p, and p,
are also positive normalized states. A positive state
that cannot be represented in the form (29) is said to
be pure. Geometrically, the set of positive states [p]
in each of the mechanics forms a cone. In accordance
with (29), mixed states are interior points of the cone.
Pure states are extreme points of the cone. Because
of the difference between the cones [p],, and [p],,
(ultimately, this again derives from the difference be-
tween the multiplication operations 7, and II,), classi-
cal pure states differ radically from quantum pure
states., Namely, the former have the form

(30)

i.e., they correspond to the complete absence of sta-
tistical spread for all observables. Quantum pure
states can be represented in the form

Pel. pure = & (P —Pn) & (q _q\:l}-

Oqu. pure (Pr 9) = 57 | 40" exp (—ihpg") ¥ (—%) ¢ (a+ %),
(31)

i.e., they admit description in terms of state vectors
(not to be confused with a state amplitude v (0, ) 1).

One can say that the ordinary formalisms in each
form of mechanics are constructed to describe only
pure states, and it is for this reason that they are not
well suited for transitions from the one form of me-
chanics to the other.

1’Mathematically, observables are contravariant symbols (see
Ref, 17), while p, ¥, ¥* are covariant, Therefore, the
multiplication operations II,, and fi, have different transforma-
tion properties,
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5. GENERATORS

In the operator formulation of quantum mechanics,
each observable A is simultaneously the generator of
some one-parameter Lie group. In particular, the
Hamiltonian A is the generator of time displacements.
In classical mechanics, the observables themselves are
not generators. However, with each observable there
is uniquely associated a corresponding generator. In
the most general form, these relations were formulated
in Ref. 11. In the.approach developed here, the con-

. nection is established in the same way for both forms

of mechanics. The operation of Poisson multiplication
o is used to obtain the generators. We note first that
the expression ABo, by definition, admits two (of
course, mutually consistent) interpretations. First,
one can imagine that the brackets are placed in the
manner (AB)o and then assume that this expression is
the product of two elements in the space {A}. Second,

- one can equally well imagine the brackets in the form

A(Bo). Inthis case, the aggregate Bo can be inter-
preted as a linear operator applied to the left on the
vector space {A} of the functions A(p, ¢) in accordance
with the rule A~ ABg. This operator is then the gen-
erator of the corresponding one-parameter Lie group.
In order to be the generator of a Lie group, an op-
erator must satisfy definite mathematical relations.
One of the forms of these relations is that each gen-
erator Co must be a differentiation operator, i.e., it
must satisfy the rule for the differentiation of a product
for all products ABr and ABg. But it is precisely this
rule that is expressed by the identities (18) and (19),
which show that to each observable C in each of the me-
chanics there corresponds the generator Co.

It follows from (18) and (19) that the operator

“exp(zCo) of a finite transformation of the Lie group

(z is the group parameter) satisfies the relations

A (0) B (0) mexp (zCc) = A (z) B (z) m;
A (0) B (0)oexp (2Co) = A (z) B () o,

(32)
(33)

where A(z)=A(0)exp(zCe) and B(z)=B(0) exp(zCc). We
shall not pause here to consider the purely mathemat-

ical problem that for some elements of the Lie algebra
there need not exist corresponding elements of the Lie
group. Using (19) (which is none other than the Jacobi

identity), we can readily show that if the set of observ-
ables L,(m=1,2,...,M) forms with respect to Poisson
multiplication a Lie algebra with the structure con-

stants G} :
LanU= G!muLh (34)

then the operators; L0 form the same Lie algebra with
respect to the operation of commutation of operators: -

(35)

Here too the brackets are inserted only for convenience.

(Ln0) (L40) = (£:0) (En9) = L (L0) 6 = Gimm (L10).

Our most important achievement in this section is to
have obtained three entities that are uniquely related to
one another: the observalbe A(p, g), the classical gen-
erator

Ady = (a,%-—ap‘;—':) o,
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and the quantum generator Aog,. At the same time, the
observable itself can be assumed to be simultaneously
classical and quantum. Note that the generators Ag,
and Ao, coincide only for observables A that are poly -
nomials in p and ¢ oﬁ degree not higher than the second.
The existence of the triplet A, Ac,, Ao, makes it possible
to formulate clearly and simply the problem of transi-
tions between classical and quantum mechanics: Under
such transitions, the observables need not be changed
at all, while the generators are mapped into each other;
A~—A,Ac,—Ag,.

6. HEISENBERG EQUATIONS OF MOTION

The Heisenberg equations of motion describe an evo-
lution of the observables in time that is completely de-
termined by the specification of the observable H(p, q),
Le., the Hamiltonian function. To this observable there
correspond two generators of time displacement—the
classical Ho, and the quantum He,. Thus, for each ob-
servable A(p, g) there are two evolutions in time. The
classical evolution is described by the equation

A (py g, DI0t=Ag (p, ¢, 1) H (p, q)0,, (36a)
and the quantum evolution by the equation
ddqulp, g, 1)/6t = Ag,(p, g, t) H (p, q) ou. (36Db)

These are Heisenberg equations, since they describe
the time evolution of observables, At the initial time,
the observables can be chosen coincident:

Aa (P @, 0)=Ag,(p, g, 0)=A(p, g). (37)

However, because of the difference between o, and Ops
this correspondence between the classical and quan-
tum observables is lost at subsequent times (except for
the quadratic Hamiltonian for a free nonrelativistic
particle and for a harmonic oscillator, for which the
classical evolution coincides with the quantum evolu-
tion).

We give a simple example. For the Hamiltonian
function H= p*/2m + aq®, the classical and quantum
Heisenberg equations of motion are

0Aa (p, ¢, 1)/0t = (p/m) (84 a1 /0g) —4aq® 84y dp;
dAqu(p, g, 1)/0t = (p/m) 04y, 'dq—4ag® (6 Aqu'dp) + 12aq B Aqu/ag®.

For the classical evolution in time, one can go over
from (36a) to the classical Hamilton equations for the
functions P(¢) and Q():

dpP (t)idt= —aH (P, Q)'aQ; }

dQ (t1)'dt =aH (P . Q)'aP.
The possibility of this transition is due to the fact that,
in accordance with (8), Eq. (36a) is linear and is of
first order in ¢, p,q. It is known from the theory of
such equations that each of them is equivalent to the
system of ordinary differential Hamilton equations (38).
If P(p,q,1),Q(p,q,t) is a solution of the system (38)
with the initial conditions P(p, q,0)=p and Q(p,q,0)=gq,
then, in complete agreement with (32), the solution of
Eq. (36a) with the initial condition (37) will be

'4(:] (pl 4, 1) 2Acl {P Py g, 1), Q(p,y q, t), 0}
=4{P(p, ¢, 1), Q(p, ¢, 1)). (39)

We emphasize that the solution of the quantum equa-

(38)
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tion (36b) does not have the property (39). This means
that Eq. (36a) and the system (38) are equivalent within
the limits of classical mechanics but are not equivalent
when one takes into account the quantum properties.

To Eq. (36a), one can add the quantum corrections, but
to the system (38) one cannot. This asymmetry between
quantum and classical mechanics is due to the fact that
our observables are realized by c-number functions,
i.e., they are constructed out of the generators p and ¢
of the algebra by means of classical multiplications Toe
This asymmetry is eliminated by noting that the ob-
servables of not only quantum but also classical me-
chanics can be realized on a “gquantum?” set of linear
operators.'®

7. SCHRODINGER EQUATIONS OF MOTION

In the Heisenberg picture, the states p do not change
in time, so that the expectation values change in time
because of the change of the observables:

(4, ph=(A(), p)- (40)
In the Schrédinger picture, in contrast, the states
change in time, while the observables are constant:

(4, phe= (4, p (D). (41)

To go over to the Schrédinger picture, we use the
mathematical concept of the operator dual to the origi-
nal operator in the sense of the theory of topological
vector spaces (this is neither the complex nor the
Hermitian conjugate!).

An operator %, which acts to the right on the states
p, is said to be dual to the operator %, which acts to
the left on the observables, if (1) is satisfied for all 4
and p. It follows that if the operators # and % are rep-
resented by their kernels, these kernels coincide:

P a|U| P a)=tp, a|U| P, 1) (42)

It follows from (36a), (36b), and (40)—(42) that the re-
quired Schrédinger equation of motion has the form of
the Liouville equation:

dplot = _{Iap, (43)

which holds of course, for classical mechanics when o
=g, and for quantum mechanics when ¢g= Oy

In particular, for the Hamiltonian introduced above

H = p2/2m +- ag;
dp 0t =(— p/m) dp 4./09+ bag® dp i /9p;
9pqu/dt =(— p/m) dpqu/d7 +4ag® dpqy/dp — h2ag0%pq,/0p°.

By analogy with (39), the solution of the classical
equation (43) has the form

Pa (s ¢ O=pa{P (p, ¢, —1), Q(p, g, —1), O} (44)

Note the difference between the signs of the time in
(39) and (40). From the point of view of the physical
meaning, states can be assumed to be simultaneously
classical and quantum only in the common domain of the
set-theoretical intersection [p] N [ pl, But mathe-
matically both equations (43) have meaning in the com-
plete space {p} of not necessarily positive nor even
necessarily real states.
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We introduce now the concept of the amplitude ¥(p, q)
of a state in Hamiltonian mechanics defined by [ef. Eq.
(2m]

o= V¥, (45)

where 7= ﬁn from (28) for quantum mechanics and =7,
for classical mechanics. It is readily verified that the
amplitude satisfies the same equation as p:

¥ (p, g, 1)/ot=Ho¥ (p, g, 1). (46)

The amplitudes of physical states need be neither posi-
tive nor real. This makes it possible to obtain quan-
tum positive states approximately by solving the clas-
sical (o= 0,) equation (46) and making the transition to
p(f) in accordance with (27).

We note finally that, representing the Hamiltonian
function in the form

H=H,+H, (47)

we can introduce the interaction representation, in
which

DA (t)/ot=A(1) Hos;  Bplot=(Hy (1) p (1. (48)

Here, the dependence of H,(¢{) (and the other observ-
ables) on the time is determined by the first of Egs.
(48).

8. STATIONARY STATES

We say that a state p,,,, is stationary if it does not
change in time:

Opstar 10t = Hopgy =0. (49)
—

The stationarity condition depends twice on the op-
erations of multiplication of observables. First, Eq.
(49) explicitly contains the Poisson multiplication o.
Second, the ordinary multiplication 7 occurs in the def-
inition of the set [p] of positive states. Therefore, the
states [pyyae]er 30 [Py, 2re essentially different.
The classical stationary states can all be represented
in the form

Pel stat (P, Q’)zsdtpcl {P(p, 0, —1), Q(p, q, ~t),0} y
= S dtpg (P @ 1) (50)

where the integral is between infinite limits for non-
periodic motion and over the period for periodic mo-
tion (this means that the limits of integration may de-
pend on p and ¢). In accordance with (50), the function
Por.stat 1S constant on each path in the phase space. A
classical stationary state can be pure only in the excep-
tional case of a particle at rest, when the function

plp, q)=8(p)d(q - q,) is a solution of the equation of mo-
tion (43) for o= 0, The classical stationary states that
are most nearly pure have the form

Postat (Py G)= S dtd{po—P (p, 0, —0}8{6e—Q(p, g, —1)},  (51)

in which the function p is nonzero only on one phase
path.

In quantum mechanics, in contrast, there are many
pure stationary states. All functions p in (31) for which
#(q) is an eigenfunction of the Hamiltonian H are such
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states. In our formalism, the conditions of purity of a
stationary state have the form

HIIy Pqu. pure = quu. pure;
Hﬂ‘hrpqu. pure = £pqu. pure-
We emphasize that classical and quantum stationary
states have an important common property, namely,
in the case of infinite motion they cannot be normalized.
For example,

o2, o= | at8(p—p)8 {as— (=L 1)} =12 8(po—p)

is a classical (and quantum!) state of free motion that
cannot be normalized. Here, the difference between
classical and quantum mechanics is that only in quan-
tum theory can non-normalizable states of infinite mo-
tion be pure.

9. DIFFERENT QUANTIZATIONS

In the preceding sections, we have constructed a
combined algebra for classical and quantum mechanics.
In this algebra, the transitions m,-—II, and g,~— 0, es-
tablish a one-to-one correspondence between the two
forms of mechanics. It is, however, well known that
the transition from classical to quantum mechanics
(which is called quantization) is to a high degree non-
unique. In our formalism, this lack of uniqueness ad-
mits a simple and complete description. Speaking fig-
uratively, we can say that it arises because in the lin-
ear space {A} of observables and in the linear space
{p} of all (not necessarily positive) states, linear trans-
formations can be performed that “rotate” the quantum
algebra with respect to the classical algebra. Namely,
in the quantum algebra we perform the nondegenerate
linear transformations

Ago= AT (h); (53)
pror = 7R Ta(h) pau = 74 (1) . (54)

It is obvious that the transformations (53) and (54) must
in the first place exist in some sense for all observ-
ables A(p, q) in {A} and for all states p in {p}; it is also
necessary that these transformations have inverses.
The words “in some sense” emphasize the following
circumstance. An operator [to be specific, ¥(%)] maps
the vectors A of the space {A} into the vectors Ay-of
some other space {4,}. If the space {A} contains in-
finitely differentiable functions, which can have growth
not stronger than polynomial at infinity, then the space
{A4,} may contain not only ordinary functions but also
generalized functions. Moreover, in practical calcula-
tions, situations arise in which generalized functions
are encountered that do not fit into the schemes with
which physicists are accustomed to deal (see, for ex-
ample, Refs. 18 and 19). It was shown in Ref. 12 that
the appearance of generalized functions of any known
class does not lead to new difficulties (any more than
the use of transformations ¥(#%) that “improve” the
properties of the functions A(p, ¢) leads to real simpli-
fications). These difficulties with spaces of generalized
functions will be demonstrated in Sec. 11 in the exposi-
tion of Wick and anti-Wick quantization. The transfor-

Yu. M. Shirokov 7



mations ¥(7) act on all entities of the quantum algebra,
Le., onIl,, o0, and J,, and also on the form of the ex-
pressions for the expectation values and on the equa-
tions of motion. The corresponding transformations

to Iy Tyrs Jy-are

TA=7" (1) 7 (2) N137"-4;
NN ”_.} (55)
n=7"(1) 7" (2) 0g0¥ 1,
Ju=F"Jgo T =F (T J 30. (56)
The bilinear form for the expectation values becomes
(Aqu 0qu) = (A5eT", TH pgosy) = (g, pyogy). (57)

In the Heisenberg picture, the transformed equations of
motion have the form

dAqgn (t)/0t = A.Hqﬁﬁq/o, (58)
and in the Schrédinger picture the form
W Bpgogy /0t = HoeOqoB pyoge, (59)
—_ —p —
or
6p¢d8t==anaymgc. (593)

The set of admissible transformations (%), % () is
very large, including, in particular, the transforma-
tions (6) to operator multiplication of observables and
to the von Neumann density matrix. To single out in
this set a class of transformations ¥(%), % (%) leading to
different admissible quantizations, it is necessary to
impose on these transformations definite conditions,'?
which have the following origin. We wish to retain in
force our principal assertion that all the differences be-
tween classical and quantum mechanics are due to the
diiference between the operations of multiplication of
observables. On this basis, we require that on the
transition from classical to quantum mechanics the ob-
servables and states (perhaps not all) pass, without
changing, from being classical to being quantum. This
means that the transformed observables are no
longer arbitrary, but are functions A(p, g) of the coor-
dinates and the momenta, and the set (vector space)
{Ay} of these functions has nonempty intersection
{4;,4n{A} with the set of classical observables. The
set [ pﬁj of physical (i.e., positive) quantum states
must satisfy similar conditions. If the new quantum al-
gebra is to be a quantization of the classical algebra,
the following conditions must also be satisfied: a) the
identity, and also the observables p and ¢, must not
change under the action of the transformations 7 and
MW

19" =19 =1; p¥ =pl =p; ¥ =q¥" =q; (60)
b) the generators po and go must not change under the
action of the transformations ¥ and %; for example,

PO30= poy =0y (61)

c) the transformations 7(#%) and %(%) must depend on 7
and must be infinitely differentiable with respect to #
as F=-+0. There must also exist the limits

Lim 7" () = lim %" (h) = 1; (82)
h-0 h—+0

d) the set-theoretical intersections {4}n{4,}and [p],,
N[ Pyy must contain sufficiently many elements. The
meaning of the expression “sufficiently many” may be
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different in different problems.

Let us elucidate the meaning of the requirements a)
and b). Condition a) requires that the observables p and
q have the meaning of the coordinate and momentum in
every combined algebra. Through condition b), the ob-
servable p is associated with the generator of a coordi-
nate shift, and the observable -g with the generator of
a momentum shift.

It follows from (60) and (61) that the operators (%)
and 9%(#) must have the form

y‘=7‘(6pv Oy ) W =W (3111 g, ). (63)

The dependence on the differentiation operations is
understood in the sense of Fourier transformations:
the Fourier transforms

Az, k)= [ dp dgexp (~ipz+igh) A (p, 9) (64)
are related by the transformation
Ayolz, k)= A(z, T (iz, —ik, h), (65)

where ¥(-ix, ik, %) is an ordinary function of the ¢c-num-
ber variables ix, —ik, and #. The meaning of
X(8,,9,,7) is similar.

We can now particularize condition c): the functions
V¥ix, —ik, #) and 9(ix, —ik, ) exist and are infinitely
differentiable for all real x and % and for all # in the
interval from zero to any finite value of the Planck
constant. In addition, for the invertibility of the trans-
formations ¥ and % the functions ¥ and 9 must vanish
nowhere. The existence of the limits (62) now acquires
a clear mathematical meaning:

iin;ﬁ'/'(iz, — ik, ﬁ)m}'imﬁ"(i.r, —ik, h)=1. (62a)
- -0
The conditions (60) also take a clear form:
(0, 0h)=5" (0, 0, 1) =1; (66)
87" (0, 0, h)/dz=a7" (0, 0, &)/dk= %" (0, 0, h)/ox
=a9" (0, 0, h)/dk=0. (67)

We emphasize that the properties of growth (or de-
crease) of the functions ¥ and % and their derivatives
with respect to the variables ix and -ik have not yet
been restricted in any way except that functions of com-
pact support are forbidden by the requirement that these
functions do not vanish.

For the existence of nonempty intersections {A}
N{4y}and [p], N[ Pysy] the functions ¥(8,,8 , ) and
(8,8, 71) must be real: ¥ =v*,9%=9%*, whence in ac-
cordance with (56),

Jgo=1, (68)

Explicit expressions for the transformed multiplica-
tion operations II,-and 0y can be obtained by using the

rule for differentiating a product':
8, = (814 0ap) 0 On0p = (915 + 02p) Oy

and similarly for 11,8 and ¢,8,. Using this rule, and
also (15) and (16), we obtain

Uy =U (1, 2) exp [(ih/2) Dys] 7; 090 =U (1, 2) (2/h) sin [(%/2) Dyy] 7o,

(69)
where
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U, =7 ()T QT (142 T (1) =7 (31, dug, 1); } (70)

7 (fI + 2) =7 (alp +6!p' aiq‘i‘ a:qv ﬁ)-

The construction of the different combined algebras
is now complete. Let us summarize our results.

To every pair of transformations ¥ and % satisfying
the conditions a)-d) there corresponds a combined
quantum-classical algebra, which we denote by B(v,%).
This algebra contains the two spaces of observables
{A} and {A,}, the operations , and o, of classical
multiplication definedfor any pair of functions A(p, q) in
{4}, the quantum multiplication operations IL,-and o;-
defined for any pair of quantum observables in {A?— A
and the involution operation J, which acts on all ob-
servables in both {A} and {A,}. In addition, in the al-
gebra @, (v, %) there are defined the state spaces {p}
and {py} dual to {A} and {A,}, respectively. By the
definition of duality, these spaces are such that the
classical expectation values (A, p) are defined for all
observables in {A} and for all states in {p}, and the
quantum expectation values (A,%p) are defined for all
observables in {A,} and for all states in {p, - The
positivity conditions (24) and (25) single out in {p} the
set [p],, of positive classical states, and in {py} the
set [pyg] of positive quantum states. The connection
between the classical and the quantum algebra consists
of the existence of the nontrivial sets {4} N {4y} and
[Pl N [pyey], which are fairly rich in elements and
within which the quantum observables and states coin-
cide with the classical observables and states.

To every combined algebra B(v,%) there corresponds
a quantization of the classical system. This quantiza-
tion is as follows.

1. At the time #=0 the classical observables A(p, q)
in the set {4} N {A4,} become, unchanged, the quantum
observables Ay{p,q). The classical states p(p, ) in the
set [p], N [pys] become, unchanged, the quantum
states pyg: The classical expectation values (A, p) are
replaced by the quantum expectation values (A -, % P; )
for A and p in the same regions.

2. The classical Hamiltonian function H (p, g) must
belong to {A}n{A;} and therefore becomes, unchanged,
the quantum Hamiltonian function H{p,q). But the
classical generator Hg, of the time shift is changed be-
cause the classical multiplication operations are re-
placed by the quantum operations:

1ig—Ilge; 0 — Ogz; Hog— Hoge. (71)

The classical equation of motion (36a) in the Heisen-
berg picture goes over into the quantum equations (58),
and the alternative classical Liouville equation (43) in
the Schrédinger picture

dp (p, g, h)/dt = Hoep
—_—

goes over into the quantum equation (59). We recall that
the function A ,(p, g, #) is related by (39) to the functions

P(p,q,t) and Q(p, q, ), which satisfy the classical Ham-

ilton equations.

Because of the differences in the equations of mo-
tion, the quantum observables and states no longer co-
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incide with the classical ones for f+0.

The dependence of the quantization on ¥ reflects the
well-known possibility of different orderings of non-
commuting operators. The dependence of the quantiza-
tion on % was introduced in Ref. 12. This dependence
reflects the fact that for a fixed method of ordering non-
commuting factors one can still associate the quantum
states with the classical states in different ways.

10. WICK AND ANTI-WICK QUANTIZATION

As an illustration, we consider the important special
class of algebras &(v,%) for which .

7" =exp{(gids+ pid3)/2s W =1, (72)

where ¢, and p, are positive numbers. Substituting (72)
in (70), we obtain

U (1,2 ) = exp (3910020 + P301,9:,)- (73)

Using (69) and (73), for the operation IL,- of associative
multiplication of observables we obtain

Hgo = exp (g3014929 + P:alpaip +1hDyy/2) my. (7 4)

If the limits (62) are to exist, we must separate the fac-
tor 7 in the constants ¢2 and p2. We therefore set

qopo=1bl2; go=apy, (75)

where g and b are new positive constants.

Introducing the linear combinations

V ho=g0,—ipedy; VT "= qody+ipedy,
we obtain

16,05 = q301903q + P301;02,+ 1hbD /2. (76)

Comparing (74) and (76), we see that for b=1 the op-
eration II;-acquires a particularly simple form, which
we denote by II,:

I1, = exp (hd,0;) m,. (77)

We call the corresponding combined algebra %,. The
quantization generated by the algebra &, is identical to
Wick quantization (see, for example, Ref. 20). The al-
gebra itself is intimately related to coherent states.
Namely, our observables A, coincide with the diagonal
elements of the operators A,= (x |A|a) for coherent
states; the states p, coincide with the weight functions
p,=#(a) (see, for example, Refs. 18 and 19); to the op-
eration A II, there corresponds the set of matrix ele-
ments {y |ﬁ |B) between the coherent states o and 8. It
was found long ago (see, for example, Ref. 18) that the
complete set of matrix elements (¢ |A|B) is uniquely de-
termined by the set of diagonal elements (x|A|a). In-
the formalism developed here, this property is obvious,
since the operation A,II, is uniquely determined by the
element A,.

It is of interest to examine the properties of the
spaces {A_} and {p,} and the set [p,] of positive states.
In the algebras &,, the function ¥ (ix, ik, 7)
= exp{-(7/4)(¢2k* + p2x°)} at infinity with respect to |x|
and |k| has Gaussian-function decrease of a definite
form. Therefore, all the Fourier transforms
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Au (2, k)= A(z, BT (iz, —ik, 5) (78)

decrease faster than the same Gaussian function multi-
plied by any polynomial in |x|™ and ||, since the
Fourier transform of an infinitely differentiable function
is a rapidly (faster than any polynomial) decreasing
function, Note that since the functions A(p, ¢) can in-
crease at infinity (but not faster than polynomials), the
Fourier transforms A(x, %) can be generalized functions
at finite points and, in particular, can contain & func-
tions and their derivatives. For example, the Fourier
transform of the kinetic energy will be —(3m)8%8(x)/ 82
We must therefore consider the justification for the re-
lation (65), since not every function can be multiplied
by a generalized function., It is here that we need the
property of infinite differentiability of the function v,
since an infinitely differentiable function can be multi-
plied by a generalized function,

In the space {A} of the functions A(x, %) functions that
decrease arbitrarily rapidly are admissible. There-
fore, the functions A, form a subspace {4,}c{4}. Ac-
cordingly, for the spaces of the Fourier pre-images we
have

{4} = {4} (79)

The space {An} confains only entire functions, and in-
deed, by no means all of them. This means that in Wick
quantization, in contrast to Weyl quantization, not every
classical observable can be quantized. For example,
the function H (g) = exp(~¢®/Q3) does not belong in {4}
for @2 <qs.

On the transition to Wick quantization, the expression
for the expectation value does not change, in accordance
with (57):

(4, p)={4qy pa)-

Therefore, the “improvement” of the function A is off-
set by the “deterioration” of the functions p; for the
Fourier transforms p(x, ) are subjected to the trans-
formation

(80)

It can be seen from (80) that if {p} contained only func-
tions that increase at infinity not faster than a poly-
nomial, then the space {p,} of transformed Fourier
transforms would contain functions with Gaussian
growth (but not every Gaussian-function growth). Thus,
the spaces {p}, {p,} satisfy the inclusion that is the op-
posite of (79):

Pa (2, B) =T (ix, —ik, h) p (z, k)

{0} = {pa); {0} = {pa)- (81)

Moreover, it can be shown that this inclusion is also
valid for the sets of physical (i.e., positive) states:

191.:1 C[ch]' (82)

This means that in Wick quantization (again, in con-
trast to Weyl quantization) any classical state can be
quantized, including the pure classical state

8(p - po)0(q - ¢,), which corresponds to motion along a
definite path, This last fact has a simple physical ex-
planation: In Wick quantization, the classical coordi-
nate and momentum are associated in the phase space
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with the center of a Gaussian packet, whose dimensions
are compatible with the uncertainty relations.

For the states p,(p,q), not only 6 functions but also
infinite series in & functions and their derivatives of in-
creasing orders are admissible. Summation of such
series may lead to nonstandard generalized functions
having nonzero values in the whole of space. This prop-
erty may seem unusual, It disturbed the physicists that
first encountered it (see, for example, Refs. 18, 19,
and 21). Indeed, for the generalized functions with
which physicists are familiar (in the spaces §’ or D’)
only polynomials in 5 functions and their derivatives
are admissible. In our case, however, the appearance
of the series is perfectly natural, since the dual space
{A,} contains only entire functions, each of which at any
point can be expanded in a power series and is com-
pletely determined by this series, Therefore

o0
1
(4o pd= D o1 Ama Sp"‘q"pa (p, 9) dp dg.

m=0, n=0

The coefficients

Pma = 5 P (p, q)dpdg

determine the series

0Py ) ~ 3 (=1 (55)"8(0) (2)" 80
Our use of the tilde (instead of the equality sign) is to
emphasize that although the coefficients p, are de-
fined for all p,(p,¢) in {p,}, the series does not con-
verge for all p, to the original function and need not
even converge at all.

We see that a change of the quantization significantly
changes the sets of observables and states for which the
quantization is possible. These changes are different
for different combined algebras #(v,9%). For example,
for anti-Wick quantization, for which

7" (iz, —ik, i) =exp {(h/4) (3> + piz?)}

with the same restriction g, p,=#%/2, the inclusions (79),
(81), and (82) are replaced by the opposite ones:

{4} = {43} {pz} = (o) Ipzl <lpl.

Here, the subscript @ refers to anti-Wick quantization.
In this quantization,*® the physical quantum density ma-
trices are positive definite entire functions, and the ob-
servables can even be series in 6 functions.

11. DIFFERENT CLASSICAL LIMITS

It is not infrequently asserted or assumed that the
transition from quantum to classical mechanics is
uniquely determined by the limit 7—0. In reality, the
particularization of such a transition is to a high degree
nonunique, as has been noted, in particular, in Refs.

22 and 23. This lack of uniqueness generates discus-
sions. For example, Kobe® stated that the passage to
the limit made by Cohn® is incorrect because in it some
expression %i/Ap is made to tend to zero, and this ex-
pression can be replaced by the width Ax of the coordi-
nate packet and does not tend to zero. Arguments of
this kind can be neither proved nor disproved. An ex-
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perimental verification is impossible because there is
no instrument that “switches on or off” the quantum ef-
fects. And in any theoretical expression % can be intro-
duced and removed by different definitions of the quan-
tities occurring in a formula. There then follows di-
rectly the apparently paradoxical conclusion that for the
transition to the classical theory it is by no means nec-
essary to make 7 tend to zero wherever it is encoun-
tered. This circumstance was noted by Faddeev,? who
divided the Planck constant into an “internal” and an
“external” part and made the quasiclassical expansion
only with respect to the external #. This conclusion
also follows from physical considerations. It is known,
for example, that in many situations the atoms of noble
gases can be treated as classical particles. But in this
classical approximation a nonzero constant 7 is needed
for the stability of the atoms themselves. Therefore, #
occurs in the expression for the classical potential of
the interaction between the atoms.

It frequently happens that the straightforward limit
#i-0 is quite meaningless. The simplest example is
the Schrddinger equation in the coordinate representa-
tion,

The aim of the present section is to find consistent
and, in a certain sense, complete answers to the ques-
tions of precisely where one must go to the limit 7-0
on the trangition to the classical theory and where not,
in what cases the transition is possible, and what is the
degree of nonunigueness of the transition.

Since the straightforward prescription of the transi-
tion # -0 turns out not to have a clear meaning, we be-
gin with a definition: The transition to the classical
theory means that the quantitative result calculated in
the quantum theory is replaced by the result calculated
in the classical theory. Here, it is possible that some
classical quantities (for example, the Hamiltonian func-
tion) will depend on 7% In other words, on the transi-
tion the quantum theory must go over into the classical
theory. Therefore, the limiting process must be con-
sidered for the theory as a whole, and not for individual
quantities, as is usually done.

Now the combined algebra is maximally suited for
such “global” limiting processes, since in it all en-
tities “survive” the transition from the one theory to
the other. In other formulations, the question of the
entity involved in the transition is nontrivial (as was
emphasized in Ref. 26). In the combined algebra, the
answer to the question is obvious: On the transition
from the quantum to the classical theory, the quantum
algebra must become the classical algebra. Therefore,
the quantum multiplication operations II, and ¢, must
necessarily go over into the classical ones:

(83)

A nonuniqueness arises because the quantum observ-
ables and states can also be specified as certain func-
tions of i:

Ty — My, On— 0.

(84)

and these have definite limits as #—~0. The problem of
finding of all possible transitions to the classical theory

Aqu=A(p, ¢ £); pqu=p(P: @0, B),
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can now be formulated as equivalent to that of establish-
ing the restrictions on all possible dependences on 7 in
(84) and in a constructive description of the remaining
arbitrariness. -

To preserve the linear properties of the vector spaces
spaces {A} and {p}, the limiting processes in (83) must
be linear, Then the dependence of A and p on # can be
represented in the forms (53) and (54), respectively,
And this, in its turn, means that one can always get rid
of the (admisgsible) dependence of A and p on i by the
transition to a certain quantum algebra &(¥,% ). In this
algebra, the transition to the classical theory then re-
duces to the transformations

MIyo - ng, 030 — 0. (85)

We have obtained what at first sight appears to be an
unexpected result, though it becomes obvious on reflec-
tion, namely, every admissible method of quantization
is in a one-to-one correspondence with an admissible
method of transition to the classical theory.

The rules for the transition to the classical theory
can now be formulated as follows. First, one fixes the
algebra #B(v,9), so that all the observables (including
the Hamiltonian!) are realized by functions A‘,‘{p,q),
which are different for different algebras and which in
general depend on #. Further:

a) at time ¢=0 the quantum observables and the states
in the regions A,-€{A,}n{A} and py€ [pyqd N [p]s
respectively, that are common to the classical spaces
become, unchanged (even if they depend on #!), clas-
sical observables and states:

472 (p, @) > A (P, 9 =435 pyoy (P, ) >0 (P, @) =pyoyr;  (86)
b) the quantities Iy, oy, %(%) are replaced by the
classical limits
Tyo — T, 0o — g, 7" (h) =" (0) =1;_ (87)

c) the quantum Hamiltonian function H{p, g) must be-
long to {4,}n{A}; therefore, unchanged, it becomes
the classical Hamiltonian function:

Hyo=4, (88)

But in accordance with (87) the quantum generator of
time displacement is changed:

H-j:ﬁ:p»aAqu,wo. (89)

Therefore, the quantum equation of motion [Heisenberg
(58) or Schridinger (59)] goes over into the correspond-
ing classical equation. To the classical equations of
motion, one can add quantum corrections, which are
obtained by expanding oy in powers of 7. The equations
with corrections will no longer reduce to the classical
Hamilton equations. This last circumstance is not al-
ways noted. For example, in Ref. 14 equations of the
type (58) were written down with total (not partial) time
derivatives.

Admissible transitions from quantum to classical
mechanics corresponding to different algebras #(v,%)
will give similar results in the essentially classical re-
gions. However, the results may differ strongly in the
essentially quantum regions. This can be used to
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achieve practically convenient classical and semiclas-
sical approximations to quantum problems.

To conclude this section, we emphasize two princi-
pal features of the developed approach.

First, it is neither the states nor the observables that
change on the transition from quantum to classical me-
chanics (and vice versa) but rather the operations of
multiplication of the observables.

Second, the treatment goes through for not only pure
but also mixed states. This cirecumstance is impor-
tant because for the most natural Weyl quantization all
the classical states and many of the quantum states are
outside the common domain [p] , N [p],,, Whereas the
mixed states include “many” that are in this domain.

It is for this reason that the transition to classical me-
chanics is particularly clear for coherent states (see,
for example, Refs. 18 and 19) corresponding to Wick
quantization (see Sec. 10), for which the inclusion (82)
holds.

As an example, we find approximately, by a suitable
transition to classical mechanics, the energy of the
lowest state for the Hamiltonian

A = p22m + H, (q) (90)

of a quantum particle in a central attractive field
(8H,/8|q| =0). The three-dimensional generalization
of the technique developed here is obvious (D,,= 9) 4925
=895, etc.). The lowest state in the classical theory
is trivial, the particle lying on the bottom of the poten-

tial well, so that

p=28%(p) 8 (q); E,=H,(0). (91)

To use this classical property to solve the quantum
problem, we must choose the algebra #(¥,%) in such a
way that this solution belongs to [p?‘-]. In accordance
with (81), this condition is satisfied for Wick quantiza-
tion, i.e., for the algebras &, defined by (77). In the
algebra &, the Hamiltonian (90) takes in accordance
with (78) the form

3n 1
dam " (map)¥®

(92)

B
Hd T 2m +

S d*q’'H, (|a—q'|)exp ( —%).
This Hamiltonian has two corrections of quantum scale,
namely, a constant correction to the kinetic energy and
a spreading of the potential. With the Hamiltonian (92),
the classical solution (91) in fact already takes into ac-
count the uncertainty relation, i.e., it has a quantum
meaning. It gives the ground-state level

E,= —H.(0,0). (93)

Even for the Coulomb potential H,= —e*/|q|, for which
classical solutions are not present in the Weyl algebra
(1), (93) gives (after minimization with respect to a)
the ground-state level of the hydrogen atom

Ey=(—4/3n) e'm/h2, (94)

which coincides with the exact value to within 15%.
Note that the constant # occurs nontrivially in the solu-
tion (94), which was obtained by a passage to the limit
of classical mechanics.
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12. GENERALIZATION TO MANY DEGREES OF
FREEDOM

Our treatment can be naturally generalized to the
case of any finite number of canonical degrees of free-
dom. The generalization reduces to the replacement

of (69) by

Mg =U (1, 2) exp {(if/2) (DY + ... = DD (95)

The multiplicative structure of Iy~ provides the possi-
bility for a systematic treatment of semiquantum ap-
proximations in which some degrees of freedom are
treated in a quantum manner, while others are treated
classically with quantum corrections. For this, it is
necessary to expand the corresponding operations Iy
and gy only with respect to some of the terms D{’,
The variables with respect to which the problem re-
mains a quantum one can also be noncanonical vari-

ables, for example, spin variables.

If the theory contains a continuous symmetry group,
the choice of the quantization (i.e., the choice of the
operator ¥) is subject to an additional restriction,® 2
which takes the form that the generators of this group
must correspond to the same observables L ; in the
classical and quantum theories, i.e., for all
i,1=1,2,...N):

L;Logo=L;L;0,. (96)

Note that, from the point of view of preserving the

symmetry on quantization, Weyl quantization is ad-
vantageous, because in it the set of observables L,
satisfying (96) is the largest possible.

As an example of the semiquantum treatment of sev-
eral degrees of freedom, let us consider the motion of
a nonrelativistic electron in an arbitrary external elec-
tromagnetic field. The Pauli equation in the gauge ¢=0,

ih 2 _ 1

=g {P—A@ 0} v+ GH @ 1), (97

goes over in Weyl quantization into a system of equa-
tions for the four components {p,, p} of the density ma-
trix p=p,+ 6p:

900 (P, 4, 1)/8t = H ypeon + (gh/2) Hpoy; ] (98)

9p (p, g, 1)/0t=Hpoy -I- g [Hp] 7tn - (gh/2) Hpyop. lL
Here, A(q,?) is the vector potential, H is the magnetic
field, and H, is the spinless part of the Hamiltonian
function;

Hy(p, q9)=(1/2m) {p—A (q, )}>
We have used the fact that in Weyl quantization Ho,p
=Hpo,, as can be shown. The component p, plays the
part of the density of particles, and the components p
describe the polarization, namely, the expectation
value of spin §=%6/2

s=3 (1 o= | eaap.

We now go over to a semiclassical equation by ex-
panding ¢, and 7, on the right-hand sides of the system
(98) in 7. To terms of order 72, we obtain

Opy/0t = H pooy -+ (gh/2) Hpoy + (k%/2) H ypyol;
dpldt = Hpay+ g [Hp] 7y - (gh/2) Hpyo, }
+ (R%2) H,po; -+ (gh*/2) [Hp] 5,

(99)
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where of = 8%,/0% 2 for /=0 and == 8%r,/8k for Fi=0.
Without wasting space on the simple but length form of
the system (99) when written out in full, let us discuss
the meaning of the various approximations, In the
zeroth order in 7, the spin interactions do not affect the
translational motion ( g does not occur in the equation
for p,), but they give rise to Larmor precession. This
is what they do in the ordinary classical calculation. In
the first order in 7, an effect of the translational motion
of the magnetic moment under the influence of the grad-
ient of the magnetic field is manifested. The motion is
non-Hamiltonian, so that such quantum corrections
cannot be taken into account by the usual methods.
Finally, in the second order we encounter quantum cor-
rections to the interaction of the external field with the
charge.

13. PARITY OF STATES IN THE PHASE SPACE
REPRESENTATION

As was noted in Sec. 3, the Wigner density matrix
P.{P,Q) is not a positive definite function. It therefore
cannot be interpreted as a probability density, and it is
usually concluded that p,, is not a distribution function
(see any discussion of this question, for example, Refs.
18 and 19). This conclusion, however, contains a non
sequitur of the following kind. The real (i.e., experi-
mentally verified) meaning of a distribution function is
that, using it, one can calculate the expectation values
of observables. And in this sense the positivity prop-
erties of p , are as irreproachable as those of p;, but
with respect to a different operation of multiplication
of the observables. Giving p(p,q) the meaning of a
probability density is a further assertion that has noth-
ing to do with the explanation and prediction of observ-
able facts. From this point of view, p(py,q,) can be
given meaning as the expectation value of the observ-
able 6%p —p,)5°(q —q,). We then arrive at the conclu-
sion that this observable is positive in classical theory
and nonpositive in quantum theory. The physical mean-
ing of this nonpositivity is elucidated in Ref. 28, in
which a simple and interesting fact was noted, namely,
that the quantum observable :

& = W38 (p) 6° (q) (100)

is carried by the transformation (6) into a matrix ele-
ment of the parity operator #. Therefore, in particu-
lar,

(101)

The observable #37°6%p —p,)5%(a —q,) is obtained from
% by shifts. Therefore, the square of this observable
is also equal to 1. From this we obtain the simple and
useful estimate

&Py =1.

e | pqu(p, @) [< 1 (102)

and the function pqu(p,q) can attain the extremal values
+1 at not more than one point. We note also that the op-
erator 2II, realizes a Fourier transformation with the
substitution p-—q:

1
@n)?

i det -
X exp {% (qll‘-—pq‘)}A(v', )= A, ).

A(p. q) Pl =

5 ddp'dq’

(103)
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This means that the space {A} of observables for the
quantum algebra can be extended by adding to it all
Fourier transforms, i.e., functions A(p,q) that are
generalized functions with respect to both variables at
finite points but decrease rapidly at infinity.

14. PERTURBATION THEORY FOR OBTAINING THE
QUANTUM CORRECTIONS

For the construction and analysis of any perturbation
theory, it is always convenient to go over from the dif-
ferential equation to the corresponding integral equa-
tion with explicit allowance for the initial conditions,
the perturbation series then being obtained by simple
iteration. A typical example is the Lippmann-Schwinger
equation for the scattering of two particles. We show
that in the representation of the combined algebra (and
only in it!) one can construct an analog of the Lipp-
mann-Schwinger equation, in which the classical solu-
tion plays the part of the free solution and the quantum
solution the part of the complete solution,?®

We restrict ourselves to the motion of one particle in
an external field. In the Heisenberg picture, the ob-
servables A_(p,q, f) satisfy the three-dimensional ana-
log of Eq. (36a):

dAq (p, q, 1)/t = Ag Hay, (104)
where g,=D,,m,; at the same time,
Dy = (81q82p — B1p2q)- (105)

The quantum observables A_(p,q, ¢) in the algebra
B(v,9) satisfy the three-dimensional analog of Eq. (58):
3Aqu(p, 4, 1)/0t = AguHogz, (106)

where oy-is determined, as before, by Egs. (55), but
with D,, from (105) and with the function U= U(Bq, Bp).
In accordance with (86), in the initial state for ¢=0,

Agy (p, 4, 0)=Ag (p, q, 0) == 4, (p, 9). (107)
In accordance with (39),
Ag (p, G, 1) = A{P (1 4, 1), Q(p, 4, O}, (108)

where P(...),Q(...) is the solution of the classical
Hamilton equations with initial conditions P(p,q,0)
=p,Q(p,q,0)=q. Our problem can now be formulated
as follows: to obtain for A (p,q, ) an inhomogeneous
integral equation whose first iteration is the function

A¢1(Fy q,1).
We first find the retarded Green’s function

-Gp,q,t,p’,a’,t") of the classical equation (104). This

function satisfies the equation ]
3G/ot —GHoy=— 8 (p—p') 8 (q—q') 8 (t —1'). (109)

It follows from the property (108) that the retarded so-
lution of Eq. (109) has the form

G=8(p—P(p, q, t— 1)} 8 {0’ —Q(p, g, t—1)} O (t—1). (110)

This solution has a clear physical meaning, namely, at
the point p’,q’ of the phase space at the time #' the clas-
sical phase path is generated. Denoting now 4,=A4_,
-A_, we obtain from (104) and (106)
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Ay (P 4, 1) 0t — A Hoy — Ag,H (032—0y)- (111)

Remembering that A4,(p,q,0)=0 in accordance with
(107), we can rewrite Eq. (111) in the integral form

Ay (p g, t)= S ard'p'd*q'G (p, 4, t; o'y @', t') {Aqull (O30—00)}pr, g7, 1+

0
Hence, integrating with respect to the & functions in G,
we obtain the required integral equation for A_(p,q, #):

Aqu(pu q,t)=A4q(p,q,t) -

t
+ [t aque's o ) B (0, ') (o30—o0), (112)
0
where p’=P(p,q,¢-#') and q'=Q(p,q, ¢ —¢'). This equa-
tion can be iterated with the classical solution
A, (p,q,?) taken as the zeroth approximation, To es-
tablish whether the iterations exist, we can use the
theorems proved in Refs. 1 and 12 which state that if
the functions A and H belong to the set of classical (re-
spectively, quantum) observables, the product AHo,
(respectively, AHa,r) also belongs to the same set.

Here too Weyl quantization is distinguished. In it,
in accordance with Sec. 2, the spaces {A}, and {4},
eoincide, so that all iterations exist if in the considered
interval (0, #) the corresponding classical solutions ex-
ist. For other quantizations, the spaces {A}, and {4,}
no longer coincide. Therefore, even for the first itera-
tion, it may happen that the product A ,Ho,, and thus
the iteration itself, does not exist.

Of course, the existence of all iterations does not
ensure convergence of the series to a solution. In fact,
the series are as a rule asymptotiec.

In the Schrddinger picture, an equation analogous to
(112) can be obtained for the state p Ap,q, #):

Pge (p, 4, f)=|3c] (pl q, 1)

t
+ 5 i’ {H (p", q") 030 — H (0", ¢") 0o} py= (0", 4"t ). (113)
0

Here, p”"=P(p,q,#' —#) and q”=Q(p,q, #' —#). Note that
the time has the opposite sign to p’ and g’ in (112).

Iterations of Eq. (113) exist under the same conditions
as iterations of Eq. (112). But if the iterated solution
leaves the common domain [p] N[ Pyq] of the physical
states, positivity of the state may be lost.

The difficulty associated with positivity can be com-
pletely avoided by going over from the quantum states
py-to the state amplitudes ¥- introduced in Sec. 3 for
Weyl quantization. The transition to other quantizations
for ¥ is the same as for the states

Yae=9""1(R) '}fqu_

Here, we have adopted the usual condition % =1 for the
choice of the quantization. It is readily seen that the
state amplitude ¥,-is related to the state py-by

Dy== ':l'g )l{,?},'aﬁ.} s
where I'I_,.- is the operation of associative multiplication

My =U(—1, —2) exp [(i#/2) Dy,] ny;
U(—1, —=2)=U(—0d1p, —01q, — B2p, — F2gq).

The multiplication I-Ir corresponds to Berezin’s multi-
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plication of covariant symbols.’

The multiplication fi; satisfies the Hamiltonicity
property (18). Therefore, the equation for Yy has ex-
actly the same form as for Pyt

¥go(p, 0, ) =¥ (p.q.8)

t
+ [ dt (H (", @) 030 — H (0", ) 00} ¥ 0, ", 1),
0

(114)

Here, ¥, is the classical state amplitude, which sat- '
isfies the relations

¥y ldt=HoyW o, poy =Y¥a Y3 M.
ey

With each iteration of Eq. (114) we can now associate
the state p,, which is definitely positive.

As an example, we write out explicitly the integral
equation for the Weyl p_(p,q, #) with the single-particle
Hamiltonian (90). In accordance with (113), we obtain

pa (P, € 8)=pa (P q, ?)
3
+S dt' {ﬁ 5 dpydx exp {ix (p— p)} {(H; (¢’ —Fix/2)
0
—H; (9" +5x/2)} pqulps, 7', 2)
— (0H (4')/00") dpqu(0', o', )10’}

where p’=P(p,q,# - ) and q'=Q(p, q, ¢ - ). Expanding
H,(q’ ¥7%/2) in a series in #, we can calculate the quan-
tum corrections as series in powers of #. The series

will exist everywhere where the corresponding classical
solutions exist.

(115)

It is interesting to note that direct iteration of Eq.
(115) without expansion of H, in # will give quantum cor-
rections that are not analytic in 7z. In particular, be-
ginning with the second approximation we encounter
nonanalytic effects such as tunneling and above-barrier
reflection. Let us establish why the tunneling effect ap-
pears only with the second order. The physical picture
of barrier tunneling in the language of iterations of Eq.
(115) is as follows. In the absence of perturbations, the
particle moves classically. Each quantum perturbation
makes possible a “jump” of the momentum, since the
momentum p in pqu(p,q, £) is in no way related to the
momentum p, in p_(p,,q’,#’). By means of these jumps,
the particle can “climb over?” the barrier. It is obvious
that the minimal number of jumps is two (one upward
and one downward). y

15. COMBINED SCATTERING THEORY

In the standard formulations of classical and quantum
scattering theories, completely different concepts are
used, and these do not “survive” the transition from the
one theory to the other. In the classical theory there is
no analog of the § matrix or the scattering amplitude,
while in the quantum theory there is no impact param-
eter. This hinders the development of systematic semi-
classical methods. In this section, we construct a uni-
fied Hamiltonian scattering theory suitable for both
classical and quantum mechanies.

For simplicity, we restrict ourselves to elastic po-
tential scattering of nonrelativistic spinless particles
and Weyl quantization. The basic entity in the theory
is the operator of Hamiltonian evolution;
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% (1) — exp (tHo), (116)

which acts (to the left) on observables or (to the i-ight)
on states:

AU =A@) ﬁ(f) p(0)=p ().
The kernel (p,q [%(#) |p’,a’)=(p,a|%(#)|p’,q’) of this

operator can be represented in classical theory in ac-
cordance with (39) in the form

(117)

P e Ug @O0, ¢Y=6C{p—P@.¢, )8 {q—Q(, d,2), (118)

and in the quantum theory it can be expressed, in ac-
cordance with (6), in terms of thf matrix elements of
the standard evolution operator U(#), which acts on the
state vectors: ’

(P, 4| Uqu(®) | P, €)=z | Pk’ exp (4 'K — - qk)

x P+ k0O +3K ) (¢ —3K 10O p—5 k). (119)
It can be seen from (118) and (119) that the kernel
(p,q}(t)|p’,q’) is real and that

Ut () =U(—)=U", (120)

where the superscript T denotes the transpose. The
Hamiltonicity of the evolution is manifested in the fact
that, in accordance with (32) and (33), for any pair of
observables A and B

ABnaL (t) = A% (t) BY (t) n; ABolL(t)= A% (t) BU ().  (121)

We recall that in nonrelativistic theory the operator
U t) of free evolution is the same in the classical and
the quantum theory:

® al %P, )= @—) 8 (a—Lt—q'). (122)
We now introduce asymptotic states p,, and p_,
which are defined in the Schr&dinger picture by the
equations
pim=lm %* (¢) % (t) p (0); (123)
t+—0——> —m>
pout = lim %31 (8) 2 (2) p (0). (124)
fsfoe —— —

The limits are understood in the topology defined in
Refs. 1 and 12. In both the classical and the quantum -
case, the limit gives zero if finite motion is described.
Therefore, in the presence of bound states, the sets
[py,] and [p,,] are not isomorphic to the set [p]:

[own] = [Pl [Pout] = [01; [Pw] %= [P]; [Poue] = [p)- (125)

The next step is to introduce the generalized Mgller
operator @ (#)= () (we do not require the operator ©.):

Q(t) =!,1j131m U () U () U () Uo ('), (126)

where the limit is taken in one of the topologies consis-

tent with the topologies in the spaces {A}and {p}. The

operator @(¢) maps from {p, .} into {p}. In the presence

of bound sTates, it therefore does not have an inverse.

However, there exists the transposed operator ()

from {p} into {p,} such that
o' =1IL (127)
—_ —

The basic entity of Hamiltonian scattering theory is the
scattering operator ¥, which relates the spaces {p,,,}
and {p,,}. By definition,
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Pout = me- (128)

The spaces {p,,,} and {p,,} are isomorphic. Therefore,
the operator ¥ is not only real but also orthogonal:’

FT =1 (129)

The part played by the generalized Mgller operator is
determined by limiting relations that follow from (123),
(124), (126), and (128):

lim @) =1; lim Q(t)=¢.
te—2 t-=too
1t is therefore natural to derive and solve the integral
equations describing the scattering process for Q(#).
The corresponding differential (with respect to {) equa-
tion is obtained from (116) and (126), and has the form

R (1)/at=H,{p, (1), a, OO}, (131)

where p,.=p and q,,=q+pt/m (fr stands for free). The
operator §(¢) is the operator of Hamiltonian evolution
in the interaction picture (48). The scattering operator
satisfies the Hamiltonicity properties (32) and (33),

(130)

ABo¥ = A¥Bfo; ABnf = AFBSFn, (132)

and conserves the energy, which for the scattering
states reduces to the kinetic energy:

Hof =H,. (133)

From these properties there follow two general re-
strictions on the form of the matrix element
(p,a|2|p’,q") of 4. _

First, taking B=H, in the first of Eqs. (132) and using
(133) and the arbitrariness of A, we obtain

(Hoo) f —F (Hoo) =0, (134)

In accordance with (8) and (15), the operator Hyo for
H,=p*/2m has in both the classical and the quantum
theory the form

(155)

Hyo = (p/m) dqTtg,
so that the condition (134) can be represented as
(p0.9q +-p'd'dq") (p, a| F | P, ') =0. (134a)

The second condition is obtained similarly by replacing
the first of Eqs. (132) by the second:

(136)

Here, however, the quantum and classical analogs of
(135) are different:

(H o) f — o (Hym) = 0.

Homto = (p/2m) o7 Homn = (1/2m) (92 —2- 8% ) 7. (137)
Therefore, the condition (136) for ¥,, takes the form
(p*/2m —p'%/2m) (I;, qf{Fqlp,a)=0, (138a)
and for ¥, .
bt ) el
x{p, a| Fqul p'» a'}=0. (138b)

We now have everything that we need to go over to the
scattering cross section. This transition is made as
follows. In accordance with the standard experimental
situation, we choose p,(p’,q’) in the form

pin (p's @) =8 (p" —Po)-
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This is an unnormalized stationary state, and is ad-
missible in both the quantum and the classical theory.
In this state, the momentum is fixed, the spatial den-
sity of the particles is equal to unity, and the flux is

Y dap m Pln = = Vin.
After scattering, we obtain the state p_,:

Pout (Ps @) = E d*q’ (p, q| F | po, @'). (139)

The scattering cross section is a well-defined quan-
tity only for nonzero momentum and nonzero scattering
angle. We shall therefore assume that

PF#E Py 0.

For fixed p and p’, this gives the possibility of decom-
posing g and q’ into longitudinal and transverse com-
ponents:

a=qp/|p|+q:; 9 =qp"/|p'|+q..
where
q.p=q.p =0.

The effect of the condition (134a) is then that
(p,q|¥|p’,q’) depends on the difference g, — ¢’ but not
on the sum ¢, +q;. Therefore, p .(p,q) in (139) does
not depend on g,:

Pout = Pout (Py 0 ).

By the definition of the cross section,

da |
d%p lpy-p

It follows from (138a) and (138b) that the classical cross
sections and the quantum cross sections are propor-

tional to an energy 6 function multiplied by the cross
section for scattering into the solid angle dO:

= \ d*q po (P, g, 1) = f d*q'd*q. (p, q|F | po ). (140)

do/d®p = (1/| p| m) & (p*/2m — p2/2m) do/dO. (141)

Note that the derivation given for Eq. (140) also holds
for the inelastic scattering channel |, ,, with the only
difference that on the right-hand side the ratio of the
velocities appears:

do — LYout ’ y g
(Tp)inel = S d*q'd*qy (P, 4| Finet | Por 4'),

Tin

where v, = |p,|/m and v, = |p|/m. We show that the
general expressions (140) and (141) give the correct ex-
pressions for the cross section in the classical and
quantum cases.

In accordance with the classical Hamiltonicity prop-
erty (118), the classical expression (p,q|%,|p’,q’) can
be represented in the form

=8{p—P(, ¢N&G—Q (@, q)  (142)

where the transformation from the pair p,q to the pair
p’,q’ is canonical. At the same time, in accordance
with (136) and (138a) the function P(p’,q’) does not de-
pend on ¢/, while 5*{p - P(p’,q/)} can be represented in
the form

pa|Fq |PHq"

2 (143)
Sp—PE, 4 )= 5178 (3 —E) 82 n—n (&, )},
where, by definition, p=n|p|,p’=n’|p’|, E=p*/2m,

16 Sov. J. Part. Nucl. 10(1), Jan.-Feb. 1979

J‘ f(n, ', E) 8 {n—n (E, ')} dO
= f(n, n’, E) for n=n(n’, E); (144)
and dO is the element of solid angle of the vector p.

Substituting now (142) and (143) in (140) and (141), we
obtain

15 dogi
T 2w ) =50 = ™IP |25

0 (£~ ) fous fan ).

(145)

In the case of elastic, azimuthally symmetric scatter-
ing, the magnitude of the vector q/ is equal to the im-
pact parameter b:

lqL |=b,
and the standard classical expression

(146)
n,), is obtained for the cross section

do 4 /dO = b'sin & [dd/db|,
where cos9=(n*
(145).

In complete analogy with (119), the quantum expres-
sion (p,q| $qu|P’>@’) can be expressed in terms of the
elements (p, |.S‘|pz) of the § matrix:

(P | Fqul P, 0) = s | PhK exp (5 a'K —£ k)

x Pkl S|P 3K Y(p—gK[8p—gk);  (147)
the § matrix is related to the scattering amplitude
f(py,p2) by

(01 (8| p2) =8 (ps—po) + 5 (p1 | R | pa), (148)
where
(P B|po) =8 (Es—Eo) f (b1, Po)i Ey=pii2m; E,=p}/2m.

Substituting now (147) in (140) and using (141) and
(148), we obtain for scattering through nonzero angle
the standard quantum expression

(149)

Remark 1. We leave out of consideration complicat-
ing circumstances such as fall toward the center, twist-
ing, halo, and glory scattering, since they do not have
a direct bearing on our problem.

dogy/dO = m2h2 | f (p. po) 2

Remark 2. To the integration with respect to g and
q’ in the standard form of quantum theory there corre-
sponds equating of the momenta p= pl and p,=pj} in the
matrix elements (p, |5|p,) and (p;|5*|p{). We can per-
form the integration with respect to ¢, by using (138b)
and (134a), which corresponds to removing the standard
nonrigorous operation of “squaring of the energy & func-
tion,”

16. QUANTUM-CLASSICAL INTEGRAL EQUATION FOR

SCATTERING

From Eq. (131) and the initial condition (130) there
follows the integral Lippmann-Schwinger equation
t

Q)=1-+ S arQ (') H, (t') o,

(150)
which holds for the appropriate choice of ¢(o, or ¢,) in
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each of the mechanics. Of greater interest, however,
is an integral equation of the type (112), (113) relating
.(2) and ©,(f). This equation is derived similarly.
Equation (131) for the quantum case can be represented
in the form

Qqu(2)/ot — H  {p ¢, (2), Grr(8)} 0Rqu= H 1 (0n— ) Qqu- (151)
The corresponding retarded Green’s function
G,oat(P;q,230°,0’, ), which satisfies the equation

6 sta ; : ;
- —H oG =0 (p—P) 8" (a—q)8(t—1), (152)
has the form

Gar = U () Ug (YUY () U (t) Ot —1), (153).

whose validity can be readily established using (116).

We emphasize that only in the absence of bound states
can the factor in front of the @ function be replaced by
0,()Q7%(#). The required integral equation satisfying
the conditions (130) can be obtained from (151) in the

form .

Qqu(!) =Qq (f)+ 5”;1 (t) wcl ()
X ﬁ dt' UG (') Uo (t) Hy {Pee(t')s Ugs (')} (On—00) Qau(t’).  (154)
[}

In accordance with (118), the classical evolution op-
erator is known if all the trajectories (including the
finite ones!) are known. At the same time, multiplica-
tion by the operators @ and %, reduces to integration of
the & function. It follows that Eq. (154) gives a general
effective method for calculating the quantum correc-
tions to classical scattering.

We emphasize that Eq. (154) is also valid when there
are additional discrete quantum degrees of freedom
(particles with spin, presence of excited levels, etc.).

For relativistic scattering, it must be borne in mind
that the relativistic classical evolution differs from
quantum evolution even for free motion:

¢V PP+ mictoy 4 ¢ V PP+ mict oy

17. AXIOMS OF HAMILTONIAN THEORY

The present paper has been based on two independent
ideas: 1) presenting quantum and classical mechanics
using only concepts that have meaning in both mechan-
ics; 2) realizing observables and states by c-number
functions A(p, ) and p(p, g) in the phase space. In this
section, we present the first idea independently of the
second, making no use of any realization. As a result,
we obtain an abstract and, at the same time, complete
system of axioms for both Hamiltonian mechanies. This
axiomatics is close to the axiomatics presented in Ref.
11. The small difference relates to the remark made
in Sec. 3 after Eq. (24b).

Axiom 1. A Hamiltonian theory consists of a set of
observables {A} and a set of states {p}. The observ-
ables and states are abstract elements whose realiza-
tion (by functions, operators, and so forth) is not fixed.

Axiom 2. For the observables A there are defined
the operations of addition, multiplication by complex
numbers, and passage to the limit, In other words, {A}

17 Sov. J. Part. Nucl. 10(1), Jan.-Feb. 1979

is a topological vector space.

Axiom 3. For the observables A, two bilinear multi-
plication operations, the ordinary 7 and the Poisson o,
are defined. The Poisson multiplication is anticommu-

" tative:

ABa” dzﬂ BAs= — ABo,

The remaining associative and commutative proper-
ties of the multiplications 7 and o are as yet not deter-
mined. The set of observables containg an identity (I)
with respect to the multiplication m:

Aln=TAn=A4; Tdo= Alo=0.

Axiom 4. The multiplications = and o satisfy the
Hamiltonicity properties (18) and (19)

COROLLARY. Aggregates of the type Co are linear
operators applied to the left on observables in {A} and
they satisfy the rule for differentiating a product with
respect to the multiplications 7 and ¢. Thus, to every
observable A there corresponds the element Ac of a
Lie algebra.

Axiom 5. On the set {A} there is defined an antilinear
operator J that is applied to the left and has the prop-
erty

JI =1,
and also the property that for any A and any number X

(MA) T = (AT) 2%,

DEFINITIONS. The element AJ is denoted by A* and
is called the Hermitian conjugate of A. An element A
is said to be Hermitian if A=A*. The element 4 is said
to be positive if there exists an observable B such that

A= BB'n.

Axiom 6. The states p are linear functionals on the
algebra of observables. Functionals corresponding to
physical states are Hermitian, multiplicatively positive,
and are usually normalized. The value (A, p) of the
functional p on the observable A is the expectation value
of the observable A in the state p.

The normalization condition and the Hermiticity and
positive-definiteness properties have the following
forms, respectively: (I,p)=1; for A=A*, the quantity
(A, p) is real; for all A, the relation (A A*r,p)=0
holds. The topology in the space {p} of functionals over
A is consistent with the topology in {A}.

Axiom 7. Inthe algebra {A} there is defined an ob-
servable H for which the corresponding generator Ho
describes the evolution in time, i.e., determines the
Heisenberg equations of motion for the observables:

d0A/dt = AHo.

Axiom 8. The multiplication 7 is associative, i.e.,
for all observables A,B,C

ABaCna= ABCnx,

Axions 1-8 hold for both mechanics, the only differ-

ence being in Axiom 9.

Axiom 9:
a) in the classical theory, the multiplication 7, de-
noted by m,, is commutative;
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(155a)

b) in the quantum theory, the multiplication 7, de-
noted by II,, satisfies the commutator relation

T = T3 («4B—BA) Ny = 0;

(AB— BA) 11, = ikABo,, (155b)

where o, is the quantum Poisson multiplication.

Using only this system of axioms, one can introduce
the following.

1. The definitions of pure and mixed states from Sec.
4. These definitions are given in Sec. 4 in a form that
does not depend on the concrete realization.

2. The definition of stationary states in Sec. 8. It is
also independent of the realization.

3. The definition of canonical mechanics as an alge-
bra with an even number of generators
Ppali=1,2,...,n) satisfying the relations

(156)

4, The definitions of the Schrédinger, Heisenberg,
and interaction pictures.

Pip® =q:q;0 =0; g;p;0 ="8;.

As is shown in Ref. 30 (for one degree of freedom)
and in Ref. 31 (for many degrees of freedom) the ax-
ioms 2-8 lead for the canonical mechanics (156) to
either the classical theory or the quantum theory, with,
it is true, the appearance of an additional (apparently
pathological) possibility, namely, quantum theory with
imaginary Planck constant.

Axioms 9a and 9b, which distinguish the classical and
gquantum theory, are independent of the remainder. If
we do not adopt Axiom 9, then we obtain a free asso-
ciative Hamiltonian algebra. Classical and quantum
mechanics are factor algebras of the free algebra with
respect to the ideals induced by the identities of the
Axioms 9a and 9b, respectively. These ideals do not
have nontrivial common elements. Therefore, there
do not exist homomorphisms between the classical and
the quantum algebra. From this point of view, we see
that one can achieve a good quantum-classical corre-
spondence for a particular group of problems by a
felicitous choice of the quantization, but this is not pos-
sible for the theory as a whole.

All known boson quantum theories are encompassed
by the given system of axioms. In particular, to gauge
theories and theories with constraints there correspond
realizations of the observables by equivalence classes
of functions or operators. The transition to fermion
theories reduces to changes in the signs in some iden-
tities.

CONCLUSIONS

A direct and natural field of applicability of the meth-
od presented here is to the solution of various quantum-
classical problems, especially those in which some de-
grees of freedom are treated quantum-mechanically and
others classically.

It would be very interesting to construct a quantum-
classical algebra for quantum field theory. At the

18 Sov. J. Part. Nucl. 10(1), Jan.-Feb. 1979

formal level, such a generalization is in fact contained
in Ref. 14. However, there are here various very in-
teresting and very difficult mathematical questions as-
sociated with the choice of the realization, the spaces
of observables and states, the renormalization of the
operation of multiplication of observables, the choice
of the vacuum (for example, can one quantize over the
classical vacuum), etc.

The investigation of all these questions is currently’
very relevant, since both gauge and soliton theories
are developed on the basis of quantum-classical meth-
ods.
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