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INTRODUCTION

Since the pioneering work of Bohr and Mottelson,* it
has been customary to investigate the interaction be-
tween collective and intrinsic motions in nonspherical
nuclei by writing the wave function of a stationary state
of a system of nucleons in the form

¥ar = 3 7bk (B: 1) 1aDhex (0 ()

where @7, are the components of the collective wave
function, ¥, is the intrinsic function, I is the angular
momentum of the system, M is the projection of the
angular momentum onto a fixed (nonrotating) axis, K

is the projection of the angular momentum onto an in-
tringsic axis, 7 is an additional quantum number, and
is the projection of the angular momentum of the in-
trinsic motion onto the intrinsic axis. The collective
degrees of freedom B, v, 8, in the expression (1) repre-
sent vibrations and rotation of the ellipsoidal surface of
the nucleus. The expression (1) arose out of attempts
to extend the collective model to odd nuclei, and also to
take into account not only collective but other degrees
of freedom.

In the earliest and simplest variants of the general-
ized Bohr-Mottelson model, the intrinsic function x,
was associated with only the states of an individual nu-
_cleon, but following Nilsson’s work? the intrinsic func-
tion x, came to be regarded as a Slater determinant
constructed from the single-particle orbitals of the nu-
cleons of the nucleus in the average nonspherical field.
The equipotentials of the average field have the form of
ellipsoidal surfaces whose principal axes are directed
along the principal axes of the ellipsoidal surface of the
nucleus. One can therefore say that the intrinsic axes
of the nucleus are determined in such a model as the
axes of the intrinsic average nonspherical field. As a
rule, it is assumed that the intrinsic field has a sym-
metry axis and that  and K are integrals of the motion.

The Slater determinant of the intrinsic function of
heavy nonspherical nuclei is constructed from the
single-particle orbitals in an average field whose po-
tential (Nilsson potential or deformed Woods-Saxon po-
tential) is chosen to satisfy the condition that the suc-
cessive population of the states of the potential leads to
the observed sequence of spins of the odd nuclei and
also the condition that all the other results obtained in
calculations with such a single-particle potential agree
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with the experiments. For nuclei of the p shell and nu-
clei of the s—d shell, the parameters of the potential of
the average field (or, which is the same thing, the pa-
rameters of the single-particle orbitals of the Slater
determinant) are found by minimizing the energy of the
system of mutually interacting nucleons of the nucleus.®

In any model with an intrinsic function, problems
arise through the fact that in the intrinsic frame the co-
ordinates of the individual nucleons are not independent
but are constrained through subsidiary conditions—the
intrinsic motion must not lead to a displacement of the
center of mass of the system or of the orientation of the
intrinsic axes of the system, the parameters g and ¥
describing the quadrupole shape of the nuclear surface
must not change, and the same applies to the volume of
the nucleus. To take into account all these constraints,
it is necessary to give a microscopic meaning to the
collective degrees of freedom 8,v, 6, and the parameter
that determines the volume of the nucleus by expressing
these degrees of freedom in terms of the single-particle
coordinates of the nucleons. In addition, it is necessary
of specify the explicit dependence of the collective vari-
ables on the nucleon coordinates, since one cannot oth-
erwise uniquely and consistently determine many oper-
ators used to calculate the spectra of nuclei, the angu-
lar momenta in different states, and the transition
probabilities.

The above- mentioned difficulty still remains in the
case when all the collective degrees of freedom are
coupled to just the parameters of the nonspherical in-
trinsic field and one does not get involved with ques-
tions relating to the shape of the nuclear surface as,
for example, in the investigation of light nuclei, which
do not have a well-defined surface.

In none of the currently considered models of the in-
trinsic functions are couplings between the nucleon co-
ordinates in the intrinsic frame taken into account, nor
is any dependence of the collective variables on the sin-
gle-particle variables introduced. In all cases, the
arguments of the Slater determinant are single-particle
coordinates of the nucleons that vary independently in
their domain of definition, Essential use of this is made
in the integration of the square of the Slater determi-
nant when, for example, the intrinsic quadrupole mo-
ment is calculated or when the distribution function of
the single-particle density of nucleons in the intrinsic
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coordinate system is found,*® or, finally, when the pro-
jection algorithm is implemented. Therefore, the in-
trinsic functions are not what they purport to be and do
not give direct information related to the intrinsic axes
of the nucleus. The coordinate axes with respect to
which they are defined are fixed axes, and the orbitals
of the Slater determinant belong in reality to the fixed,
and not intrinsic, field. The wave functions themselves
contain packets of states with different values of the
total orbital angular momentum of the nuecleus and its
projection onto the fixed axis, although these packets
are constructed in such a way as to ensure that the axes
of the intrinsic system are oriented along the axes of
the fixed system. This conclusion is in complete accord
with the Peierls-Yoccoz projection algorithm,® which
is based on a packet of states that is noninvariant under
rotation of the axes of the fixed frame. Note that the
intrinsic function in the expression (1) must depend only
on the intrinsic variables and, therefore, must be in-
variant under rotations of the fixed coordinate system.

All that remains therefore is to assume that under
certain conditions it is possible to ignore the con-
straints that the nucleon coordinates should satisfy in
the intrinsic frame and to identify the intrinsic frame
with the fixed frame determined by the axes of the fixed
average field. However reasonable this assumption may
appear, it requires justification; the only question con-
cerns the construction of the theoretical scheme which
can provide this justification and yield the conditions
under which the intrinsic and fixed frames can be iden-
tified.

1. CHOICE OF THE INTRINSIC COORDINATE SYSTEM

The simplest possibility for introducing an intrinsic
coordinate system in order to construct the intrinsic
wave function is to place its origin at the center of mass
of the nucleus and direct the axes along the principal
axes of the ellipsoid of inertia. Such an idea for select-
ing the intrinsic coordinate system was put forward long
ago, soon after the appearance of the Bohr-Mottelson
collective model**":® in connection with the need to jus-
tify this model.®*° However, the idea can be imple-
mented only after we have found all the independent
configuration variables of the wave function of A nucle-
ons suitable for working in a coordinate system whose
axes are directed along the principal axes of the ellip-
soid of inertia.!*"?

In order to take into account the couplings between
the single-particle coordinates of the A nucleons in the
system of the principal axes of the ellipsoid of inertia,
it is expedient to introduce intrinsic variables in such a
way that the variation of these variables does not change
the position of the center of mass, the orientation of the
axies of the ellipsoid of inertia, or the values of its
semiaxes. Intrinsic variables with this property are
3A-9 generalized Eulerian angles g, in an (4-1)-dimen-
sional space.'! Together with the spin and isospin vari-
ables, these must be the arguments of the components
X, of the intrinsic function. If as arguments of the com-
ponents %" of the collective function we choose the
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semiaxes a, b, ¢ of the ellipsoid of inertia or the related

variables p, B,y (B and y are analogous to the corre-
sponding Bohr-Mottelson collective variables),

pP=a®+ b +c% p?Pcos y=c:—(at+ 1?)/2; ]
p*psiny= (V' 3,2) (a2 —b2),

and as Eulerian angles ¢, 6, we choose the angles of
orientation of the axes of the ellipsoid of inertia, then
the expansion for the nuclear wave function takes the
form

(2)

WAF = 3 ke (abe) Dirk (¢0%) 7 (o}, {13, (o1}, @)

where ¢, are the spin variables of the A nucleons, T,
are the isospin variables, and ¢, are the 34-9 general-
ized Eulerian angles in the (A-1)-dimensional space
chosen in accordance with a definite rule,!*-3

The expansion (3) can be used irrespective of whether
the nucleus is spherical or not. The index v is related
to the indices of the representations and the basis in-
dices of the rotation group in the (A - 1)-dimensional
space, and the components y, of the intrinsic function
are superpositions of generalized hyperspherical func-
tions in this space.'®** The series with respect to the
index v is infinite, and therefore the exact intrinsic
function and the exact collective function contain infin-
itely many components. However, in approximate ex-
pressions for ¥, the series in v can be truncated,
which corresponds to a definite form of the model. Re-
lations between the Jacobi vectors of the system of A
nucleons and the three sets of fixed variables (g, b, c;
¢, 0,0;a,) were established in Ref. 11, By comparing
the collective variables g, b, ¢ and ¢, 6,y with the col-
lective variables of the Bohr —Mottelson model one can
establish the meaning of the former and demonstrate
their usefulness for studying quadrupole deformations
of nuclei.

In accordance with the ideas used in the Bohr—Mot-
telson collective model, a nucleus can be likened to a
drop of incompressible nuclear matter. During small
quadrupole vibrations of this drop, the drop preserves
its ellipsoidal shape, but the relationships between the
semiaxes of the ellipsoid change. In addition, the el-
lipsoidal drop rotates in space. The collective wave
function of the Bohr-Mottelson model depends on the
Eulerian angles ¢, 6, ¢, which determine the orientation
of the ellipsoidal drop in space, and also on the vari-
ables B and ¥,? which characterize the relationships be-
tween the semiaxes of an ellipsoidal drop of fixed vol-
ume and determine the shape of the nucleus in the in-
trinsic coordinate system associated with the principal
axes of the drop. If ellipsoidal deformations of the in-
compressible drop and its rotation in space are asso-’
ciated with the motion of the ellipsoid of inertia of the
drop, the relationships between the semiaxes of the el-
lipsoid of inertia will be identical to those between the
semiaxes of the ellipsoidal drop, and the Eulerian an-
gles of the orientation of the axes of the ellipsoid of in-

DTo distinguish the variables g and y introduced above [see
Eq. (2)] from the Bohr—Mottelson variables, we shall place
a tilde above the latter.
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ertia will be equal to the Eulerian angles of rotation of
the ellipsoidal drop, i.e., the collective variables asso-
ciated with the ellipsoid of inertia of the system will in
this case lead to nothing new and will literally repro-
duce the motion of the ellipsoidal drop.

However, if we describe the system of particles by
means of all of its degrees of freedom and if the argu-
ments of the wave function are the single-particle vari-
ables, then the choice of the three semiaxes of the el-
lipsoid of inertia and the three Eulerian angles of or-
ientation of the ellipsoid of inertia as collective vari-
ables makes it possible to separate the quadrupole mo-
tions of the system (the motions of the ellipsoid of in-
ertia) from the intrinsic motions, which leave the el-
lipsoid of inertia unchanged, and to find the components
of the collective wave function corresponding to a par-
ticular microscopic model of the nucleus or a particular
approximate solution of the many-nucleon Schrédinger
equation; this choice therefore enables us to obtain in-
formation about the quadrupole deformations of the nu-
cleus in the intrinsic coordinate system associated, as
in the Bohr-Mottelson model, with the principal axes
of the ellipsoid of inertia. Hitherto, such information
has been extracted from model or approximate many-
particle wave functions by methods which give the pa-
rameters of the quadrupole deformations (of the nuclear
shape) referred to a coordinate system which is not at-
tached to the intrinsic axes of the nucleus.

The configuration variables listed above (a, b,c; ¢,
6,%; a,) were used to formulate the method of general-
ized hyperspherical functions in Refs. 13 and 15,

2. METHOD OF GENERALIZED HYPERSPHERICAL
FUNCTIONS

The method of generalized hyperspherical functions is
a method of solving the many-particle Schridinger
equation for a system of nucleons with given interaction
potential. This method presupposes a representation of
the nuclear wave function in the form of the series (3)
with respect to a basis of generalized hyperspherical
functions x,. The expansion (3), constructed for known
model and approximate functions, makes it possible to
determine the nature of the collective and intrinsic mo-
tions, to establish the intrinsic shape of the nuclei in
different states, and to obtain the distribution of the nu-
cleon density in the intrinsic coordinate system.

The functions x,, like the wave functions of the shell
model, are antisymmetric under permutation of the nu-
cleons, but, in contrast to the shell functions, are in-
variant under translations of the center of mass of the
system and rotations of the coordinate axes. More-
over, the functions ¥, are invariant under deformations
of the ellipsoid of inertia of the system of A nucleons,
i.e., under redistributions of the masses of the nucleons
in space that change only the semiaxes of the ellipsoid
of inertia and their orientation in space; this makes the
functions x, convenient for separating the intrinsic mo-
tion from the collective motions of monopole and quad-
rupole type.

The basis of the functions ¥, is complete, and a func-
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tion of the generalized Eulerian angles that has no sin-
gularities can always be represented as a series in ¥,.
However, in regions of the configuration space of the
single-particle variables where the wave function de-
pends on the generalized Eulerian angles in a 6-func-
tional manner, the convergence of the expansion (3),
like the analogous expansion of the wave function with
respect to the hyperspherical basis,*® may be poor. A
d-functional dependence on the generalized Eulerian an-
gles is inherent in wave functions of noncompact con-
figurations when isolated subsystems are distinguished.
Such a dependence can also be observed in the case of
compact configurations if short-range repulsive forces
act between the particles of the system. Then if any
two particles approach each other, the wave function
tends rapidly to zero once distances equal to the range
of the repulsive forces have been reached. Therefore,
the first terms of the expansion (3) approximate the
wave function well only under the condition that the re-
gions of the configuration space where the convergence
is poor make a small contribution to the total normal-
ization integral,

The various terms in the expansion (3) can be inter-
preted from the point of view of the part they play in
reproducing the details of the nucleon density distribu-
tion in the coordinate system associated with the ellip-
soid of inertia of the nucleus and also in the description
of the collective excitations. This interpretation may
have heuristic value if in the expansion (3) it is neces-
sary to take into account many terms and one therefore
needs a principle for selecting the principal terms
among them.

Like the minimal approximation in the method of hy-
perspherical functions,'’+** the minimal approximation
in the method of generalized hyperspherical functions
requires the retention in (3) of only those functions ¥,
that are contained in the wave function of the oscillator
shell model for the ground state of the considered nu-
cleus with 4 nucleons. Of course, even the minimal ap-
proximation of the method of generalized hyperspherical
functions provides a more accurate description of the
properties of the ground state of the nucleus and some
of its collective excitations than the oscillator shell
model or the minimal approximation of the method of K
harmonics. This is achieved by an optimal choice of
the functions uf,, for which one can find a system of
equations, by the use of the variational principle, or by
direct substitution of the expression (3) in the Schré-
dinger equation for the system of A nucleons.

The minimal approximation corresponds to choosing
the simplest functions x, of the intrinsic motion. It can
be assumed that the spectrum of monopole and quadru-
pole excitations, which is determined merely by the av-
eraged characteristics of the intrinsic motion, is sat-
isfactorily reproduced even when the chosen functions
of the intrinsic motion need to be made more exact,

The wave function of the oscillator shell model for
the ground state of magic nuclei contains just a single
function x,=X,, which considerably simplifies the prob-
lem. The spectrum of monopole and quadrupole vibra-
tions of magic nuclei in the minimal approximation was
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calculated in Refs. 19-21. For nuclei with oscillator
shells that are not closed, even the minimal approxima-
tion involves several functions y,.

3. BASIS FUNCTIONS

The structure of the basis functions y, was investiga-
ted in Refs. 22-24,14, These functions can be repre-
sented as superpositions of generalized hyperspherical
functions DEf],, of an (4 - 1)-dimensional space:

[f f.fs}

}_, D (0 o oy @am) Frag (04735 00T « o o3 GaTa). (4)

The dependence of the superposition coefficients Fy,,0n
the spin-isospin variables is chosen to make the func-
tion x:’:ri"zfs antisymmetric under transposition of the
spatial and spin-isospin coordinates of any pair of nu-
cleons,

~

The generalized hyperspherical functions DY, are
matrix elements of the matrices of the irreducible rep-
resentations of the rotation group in the (4 - 1)-dimen-
sional space. The superscript [ f, f,f,] of the D func-
tions gives the representation to which the functions be-
long, while the subscripts [v] and [u] label the rows
and columns of the matrix of the irreducible represen-
tation,

In Eq. (4), the arguments of the functions D are the
generalized Eulerian angles that specify the orientation
of three mutually orthogonal vectors in the (4 —1)-di-
mensional space with respect to some original coordi-
nate system, which we call the fixed (A — 1)-dimension-
al coordinate system. In addition, we shall consider a
frame, called the privileged frame, which we attach to
three distinguished vectors (the remaining 4 — 4 unit
vectors of the privileged frame can be specified arbi-
trarily).

The right-hand subseripts [i] of a D function charac-
terize its transformation properties under rotations
made in the coordinate planes of the fixed system,
while the left-hand subscripts characterize the trans-
formation properties of the D function under rotations
in planes of the privileged frame.

If A>T, the subscript [p] of the function D of the rep-
presentation [ f, f,f,] contains 34 - 15 numbers, which
are determined by the canonical Gel’fand—Tseitlin re-
duction. These numbers are conveniently distributed
among three sets of A-3, A-5, and A -7 elements,
respectively. The elements of the first set we denote
by i,, wherei=1,2,,..,A-3; those of the second set,
by pj,, where j=1,2,...,4 -5; and those of the third
set, by p,, where 2=1,2,...,A~"7. Inrow [u], these
sets are listed successively one after the other, begin-
ning with the first.

To each permutation of the nucleons, there corre-
sponds a definite rotation in the (A - 1)-dimensional
space of the fixed coordinate system and, therefore, a
definite set of generalized Eulerian angles g, specifying
this rotation. The transformation of the generalized
hyperspherical functions under permutation of the nu-
cleons is expressed by the equation
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DI (o) = Y D{L"f’ia’l ({8w)) D ((aid), (5)

where o, are the generalized Eulerian angles in the
original coordinate system, and a7 are the generalized
Eulerian angles in the system that is rotated with re-
spect to the first,

Reduction of the group O(4 - 1) with respect to the
group of permutations of the coordinates of the A nu-
cleons means that, given functions D{12%7 of the rep-
resentation [ f, f, fs] with fixed index [v], one can con-
struct basis vectors corresponding to particular irre-

ducible representations of the symmetric group.

The invariance group of the Hamiltonian of the system
of A nucleons is the group of 24 different transforma-
tions of the privileged frame. Besides the four trans-
formations of the group D, (the identity transformation
and rotations through the angle 7 in the three planes of
the privileged frame that each pass through two princi-
pal unit vectors), this group contains the six elements
of the privileged frame. The Jacobi vectors are invari-
ant under transformations of this group. The wave
function of the system of A nucleons must therefore also
be an invariant of the group.

The basis functions of the irreducible representations
of the symmetry group of the privileged frame can be
constructed from linear combinations of the generalized
hyperspherical functions D”lf?-fs] with fixed indices

[fifafs] and [u].

The functions F;, in (4) belong to a state with a def-
inite value of the total spin S and the total isospin T of
the system of A nucleons, In addition, they are basis
vectors of a definite irreducible representation of the
group of permutations of A nucleons. Summation over
the index [u] ensures antisymmetry of the function
ng]fzfal under permutation of the nucleon coordinates.

The representations [ f, f,f;] are only some of the
total number of representations of the group SO(4 - 1).
The basis functions of all the remaining representa-
tions [ f, f2fsse« - frca1yy23) have more than three non-
zero indices f,; and depend not only on the generalized
Eulerian angles a,a,,... ;@34 but also on the other
Eulerian angles [in the (A - 1)-dimensional space there
are altogether (4 - 1)(A - 2)/2 of them], on which the
wave function of the system of particles cannot depend
because of its invariance under all possible rotations in
planes of the privileged coordinate system. The planes
pass through unit vectors perpendicular to the three
principal unit vectors of the system. Therefore, all
such representations must be discarded. For the same
reason, among all the basis functions D‘flfzfla] we must
retain only the ones for which in the first and second
column of indices [v] of the Gel’fand—Tseltlin reduc-
tion only two quantum numbers and one quantum num-
ber, respectively, are nonzero, ie., [v]= (v, vy} v;.]-
Instead of using the quantum numbers Vi1 Vo Vizy WE
can classify the basis functions of the representation
[ f1fafs] by using the quasiangular momentum j, its
pro;echon Jp, and the additional quantum number s:

-{ _u,,s} The quasiangular momentum and its pro-

G. F. Filippov 489




jection are the total orbital angular momentum of the
intrinsic subsystem determined by the generalized
Eulerian angles and its projection onto one of the prin-
cipal axes of the ellipsoid of inertia.

We have already pointed out above that the motion of
the nucleons in the system of the principal axes of the
ellipsoid of inertia cannot be described by independent-
ly varying single-particle coordinates, since nine ad-
ditional constraints satisfied by the nucleon coordinates
in this system must be taken into account. The pres-
ence of the constraints reflects the fact that in this sys-
tem we have already eliminated nine degrees of free-
dom, or distinguished a subsystem—the ellipsoid of in-
ertia. Moreover, the second subsystem (the intrinsic
subsystem), whose degrees of freedom are the gen-
eralized Eulerian angles, executes its motion with re-
spect to the principal axes of the ellipsoid of mertla.
Therefore, in the kinetic-energy Hamiltonian T of the
system (see Ref, 13) two angular momentum operators
occur. One of them is the operator T of the total angu-
lar momentum, while the second is the operator J of
the quasiangular momentum. They can both be ex-
pressed in terms of projections onto the principal axes
of the ellipsoid of inertia:

i=({, I, Ly i={J:, /o, I
bt 2 —a

2
T = Tabet 5 { grmer B+ 7D + i (T +70)

+ gt (4 T0 + ff+ o Indy

+ {a'lé—bi}i It‘[{_i'T( + bﬂ 'Jr )LU
+i (=) et 3 R (=3 ) L)

All first and second derivatives with respect to a,b,¢
are mcluded in the term Tm, and the operators
LmLszzz. are constructed from three expressions
L¢, w Lr that are quadratic in the generators J ;. Of the
group SO(A -1):
Lo= Bt Lo+ Ly Log==Ey— (Es+ Lo)2; Lope= (V3/2) (Es—La)s
where

A

1
-

A4

- » p A-4
L= in; L,,= izl J%.,; L;-—- ig-’.f,s;.

R

The generalized hyperspherical function D‘fifz{ﬁ] is
an eigenfunction of the operator Lo,

LD =1h {1+ A=3) + fa(fa+ 4—5)
+a(fs+A—T)—i i+ D1 DY

When the operators Ifz,, and fzz, are applied to the func-
tions D, they do not change their superscripts [ f] or
the right-hand subscripts [it], but they can change the
left-hand subscripts. In particular, the operator f:zo
conserves the projection of the quasiangular momen-
tum, while the operator I:m increases or decreases it
by two. Both of these operators can increase or de-
crease (by not more than two) the value of the quasi-
angular momentum,

The action of the operators 3}, 3,,, 3, of the quasiangu-
lar momentum on the generalized hyperspherical func-
tion D?}&{:{i‘l] is subject to the same rules as the action
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of the operators of the angular-momentum projections
on a state with definite angular momentum and its pro-
jection.

The Cartesian projections of the Jacobi vectors of the
system of A nucleons can be expressed in terms of the
generalized Eulerian angles by means of generalized
hyperspherical functions belonging to the representa-
tion [1]:

= _1m)DH]1][n satd

+%(D1lm_ﬂiim)uﬁil[u e d] +CDamD}6][u v Al (6)
m=0, +1;

Dim = Dim (98%);  Diltu = Dl ({oed)s
where D}, are spherical Wigner functions; a,b,c and
@, 0, are collective variables; m is the index of the
Cartesian coordinates; and [ is the number of the Jacobi
vector, The right-hand subscript of the function
DY ... contains [ — 1 unities.

The following equations illustrate the connection be-
tween the basis classified in accordance with the quasi-
angular momentum and its projection and the basis
classified in accordance with the quantum numbers v,,,
Voys Viat

Dl =D Dl =(£ 1/V3) (Dfik £ Diid.  (7)

Among the simplest of the generalized hyperspherical
functions

Uytyfyl
D[\

1V VeallBy oy - oo By pi Baolay <o Bg g gi Byghtag -+ - Baggl

are the functions of the zeroth row of the representation
[ /00]. If the notation adopted in the monograph of Ref.
26 is used for the generalized Eulerian angles «,, the
functions of this row can be represented in the form
DH}[M:L'.OSB:Z}; D%Hm=sin9::}cosﬂﬂ:5;
Dfi} 107 = sin 077§ sin 8,23 cos 8773
The volume element for the angles 677, 8722, 6772 is
sin"2007% dOR ) sin" 2 00,3 d07 72 sin™ 4 0723 don-3,

0O, 0028 00<a, n=4—1>5.
We have the formula

f (3n-0)/2+hy+hy n—2 3 n—3 n—4
Difhuo ~ 2" [ (7= +h) T (2= +k) T (577)
,[U—kl)!(kn—kﬂ!kzl [(n—2)24f][(n—3) 2"”‘1”(1’!—4\ 24k, ']':3

21)3 Fin—2+—f—k) Lin—3—+k) ' (n—4+ky) .
x O3+ (005 BR2 1) O 222+ (cos B 23) €~ (cos 0323)

3 "
% sink B’,}-, sin®: B 3.

This establishes the connection between generalized
hyperspherical functions of the zeroth row and the
Gegenbauer polynomials C7(#).

The generalized hyperspherical functions of the rep-
resentation [1] with maximal value of the right-hand
subscript have the form

Dl .. ”#(gi)“v—smﬂ" 1sin @75 ...sin 05 'exp (107 7');

DH%;” a=(—1)"—= Vn! {cose" lsin022% ... sin02 !cos™Z3
n-3

+ 3 cosO)Ti.,sinizi, ... sin 03" sinOR3 ... cosO)IE.,

s=1

+1sm9"_asmﬁ,, 5...85n07" }exphﬁ" 1)
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The limit formula is

Hy H H,
D}i].k][l)] ~ const (-;)3"2 Hyp (2 Hy _y, 0) Hy, ()
V TGkl (ky— k)T k)

for

n—o0; fin, kin, k.dn €1,
where

V2nz=cosOlZ; V2 y=—cos 0% Velnz=cos o]},
(1 —22¥n)™"* (1 — 2y2/n)™2 (1 — 222/n)"* dz dy dz — exp (—z2—y?
—22) dz dy dz.

4. EXPANSION IN GENERALIZED HYPERSPHERICAL
FUNCTIONS OF THE WAVE FUNCTIONS OF THE
TRANSLATIONALLY INVARIANT SHELL MODEL

Having gone over from the single-particle vectors r :
of the system of A nucleons to the center-of-mass co-
ordinates R_,R,, R,, the collective variables a,b,c and
¢,8,, and the generalized Eulerian angles Oy, 0lgy Qg

<+ 3034-9, W€ can represent the wave functions of the
oscillator shell model as superpositions of the functions
X Let ¥(r,0,7,; 15, 0,7, .. ;T,0,7,) be one such shell
function belonging to a state whose orbital angular mo-
mentum is L with projection M of the angular momen-
tum onto the fixed axis. Suppose, in addition, that on
the transition to the center-of-mass system this wave
function factorizes into the form

¥—¥F(R), (8)

where R is the vector of the center of mass of the sys-
tem, and F(R) is the wave function of the zero-point vi-
brations of the center of mass. Then ¥, the wave func-
tion of the oscillator shell model with the center-of-
mass motion separated (the wave function of the trans-
lationally invariant shell model®), has the expansion

Y=Y =m$[‘_1]k ®fHic(abe) Diar (p01) 7. )

By choosing an appropriate linear combination of Slater
determinants, one can construct ¥, which are such
that they contain x}/] with only definite values of the
representation indices [ f].

Now the functions ¥, are eigenfunctions of the Ham-
iltonian of a system of A particles with the two-body po-
tential

const (r, —r;)%
The representation indices [ f] are integrals of the mo-
tion of such a system. Together with the right-hand in-
dices [u] of the generalized hyperspherical functions,
the quantities

D ((a))
are such integrals of the motion.

However, wave functions of definite symmetry with
respect to permutation of the spatial coordinates, i.e.,
basis functions of irreducible representations of the
group of permutations, are linear combinations of func-
tions with different values of [p].

When the group of (4 - 1)-dimensional rotations is re-
duced with respect to the permutation group of the A
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particles, an additional degeneracy arises if there is a
multiplicity greater than unity for the occurrence in a
reducible representation of the permutation group de-
termined by the basis functions D}, with fixed in-
dices [ f] and [v] of any of the irreducible representa-
tions of the permutation group that are conjugate with
respect to the symmetry of the isospin function.

Thus, the representation indices [ ], the Young pat-
tern of the permutation group, and the repetition indices
that arise on the reduction of the group of (4 —1)-di-
mensional rotations with respect to the permutation
group are, together with the orbital angular momentum
L, the spin, and the isospin, are quantum numbers
needed to identify such states of the system of nucleons
as are represented in the form of a superposition of
determinants of the oscillator shell model. If the set
of quantum numbers is to be made complete, one must
find a further seven integrals of the motion. These in-
tegrals can be established by solving the system of
equations for the collective functions.

In the method of generalized hyperspherical func-
tions, the representations [ f] of the group SO(A - 1)
have the same significance as the configurations of
single-particle states in the shell model. But, in con-
trast to the latter, every representation [ 7] together
with its corresponding basis can be associated not with
one state of the nucleus, but with a complete spectrum
of states with several branches of collective excita-
tions.

In the expansion (9), the coefficients ®f]x are fixed
in accordance with the requirement that ¥ be one of the
functions of the transglationally invariant shell model
and, therefore, one of the eigenfunctions of the Hamil-
tonian of A nucleons with an oscillator two-body inter-
action. In this case, when one solves the problem of
the motion of nucleons with an arbitrary interaction,
the coefficients u}f1* must be found from the system of
equations of the method of generalized hyperspherical
functions.

To derive equations for the coefficients uff],, it is
first of all necessary to list the quantum numbers of the
basis functions xf/] that are used to construct the ex-
pansion of the wave function of the A-nucleon system.
We can do this readily if we restrict ourselves to the
minimal approximation and construct the expansion us-
ing only basis functions xf/] in the set of major config-
urations of the oscillator shell model, It is also easy to
find the coefficients ®[7], of the major configurations of
the shell model. These are useful not only in an inves-
tigation of the shape of the nucleon density distribution
given by the shell model but also as structural elements
of trial functions for direct variational calculations.

Below, we give simple examples that illustrate the
quantum numbers of the minimal basis and the osecil-
lator coefficients for systems of six and eight nucleons.

The wave functions of the oscillator shell model
(without allowance for the factor which contains the de-
pendence on the center-of-mass coordinates) corre-
sponding to the ground state of the °*He nucleus and zero
total orbital angular momentum of the system has the
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form
vl — ofE0iE + oz + otk soxtihe, (10)
where
DR = N, D] exp [ — (a2 + b2+ ¢2)/2);
BB =1 (a2 402 +)/VE; Ohy=c—(a>+12)/2;

‘1’{22“ =(V3/2) (@—b);
Ay = feh + 2B 0/ V'

N, is a normalization constant.

(11)

The function W2’ belonging the same shell of the °He
nucleus but to the state with angular momentum L=2 is
determined by the coefficients

O = N, Bk exp [— (a2 + 52 +¢2)/2);
e =12 —(a2+09/2)/V 55 B}, =V 375 (a>— bzw-
BBy =24 (a2 +09)/4; BBk =(—V5/4) (e —
B0 =(—V3/4)(@—17); Ol =3/4) (a2+b2).
DL yo- =(—32)ab; By =(—32)be; D)o =(3/2)ca,

in which &%, is, by definition, the coefficient of

(DEy+ DE)xtil /V2; YL is the coefficient of (DE,
- DE X /2.

The oscillator function of the ground state of the *Be
nucleus has the form?

410 1410 W0
i =‘DE3§87€ 8+ olilondih + @ A0 il + oliBoxtih
- ‘DuzﬂanJz-:; +‘D5u+w?{m+}v (12)

where
{0 = VD) exp [ — (a2 + 52+ ¢2)/2);
i} = V2710 [a* 4B + ¢ 4 (2/3) (a2 -+ b%2 -+ c2a?));
D) = 8 (et — (@t + B4)/2 — [a22 — (b +- ¢2a?) 12/3);
@ity =31V 3/2) (a — b4 — (B2 —c%a/2V3]; | (13)
@i, = (3/8) V TIT10 (8 [ — (a+ 12)/2]% + (a2 — b)%);
Bty = (3/8) VITT04 V5 (@2 —t) [ L5205
DYl =(3/8) VII/10 V 35 (a2 — b2)2

Within the p shell, the major oscillator configura-
tions in each case contain basis functions of only one
representation [f]. But for the s—d shell there is de-
generacy, and several representations of the group
S0(A — 1) correspond to the major configurations. For
example, to the ground state of **Ne there correspond
the representations [12,4,4] and [8,8,4], and to the
Mg ground state there correspond [16,8,4], [12,12,
4], and [12,8,8]. Therefore, in accordance with the
definition given above, the minimal basis for nuclei of
the s—d shell must include functions x£/] of different
representations [ 7] of the group SO(A -~ 1). However,
if one of these representations is dominant in the ex-
pansion of the ground-state wave function of the given
nucleus, the minimal approximation can be defined dif-
ferently, with inclusion of only the generalized hyper-
spherical functions of the dominant representation in
the minimal basis.

5. MATRIX ELEMENTS OF THE POTENTIAL-ENERGY
OPERATOR

Once the quantum numbers of the basis functions ¥,
have been determined, to derive the system of equa-
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tions for the coefficient functions u(abc) it is neces-
sary to find the matrix elements of the Hamiltonian H
=T+ V between the functions X,» The matrix elements
of the kinetic-energy operator (v|7|v’) reduce to the
known matrix elements of the generators of the groups
SO(A —1). The main difficulty therefore resides in cal-
culating the matrix elements of the potential-energy op-
erator of the system of nucleons:

A
V= :J v(re; 6:0;, T:T)).

To analyze the kinetic-energy operator, it is conven-
ient to use wave functions of the translationally invari-
ant shell model, Let ¥ and ¥ be two such functions:

V="Tpy= 2 Ok (abe) Diar (90V) xvi
=V = va‘ DFeg(abe) Digng (90) A+

In a special case, the function ¥, may be identically
equal to the function ¥,,. If ¥, #¥,,, then the former
will be of interest only under the condition that it in-
cludes functions ¥, which do not occur in ¥,,.

If the matrix element
L — ~
U= 3 (¥iu|V|¥es)
M=-L

is defined without integration with respect to the collec-
tive variables a,b,c and ¢, 0,9, then U is a function of
the variables a,b,c, and it can be represented as the
sum

U(am)=w2x6: i (abe) DIk (abe) (1] 7 [,

the derivation of which is based on the identity

L
MZLLDI‘K%M (@6) Dkas (¢OV) = Sk
The required matrix elements

Uswe (abe) = (3 | 7 | %)

are contained in U(abc), and to extract them we must
calculate not only the function U{abc) but also &Z{abc).

Thus, consider the integral

L

2 S doydey ..o OtagTia? Yran
=L

U (abe) =

in which the spin-isosPin Pauli matrices of the poten-
tial-energy operator V are averaged with respect to the
spin—isospin functions occurring in ¥,, and ¥%,. The
integration is performed over the 34 —9 generalized
Eulerian angles chosen specially among the (4 -1) (4
—2)/2 generalized Eulerian angles of the (4 —1)-di-
mensional space.

Let gy gy s € the Cartesian components of the
(A —1) Jacobi vectors in an arbitrary-coordinate sys-
tem and g,,, g, » 4, e the Cartesian components of the
same vectors but in a coordinate system whose axes
are directed along the principal axes of the ellipsoid of
inertia, with k=1,2,...,A -=1. Inaddition, suppose
that

Z QM aD! Z an- bo: 2 qk:' L‘D.

k=1
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Using the two identities®

j 8 (a2 —al) 8 (32— b2) B (c?—c?) da? db? ded = 1;

a-t
|2 —B2ll b;-—c:llc:—a“j 5( > flufhy)
1=t

A-1 3

x8( 3 aum:) 8 ( ) Tr:di) iyt
i1=1 I=i

where ¢, 8, are the Eulerian angles specifying the

orientation in space of the principal axes of the ellip-

soid of inertia, we transform U(gbc) to the form

A-1
U(ﬂbcl=m;§,‘_—r 5 8 ( > ‘h:&'ry)
1=1

X 5( E qz,,t:u) 8 (Az—t 9::91:)
x 6 (a2 é k)8 (bzmé;‘i aly) 6 (c=—§‘_,-: ak) (14)

L
2 TV ¥rpr dtysg;
d"u-u =dqdqy ... dg, = (aobo‘-'n)A_‘
X | a3 — b3 1|55 —c; || c; — a3 | dao dby de,
X dosin8d0dyde, da, . ..

dogs-p-

We now introduce integral representations for the &
functions:

8 (a*—al) 6 (b2 —bY) 6 (c2—ch)

= (2—:)7 j j j dky dky dky exp [ik, (a2 — a2) + ikg (52— B2) + ik, (c2 — )],

The first three 6 functions in the integrand of (14) are
nonzero only when the Cartesian coordinate axes are
directed along the principal axes of the ellipsoid of in-
ertia. In just this case, the sums

A-1
in the arguments of the three following & functions are

equal to a3, b, c3, respectively, which makes it possi-
ble to replace these quantities by sums:

A-1 A-1
E e, Z alys
=1 l=1

8 ( E‘: '?axhy) 5( 2 ‘IinIz) (‘:g: 4’1;93:)

(2,,): 5 5 dpydpydps exp[ —1 E (PsQ1y 1z + Poi-Q1 + Paqhﬂu)]

I=1

The quadratic form in the Cartesian components of
the Jacobi vectors that occurs in the exponential in the
integral representations of all the & functions can be
reduced to diagonal form by a rotation of the coordi-
nate axes of the three-dimensional space in which the
Jacobi vectors are defined.'® To implement this reduc-
tion, we set

t=(ky+ ko +-ks)/2 V3
Etz =(ki—lk:Fips); @z1=(p2Fip);
o= (2/V 3) (s — (ks + k2)/2)]

and we then introduce new variables for integral rep-
resentations of the & functions:
Fcosd= muDo,. (v09);

Asind=—r V- 2 o [Dzu (F89) + D o (389))-
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The orientation of the new system with respect to the
orlgma.l system is determined by the Eulerian angles
@, 8,9 which, in turn, satisfy the three conditions

?‘-‘ D2 1, (789) = 0;

S D (785)= S

§ e, D}y (§0) =0;
@D 2, (§6).

Then, as in Ref. 13, we can represent the expression
for Ulabc) as an integral over the complete configura-
tion space A of the single-particle vectors r, with vol-
ume element dr,,:

U (abc) = -;_j = 5 dt7s di. sin 38 d8 dp sin® db dy
xD(t, 7,8, ¢.9, % a. b, a)jdr,,,
X exp {2 i(—syrie — gty — s3rher )} Z ‘PIMVWL\:- (15)
M=-],

where

=(2/V3) [t L+ (7/2) cos (§ — 2n/3)];
5,=(2/V3) [t + (X/2) cos (8 -+ 27/3));
5={(2/V3) e+ (7\!2) cos §};

(1+is,) (1 +isy) (1 — s $ i
- (ab:)‘;—{s Tl exp (ikia? + ik + e

dry, =drdr, ... dr,.

We assume that the Jacobi vectors g, are normalized in
such a way that

2‘11’-‘- (}_,fr) —Zfl

We express the shell-model wave functions ¥ and \Ir
which are chosen in the form of combinations of Slater
determinants that are homogeneous in the nucleon co-
ordinates, in the Cartesian coordinate system. Then
the exponential with the sum in its argument can be in-
cluded in the Slater determinants if the single-particle
states are modified by replacing the isotropic three-
dimensional oscillator by an anisotropic oscillator
whose vibration frequencies along the x’,y’, 2z’ axes dif-
fer from the corresponding frequencies of the isotropic
oscillator by the factors 1+is,, 1+ is,, 1+ is,. At the
same time, a compensating factor must be added in
front of the Slater determinants to preserve their cor-
rect normalization,

Thus, we have shown that to calculate U(gbc) it is
sufficient to integrate the expressions containing the
Slater determinants. It follows that the matrix ele-
ments of the potential-energy operator between the
functions Y, can be found without our having to con-
struct explicitly functions y, satisfying the Pauli prin-
ciple (these functions are contained implicitly in the
Slater determinants), and the operation of averaging the
spin-isospin matrices of the potential-energy operator
of the system can also be performed by means of the
Slater determinants,

The combination of the simplest Slater determinants
of the oscillator shell model for the ground state of the
°He nucleus (total orbital angular momentum L =0, to-
tal spin §=0, total isospin T=1) has the form

(¥ + ¥, +¥.)/V3 (16)
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Each of the terms of this combination corresponds to a
definite filling by two neutrons of the p shell of excited
states of the three-dimensional oscillator. The sub-
scripts indicate the quantum numbers of the filled ex-
cited states of the three-dimensional oscillator (thus,
x corresponds to single excitation of the oscillator
which vibrates along the x axis and zero-point vibra-
tions of the other two oscillators) and the number of
filled states (it is equal to the number of subscripts).
The serial number of the subscript indicates a definite
combination of single-particle spin-isospin quantum
numbers.

For the ground state of the ®Be nucleus, the combina-
tion of the simplest Slater determinants which corre-
sponds to L=0,5S=0, T=0 has the somewhat different
form

1
5

3

3
; 2 . (‘l’x’xixjxj + ‘Px,xjxixj + ?x‘x’xjxi)
» J=

1z o -
=5 ¥rrarro + Yeromro + Yeroeeols (17)

where x,=x,x,=9,%,= 2.

In a second form of expression, the summation sign
is replaced by symbols of scalar products, by means
of which the subscripts are combined (sums of their
pairwise products). To a definite combination of spin-
isospin quantum numbers, there no longer corresponds
the position of the subscript but only its serial number,
since the position and serial number no longer coincide
in all cases.

Finally, we give the combination of Slater determi-
nants for the nucleus **C, using not only the scalar-
product symbol but also the vector-product symbol:

¥ irradtrarranitradd) + ¥ radineiendiee)
+ Yiteratesirtdinen:

Note that the states 1 and 5,2 and 6,3 and 7, and 4 and
8 have the same spin-isospin quantum numbers.

We now consider again the expression (15). Before
we integrate over dr,, we expand the Slater determi-
nants and represent the integrated function as a sum of
products of single-particle functions. Because the
latter are orthogonal, many terms of this sum vanish
after integration over dr,. We integrate each of the re-
maining terms over the three components of the vector
of the particle whose coordinates occur only in the ar-
gument of the exponential in the given term of the sum.,
With regard to the remaining single-particle variables,
even if they occur only in the exponential, it is exped-
ient to integrate with respect to them after integration
with respect to the parameters of the integral repre-
sentations of the & functions. However, in the three-
dimensional space in which the single-particle vectors
are defined, it is first necessary to make a rotation to
ensure our return to the parameters p, and &, and then
to the 6 functions. In contrast to the arguments of the
6 functions of the original expressions (14), the argu-
ments of the new 6 functions contain, not the Jacobi co-
ordinates ¢,, but the coordinates r, of A -1 particles:
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A

A-1
U(ﬂ. b, c)ﬂ(a_bc-)%"js 8 (2 rlxriv) 5(
=1

=1

-1
?'ryru)
A=

A-1 A-1

><6( j r,zr;,) 8 (az_ b r'r!x) 5 (b'-'-_.- rf,,.) " (52,.. é: r“) .

=i I=1 =1 I

A=1
X & (ry, To, ...,rA_l)exp( - r?)dt;,A_s, (18)
I=1
where & is the sum of the products of the interaction
potential v, of two nucleons in certain spin-isospin
states and polynomials that are homogeneous in the
single-particle coordinates and invariant under rota-
tions in the three-dimensional space. Thus, for °He
for the function (17)

& (r1y Ty o ooy mg) = (473) m 132 {3 [ugy (r) +-v4s (D] (rgme)?
+ w13 (7) (F472)% + [Sv3s (r) + Buay (1) 4 34 (7) + 014 ()] (r475)*/2
— [Qvas (r) — vy (r) — Bvgs (1) 4+ v4a (1)) (ry7a) (r27s)/2},  r=|ry—1y|.

For ®Be for the functions (18)

1] (Fist s o %nh;wz{ Gugs (r) -+ 3vgy (r)z']ral"]s () vy (r)

X ([rsry) (rsTs) + (rars) (raTs) + (ravs) (r4xs)]® + [(ryre) (rary)
+ (ryra) (rore) + (ryry) (vars)]® + [(ryrs) (rers) 4 (ryry) (rars)
+ (ry75) (rar)12 + [(rars) (rars) + (rory) (vars) + (rors) (rsra)2)
— 2ean (01— 08033 003 0 (e, gt + (e (e
=+ (r3Ts) (rers) 1P =+ [(r472) (rare) = (rors) (rory) + (ryry) (rar2)]? + 2 [(vy75) (rars)
=+ (1) (rars) 4 (r47s) (rare)] [(rar2) (rers) + (rary) (vars) - (rars) (l'aﬂ)l)} .

If the coordinate axes are directed along the princi-
pal axes of the ellipsoid of inertia of the system of
A -1 particles, and if the function 4, which is invariant
under rotations of the coordinate axes, we go over from
the single-particle vectors ry, r,,...,r,., to the semi-
axes ag, by, cg of the ellipsoid of inertia and the general-
ized Eulerian angles af, @z,.+. ,34-9, then in (18) we
can integrate over ag, by, cg and the Eulerian angles ¢’,
@’,y’ of the orientation of the ellipsoid of inertia. At
the same time, it should be borne in mind that in the
system of the ellipsoid of inertia the single-particle
vectors r,,r,,...,r,, are related to the collective
variables aj, bj, ¢{ and the generalized Eulerian angles
by the same relations that connect the Jacobi vectors
Q;,dz,-..,0,4 to the semiaxes q, b, ¢, of the ellipsoid
of inertia of the system of A particles (with the center-
of-mass motion separated) and the generalized Eulerian
angles @, a5 ..., Q34-¢- The upshot is that U is given
by the expression

Ula, b, c)=S & (@, by €, &)y i ...y Gaans)

xX.exp(—a®—b2—c?)da;das, ..., d234-9,

from which it is now not difficult to extract the required
matrix elements U,,.(a, b, c).

Performing all the necessary operations, we can
represent the matrix elements for ®He in the form?®®

U =3 0%
&
U= | de s () +v1s (01 (] i [
U= dwgs (p) v] 2] v;
U = | e (90as (7) 4 3vs0 (1) + 30 (B +vus () 1 s v

U8 = [ dv 5 1903 (p) — 3053 () + 01t (D) (¥] i | ¥,
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where

p=V?2V a*r?sint 0, cos® g+~ &%r2 sin? B, sin® g, c?r? cos? By,
dt=r*drsin0,d8,dg,; 1>r>0; n>0,>0; 21>¢,>0;

U315 Usgs Y13, ¥y Are the usually defined components of the
exchange potential and v is a definite set of quantum
numbers. For °He, if we restrict ourselves to the v
contained in the wave function (16), it is convenient to
classify the basis functions by using the quasiangular
momentum f, its projection %, and also the quantum
number », which is uniquely related to j by 2p+j=2
j=0, 2. Then

('!ff;lrl:lfl'f'k'):AitRnJ (") Yk (82, @2) Ruvie (r) Yo (8a, @3)
N AnChT Ry (1) Yiong (Ba @2) 4 A58

ng, 71, by
Ay =1/5; Ay =13/20; Agy= —1/%; Ay~ —1/20;
A=) VTR, Ap=(1/60)VTTx; Ay =(—1/24)V T
Aa=(13/120)VT/x; Ay =21/10%; Apy=21/80x;
Ags=21/16n; A;3=21/80m;
Ciod " =1; €% = —2(20%0}2K);
CIE* ™ = —2V/5(22kK'|00);  CB3N ™™ =1/ 3572 (22kk | 2h),

where ( jj'kR’ |j,k,) are Clebsch-Gordan coefficients.

6. DISTRIBUTION FUNCTION OF THE SINGLE-
PARTICLE DENSITY OF NUCLEI IN THE INTRINSIC
COORDINATE SYSTEM30.31

To study the shape of light nuelci, one frequenctly
considers the shape of the surfaces of equal density of
nucleons in the intrinsic coordinate system of the nu-
cleus. However, since the intrinsic system is not de-
fined, the shape of the nucleon density distribution in
the intrinsic system is identified with the shape of the
density distribution in the fixed system, this identifi-
cation being justified by the validity of the adiabatic ap-
proximation.®*3 The limitations of such an approach
are obvious. The shape of the density distribution is
found for a superposition of states with different angu-
lar momenta (this superposition is nominally called the
intrinsic function) but not for a state with definite value
of the angular momentum. The problem of calculating
the shape of the equal-density surfaces in states with
definite value of the angular momentum is not even
posed. It is even doubtful whether the adiabatic approx-
imation is valid, since even in the most favorable sit-
uation there is no safe margin for the conditions of ap-
plicability of the adiabatic approximation for nuclei of
the p and s-d shells.

If the intrinsic coordinate system of the nucleus is
tied to the principal axes of the ellipsoid of inertia, one
can construct the distribution function of the single-par-
ticle density of nucleons in this system, and with it the
constant-density surfaces. The latter give a direct rep-
resentation of the intrinsic shape of the nuclei.

The distribution function Ffi(£, 7, £) of the single-par-
ticle density of the nucleus in the intrinsic system can
be expressed in terms of an integral of the product of
the square of the modulus of the wave function and three
& functions over the complete space of variation of the
collective and intrinsic variables®:
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1 @ 0= 1vips (s— ) 2t

x4 (11—]/ 4_4_1 brsin 8’ cos qn’) & (g—]/ A;‘
X @Tape d'rﬁd‘:a,-; x
Q=n—(n+r+...+r)/A={§ n, L},

arsin B’ sin Q)’)

cr cos B') ®

(19)

where dr,,,,drg,d7,, are the volume elements in the
space of the variables a, b, ¢, ¢, 6, p, and a,;, re-
spectively; r, ¢', @’ are the intrinsic variables related
by simple equations to three of the 34 — 9 generalized
Eulerian angles:

n-2

rcos @' =cosBiZi;  rsin® cosq = sin 02} cos 87-2;

rsin @’ sin ¢’ = sin 621 sin 8725 cos 8273,

withl2#20,726'20,2r>¢’>0, and the volume ele-

ment in the space of these three independent intrinsic
variables has the form

AT, g, g = (1 —r2A~5/2 12 g sin 6" 40’ dyp'.

If we restrict ourselves to an integration over g, b
c and ¢, on the right-hand side of (19), we obtain the
function F{f(£,n,¢; ¢,6,¥), which is related to
fE,n, &) by

’

P& 0= FilG . & 9, 6, wa.

This new function can be of interest in an investigation
of the shape of nuclei in states with nonzero angular
momentum. In a state with zero angular momentum
(I=0), the function FI* does not depend on the Eulerian
angles and differs by only a constant factor from the
moment f°r,

Let a,(¢, 8, $) be the matrix elements of the rotation
matrix in three-dimensional space, and let ¢, 6,3, as
above, be the Eulerian angles of orientation of the prin-
cipal axes of the ellipsoid ofinertia with respect to the
fixed frame; it is then easy to establish a correspon-
dence between the coordinates £,7, ¢ of a point that is
fixed with respect to the intrinsic frame of the nucleus
and the coordinates x, y,z of a point that is fixed with
respect to the fixed frame:

E=ayz+ a2y + ag;
1 = auT + Azl + 8232 } (20)
{= a2+ agy +azns.

Substitution of the relations (20) in the expression for
the function FjT and subsequent integration of it over the
Eulerian angles ¢, 6, lead to the function 7%(x,y, z)

of the single-particle density of nucleons in the fixed
frame. Of course, the density f4 can also be obtained
by direct integration of the square of the modulus of the
wave function ¥f7 over all the variables for fixed values
of the coordinates of one of the nucleons in a center-of-
mass frame whose axes are not tied to the intrinsic
axes of the nucleus.

_ In states with zero angular momentum, the density
o in the fixed coordinate system depends only on

o~ VFFFATE,
and if
t=gsinecos§, n=gsinesind, [=gcose,

then in this special case
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B @@=z § 1" & n Dsinededs. (21)
The intrinsic variable # appears in (19) only when A

>4, For a system of four nucleons, this variable does

not exist (there remain only 6’ and ¢’), and the expres-

sion for the density therefore has the simpler form
= E: nb)= 5 IR EHE) (E,— ‘/-%_a sin @’ cos q:')
X 5(11— ]/-3—- bsin @’ sin q'-') & (!;- ]/-% ¢ cos 8’) dt,p. dTgdo.

Of the three Eulerian angles g, that are intrinsic vari-
ables, two are the angles 6’ and ¢’, and the third is the
angle ¢’, which varies from 0 to 27. To the intrinsic
variables there corresponds the volume element do
=5iné’d8’dy’dy’. As regards the collective variables
a,b,c, it is convenient for the following calculations to
go over in accordance with Eqs. (2) from them to the
variables p, 8,7, to which there corresponds the vol-
ume element

(22)

(23)

The ranges of the new variables are determined by the
inequalities

dtyp, = p® dpp* dp | sin 3y | dy/}/' T —3p° + 2p% cos 3y.

co>p>0;, a>y>21/3; —12cosy>p>0. (24)
Integration over the region
27/3>y>n/3; —1/2cos(y+21/3)>p>0 (25)

leads to the same result but with £ and £ interchanged,
whereas integration over the region

(26)

corresponds to the replacement of £ by £, & by n, and
by ¢. The Jacobian of the transformation from the argu-
ments of the three 6 functions to the variables p, ¢’, 6*
(the Jacobian must be known for the integration of the

& functions) is equal to

a/3>y>0; —1/2cos(y+2a/3)>p>0

27

One of the simplest wave functions of the system of
four nucleons is the function of the translationally in-
variant shell model for the ground state of ‘He. By
considering this function, we can understand at least
the qualitative nature of the single-particle density
function of *He in the intrinsic coordinate system. After
the transition to the collective and internal variables,
it takes the form

@ () 7§} (01, )
where the intrinsic function xj3], which is represented
by a single component, depends only on the spin-iso-
spin variables, while the collective function &) depends
only on the global radius p. Substitution of (28) in (22)
makes it possible to integrate over p and the angles

@', 6,9’ and to reduce the problem of calculating the
single-particle density to a two-dimensional integration:

Pedpsin Bydy
i D’“P(—D)mﬁm'

(3/4)*2p* V' 1—3p°+ 2p° cos 3y sin ©'.

qr?, (*He) = @ = const exp (— p%/2), (28)

fEnd= W'—

_1[ 1—Zﬂcosu---21 3) T 1-+2f cos (y—2a/3) s lm"ﬂco".‘ (29)

The single-particle density (29) is normalized in such
a way that
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@

[1]renaama=1.

The distribution of the single-particle density in the
fixed coordinate system for the wave function of the
translationally invariant shell model is well known:

73(a) = (4/32)""" exp (4g%3). (30)

The connection between (28) and (30) is determined by
the integral (21).

We begin our investigation of the function f°(E, 1, )
by establishing the limiting value of £%(0,0, £) when ¢
tends to zero. We set Bcosy=s and Bsiny=¢, and then

|sin 3y |dy B¢ dp = | 352 — 12| t dt ds;
1—3B2 4-2B% cos 3% = (1 +2s) 1(1—s)"-—3:=1;} (31)
—V3s>t>0; 0>s>—1/2.
Therefore
64 ¢ P
o &, oulBS
PO.0,)=—"7 5 j W (%)
s 4% taﬁ—ﬂ) t
eLaTY (_ T2 ) TT=2s) [(I—sF =36 *

The integration with respect to ¢ is readily performed.
If we then set u=4¢2/(1+ 2s), the density along the ¢
axis takes the form

(0, 0, C)r-——-—(a u Y udexp (—u)
i
TTIEIE N AR P

It follows immediately from (32) that lim (0,0, &)
=(4/37)%/2 in accordance with the exprcé'sosion (30).

But if the plane £=0 is approached with £2+7+#0, the
density increases as In(1/ | ;]), and the limit expression
for the density can be represented in the form

P&, t ) = (In(1/483) —C) -

i
- % [16/(37)%%] j [d (& n, WPexpl—d (& n, A)] 7dh, (33)
p .

where
d(E, m, 1) =(8/3) [/ (1 + )]

C is Euler’s constant. It follows from (33) that as we
leave the plane £=0 along the normal to this plane the
density decreases rapidly—much more rapidly than
when we move in the direction perpendicular to the ¢
axis. We can therefore say that in the intrinsic coor-
dinate system the nucleons are localized near the plane
t=0. Note that more than half of the mass of *He is in
a planar layer between the planes ¢,= 0.1, Note that
for £,7m, £ we have chosen units in which the oscillator
radius is 7,=1.

The factor accompanying In(1/4¢?) — C, which depends

10—

"
0 05 10 15 20 25y

FIG. 1. Contours of the function 16/(31r)sﬂf: [d(&, n; M
X expl-d(§,n; M)IAdA [see Eq. (33)].
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on £ and 7, determines the structure of the single-par-
ticle density function in the direction perpendicular to
the ¢ axis. In Fig. 1 we have plotted the contour in the

(£,m) plane, each of which corresponds to a definite val-
ue of this factor.

Thus, if the ranges of the variables g and ¥ are de-
termined by the conditions (24), the plane £=0 is dis-
tinguished. This distinguishing of one of the coordinate
planes of the system of the principal axes of the ellip-
soid of inertia (the one distinguished depends on the
choice of the ranges of the collective variables g and y)
is an effect with a kinematic origin due to the fact that
the volume element (23) in the space of collective vari-
ables of the system of four particles contains the fac-
tor (1 —3p%+ 28° cos3y)™?/2, which tends to infinity when
one of the three collective variables g, b, or ¢ tends to
zero. Vanishing of ¢, b, or ¢ means that all four par-
ticles are in one plane. Therefore, the probability den-
sity for planar configurations of the four-particle sys-
tem associated with the element of phase volume in the
space of collective variables is equal to infinity, and
this leads to the distinguishing of one of the planes, on
which the distribution function of the single-particle
density has a logarithmic singularity.

This distinguishing of one of the intrinsic planes oc-
curs not only for the four-particle system but also, and
to a greater extent, for the three-particle system,
whose single-particle density

& D=8 0" & ) (34)

contains a & function of ¢, since the three particles al-
ways remain in one plane during their motion.

It follows from the expression (29) that the equation
for the family of equal-density surfaces (f°=const) can
be represented in the form

=518 ). 35)

The { axis is the normal for the surfaces of this family,
The surfaces (35) squeeze up to the plane £=0 with in-
creasing distance of their points from the ¢ axis: |¢|
-0 if VE+n?—~». For fixed value of °, Eq. (35) gives
two surfaces symmetric about the plane {=0.

Now let 3J(A) be the ground-state wave function of a
doubly magic nucleus with A nucleons (equal numbers
of neutrons and protons) in the approximation of the
translationally invariant shell model with isotropic os-
cillator basis. Its arguments are the spin-isospin vari-
ables and the Jacobi vectors q,,49,,...,q,4-, and

n /B et

AT 1 =

=V ("_ Va R)'
where R is the specially normalized center-of-mass co-
ordinate: R=(r,+r,+...+r)VA,

(36)

The matrix element (¥3| f(q) | ¥3) of the operator f(q),
which acts only on g, can be represented in the form
(P27 (@) W9 = | diC (1) (W3 exp (ika) | ¥2), (37)

where
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€ (k) =z | da7 (@) exp (ikq),
but
(P2 | exp (ikq) | ¥8) = (¥? | exp (ikr, — ik &/ V A).
X | ¥2) Sdﬁexp(_§2+ikﬁ/ V @) n-2 exp (k2/4A) -
= exp (k2/44) (¥ | exp (ikry) | F), (38)

where

(¥ [exp (ikry) | ) = | duy| ¥ Pexp (ikr);
T Teposih(—RY2)
is the ground-state wave function of the doubly magic
nucleus in the oscillator shell model: dr,
=drdr,...dr,.

We denote by m the number of the last closed shell
of the magic nucleus; then

A=2/3)(m+1)(m+2)(m+3), m=01,2,...;

(T |exp (ikry) | T) = (4/3) L2 (k2/2) exp ( — k2/4), (39)

where L%(x) is the generalization of the Laguerre poly-
nomial. Therefore
A—1

Ly, (40)
As a result, the single-particle density of the magic
nucleus in which m shells are closed can be expressed
by the following formula in the center-of-mass system
of the nucleus:

(W3] exp (ika) | W3) =4 L (k2/2) exp ( —

P (@) = {dk— L"'( Jexp (—234 5 —ika).  (41)
In particular, for **O(m=1)

P =i )2 (—52). (42)
In the general case,

P (@) =Pr(e exp (—o27 ¢), (43)

where P,(q°) is a polynomial of degree m in g°%. The
density P,(g°) is normalized in such a way that the in-
tegral over the complete space of variation of the vec-
tor q is equal to unity when it is multiplied by [A/(4
—1)]. The function ¥3(A) in the system of the principal
axes of the ellipsoid of inertia can be represented as the
product of two factors—the collective function and the
intrinsic function x{¥*¥a,, 0,, 7,):

w3 (4) = Ofh™; D2 = const (abe)* exp [ — (a® + b2+ c2)/2];

k=mAl4. (44)

Using the results of Ref. 13, we can express the matrix
element of f(£,7,£) between the intrinsic functions x, of
the ground states y{(A4) of magic nuclei in terms of the
operator P,(—8/81) and the function 1,(A4,2;a,b,¢):

&1 @m0 12 =P (_gr): (4, % a,b, ) hati  (45)
2 3

Ia(A A b, &) =—t0 ;.;ﬂ %j (1 —r3)™ .!]zrzdr

£ 2 —_—

j sin 0’ 4@’ E dy 1;_ asin 6’ cosg’, I/A—:i

[]

V.- bsin ' smnp,]/'i— _ccosB)
=(A+2%— 5)/2 (46)
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Introducing the differentiation P, (~8/8) in the inte-
grand and making some simple transformations, we ob-
tain

ey 11 @ me O 1™

1
T 2 my-m-
5 n,f{."'ﬁé) S BV e

]

T s ndie s = N~ .

X jsmB de qu:f(]/ 7 rasin 0’ cos ¢’ ]/ 4 rb
] 0
% sin 8’ sin g, ]/A';1 re coaB'), (47)

where @,(#°) is a polynominal of degree m in 2

It is convenient to perform the subsequent calcula-
tions in the collective variables p,B,y. The collective
function $J in these variables has the form

oo B e B[ AR BDEE tsstovn
@5 (p, B, V) = Va (27) l/r(m;+t)lf(2m.~r3l

x p* exp (— p¥/2) (1 — 3p2 4 2p% cos 3y)"/2. (48)

It is normalized in such a way that unity is the result of
integrating ¥( p, 8, ¥) with the volume element

drppy = p*A~“dp (1 — 32 4 2 cos 3y)"~** Bt dPsin 3y dy (49)
over the region

0<p<oo; 0<<y<<m/3; 0<<Pp<<1/[2co8(p—2/3)].

To find f)(&,7, %), the distribution function of the sin-
gle-particle density in the system of principal axes of
the ellipsoid of inertia, we set

fE C)=5(E'—]/frarsinﬁ'cos qJ")
x8(n=)/ I3 Lorsin® sine’) 8 (¢~} L5 ercos)  (50)

and we integrate the matrix element (47) over the col-
lective variables p, 8,y with weight [8J(p, 8,7)]% The
three 6 functions in the integrand make it possible to
reduce the six-fold integral to a triple integral:

1

S (1_rz)m—m—lfz
0

4 \mi+i/2 16
f: (gv Ut ;):(-2_7') T 2m, +2)T (m, 1 1/2)

n/3 1/-[2 cos (y-2m/3)]

X Q@ (r®) r2dr S sin 3ydy (1—3p2
0 0
+2° cos )™ "2 BB (D, 2 exp [ — Dy, (51)
where
34 3] n?
) i [ 1+2pcus(y+2m§)_+ 1+2fcos (y—2n/3)
<] 1
+ T ) 7 (52)

In the particular case of oxygen **O(m=1), the poly-
nomial @,(7%) has the form

Q1 () = (1 +23r?) 532, (53)

The integration in (51) with this polynomial for A=16
was performed in Ref. 31. It was found that the con-
stant-density surfaces of *°0 in the intrinsic coordinate
system of this nucleus resemble ellipsoidal surfaces,
the semiaxes of the ellipsoids being in the ratios
0.65:0,85:1,10.
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7. EFFECTIVE NONSPHERICITY AND NONAXIALITY
OF NUCLE[34-%7

The quantitative criteria generally used to estimate
the nonsphericity of nuclei—the quadrupole moment in
some state and the probability of E2 transition between
different states of one rotational band—give only indi-
rect information about nuclear nonsphericity. The pa-
rameters of the anisotropic oscillator basis used for
Hartree-Fock calculations are also not directly re-
lated to the shape of the nucleus.

The most natural and direct way of estimating the
nonsphericity of nuclei and the values of their quadru-
pole deformations is based on an investigation of the
components ul%(p, B,7) of the collective function [see
(3)], since it is in terms of the collective variables
p,B,7 that one determines the nonzero components of
the tensor @,, of the mass quadrupole moment in the
system of the principal axes of the ellipsoid of inertia,
or, which is the same thing, in the system of the prin-
cipal axes of the tensor of the quadrupole moment. To
within a factor equal to the nucleon mass,

Qu=2pPcosy; Qur=2p*psiny=(Cn +Qa)V'2;
Qay=Qaey = (Qro—022) V2=0. ) (54)

The collective components «} give the most complete
picture of the quadrupole deformations of the nucleus.
In particular, they determine the function

W (o, B 1) = Jluwrkc (0, B Vs (55)

in terms of which the probability density of different
values of p,B,y is expressed. To estimate the extent to
which the ellipsoid of inertia of a given state differs on
the average from a sphere, we can consider the aver-
age value B2 It characterizes the effective nonspher-
icity of the nucleus. As regards the effective nonaxial-
ity of the ellipsoid of inertia of the nucleus, it can be
characterized by the mean value B cos3y. Both % and
B¥cos3y can be readily calculated if the function W** is
known., For example,

= ‘ W2 d, drp,;

dvy= p*A-4 dp; dtpy = (1 —3p2- 2p° cos 3y) A~ (56)
X B dp sin 3y dy.

The integration with respect to p is from zero to in-
finity, and the integration with respect to g and y is
over the area of the triangle formed by the two rays
that emanate from the origin at the angles y=0 and ¥
=7/3 and the straight line for which 1+ 28 cos(y + 21/3)
=0. :

Let us now consider particular nuclei. To describe
them, we shall use the wave functions of the transla-
tionally invariant oscillator shell model, which are a
reasonable zeroth approximation for light nuclei. We
begin by analyzing the shape of the ellipsoid of inertia
of light magic nuclei.

The single component of the collective wave funection
(28) of the *He ground state does not depend on 8 or y:

uf, o (“He) = @ (*He) ~ exp (— p?/2). (57)
Therefore, the probability density of different values of
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B and y is determined solely by the dependence of the
element of phase volume on these variables:

dvgy (*He) — B¢ dp sin 3y dy/)/ 1— 3p* + 2p° cos 3y. (58)

For fixed values of ¥, the probability density increases
with increasing g and becomes infinite at the maximal
(allowed) values of 8.

The mean value of 8%, calculated in accordance with
the function (57) with allowance for (58), is

B2 (¥He) = 0.455. (59)

To get a perspicuous scale for this value, we must
somewhat modify the definition of g and introduce the
new variable

=V /55, (60)

whose values can be directly compared with the values
taken by the deformation parameter B used by Bohr and
Mottelson.! The appearance of the factor v4r/5 is a
result of the following comparison.

The operator of the quadrupole moment of the mass
distribution of the nucleons in the nucleus is related in
a simple manner to the collective variables p, 8,y and
the generalized spherical functions D?, of the Eulerian
angles ¢, 0, §:

Qap = 2p%B [ces yDin +sin y (Diae+ Di-m)/V 2). (61)

If there are vibrations in the nucleus of the variable
p about the equilibrium value p, and if the amplitude of
these vibrations is small compared with p,, then the
mean square radius 1i of the nucleus satisfies the ap-
proximate relation A»*= p2. In the same approxima-
tion, p? in (60) can be replaced by A»2 It follows from
comparison of the resulting approximate expression for
@,y and the same operator but in the Bohr -Mottelson
model that

Quar =V 57 Arif [cos YDiu +sin T (Dhar + D2 oa) V'35

72— (3/5) R}, (62)

where R, is the radius of a sphere filled uniformly by
the nuclear matter; there also follow (60) and the equa-
tion y=7.

It follows from (59) and (60) that V2= 1.07 for *He,
whereas the statistical value of 8 in the Bohr —Mottelson
model for heavy nonspherical nuclei (the equilibrium
value about which the E vibrations take place) is approx-
imately equal to 0.3 - 0.35.

The collective component (57) corresponds to the
wave function of a system in which oscillator forces of
Wigner type act between the particles. If the oscillator
forces are replaced by weak attractive forces, the
mean value of g% is increased even more. But if on the
background of the long-range attractive forces a short-
range repulsion is introduced, ﬁ_z is somewhat de-
creased. The value of 8% is near zero if there are in
the system forces (a combination of short-range re-
pulsion and long-range attraction) which rigidly stabi-
lize the motion of the four particles near the vertices
of a tetrahedron,

The mean value of 8° cos3y for the ground state of *He
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TABLE I. Parameters of effective deformation of light
magic nuclei.

Nucleus Bt T 988 | . - Cofrbefriess’
“He 0.67 12 1.52:0,77:0.31
150 0.27 23 1.22:0,97:0.76
40Ca 0.444 27 1.12:0,99:0.87

can also be readily found using (57) and (58) and is
B%cos3y=0,245,

If the relations
Bl = p*P¥pt; Basr cos 3y, =p®B% cos Iy/pt

are used to determine g3, and y,,,, we then obtain®’ for

“He the result g,,,=0,672 and y,,,= 12°25,

We recall that in the Bohr-Mottelson collective mod-
el B*cos3y =0 for all states of a nucleus that executes
harmonic vibrations about a spherically symmetric
shape, and therefore in this case ¥,,= 30°,

Thus, on the average the ellipsoid of inertia of *He
in the intrinsic coordinate system has an elongated
nonaxial shape. Expressing in terms of Boge and v,
the effective value of the three semiaxes of the ellip-
soid of inertia:

cott = V1420 c0sVerrs besr 2V T2y <08 (Vg —273);
‘Qor =V 1+ 2B r COS (Vg -+ 2073),
we find a ratio that also characterizes on the average

the quadrupole moment of the mass distribution of the
nucleons in the intrinsic coordinate system.

The values of B, and y ., and the ratios c,..:b 4.a,,
for the ground states of the light magic nuclei are given
in Table I. With increasing mass number A, the value
of B, of the magic nuclei decreases (although even for
**Ca it has a relatively large value), while y,,, tends to
/6.

The mean values of p*8® and p°g°® cos3y can be calcu-
lated in any microscopic model without direct use of the
functions W' or the collective components ull, provided
the wave function of the model can be expressed in
terms of the coordinates of the nucleons. Thus, in the
same approximation of the translationally invariant
shell model,

3 1 1 5y N
B =7 B [~ T L+ [+ s
y 1
Bax o83Vt =SB, BT D BT (208 + 20
+63[ g = L (L+1)]+70E:} ;
g2=(2/3) (A2 4-p2 4 244 31+ 3p);

S=A—p [(A+20) CA+p) 9 (2 4p+1)1/9;
Eo= Ny +(3/2)(4—1),

where L is the total orbital angular momentum of the
state, A and p are the indices of the representation of
SU(3), w isthe eigenvalue of the Bargmann—Moshinsky
operator, N, is the smallest number of oscillator
quanta of the state permitted by the Pauli principle for

2n the considered approximation, p'p* = P, %% cos 3y = H°f° cos 7.
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TABLE II. Parameters of effective deformation of some
nonmagic nuclei.

‘Nucleus | L (Aw) L Vogy» dog Cofr Befrtetr
6He 0 (20) 0.58 14 1,46:0.82:0.44
2 0.54 15 1.43:0.58:0.49
*He 0 (40) 0.53 14 1.43:0.84:0,51
2 0.52 15 1,41:0.85:0.52
4 0.47 18 1.38:0.90:0.55
10p 0 (22) 0.43 21 1.34:0.93:0.58
iig 0 (04) 0.38 26 1.30:0.97:0.61
2 0.37 25 1.29:0.97:0.63
4 0.35 23 1.28:0.96:0,67
1C 0 02) 0.31 23 \ 1.25:0.96:0.71
2 0.30 23 , 1.24:0.96:0.73
g ] (40) 0.27 22 ! 1.23:0.96:0.76
P2 0.27 22 1.23:0.96:0.76
4 0.26 23 1.21:0.97:0.77
2°Ne Q (80) 0.29. 19 1.25:0.94:0.75
2 0.29 19 1,25:0.94:0.75
4 0.28 20 1.24:0.95:0.75
6 0.27 21 1.23:0.96:0.75
8 0.25 23 1.21:0.97:0.77
24 Mg 0 (84) 0.28 22 1.23:0.96:0.75
SHe 1 (10) 0.60 14 1,54:0.82:0.41
TLi i (30) 0.55 14 1.43:0.84:0.49
3 0.50 17 1.40:0.88:0.52

the representation (Ap) of the SU(3) scheme.

The effective deformation parameters of some nuclei
of the p and s —d shells are given in Table II.

Within the first oscillator shells, both the nonspher-
icity and the effective nonaxiality vary weakly on the
transition from one nucleus to its neighbor, and the
values of 8,,, and v, for the nonmagic nuclei are close
to the corresponding values for the magic nuclei. The
nonsphericity of the ground states of even-even nuclei
(L=0) of the p shell is the greater, the larger is the
number of nucleons, and ?Ne has the greatest non-
sphericity in the ground state for the nuclei of the s —=d
shell.

As L varies from the minimal to the maximal value
within the representation (Ap) of SU(3), the value of
Bogs 2lways only decreases, and y,,, increases if the
wave functions belong to a representation with A #0,
=0 and decreases if A=0, p#0. Thus, a nucleus that
is prolate for L=0(x+#0, p=0) becomes oblate with in-
creasing L, while a nucleus that is oblate for L=0 (A
=0, u #0) becomes prolate with increasing L, but its
nonsphericity decreases simultaneously in both the first
and the second case.

Thus, the translationally invariant shell model using
an isotropic oscillator basis predicts a large effective
nonsphericity and an effective nonaxiality of the ellip-
soid of inertia of nuclei of the p and s - d shells, and
within the SU(3) group of rotational bands the degree of
nonsphericity of the nuclear ellipsoid of inertia hardly
changes as long as the orbital angular momentum L is
small; but at the maximal L for the (Ap) band the cen-
trifugal stretching to which the rotating nucleus is sub-
jected is appreciably weaker than at small L, and the
degree of nonsphericity of the nucleus is accordingly
smaller. This somewhat unexpected effect, which was
noted earlier in a different form in Refs. 38-40 and
called there anticentrifugal stretching, receives a sim=
ple explanation on the basis of the notion of a subsys-
tem determined by the intrinsic degrees of freedom of
the nucleus —the generalized Eulerian angles in the
(4 - 1)-dimensional space.
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Above, we have already noted that the quasiangular
momentum j, the angular momentum of the intrinsic
subsystem with respect to the principal axes of the el-
lipsoid of inertia, and its projection onto one of the
axes of the ellipsoid of inertia can be conveniently used
to classify the components x, of the intrinsic function,
which characterizes the motion of the subsystem, All
the states of the nucleus belonging to the band (Ap) have
the same many-component intrinsic function, and each
of the states is a superposition of components of the
intrinsic function corresponding to different values of
the quasiangular momentum and its projection. The
presence of components with nonzero quasiangular mo-
mentum means that in all states of the rotational band
there is intrinsic rotation. The intrinsic rotation is a
result of the fact that for nonmagic nuclei the homo-
geneous polynomials of minimal degree satisfying the
conditions of the Pauli principle and constructed from
the single-particle nucleon coordinates must correspond
to nonzero values of the quasiangular momentum.

The contribution of components with different values
of the quasiangular momentum is determined by the
component of the collective function. The possible val-
ues of the quasiangular momentum depend on the in-
dices A and p. Suppose, for example, that the rota-
tional band (Au) of an even-even nucleus corresponds
to an even value A #0 and p=0. Then the quasiangular
momentum takes all possible even values from 0 to A,
and even in the base state of the rotational band (L= 0)
components of the intrinsic function with nonzero quasi-
angular momentum are important, Moreover, in this
state the intrinsic rotation favors the appearance of ef-
fective nonsphericity to a greater extent than in other
states. Indeed, since the total angular momentum of
the nucleus is zero, in order to compensate fully the
angular momentum of the intrinsic rotation, the ellip-
soid of inertia must rotate in the direction opposite to
that of the intrinsic rotation, with the result that cen-
trifugal forces distort the ellipsoid of inertia in such a
way that the axis along which it is elongated is on the
average perpendicular to the quasiangular momentum.

In the form in which it is expressed in Refs. 13 and
14, the Hamiltonian of the nucleus does not contain the
angular momentum operators of the intrinsic rotation
of the ellipsoid of inertia, but it does contain the op-
erators of the projections ;u f,,, j‘} of the quasiangular
momentum and the operators of the projections L,,L,,
L, of the total orbital angular momentum of the nucleus
onto the principal axes of the elhpsmd of inertia. The
operators of the projections R,,R,,,Rc of the angular
momentum of intrinsic rotation of the ellipsoid of in-
ertia are related to the operators of the projections of
the quasiangular momentum and the total angular mo-
mentum by simple equations: R,=I,-j,,R,=I,=jp,
ﬁ,= i e= fg. Therefore the part of the Hamiltonian of
the system that in a state with zero total angular mo-
mentum is the kinetic-energy operator of the intrinsic
rotation of the ellipsoid of inertia has the form

T

A2 1—Pcos(y—2m/3) .5 , 1—Pcos(y+2n/3) .
£+ ] + Sinfy

Impipe | sin® (v—2n/3) ) sin® (y -+ 27/3)

In the states of the rotational band in which the total
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angular momentum is nonzero, there is no need to
compensate completely the angular momentum of the
intrinsic rotation, and the intrinsic rotation of the el-
lipsoid of inertia is not so rapid. The greater is the
total angular momentum of the state of the rotational
band (Ap), the slower the ellipsoid of inertia rotates.
The slowing down of the intrinsic rotation of the ellip-
soid of inertia somewhat reduces the effect of the cen-
trifugal stretching of the nucleus and simultaneously
reduces its degree of nonsphericity. However, as long
as the total angular momentum of the nucleus is much
smaller than the maximal value of the quasiangular mo-
mentum of the intrinsic function of the rotational band
(Ap), this decrease has virtually no influence on the ef-
fective nonsphericity and on the effective nonaxiality of
the ellipsoid of inertia, and it is only in the states in
which the total angular momentum of the nucleus has its
maximal value that it can be appreciable. In these
states, the angular momentum of the nucleus is di-
rected on the average along the quasiangular momen-
tum.

CONCLUSIONS

The method of generalized hyperspherical functions
has passed through only the first stage of its develop-
ment. Hitherto, it has been used only to investigate
comparatively simple systems. The aim here has been
to establish the potentialities of the method and its ad-
vantages over the traditional approaches. As regards
the extension of the method to a greater number of nu-
clei and its development beyond the minimal approxi-
mation, this requires further development of the tech-
nique of computation of the matrix elements of various
operators between generalized hyperspherical func-
tions.
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