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In this review, we give a systematic exposition of the Newman-Penrose formalism in the general theory of
relativity and we use this formalism to describe some general properties of gravitational fields that are
intimately related to the behavior of null curves and null surfaces in Riemannian space-time. Actual
methods of integrating the complete system of Newman-Penrose equations are considered in detail for

gravitational fields of some algebraically special types in the Petrov classification in vacuum and in

radiation-filled space-time. A separate section is devoted to applications of the spin coefficient formalism
to the description of the propagation of gravitational and electromagnetic waves of small amplitude in a
given external gravitational field, in particular, in the field of a black hole.
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INTRODUCTION

In the general theory of relativity formulated by Ein-
stein, the gravitational field is a manifestation of the
curvature of four-dimensional Riemannian space-time.
In the general case of curved space-time, there does
not exist a distinguished, globally defined class of
equivalent frames of reference analogous to the inertial
frames in flat space-time that can be conveniently used
for formulating all the laws of nature. Therefore, one
of the fundamental principles of general relativity is the
principle of general covariance, according to which all
physical laws are formulated in a form that is formally
suitable in any frame of reference and in any four-di-
mensional coordinate system.

However, the actual form of the physical laws and the
form of the various properties of a given phenomenon
depend strongly on the method by which the phenomenon
is described (i.e., on the choice of the space-time co-
ordinates, the vectors of the four-dimensional bases,
the field functions, etc.) and they will take their sim-
plest form if the description is chosen to reflect the
specific features of the considered problem (or class of
problems), i.e., if the choice takes into account the
symmetry, the existence of distinguished directions,
and other properties which are known a priori.

It sometimes happens that such a choice of the meth-
od of description (which is not complete but leaves some
arbitrariness), made in a universal manner, can lead to
modifications of the mathematical formalism of the
complete theory that are helpful in many fields of ap-
plication,

“Sometimes, by reformulating an old theory in an un-
usual (though mathematically equivalent) way, previous-
ly unexpected possibilities for modifying the theory may
appear as mathematically natural.”

One such modification of the mathematical formalism
of general relativity is the Newman—Penrose formalism
(the spin coefficient method), which is based on the in-
troduction in space-time of null complex tetrads and a
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special choice of the field variables (which leads to a
change in the field equations themselves). This formal-
ism makes it possible to exploit naturally the geometri-
cal properties of null curves and null surfaces and is
therefore helpful in large classes of problems in gen-
eral relativity; for example, ininvestigatingthe structure
and the most general properties of gravitational fields
that are associated with the behavior of congruences of
null geodesics and null surfaces, which are character-
istic surfaces for the gravitational field equations: for
the study of fields of algebraically special types in the
Petrov classification, whose definition entails the pres-
ence in space-time of null directions that have definite
properties and are distinguished by the curvature of
space-time itself; and, finally, in various problems
relating to the propagation of gravitational, electro-
magnetic, and other waves, in which, of course, famil-
ies of null geodesics (rays) and null surfaces (wave
fronts) of the waves play an important part.!

DAfter this review had been written, an extensive review
entitled “The Newman—Penrose method in the general
theory of relativity” by V. P. Frolov was published [Tr.
Fiz. Inst. Akad, Nauk SSSR 96, 72 (1977)]. Both reviews
contain a detailed exposition of the fundamentals of the
Newman-Penrose formalism, but differ strongly in the
description of its various applications. For example, in
Sec. 3 of the present review we consider in more detail the
process of integration of the complete system of field
equations and we give some new exact solutions. The
material of Sec. 4 (application of the formalism to the
propagation of waves in external fields) has no counterpart
in Frolov’s review. On the other hand, Frolov devotes
considerable attention to results relating to asymptotically
flat gravitational fields, whereas our review contains a
description of only a few of these results.

Professor J. D. Zund (University of New Mexico, USA)
has kindly sent us a reprint of his paper “Notes on the
projective geometry of spinors” [J. D. Zund, Annali di
Matematica Pura ed Applicata (TV) 110, 29 (1976)], which is
not included in the bibliography of the present review. In
particular, Zund considers in detail the spinor aspects of
the Newman—Penrose formalism, the algebraic classifica-
tion of electromagnetic and gravitational fields, and some
other questions.
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1. THE NEWMAN-PENROSE FORMALISM

The Newman-Penrose formalism can be constructed
in the usual “tensor” (tetrad) manner by projection onto
vectors of a complex null tetrad and by using special
notation for various tensor relations. However, these
constructions take their most natural form in a different
approach that is based on the introduction of spinors and
leads to the same system of field equations.

In this section, we describe the tensor and spinor
variants of the Newman—-Penrose formalism. The main
equations are collected together for convenience in the
Appendix. In writing the present section, we have main-
ly used Refs. 1-5,

Tensor Formulation. Complex Null Tetrads and the
Newman—Penvose Scalars. The Newman-Penrose for-
malism presupposes the chuvice at every point of space-
time (a four-dimensional pseudo-Riemannian space R*
with metric signature -2) of a basis tetrad of four null
vectors: two real vectors ¥ and »’ and two complex
vectors m’ and 7/, which are related to the vectors of
an ordinary orthonormal basis {€},, &}, &%), &5} by?’

'!j_e(.DJ-I_e(.D’ m o (i‘! VQ) {E 2) +ie(3)}' } (1)
n’ = (1/2) {efy, — i} m = (U V2) {edyy —iely}

(where e(o, is a timelike vector and e("l,, e("a), e,’;,) are

spacelike vectors). The Newman-Penrose vectors sat-

isfy the orthogonality and normalization conditions

L =np = mmd = L = nm? = 0; 10l = —mgm’ =1, (2)

The components of the metric tensor g;, can be expres-
sed in terms of the components of the vectors (1) in ac-
cordance with

giy=lin;+nil;—mm;—m;m,. (3)
For the covariant derivatives along the directions of the
vectors (1) the notation

D=1ly; A=n'v; 6=m'v; 8=m'y, (4)
where V, is the operator of covariant differentiation, is

used.

By analogy with the Ricci rotation coefficients, for the
null complex tetrad (1) rotation coefficients are intro-
duced; these are also called spin coefficients, and they
are denoted by

k =m'Dly; m= —m'Dn; e=(n'Dl;—m'Dm,;)/2;
p=mil; A= —m'bn; a=(nBl,—mdm)/2; 5)
o=m'dl;; p=—m'6n; P=(n'dl, --m'om,)/2;

t=mtAly; v=—m'An; y=(n'Al,—m'Am,;)/2.

The commutators of the operators (4), applied to a
scalar function, have the form

AD—DA=(y+y) D4 (e+e)A—(t+m) 85— (T+m) &; )
8D —Dé=(a+p—m)D +KkA—0d—(p+e—¢) d; i (6)
A —Ad= —vD+(1—a—B)A+7 6+ (n— v+15; |
56-63=(£—mD+(p—pJA—(a—ﬂ)6 f—a)b. )

2Mn what follows, lower-case letters of the Latin alphabet
i, j, k, . .. denote four-dimensional tensor indices, which
take the values 0, 1, 2, 3. The bar denotes the complex
conjugate.
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When tensor relations are expressed in this formalism,
the tensors in them must be projected onto the vectors
of the null tetrad. We shall consider in what follows the
projections onto the vectors (1) of the Maxwell tensor,
as a real bivector, and of the Riemann curvature ten-
sor. A complete set of independent variables, which
are called Newman—Penrose scalars and for which a
special notation is adopted in the Newman—Penrose for-
malism, can be separated as follows from these pro-
jections.

Real bivectors in four-dimensional space form a six-
dimensional linear space, and therefore the six linearly
independent bivectors

Uiy=lpmy Vig=npmyy; My = lungy — migai;); ("
EU = l[ﬁ,-]; 7” = n[im,-]; .Mrij = l[,-nj] —_ ;[imj] (8)
form a basis in this space.

The dual transformation of the bivector F; is defined
as the transformation

Fy ->1F,,,F —s,-,-k,F“,fZ, (9)

where €, is the Levi-Civita tensor (€, =&[4;:1) Fo12s
=—V=g). Every real bivector F, can be associated in a
one-to-one manner with a complex bivector F,, which is
self-dual, i.e., invariant under the transformation (9):

(10)

It is readily seen that the bivectors (7) are self-dual,
whereas the bivectors (8) are anti-self-dual [i.e., under
the dual transformation (9) they are multiplied by -1].
Therefore, the decomposition of the self-dual bivector
1-*;, with respect to the basis (7)-(8) contains only the
bivectors (7) but not the bivectors (8) [the bivectors (7)
form a basis in the three-dimensional complex space of
self-dual bivectors]:

+. .’ 1‘; F
Fij=(Fij+iF)/2; Fiy=Fi+ Fy.

ﬁu= — 20V —2@,M;+ 23U, (11)

Here, the numerical factors in the coefficients of the
decomposition are introduced to simplify the subsequent
expressions. From the definitions (7), the conditions
(2), and the expressions (10), we obtain expressions for
calculating the coefficients ¢, ¢,, ¢,:

Bo= ﬁ,;U”: Fylim?;
@1 = FydY2 = Fy; (Fn! —mim?) 9;
Gy — BV = — F niml,

(12)

Equations (10)—(12) make it possible to express all pro-
jections of the real bivector F;; onto the null tetrad (1)
in terms of three complex scalars.

We now consider the Riemann tensor. This tensor can
be decomposed into “irreducible” parts, which are de-
termined by the traceless four-valent tensor Cijr (Weyl
tensor) and the traceless two-valent tensor &;; and the
scalar A:

Rip=Cijni + Oingjo— i@+ Opgin— Opugis + 24 (gugin— gingin)
(13)

where 2&;; =R,; =Rg;,/4 is the traceless part (deviator)
of the Ricci tensor R,(R;; =R";,,), R is the scalar curva-
ture (R =R%,), and R ==24A.
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The Weyl tensor, which is defined by (13), has the
algebraic properties
Cijpi= —Cjim= —Cijp=Cpij; (14)
Cismi+Cum+ Comy=0; Chip;=0. (15)
The Weyl tensor C;,,, can also be associated in a one-
to-one manner with the “self-dual Weyl tensor” C,;;,;
in accordance with

Cipn=(Cijru+ iéim)fzi Cijur= Eum + éijkl ; (16)

where C*,J,,, =3€41mn C™"1; = €i;ma C""y/2 [this last equa-
tion holds by virtue of (15)], so that the tensor C”k, is
self-dual with respect to any (either the first or the
second) antisymmetric pair of indices. Therefore, the
tensor Cy;,, can be decomposed with respect to binary
products of the self-dual bivectors+('7). From the sym-
metry of C;;;, (and, therefore, of C;;,; as well) under
the interchange of antisymmetric pairs of indices, it
follows that this decomposition must be symmetric un-
der the interchange of any pair of bivectors. Equations
(15) are equivalent to the two equations C*y; =0, & ikj
=0 or the single complex equation fols i»;=0. This last
confhtmn has the consequence that in the decomposition
of C;;; With respect to products of the bivectors (7) the
coefficient of the product U;;V,, (which is equal to the
coefficient of V;;U,,) differs only in sign from the coef-
ficient of M;M,,. Thus, the decomposition for C,,,,, has
the form

Cig= —4YoV Vo — 5% (VoM g+ My Vi)
— &Y, (MM —U ) Vig—ViUk)
A5 (UspMu+ M Up) —4Y U Un (17)

[as in (11), we have here introduced numerical coef-
ficients for convenience]. The coefficients ¥,, ¥, ¥,, ¥,
¥, are calculated in accordance with the formulas

Wy = —éf,k,UijU"'= — Cijpltmittmt; |
W= —CopUMM 2 = — €y ' lm?, ,
W, — Cop MY b= — €,y (P10

— n'mFm)2; ] (18)
Y= é;mVi’JI"r.’E = —Cn'ufm’; I
W= — Cop VIR = — € pniminfml, ]
The Weyl tensor C;j,;, which has ten independent com-
ponents, is completely determined in accordance with
Egs. (16)=(18) in the null tetrad by the five complex
coefficients ¥, ¥,, ¥,, ¥,, ¥,.

For the projections of the symmetric tensor @,
which determine by virtue of (13) the deviator of the
Ricci tensor, the following notation is adopted:

Wgg: O I M= Dl My by mi'm’
Dy = Wy l'm?5 Dy - d)”-."n’;r Dy = d)ij”‘"‘rj: (19)
Mgy == Dy ;mim?; Wy = Dynim?; Was - Opuin’.

oz iJ 12 J 22 ij

By virtue of the symmetry and the vanishing of the trace
of the tensor @;;, the projections (19) of this tensor sat-
isfy the relations ® gy =®4,, where m,n=0,1,2, and
therefore only six of the quantities in (19) are indepen-
dent (three are real and three are complex).

The five complex scalars (18), the six independent
scalars (19), and the scalar A determine the complete
set of projections of the Riemann tensor Ry;,, onto the
null tetrad (1).
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Gravilational field equations in the Newman—Penrose
formalism. In the usual formulation of the general the-
ory of relativity given by Einstein, the gravitational
field is described by the components of the metric g,
which are the potentials of this field and satisfy the sys-
tem of Einstein equations, which form a nonlinear hy-
perbolic system of second-order equations:

Rij—Rg; /2 =nT';. (20)
where the Ricci tensor R;; and the scalar curvature R
are expressed in terms of the metric tensor and its
derivatives, T;; is the energy-momentum tensor of mat-
ter, »=81G/c* is Einstein’s gravitational constant, and
G is Newton’s gravitational constant.

In the Newman—Penrose formalism, three groups of
quantities become the variables of the gravitational
field:

1) the components of the vectors I', n', m*,m* of the
null tetrad (1) (which in accordance with (3) uniquely
determine the components of the metric);

2) the spin coefficients (5);

3) the complete set of independent projections of the
Riemann tensor, i.e., ¥, ¥, ..., ¥; & ., A,

The equations for these variables, which are the
gravitational field equations in the Newman-Penrose
formalism, can be divided into three groups on the
basis of their “origin.”

The first group of field equations are linear combina-
tions of the projections of the Bianchi identities onto the
vectors of the null tetrad:

VuBijr+ Velijin +ViRijmy=0; (21)
for the choice of the variables made above, these are
no longer identities, and all the terms of the projected
equations (21) must be expressed [by means of (13),
(16)—(19) and the definitions (5)] in terms of ¥,, ¥,, ...,
¥,, ®pma, A, the spin coefficients (5), and the operators
(4), i.e., solely in terms of the field variables that be-
long to the three listed groups. The independent linear
combinations of the equations then obtained are given in
Appendix A.

Similarly, projecting onto the vectors of the null tet-
rad (1) the equation that defines the Riemann tensor,

(ViV;— Vi) =Rk, 2, (22)
in which z' is taken to be successively all the basis vec-

tors £/, n',m', 7 *, we obtain the second group of field
equations, which is given in Appendix B.

The third group of equations which must be satisfied
by the variables characterizing the gravitational field is
formed by the so-called coordinate equations, which can
be obtained as follows. On the space-time manifold we
consider four independent®’ scalar functions u,7, 6, ¢.
Applying the operators (4) to these functions, we obtain
new functions, for which we introduce the notation

$The independence of the functions u. . 6, ¢ means that
their gradients are linearly independent at every point.

G. A. Alekseev and V. |. Khlebnikov 423



YO=Dpu; X'=Au; E=du;

V =Dri U =Ar; w =br

Yi=DB; X2 =A0; E*=bb; (23)
Yi=Dg; X*=Ap B=

It is readily seen that if these functions u,7, 6, ¢ are
taken as new coordinates, the functions (23) are the
components of the vectors ¢, n', m' in the new coordi-
nate system,

F={¥, V, Y2 Y3 a'={Xe, U, X2, X%); m'={®, 0, £, &%), (24)
and, therefore, the set of these functions coincides with
the first group of field variables. It follows from the
definitions (23) that these variables cannot be arbitrary
but must satisfy certain constraint equations; these can
be most readily obtained from the commutation rela-
tions (6) by applying them successively to the functions
u,7, 6, ¢ and using (23). These equations are given in
Appendix C,

The three groups (A.1)-(A.11), (A.12)=(A.29), and
(A.30)~(A.37) of Newman~Penrose equations for the
gravitational field are the purely “kinematic” con-
straints on the field variables. The coupling to matter
appears only when, in accordance with the Einstein
equations (20), the deviator &;; of the Ricci tensor and
the scalar A are expressed in terms of the energy-mo-
mentum tensor T';; and its trace T', in accordance with
the expressions?’

2@,= %(Ty-1/4 Thg,); A = xT}/24. . (25)

In particular, in the regions of space where there is no
matter, so that T;,=0, we obtain from (25) the result
@U =0 (i.e., all @mn =0) and A =0.

But if there are in space not only the gravitational
field but also other forms of matter, such as nongravi-
tational fields, then to obtain the complete system of
equations that determine the behavior of not only the
gravitational field but also the matter generating it the
three groups of Newman—Penrose equations must be
augmented by, besides (25), the equations satisfied by
the matter which generates the gravitational field (for
example, the Maxwell equations for the electromagnetic
field, the Weyl equations for the neutrino, etc.). All
these equations must also be expressed in terms of the
formalism.

Let us consider, for example, the case when there is
also an electromagnetic field in space.

Maxwell equations in the Newman—Penrose formalism.

The Maxwell equations in tensor form are
VaF" = — (4nle) % Vi Fj+ViFy 4 ViFy =0, (26)

where F;; is the Maxwell tensor and J' is the four-cur-
rent vector. Equations (26) are equ1valent to a single
equation for the self-dual bivector F{f

VF = — (4nic) J. (27)

Using the decomposition (11) for Fi' and projecting (27)

4)f the Einstein equations with cosmological term A are
considered, R;; — Rg;;/2+\g;;= *T;;, then in Eq (25) one
must take A to be (% T, —42)/24, where T= T} is the trace
of the energy-momentum tensor,

424 Sov. J. Part. Nucl. 9(5), Sept.-Oct. 1978

onto the vectors of the null tetrad (1), we obtain equa-
tions that are the Maxwell equations in the Newman—
Penrose formalism. These equations are given in Ap-
pendix D.

The projections of the energy-momentum tensor for
the electromagnetic field can be readily calculated if in
the usual expression for this tensor in terms of the
Maxwell tensor® the expression for the latter in terms
of F,,1 (10) is substituted; for this, the decomposition
(11) is used. For &p,and A we then have by virtue of
(12) and (19)

Oy = (x/4) B @3 A=0, (28)

where m, n=0,1,2 and ¢ypare determined from F, in
accordance with (12).

Spinor Formulation. Spinors in Riemannian space.
Spinors are introduced into a Riemannian space by con-
structing at every point of space-time, in addition to
the tangent vector and tensor spaces, the two-dimen-
sional complex linear space S of “spin vectors”, and
also all possible “spin-vector” (spinor) spaces that are
tensor products of the space S, its dual space S,, and
their complex conjugate spaces S and Si.

In the space S, an antisymmetric bilinear form
£(u, v) is introduced by specifying in a certain basis in
S the coefficients g,;% :

01
Q(u, v)=¢g,utvB,where e,,= (_1 0) 5

this form being invariant under all linear unimodular
transformations on S:

ud’ = A% ju¥, where det |A*.5|=1.
To this transformation in the space S there corresponds
the transformation with the complex-conjugate matrix

A (spinor indices that transform by means of A are in-
dicated by a dot): 7% =A% F37ud

The matrix €,5, which is invariant under unimodular
transformations, can be used to raise and lower spinor
indices:

= B: A g G4BTy s B 4 pdB
Uy =Ep,li ud = gABy Ho=EB..U A — g4By,
A BAU™, B i S u 3
where
s Pl 22
Eyp=gif=p,. =gl = 3
L AB —10

Because S has two dimensions, for an arbitrary spin-
or £ we have the important identity

: (29)

which indicates that only symmetric spinors are ir-
reducible, i.e., cannot be expressed in terms of sym-
metric spinors of lower valence.

Because the group of unimodular transformations in
S is locally isomorphic to the proper Lorentz group, a
one-to-one correspondence can be established between
spinors of even rank and four-tensors. This corre-
spondence can be represented explicitly as follows. If
the matrix of a two-valent spinor #4? in some basis in

*YHere and in what follows, upper-case Latin letters 4, B,
C, . . . denote the spinor indices and take the values 0 and 1,
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S is Hermitian, it can be written in the form

- 2 1 g3
wAB — igBi_ 1 Mo lie (30)
i 'I"i uz —iud u“—u’ *

u Lt

5 are Hermitian,
differ only by a factor 1/Y2 from the
B 10 . 1
B509: #oy

i 0
01 (0 —1) ! (31)
ab_ 4 (0 1). M-,___i'_( Ui)
BOSYEAL ]S W R gl
The Hermiticity of u” as well as the value of its deter-
minant 2 det [fu*® = («°)* = (') = (@*) - (u*)* are con-
served under an arbitrary unimodular transformation in S.
Therefore, under this transformation the »* remain real
and undergo a Lorentz transformation. Thus, thex; canbe

regarded as the components of some real vector in an
orthonormal basis of Minkowski space.

where the u' are real, the matrices o#
and 0f8, g2  o48

Pauli matrices:

The 0,5 can be used to establish a one-to-one corre-
spondence between tensors and even-valence spinors,
i.e., given the components of tensors, to calculate the
components of the spinors corresponding to them and
vice versa. Since ¢',; satisfy the relations

g,ja 0"

ACGBD - g
e E-rwec'.éoi 057" = &ij» (32)

which follow from (30) or (31), for a third-rank tensor
X%, for example, we have

=E€,4¢820,
AC! BD’

X‘“ =d' .0 .0

sr & " AR CD EF
X X" i=0i0j X
abed” Tap %" i b 1 =2

ABeD

If the considered tensor has certain symmetry prop-
erties, its spinor equivalent may have a fairly simple
form and may be expressible in terms of spinors of
lower valence. In what follows, we shall consider some
tensors and their spinor equivalents.

1t follows from (32) that the metric tensor g;; corre-
sponds to the spinor €,3€55. For the Levi-Civita dis-
criminant tensor, we have

~—84GECEE + o€+ -). (33)

i(EscBCGE s Eo:
(esrBee o

ey
Erjnt BI DF

€ abchEfeE —

For the spinor equivalent of the Maxwell tensor Fy;,
i.e., for the spinor F,3.5=0"450%5 F;;, we can write by
virtue of (29)

FACBDA eacFF .. 24

Fabeh= e

. Ho
BbF o !

Er
F . E. ‘4.
(10) iy T 8actsy EH y

Since Fy; is antisymmetric, F iy 45) =0 and Pt =0,
In addition, since F;; is a real tensor, the spinors
Fiacyi™ and Fg® 53 are complex conjugates. There-
fore, the spinor F,;.5 corresponding to the real bivec-
tor F;; can be represented in the form

(Sacqhﬁ e

T e3p¢ac)2s (34)
where @ c=Fiasya i is a symmetric second-rank spin-
or. Usu+1g (33), we can show that for the self-dual bi-
vector F,; (10) the correspondence F i~ €55 Pac/2
holds.

Using the algebraic properties of the curvature ten-
sor Ry, , we can obtain an expression analogous to (34)
for the spinor corresponding to it:
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R g LT, eamtept 2
AEBFCGDIT anent ppfen o Vppeptanteot2 .\ (EycEprE. €.

EF GH
—BapBenBesBas) 8 D LB~
A B G )T ean CDEF Gl

teo® i (35)
where ¥ 450p, ® 4544, A are the so-called curvature spin-
ors, which have the properties

LF,\ Bcn

=1
-
il
-

.
= g o =D L D L
ATED ACED  aewBDy acBD

The decomposition (35) is intimately related to the de-
composition (13), since the relations

Cijm+rC e BosBas— Vo,
Elkt ABCDEp i e T T RRCH

TRl TR

AERFEGDI =~ +Eanteny

®
+
where Cy;p —=%¥ 45cpE55 €55, hold.

So far, all our constructions have been made at a
single point of Riemannian space. To describe the
structure of spinor fields in space-time, it is necessary
to define the operation of covariant differentiation for
spinors:

Vig' = (@/0c") E* - Tist".

The coefficients I';#5 are defined in such a way that the
spinor connection they define is, by virtue of the corre-
spondence between tensors and spinors, compatible with
the affine connection of the Riemannian space. To de-
termine the coefficients, it is sufficient to require ful-
fillment of the conditions

Vioié =0; Vie.5=0.

Like Eq. (22), which expresses the commutator of two
covariant derivatives of a vector in terms of the Rie-
mann tensor and serves as the definition of this tensor,
the second-order covariant derivatives of a spinor sat-
isfy relations which contain the curvature spinors and
can also serve as the definition of these spinors:

g Y apcot” —2 \BC(BEA)‘}

Vch ﬁ)g.ﬁ.: (DAHCDE v

V V (36)

where V,3=0459,.

Further, from the Bianchi identities (21) and the ex-
pression (35), which relates the Riemann tensor to the
curvature spinors, there follow equations for these
spinors:

vP 1']"'w'c'n = V(e (DAB)FH VAED 4 peti = —3VM-IA. (37)

Equations (36) and (37) are the basic spinor equations
that describe the gravitational field. To obtain the New-
man-Penrose equations, these equations must be pro-
jected onto a spinor basis (basis dyad).

“Dyad” components of spinovs and the Newman—Pen-
rose equations for the gravitational field. The basis
dyad £,%(a=0,1 labels the spinors of the basis®’) must
be chosen in such a way that the relations

0 1y
« A= B Ae B ; 1
easte e el mestwhere v == _{ o). (38)

8)Here, we introduce one further type of index: lower case
initial letters of the Latin alphabet a. b, c. . =0,1 label
the spinors of the basis dyad. The letters Ty T B w s
of the same alphabet will also be used in what follows to
denote four-dimensional tensor indices.
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TABLE I. Spin coeffi-

cients.
db o1
00 or 11
i1 10
06 K E n
Tabeq = 10 p|la |

are satisfied. Spinors are then determined by the set of
their projections onto the spinors of this basis; for ex-
ample, for the spinor X5z we have X%, =X",5¢%,¢,5¢S,
and X534 =¢,4¢°5T%6X %, where %, =%, ,¢,”.

The dyad components of of,;, i.e., 0';=¢,4r,50% 5,
are linearly independent four-vectors that satisfy in ac-
cordance with (32) and (38) normalization and orthogo-
nality conditions that are identical with (2), and they can
therefore be taken as the vectors of the Newman—Pen-
rose null tetrad (1):

i % ]

’ ’
g oRi=c'.: mi=d'.:

I'=¢ 5
0o 1 of

mi =g (39)

10"

The analogs of the Ricci rotation coefficients for the
basis spinor dyad £, are the quantities

A 5.0 i
Pabc& = ;u VchbAv Whem V{:‘d: ‘:c ;d Vcﬁ = “Cl‘i Vi- (40)

Using (39), we can readily show that I',,; are equal to
the quantities defined in (5) (Table I). For this reason,
the quantities (5) were called spin coefficients.

The dyad components of the differentiation operators
V. are the same as the operators (4) defined for the
tetrad (39):

D=V. A=V b=v, 6=v.. (41)

The dyad components of the curvature spinors are di-
rectly related to the projections of the Weyl tensor and
the deviator of the Ricci tensor onto the tetrad vectors
(39). The connection is given in Table II and by the for-
mulas (04 =g,4, (4=¢,4):

A B CD,
o= Woooo=Yipcp0 0 0"07;

Wy = Wogpy = ,\ncnu"‘ﬂﬂocln:

Wy = Woouy = Yancpo®o" 07, (42)
Wy=Wogqy = q":mcnﬂ'!l"lch;

V=¥ = Yapept P00

TABLE II. Dyad compo-
nents of ®,zsp and their
connection with the tetrad
components of the deviator
of the Ricci tensor.

&

o0 | of | i1

Do = 01
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Projecting Eqs. (36), in which the spinors of the basis
dyad are taken as the £*, onto these spinors, and using
the notation (41)—(42) and Tables I and II, we obtain
equations that are identical with the second group
(A.12)-(A.29) of Newman-Penrose equations. Similarly,
Eqgs. (37) give the first group (A.1)=(A.11) of Newman-
Penrose equations.

If there are any forms of matter present in space, for
example, nongravitational fields, the equations that
govern them must also be expressed in spinor form and
then projected onto the spinors of the basis dyad using
the notation given above.

Equations of a free massless spinor field. As an ex-
ample, we consider the equations that govern a free
(i.e., sourceless) massless spinor field of spin s. It is
well known that such a field is described by a symme-
tric spinor of rank 2s and in the simplest case satisfies
the equations™

VAI?‘PABC. =0 (43)

It is noteworthy that for s =2 these equations are iden-
tical with Egs. (37) in vacuum, where &4, =0, and
A =0 by virtue of the Einstein equations (20).

For s=1, Eqgs. (43) are the equations for the spinor
@ ap determined by the Maxwell tensor in accordance
with (34); for it follows from the Maxwell equations (26)
in the absence of sources (J!=0) in conjunction with (34)
that V4% ,.=0. Projecting these equations onto the
basis dyad and setting

: a B A B
Bo=0,50"0"; @ =g, 50"
A B
Da=@apt' L,

we obtain the Maxwell equations (A.38)-(A.41) (see Ap-
pendix D).

For s=1%, Eqs. (43) go over into equations of the form
vid, =0, (44)

which are called the Weyl equations and which describe
the behavior of neutrinos. Projecting Eqs. (44) onto the
basis dyad and introducing the notation y,, = £,04, y_,
=£,0*, we obtain the Weyl equations in the Newman—
Penrose formalism derived in Ref. 9.

Dirac equations, i.e., equations for a massive
charged field with spin s =%, provide an example of
equations for wave fields of a different type. These
equations are given in terms of the Newman-Penrose
formalism in Ref. 10,

Thus, the tensor and spinor approaches described in
this section are equivalent, since they lead to the same

"This generalization to the case of curved space of the usual
equations 3*8¢ 5~ =0 is the simplest and most natural,
but it should be borne in mind that s cannot be large, since
Egs. (43) become inconsistent when s=3/2. 1If they are to
be consistent, conditions must be satigfied that relate
®4zc,,, to the curvature spinors™® (the case s=2 is an
exception, since these consistency conditions are satisfied
automatically for the free gravitational field with @ 450,
= Yupcp)-
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system of equations for the gravitational field and the
matter producing it.

Rolations of the Null Tetrads and the Spinor Bases and
Transformation of the Field Variables. Null Geodesic
Coordinate System. The variables that in the Newman—
Penrose formalism characterize the gravitational field,
i.e., the components of the null tetrad I}, n’, m*, m", the
quantities ¥,,¥,,...,¥,, &u,, A, and the spin coeffi-
cients are not determined uniquely in a given gravita-
tional field, since I, nt, m', 7' are the components of
vectors that depend on the choice of the coordinate sys-
tem, ¥, ¥,,..., ¥,, &ny, and the spin coefficients, al-
beit scalars, transform under rotations of the null tet-
rad (or the spinor basis dyad), and only A is an in-
variant under transformations of the coordinates and
rotation of the bases. i

We consider first rotations of the spinor bases and
the null tetrads. An arbitrary unimodular transforma-
tion that preserves the normalization and orthogonality
conditions (38) of the spinor basis {o*, [“}(0o*=¢4, 14
=¢,*) can be represented as the product of elements of
three mutually noncommuting Abelian groups of trans-
formations:

"0"‘\; n: ‘6.—\ =OA;
I [ -4 P{j’ A II{ A A
l F=P"1i

ot =0t L bt
me - : 45
1 =1 -:‘ao‘“; { |A=l4 ( )
where p, a, and b are arbitrary complex numbers.

?

Since the group of unimodular transformations is lo-
cally isomorphic to the proper Lorentz group, the
transformations (45) of the spinor dyad generate in ac-
cordance with (39) proper Lorentz rotations of the null
tetrads that preserve the conditions (2) or, which is
equivalent, the form of Eq. (3). These rotations are
products of elements of the following four groups of
transformations®::

T=rl r=r
G { 7t — G A { m'=n'4 AL+ Ami + Am'

m' = mt mt=m'+ Al';

Ii=1 T'=10'+ BBn' + Bm* 4 Bm'; e
ﬁ{ n'=ni B { nt=n';

m* = exp (iH) mi; m'=m'L Bn'.

The two real parameters G and H, and also the real and
imaginary parts of the complex parameters A and B,
which can be expressed in terms of the parameters p, a,
and b in (45) in accordance with

G=pp; H=2argp; A=a, B=b,
are the six independent parameters of the proper Lor-
entz group.

The transformation laws for the field variables under
rotations of the null tetrads (46) [or the spinor bases
(45)] are found from the definitions of these quantities.
In Appendix E, we have written out the transformation
laws for ¥,,¥,,...,¥,, ¢, under transformations of the
groups G, #, and A (or under the corresponding trans-
formations of the spinor dyads of groups I and II). The
analogous rules for transformations of the group B or
its corresponding group III for the spinors can be read-
ily obtained from the rules of Appendix E by making the
parameter substitution A -~ B(a - b) and also the follow-
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TABLE III. Transformation pf the Newman-Penrose scalars
under the substitution I «—n!, m’~— 77 (47) of the basis vec—

tors.
ot |4 B[t [mi | mily
i
it oA || ai I i mi mi 1‘i
% D|al|Ss 8
Ay Al 0| F ]S
J
% K P a T | B o B Y n h B~ | v
2| —=v | —p| =4 |—a|—y|—PB|—a|—e|—1|—0|—p |-k

% | oo Doy | Moy | Myo [y |Dyy| Dag | Dpg | Daa | A 20 | &y | S

%' W2z | Moy | Wag | Dy |Gygg|Wep| Dog | Doy | Dgo | A |— &2 |— 04 |— 2

ing transformation of the basis spinors and correspond-
ing transformation of the null basis vectors:

ot ity A siot: Pernt; mbtemt (47)
which leads to the transformation of the field variables
indicated in Table III.

Note that the complete system of field equations is
symmetric, i.e., it preserves its form under the trans-
formation (47) and the corresponding transformation of
the field variables.®

Choosing special values of the parameters in the ro-
tation of the null tetrads (or spinor dyads) in accord-
ance with the transformation rules for the field vari-
ables, one can make the latter satisfy additional re-
strictions that simplify the integration of the field equa-
tions or the investigation of particular solutions. A
special choice of a coordinate system related in a defi-
nite manner to a given field of null tetrads strongly in-
fluences the form of the coordinate equations and can
simplify their integration as well as the calculation of
the components of different tensors for the given gravi-
tational field. Sometimes, some details of this choice
need not be specified in advance but can be determined
during the solution of the problem.

#)This symmetry of the field equations was the basis of one
further formulation of general relativity — the Geroch~Held—
Penrose formalism.” This formalism is based on the
specification at each point of space-time of, not a complete
null tetrad, but only two null directions. As field variables,
one chooses quantities that have homogeneous transforma-
tion properties under rotations of the null tetrads that do
not change the given null directions, i.e., transformations
of the groups Gand Hor group I. It is asserted by the
creators of this formalism that it is in some cases prefer-
able and can lead to significant simplifications compared
with the ordinary spin coefficient method. For applications
of it, see, for example, Ref. 12,
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We consider some helpful and frequently used meth-
ods for choosing the tetrads and the coordinate system.
In a number of cases, in particular in the description of
wave processes, when concepts such as wave fronts,
rays, and so forth, are encountered, a certain family of
null hypersurfaces u(x’) = const is defined in space.
Every such family uniquely determines a congruence of
null geodesics, the generators of each hypersurface of
the family, and the vector gradient of these surfaces is
tangent to the generators and is parallelly transported
along them: dx'/dr =g*'u ,, where 7 is an affine param-
eter on the geodesics. In this case, it is convenient to
take the null tetrads and the coordinates associated with
the null hypersurfaces (the wave fronts) and the null
geodesics (rays), their generators, The vector ' can
be taken to coincide with the gradient g”u, j» with the re-
maining tetrad vectors parallelly transported along the
rays. Then for the spin coefficients, we have

K=g=n=0; p=p; T=atp;
(Some of these conditions have a simple geometrical
meaning: » =0 if and only if the integral curves of the
vector /! are geodesics, and if also €+E=0, then ¢’ is
transported parallelly along its direction; p=p is the
necessary and sufficient condition for this vector to be
proportional to a gradient, and if also 7 =a@+§, then I}
is a gradient vector.) For this choice of the tetrad, the
vectors m’ and 7' are tangent to the hypersurfaces
u(x*) =const, since dbu=m'l;=0, Su=m'l;=0.

As coordinate x°, we choose the function u(x’) that de-
fines the family of null hypersurfaces; as the first co-
ordinate, we choose the affine parameter » on the rays,
and for the two remaining coordinates we choose 6 and
@, which “label” the rays on each hypersurface and are
constant along the rays. (Such coordinates are called
null geodesic coordinates.?*®*) Then the quantities (23)
satisfy the equations

VO=1i=Y3=f0=0; X'=V=1
and the vectors of the null tetrad in these coordinates
have the components

£#=1{0, 1, 0,0}; n'={1, U, X%, X3);

m'={0, w, &, &}

The operator D =3 /8y is applied to a scalar.

(48)

Note that if we give up parallel transport of the vec-
tors n', m’, and 7 along [® and make a tetrad rotation
(46) with the parameter A =-w we could make w in (48)
vanish. The components of the metric in the constructed
coordinates have by virtue of (48) when w =0 the form

01 00 A, h K

" 120 N2 NP 1 00 0
F=loxy por By X L e by
0 X3 i " i 0 5

where 3% = £°E + E°t°, 3% ,.=6", X,=gwX’, and a,b,c
=2,3. The tensor g, is the metric tensor on the co-
ordinate surfaces {u =const, v = const}, and g=det| 3]
==det|g;;||. The quantity do =v& déde is the element of
area of these two-dimensional surfaces which, if the
need arises, can be interpreted as the instantaneous
positions of two-dimensional fronts in the three-dimen-
sional physical space. (For a description of the geo-
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metry of such surfaces, see Ref. 11.) The two-dimen-
sional vector X? can be used to describe the polariza-
tion properties of waves.'?

2. SOME GENERAL PROPERTIES OF
GRAVITATIONAL FIELDS

In this section, we shall use the Newman=Penrose
formalism to consider the focusing effect of a gravita-
tional field on a congruence of null geodesics (an effect
that is intimately related to the formation of singulari-
ties in space-~time), the Petrov classification of all
gravitational fields, and also some properties of asym-
ptotically flat gravitational fields, in particular Sachs’s
peeling-off theorem.

Optical Scalars and Focusing Properties of the Grav-
itational Field. We consider a family of null geodesics
in a small neighborhood of a given null geodesic I'. We
choose the null tetrads in such a way that the vector [*
is tangent to each geodesic of the family® with the com-
plete tetrad parallelly transported along each geodesic.
Then for these tetrads,

(49)
We consider null geodesics in the neighborhood of I' that
“pierce” small two-dimensional areas w spanned by the

vectors m' and 7' on I, which are therefore orthogonal
to I'. (We shall not consider other null geodesics in the

neighborhood of T'.)

k=e=n=0,

The point at which a given geodesic y intersects the
area w can be specified by a small vector ' drawn to
this point from the point P at which w intersects I'.
This vector can be represented in the form

0t = (zm’ = zm1)/2
and is therefore uniquely determined by the complex
quantity z=x +iy, where x and y are Cartesian coordi-
nates on w with the origin at P.}*) Let us consider how
z changes for each individual geodesic y as we move
from area to area along I'. As we do this, the point z
corresponding to the geodesic y is displaced in the com-
plex plane, so that every small neighborhood of any
point of this plane undergoes an affine transformation.
This transformation can be determined as follows. The
considered family of geodesics is obviously two-dimen-
sional, and all its elements can be labeled by specifying
a certain complex function ¢ which is constant along
each geodesic and therefore satisfies the condition D¢
=0. Let ¢ and ¢’ be two values of the function ¢ cor-
responding to two neighboring geodesics y and y’. Then
to small quantities of second-order, ¢'=¢@+n'V,p=0¢
+(zby +Zb¢)/2. Since Dy =0 and Dy’ =0, using the com-
mutation relations (6) for the operators D and 5, and
also the freedom in the choice of p, we obtain

Mt is assumed that within the considered neighborhood the
geodesics do not cross.

10)gince the vectors mf and m' can, while remaining
orthogonal to ', be subjected to rotations of the form
mi—mi+ Ali mi—mi+Al#, the area w spanned by these
vectors is not determined uniquely. However, the quantity
z does not depend on the actual choice at a given point on
T of the area w orthogonal to T,
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Dz= —pz—0z. (50)

It follows that as the point P and the area w correspond-
ing to it are displaced along I" through dr, where dr is
the increment of the affine parameter along I', the

points of w with coordinates (x, y) undergo a small af-
fine transformation with matrix 6, +A,dr(a, b =1,2),
where

Aab = an + Dub o= eﬁnb
and

0 I
Q,, '”p)

—]mp 0
I —HReo —lmoy
“b=(—Imc Reo |’

These formulas show thatRe pdetermines the small ex-
pansion, Im pthe small rotation, and ¢ in D, the shear,
where the magnitudes of the shears that take place along
the principal axes of the matrix §,, +D,,dr are equal to
14+ |o|dr, while the principal axes are rotated about the
coordinate axes (and therefore about the tetrad paral-
lelly transported along I') through the angle fargo.!!) 14-1¢

©= —Rep.

The quantitiesw=Imp, ©=-Rep, and |o| are called
optical scalars. The optical scalars can be calculated
in accordance with the formulas®*

lo|=V Q092 =V gl vir/2; 8=442=vl2;

[o]=V D2 = V| Vuly Vil — (V,1)52)/2.

Figure 1 shows the relative change in the shape of an
initially circular narrow pencil of rays as they are dis-
placed along I'. This change is made up of an expansion
(Fig. 1a), a rotation (Fig. 1b), and a pure shear (Fig.
1c).

The presence of curvature of space-time leads to the
appearance of nonzero p and ¢ and, therefore, to ex-
pansion (in reality, negative, i.e., to contraction), ro-
tation, and shear (distortion) of the pencil of rays even
if at some moment p =0 =0 for this pencil. Indeed, un-
der the condition (49) we obtain from (A.12) and (A.13)
the equations that describe the change of p and o along
the rays:

DII'EPZTU;—.' M3 }

= (51)
Do=(p+p)o+ T,

(These equations, which in fact determine the behavior
of the optical scalars, are called the Sachs equations.)
If it is assumed that the local matter density in space
is non-negative, i.e., that T;u'u’ = 0 for any timelike
vector ', it then follows by continuity that &, =(3)
x%Ty;1*1? >0 for any null vector. Thus, if p=p, i.e., if
the pencil of rays is part of some null surface, then the
right-hand side of the first equation in (51) is negative
definite, which leads to focusing of the pencil of rays

(Dp=0).

If &y, =0 (for example, when T;;=0, i.e., when mat-

11)The real and imaginary parts of p and the modulus and
argument of A have a similar geometrical meaning for the
congruence of integral curves of the vector field nf
(provided they are geodesics).
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FIG. 1. Ehlers-Sachs diagram: a) expansion, b) rotation, c)
shear.

ter is not present), focusing can occur in this case be-
cause of a nonvanishing ¥,, which generates a value
0#0, which, in turn, makes a positive contribution to
Dp (see Ref. 1 for more detail on this).

As follows from Eq. (50) and the Sachs equations (51),
the focusing has the consequence that the rays of a pen-
cil that initially converge at some point must necessari-
ly begin to intersect, i.e., reach a caustic, over a finite
range of variation of their affine parameters.

Thus, one of the very general and important proper-
ties of curvature is a positive focusing along any null
geodesic under the condition that the local matter den-
sity is positive. In particular, this focusing of the rays
can result in the formation of true singularities in
space-time. For example, numerous exact solutions of
the field equations are known that describe the collision
of plane waves of various nature (gravitational, electro-
magnetic, neutrino) with the formation of a true space-
like singularity in space-time as a result of the interac-
tion of the waves and their mutual focusing.'”"*

Petrov Classification of Gravitational Fields. In Refs.
21-24, Petrov established an algebraic classification of
gravitational fields using Jordan normal forms for ma-
trices in a six-dimensional bivector space. He found
that in the most general case the gravitational field at
a given point of space belongs to one of three types,
which were subsequently called the Petrov types.

This classification acquired a definite geometrical in-
terpretation after the concept of a principal null direc-
tion for the gravitational field had been introduced,'®)
According to Debever’s theorem?® in Sachs’s formula-
tion,”® at each point of space-time there exists at least
one and not more than four distinet null directions
(called principal null directions) such that the null vec-
tor I’ corresponding to each of these directions satisfies
the algebraic equation'®

12)Physically, prineipal null directions for the gravitational
field are distinguished by the property that, locally, along
these directions there is no astigmatic focusing of an
initially parallel pencil of rays. In vacuum, such a pencil
of rays, moving along any such direction, is not focused
locally at all,

Note also that by virtue of the Goldberg—Sachs theorem
in vacuum? degenerate principal null directions for the
gravitational field, which are also called propagation
directions, have shear-free geodesics as integral curves.

13)The results described below are also presented in the
reviews of Refs. 4 and 27.
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IC ipapmln 1 =0, (52)

The types of algebraic structure of the Weyl tensor,
which differ in the number of noncoincident principal
null directions, coincide with definite types in the Pe-
trov classification. Thus, to the algebraically general
Petrov type I there correspond four distinct principal
null directions, whereas for all the algebraically special
(degenerate) Petrov types some of these directions
coincide: In type II there are three distinct directions
(one of them is doubled); in type D, there are two di-
rections, each of which is doubled; in type III, there
are two directions, one of which is threefold degenerate;
finally, in type N all four principal null directions coin-
cide. Figure 2 is the so-called Penrose diagram for the
gravitational field types in the Petrov classification. In
the square brackets, the degeneracy of the principal null
directions corresponding to the type is indicated. Type
O denotes a vanishing Weyl tensor, i.e., it contains only
conformally flat spaces.

The null vectors that in the algebraically special
fields determine the multiple principal null directions
also satisfy [in addition to (52)] equations that become
progressively more stringent with increasing multipli-
city of the degeneracy:

ILD: Cipppglyyl/1%=0;
ML Cypylm*=10; }
N Cyl=0. :

The algebraic structure of the Weyl tensor belongs to
a particular Petrov degenerate type if and only if the
equation in the series (53) corresponding to this type has
a solution which does not satisfy the next and more
stringent condition.

(53)

We now consider the representation of this classifica-
tion in terms of the Newman-Penrose formalism. Tak-
ing the vector 1} of the null basis tetrad along the prin-
cipal null direction of highest multiplicity for the given
type, and using the decomposition (17) of the Weyl ten-
sor with respect to the bivector basis (7), we find that
in this tetrad the following conditions hold for the vari-
ous Petrov types:

I: ¥o=0, ¥;z0;

I, D: ¥=Y¥,=0, ¥,%0;

III: Yo=Y =¥,=0, ¥;5=0;

N: ¥o=¥=¥,=Y¥,=-0, ¥,5=0.

(54)

In the case of type D, choosing in addition the tetrad
vector n' along the second degenerate null direction, we
obtain ¥, =¥, =0, ¥, #0,

The converse is also true, namely, if ¥, ,¥,,...,¥, in
some tetrad belong to one of the types listed in (54),
then [as can be readily shown using the decomposition
(17)] the vector ! is a principal null direction with the
maximal multiplicity possible for the given type. Thus,

Irmng

FIG. 2. Penrose diagram.
The arrows indicate the
directions of increasing
degeneracy.
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the possibilities in a given field of choosing a null tet-
rad in which the quantities ¥,, ¥,, ..., ¥, correspond to
one of the forms listed in (54) stand in a one-to-one cor-
respondence [as indicated in (54)] with the Petrov type
of this field.?®

Regarding the ¥,, ¥,,...,¥, as the dyad components
of the curvature spinor ¥ 45, corresponding to the Weyl
tensor in accordance with (35), the Petrov classification
of gravitational fields can be formulated as a classifica-
tion according to the types of algebraic structure of the
spinor ¥ 45.p.

The analog of Eq. (52), which determines the principal
null directions, is an equation for the spinor £* (called
in what follows a fundamental spinor)

‘YABCDE"EHECED= 0. (55)

The null direction determined by the spinor £% in ac-
cordance with

I' = g ;t4E5,
is a principal null direction. Equation (55) always has
at least one and not more than four distinct (i.e., differ-
ing by not merely a numerical factor) solutions. The
multiplicity of the degenerate fundamental spinors for
each Petrov type is equal to the multiplicity of the prin-
cipal null directions corresponding to them for this type
as indicated in the Penrose diagram (see Fig. 2). The
analogs of Eqs. (53) are the equations satisfied by the
multiple solutions (55):

I ¥ ancok "EE°E =0;
IL D W apcpt %0 =0;
II: W aneot e =0;

N: ¥ apeott =0;

¥ apep = %AV
¥ 1 5ep = anfcyny
¥ anco = Aa®ntefpy;

W anen = p0c0p

(in type I there are no multiple solutions). On the right,
we give the algebraic structure of the spinor ¥ ,5.p, €x-
pressed in terms of the fundamental spinors, corre-
sponding to the field type. (Different letters are used to
denote fundamental spinors that determine distinct prin-
cipal null directions.) This structure can be readily ob-
tained by factorizing the fourth-degree polynomial (55).
The properties (54) of the dyad components of ¥ ,z.p
hold if the fundamental spinor a#, which has the highest
multiplicity for the given type, is chosen as the first
spinor of the basis dyad {04, {4}.

The correspondence (54) between the Petrov type of
the field and the algebraic structure of the ¥,, ¥,,...,¥,
(as tetrad components of the Weyl tensor or dyad com-
ponents of the curvature spinor ¥ ,5.p) leads to a com-
paratively simple method for determining the field type.

For suppose that in some arbitrary vector or spinor
basis the ¥,, ¥,,..., ¥, are known. We then seek rota-
tion parameters for these bases such that the trans-
formed tetrad vector [} or the basis spinor o* coincide,
respectively, with the principal null direction and the
fundamental spinor. [It is necessary to use the B rota-
tions (46) or the b transformations (45), since I’ and o#
determine an unchanged null direction for the other ro-
tations.] After these transformations, we must have
¥, =0 in the new basis in accordance with (52) or (55),
i.e., the parameter b (or B) must satisfy the fourth-de-
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gree algebraic equation
W bh AT b - 6W,BE 4 AW b4 W, =0. (56)

The four roots of this equation correspond to the four
fundamental spinors and determine the four principal
null directions, and multiple roots of (56) correspond
to fundamental spinors and principal null directions of
the same degeneracy. This follows from the fact that
under the b rotations (45) or the B rotations (46) with

b =B the remaining quantities ¥,, ¥,, ¥,, ¥, transform in
accordance with

¥, =¥, + 3bY, + 3029, - b3V,
T, = W, + 26¥, + 1Y,

Po= W, 4+ bY,;

¥,=Y.

(57)

It can be seen from (56) and (57) that the polynomials in
b on the right-hand sides of (57) are, except for a nu-
merical coefficient, obtained by successive differentia-
tion of (56) with respect to b for constant ¥,, ¥,, ..., ¥,.
Therefore, if b is 2 multiple root of (56), then in the
transformed basis not only ¥, but also the quantities
which follow it in the series ¥, ¥,, ..., ¥, vanish, so
that the total number of vanishing tetrad components of
the Weyl tensor is equal to the multiplicity of the root.
Thus, in accordance with (54) the determination of the
Petrov field type from the values of ¥,,¥,, ..., ¥, given
in a certain basis reduces to the problem of determining
the multiplicity of the roots of the fourth-degree poly-
nomial (56).

By analogy with the above Petrov classification for
gravitational fields according to the types of algebraic
structure of the Weyl tensor, one can classify electro-
magnetic fields in accordance with the algebraic types
of the Maxwell tensor or the self-dual bivector F,, (10)
associated with it. Essentially, such a classification'?
was already given by Ruse® and Synge.*

The principal null directions I* for F;, and the funda-
mental spinors g for the symmetric spinor ¢, cor-
responding to FU are determined in accordance with (34)
by the equations

lF il =0; @us*E"= 0.
Each of these equations has at least one and not more
than two distinct solutions. Therefore, by analogy with
the Petrov types we have the following types of electro-
magnetic field, which differ by the degeneracy of the
fundamental spinors and the principal null directions:
OIe [11],Ng[2]. (We can also add the type Op for the
case F =0.) The index F denotes the type for the elec-
tromagnetlc field.

The principal null directions and the fundamental
spinors for these types satisfy equations analogous to
(53):

4§ I[if,-],ll*=0-, Past?t? =0; @ip=acbay }
Ng; ;—‘-‘M“ =0; Pap=0C.%pe

14)This classification is given in terms of the Newman—Penrose
formalism in, for example, Ref. 30.

Qaptt=C; S
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The algebraic structure of ¢ 45 is given on the right-
hand sides in (58) in terms of the fundamental spinors.

In terms of the Newman-Pentose formalism, taking
the vector L' as the first vector of the null basis tetrad
or the fundamental spinor o* as the basis spinor o4, we
obtain in accordance with (58) for the scalars ¢, ¢,, ¢,
the relations

g @o=0, B0

Net Bo=@1=0, @70,
and if also, in type Il the vector #' is taken to be the
other principal null direction of the tensor F;; corre-
sponding to the fundamental spinor B4, then for this type
we have

Mg Go=F2=0, @.#0.

In accordance with the transformation rules of the
dos P1, b, under b rotations of the spinor dyads or B ro-
tations of the tetrad (with  =B), the determination of the
electromagnetic field type reduces to the determination
of the multiplicity of the roots of an equation of second
[and not fourth, like (56)] degree:

}Zzbz‘l‘zﬁib'F Bo= 0.

Asymptotically Flat Gravitational Fields and Sach’s
Peeling-0ff Theorvem. I it is assumed that a gravita-
tional field is produced by a system of sources in a
bounded region of space, outside which there are no
sources, it is natural to expect that with increasing dis-
tance from the sources the field that they produce be-
comes “weaker” and that space-time approaches in its
properties Minkowski space, i.e., is asymptotically
flat.

Asymptotically flat gravitational fields represent a
very important and interesting class of fields. There
are two main reasons for this': first, in the overwhelm-
ing majority of physical situations in which significant
general relativistic effects can be expected (except for
cosmological problems), the curvatures involved in a
local process are many orders of magnitude greater
than the characteristic curvature of the general cosmo-
logical background, i.e., in these cases it is a good ap-
proximation to assume that the field is asymptotically
Euclidean; second, it is in asymptotically flat cases
that the general theory of relativity “begins to resemble
much of the rest of physics,”* namely, in these fields
one can define the energy and momentum of a system of
sources and the radiative energy loss by a system, con-
sider incoming and outgoing waves and their scattering,
and study the multipole structure of sources and also
many other questions.?' =%

A conformal mapping of space-time onto a compact
manifold with boundary'*; the construction of the so-
called information function, which determines the radia-
tion emitted by the system; and also the use of the com-
plete group of asymptotic symmetries (the Bondi-Metz-
ner—Sachs group)*+3! in conjunction with the Newman—
Penrose formalism or some of its elements—these con-
stitute the elegant and powerful formalism that played
a decisive role in the investigation of asymptotically flat
fields.

Contenting ourselves here with these few references,
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we consider in what follows one important property of
asymptotically flat fields that is intimately related to the
Petrov classification—Sach’s peeling-off theorem,*-*

In accordance with this theorem, in asymptotically
flat space at large distances from a localized system
the gravitational field has a specific behavior, namely,
along every null geodesic y with affine parameter »
which goes to infinity the tetrad components of the Weyl
tensor in the leading approximation in 1/7 have the form
(Ref. 2)5)

Yy=0(r-5+N), N—0, 1,2, 3, 4

This means that far from the sources the complete
space is divided asymptotically into five zones. The
outermost zone is the wave zone, in which the only im-
portant quantity among the ¥,, ¥,,..., ¥, is ¥, =0(1/r),
and the remainder are negligibly small, so that in the
principal terms in 1/ inthe wave zone the gravitational
field has type N, and the tangent vector to y coincides
with the multiple principal null direction. The leading
term of ¥, in the wave zone can be directly expressed
in terms of the information function,* which character-
izes its connection with the asymptotic radiation field.

As we approach the sources from infinity, coming in
along the null geodesic y, we pass successively through
the remaining four zones, in which the quantities ¥, ¥y,
¥, ¥, are successively “switched on” and make an im-
portant contribution to the curvature, the degeneracy of
the Petrov field type decreasing correspondingly as the
Sources are approached. The general asymptotic be-
havior of the curvature of space (determined by the
Weyl tensor) along y can be expressed schematically by
the formula

C=Nirg M2 LIS L 115 . 0 (1/r8).
Here, N,IIIII, I are the Petrov field types in the cor-
responding asymptotic zones, and # is the affine pa-
rameter on y.

In the first three zones, the field belongs asymptoti-
cally to the degenerate Petrov types, and the geodesic y
determines the principal multiple null direction of the
field. In the fourth and fifth zones the field has an alge-
braically general type, but in the fourth zone the geo-
desic is, as before, along a principal direction, where-
as in the closest, fifth zone the field is completely de-
coupled from 5.

The successive peeling off of the principal null direc-
tions from y as one moves in from the most distant
zone, the wave zone, to the nearer zones is shown in

15)A detailed and rigorous definition of asymptotically flat
space-time was given by Penrose.! The most important
assumed properties of these fields, on which the proof of
Sachs’s theorem is based, are analyticity of the quantities
characterizing the field and their derivatives in inverse
powers of the affine parameter » on ¥, and also specific
behavior of one of the tetrad components of the Weyl tensor,
namely ¥, (the vector I of the null tetrad is directed along
v). It is agsumed that ¥, =0(/7%. This assumption is
satisfied in many special cases, for example, for retarded
solutions in a weak field or even when radiation is incident
on the system for a finite duration. 3
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£ FIG. 3. Sachs diagram
(peeling off and asymptot-
ic behavior of the gravita-
tional fields of island sys-
tems).

Fig. 3.

Thus, Sachs’s peeling-off theorem gives a clear geo-
metrical meaning to the types of gravitational fields and
principal null directions. A similar peeling-off theorem
can be formulated for electromagnetic fields in flat
space generated by a localized system of charges, and
also for asymptotically flat electrovacuum gravitational
fields.*®

3. THE NEWMAN-PENROSE FORMALISM AS A
METHOD FOR INTEGRATING EINSTEIN‘S EQUATIONS

The technique for integrating Einstein’s equations in
the Newman-Penrose formalism was developed mainly
in Refs. 38-41. In many problems, this technique has
definite advantages over a direct attempt to integrate the
equations of the gravitational field. Let us list some of
these advantages.

1. One of the most important points is the transition
to “canonical” variables of the gravitational field that is
made in the spin coefficient method. All three groups of
field variables are appropriately transformed under
Lorentz rotations of the null tetrad (see Sec. 1), where-
as the complete system of Newman-Penrose equations
remains invariant under such transformations (the var-
iables of the first group depend in addition on the choice
of the coordinate system). Such transformations can be
used to make the transformed tetrad reflect the actual
symmetry of the investigated spaces; if such a choice
of the basis is made, the complete system of Newman-—
Penrose equations decomposes in many cases into a
system of ordinary differential equations with separable
variables.

2. The use of the Newman—Penrose formalism re-
duces the order of the gravitational field equations and
simultaneously increases their number; for the Ein-
stein equations are (quasilinear) equations of second or-
der, whereas the complete system of Newman-Penrose
equations contains only invariant differential operators
of first order,

3. Some of the spin coefficients (such as p,0, etc)
used in the Newman-Penrose formalism have a simple
geometrical meaning, so that it is not necessary to
make an additional geometrical investigation of the
space~-time described by the particular solution of the
Einstein equations, Moreover, from the given tetrad
components of the Weyl tensor one can uniquely estab=
lish the Petrov type of the considered gravitational field
(see Sec. 2).

It should also be noted that if there are other physi-
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cal fields, for example, the electromagnetic field, in
the space-time as well as the gravitational field, know-
ledge of the complete set of projections onto the null
tetrad of the corresponding tensors describing these
fields gives information about the algebraic structure
and asymptotic properties of these fields, the behavior
of their associated principal null congruences, etc,

In a detailed investigation of the structure of the
space-time generated by a given gravitational field, it
frequently happens that not only the optical scalars but
also some other spin coefficients are intimately related
to the physical and geometrical characteristics of the
processes taking place in the considered gravitational
field. For example, if we have a plane gravitational
wave propagating along some degenerate (p=0=0) con-
gruence of geodesic rays, the spin coefficient T char-
acterizes the rate of change of the direction of propaga-
tion of the wave; if 7 =0, then the family of wave fronts
is plane-parallel. Below, in the present section, we
shall consider the gravitational field generated by a
body that radiates anisotropically high-frequency mass-
less fields or ultrarelativistic particles and, because
the radiation is anisotropic, suffersarecoil. The motion
of suchabody, which Kinnersley*'*! has called a photon
rocket, will obviously be accelerated. For the choice
of the Newman-Penrose null tetrad that we make in
this section, the spin coefficient v characterizes the
magnitude of this acceleration with respect to a locally
geodesic coordinate system, while the imaginary part
of y characterizes the rate of change of its direction.

4. In the integration of the Einstein equations in the
Newman~-Penrose formalism a number of intermediate
calculations can be automated. Thus, to obtain the
transversal equations (see below), Kinnersley* used the
language FORMAC in a computer. For the same pur-
bose, one can use the language ANALITIK (an algori-
thmic language for describing computational processes
using analytic transformations*?) adapted to a MIR-2
computer'®’; one can also use FORTRAN. '” Inanumber
of problems in general relativity, one needs to know in
analytic form (at least in the form of a functional
series) solutions of the Einstein equations corresponding
to a particular energy-momentum tensor; in such
problems, the use of the Newman—-Penrose formalism
with further use of computational techniques can ap-
preciably shorten the computing time.

As examples, which, however, have a very general

183An example of a separate program in ANALITIK for
calculating the commutators of the invariant derivatives
(one of the stages in the integration of the Newman—Penrose
system; see below) is given, for example, in Ref, 43,

"DFor writing long programs, the advantages of FORTRAN
over ANALITIK are fairly obvious, since the corresponding
computer (BESM-6) is much faster than the MIR-2 and has
larger memory. It should, however, be noted that the
standard possibilities of FORTRAN do not permit one to
carry out transformations on analytic expressions. For
other languages used in automatic analytie transformations
in general relativity, see, for example, Ref. 44.
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nature, we consider below the integration of the com-

plete system of Newman-Penrose equations for Petrov
type D gravitational fields in vacuum and in radiation-

filled space.

Type D Vacuum Metrics. In the fundamental investi-
gation of Ref. 41, Kinnersley succeeded in finding ex-
plicitly all vacuum solutions of the Einstein equations
corresponding to type D gravitational fields. We shall
consider the main stages of this work and indicate some
generalizations of it,

For type D gravitational fields, the only nonvanishing
tetrad component of the Weyl tensor is ¥, if the two
real tetrad vectors /; and »; of the null tetrad are taken
to coincide with the propagation directions (see Sec. 2).
By the Goldberg~-Sachs theorem,®*~*7 the degenerate
eigenvectors of the Weyl tensor in vacuum form a con-
gruence of shear-free geodesics (and conversely).
Therefore, as usual, we choose the coordinate system
such that [‘=5! and the coordinate x'=» is an affine pa-
rameter along the geodesic /%, It is then found that the
spin coefficient € is purely imaginary and can be made
to vanish by the tetrad rotation m* « exp(it/)m’. We can
then write

Vo= =¥=¥,=0;, ¥,50; 6=k=v=AL=e=0; 59
FZ(01,0, 0 nim(X0,0, X5, X% m'm i o g5, | (59)
Note that the tetrad vectors and the coordinate system

are not yet uniquely determined but admit the following
transformations, which preserve the relations (59):

Z'" = 2!+ R* (2, 22, 7); (60)

2% = 70" (29, 22, 2%); (61)

m¥ =mf nt' = A%nh 1= (A% 1 = A (62)
ni =n'; I =1\, m¥ =exp (iH*) m' (63)

(here and in all that follows, Greek indices a,B, ... take
the values 0,2, 3, and quantities with an asterisk do not
depend on 7).

The tetrad components &y, of the Ricci tensor and
the scalar curvature A for vacuum gravitational fields
vanish (the cosmological term is not present in the Ein-
stein equations).

Restricting ourselves to the case p+0,'® we write
down the general solution of Eq. (A.12) under the as-
sumptions we have made:

p=—[r4a%(2" 22 ) +ip"I™; R*=R% po*—=p°, (64)
where the quantities with an asterisk appear as con-
stants of integration. It is readily seen that this solu-
tion is reduced by the transformation (60) to the form

p=—(r4-ip*)-t, (65)

The following integration of the radial equations contain-
ing the operator D =8/8+ requires some additional work.
Namely, we apply the commutators (6) of the invariant
derivatives to the scalars ¥, and p; the resulting equa-
tions are nontrivial consequences of the Newman—Pen-
rose system and are helpful in the integration of the

18)The case p=0, which was considered in Ref. 41. leads to
the so-called B metrics of Ehlers and Kundt,® the physical
interpretation of which is not clear.
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system:
Ap+Dp=p ¥+ +an—1 (66)
8p-+ Dr=pla+P): (67)
but AT = —p(e+B)+Tr—) (68)
D (8p) = 3p (8p) + ¢ (R — o —P: (69)
2pAp— D (Ap) = p* (y+ 1) — (r+71) Sp — (T + ) Bp. (70)

Equation (69) with allowance for (A.12), (A.15), and
(A.16) can be readily integrated:

8p = p (a-+F) — 2% (1)
Combining (71) and (67), we obtain the equation
D = Zv%p3, (72)

Finally, successive integration of (72), (A.16), (A.15),
(A.14), (A.30)-(A.32), (A.2), (A.17), (A.33), (70), and
(66) leads to the following dependence of the gravitation-
al field variables on the radial coordinate:

A= q* 4 TR

B=ob*;

@ = pa*—na* 4 pit¥;

T=pn*+ppr* —a%;

@ =po* +a* 4 p* — */p;

=P

X®= X"+ pp (P8 + ") +on*E " + P

W, = p3W*;

T=1*+p (n*a*—T*a%) 4+ p (n*p* —*n%)

-+ p? (W%/2 4 T5*) + pp (Ta* L T*) L p?pTHT* —rata;

U=U*—r(y*+y*+n*n* L+ N*I*) 4 rinknt

+p[T* (% B*) —THn* + re* — ¥*/2)

+plr* (a*+ Fau) — TEq* +?]*0J' —#/2]

+ 69 (P¥0" 4 T4 — 57%) — (/) T4+ — (lp) TP

Bp= —p*M*+ P (a* +B¥) +p (v* + ¥* +n*n?)

+ PN+ pp [* (@ -+ B*) — TH* + TRt — ¥y

— (P24 T — (T2 4 Tt — v (@ + )

—_—* (Et +BM]— p’a‘t*;’ i rzpzn‘:_:*;

p=p* 4 p (M*—T50%) + pr¥a* o p? (¥*/2-+HTn¥)

+ ppT*/2 + pPpTrT* — rlpn¥t,

o (13)

In the next stage, the relations (73) are substituted
into the equations of the Newman-Penrose system that
have not yet been used, and these remaining equations
are then reduced to a polynomial form with respect to
p (for brevity, we give the result of this procedure un-
der the simplifying assumption n*=0). In the resulting
equations, we equate the terms of equal powers of p on
the right- and left-hand sides and, after fairly lengthy
transformations, we obtain a number of algebraic con-
sequences.

n¥=p*=U*+ M* =0 and w*=-ip* (a*+f*%),
and a system of transversal equations of the form

B (WH) = —3W* (@* 4P (V4= —37* (@ +p*): (T4)

x‘“(‘l").a= — 3P (y* +§*); (75)
E(p¥).a = —p* (2% +P¥) —it%; (76)

X' (p%) = —p* (v + ¥ (717)

B (). = —7* (30* +B7); (78)

E (%) o = — T (07 + 3F%) + 2ip*U* - (P~ T=)2;  (79)
X' ()= =T (1 + 3% (80)

E (U#),0 = —20% @ +B*); (81)
X**(U%) o == —2U% (4% +%); (82)
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X (@%) 0 —E" (y¥).a=v* (B* —a*); (83)

X* (B*),o —E* (v%).2 = ¥* (@* +B%) —27*P" (84)

B (%) 0 — B (B%).0 = 2p* (B* —a*) - 2ip*y* —UN (85)
F(XP) o — X% (£ o = SpEte— (@ + B4 X (86)

B (€ a5 BP0 = @ — P £ 4 (B* —an) P — 2ip*X*P. (87)

The remainder of the problem reduces to finding all so-
lutions of this system and determining the coordinate
dependence of the components of the vectors of the null
tetrad. :

We begin by making coordinate transformations (61)
in order to achieve X*“=35§. The freedom in the
choice of the coordinate system that then remains con-
sists of the transformations

20 =20 f (22, 2%): (88)
a¥ =g (2, 2); (89)
x¥ = h(22, 29). (90)

We then use a transformation (62) to achieve fulfill-
ment of the condition ¥*¥*=const. After this, Egs.
(74), (75) and (81), (82) give, respectively
a* Bt =9* 4 yF=0*=0; L*=const, (91)
and we can again use the allowed tetrad A* transforma-
tions (62) to reduce U* to the form
—1/2, U< 0;
(U*) = (A2 U* = — = { 0, U*=0; (92)
+1/2, U*>0.

The conditions (91) and (92) appreciably simplify the
system of transversal equations; when integrating this
system, it is convenient to consider separately the
cases 7*=0 and 7*¥#0. We begin with the first case.

1. The Newman-Unti-Tamburino (NUT) family
(1*=0).* It follows from Eqs. (74)-(79) that

Yr* = m 4 2ibe? = const; p*=b=const. (93)

We now use a transformation (63) to achieve
y*=0. (94)

This is possible because y* goes over under the trans-
formation (63) into y *' =y*+(1/2)®H*/8x°. The condi-
tion (94) is not violated under subsequent transforma-
tions (83) with the function H*=H*(x%, x*). Using, final-
ly, the coordinate transformations (89)-(90) and the
method that was first applied in Ref, 40 and then devel-
oped further in Refs. 49 and 50, we reduce £** and g
to the form

£ =p(2 %) E¥=ip(a? ), (95)
where p(x?, x*) is, in general, a complex function whose
imaginary part can be made to vanish by means of (63).
The freedom in the transformations of the coordinates
x% and x° that remains after this reduces to a conformal
transformation ¢’ =¢’(g), where {=x®+ix® and ¢’ is an
arbitrary analytic function. Using (92)-(96), we can re-
write Eqgs. (83)=(87) in the form

%a*=Vp; k.
2ib= [V E*0/p) =¥ E/D); (97)
960 = (V3 ) V9 In (V2 1), (98)

where V=8/0x%+18/0x°. Equation (98) is the equation
for a flat (conformally flat) surface of constant curva-
ture with the metric (VZp/*6*¥, 1, »=2,3. Any such sur-
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face can be reduced by a conformal transformation to a
pseudosphere (2e°=-1), sphere (26°=+1), or plane
(2e°=0), for which it is known that

V2 p(a2, %) =14e"0/2.
Substituting this expression for p in the remaining equa-
tion (97), we note that

g0 — — bt/ 2 (99)
is a solution (at least a particular solution) of the in-
homogeneous equation. Since, however, the coordinate
transformation (88) induces £*'=£*° +pVf, and the con-
dition of integrability of the equation Vf=-£*/p, writ-
ten in the form VVf=V9f, is equivalent to the homogen-
eous equation (97), the general solution of (97) can be
reduced by an appropriate transformation (88) to the
form (99).

This completes the integration of the Newman-Pen-
rose equations in the considered case. Combining the
above results, we obtain
1'={0,1,0,0%; n'={1,U,0,0); m'=p[—itt/V2,0,p,ip);
Li={1,0, =A% —B% n={-U, 1, AU, BU},
my=(— 1'f2|)p) {On 0, 1’ i}r
where U ==£° + pp(my +2b%€"), A°=bx*/YVZp, and B°
= —hx*V2 p.

Metric I.A (€°=+%). Applying to the general solution
(100) the coordinate transformation'®)

t=20— J(dn’?f]); sin 0= (502 (1 +ZE4) Y tgq=a¥a?,

1 (100)
J

we obtain the metric in the standard coordinates
dst = @ [de + 4b sin® (0/2) dg]2 — Q- dr?
— (r*+ %) (d0* 4 sin* 0 dg®);
® = 1— (2mr + 23)/(r2 4 b2),
Metric I. B(e" = =%):
ds® = M [dt + 4bsh? (0. 2) dg]* — D~ dr? — (12 + b?) (062 +-sh? 0 dg?);
=1 — (2mr—202)/(12 1 b?).
Metric I.C (€°=0):
ds® — @ (dt + b0 dep)2 — D1 dr® — (r2 -+ b7) (d6? - 02 dq?);
P = —2mr'(r2 4 b%).

II. The Kerr—-NUT family (7*#0).*' We use the
transformation (63) to make i7* a real function [this is
possible because under this transformation 7* goes
over into 7*' =7*exp(iH*)]. From Egs. (74), (75),
(79), and (85), we obtain

(78),

W = m — i [4f*1* — 2p%°] - - const,
()
Further, we choose a new coordinate x*' such that p*
=p*(x*') (p*# const). By virtue of (77), £**(p*) , is
real, and therefore £** must also be real. Making then
allowed coordinate transformations, we can achieve

g#=—1/V% Re(*)=Re(@*=0.

ﬂ“"B‘:

Em. (T4 = Qr’*r#; —g"2__9 (p*)2.

Using these relations, we deduce from the equations

19 Tyranslator’s note. The Russian notation for the trigono-
metric, inverse trigonometrie, hyperbolic trigonometric
functions, etc., is retained here and throughout the article
in the displayed equations.
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PN =T " B (Na=F" ("
§ B =8 (B%a
X' (3P = X (1) o = X (%) =0
that £**, 7*, and g* depend only on x*, so that the
transversal partial differential equations reduce to or-
dinary differential equations with separable variables.
We represent the result of integration of these equations
for various special cases in the following form (x° =u;
xt=v; x¥*=0; x*=¢; a=const; b=const).

Case II.A (€° = +3);
p= —(r+ib—iacos0)™.
ds? = pp (r?— 2mr — b2+ a® cos? 0) du? 4 2du dr
—4pp [bcos O (r2— 2mr — b2 4 a?) —a sin? 0 (mr -+ b%)] du dg
—2(asin®04 2bcos 0) dr dg — [r2+ (b—a cos 8)?] db?
+pp [(r2 — 2mr — b2-+-a?) (asin2B-+-2b cos 0)2 —sin2 0 (r2 b2+ a2 dg?.

Case II. B (€°=-%, |B*|>3/V2) and p==(r = ib
+ia chf)™;
ds? = — pp (r* 4 2mr —b®+ a? ch? 0) du® - 2du dr
—4pp [beh O (r® 4+ 2mr — b2 4 a%) —a sh2 0 (mr — b?)] du dg
42 (ash?0—2bch 0) drdo—[r®+4 (b—a ch 0)?] d6®
+pp [(r2 4 2mr — b2 + a?) (a sh? 8 — 2b ch B)2 — sh2 0 (r? + b2+ a%)?] d¢?.
Case II.C (€°==3%, |8*|<3V2) and p==(r — ib
+iashe)™ .
ds? = — pp (r*+ 2mr — b* 4 a® sh* 0) du® + 2du dr
+4pp [bsh © (r2 4 2mr — b — a?) — a ch? 0 (mr — b2)] du do
+2(a ch?0 —2bsh 0) dr dp—[r2 4 (b—a sh 0)2] 462
—pp [(r* + 2mr—b*—a?) (a ch?0 — 2bsh 6)2 + ch20 (r2 4- b2 — a2)?| d¢?.
Casell. D (€°=~3, |B*|=3V2);
p= —[r—ib+iaexp (0)]%
ds? = — pp [r2+ 2mr —b* + a® exp (20)] du?
+2du dr 4 4pp {bexp (0) [r2+ 2mr —b?]
— a exp (20) [mr — b2} du do + 2 [a exp (20)
—2bexp (0)] dr dp —{r?+ [b— a exp (0)]?} d6?
— pp {(r?+2mr —b?) [a exp (20) — 2bexp (B)]?
+ (r* 4 b%) exp (26)} de?.
Case II.E (€° =0, p*#0) and p==0r +ib +16%/2)7";

ds? = — pp (2mr + 2b 4 02) du? -+ 2du dr
—+2ppB2 (r2 — 2mbr — mro*2 — b* —16%/2) du do
—+ (b02 + 0%/4) dr dg— [ + (b - 62/2)2] dO®
— pp [(2mr - 2b) (b0% + 84/4)2 + 62 (r2 -+ b%)?] dg®.

Case II. F(e"=0, g*=0) and p==(r +i6)7Y;

ds® = — Qppmr du? + 2du dr + 2pp (r> — 2mr? 4 0%) du dg
202 dr dg — (r2 4 0% d82— op (r* -+ 2mret — 0% dg®.

Note that in the limit @ - 0 the II metrics go over into
the I metrics as follows: II.A into I.A; II.B, IL.C, II.D
into I.B; and IL.E, ILF into I.C. The solution of great-
est interest is II.A, which was first obtained in Ref. 51
and was analyzed in detail in Ref. 52. Here and in the
remainder of the present section, we shall use a sys-
tem of units in which the velocity of light in vacuum ¢
and the Newtonian gravitational constant G are equal to
unity. In these units, m is identified with the total en-
ergy (mass) of the source and « (the Kerr parameter)
with the specific angular momentum; the parameter b,
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TABLE IV. Properties of
the vacuum solutions of the
Einstein equations of Kerr-—
Newman-Unti—Tamburino
type (v is the velocity, I is
the angular momentum of
the source, and £, s, and
are, respectively, time-
like, spacelike, and null di-
rections.

v

of!

t — 11.B -

H ILA 11.C 1L.F

! - 1.0 ILE

which introduces an additional rotation into the con-
gruence of geodesic rays, is called the NUT parameter
(“imaginary mass,” “mass of magnetic monopole
type”® etc.).

The solution II.A goes over as a,b -0 into the
Schwarzschild metric; it is therefore natural to assume
that the gravitational field described by the metric IL.A
is produced by a source moving with velocity less than
the velocity of light. With regard to the remaining so-
lutions in the family given above, it may be remarked"
that the gravitating source corresponding to these solu-
tions moves along a spacelike (¢°=-3) or null (¢°=0)
world line. The additional subdivision in these cases
corresponds to different spatial disposition of the four-
vector of the angular momentum of the source, which
is orthogonal to the velocity four-vector (Table IV).
Thus, the Newman-Penrose formalism enables one to
obtain in a unified manner complete families of solu-
tions corresponding to a given set of parameters and
describing sources of tardyon, tachyon,**) and luxon

types.

Finally, we consider the case n*+#0 (Ref. 41); the in-
tegration then leads to the Ehlers=Kundt C metric
(n*+0,p*=0),*® and also to a solution that is the gen-
eralization of the C metric to the case of rotation
(m*#0,p*+0). In accordance with the interpretation of
Ref. 57, the C metric describes the gravitational field
of a uniformly accelerated massive body that emits
gravitational waves; it is remarkable that in this case
the space-time is asymptotically flat. It is noteworthy
that the most general “particle-like” solution of the
vacuum Einstein equations of type D (r*#0, p*#0) was
obtained for the first time by the spin coefficient meth-
od.

20)0n the basis of the tachyon solutions obtained here, one
cannot, without additional experimental investigations or
theoretical restrictions derived from causality, conclude
that superluminal motion is “real” or “physically un-
acceptable.” We intentionally do not consider here the
(very large) group of problems associated with superluminal
motion and superluminal frames of reference, referring
the interested reader to the literature.?-%% In connection
with tachyons in general relativity, see Ref. 56.
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Kinnersley’'s investigation in Ref. 41 has fundamental
importance. The point is that the type D includes, in
particular, an important class of vacuum gravitational
fields, namely, stationary asymptotically flat gravita-
tional fields that have a nonsingular simply connected
event horizon (gravitational fields of black holes). A
simple analysis of all solutions of type D shows that the
most general solution having these properties is the
Kerr metric® (the solution II.A for b =0). From this
important physical conclusions can be drawn,

Suppose that as a result of the collapse of a massive
star a black hole is formed, which, after rapid emis-
sion of gravitational waves, goes over into a stationary
ground state, In accordance with what we have said
above, this state is entirely described by the Kerr me-
trie, and it is therefore uniquely determined by the
specification of the mass m of the black hole and its
specific angular momentum a. “Black holes have no
hair”—this is how Wheeler picturesquely characterized
the property of stationary black holes that for their de-
scription one requires no other additional characteris-
tics such as multipole electromagnetic and gravitational
moments, baryon charge, etc. (see, for example, Refs.
58-60),2"

Some generalizations of Kinnersley’s solutions*' (to
the case of gravitational theory with a cosmological
term, the presence in space-time of an electromagnetic
field, etc.) belonging to the type D are given in Refs.
68-T2. Note that the most general “particle-like” so-
lution of the Einstein—-Maxwell equations with a cosmo-
logical term of type D, which is given in Ref. 72 and
which was obtained by a method similar to the New-
man-Penrose method, contains seven arbitrary param-
eters; the “genealogical tree” of this solution (accord-
ing to Plebafiski and Demianski™) is shown in Fig. 4.

We now consider some other investigations devoted to
solutions of the Einstein and Einstein—Maxwell equa-
tions in the Newman-Penrose formalism in which meth-
ods analogous to those in Refs. 38-41 were used to
solve the complete system of Newman-Penrose equa-
tions.

It should be noted first that type II metrics in the Pe-
trov classification are far less amenable to detailed in-
vestigation by the spin coefficient method than the type
D metrics. Historically, the first type II vacuum solu-
tions of the Einstein equations containing a nondegen-
erate, shear-free, nonrotating (or twist-free) congru-
ence of geodesic rays were investigated by Robinson and
Trautman™ before the creation of the Newman-Penrose
formalism, and therefore these metrics are called the
Robinson-Trautman metrics. The Robinson-Trautman
metrics and also their Einstein—-Maxwell generaliza-
tions are represented in the Newman=Penrose formal-
ism in Refs. 39 and 143, respectively. The much larger
class of solutions of vacuum Einstein equations that
generalize the Robinson-Trautman solutions to the case

21)The properties of stationary black holes are described, for
example, in Ref. 62, which also contains further refer-
ences.
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FIG. 4. “Genealogical tree” of the general Petrov type D “par-
ticle-like” solution of the Einstein-Maxwell equations with cos—

mological term.’? Here m is the mass, b is the NUT parameter,

a is the rotation, » is the acceleration, e and g are the electric
and magnetic charges of the source, and A is the cosmological
term; 1) Plebaiiski, Demianski’; 2) Plebanski’™; 3) Kinners-
ley™; 4) Carter™; 5) Demianski and Newman®; 6) Carter'; 7)
Kinnersley®!; 8) Carter; 9) Frolov®®; 10) Demianski’; 11)
Brill®; 12) Newman et al.,”® Perjés® Ernst®; 13) Demianski 52
Kramer and Neugebauer 3® I. Robinson, J. Robinson and Zund®;
14) Levi-Civita,’® Newman and Tamburino,!3 I. Robinson and
Trautman,” Ehlers and Kundt®®; 15) Demanski ¢ Frolov®; 16)
Kottler®?; 17) Newman, Tamburino and Unti,® Taub®; 18)
Reissner and Nordstrom?®®; 19) Kerr®; 20) Bertotti,?® I. Robin-
sonl; 21) De Sitter®; 22) Schwarzschild®.

when the congruence of geodesic rays has rotation
(twisting congruence) was considered by Talbot*® by the
spin coefficient method; in the general case, the metric
form was found to depend on three arbitrary functions
of the angular coordinates and the time that satisfy a
system of three nonlinear partial differential equations
which cannot be reduced to quadratures. Finally, elec-
trovac, algebraically special gravitational fields con-
taining a shear-free congruence of null geodesics with
expansion were investigated by Lind®; as in Ref. 49,
the problem of integrating the complete system of New-
man-—Penrose equations was reduced to that of solving
a system of fewer (in this case, five) nonlinear partial
differential equations for functions that do not depend on
the affine parameter v along the rays. Some nontrivial
particular solutions of the Einstein and Einstein-Max-
well equations in the classes of metrics described in
Refs. 49 and 50 were obtained (by other methods) in
Refs. 84 and 144-146, An interesting interpretation of
the solutions of Ref. 50 was proposed in Ref. 148.

Similar in approach to Refs. 49 and 50 are Refs. 63
and 64, in which Trim and Wainwright investigated
algebraically special solutions of the equations of the
gravitational field with an energy-momentum tensor de-
scribing electromagnetic and neutrino fields.

We consider briefly the results of Refs. 67 and 147,
in which the spin coefficient method was used to con-
sider regular (i.e., without angular singularities) elec-
trovac gravitational fields for which a multiple eigen-
vector of the Weyl tensor coincides at each point of
space-time with one of the principal null directions of
the Maxwell tensor and is tangent to a diverging shear-
free geodesic congruence (for such gravitational fields,
the name “Kerr—Maxwell spaces” was used in Refs. 67
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and 147). It was shown, first, that the class of Kerr—
Maxwell spaces of the Petrov types III and N is empty
and, second, that the Kerr—-Newman metric™ is the only
solution of the field equations in Kerr—-Maxwell spaces
without radiation characterized by a compact surface

¥ =const, u=const (for the proof of the uniqueness the-
orem for the Kerr-Newman metric, see also Ref. 50).

Conformally flat solutions of the Einstein—Maxwell
equations with non-null (¢, = ¢, =0, ¢, #0) and null (¢,
=¢, =0, ¢,#0) electromagnetic field were studied by the
spin coefficient method in Refs. 149 and 150, respec-
tively. It was found that all such solutions reduce, on
the one hand, to the so-called Bertotti—Robinson elec-
tromagnetic universe,®:°+1*? and, on the other, to the
solution of Ref. 150, which describes a family of plane
electromagnetic waves (n=p=0=7=0). Generalizations
of these solutions to the case of the Einstein-Maxwell
equations with the energy-momentum tensor of a “null
fluid” (see below) are given in Refs. 151 and 152.

Finally, with regard to algebraically general solu-
tions of the gravitational field equations (Petrov type I),
which have hitherto been little investigated in the New-
man-Penrose formalism, we merely restrict ourselves
to a reference to the literature®®5%%6:153 without making
any additional comments,

Some “Radiating” Solulions of Einstein’s Equations.
In the Newman-Penrose formalism, we now consider
type D solutions of Einstein’s equations with the energy-
momentum tensor of a “null fluid”:

8w Ty = 2811, I;1'= 0,

(101)
where [; is the degenerate eigenvector of the Weyl ten-
sor (b, =¥, =¥, =¥, =0; ¥,#0), which coincides with one
of the real vectors of the null tetrad. As is shown in
Refs. 94-96, the tensor (101) can be regarded as the
energy-momentum tensor of high-frequency monochro-
matic radiation averaged over a region of space con-
taining a large number of wavelengths. It can be shown
that the high-frequency (electromagnetic, gravitational,
etc.) waves propagate along null geodesics of a back-
ground space with slowly varying metric g;, produced
by the averaged effective energy and momentum dis-
tribution (101).

Thus, the Einstein equations with right-hand side of
the form (101) describe the (nonlinear) reaction of the
waves on the background, or, as one sometimes says,
the “warping” of the background by the radiation. The
first solution of these equations was apparently obtained
by Vaidya® = and was investigated in detail in Ref. 100.
This solution describes the gravitational field of a
spherically symmetric isotropically radiating body; the
generalization of this solution to the case when the ra-
diation can carry away charge was given in Ref. 101,
Later, Kinnersley'* found a solution with radiation dis-
tributed in accordance with the law §=S,(u) +S, (1)

X cos6(u), where u is a retarded time, Because of the

22NWe recall that by a nondegenerate congruence of geodesic
rays we understand a congruence for which at least one of
the optical scalars is nonzero.
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anisotropy of the radiation, the source for the Kinner-
sley metric must suffer recoil, and therefore must
move with acceleration in any inertial frame of refer-
ence, Therefore, the Kinnersley solution explicitly
contains three functions, namely a(x), b(x), and c(u),
which are the independent components of the accelera-
tion four-vector.

The Vaidya and Kinnersley solutions are of Petrov
type D. Here, we shall obtain all type D solutions of
the Einstein equations with right-hand side of the form
(101) (®,,#0, and the remaining &,,, and A are equal to
zero) that contain a twist-free shear-free nondegenerate
congruence of geodesic rays m=0=g=0,p=p#0)."
Using the notation (introduced earlier) that has now be-
come generally accepted, we write down the result of
the radial integrations for the corresponding system of
Newman-Penrose equations:

p=—1/r; n=n*+T¥r% f= —P*/r; a= —a*r—a*LT¥/%
T= — T — % y=1v*—(1/r) (n*a* _?*5*)
— (1) (*P* — T*0%) - (/%) (P24 T** 4 tha* 4 T8B%)
— TP —rtn¥;, Wy = — WH/r3; Oy = O%/r2 t*= —E*%r;
‘0= —a*r4(@*p*) frar; X* =X
+(1/r%) (7o w08 — g — T
U=U*—r(y* + 5+ n*n* +n¥n*) + rea*n*
— (1/7) [(o* 4 B*) T* — T*q* - nPe* — ¥*/2]
— (1/r) [(a* +B*) v — v 0* + re* — T4/2] + (1) [(T*e*
4 T*0%) — T — TR — tFn¥; p=p*— (1/r) (M* —T*n¥)
— ¥ 4 (1Ur%) (W*/2+ T*/2 4 T%0%) — o57%/P L rvk®;
v= (D*a*/V*) r — (1/r) (O*T+/3W*) L v¥; L =0.
Substituting these expressions in the as yet unused
equations of the Newman-Penrose system and separat-
ing the variables, we obtain a number of algebraic re-
lations,
¥ =TF=n*=0; p*=n* ¥r="V* V=L U*=0; v¥a* =0,

and the system of transversal equations

£ (Y40 = —30" @ +6"); (102)

XPo (Wrw) BT () — D (103)
DY) o =30 — 4D* @* 6] (104)

B (a%),0 = * (B* —a*); (105)

B (%) 0 = 2% (@ —p*)—p*; (106)

X' (%) g == —n* (y* — y*) O/ PE (107)

B ()0 = —2n*U* —p* (@* +B*); (108)

X" (%) .0 = —p* (U® 4 ¥5 -+ 7%) + RO (109)

E*® (U*) = — 3a*W* — 2U* (a* LB¥%); (110)

X O(LH) o8 (V) o — 20 (4% %) —v* (@* +3p%);  (111)
£ (v¥),a= — v* (F* +30%); (112)

X% (@*),a =" (19)a = V" + 7% (B* —a*) —atpr—arl*  (113)
X (%), —E* (1) .a= —B* (¥ —y* + 27" + 2ty =70 (114)
£ (@%).a—E" (B a= —U*+28* B*—a*)]; (115)

EU X o= X" ) o= @+ M P — @ —p X (116)
@ — 8 B =@ — P EP+ (p*—an E. (117)

The transversal equations are conveniently integrated
separately for the three different cases corresponding
to the condition v*7*=0,

Case A. v*=0 and 7*=0, The integration is per=-
formed as in Case I considered earlier. We obtain
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Metric A.1: ds® =[1 = 2m(u)/r)d’ +2dudr =v*(d6°
+sin®6d¢?).

Metric A.2: ds®=[-1=2m(u)/r|du® +2dudr —v*(d6*
+sh*6dg?).

Metric A.3: ds® =[=2m(u)/rdu® +2du dr -r*(d6*
+0Pdg®).
The Metric A.1 is the Vaidya metric®~'°°; the interpre-

tation of the remaining solutions is analogous to the in-
terpretation of I.B and I.C.

Case B. v*#0 and 7*=0. We assume first that U*
<0 (sub-case C.1) and specify the quantities £** in the
gauge

E®=Ref*; £%2—Rel*?; 1= Ret* —i/ /3 (118)

the remaining coordinate transformation freedom is

2 =a" (20, at); 2 =aV (&0, 2%); (119)

I =3 L (20, a?). (120)

As a result of the tetrad A* and H* transformations,
respectively, we obtain

U*= —1/2; v¢=v*, (121)
Using these relations, we deduce from (111), (112),
and (116) the equations g*=B* and (Re£*’) ;=(Re&*®) ;
=0, so that, using the coordinate transformations (119),
we obtain

Ret*0=0; Ret¥2= —1/}/3. (122)
It follows similarly from (116) that (X*°) ,=(X*°) ;=0;
then, after an allowed coordinate transformation, we
arrive at

X0=1, (123)
Finally, we write out the general solution of Eq.
(115): .
*= —(1/2V2) etg [2*+ F(29)]. (124)

If we now take the quantity in the square brackets in
(124) as the new coordinate x?, Eq. (117) can be readily
solved, and its solution can be reduced by means of a
coordinate transformation (120) to the form

Ret* = — (2% 1/2) ctg (). (125)
The further integration of the system of transversal
equations is simple, and we give the result directly:

Rey*= —(1/2)a (u)cos 0; Im y*
= (1/sin 0) [ () cos (p/sin B) + B (u) sin (¢/sin 6];
v¢=(1/V 2) a (u)sin 6;
X*2= g (u)sin 0+ 2 [B (u) cos (p/sin 0)
— A (u) sin (p/sin 8)];
X*3 = — 27 () [(/sin 0) sin (p/sin 0) - cos (g/sin 0)] cos B
— 2B (u) [ — (¢/sin 8) cos (g/sin A)
-+ sin (@/sin 6)] cos 0 — pa () cos 0+ g (v) sin 6,
where x°=u, ¥*=6, x* = ¢; a(u),A(u), B(u), and g(u) are
constants of integration. The transition to the Kinner-
sley coordinates'’? is made by means of the transfor-
mation ¢’ =(¢/sing) — [ig(T)dT.
Metrie B.I (U*<0):
ds?=[1—2ra (u) cos 8 —r? (24 h?sin? 0) — 2m (u)/r] du?
+ 2dudr + 2r%f du dO + 2r%h sin? 0 du dp —r? (d62 4 sin? 0 de?);
f=—a(u)sin 0+ b (u)sin @+ ¢ (u)cos q;
h=ctg0[b (x) cos p—c () sin g].
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Metric B.II (U*>0; |g*|>1y2):

ds?=[—1—2rq (u)chﬁ—rz(ﬁ-khashﬂe)—2m.(u)/r] du?
+2du dr 4 2r2f du dO + 2r2h sh? 0 du do—r?(d62-+ sh? 0 do?);
=—a(u)shf+4bw) sin @ ¢ (u) cos ;
h=cth0[b(u) cos p—e (u) sin @l.

Metric B.III (U*>0; |g*|<1y2):

ds?=[—1—2ra (u)shO—r2 (24 h2ch20)

— 2 (u)/r] du 4 2du dr + 2r2f du d
+2r¥ ch®0 du dog — r2 (d02 - ch? 0dg?);
f=—a@)ch0—b () exp () —ec () exp (— );
h=thO[b{u)exp (7) —e (1) exp (— ).

Metric BIV (U*>0; |g*|=LvZ);
ds?={—1+ 2ra (u) exp (B) — r2[f2 —+ hZexp (20))
—2m (u)/r} du? 4 2du dr 4 2r2f du d
=+ 2rip exp (20) du do — r® [d62 - exp (20) dg?];
r=a(u)exp (8) — 26 (u) g;
h=0b(u) [¢*—exp (—20)).
Metric B.V (U*=0):

ds® =1 —20r — r* (2 h2) — 2m (w)/r] du?
+ 2dudr + 2r*f du d6 4 2r2h du d — r2 (462 - dg?);

=7 (@ =) +b )

h=—dp4c(u).

The Metric B.I is the Kinnersley metric.'®® The arbi-
trary (though nonincreasing because of the energy con-
dition) function m(u) describes the change in the mass
of the source as a function of the retarded time; the
function a(u) characterizes the magnitude of the ac-
celeration, and b(u) and c(x) characterize the rate of
change of its direction. The comoving spherical coordi-
nate system is oriented in such a way that the direction
6=0 to the north pole always coincides with the direc-
tion of the acceleration. Note also that by virtue of the
special choice of the tetrad gauge for the case B.V the
function a(u) for any value of the retarded time u is nu-
merically equal to unity in our adopted system of units
(G=c=1). For brevity, we have omitted this function in
the expressions for the components of the metric tensor
of the case B.V (the same applies to the gravitational
field variables corresponding to the metric B*.V given
below). This function can be readily reconstructed in
the expressions by dimensional considerations. The
metrics B.I, B.II-B.IV, and B.V in the limit v* -0 go
over into A.1, A.2, and A.3, respectively, and in the
limit * -0 into the metrics I.A, I.B, and I.C for 5 =0,
In the three cases, the surface » =const, u=const is a
two-dimensional analytic manifold (Riemannian source)
of elliptic, hyperbolic, or parabolic type, and the
gravitating source moves along a timelike, spacelike,
or null world line, respectively. The spatial disposi-
tion of the velocity and acceleration four-vectors of the
source can be deduced from Table V.

Case C. v*=0 and 7*#0. We shall here omit the act-
ual coordinate and tetrad transformations (which are
similar to those made in Ref. 41) that make it possible
to simplify and explicitly integrate the complete sys-
tem of Newman-Penrose equations in this case. The
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TABLE V. Family of “ra-
diating” solutions of Kinn-
ersley type to the Einstein
equations (v is the velocity,
a is the acceleration of the
source, and f, s, and [ de-
note timelike, spacelike,
and null directions, respec-

tively).
a
[ 4 ] i
v
t —_ — B.1
§ B.1I | B.III B. 1V
1 —_ B.v A3

resulting metric has the form (x* =u; x' =7; ¥ =x; x°=y):
ds? = — 20U du?+ 2du dr 4 2c (u) r* du dz
— e [ 1 )
U= —Smact () — & ot () AL

e S R R @)
X0=1, V2=X3=(;
l -
e Wi@n
(D) e(un 3 . de(u)

w =
=0, 2=

1

P:ﬁ‘—;;

a= T}r—;-f(f)ca (w);

B= me-(a—bmrz):

M oGO IR (6ma*—a)— 113

flx)ed (u);

—

ro4f(z)r2
= — 7 1@ )
’ 1 de (
L L

g — 11 (2) 8 ()

m
Vo= — 753

3m de (u) .

Wpn =8 = W g

p= % ct (u) (bmz? —a)— % 3mac? (u)

+ 0 g (@) (u);

3 : a 1
v:ﬁf(x)c-(u)%&‘),
where flx) =V=2Zmx®+ax +b; a,b, mare arbitrary con-
stants; c(«) is an arbitrary positive function.

This solution in the limiting case *=0 (c(x)=1) goes
over into the Ehlers—Kundt C metric*®*5" and is a gen-
eralization of the latter to the case when high-frequency
radiation with an energy-momentum tensor of the form
(101) is present in the space-time.

Thus, the solutions A.1-A.3, B.I-B.V, and C ex-
haust the class of “radiating” nondegenerate type D
twist-free solutions of the Einstein equations.

We now consider briefly the results of Ref. 118, in
which the study of the gravitational field of radiating
systems was continued. Frolov''® found a general solu-
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tion of Petrov type II of the Einstein equations with en-
ergy-momentum tensor (101), in which /; represents a
twist-free congruence of shear-free geodesics with ex-
pansion. As is shown in Ref. 64, the metric in this
case has the form

ds? = 2du (dr— U du)— (r2/2P¥ dt di; P=P (u, {, D), (126)
where U and P are real functions and ¢ and  are com-
plex coordinates; di=dx+idy and df =dx —idy.

We now choose the Newman-—Penrose null tetrad,
making it satisfy the relations [the first vector of the
tetrad is made coincident with the vector [; in (101)]

(127)

The spin coefficients corresponding to this tetrad are

l,da' =du: n,;dz'=dr—Udu; m;dz'= (r/2P)dE.

k=g=n=0=1=r=0; p=p=—1/r;
a=—p=—(1/r)dP/3L;
p=U/r—a(In P)/du; y= — (8U/0r)/2;
v= (2P/r) QU/4L.

(128)

In (118), Frolov then considered in detail the case when
the surface » = const, u =const is compact (conformally
equivalent to a complete sphere). In this case, it is
convenient to represent the function P in the form P
=VP,, P,=(1+¢£E)/2, where the stereographic coordi-
nate ¢ ranges over the complete complex plane, and V
=V(u, £, T) is a nonvanishing bounded function. The
stereographic coordinates £ and { are related to the
polar coordinates 6 and ¢ on the unit sphere by the re-
lation ¢ =exp(i@)cot(6/2); in these coordinates, the line
element (126) is rewritten in the form

ds? = 2 du (dr — U du) — (r?/2V?%) (462 + sin? 6 dg?). (129)

Substituting (128) in the second group of Newman~-
Penrose equations [Egs. (A.12)-(A.29) of Appendix B],
we determine the tetrad components of the Weyl tensor
(some of the equations are satisfied identically):

Yo=Y¥,=0; Yo= —mu)/r}; ¥,
= —(2P/r)oU*/ 9= (F3/r?) TR,

- 4 a s @ (In P) 4 @ (pp dU*
Y= a3 P 3L du ]_rz a (P aC } (130)
2R , 1 = i
= —— o+ T (V'Eh),
where A TR

U* = — 4P (In P)/a5 6%, R =(LV) V.

The differential operators ¢, and 7, (introduced in
Refs. 136=138) used in (130) are applied to quantities
with definite spin weight, raising (z,) or lowering (&)
the spin weight by unity.

The remaining unused equations from the second
group of Newman-Penrose equations lead to the follow-
ing relations (to obtain them, one can also use the for-
mulas of the Appendix Ref. 63):

S=(r)Q .5 % (131)
U = —4P%" (In P)'95 35~ (r/P) 0P/ du -+ m (1) 3 (132)

1 4 m e (FPY 1 @ P I e
wulm) - (F) Pl a8

Un™ a‘-l
The relation (131) shows that for different » =7, the

same amount of energy flows through the surface »

= const, u=const, and @ =Q(«, &, T) characterizes the in-

tensity of the radiation at a given time as a function of
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the direction. Equation (133), which goes over for @ =0
into the well-known Robinson—Trautman equation,” re-
lates the metric to the radiation intensity. Conversely,
specifying an arbitrary P =P(u, £, {) and choosing a cor-
responding m =m(u) to satisfy the condition @ =0, we
obtain a solution of the Einstein equations with the en-
ergy-momentum tensor (101).

Under the condition that there is no low-frequency
(background) gravitational radiation and that the surface
» =const, u=const is compact, the general solution of
the Einstein equations with the radiation (101), where [;
is a twist-free shear-free nondegenerate congruence of
geodesic rays, reduces to the Kinnersley solution'%%1®

(see the metric B.I given above).

In Refs. 105, 139, and 140, the Newman-Penrose
formalism was used to investigate “radiating” solutions
of the Einstein—Maxwell equations with a cosmological
term of Petrov type II (in Refs. 104 and 141, a detailed
investigation was made by the Kerr—Schild method®®:'*?).
The following system of equations was considered:

Hy—Rg 12— Agy;=2(E;; +51,1); (134)
Eiy= —FF o+ gy (Fa F*)/4; (135)
Fiy=Aji— i 5, (136)
Fijin4Fuiss+Fa i =05 (137)
Fi L =J% Ti=2Jl, (138)

where 1! is the tangent vector to the twist-free shear-
free null geodesic congruence with expansion:

(6 )2 = 2l o5 T 1 =0
LI =0, Pl ;=0; L};==0.

Under the condition that there is no low-frequency grav-
itational radiation (understood as the vanishing of the in-
formation function®*** for the background metric) or
angular singularities, a family of general solutions of
this system was obtained corresponding to gravitating
sources of, respectively, tardyon (B*.I), tachyon
(B*.II-B*.IV), and luxon (B*.V) type, Below, for refer-
ence, we give the nonvanishing spin coefficients, the
tetrad components of the Weyl and Maxwell tensors, the
tetrad component of the four-current J, and the mean
energy flux density 5 of the high-frequency radiation,
and also the components of the vectors of the null tetrad
for solutions that directly generalize the metrics B.I-
B.V to the case when the space-time contains a back-
ground (low-frequency) electromagnetic field. The
functions e(u) and g(u) are, respectively, the electric
and magnetic charges of the source, and the interpreta-
tion of the remaining arbitrary functions of the retarded
time is analogous to the interpretation given above for
the B metrics, Note that if we know the components of
the vectors of the null tetrad, then, using Egs. (3), we
can also readily calculate the components of the metric;
for this reason, we do not here write out g;;, but mere-
ly mention that for e(u)=g(u) =0 the corresponding me-
trics B* and B are identical.

The radial dependence of J and § for all the B* me-
trics is the same:

~

- -
:

J* = (e () + ig (0));
d

1

5= T8t 55 -E‘—[ez(u)+g2(u)].

.
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Metric B*.I (U*<0):

p=—1r; f=—a=(1/2 V2r)ctg o,
¥=—(1/2) a (1) cos O+ (i’2sin ) [c () sin ¢ —b () cos ]
+ (1/2r%) {m (u) + 2 [e? (u) - g% (1)) @ () cos 0}
—(1/2r%) [e? (u) 4- g2 ()] — r/6; v=(1/}/2) a (u) sin 0
+ (V) [e* (u) + g2 ()] @ (u) sin 0; == —1/2r
+ (1/r%) {m. () + 2 [¢ (u) + g2 ()] @ (1) cos )
—(1/2r%) [e2(u) + g2 (1)) + Ar/6; Wp= —(1/r3) {m (u)
+2(€* () +g* ()] @ (u) cos b} + (1/r%) [e2 (u) +- g2 (W)); ¥
=—(3/VZr) e (W) +g*(W)la(sin®; @, = —(1/2r? e (1)
+1g @)l @a=(1/)"2r) e () +ig ()] a (1) sin 6;
5= — L (m(0)+ 212 @)+ g W)l a (1) cos )
+ 3a (u) cos 0 {m (u) 4 2 [¢® () + g2 ()] a (1) cos 0}
—3[e? (u) + g2 (u)] a® (u) sinZ 0 4 2 [¢2 (u)
+ g% (u)] a (1) sin O [b (u) sin @+ ¢ (1) cos @];
B=0; &=1/V2r;, &=i/V2rsint; 0o=0;
X0=1; X?= —a(u)sin0+4b(u)sing
~+e (1) cos @; X3=ctg 0 [b (1) cos p—c (1) sin g];
U= —1/24 (1/r) {m (u) 4 2 [¢? (u) + g2 (1)] @ () cos 6}
+ra (u) cos 0— (1/2r?) [e? (1) 4 g2 ()] + Ar?/6.

Metric B> 11 (U*>0; |3*|>1vVZ):

p=—1/r; p=—a=(1/2V2r)cth®; y=—(1/2)a (¥)ch o
+(i/2sh 8) [c () sin @ — b () cos @] + (1/2r2) {m (u) — 2 [e2 (&)
g% (u)]a (u) ch B} — (1/2r) [e? () + g2 (u)]

—3r/6; v=—(1/V 2) a (u) sh 0+ (V 2/r?) 12 w)
+g% (u)] @ (u) sh0; p=1/2r + (1/r%) {m (u)

—2[e® (u) 4 g2 (u)] a (u) ch 8} — (1/2r%) €2 (u)

g% (u)] + Ari6; W= —(1/r%) {m (1) — 2 [¢? () + g2 ()] @ (1) ch 6}

+ (1/r%) [e* (u) + g% ()];

Wy= —(3/V 2r®) [ (u) + g2 (u)) @ (u) sh 6;
@i=—(1/2r) [e (u) +ig (W) @o=(1/}2r)
X [e (u)+ig(u)]a(u)sh@; S*= —-a—i{m(u)

—2(e? (u) + g% (u)] a (u) ch 8}
-+ 3a (u) ch 6 {m (1) — 2 [e? (1) + g* (u)] a (u) ch 6}

— 3 [€® () + g* (u)) @ (u) sh* 0+ 2 [¢ ()

+ g% (u)] a (u) sh @ [ (u) sin @+ ¢ (u) cos g];
B=0; 2= (1/V2r); 2=i/V 2rshe;
0=0; X°=1; X*= —alu)sh04+b(u)sing
¢ (u) cos ¢; X3 =cth8[b(u)cos ¢—c () sin ¢J;
U=1/24 (/) {m (u) — 2 [¢* (u) + g% (1)) & (u) ch B}
+ra (u) ch 8 — (1/2r2) [ (u) + g2 ()] 4 Ar2/6.

Metric B*. III (U*>0; [8*|<3/2):

p=—1/r; f=—a=(1/2 )V'2r) the;
¥=—(1/2) a (u) sh B+ (i/2ch 6) [b (u) exp (p) —¢ (1) exp (— )]
+(1/2r%) {m (1) — 2 [ (u) + g ()] @ (u) shB} — (1/2r3)[e2 (u)
I -4 ()] — Ar/6;
v=— (1/V2) a (u) ch 0+ (V' 2/r?) [¢* (u) + £ (u)] & (1) ch B;
p=1/2r4(1/r%) {m () — 2 [¢* (1) + g* (1)] @ () sh 6}
— (1/2r%) [e® () + g® (u)] + Ar/6;
Wo= —(1/r%) {m (u) — 2 [¢* (1) + g° (w)] a (1) sh 0} 4+ (1/r4)
X [ () +g* () '
Wy= —(3/ V'2r%) [e? (u) + 2% ()] a () ch 6;
&= —(1/2r%) [e () +ig (w)];
Ba=(Ur V'2)le () +ig ()] a (u) ch &
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S*= -;;{m(u)—-ﬂez(u)—i—g*(u)]a(zt} sh0}+3a (#) sh 6 {m (u)

—2[e* () +g* (w)] a (u) sh 0} — 3 [¢? () + g2 (w)) a? (1) ch?®
—2[¢* (1) + g% (w)a (v) ch B [b () exp (9) +c (1) exp (— )
B=0; #=1/)2r; B=i/)2rch6;
0=0; X0=1; X?= —au)ch0—b(u)exp(¢)—c(u)exp (—o)
X3=thO[b(u)exp () —ec (W) exp(—o);
U=172+(1/r) {m (u) —2[€? (1) + &* (1)] @ (1) sh B}

+ra (u) sh 0 —(1/2r2) [¢* (1) + g% (u)] + Ar¥/6.

Metric B*.IV (U*>0; B*=13V2):
=—1/r; ﬁ=—m=$2—‘}-§-;-; v=(1/2)a w)exp (V)

F b () exp (— 0) + (1/2r2) {m (u) +2[¢* () + g* ()] @ () exp (8)}
—(1/2r%) [2 (u) + g% ()] — Ar/6;
v="=F (1/V/2)a (u) exp (8) == (V' 211?) [¢? (u) + g* (u) ] @ () oxp (0);
=127+ (1/r) {m () + 2 [¢2 () + ¢ ()| @ () exp (0)}
— (1/2r3) [e? (u) + g2 ()] + Ar/6;
Vo= —(1/r%) {m (u) + 2 [e? () -+ £* (u)) @ (1) exp 0}
= (1/r%) [e* (u) 4+ g2 (u)];
Y= (3/V 25) [¢® () + £* ()1 @ (1) exp (0);
By= —(Li2rdy e (W) +ig (u)]:
o=k (17} 2r) [e (u) +ig ()] a (u) exp (0);
S*= —% {m (u)+2 [e® (u) + g2 (u)] a (u) exp (0)} — 3a (u) exp (6)
X Am (u)+2 [e2 (u) + g° (u)] @ (u) exp (8)) — 3 [e? ()
g2 (0)1 a® () exp (26) +4 [ (u) + g% (u)| @ (u) exp () -b (1) ;
P=0; B=F1/V2r; E=i/V2rexpg); 0=0;
X'=1; X*=a(u)exp (0)—2b(u) ¢; X3=0(u)[¢*—oxp(—20)];
U=1/24(1ir) {m (u) — 2| e* @) + g* (u)] a (u) exp (8y}
—ra (u)exp (8) — (1,2r%) [ (u) + g2 (u)] — r2/6,

Metric B*. V(U*=0):

p=—1r; y=—(B+i¢) 2+ (1/2r%) {m (1) — (2:3) [¢? ()
+ g% (u)16%) — (1/2r%) [e? (u) + g2 (u)] — Ar/6;
ve 1/ VI (V 20r2) [e2 (u) + g2 (u)] 0%
W= (1/r%) {m (u) — (2/3) [¢* (u) + g2 (u)] 0} — (1/2r3) [e? (u)
- g* ()] + Ar/6;
Wy = — (1/r%) {m (u) — (2/3) [e® () + g% (1)) 0%} 4 (1/r%) [¢2 (u) + g® (W)];
W= (3/ 1/ 2r% ) [e2 (u) + g ()] P2
D= —(1/2r%) [e (u) +ig (u)):
Ba=F (11 V 2r) [e (u) —ig (w)] 8%
8% = — o (m (u) — (2,3) [¢ (u) + g2 ()] 6% + 30 {m ()
— (473) [¢? (u) + 22 ()] 6} + 202 [e2 () + g ()] [b (W) + G%2];
- B0 B==1/VI; B=xi/VIr;
0=0; X°=1; X2=(¢2—0%)/24-b(u); X3= —0p4-c (u);
U = 8r - (1/r) {m (u) = (2/3)[€* () + g* ()] 6%}
—(1/2r2) [¢2 (1) - g* (u)] + Ar2/6.

As we have already mentioned above, the B* metrics
describe the gravitational field of anisotropically ra-
diating charged sources which differ by the spatial dis-
position of the velocity and accleration four-vectors
(which are orthogonal to one another). Thus, for the
metric B*.I the source velocity is timelike and, there-
fore, the acceleration is spacelike. In the cases B*.II,
B*.III, and B*.IV, the velocity is spacelike, and the ac-
celeration is timelike, spacelike, and null, respective-
ly. Finally, case B*.V corresponds to null velocity and
spacelike acceleration of the source (it is easy to show
that if the velocity and acceleration are simultaneously
null, the acceleration can be made to vanish by a repa-
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rametrization of the world line of the source'®).

The examples of the use of the spin coefficient meth-
od for integragion and further investigation of definite
solutions of the field equations in general relativity
given in the present section may appear rather cumber-
some on first acquaintance, and the formalism itself
may seem inconvenient for this reason. However, this
first impression deceives; for knowledge of all three
groups of gravitational field variables in the Newman-
Penrose formalism gives us essentially the most com-
plete information about the structure of the considered
space-time.

The large number of investigations of different solu-
tions of the Einstein equations in the Newman—Penrose
formalism during the last 10-15 years and the funda-
mental results obtained by means of this formalism
clearly demonstrate the fruitfulness of this method for
studying gravitational, electromagnetic, and other fields
in the general theory of relativity.

4. PROPAGATION OF WAVES IN EXTERNAL VACUUM
AND ELECTROVAC GRAVITATIONAL FIELDS

In this section, we apply the Newman—Penrose for-
malism to the propagation of gravitational and electro-
magnetic waves on the background of a vacuum or elec-
trovac gravitational field.

We consider in detail the propagation of small-ampli-
tude waves on a background of vacuum and electrovac
fields of algebraically special Petrov types, in particu-
lar, in the exterior fields of rotating uncharged (Kerr
field) or charged (Kerr-Newman field) black holes and
the scattering of small-amplitude waves by a strong
electromagnetic-gravitational wave.

In the approximation of geometrical optics, we con-
sider the propagation of high-frequency waves of small
amplitude in an arbitrary vacuum or electrovac gravita-
tional field and we describe some properties of these
processes.

Propagation of Small-Amplitude Waves in Gravitation-
al Fields of Algebraically Special Types. In the linear
approximation, we consider arbitrary small perturba-
tions of the gravitational and electromagnetic fields on
the background of a vacuum or electrovac field of alge-
braically special Petrov type.

Necessary properties of the background field. As
background field, we can in what follows consider any
vacuum or electrovac field for which in some null basis

Yom¥,=0; D=0, (139)

i.e., the gravitational field of the background is alge-
praically special, and we admit only background elec-
tromagnetic fields for which the degenerate principal
null direction of the Weyl tensor is a principal null di-
rection of the Maxwell tensor.

In the general case, from the conditions (139) and the
Bianchi identities (A.1) and (A.4) we find that in this
same basis

k=a0=0.

(140)
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(The special cases 3¥,=+2&,, are an expection.) For
the electromagnetic field of the background under the
condition (139) one of the following three cases holds
(the last two, in a specially chosen tetrad):
=1, (141)
2. }

Fields of this type include many well-known exact so-
lutions of the Einstein or Einstein—-Maxwell vacuum
equations, in particular, the fields of static and sta-
tionary black holes (Schwarzschild, Kerr, Reissner—
Nordstrom solutions), which are fields of type D, and
also plane gravitational or gravitational-electromag-
netic waves, which are of Petrov type N. We shall con-
sider these solutions below.

a)Qp,=0—no electromaghetic field,
by @m0, @p=0, if 1 or
c) Wy =0, mmn=0, if ms£2 or

Linearized equations for the pevturbations. For ar-
bitrary small perturbations of the background field,
any component ¥ of the perturbed field can be repre-
sented in the form

(142)

where y is the corresponding component of the back-
ground field and x® is a small perturbation of it.2 1t
the space also contains sources of electromagnetic and
gravitational perturbations (particles or other fields)
that contribute directly to the energy-momentum ten-
sor, then for &y we shall have, instead of (142),

T=x+%8

B, = Oy + D+ Dl (143)

where &M describe the contribution of the sources.
Retaining only the terms linear in the perturbations,

we obtain from the Bianchi identities (A.1) and (A.4),

and from (A.13), using (139)-(141) and (28), the follow-

ing inhomogeneous equations for the perturbations of
the field variables:

(D—4p—26) ¥} — (5 —dou+ ) W§ + (3%, — 20yy)x
—(D—%p—2e) Oy = 4; (144)

(6 —4t—2B) WP — (A — 4y 4+ 1) WD + (3W2+20y) 0"+ (5 — 2B

4+ 97) OF) — (D— 2e 4 26 —p) Ppp = B (145)
(D—p—p—3e+2)0®—(b—t1—a+n—3pkP—¥5 =0, (146)

where A= (D—% —26) @) — (8 — 28— 2u -+ ) OFY;
B=(D— 2 % —p) O — (6 — 2B+ Z) Y.

We transform (144)-(146), using the commutation re-
lations for the operators D and 5, which by virtue of
(A.12)-(A.29) can be written in the form

(D—(p+1et+et+ap—pl(8—pB+a0)—[8—(p+1)Bp—2
+ 7+ qu] (D — pe -+ gp) =08 — kA + (20 —p) ¥y +q[(A—3y—¥
Pk (=3 +f—a—Ta]—pll@+m)o— -+l

(147)

where p and ¢ are arbitrary complex parameters, and
the right-hand side of (147) vanishes for the background

23)Tyanslator’s note. The superseript B derives from the
first letter of the Russian word for “perturbation, ”” and is
retained to simplify composition.
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field by virtue of the conditions (139) and (140).

Applying the operator (6 —-38—a+7 —47) to (144) and
subtracting from the resulting equation (145), to which
we apply the operator (D - 3€ +€ —4p —p), and using
(147) with vanishing right-hand side, Eq. (146), and the
Maxwell equations (A.38)—(A.41) for the background
field, we obtain

i(D—3e+e—4p—p) (A—by+p)—(8—3p—a
+n—41) (B— da+ 1) — Yy ¥
— (w/47) B1 [(8—~3f —a@+ 7 —47) (D— 2)
+(D—3e+e—4p-+p) (6—26)] BT —[(5—3p
—a+a—1) (20uk%) + (D —3e+e—p—p)
X (204,08)] + (%/4n) Dol (D—3e—E
—4p) (D—26)) @0 =1, (148)
where
To=(8—3p—a+7T—4r) A—(D—3e+e—4p—p) B.

We now consider the Maxwell equations (A.38)—(A.41).
We apply to (A.38) the operator (6 —f—a& +7 —27) and
subtract from it (A.39), to which we apply the operator
(D —£+€-2p —-p), after which we superimpose the per-
turbations. By virtue of (147), (139), (140), and (146)
and the Maxwell equations for the background, we obtain

(D—e+E—20—p) (A—2y+p) —(b—a
—B+7—21) (B— 2+ m)] @7 +4 B, V7
+2Bil(A—3y—y—2u+p) kB

—(8—3a+p—2n—7) 0Bl — @, Y2 =7, (149)

where
Jo=(D—e+e —2p—p) [(2/c) T m]
G (a—ﬂ—;'l'?‘—?ﬂ [(27/e) T ).

In case a), when there is no background electromag-
netic field, Eqs. (148) and (149) become independent and
each of them contains only one unknown function:

[(D—3e+e—4p—p) (A—4dy+ 1) —(6—a— 3P+ 1 —47)

X (6—da+n)—3Y,) ¥E=1,; (150)
[D—ed4e—2p—p) (A—2y+ p)—(B—a—P-+—27)
X (6—2a+m)) @P=1J,. (151)

Equations (150) and (151) describe the gravitational and
electromagnetic perturbations, respectively. These
equations were obtained by Teukolsky,® and were then
used to describe perturbations on the background of the
field of a rotating black hole—the Kerr field !¢ -117.119.120

In case b), i.e., when ¢, =0, introducing the new var-

iables

Dy = (x/4m) [(D—26—3p) B +2 Buc®) ;}

Doy = (w/4) (8 — 2B —37) & + 2 F10%)
and using (147), we can reduce Eqgs. (148), (149), and
(146) to the form

[(D—3e+e—4p—p) (A—4y+p)
— (8 —a—3p+n—4r) (6— 4o +n)— 3%, WP

— Bl —a—3—T—1) G+ (D—3ete—p+p) ¢, I=To (153)

[(D—6p— 2e) (A— 3y — 7 + 1) — 2 3V — 204,)] i

(152)

—(D—6p—2¢) B —3a+f—7) o+ = BiB—ba+m) ¥y =Jy; (154)

(D—3e+e—3p—p)B@— (B—a—3p+7—37) &,

—(%/2m) @&, WP =0, (155)
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where J; =% 4n)[(D - 6p —2e)J, —46,A].

This system, which was obtained in a somewhat dif-
ferent form in Ref. 121, and also the equivalent sys-
tems in Refs. 122 and 123, is very complicated for ana
lyzing the behavior of arbitrary small perturbations in
the exterior field of a charged rotating black hole—the
Kerr—Newman field. However, under some additional
assumptions (see below), it can be significantly simpli-
fied, which means that it can be used, for example, to
describe the propagation of electromagnetic and gravi-
tational waves in the Kerr—Newman field or to study
ultrarelativistic charged particles moving in the same
field.IZI' 124

In case c), setting ¢, =0 in (148) and (149), we obtain

[(D—3et+e—dp—p)(A—4dy+p)—(6—3p—a+n—41)
X (68— da+ 1) — 3T, V2

-+ (#47) G o(D—3e —&—4p) (D —2¢) @ = I (156)
(D—e-te—20—p)(A—2y+p)
—(—p—ata—20)E—2a+a) @E—@. ¥ =T,  (157)

This system of equations was obtained in Ref. 126 and

was used there to analyze the scattering of small-am-

plitude waves by a strong electromagnetic-gravitation-
al wave 2

It is interesting to note that, although the null tetrads
and the coordinate system in the perturbed space are
chosen only to within arbitrary infinitesimal transfor-
mations, the functions ¥, ¢, and ¢, in (153)-(155)
and also ¥ ? and ¢2 in (150)-(151) and in (156)=(15%)
(62 by virtue of ¢, =0) do not depend on this choice,
since they are invariant under these transformations.

Each of the systems of equations (150)-(151), (153)-
(155), and (156)=(157) in the presence of sources of
perturbations—particles or other fields besides the
electromagnetic and gravitational fields—is not yet
closed and must be augmented by equations that deter-
mine the evolution of these sources. However, in many
cases the motion of the sources can be calculated with
neglect of the radiative reaction, i.e., under the as-
sumption that the perturbations that are produced do
not have an appreciable reaction back on the evolution
of the sources. The perturbations of the electromag-
netic and gravitational fields are then determined from
the corresponding inhomogeneous equations (150)-(151),
(153)-(155), or (156)—(157), whose right-hand sides are
determined from the given motion of the sources.

Special Forms of the Background Field. We consider
in more detail the use of Eqgs. (150)=(151), (153)-(155),
and (156)—(157) to describe the behavior of perturbations
in the exterior fields of black holes.

Field of a votating black hole—the Kerr field. The
Kerr solution for a special choice of the null tetrad in
Boyer-Lindquist coordinates (ct,7, 8, ¢) is given by

2)These equations can also be used to analyze nonlinear
effects if the nonlinear terms calculated in the linear
approximation are taken as sources.
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T ={(r2-a?)/A, 1,0, a/A); n'=(1/2) pp {r+ a?, —
m= —{1/V 2)p{iasin®,0,1,i/sin8); ¥, = mp*
p=—(r—iacos@),p=—(1/212 ) pctgh;
n=(1//2)iasin8p?;

= —(1// 2 )ia sinb pp;

1= Ap%/2; y=p+(r—m)pp/2; o =n—f,

A,0,a); \

(158)

where A =7%=2mr +a®, m=GM/c*,a=L/Mc; M is the
mass, and L is the angular momentum of the black
hole. The remaining spin coefficients and the other
Newman-Penrose scalars are zero.

On the background of the Kerr field, the equations
(150) and (151) for the perturbations of the gravitational
and electromagnetic fields, respectively, and also the
equation for the scalar field ¢(O¢=-47T) and the Weyl
equations can be written in the form of a single “basis”
equation with discrete parameter s (“spin weight”) con-
taining only one unknown function ¥,. (For gravitation-
al perturbations, s=2, ¥,=¥2; for electromagnetic
perturbations, s=1,Y,=¢q; for neutrinos, s=3, Y,
=x,;; and for a scalar field, s=0, ¥,=¢.) Because a
type D field has a second degenerate principal null di-
rection, in the Kerr field we can obtain one further
equation for another perturbed component of each of
these fields, and all these equations reduce to the same
basis equation for ¥, but for different values of the pa-
rameter s (for gravitational perturbations, s=-2,Y_,
=p~*¥2; for electromagnetic perturbations, s=-1,Y_,
=p~2¢,; and for neutrinos, s=-3, ¥_,,=p7'x_,). The
basis equation for Y, in Boyer-Lindquist coordinates
admits complete separation of the variables, and after
a Fourier expansion of the unknown function with re-
spect to the azimuthal angular coordinate ¢ and a
Fourier transformation with respect to the time, it re-
duces to the inhomogeneous radial equation®’ 1°7;

[Ad2/dr? + 2(s 1) (r — m) d/dr - (K2 — 2is (r —m) K)/A

+ diswr — AL RE, (1) = s Tha,
where K = (r*+a%) 0 —an; A=, Ain — 2a0n + %> —s (s 1);

(159)

w is the wave frequency; n is the number of the azimu-
thal harmonic; 7%, is the Fourier component, multi-
plied by -2,05'|s -15-1 of the sources in Egs. (150) and
(151) for ¥2 and ¢Z or in the analogous equations for
p~*¥? and p~?¢5. The eigenvalue problem that arises
for the equation for the function of the polar angle 6,

namely

ri - 202 00c2f n?
e dB sin® +a w?cos? Tl
sncosl o . o
— 2aws cos 0 — nen - Stole 0

— 524 o Ain [oSGn (0) =0 (160)

leads under the additional condition that the solutions
are regular at =0 and 6=7 to a complete orthonormal

25)The properties of radial functions satisfying the homoge-
neous equations (159), in particular their asymptotic
behavior, are deseribed in Ref. 107; for the construction
of solutions of the radial equations in different cases, see
Refs. 12, 106, 107, 112, 119, 120, A solution of the in-
homogeneous radial equations can be constructed by the
Green’s function method. 12119
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system of spin spheroidal harmonics ,S? (6)*® (the
superscript k=0,1,2,... labels different harmon-
ics).>'°7 In the general case, the unknown function
Y,(t, 7, 6, ¢) is determined from the solutions (159) and
(160) in the form

n=+o h=+o0

Y. i r,G,tp):S 32

f=—oo

do
R
}’nm R

oY in = o Risn (7)sS0n (0) 0xp (— it + ing).

Thus, each field of perturbations (except the scalar
field) is characterized for given w, n, k by two func-
tions (Y * (¢, 7, 6, @), though it can be shown that these
two functions are connected by simple local relations'’
that make it possible to express each of these functions
uniquely in terms of the other. In addition, for each
value of s the radial basis equation (159) can be ex-
pressed in six different forms corresponding to two
further possible ways of choosing the time coordinate
(“retarded” or “advanced” time, which are regular on
the past and future horizon, respectively) and to a dif-
ferent choice of the null tetrad, which is regular, not on
the past horizon like (158), but on the future horizon.

The 12 equations then obtained have the property that
any one of the field functions in them uniquely deter-
mines all the remaining field functions, but the differ-
ent forms of these equations and the different asymptotic
behaviors of the solutions make it preferable to use one
or other of the equations, depending on the actual con-
ditions of the problem.'” As is shown in Ref. 113, each
of the functions Y, for given field carries complete in-
formation about the perturbed field, determining it ex-
cept for trivial terms corresponding to small mass and
angular momentum additions and the appearance of a
small charge of the black hole.

A further great convenience of using the Teukolsky
equations to describe wave processes in the Kerr field
is that there is no need to use the complete system of
equations for the perturbations, since many of the most
important characteristics of waves propagating in this
field—the energy flux of waves coming in from or going
out to infinity, the polarization of the waves, and also
the spectral and angular distribution—can be deter-
mined by using only the function ¥2(¥7) for the gravita-
tional perturbations and qb,f (¢7) for the electromagnetic
perturbations.”'®” Thus, for the angular distribution of
the energy flux of the waves we have

-—-—-F"“t—limirﬂ @il

mE“'—hm R

dt 471G w*

& " (161)
ddeE hm—rilngul H

i B |2
dtdﬂE;_hmMnG wf i‘!—" |

and the real and imaginary parts of ¥2(¥?) and ¢f(¢2)
correspond to the two different polarization states of the
waves.

26)The properties of spheroidal harmonics and the approximate
calculation of the eigenvalues corresponding to them are
described for different special cases in Refs. 12, 106, 107,
112, 119, and 120.
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It is somewhat more complicated to calculate the en-
ergy flux of the waves that fall into the horizon and are
absorbed by the black hole:

d® H . ¢ A2 B,
Eq —llmg,;m[ﬁo |2

dtdq i

i (162)
d? EM _ = wAf qusla
dedQ e T 64nG k(KT A€ @mry)3! To |

where A=y? = 2my +a?, 7, =m +Vm® =& is the radius of
the horizon,

e=Vmi—a? tamry; k=o0—no,; 0. =a/2mr,.

Using the basis equation, one can show that for waves
of each type (gravitational, electromagnetic, and
others) the energy conservation law holds'®?:

d

in__d pout__ d pH
£ -G B =g £

(163)
A remarkable fact follows from (162) and (163): If k/w
<0, then the energy carried away by the waves to infi-
nity is greater than the energy brought into the black
hole by the incoming waves; in other words, there
is an amplification of waves of a definite kind when
they are scattered in the field of a rotating black
hole ?7) 107108, 112,120 phig process, which is absent if the
black hole has zero angular momentum, is irreversible
and is accompanied by an increase in the area of the
horizon 107 112

The results described above make it possible to study
in detail the interaction of a black hole with external
fields, i.e., the absorption of waves by a black hole and
their scattering in the exterior field of the hole, which
is accompanied by amplification of certain waves and a
change in the polarization of the waves, and also to con-
sider various processes in the presence of sources of
perturbations—the occurrence of “floating” orbits, ti-
dal friction reducing the black hole angular momen-
tum,3% 198111 the tida] effect of the motion of a satellite
on a black hole, ''*'!!* and the emission of particles in
nonrelativistic''® and unstable, relativistic, orbits, mo-
tion in these orbits being accompanied by emission of
synchrotron nature,!2117.119

Field of a charged rotating black hole —the Keryr—
Newman field. In the Kerr-Newman field, the compo-
nents of the vectors of the null tetrad and the spin coef-
ficients have expressions that are the same as the cor-
responding expressions for the Kerr field (158), in
which, however, A=7"=2mr +4*+¢*, where ¢ =GQ?/
c* and Q is the charge of the black hole, and for the
other nonvanishing Newman-Penrose scalars we have

Wy =mp®+¢%pp*; @' = — Qp2; Oy = 32, 2.

If a black hole has an electric charge, this leads to
qualitatively new features in the various phenomena that
occur in its exterior field. In the first place, we have
the occurrence of perturbations of the electromagnetic
field and the emission of electromagnetic waves when
even neutral matter moves in this field,'?” and there is
also a mutual transformation of electromagnetic and

¥ The results of a numerical analysis of this phenomenon are
given in Ref. 107,
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gravitational waves, which occurs with appreciable in-
tensity if these waves propagate in the immediate neigh-
borhood of the charged black hole,2!:125

Many details of these phenomena can be described on
the basis of Eqs. (153)~(155) when their high-frequency
solutions are considered.!?"!2* pop high-frequency per-
turbations, i.e., perturbations that oscillate rapidly
compared with the more smoothly varying background,
the terms of these equations containing derivatives of
the components of the perturbed field are much larger
in magnitude than the terms that do not contain deriva-
tives or contain derivatives of lower order. Omitting
in Egs. (153)=(155) the terms of lowest order and in-
troducing the variables

Y=Y 0=p%gx:

we can reduce these equations in the considered approx-
imation to two second-order equations!?!:

LY—203,0=1, LO+ o= P 25,08 = J,=p167,, (164)

where L=DA =55 +(=4y +u)D +(=3€+E-4p -p)A + (4o
=m0 +(@ +33 -7 +47)5. Note that the operator L in the
principal terms is the same as the operator in the
Teukolsky equation (150) for the Kerr field, and there-
fore admits separation of the variables. This leads to
the same equation for the eigenvalues (160) for the ang-
ular harmonics. The operator 63 in the highest terms
(those containing second derivatives) is the same as the
angular part of the operator L taken with opposite sign,
and therefore 55 in the second equation of (164) can be
replaced by the angular part of the operator L taken
with a minus sign. After expansion of the unknown func-
tions with respect to the spheroidal harmonics S, (6)
and Fourier transformations with respect to @ and ¢,
the angular part of the operator 53 reduces to multipli-
cation by ppA/2, where = A%, - 2awn +@®w® — s(s +1),
and A}, is the eigenvalue for the harmonic $Sta(6).28

After these transformations, the variables in (164)
still do not separate because of the presence of the fac-
tors p¢, and p@,, but if we restrict the treatment to a
region of space around the equator near the black hole
and extending up to the polar axis far from the black
hole and determined by the condition

acosB|&r (165)

(for small a, this condition is obviously satisfied iden-
tically), the dependence on 6 in these factors can be

ignored and the variables separate completely. In ad-
dition, under the condition (165) the system (164) after

®)For high-frequency waves, |n|>1, |om|>1. In addition,
under the conditions
n?— 2?0 Sy ke ||

(166)
the angular harmonics are concentrated near the equatorial
plane and decrease rapidly as one moves away from it.
(Precisely these conditions are satisfied by the frequencies
emitted by, for example. ultrarelativistic particles in
circular orbits near the black hole, which results in the
synchrotron nature of their emission.) At the same time,
el =0+ VIE= @ 2+ 1) + 0 (0 09 = n* 4 0 (n, o)
and therefore A~ (n—aw?).
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the introduction of the new variables
Yo=Y (VGO

decomposes into two independent equations for Y, and
Yo:

(Lr@rPIWNY: =1,
where

lo=TI,F (VG Ja (167)

Under the same assumptions in a Kerr—Newman field,
analogous equations can be obtained for the two other
functions ¥, =¥ % (¢*/VG)\)@, where

F— p 0D G=p8 Gouni
Bow= (¢ ] 4n) [(A+ 2y +3p) @F+ 2@ 7).
The radial equations obtained from the separation of the

variables can be conveniently described by introducing
the parameter s [s =2 for ¥, in (167) and s = -2 for Y.

EFQVRNYL= (T, (168)

where & has the same form as the operator in the
Teukolsky equations (159) for the Kerr field, differing
only in the expression for A(A =92 = 2mr +a +q°).

The energy flux transported by waves that go out to
infinity or come into the black hole from infinity is
equal to the sum of the corresponding fluxes calculated
in accordance with Eqgs. (161), since far from the
charged black hole these waves do not interact but prop-
agate independently of one another. For these fluxes,
we can obtain

d? ; J 2 g = -
mEn -l iLI:EE ﬁézlmz‘(lY+ 22k oo M3

B —lim e (VTR P YR,

Everywhere except in small neighborhoods of the
turning points of the potential barrier in (168), more
precisely for pr =7, |= |w|™?, the solutions of the
homogeneous radial equations (168) can be constructed
by the WKB method; in the small neighborhoods, they
must be matched to the Airy or parabolic cylindrical
functions that approximate the solution in these regions.
The solutions of the inhomogeneous equations (167) are
constructed in the usual manner by means of Green's
functions. Under the conditions (166), the angular har-
monics can be expressed in terms of Jacobi polynom-
ials.'*

Equations (168) can be used to analyze the propaga~-
tion of high-frequency electromagnetic and gravitational
radiation and the mutual transformation of these waves
near the equatorial plane of a charged rotating black
hole,?® and also to investigate the properties of the

29)This phenomenon of mutual transformation of electro-
magnetic and gravitational waves, which occurs when a
wave packet enters a region of strong homogeneous magnetic
field, was first pointed out by Gertsenshtein.1¥® The mutual
transformation of waves in the Kerr—Newman field in the
approximation of geometrical optics was first considered
in Ref. 125 (see also Ref. 125 for the history of this
question). For the approximation of geometrical optics,
see the following subsection of the present section.
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synchrotron emission of ultrarelativistic particles
moving in the equatorial plane of this black hole.!?' 3"

Propagation of High-Frequency Waves in an Arbitrary
External Electrovac Grvavitational Field. We consider
first, in the approximation of geometrical optics, the
behavior of high-frequency perturbations of the electro-
magnetic and gravitational fields on the background of
an arbitrary electrovac gravitational field. By high-
frequency waves, one usually means in this connection
small perturbations of the background field that vary
appreciably over distances much shorter than the char-
acteristic inhomogeneity distances of the background
field. Thus, in the case of high-frequency waves we
have a small parameter—the ratio of the characteristic
inhomogeneity lengths of the perturbations and the back-
ground, and solutions can therefore be constructed in
the form of expansions in powers of this small param-
eter %125

The high-frequency perturbation x? of some field
component y is represented in the approximation of geo-
metrical optics in the form

yB ==y exp(inS), (169)

where the dimensionless constant parameter w>> 1is
the wave frequency multiplied by some characteristic
inhomogeneity length of the background, wS(x') is the
rapidly varying phase of the wave, and § is its smooth-
1y varying amplitude.

We shall consider the propagation of the waves in the
linear approximation in the perturbations and ignore
their back reaction on the background field®") and as-
sume that in the considered region there are no sources
of the perturbations.

Since the perturbations are taken to be small, we
shall assume that their amplitudes ¥ (see Eq. (169)) are
o(1/w).*

In the first approximation in w, from the perturbed
Maxwell equations (A.38)—(A.41) we obtain

30%We mention here that in the field of a nonrotating charged
black hole (the Reissner—Nordstrém field) Eqs. (168) for
high-frequency waves without any restrictions of the type
(165) and (166), as well as the much more complicated
systems of equations for waves of arbitrary frequency 122,123
admit separation of the variables and can in principle be
used to analyze the behavior of perturbations. However,
this problem for the Reissner—Nordstrom field can be
solved by a methed analogous to the one used in Refs. 128
and 129 for the Schwarzschild field; this method is more
cumbersome but leads to a simpler and more complete
solution, 130-13

81)warping” of the background can be taken into account by
defining the effective contribution to the energy—momentum
tensor from the high-frequency perturbations (averaged
over a distance much greater than the wavelength) and then
solving simultanecusly the problem of the behavior of the
waves and of finding the background field from field equa-
tions whose right-hand sides include the effective energy—
momentum tensor of the waves.

1)y fact, the value of the negative power of w is not
important; all that counts is the relative order of the
different quantities.
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m
‘S‘nzzi"snéa:u: mgz_‘sngl=0

where §,=11s S, =n ig isSp=m S i These equations
have a nontrivial solutmn for @,, ¢1, ¢, only if S,S,
=5,57=0, i.e., in accordance with (3) the wave fronts

S(x! ) const are null surfaces. The same conclusion
can be drawn from the Bianchi identities (A, 1), (A.4),
(A.T), and (A.8) for the gravitational waves.

{Srﬂn*smﬁu=(’: { (Ba— S F=0;

We choose a null tetrad in such a way that the vector

' is tangent to the null geodesics (rays) on the surfaces
S(x ) =const and the complete tetrad is parallelly trans-
ported along the rays (see Sec. 1). Then for this tetrad

(170)

and, in addition, DS=0,55=0,35=0, since I, m’, m'
are tangent to the fronts. When the operators D, 5,5
are applied to a function of the form (169), they do not
raise its order in w. And since AS=7n'l,=1, in the prin-
cipal approximation in w the action of the operator A on
(169) reduces to multiplication by iw.

k=g=n=0; p=p

We now consider the system of Newman-Penrose
equations (A.1)-(A.11), (A.12)=(A.29) and the Maxwell
equations (A.38)-(A.41), linearizing both systems with
respect to the perturbations. Because all amplitudes of
the perturbations are 0(1/w), and none of the operators
except A raise the order of a perturbed function in w,
the amplitudes of all quantities in these equations to
which A is applied must have a higher order, namely
O(1/w?). Thus, from (A.1)=(A. 11),

Vo, Wy, Wy, Wy, @y, Byg, Oy, By, By, Dy ~ 0 (1/0%). (171)

From Eqgs. (A.12)~(A.29), we obtain similarly

K &, 7, hyp,a, B, 6, p, ~ 0103, (172)

and from the Maxwell equations (A.38)—(A. 41), using
(172),

Dos Byy Fo~ 0 (1l0¥)" (1173)

In addition, considering the perturbations of the com-
mutators (1,6) applied to some scalar function, we find

D, 8, 6, ~ 0 (1/w?. (174)
Therefore, only the amplitudes ¥,,%,7, 7, A can be
o(1/w).

Before we consider the propagation of waves on an
arbitrary electrovac background, we consider the much
simpler case when there is no electromagnetic field of
the background.

Geometrical Optics in an Arbitrary Vacuum Gravita-
tional Field. From Eqgs. (A.7) and {(A.40), using (170)-
(174) on the background of a vacuum gravitational field,
i.e., under the condition & ;,=0 for the background, we
can obtain in the approximation ~1/w the two indepen-
dent equations

(D—p) ¥, =0: (D—p) F,=0, (175)

which describe, respectively, gravitational and electro-
magnetic waves and are the ordinary equations of
“transfer of the amplitude” of waves along rays in the
approximation of geometrical optics written in a some-
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what different form.*

In accordance with (170), p=p=-V,;l!/2, so that from
Egs. (175) we obtain

PVE+(1/2) (V) 3=0 or v, (I'|xP) =0, I'V, (arg y) = (176)

where § is either ¥, or ¢,. The last of the equations
means that as the waves propagate their polarization
state remains the same relative to the tetrad parallelly
transported along the rays (the real and imaginary
parts of ¥ describe the different polarization states).

Since ' is a tangent vector parallelly transported
along the rays, the operator D =d/dr is the total der-
ivative along the rays with respect to their affine pa-
rameter 7, and if we introduce the “luminosity param-
eter” 7%, which is defined by the equation dr/dr = —pr,
then from (176) we obtain

| 7[2=Alr?, where. dA/dr=0. 17

The quantity |§[* characterizes the energy flux in the
wave that arrives on unit area of the section of some
thin ray tube, and #* in the null geodesic coordinate
system (see Sec. 1) is equal to vZ and therefore deter-
mines the change in the area of the section of this tube
as one moves along the rays. Thus, (177) is simply the
analog of the well-known inverse square law for wave
intensities expressing the energy conservation law of
the wave.

It follows from (177), in particular, that if the rays
approach a caustic and, therefore, » =*/F -0 (nearby
rays begin to intersect), the wave amplitudes increase
without limit. However, near the caustic the approxi-
mation of geometrical optics already breaks down [since
the basic assumption (169) is violated], and other ap-
proximate methods must be used here.® A more de-
tailed investigation shows'* that the wave amplitudes
remain bounded near caustics.

Propagation of Waves in an Arbitvary Electrovac
Gravitational Field. Mutual Transformation of Elec-
tromagnetic and Gravitational Waves. On the back-
ground of an arbitrary electrovac gravitational field,
Egs. (A.T) and (A.40), linearized with respect to the
perturbations in the approximation ~1/w, contain 1n ad-
dition to the amplitudes tk, and ¢, the quantities 7, i,
and A, which, as we have said above, can be O(l/w)
and cannot be made to vanish simultaneously by small
rotations of the basis tetrad in the perturbed space.
However, one can find combinations of these variables
with respect to which the linearized equations (A.7) and
(A.40) in the approximation ~1/w form a closed system.
Indeed, using the Maxwell equations for the perturba-
tions, we obtain from (A.7)

W —) T4 (¢ 40) 2 D=0, (178)

where ¢ =7, and & is the amplitude of the quantity

=[(A+2y)¢, - 2v¢,]®. A second equation for ¥ and &
follows from (A.40), to which the operator A is applied,
after which the perturbations are superimposed. By
virtue of the commutation relations (6), and also (A.21)
and the remaining Maxwell equations, we obtain in the
~1/w approximation
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(D—p)®— 7,7 =0. (179)

It is interesting to note that & and ¥ in the closed sys-
tem (178)—(179) are invariant in the considered approx-
imation under small rotations of the null tetrad (46) be-
longing to the groups A and B.

Equations (178) and (179) describe the interaction of
gravitational and electromagnetic waves in the pres-
ence of a background electromagnetic field. In the ab-
sence of a background electromagnetic field, this inter-
action vanishes in the considered approximation, which
is expressed by the independence of the equations in
(175). Equations (178) and (179) are equivalent to the
equations obtained in Ref. 125 in a study of high-fre-
quency perturbations of the metric for a special choice
of the coordinates in the perturbed space.

In the general case, the interaction of these waves
has the consequence that the arguments of the complex
functions ¥ and & do not remain constant along the rays,
and there is therefore a rotation of the polarization
planes of the wave relative to a parallelly transported
tetrad. In addition, for the electromagnetic and gravi-
tational waves separately an energy conservation law of
the form (176) no longer holds; there is now such a law
only for the total energy transmitted by waves of both
types.’”® To see this, we note that from (178) and (179)

VI (|74 (o) | D P =0.

The distribution of this energy between the electromag-
netic (the function &) and gravitational (the function ¥)
components of the wave changes periodically along the
ray, i.e., the two components are continuously being
transformed into one another.

There is an interesting special case'®® when the back-
ground field or the ray trajectories are such that the
argument of the complex function ¢,, which describes
the electromagnetic field of the background in (178) and
(179), is constant along the rays.®® In this case, we
can introduce the new variables

(180)

for which (178) and (179) decompose into two indepen-

dent equations®*):

Vo= Ui [V Whnexp(—iarg B0,

3)precisely this property is possessed by all rays in the field
of a nonrotating charged black hole —the Reissner—
Nordstrdm field — and also rays that move near the
equatorial plane in the field of a rotating charged black
hole (the Kerr—Newman field).

34)Such a decomposition already occured in Eqs. (167) for
high-frequency waves in the Kerr-Newman field. With
regard to Eqs. (167) and (181), we note here that the
approximation (181) and (182) of geometrical optics is
suitable only outside the neighborhoods of the caustic sur-
faces for the rays (or, in the case of separation of the
variables, outside the neighborhoods of the turning points
for the radial and angular potential barriers). Equations
(167), in contrast to (181), do apply for the description of
perturbations in the whole of space, including the
neighborhoods of caustics and regions ‘“under the potential
barrier,” which makes it possible to use (167) to describe
the coupling of the sources to the wave field, i.e., to
determine the radiation emitted by the sources, 121124
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(D—p =iV wfin| o) ¥ =0. (181)

Again, as in (176), introducing the luminosity param-
eter » along the rays, we write Eqgs. (181) in the form
dlr¥,)/dr =¥n/&1 |¢,|(rY,), from which we obtain

Y= %)exp[xiV§f1'¢o|dr],

o

(182)

where B, do not depend on the parameter » along the
rays. After this, from (180) we can readily find the
gravitational and electromagnetic components:

Y= (P, 4 Y)/2; exp(—iarg o) @

— (/D (Ve —T ) Vianiz. (183)

If a source at the point of the ray with » =7, emits, for
example, only electromagnetic waves, then in (182) B,
=-—B_=iB and from (183) we obtain

q’:(rB)sin (I/ES]QOI::’I‘},

r

To
r

D=1/ Bexp iorg g0 Zoos (1 35 [ 1@01dr).
Similar expressions can also be obtained for waves from
a source of purely gravitational perturbations. These
expressions clearly demonstrate how the transforma-
tion of the waves takes place, namely, the amplitudes
of the electromagnetic and gravitational components of
the high-frequency wave are modulated, when the wave
reaches the region of the strong electromagnetic field,
by smooth sinusoids with phases of the form

V2 @l dn
shifted by a quarter period.

An appreciable intensity of this process can be
achieved in the immediate neighborhood of a charged
black hole. In particular, if some localized packet of,
for example, gravitational waves approaches a charged
black hole, makes a few orbits around it (moving near
the photon circular orbit), and then goes off again to
infinity, it may happen that as a result of the transfor-
mations of the waves this packet becomes “visible,”
i.e., is transformed into a packet of purely electromag-
netic waves (without distortion of the original form),
having undergone during the process of motion complete

(possibly multiple) transformations of its components a2

CONCLUSIONS

We have considered by no means the full gamut of
problems in general relativity in which the Newman-
Penrose formalism or individual elements of it in con-
junction with other methods of different nature are
widely used. The numerous helpful applications of this
formalism indicate that it is one of the most powerful
methods of modern gravitational theory.

35} vanslator’s note. A misprint in the Russian text, of 2
instead of k, has been corrected in the main body of the
text but is not corrected in the equations of the Appendices
in order to simplify the composition.
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APPENDICES
A. First group of Newman-Penrose equations:
(D—dp—2¢) Wy — (F—da+7) Wy 4 36¥, +(6— 2 — 221 7) @y

—(D—2p—26) Oy —2kDy4 4 2004y — Dy = 0; (A.1)
(D—3p) ¥a—(B+2n—2a) ¥y +26¥3-+ A ¥, + (5—2&+-7) By,
—(D—2p) @4y —kDyy — FD 13— pDgg + 7By + 003y — DA =0; (A.2)
D—2p+26) W3—(5+3n) ¥y 200+ k¥, 4 (5—20+ 284 7) Dy
—(D—2p+2¢) Dy —2uDyy+ 200D — Dy — 2FA =0 (A.3)
(B—4v—26) Wy — (A—4y+p) Wo+ 30, + (6— 28 +27) 0y,
—(D—2e+ 26— p) Qo — 2kD,5+ 200, — 7Dy, =0; (A.4)
(6—31) !’,—(A+2|.l—27) ‘F|+2ci‘l";+v‘1fo+(6+2:_t) Dy
—(D+26—p) Dyz— kD — pDpy L MWyp — 0Dyy — Dy — A =0 (A.5)
(628 —27) ¥y— (A+3p) Wot+- 20y + 0¥, -+ (6+ 2B+ 27) Dy -
—(D+28428— ) Dpp — 20 g+ 21Dy — KDy — 284 =05 (A.6)
D+ de—p)¥— (B4 + 2a) Wy + 30.V2 L (A4 29— 27+ i) Dy
— (820 — %7) Dgy— 29Dy + 20Dy y — 5 Dyy = 0; (A.7)
O+ —7) Wi— (A4 2y+ 4u) Wa+ 3vWo 4 (A 42y 20) Dy
— (B+ 26+ 2B —7) Dgg — 29Dy + 22Dy — 7Dy =0; (A.8)
(D—2p—2p) By — (5— 22— 214-71) Byy— (B—2T— 200 +-1) gy
+ (A—2y— 29+ p -+ ) g+ T sz KDy —oByy — 0Day+ 3DA =0; (A.9)
(D—2p+26—p) @1p— (627 —21) Ogy— (5 +2F — 20— T+ 1) Oy
+ (A+ 2R — 2y ) Py =+ kDgg —VDyg + Ay — 0®yy + 364 =0; (A.10)
(D+ 26428 —p—p) Doy — (84 2B +21—7) Dyp— (5427
+ 20— 1) Dy +(A 420 4 21) Oy — V1o — vy +7Dag + A0 +384=0.  (A.11)
B. Second group of Newman-Penrose equations:
Dgy=(D—p—e—¢) p— (B — 3ot — P+ 1) k— 60 - 1k; (A.12)
Yo=(D—p—p—3ete) o—(5—ttn—a—3p) kK (A.13)
¥+ @y =(D—p—2+8) T— (A—3p—7) k— pri— 0T — 10 (A.14)
Dyy=(D—p—e+2) a—@—P-+n)e—Bo+ih+Ev—ap;  (A.15)
¥y =(D—p+E) p—(B—a+7) e—(%+a) 0+ (u+7) ks (A.16)

=AW L0y =(Dte+e) y—(A—y—7) e—(T-£7) @ — (4T) p— 7T+ vh;

(A.17)

Byy = (D—p+3e—F) h—(B+ 7 +-0—F) T— T4\ (A.18)

2N Wy == (D—P-e4E) p— (3T — 2 +P) T— ok vh; (A.19)
Wyt My = (D436 +8) ¥ — (AR Y —T) T—pT— (74 1) 5 (A.20)

— W= (AR =D A—(F4 3a Bt a—T) v (A.21)

=¥y Oy = (8~ —B— 1) p— (F—Ba+ ) 0+ P (u— ) ks (A.22)
A=Wyt (S a L 2p) a— B4+ B—pp-toi—(p—p) y—e(u—p);  (A.23)
— Wty = (5% +3p) . — (B4t a4 B) p—(p—7) v i (A.24)
@y - (§— T3P 4+7) v— (b pA- Y+ T) p— AT L T (A.25)
$ro=(—T4u+P) y—(A—yT+p) p—prtovrev—ah;  (A.26)

Mg+ (B—T—P -2} T— (At p—3y+T) o —Fp+hv; (A.27)

=2 —VYo= (A p—y—7)p—(8+P—a—1) T 0i —vi; (A.28)

— W= (A= 4R a—E+F—T) y—(p+&) v (v ) & (A.29)

C. Third group of Newman-Penrose equations (coordinate
equations):

S —Do={a+p—a) V4 kb — 00— (p-+¢ —7) w; (A.30)
BYE—DE* = (@ p=T) VX kX" — 05" — (p+e—2) 1% (A.31)
AY*—DX%=(y+7) Yo+ (e+8) X —(v47) P~ (T+m £ (A.32)
AV—DU=@+7) V4 le+8 U— s+ T 0 — [T+ 1) o; (A.33)
U — A0 = —VV 4 (t—a—B) U+ 7o+ (—7--7) w3 (A.34)
BX*— AL = WY (1—a— ) X RE L (u—y ) 3 (A.35)
80— 80 = (t—p) V4 (p—p) U— (@—B) 6— (F—a) ; (A.36)

B — 63 = (i — ) Y™+ (p—p) X*— @—P) I*— F—a) 3. (A.37)

D. Maxwell equations in the Newman-Penrose formalism:

(D—20) @, —(F—20+ 1) Go+-k@y=(—2a/c) Tq»; (A.38)
(6—27) @, —(A—2v4p) @o+ 0= —(21/c) J (i (A.39)
(D+2e—p) By — @421 B1+ABa=—Qni0) ] (A.40)
(8+28—1) @2 —(A+20) @y +vo = — (201/c) . (A.41)
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For the projections of the four-current, the following
notation is adopted:

Jip=JTdl JTgn=Jmi; .I..):J’,-}Ri; Jiy=Jint.

2 (A.42)

E. Transformations of the tetrad components of the Weyl
and Maxwell tensors under Lorentz rotations of the null
tetrad:

Wi =G exp (2iH) T, (A.43)
Wi =G exp (iH) ¥y3 (A.44)
Y= (A.45)
W3i=G6"1exp (—iH) ¥, (A.46)
Wi=G""exp (—2iH) ¥y; (A47)
7=V, (A.48)
W=, + AV, (A.49)
V=V, +2A¥, + BV, (A.50)
W=, 34, + 34, 4 B°Y,; (A.51)
W=V, 4A¥y -+ 642 W, + 4D, + AVY,. (A.52)
Bi=Gexp (i) @ (A.53)
Bi=@n (A54)
@i=6" exp (—iH) giy; (A.55)
ol (A.56)
D=+ Az, (A.57)
Di=2,+ 4@, + Ba,. (A.58)
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