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Information about the nucleon-nucleon forces and the two-particle NN potential at short distances
between the nucleons can be extracted from two- and many-particle scattering experiments at
nonrelativistic energies. The phase shifts of nucleon-nucleon scattering up to 450 MeV in the laboratory
system, the off-shell two-particle scattering amplitude, and the deuteron wave function are considered.
New data on the potential at short distances are obtained, and some model potentials are constructed in
the framework of meson theory, these making it possible to describe experiments involving the scattering

of two or three nucleons.
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INTRODUCTION

The investigation of the two-particle nucleon-nucleon
interaction and its associated potential at initial ener-
gies up to a few hundred MeV is one of the basic prob-
lems of nuclear physics. Although considerable experi-
mental material that makes it possible to study the
scattering of two or several particles at low and me-
dium energies has by now been accumulated, there is
still no unified theoretical description of the nucleon—
nucleon interaction nor a general method for analyzing
the experimental data. Indeed, there is a steady in-
crease in the number of theoretical papers that discuss
the results of experiments from the point of view of
model or phenomenological ideas about the NN potential
and also within the framework of the meson theory of
nuclear forces.

In the field-theoretical description of the NN interac-
tion at nonrelativistic energies, the quantum-mechani-
cal potential is usually regarded as the Fourier trans-
form with respect to the momentum transfer of the sum
of all possible irreducible Feynman diagrams under the
assumption that the nucleons interact through a set of
boson fields. Through the work of a number of au-
thors,'™*° it has now become fairly clear that the peri-
pheral and central region of the NN potential (» = 0.5 F),
which is here attractive, results basically from one-
and two-pion exchanges, and also from the contributions
made by the resonance parts of three-pion exchanges
(w meson, 7 meson, etc.). To study the inner part of the
potential (»<0.5 F), it is necessary to take into account
the higher irreducible diagrams of perturbation theory,
and considerable computational difficulties arise if this
is to be done accurately.

Thus, in the existing meson models of the NN forces
we face the problem of determining the potential at short
distances between the nucleons.

It follows from the phase-shift analysis of the elastic
NN scattering amplitude made on the basis of the avail-
able experimental data on the cross sections of np and
pp interactions,'®~'® and especially from the S-wave

phase shifts as a function of the energies of the colliding

particles, that the nucleon—nucleon potential is repul-
sive at small .
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In the field-theoretical description of the NN interac-
tion, the meson models of the nucleon—nucleon potentials
can be divided into three groups, depending on the man-
ner in which the repulsive core is introduced. In the
first group, we have the models in which a local core
is determined phenomenologically, for example, in the
form of an “infinite wall” (V,=<« for 0<# <, or in
some other equivalent manner.'® In the models of the
second group, a nonlocal repulsive core is specified
through a separable representation of the core in mo-
mentum space.'®* Finally, the third group consists of
potentials in which a regularization procedure is car-
ried out on the basis of physical assumptions. For ex-
ample, Green efal.>™* do not use the “bare” nucleon-
meson interaction vertex in the irreducible diagrams but
add a meson form factor, which decreases with increas-
ing momentum transfer. In this case, calculation of the
Fourier transform with respect to the momentum trans-
fer of the diagrams containing single-boson exchanges
does not lead to any singularities in the potential at 7 =0.
In these investigations, the meson form factor is intro-
duced phenomenologically. Of greater interest from our
point of view is the work of Jackson and Woloshyn,!® who
discussed the possibility of calculating diagrams with
many-meson exchanges in the framework of the eikonal
approximation. This procedure for regularizing the NN
potential is more physical than the introduction of a
phenomenological form factor, though it requires exper-
imental confirmation. This diversity of approaches and
models for describing the NN interaction is a clear in-
dication that we have inadequate experimental informa-
tion about this phenomenon and makes us consider new
ways of extracting data on the nucleon-nucleon forces
from the experiments.

In this review, we consider new information about the
repulsive core of the NN potential that can be extracted
from two- and three-nucleon scattering experiments.
To this end, we consider some characteristics of the
scattering of a small number of nucleons, in particular
the off-shell two-particle scattering amplitude and the
deuteron wave function, which are more sensitive to the
form of the potential than the two-nucleon elastic phase
shifts.

Methods for analyzing the off-shell behavior of the
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two-particle scattering amplitude and the deuteron wave
function with a view to obtaining more exact information
about the nucleon-nucleon potentials were proposed in
Ref. 20.

1. NUCLEAR POTENTIAL AND NUCLEON-NUCLEON
PHASE SHIFTS

Restrictions on the Heights and Radii of the Repulsive
Cove. The main requirement at present imposed on
models of the NN potential is that it must describe the
two-nucleon elastic phase shifts in a certain range of
energies. If the partial-wave phase shift §,(E) were
known in the energy range 0<E <« of the colliding par-
ticles, a potential V,(») that reproduces this phase shift
could be determined by the methods of the inverse prob-
lem of scattering theory.?® However, because of the dif-
ficulties associated with determining the phase shifts
from the experimental NN scattering cross sections,
and also because of relativistic inelastic effects, the
phase shifts are determined (with a certain accuracy)
only in the energy region 0<E,,, =450 MeV,' and this
means that, even in the framework of meson models,
one can use a large class of model potentials, which are
the so-called phase-shift-equivalent (or phase-equiva-
lent) potentials. The very existence of strongly differ-
ent models of potentials that can, with a certain error,
reproduce not only an individual phase shift but also a
set of several phase shifts in a given energy range in-
dicates the difficulty in determining any absolute values
of the parameters of the potential function by investi-
gating phase-shift curves. However, as we shall show
in what follows, a connection between the parameters of
the NN potentials can be established by an analysis of
these curves.

To investigate the parameters that characterize the
inner part of the nucleon—-nucleon potential, the sing-
let 'S, phase shift is the most favorable, since in this
case there is no centrifugal barrier masking the be-
havior of the potential function at short distances. In
Fig. 1, for comparison, we show calculated theoretical
singlet phase shifts of S, P, and D scattering of protons
corresponding to successively increasing values of the
regularizing parameter that characterizes the inner re-
gion in one of the OBE potentials of Green efal.’® It can
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FIG. 1. Comparative change of the singlet S, P, and D phase
shifts of NN scattering in the energy range 0< E;5; <320 MeV
in the case when one of the regularized parameters of the
OBE potential of Green ef al. takes successively increasing
values.
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be seen that variation of this parameter has an appreci-
able influence on the behavior of only the S-wave phase
shift,

As a tool to investigate the curve of the S-wave phase
shift, we use the variable-phase method.?® By means
of this method, one can find many helpful restrictions
on the characteristic parameters of the repulsive core
(its height and radius) if the behavior of the potential is
known in the peripheral and central regions.

Before we turn to the solution of the problem we have
posed, we obtain an important relation that will be fre-
quently used in what follows; namely, we consider the
relation between a small change dV(r) in the form of the
potential and the corresponding change d,(r, k) in the
S-wave phase shift. The equation for the S-wave phase
shift has the form®’

88y (r, k)lor = — (V (r)/k) sin? [kr + 8 (r, k)], 8 (0, k)=0. (1)

Then under the assumption that the operator d of the
change in the form of the potential function and the dif-
ferentiation operator 8 /9 commute, we can obtain from
Edq. (1) an equation for the increment of the phase-shift
function:

2 a8y (r, 1= — 2 sin2 [y +-8 (7, K]
— YO gin 2 (kr 484 (r, ) B (r, B , )
d8, (0, k) =0,

and this equation has the solution

a8y (v, ) = — 5 sin?y (&, &)
0

xexp{— [ v (m sin 2y (n, ¥) an} (¥ @)1 2. (3)

For convenience, we have here introduced the notation
¥(r, k) =kr +8,(r, k). The increment d6,(k) of the ob-
served phase shift follows from (3) in the limit 7 — o,
Thus, if we consider a monotonic sequence of potential
functions V,(#)2 V,(r)= V4(r)= ..., in which each poten-
tial differs from the others in at least a small region
Ay, the sequence of phase-shift curves corresponding
to these potentials will satisfy the system of inequalities

(<8P R)<(R)<.... (4)
which follows directly from Eq. (3).

We now turn to the study of the 'S, phase shift of NN
scattering and attempt to determine the boundary of the
repulsive part of the NN interaction. To this end, we
consider Eq. (1) at the energy k23>0 of the colliding par-
ticles at which the 'S, phase shift passes through zero
(v2=3.4 F~2), since it is precisely the presence of the
repulsive core in the nuclear potential that leads to a
change in the sign of the phase-shift curve; this follows,
in particular, from Egs. (3) and (4). However, we must
first define what we mean by the core radius »,.

DWe measure the energy in units of ¥*2, The transition from
MeV to F~? is made by means of the relation (%%)p-2
= (My/7%) (B, .o uov» WheTe My/f2=41.47 F~*/MeV.
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The scattering potential obtained from the meson the-
ory of nuclear forces can be regarded formally as a
sum in which each term corresponds to the nucleons ex-
changing one or several mesons of different species, so
that each term of the sum is characterized by a corre-
sponding short range.

It has been established that the interaction of nucleons

at distances 0.5 F and greater is due mainly to the ex-
change of one or two 7 mesons and also the contributions
from the exchange of the vector mesons p,w,n, ete.,
which can be regarded as resonance parts of the two-
and three-pion exchanges. In addition, it is necessary
to take into account certain additional mechanisms, for
example, the inclusion of nucleon resonances in the in-
termediate states of the two-pion exchange diagrams.
Essentially, all potentials in which the idea of two-pion
exchange is used'®™® are constructed in accordance with
this principle, and they differ only by the manner and
extent of the allowance for various short-range effects,
and also in the choice of the coupling constants for the
vector mesons, which are determined with large errors.

Thus, the “true” nucleon—nucleon potential V(7) can be
represented in the form of a sum of two parts:

V() =—=Vp()+V.(r),

where V,(r) is the outer part of the potential, which can
be determined with accuracy and minimal arbitrariness
in the framework of a model, and V(r) is the inner part,
which contains numerous phenomenological parameters.
The potential -V ,(r) is basically attractive, i.e., V,(r)
>0.1*7'* Then by the core radius », we shall mean the
nucleon—nucleon separation at which the behavior of
V(r) begins to differ from that of -V,(r) by, say, more
than 10%. It is obvious that the core radius defined in
this manner will depend on the accuracy with which we
have succeeded in taking into account all the peripheral
mechanisms in the NN interaction. In fact, at the pres-
ent time only the one-pion exchange potential (OPEP) is
a candidate for the part of V,(r).

Thus, suppose that the potential V() of nucleon-nu-
cleon scattering in the S-wave state is purely attractive
for » >r, and determined by the function V,(»), while for
7 <7, it has a structure whose form is as yet of no con-

-cern to us, it being known only that this part is mainly
determined by finite repulsive nucleon-nucleon forces.
We construct a potential V(») that has an infinitely high
repulsive core with radius 7, and for » >7, is described
by the same function V,(r). We denote the S-wave phase
function in such a potential by 5,(r, ), so that 5,()
=3,(x, %), where B (k) is the S-wave phase shift. Now
suppose that En(k) vanishes at k=%,. It is an obvious :
consequence of the -inequalities (4) that the phase shift
8o(k) of two nucleons in the potential V(r) will be greater
than zero at the point k,. To satisfy the condition 8o (kp)
=0, it is necessary to decrease the repulsive region by
increasing .. In this sense, the potential with infinite-
ly high core has the minimal core radius 7 among all
the potentials for which the outer part is given by the
function V,(r) and 0,(k) vanishes at k,. The radius »,
can be determined from the equation
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r‘°="'=1T § V(1) sin2 Uy +Bo 7, ki rea)1dr (5)
For “realistic” potentials that have an arbitrary struc-
ture within the region »,<#_,

Fe 2T (6)

and this inequality is remarkable in that the value of ¥eo
is determined solely by the form of the known function
V7).

The complicated transcendental equation (5) can be
somewhat simplified by remembering that 5,(r, £,)<0
for » >v, i.e., k¥ +8(r, ky)<kgr. Then in the ranges of
variation of # in which the inequality

/2 +an<kor + 8 (r, ko) <hgr<m(n+41) (7)
holds,
© sin2 [kor + 8‘, (ry ko)) > sin? kyr.

Since usually the range of the NN potential does not
exceed 3—4 F, it is sufficient to consider the inequality
(7) for n=0. In this case, it follows from (5) that

r=°>'kl? 3 Vp(r) s;nakor dr, (8)
where 7, =7/k;, and kgr, +8,(r,, ko) =1/2. Since B,(r,, &)
> —ko¥ 0, We have 7, <v,+1/2k,. Substituting the esti--
mates we have obtained for », and 7, in Eq. (8), we fi-
nally obtain

m‘[xu

rc,,>]% |

reo+7/ ko

Similarly, we can find a lower bound for the charac-
teristic height of the repulsive core, defining it as Lk
=max V(r). For this, we consider the set of potentials
which are described by the function =V,(r) for r>7,
and make the phase shift vanish at #=#,. Once again,
on the basis of the inequalities (4), it is obvious that
among these potentials the repulsive potential of rectan-
gular shape for 0<y <y, has the minimal height V- In
this case, the value of V,, is determined by the equa-~
tion?)

Vo (r)sin?k,rdr. 9)

ok
— kyre 4-arctg (-ﬁ tg .::or,:)

+; | Vo () sin2 i 43,7, ki re, Vel ar =0,
0

Te 2

(10)

where xo =Vk5 = Voo and 3,(r, ky; 7, ,V,0), is the solution
of Eq. (1) with the potential

+Ve  for
—Vu(r) for

V(r)-_—{ 0<rrg

r>re.
Formally, V., can be regarded in accordance with Eq.-
(10) as a function of the parameter »,; then Veol,) will
be a nondecreasing function of »,. We show an example
of the graph of V ,(r,) for some potential V,(r) in Fig. 2.
The values of the possible heights V, of the “real” po-

2 Tyanslator’s Note. The Russian notation for the trigonomet-
ric, inverse trigonometric, hyperbolic trigonometric func-
tions, ete., is retained here and throughout the article in the
displayed equations.
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FIG. 2. Example of the

dependence V(7,). The
parameters and form of
the attractive part of the
potential are fixed.
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tentials will lie above the curve V(r.), which can be
regarded as universal for a definite model of the pe-
ripheral nucleon—nucleon interaction.

" Thus, the connection between the parameters of the
attractive part of the nucleon—nucleon potential and the
possible heights and radii of the repulsive core deter-
mines the amount of information about the core that can
be extracted by studying the behavior of the 'S, phase
shift of two-nucleon scattering in the range of energies
up to 450 MeV in the laboratory system. The informa-
tion is so meager above all because of the relatively
small range of energies accessible for determining the
phase shifts. Of course, if one could extend the phase-
shift analysis to 1 GeV, for example, then one could at
least qualitatively determine the “strength” of the core
(Fig. 3). On the other hand, as is shown in Ref. 17, to
describe the 'S, phase shift at energies of the interacting
particles up to 450 MeV it is sufficient to have a poten-
tial function with five parameters chosen appropriately.
It follows that even if we specify an attractive potential
of a quite definite form we can still construct a set of
models of the repulsive core that, taken in conjunction
with the attractive part, reproduce the experimentally
observed energy dependence of the 'S, phase shift.

Comparative Analysis of Nucleon—Nucleon Phase
Shifts. As a rule, when the form of the NN potential is
reconstructed, the investigation is based on one sepa-
rately taken phase-shift curve of two-nucleon scattering.
It is, however, also of interest to compare phase-shift
curves, for example, the 'S, phase shifts of np and pp
scattering or the 'S, and %S, phase shifts of pp scatter-
ing, ete. Since the difference in the behavior of the first
group of curves is intimately related to the problem of
isospin invariance of the nucleon-nucleon forces, it is

8. deg
7

-2}
=2.5

FIG. 3. The S phase-shift curves for different potentials in the
region of energies E;y up to 4 GeV. 1) Hamada—Johnston po-
tential; 2) Reid potential with hard core; 3) Reid potential with
soft core; 4) one of the Sprung-Srivastava potentials; 5)
Gogny—Pires—de Tourreil potential,
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to be expected that a comparative investigation of them
will yield additional information about the nucleon—-nu-
cleon potential and, in particular, its repulsive core.

The hypothesis of isospin invariance of the NN inter-
action requires that the potentials of 'S, scattering in the
np and the pp systems be equal when Coulomb forces are
ignored. It follows from Ref. 17 that the difference be-
tween the singlet 'S, phase shifts of np and pp scattering
is at least non-negative up to an energy E,, =450 MeV
of the colliding particles and at this energy is

(11)

This phase difference is due to the interference between
the nuclear and Coulomb interactions, so that the phase
shift of two charged nuclear particles can be repre-
sented in the form

8o (k) = 85" (k) + 8o (k) — A8y (k),

ABy== 8, —Epp = 0.22 £ 0.07.

(12)

where &Goul (k) is the phase shift of scattering by the
Coulomb potential, and &y (%) is the phase shift for the
“purely” nuclear potential. To calculate the correction
Ab,(k) at large momenta k of the relative motion it is
usual to expand the phase shift §,(k) in a series in the
parameter v=a/k, where @ =Mye®/2k*=1.74-1072 F!
is the nucleon Coulomb constant.

Thus, the variable-phase equation (1) in the case of
scattering of charged nucleons on an isospin-invariant
potential takes the form

88 (ry k3 @)'dr = — (1B [V (r) + 2e'r] sin® [kr + &y (r, k3 @)],

8 (0, k; @) =0. el

For convenience, we also introduce the function

y(r, k; @), which is related to the variable-phase func-
tion 6,(r, k; @) by v(r,k; a) =kr +by(r, k; a). We make a
formal expansion of y(r, k; o) in a series in the para-
meter v under the condition |v| «<1:

y(r k@)= § Vi (7 K)- (14)
a=0

Then Eq. (13), rewritten for the function y(r, k; @), de-

composes into a system of first-order differential equa-

tions for the coefficients y,(r, k) in Eq. (14):

9o (r, k) Or =k —(V (r)/k) sin?yo (r, k), %0 (0, k) =0;

Ay (r, k)/or = —(2/r) sinZy, (r, k) {15)
—(V(r)/E) s (r, K)sin 2y (r, k), v (0. k) =0;
The equations containing v,(», &) with 7=1,2,... can be

readily integrated and expressed in terms of the func-
tion y,(#, k) of scattering by the “purely” nuclear poten-
tial V(r). Performing this integration, we can readily
show that ‘

8 (r, ks @)=0p(r, k; 0)

—{ a@F @k viexp[ — § sin2vo(n, BV myan]. (16)
0 t

Here F(&,k;v)=Y,n,v"g,(E, k), and the functions g,(£, &)

can be expressed in terms of y,(&, k) as follows:

g1 (8 k) =(2/%) sin?yo (§, k);
82 (8, &) =1 (&, £) [(2/8) sin 2y, (E, &)+ (V (E)/K) 7, (&, k) cos 2y, (5, K)];
23 (8, &) =[(2/8) v2 (§, ) —(2/3) v (&, k) (V (2)/K)] sin 2y, (, k)
+ 294 (&, &) [(1/B) y4 (&, )+ (V (EVE) v2 (B, k)] cos 2vo (8, k),  ete.

r

o (r, K)= —j; gn (& Ryexp | — Ssin 20 (n, BV (1) dq],
3

Komarov et al. 478



In order to obtain from (16) the observed phase shift
of charged particles, we must let 7 tend to infinity.
Then the integral will diverge logarithmically. We de-
termine the phase-shift function of S-wave scattering by
the potential V(r, a) =V(r) +2a/# as # == as follows:

8o (ry & @)reoo = By (K, @) —v In 2kr
+(1/2i) In [T (1 +iv)/T (1 —iv)].

1m
Before we substitute (17) in (16), we note that
1n 2kr =2 j % sin? kE 4 Ci (2kr) —C,
0
where C, Euler’s constant, is equal to 0.577... , and

the cosine integral satisfies Ci(2kr) =0 as 7 -~ . If we

now take into account (12) and also expand the Coulomb
phase shift (1/2i)In[I'(1 +iv)/T(1 - iv)] in a series in the
parameter v, we obtain the following expression for the
interference correction from (16);

A, (k)

4 gdg [F @& k) exp (—+ S:sin 20 (n, k) V (n) dn) -_2vslgﬁ]

— 3 (=)™ @m 1),

masi

(18)

All the integrals in the expression (18) exist, and there-
fore to estimate Ad,(%) under the condition |v|<1 it is
meaninfgul to restrict ourselves to the first term of the
expansion in v:

Ay () = 2v j %[smayﬂ & &)
0
pif

xexp (—+ | sin 2y (n, BV () n) *sinzkg].
3

(19)

Note that the condition [v|<«<1 in the case of scattering
of protons is well satisfied already at the interaction en-
ergy E,,, = 2 MeV.

Before we apply Eq. (19) to investigate the difference
(11) between the phase shifts, we must discuss the justi-
fication for such a comparison. The problem is that at
c.m.s. energy of order 200 MeV one must take into ac-
count relativistic corrections to the phase shifts, the in-
fluence of the electromagnetic form factor of the nu-
cleons (which modifies the Coulomb law at short dis-
tances), the effect of vacuum polarization, etc. How-
ever, for the estimate of the difference between the
phase shifts of np and pp scattering, the relativistic cor-
rections are proportional to v(AkF, where A =F/Myc
=0.2 F is the nucleon Compton wavelength, and the rela-
tivistic corrections can be ignored in comparison with
A%, in (11). Further, in this analysis one can ignore the
influence of vacuum polarization on the difference be-
tween the phase shifts at the given energy, since this
effect plays an appreciable role® at energies E,, =20
MeV. We shall consider allowance for direct and in-
direct electromagnetic effects somewhat later.

We now investigate the expression (19). Assuming that
the value (11) of A5, occurs on the left-hand side of (19),
we can simplify the expression (19) by taking into ac-
count the range R of the nuclear potential outside which
one can in practice assume V(r)=0 (usually, R does not

479 Sov. J. Part. Nucl. 9(6), Nov.-Dec. 1978

exceed 3—-4 F). In this case
R R
A8y () =2v [ Fsin® o (&, k) exp ( — -+ | sin 2y (n, )V (n) dn)
£

TER
0
+H, (20)

where
R ©
H=2v{- | Lsinzie+ | F [sin? (12 + 8y (K)) —sin? )
o R

exp = i exp
=v[cos 20,y (k) Ci (2kR)—sin 285" (k) Si (2kR) —C — In (2kR)).

At an energy E,,, =450 MeV (£=2.35 F™), ¥ is negative
and its modulus has a value of order 0.01-0.03 for 0.5
<R<5 F, so that the second term in (20) can be ignored.
Thus,

R R
Aby (k) = 2v S {’;;3 sin?yo (€, k) exp (— | sin 29, (n, &) V(nydn). (21)

0 o . 3

Using the expression (21), we shall show that the value

of the investigated phase-shift difference Ag,(%) given by
(11) basically determines the behavior of the potential
in the region of the core, i.e., we shall show that the
so-called meson tail of the NN potential does not make
an appreciable contribution to the difference between
the phase shifts of #p and pp scattering. By the meson
tail we mean the peripheral attractive part of the poten-
tial, where the function V(r) increases monotonically to
zero. Suppose that beyond the point 7, the function V(»)
satisfies V(r)<0, and V’(r)>0 for » >#,. Note that

T3 (ry K= sintyo r, K)exp| — { sin2v0(n, BV (n) dn |

satisfies the integral equation

TR =sintn B[ 1+ [V @ e pa]

x [1 =5 sintyo(r, 1y ],

(22)

Suppose that for » =y, >», the function J%(r, k) reaches
its largest value M in the given range of variation of 7.
It then follows from (22) that

M sind g (rmy W) 1MV ()| ][ 140 iy i, )

whence
M < sin yp (o, K)<K1. (23)
Substituting the estimate (23) in Eq. (21), we obtain
AL
sy <2v | FIiE H+2vm L, (24)
T ]

In the usually employed models of phase-equivalent po-
tentials, the ratio R/r, does not exceed 10, i.e., 2vIn(R/
7,)=0.04, and this quantity can be ignored in compari-
son with Aj, in accordance with (11). For the same
reason, some models of potentials with an infinite hard
core, in which »,=7, is the core radius, cannot describe
the observed difference between the phase shifts, since
in this case the first term in (24) is zero.

We now consider the first term in Eq. (24). A direct
calculation of the value of this term using the well-
known phenomenological phase-equivalent potentials of
Reid* and Bressel, Kerman, and Rouben®® showed that
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the left-hand side of Eq. (24) is about an order of mag-
nitude greater than the right-hand side. It the region of
strong repulsion of the potential extends right down to
#=0, then to all appearances the integral term in (24)
is of order unity. The smallness of the wave function
Jo(r, k) in the region of the core makes such a conclu-
sion possible. To see this, consider the identity

s abnp (k)  sin 2 (kR-+8pp (K)
2 {1y ae=[ R4 2B ST T
0

Substituting here the values of 5,,(k) and 85,,(k)/9% taken
from the experiment at k=2.4 F~2, we find that
R
2 (nEndE~. (25)
[} :
Using the mean-value theorem and taking into account
(25), we obtain from (21)

R. R
Aso() ~2v | £ T3 By =2 [ 73 ) ae ~ RE. (26)
0 bl ]
Substituting in (26) the numerical values at R=3-4 F of
the quantities in the equation, we find the restriction
E<0.2 FonE, ie., E<R. At the same time, from (26)
we obtain

E
i n (7—¢) &= (27)

o]ty iy

Bem (3-7)-

On the left-hand side of Eq. (27) we have a quantity that
is nearly zero, since the wave function is exponentially
small in the region of strong repulsion, but in this case
we must have E~R if the right-hand side of (27) is also
to be near zero. This contradiction enables us to con-
clude that model potentials in which attraction is then
followed by strong repulsion (high core) do not describe
the observed difference between the phase shifts in the
indicated energy range.

Hitherto, we have considered a Coulomb potential of
the form Vg, (£)=2a/£ right down to short distances.
However, the estimates made above are not significant-
ly changed if allowance is made for the proton and neu-
tron electromagnetic form factors.®® Moreover, in this
case the Coulomb potential becomes regular at £~0,
and the order of magnitude of its value will be deter-
mined by the same constant a.

Thus, our investigation of the difference between the
phase shifts of np and pp scattering in the region E
=450 MeV shows that the nucleon—-nucleon potential must
have a complicated form at short distances between the
particles or else that there is a breaking of the isospin
invariance of the nuclear forces. It is also very proba-
ble that indirect electromagnetic effects associated with
the difference between the masses of the mesons ex-
changed by the interacting nucleons also make no signif-
icant contribution to the investigated difference between
the phase shifts. Indeed, as the estimates of Ref. 31
show, indirect electromagnetic effects make up 2-3%
of the OBE potential. Substituting the value AV(£)
~0.03v(&) in Eq. (2) instead of 2a/7 and remembering
that at E,,,, =450 MeV

gt [ _% 5 Vope (n) sin 2y, (n, &) dq] ~ 1,
£
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we find that the phase-shift difference due to indirect
electromagnetic effects is also an order of magnitude
smaller than the experimental value, although these ef-
fects can in principle explain the difference between the
np and nn scattering lengths.*

Note that, generally speaking, the experimental value
of the difference between the 'S, phase shifts of np and
pp scattering can be explained if one assumes the ex-
istence in the two-nucleon system of a quasistationary
state, even if this has a very short lifetime. This is
possible if the nuclear potential takes the form of an at-
tractive part followed by strong repulsion, with weak
repulsion or attraction near the origin. The increase in
the calculated value of Ad,(k) in this case is due to the
increase in the wave function J,(r, k) as the energy of
the interacting particles approaches the energy of the
quasistationary state, or, more precisely, its real
part.®® Unfortunately, from the available experimental
phase shifts one cannot uniquely determine the param-
eters of the putative quasistationary state nor give pre-
ference to any particular NN interaction at small 7.

2. EXTRACTION OF INFORMATION ABOUT THE*
NUCLEON-NUCLEON INTERACTION FROM
THREE-PARTICLE SCATTERING

We now turn to the investigation of experiments with
three nucleons, with a view to establishing the nature of
the NN forces, assuming that at nonrelativistic energies
only the two-body interactions between the particles are
important. It is well known* that the three-nucleon
scattering amplitude depends strongly on the off-shell
characteristics of two-particle scattering, namely, the
two-particle scattering amplitude off the energy shell
and, in the case of nucleon scattering on deuterons, the
deuteron wave function. Since these characteristics are
determined by the form of the NN potential, it is to be
expected that investigation of the three-nucleon scatter-
ing cross section in definite kinematic regions will yield
more detailed information about the region of the repul-
sive core than a phase-shift analysis of two-particle
processes.®® Indeed, let us consider, for example, the
asymptotic behavior with respect to the variable % of the
function §,(k) and the off-shell S partial-wave amplitude
t,(k, B'; ¥°) at fixed B’. In the first case, the asymptotic
form is determined by

8o (k) m — o S V(r)dr, (28)
[]

- and in the second case by the approximate formula®

to (ky k'3 k2) = Vo (K, K'Y +1kV, (K, k)] = — 27" (0)/K, (29)

which is meaningful for potentials that are sufficiently
smooth in the region of small ». Comparing (28) and
(29), we readily see that the asymptotic form of the off-
shell amplitude depends directly on the value of the po-
tential at » =0 [(28) and (29) are obtained under the as-
sumption that the potential function is bounded], whereas
the asymptotic behavior of the phase shift is determined
by the form of the potential in its complete range.

Nuclear Potential and Diffevential Cross Section of
Elastic pd Scatlering. We show now that the structure '
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of the repulsive core of the nucleon—nucleon interaction
can be investigated by analyzing the angular distribu-
tions of protons scattered elastically on deuterons
through large angles at proton energies 150-200 MeV in
the laboratory system. For this, we define some func-
tions that characterize the scattering and bound state of
two nucleons and are needed for the analysis. We spe-
cify the deuteron wave function G,(p) in the momentum
representation:

Ga (p) = (1/47) [us (p) + (712 (0)/V B) up (p)]. (30)

Here, ug(p) and uy(p) are the scalar wave functions of
the pn system in the S and p states, and

Tu(p)=[ 20D _(gq,]
is the tensor operator, The wave function G,(p) is nor-
malized by the condition
S [} (p)+ub (p) dp =1. (31)
0
Besides the deuteron wave function, we also consider
the deuteron form factor

‘D(k,r‘jﬁ%cd(p) —iM —iM

Trw ok Ca(p—k). (32)

Here, #*=ME,, the deuteron binding energy, is equal to
(0.23)* F~2,

We define the off-shell two-nucleon scattering ampli-
tude #(k,k’; ME), which can be found by solving the Lip-
mann-Schwinger equation:

(k5 ME)=V (k, k) +4n [ 22 L EBLOKME) (33)
Here,
i

V (k, k)= j exp [i (k—k')r] V" (r) dr?, (34)

withk=(k, ~k,)/2, k'=(k;-k!)2, E = E +g, - (k, +k,)?/
4M, where k, and k, are the momenta of the first and
the second nucleon, respectively, in the initial state,

k{ and k] are the corresponding momenta in the final
states, and ¢,, €, and g;, £; are the corresponding ener-
gies in the same states.

With a view to elucidating the behavior of the deuteron
wave function, we can study the angular distributions of
protons in the reaction p +d —p +4d in the relevant energy
range of the primary particles (150-200 MeV in the lab-
oratory system) on the basis of the integral equations of
the nonrelativistic problem of three-body scattering.’
The differential cross section of Nd scattering is cal-
culated in this case on the basis of a representation of
the N+d - N +d reaction amplitude as a sum of the infi-
nite series of diagrams

I-T-1C
_—rpd Ay Ay
+ N / f + + }
A 8,
(35)
8 8,
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formed by the successive iterations of the integral equa-
tion for determining the Nd elastic scattering amplitude.
Here, k, is the momentum of the incident nucleon, and
k is the momentum of the scattered nucleon in the cen-
ter of mass system. It was shown in Ref. 37 that at en-
ergies of the primary nucleons that appreciably exceed
the binding energy of the nucleons in the deuteron, i.e.,
for k,>>u, one can obtain a condition of convergence of
the infinite series of contributions from the diagrams of
(35) and separate the leading contributions among them
in a definite kinematic region. An example of such an
analysis can be found in Ref. 38, in which the amplitude
of elastic Nd scattering through zero angle is con-
sidered.

The method of Ref. 37 is based on taking the ratio w/k,
as the convergence parameter of the series (35), the
contributions of the diagrams A,, B,,A,, etc. being pro-
portional to (w/k,) and higher powers of this parameter
in the complete range of angles # between the vectors
k, andk. Thus, if (w/k,)’<1, only the diagrams A, and
B, “survive” in the expansion (35), and the contributions
of the remaining diagrams are small corrections to
them. In particular, for particle scattering through 0°
such a picture agrees as a whole with the Glauber mod-
el of nucleon scattering on deuterons at high energies.*

We consider here the case of backward elastic scat-
ter of protons through ~180° in the center of mass sys-
tem. For this, we calculate the contributions from the
diagrams (35) in order to separate the most important
of them in the considered kinematic region, and we also -
take into account diagrams proportional to the second
order of the convergence parameter of the series, since
the initial energies of the colliding particles are still
not too large. We calculate the contributions from the
diagrams A,,A,, B,, etc., under the following assump-
tions:

a) nucleons with large momentum in the intermediate
state are scattered predominantly, like free nucleons,
through angles ~0°;

b) nucleons with small relative momentum in the in-
termediate state can form a virtual deuteron;

c) a change of nucleon momentum in a rescattering
process is possible only through addition with the rela-
tive momentum B of the nucleons in the deuteron.®’

To estimate the value of 8=|8|, we calculate the mean
square § of the nucleon momentum in the deuteron; for
this, because the contribution of the D state is small, it
is sufficient to use the deuteron wave function in the S
state. Figure 4 shows the S-wave deuteron wave func-
tions us(r) in configuration space for different phase- .
equivalent triplet potentials, It follows from Fig. 4 that
these functions differ little from the point of view of
estimating the mean value of B2, and therefore we shall
use the Hulthén deuteron wave function

9This model of the structure of the intermediate states is
based on an estimate of the integrals3’ corresponding to the
contributions from diagrams that take into account different
intermediate states in the given reaction.
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FIG. 4. Wave function of
the deuteron in the S state
as a function of the inter-
nucleon distance. 1) Ha-
mada-Johnston potential;
2) Bressel—Kerman—Rou-
ben potential; 3) Jackson’s
meson potential; 4) Reid
potential with soft core.

Y (r)=us(r)ir

= (V %p (e 0/V 27 (s—x)) (1/r) [exp (—xr)—exp (—pr)),  (36)
where p=51. Then
= [ @rp ) (—v) g () w5 (37

i.e., as one would expect, §,~".

As we have already noted, in such an approach the ra-
tio B,/k, is the convergence parameter of the infinite
series (35). At energy 150-200 MeV of the primary
protons in the laboratory system, fB,/k,=0.25-0.30.
Therefore, to calculate the reaction amplitude to ac-
curacy 10%, one can ignore the diagrams in (35) whose
contributions are proportional to (8/%,)° and higher pow-
ers of this parameter.

An estimate of the contributions from the diagrams in
Eq. (35) by the method given in Ref. 37 showed that to
calculate the amplitude of elastic pd scattering through
large angles with the given accuracy it is sufficient to
take the contributions from the diagrams A,,A,,B,,B
under the condition that in A, and B, the first interme-
diate interaction is scattering of nucleons with large
relative energy predominantly through 0°, and the sec-
ond intermediate interaction corresponds to the forma-
tion of a virtual deuteron. Allowance for other inter-
mediate states gives a higher order than the second in
the parameter 8,/k,. Thus, the amplitude of elastic
scattering of protons on deuterons through large angles
should be represented graphically by the sum of the
four diagrams

ko -k

Ky Gy K koS B Fp K
> -

1
*

s T =
ks %K ke T Sk
T 4, A,

Koy S koS St H ik
+ +
= L & cos (38)
Ko B K e
8, 8,

Under the above assumptions, the contributions from
the diagrams in the expression (38) can be written in
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the form

Av=Ga (% +K) e Ga (5 +Ko); (39)
da= i | [ dopdaGe(p)
X fxx ('i_ko- %ko; M*’) p:-:-h'ig Ga(p) 2 0 w")+i-:
Ga(3+K) ﬁaf (lo+3)
_T’;’_%m(o) T (3o 3 K03 Me) A (40)
l"ﬂ) 5 *paGy (P)W Ty (Tkm‘!k-FT; ME)
[(kg+k)7"i-“—lp]‘-ru‘ Ga (=23 e —»)
=Ty (S koo k-2 Me) 0 (27K, (41)
Bz=ﬁ { dpudtpad®aGa(p) <o
xth-\( ko, -»L.,, Ma) :1‘“ Ga(py) i{k’ iM;z) -
X Ga(Pa) pre l!"t'n’ b (3 ko, k+%" Me) T(El'i"n:"z"l‘—"mm
x G (BE - ) = G OO T (Tho Fhoi Me) B (43)

In Egs. (39)-(42), t,m=t,,,,+t,,; and Me =(3k,/4)?. Note
also that the integral

1 iM
I = d%q
o | 7 &i—a)+ir

in Eqs. (40) and (42) is equal to (M/127)3/k,, since in
accordance with the assumptions made above q =k, +8.
Adding Eqgs. (39)-(42), we obtain the amplitude of elas-
tic pd scattering through large angles:

Tpam [1+ 3 B OO Fun (Thor Thoi Me) ] (4+B).  (43)
The amplitude of pd elastic scattering was also calcu-
lated in Refs. 40 and 41. The expression (43) for the
amplitude of elastic scattering through large angles dif-
fers from the expression given in Ref. 40 by our allow-
ance here for processes of scattering of the nucleon
through 0° in the initial state, i.e., the contributions
from the diagrams A, and B, in Eq. (38). As a whole,
allowance for these diagrams reduces the cross sec-
tion by 20-25%. In Ref. 41, the amplitude of elastic pd
scattering was obtained with allowance for interaction
processes in the initial state, although the contribution
from the process of direct pd scattering [diagrams B,
and B, in Eq. (38)], which gives a correction ~10% to
the cross section, was omitted.

Thus, we have obtained a scheme for calculating the
cross section of nucleon elastic scattering on deuterons
through large angles that makes it possible to take into
account with an accuracy of ~10% all processes of par-
ticle rescattering in the considered reaction (here, we
do not take into account various relativistic corrections
such as the production of mesons or resonances in the
intermediate states,** which, however, are not large in
the investigated range of energies of the incident nu-
cleons). Therefore, agreement to this accuracy be-
tween the theoretical calculations based on our expres-
sions and the experimental data depends on the choice of
the deuteron vertex function G,(p) and the off-shell scat-
tering amplitude i(p, p’; Me), and it therefore depends on
the form of the NN interaction potential. ’
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We have calculated the angular distributions of protons
scattered elastically on deuterons through 130-180° in
the center-of-mass system at initial proton energies
150 and 185 MeV in the laboratory system on the basis
of Eq. (43). To calculate the deuteron vertex function
and the off-shell NN scattering amplitude, we used the
phenomenological phase-equivalent potentials of Hamada
and Johnston,*® Reid with soft core,? Bressel, Kerman,
and Rouben,*® and one of Jackson’s meson potentials.!®
In Fig. 5, we show the results of comparison of calcu-
lations of the differential cross section in accordance
with Eq. (43) and the experimental data on elastic pd
scattering.*® It follows from Fig. 5 that meson potential
of Ref. 13 gives the best agreement with the experiment.

Analyzing the dependence of the calculated differential
cross sections of elastic pd scattering for different
forms of the two-particle NN potential and the behavior
of the deuteron wave function in the § state in configura-
tion space (see Fig. 4), we can see that the core region
of the NN potential affects these cross sections. It fol-
lows from Fig. 4 that the greatest difference in the de-
pendence of the wave functions occurs in the region up
tor~0.TF.

In this connection, the fact that the differential cross
section corresponding to the meson potential of Ref. 13
agrees well with the experiment indicates that it was a
fruitful idea of Jackson and Woloshyn'® to describe the
inner region of the NN interaction in terms of exchanges
of neutral vector mesons. In such an approach, the sum
of the irreducible diagrams containing an arbitrary
number of meson exchanges can be calculated in the
framework of the eikonal model.

Thus, study of the angular distributions of fast protons
scattered elastically on deuterons through large angles
can be one of the possible methods for analyzing the in-
ner region of the nucleon-nucleon forces, and this is
S0 even at comparatively low energies of the incident
protons, when relativistic effects can be ignored.

Nuclear Potential and Off-Shell Two-Particle Scatter-
ing Amplitude. Another way of obtaining more detailed
information about the nucleon—nucleon interaction than
is possible by phase-shift analysis of NN elastic scat- ’

do/dS2, mb/sr

0.1

20 130 w0 59 160 deg 120 130 140 75‘6‘ 50 ﬂdgg
b
a
FIG. 5. Differential cross sections of backward pd scattering
at initial proton energies E; =185 (a) and 150 MeV (b). 1)
Hamada—-Johnston potential; 2) Bressel-Kerman—Rouben po-
tential; 3) meson potential of Chemtob, Jackson, ef al.
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tering cross sections is to separate the off-shell ampli-
tude by analyzing experiments involving the scattering
of three or more nucleons. It is well known that the
amplitudes of these reactions can be determined on the
basis of the integral equations of scattering theory.

The kernels of these equations contain the off-shell two-
particle scattering amplitude. Therefore, one can ar-
range an experiment to investigate nuclear reactions
with three and more nucleons in such a way that the be-
havior of the differential cross sections in a certain
range of variation of the energies and momenta of the
incident particles is determined by the off-shell scat-
tering amplitude of one of the pairs of particles,

We consider the basic possibility of extracting infor-
mation about the nuclear potential from experimental
data on the behavior of the off-shell two-particle ampli-
tude for the example of the S-wave partial amplitude.
We recall that the S partial-wave amplitude ¢,(%, &'; ME)
is calculated in accordance with the formula

1
to(k, K3 ME) = j t(k, k'; ME)dE,
=1

where £=cos(kk’), and the Lipmann-Schwinger equa-
tion (33) is used to determine Hk,k’; ME). If one of the
relative momenta, for example, k, is related to the
relative energy E by the usual dispersion law ME =k?,
then the so-called half-on-shell amplitude Ly(k, B'; B%)
satisfies the relation®*

to (ko B3 K%)= (go (ks ')/ g0 (RR)) to (K), (44)
where £,(k) =¢,(k, k; B*) is the on-shell scattering ampli-
tude, and

g0k, )= (sin ke &, 1)V @) k.

0

Here, J,(&, %) is the wave function of the two-nucleon
system. Some properties of the function Jo(E, k) were
considered in Sec. 1 of the present review,

On the basis of calculations of #,(k, k'; B?)/t,(R) for dif-
ferent model potentials V(r) as a function of the relative
momentum %’ made by a number of authors (Fig. 6) it
has been shown that in a comparatively large range of
energies 10<E .., < 180 MeV (0.5<k<2.1 F~!) phase-
equivalent potentials give very different curves of
lo(k, k'; k°)/t,(k) when k' varies in the region 3<%’
<4 F™', where these curves attain an extremal value.

It is interesting that the position of this extremum for
each potential is virtually independent of the momentum
k, whereas the extremal value of #,(k, £’; k?)/t,(k) also
depends on the value of the repulsive core.

As an illustration, Fig. 7 shows the value of the sec-
ond extremum of the partial-wave amplitude ¢,(k, &’; #?)/
lo(k) as a function of the core height V, for two core ra-
dii 7, in the case of a potential consisting of two rec-
tangles:

—Vn ro<<r<CH:
0, r>R.

‘;"ch 0\<-..r-<~.rei
V(r)={ (45)

The parameters », and R were fixed, while Vyand V,
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FIGK,

45

24

¥.Fl
FIG. 6. Dependence of the functionf(k,k")=ty(k,k’; Ry /Eo(R)
on k' for three different values of E. 1) One of the Sprung—
Srivastava potentials; 2) Reid potential with soft core; 3)
Gogny—-Pires—de Tourreil potential; 4) Bressel—-Kerman—Rou-
ben potential; 5) Hamada—Johnston potential.

were chosen in such a way that the potential (45) cor-
rectly describes the scattering length in the 'S, state.

It follows from Fig. 7 that the value of the amplitude
at this extremum can vary by a few times depending on
the height of the core and, therefore, there will be an
appreciable change of the differential cross section of
the reaction in a definite range of magnitudes and direc-
tions of the momenta of the final particles.

It appears important to obtain experimental data on the
variation of the function #(k,k’; ME) in the indicated
range of variation of the variable |k|. For this, it is
expedient to study the differential cross section of in-
elastic scattering of protons on dueterons in the region
of large scattering angles under the condition that the
relative momentum of the two nucleons (proton and neu-
tron) in the final state is small. As in the case of elas-
tic pd scattering, to describe the inelastic reaction p +d
—~p+p+n we can restrict ourselves to the contributions
from the lowest diagrams provided the inequality 8,/%,

FIG. 7. Magnitude of the
first extremum of the func-
tion f(%,%’) with respect

to k' as a function of the
core height V, for the
potential (45). 1) »,

=02 F; 2) 7,=0.4 F,

logV,, F*
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«1 is satisfied.’” In this case, the leading contribution
to the reaction amplitude is the contribution from the
diagram

—Ko Gd' K
A= % +f (46)
g
- _.2_ _f

which can be written in the form

—iM

4 =Ga (2 +K) e ton (ko 30 £: 7). @)

In addition, by analogy with the graphical equation (38)
and Egs. (39)-(42), we can calculate the corrections to
the expression (47), etc. As was shown in Ref. 37, the
calculation of the corrections in this case is identical to
the calculation of the analogous corrections in the case
of elastic pd scattering.

However, it is readily seen that to achieve the values
of the relative momenta in which we are interested ap-
preciably higher initial energies of the protons are re-
quired. For example, if the relative momentum of the
proton and neutron is small, more precisely if f2/F2
<« 1, then to study the behavior of the differential cross
section for the emission of protons at 120° in the center-
of-mass system under the condition that the modulus of
the off-shell momentum satisfies [k,+k/2|>3 F~* initial
proton energies higher than 450 MeV in the laboratory
system are needed. At such energies, it is necessary
to take into account the contribution from relativistic,
inelastic processes, in particular from meson produc-
tion.**

Thus, in this section we have demonstrated the pos-
sibility of obtaining information about the core region of
the two-particle nuclear potential by analyzing the off-
shell characteristics of NN scattering, which can be
obtained explicitly from the differential cross sections
for scattering of protons through large angles. We
should emphasize the importance of backward scatter-
ing, since in this case the leading contribution to the
amplitude is made by the pole diagrams A, in Eqs. (32)
and (46), in contrast to small-angle forward scatter-
ing, in which the leading part is played by the triangle
diagrams B,, whose contribution is much less sensitive
to the forms of the model phase-equivalent potentials.

CONCLUSIONS

The methods of investigation of the NN potential de-
veloped in the present paper have made it possible, on
the basis of the available experimental data on the scat-
tering of two or three nucleons at nonrelativistic ener-
gies, to determine a number of features in the behavior
of the potential at short relative distances between the
nucleons, and also to demonstrate the advantage of cer-
tain model potentials formulated in the framework of the
meson theory of nuclear forces. If the properties of the
NN forces at short distances are to be determined more
precisely, we must turn to an analysis of experimental
data at higher energies, where relativistic effects be-"

Komarov et al. 484



come important,*® and where the analysis must be made
on the basis of the equations of relativistic interaction
theory. We should like to point out that the proposed
methods can be generalized to the case of relativistic
energies. For example, the variable-phase functions
can be analyzed similarly on the basis of quasirela-
tivistic equations.t

The transition to the analysis of experimental data on
the scattering of three or more nucleons at high ener-
gy obviously requires, in addition to the relativistic
generalization of many-particle scattering theory de-
veloped in quantum mechanics, the introduction of ad-
ditional assumptions about the nature of the scattering,
namely about the important role of the many-particle
forces.*” Note that the transition to high energies in the
analysis of experimental data with a view to establishing
the properties of the NN interaction at short distances
will undoubtedly make necessary a simultaneous study
of the properties of AN, NN*, and other interactions.?:®
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