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The classical and quantum dynamics of a relativistic string that is either free or has charges and masses at
its end is reviewed. The general solution of the Cauchy problem for the equations of motion of the string,
and also a number of particular solutions, are discussed. Besides the standard methods of quantization, an

approach is presented that makes it possible to construct a relativistically invariant quantum theory of a
string without restrictions on the space-time dimension and without tachyon states. The nonrelativistic

limit of a string with masses at the ends is investigated. Stringlike solutions in field models are considered

and the relation between a relativistic string and the problem of quark confinement in hadrons is

discussed. The connection between the nonlinear Born-Infeld models and a string are examined.
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INTRODUCTION

Modern ideas about the structure of hadrons and the
mechanism of their interaction have led to the study of
a one-dimensional extended object—a relativistic string.

Relativistic strings were introduced for the first time
as the dynamical basis of dual resonance models.'? In
the dual approach, it is assumed that the hadron spec-
trum is equidistant and consists of an infinite number of
resonances with zero width. This spectrum is gener-
ated by a countably infinite set of oscillator creation and
annihilation operators ap,,@,,,7n=1,2,3,..., each of
which is a Lorentz vector (see Appendix 1). Such a set
of operators can be obtained by quantizing a one-dimen-
sional extended relativistic object of finite length
(string). From the point of view of dual models, a di-
rect generalization to the relativistic case of an ordin-
ary linear string is unsuitable, since its quadratic La-
grangian does not yield restrictions on the physical
state vectors that could be identified with the Virasoro
conditions in dual models. A nonlinear Lagrangian,™®
was therefore proposed for a relativistic string.

A relativistic string is also of interest as a model of
quark confinement in hadrons, representing a simplifi-
cation of the corresponding quantum field theory, i.e.,
quantum chromodynamics, which is currently regarded
as the theory which should describe the interaction of
quarks in hadrons.”? Indeed, in quantum chromody-
namics one can explain the main features of quark be-
havior, namely, that at short distances they hardly in-
teract with one another but nevertheless cannot exist in
a free state outside hadrons.

In chromodynamics, the interaction between quarks is
transmitted by Yang-Mills vector meson fields. It turns
out that it is energetically advantageous when the fields
do not fill all space but are concentrated along lines
joining the quarks.!”! The energy of two quarks bound
by such a tube of gluon field is proportional to the dis-
tance between them. Therefore, the forces of attraction
between quarks do not decrease with the distance, but
remain constant. Thus, no external disturbance can
break the bond and lead to the creation of free quarks.

An example of such field configurations already en-
countered in physics is provided by Abrikosov’s magnet-
ic vortices in the Landau-Ginzburg theory of supercon-
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ductivity.!>'® When the external magnetic field exceeds
a certain critical value, it begins to penetrate into type
II superconductors in the form of thin filaments of mag-
netic lines of force. It should be said that stringlike
solutions have not been directly obtained in chromody-
namics, but such solutions have been found in a number
of simpler field models.!*1?

A relativistic string with point masses at the ends
simulates gluon field configurations localized along the
lines connecting quarks. A relativistic string is much
simpler than the extremely complicated quantum field
model of chromodynamics, but the string model repro-
duces the main predictions obtained in the field ap-
proach.’"?! Therefore, a relativistic string can be used
as a comparatively simple model of a composite hadron
that agrees with chromodynamics. In particular, a rel-
ativistic string joining two massive particles leads to a
potential between them that increases linearly with the
distance.

A relativistic string is also of interest as an example
of the simplest extended relativistic object.?

The present review does not pretend to an exhaustive
exposition of the theory of relativistic strings in all as-
pects. A number of reviews have already been published
on this theme.?*? Therefore, our main attention is con-
centrated on questions that have not hitherto been ade-
quately illuminated.

It is a pleasant duty to thank D. I. Blokhintsev and
N. A. Chernikov for fruitful discussions on the subject.

1. LAGRANGIAN OF A RELATIVISTIC STRING,
EQUATIONS OF MOTION, AND THEIR SOLUTION

Variational Principle. The action of a relativistic
string is constructed by analogy with the action of a
point particle, which is proportional to the length of the
world line of the particle in Minkowski space:

Ts il
Som= —me 5 V 2 dr. (1)
T
This principle is genralized to a one-dimensional exten-
ded object (string) by the assumption that the action of
the string is proportional to the area of the work surface
which it sweeps out during its motion. If x, (g, T) is the
parametric specification of this surface in Minkowski
space, the action of the string has the form
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Ty T b)) T 0,(T)
S=5dr { a,a;f.,=—vjdt j

T a,(m 7y a,(1)

do 1/(.;.1")2—:211'2, (2)

where
z, =0z, (0, 1)/d%, z, =0z, (0, r).do.

The parameter o labels the points of the string, and 7
plays the part of an evolution parameter, which finds
reflection in the conditions ¥* >0, x"2<0.” The require-
ment ¥* >0 means that the velocity of the points of the
string cannot exceed the velocity of light. Indeed,

32 = (Ot/deyi— (Ox/30) = D40V [ — (9531 =0,

from which it follows that (8x(c, 7)/2¢)* <1. The con-
stant y has the dimensions of mass divided by time; the
functions 0;(7),7=1, 2, describe the motion of the ends
of the string in terms of the coordinates ¢ and T.

One can show (see Appendix 2) that the string action
(2) goes over into the action (1) of a point particle if the
string length tends to zero.

The principle of least action 85 =0 for the string,
considered from the geometrical point of view, is tanta-
mount to the solution of the Plateau problem,’™? i.e.,
the problem of finding an extremal surface in space-
time (¢,x) with fixed initial x, (o, 7;) and final x, (0, T5)
position of the string. In Minkowski space, the Plateau
problem reduces to an equation of hyperbolic type, and

not elliptic type, as in Euclidean space.

Variation of the action (2) with the requirement that
ox, (o, T;) = 8x,(0, Ty) =0, leads to the equations of motion

L)+ 5 () -0

o \ g, | T o (3)
and the boundary conditions
8% Joz, — (0% ,/82,)6=0, 6=0;(x), i=1, 2. (4)

If S is varied with respect to the functions o;(7),
i=1,2, we obtain
£400,(x), 7) = Lo (03 (%), T) =0, (5)
The string action (2) is invariant under arbitrary re-
placement of the parameters ¢ and 7 by new parameters
G and T:

0= fi(g,7); T=/a(0,7); (G, (0, 1) 5= 0. (6)

These transformations contain the two functions f;, so
that in accordance with the second part of Noether’s
theorem?® the left-hand sides of the equations of motion
(3) must satisfy two identities, which state that their
projections onto the vectors %, and x}, vanish (see Ap-
pendix 3). Therefore, the functions x,(o, T) are not com-
pletely determined by Egs. (3). On the required solu-
tions, one can impose two subsidiary conditions, which
are conveniently taken to be

2+4a?=0; zz'=0, (7
or equivalently

(7')

(2 £x)2=0.

DWe use a metric in which x2=x}—x%.
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These requirements can be regarded as conditions on
the choice of the parameters ¢ and 7 on the world sur-
face of the string (conditions of orthogonal gauge).

With allowance for (7), the equations of motion go
over into the d’Alembert equations for the vector
%, (0, 7):

7, (0, T)— 2j (0. 1) =0, (8)
and the boundary conditions (4) become
Tt 20 (=05 =0, (x); i=1,2. ©®)

The requirement (5) is now a simple consequence of
the boundary conditions (9) and the subsidiary conditions

(7).

The variational principle does not give any equations
for the functions 0;(7), i=1,2, which describe the mo-
tion of the ends of the string in the o, 7 plane. There-
fore, without loss of generality, we can take 0;(7) =0
and 0,(7) =0, 6,(T)=I. The boundary conditions now take
the form

23 (0, V) =z (L, V) =0. (10)
It would seem that the functions o;(7) could be taken

to be constants from the very start. However, in a num-

ber of cases, as will be shown below for the example of

a string in an electromagnetic field, boundary conditions

(4) with functions o;(7) that are not fixed are helpful.

Covariant Formalism. A solution of the equations of
motion (8) satisfying the boundary conditions (10) can be
obtained in the form of the Fourier series

b A __snm \ %y
xl‘("' T) Vﬁ“::)e‘p( X [ T, n
11
XCOS(%0)+O.-+P;.—;—, (1)
a—ml:a;:ll'

Substitution of (11) in the subsidiary conditions (7')
gives
+oo

2 Cpilme=0y #=0, 1,2, ..,

m=—oo

1

1]

where @y, =P,/Vry . These conditions actually reduce
to restrictions on the initial data x, (g, 0) and %, (, 0),
which determine the Fourier amplitudes o, and the con-
stants P, and @, in the expansion (11):
—_—
Cpy =2 ]/% S da cos (%a) {1:,. (o, 0)—i %x“ (a, [})} 3
v
Copp = Gy, B>>0;
] ]
Ou=%5 zy (0, 0)do; P.,=-.’S 2, (o, 0) do.
0 [1]
This method of solution has become known as the co-
variant method.

Noncovariant Method. A different approach to this
problem is to express two components of the vector
x,(0,7) in terms of the others by means of the subsid-
iary condition (7) and the so-called gauge conditions.
The point is that the subsidiary conditions (7) do not
completely fix the parameters o and 7. Equations (7),
(8), and (9) admit the transformations §+7 =f.(c+7)
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with arbitrary functions f,. By a definite choice of f,,
we can achieve

nz—= nPlyl, n2'=0, (13)

where n,, is an arbitrary constant vector and P, is the
total string momentum P, = [ {d0a.,/2%*. With allow-
ance for the subsidiary conditions (7), P,=v [ }%,(c, T)do.
Equations (13) can be integrated and reduced to the
single equation

nx=nPrfyl+nQ. (14)

The gauge conditions (14) finally fix the parameters o
and T.

There is here an analogy with the arbitrariness in the
choice of the potential A, (x) in electrodynamics, which
can be replaced by A,(x) + 8,A(x) with an arbitrary func-
tion A(x). If we impose on A,(x) the Lorentz condition

a, A" (z)=0, (15)
then the only remaining admissible transformations
must satisfy 3,9uX(x)=0. Finally, the choice of A, (x)

can be fixed by requiring not only (15) but also A;=0
(the Coulomb gauge).

Using (14) and the subsidiary conditions (7’), we can
find the partial derivatives with respect to ¢ and 7 of
the two components of the vector x, as functions of the
remaining components X,. For this, it is convenient to
take n, to be an isotropic vector n? =0 with two nonzero
components: the time component n’=1 and the space
component z! =1, In the light-cone variables x* = (x°
+x')/V2, x*=(x*,x,) we obtain

= Iy (83 +X2)2P; o't = Ivilx:t!P';} (16)
z=P/ly; '~ =0.

At this stage, we have obviously lost the manifest rela-

tivistic invariance of the theory. In terms of the Four-

ier amplitudes, Egs. (16) become

ol = (ay/PY Loy, =0, £1, £2, ...; af'=0; k=0, (17)
where
L5 : i DIPRW I o 18)
L.u_:fm;_“&n—m“m.h Gu=ﬁ. o) = Ve (

In particular, for the mass of the complete string we
obtain from Egs. (17) for n =0 the expression

M2=Pi= --P% L 2P = :wm?:iﬂ A T

(19)
It follows immediately that M? is positive definite.

If in Eq. (14) we fix the gauge by taking a different
vector n,, square roots appear when the subsidiary
conditions (7) are solved for the independent components
of x,, and this greatly complicates the transition to the
quantum theory.

The initial data for the transverse components of x,
can be specified arbitrarily, but they uniquely determine
the initial conditions for the dependent components x* in
accordance with Eqs. (16).

2. CAUCHY PROBLEM

The Cauchy problem for a relativistic string can also
be solved without the use of Fourier series, and an ex-
pression analogous to the d’Alembert formula in the
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theory of an ordinary string is obtained.?

Let us consider first the actual formulation of the
Cauchy problem for a relativistic string. It is here con-
venient to use the geometrical interpretation.?? We first
consider an infinite sfring —« <0 < +%, Suppose that an
arbitrary spacelike curve describing the initial position
of the string is given in the parametric form x,(c, 0)
=pu(0), p(c)<0. Further, suppose that at each point
of this curve the vector v,(g), which is not parallel to
ph(o), is specified, and that the plane through the vec-
tors p,(0) and v, (0) intersects the light cone in two
straight lines; this can be expressed by the hyperboli-
city condition

(0"eP— p'at >0, (20)
As will be shown in what follows, the component of V(o)

perpendicular to pj (o) determines the string velocity
%,(0, 0) at the initial time.

The Cauchy problem then consists of finding a solu-
tion to the string equations of motion (8) that satisfies
the subsidiary conditions (7) and describes a world sur-
face that passes through the curve p,(o) at 7=0 and
touches at every point of this curve the plane through
the vectors p/ (o) and v, (o). We note from this formula-
tion that not the complete vector v, (g), but only its com-
ponent perpendicular to pj (o) is relevant for the initial
data:

£ (0) =y (0) 41 (0), vy (0)p’ () =0, (21)

Indeed, only v,(0) is used in the specification of the tan-
gent plane, and it is only this component that occurs in
the hyperbolicity condition (20), which in conjunction - :
with (21) takes the form

(o) —p'f —pAh = —pi >0 or i >0.
Thus, different vectors v,(¢) with equal perpendicular
components v,(0) lead to the same string motions,
Therefore, the v, component parallel to p,, has no phys-
ical meaning.

A solution of the Cauchy problem for an infinite string
was obtained in Ref. 31:

o+T
2 (0, ) =5 [P O+ D+ pu(6—1)] +5 | LM—P™ 4, (22)
ot VEeF—pa2

As expected, (22) contains only the perpendicular com-
ponent of v,. If we use the expansion (21), then the in-
tegral in (22) can be written as

a+T o —

3 3 vJ_(?.J'[/.—-%dl.
~f-T

It can be shown that, except for a constant factor y, the
integrand in (22) contains the density of the string’s
canonical momentum 7, (0, 7=0) at the initial time, the
canonical momentum being given by

7, (0, V)= — 0Ly 008 =y [(22) ) — 222,V (22— 2222, (23)
Substituting x},(o, 0) and ¥,(c, 0) from (22) in (23),

2 (0, 0) =1 (6), 2u(0, 0) = [(p'D) pp— 0", )V 0o —p %", (24)
we obtain

(0, 0) =y [(0'0) 05— ")/ V (TP — 2R (25)
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Note that the velocities of the points of the string at
the initial time %,(c, 0) found in accordance with (22)
are equal to v, (o) only if the initial data pj (o) and v ,(0)
satisfy the subsidiary conditions (7):

P2 (0)+2* (@) =0, p' (@) v (0) =0. (26)

If these conditions are satisfied, the integrand in (22)
is simply the string velocity at the initial time:

Xy (0, 7) -*—'% [Pu (+1)+pulo—1)
(27)

o411

+ [ @] e 0=n0.

0-T

In the general case, we have in accordance with (24)
2u (0, 0) =01, (0) (—p"2 (9)/o} (e))!"%,
despite the fact that %, (o, 0) and v,(0) occur in the same
way in (23) and (25). There is no contradiction here be-
cause (23) cannot be inverted, i.e., one cannot express
the velocities %, (0, 7) in terms of the momenta 7,(c, 7).

This is due to the singularity of the string Lagrang-
ian®-3,

det (9m,/9z.,) = det (— 2Lo/02 9z,) = 0.

The solution of the Cauchy problem for a finite string
can also be obtained from (22). To satisfy the boundary
conditions (10), it is sufficient to continue the initial
data p,(A) and m,(x) [Eq. (25)] outside the interval 0<2a
<!l in an even manner with respect to the points 0, 1.

In physical problems, it is usual to specify the posi-
tion of the system and its velocity at the initial time as
initial data. If the motion of the relativistic string is
considered in the same manner, then p,(co)=x,(c,0) and
v, (o) =%, (0, 0) must be chosen so that the conditions (26)
are satisfied, and the solution is then constructed in
accordance with the d’Alembert formula (27).

3. EXAMPLES OF CLASSICAL MOTIONS OF A
RELATIVISTIC STRING

The solution of the Cauchy problem for a relativistic
string makes it possible to study string motions from
given initial positions.**3 The nonlinear behavior of
such objects leads to a number of interesting features of
their motion. Above all, the string length may change
during the motion and the string may even contract to a
point. The velocity of the free ends of the string is al-
ways equal to the velocity of light, which is a conse-
quence of the boundary conditions (10) and the orthogonal
gauge conditions (7), in accordance with which ¥%(o;, 7)
=0, 0,=0, 0,=1. Setting #=7, we obtain dx(o, ¢)/(dt)?
=1. If the string is initially at rest, x,(c,0)=0, then
during the motion its free ends remain on the initial
string configuration.

Let us consider some of the simplest examples of
string motions.

Suppose that at the initial time the string is in the
shape of a circle of radius R and is at rest in the x,y
plane?!:

zy (M) = R cos (MR); yo(h) =R sin (AMR);
(M) =0; tg(A)==0; v(A)=0; vy (2)=1.

From (27), we obtain
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t=r1; z(0, t) = Rcos (t/R) cos (o/R);
y (o, t)= Rcos (t/R) sin (6/R); z=0.

Thus, the ring remains in the x,y plane and pulsates
with period nR. In this case, it is immaterial whether
one regards the string as infinite and wound into a ring
or as finite but closed.

A string that initially is a rectilinear segment at rest
begins to oscillate, contracting to a point and then re-
turning to its original length. Its ends periodically
change places.

We now consider the rotation of a string in a plane.
We take the initial data in the form

z# (g, 0)= (0, (1 V' yw)sin(w, 0), 0, 0);
2 (0, 0)=(1/V 7, 0, (1/V7) sin (o, 0), 0), —L<o<L.

The shape of the string at subsequent times is shown in
Fig. 1. The string rotates, remaining in the x,y plane,
but not all of its points have the same angular velocity.
A point of inflection therefore appears in the string pro-
file, and the length of the string changes with the time.
But if 2wL =, the string rotates with angular velocity
w as a rigid rod. The square of the string mass is
given by
M= P2 = 4yL2,
The angular momentum of the string is
2 . .
J=% j do (zy — yz)
-L
= E’r [oL — sin (20L)].

If 2wL =7, the string has maximal angular momentum,
and

J = (1/2ny) M? = o’ M2,
Thus, we have a linearly rising Regge trajectory with
slope a’ =(2my)™.

Figure 2 shows the profiles of a string which at the

~ ks

2R
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FIG. 3.

initial time has the form of a circle cut at one point.
The ends of the string remain free during the motion,
and they move along the original profile of the string.
The motion of the same string but with fixed ends is
shown in Fig. 3. In these examples, the dimensional
constant y is taken equal to 1.

4. DIFFERENT METHODS OF QUANTIZATION OF A
RELATIVISTIC STRING

To go over tothe quantum theory, itisfirst necessary
to construct a Hamiltonian formalism for the classical
string dynamics. As we have already pointed out, the
string Lagrangian (2) is singular,’"* since

det (azxo/ax,, 61") =0,
This is manifested in the constraints on the canonical
variables x,(0, 7) and 7,(0, T) =— 8 ¢ ,/3%"(0, T):

0=y P22 =0, @ =y imaB =0, (28)

Further, @, is a homogeneous function of the first de-
gree in the velocities x,, and therefore in accordance
with Euler’s theorem

1, 0E 0T, = — 2y = L. (29)

Therefore, the Hamiltonian vanishes identically:
o= — T’ —La=0. (30)

There are various other approaches to the problem of
constructing a quantum theory of systems with con-
straints %34

Noncovariant Method, The simplest way of taking in-
to account constraints in the theory is to eliminate the
dependent variables by means of the constraints. For
this, as in the Lagrangian method, Egs. (28) must be
augmented by two conditions that finally fix the gauge.
To achieve a direct connection to the Lagrangian ap-
proach, these conditions can be

nn—=nP/l, nz' =0,

where n is a constant isotropic vector with the two non-
vanishing components #° =x'=1. Then, using (16), we
obtain

ot =1 (vt )B4 xP)/2P; ot =l X [Py =P/l x =0,

The Hamiltonian for the dynamics of the independent
canonical variables X, and m can be taken in the form

L T | ]
0= dost =2~ | doat @, )= [dof(rmz 3}, (31)
0 ] ]

This is because the variational principle in the Hamil-
tonian formalism
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85=5 5 dt j' do (71, %, —#)=0

Ty
gives the canonical equations of motion

o . a ( acke (32)

XeZ g =V L =50 oy ) L
and boundary conditions
aa‘}'[/axl =yx, =0, 0=0, [,

which are equivalent to the corresponding equations in
the Lagrangian method.

Using this, as solutions for x,(0,7) and m,(0,7) we can
take the expansions that follow from (11) a.nd (32):

4 (Cl', -r) :_1 S‘ Mu‘l cos (0)"0)+Q1 +
Var nz0 " (33)
a, (6, 1) = Vt'_‘ D exp (—i0,T) @y c0S (0,0) + —P—:; ¢

n=#+0

where w, =n7|l and a_,=a;.

The Fourier amplitudes of the dependent variables
a® are obviously determined by Egs. (17) and (18).

The Hamiltonian (31) with the expansions (33) takes
the form
o
H:—!"—Lu_ S D) GeniOhy = 21v + 5T 5T D) Oy (34)
n=-o0 nEl
On the transition to the quantum theory, the ampli-
tudes @,, become operators with the commutation rela-
tions
[, &/ 1 =nb;6,tm, 0; [Q', P]=6 i
n,m=x1, +2,...;1 j=2,3,..;D
where D is the dimension of the space-time in which
the string moves. The ordinary creation and annihila-
tion operators a, anda,, n=1,2,..., with the commu-
tators

[}, atil =28, mbij,

[a3, a5l = (a5, ap] =0

i ] (35)

are related to the @, by

@y =V nan; . =ai=Vnat,n =1,2,3....
Equations (35) are equivalent to the “equal-time” com-
mutators

[z (o, T), (o, 1)]=1i6;;8 (0 —0"),

[ (o, 1), 2/ (0", )] =[a'(0, T), (0", T)]=0.

To avoid infinities in the quantum theory, it is nec-
essary to go over in (17) and (18) to the normal product
of the operators @, and &,,. To the classical expres-
sion, it is necessary to add a constant, which is usually
denoted by —a(0):

all= 1{;_“‘ [Lay— 05y 02 01,

where L, =%E;’Z_m:an_mam. The same constant must
be introduced into the expression for the square of the
string mass (19):

ME=qy Eu:“ﬂuamj. t—2nya (0) (36)
ms
and into the Hamiltonian (34):
4o

=% 3

n==00

H :——T“cz (0).
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It is easy to obtain the quantum equations of motion.
For example, for a,(t)
don, (V)/di=i[H, @y (7)]
= =i (na/]) ety (1) = — 0,0, (T),

i.e., @, (7) =a, exp(- iw,7), which corresponds to the
expansions (33).

In the considered case, the norm of the state vectors
is obviously positive, since these vectors are obtained
by applying only the operators a,, to the vacuum. These
vectors coincide exactly with the so-called transverse
states in Veneziano’s dual resonance model,!"

The main problem in the noncovariant approach is to
prove the relativistic invariance of the theory in the
quantum case. For this, it is necessary to show that
the generators P, and M, , of the Poincaré group con-
structed by means of the dynamical variables of the
string satisfy the well-known commutation relations.
The total string momentum P, is the generator of trans-
lations, and the string angular momentum tensor

l '
Myy= Y (zury—2zym,) do = Q"P,,——OVP;.—% 2 ‘:T

o n#0
X (a‘-rmanv —Cenyinp)

(37)

is the generator of Lorentz rotations. It can be shown
that all the commutation relations have the correct val-
ues except for the commutator

(M, M= 20 E‘, [m (1= (D—2)
m={

+ :_. (_%,‘ (D—2)—ua (D))](a"_maf;,ga"_ma:,,),
where ¢,7=2,3,..., D-1; D is the dimension of space-
time. The algebra of the Poincaré group requires
[M**,M*]=0. Therefore, the unique possibility for re-
conciling this theory with relativistic invariance is to
require @(0) =1 and D =26, It follows, in particular,
that, in accordance with (36), the string ground state
has imaginary mass (is a tachyon state).

Covariant Formalism. One can preserve the manifest
relativistic invariance of the theory by treating all the
components of the vectors x,(o, 7) and 7,(c, 7) on an
equal footing and imposing the subsidiary conditions (28)
on the physical state vectors. For systems with con-
straints, the Hamiltonian formalism and the transition
to the quantum theory without elimination of the depen-
dent variables were developed mainly by Dirac.’® Fol-
lowing this method, we take the Hamiltonian of the rela-

tivistic string to be the linear combination of constraints
(28):
1

H= i do [/ (0, 7) % (0, V) + /2 (. ¥) @2 (0, D),

where f; and f, are arbitrary functions.? If we set f,=0
and f, == /2, then

H=—3 [ dol(ytay 4272,
[}

DAccording to Dirac’s classification, the constraints (28) are
primary constraints, since they follow directly from the
Lagrangian; simultaneously, they are constraints of the first
class, since their Poisson brackets can be expressed in
terms of @;.
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In this case, the Hamiltonian equations (32) go over di-
rectly into the equations of motion in the covariant La-
grangian method:

=yl au—apn=0; 2,=0, ¢=0,1.

The expansion (11) is a solution for x,(c, 7), and for
7,(0, T) we have, in accordance with (11), the Fourier
series

Vay

[

. P,
3 exp (—i0yT) s c08 (000) + 2,
n=0

T (0, T) = VL=

where w, =nm/1.
In quantum theory, the commutators

[Empy Eav]l = —mgubnim, 00 [Qur Pyl= —igus,

(38)
where gyo=-gi; =1, are postulated.

The time components a,,, »>0, if applied tothe vac-
uum, lead to state vectors with negative norm, Physical
states must satisfy the conditions

¢ |®)=0, i=1,2,
which are equivalent to

[Ln_an.nq(o)”m)=0q R:O. 1.. 2...., (39)
i o

where L, =— 2 /e ! Qnm®ms; L= L_. These conditions
are identical with the Virasoro conditions in Veneziano’s
dual resonance model (see Appendix 1),

From (39) for n =0 the string mass is determined:

M*=P2= —qy En G — 27172 (0). (40)
mst
The operators L, satisfy the algebra
(Zny Ll = (2 —m) Lo+ 11 (02— 1) 8, . (41)

An important point is the appearance of a c-number
term in the commutator (41). In the classical theory,
in which the Poisson brackets play the part of the com-
mutators, this term is not present:

{Ln, Lm}pg =i(n—m) Lpim. (42)

The algebra (42) is isomorphic to the Lie algebra of the
conformal group on a plane.??

The Schwinger term appears in the commutator (41)
because of the transition to the normal product of the
operators @, in L,. The easiest way of obtaining this
term is to use Wick’s theorem®® to calculate the vacuum
expectation value of the commutator (41), remembering
that the operator pairing ayaj is equal to =g 8(k)kby,;, -

A physical space of state vectors with positive norm
can be constructed® only in space-time with dimension
D =26 and if @(0)=1. In accordance with Eq. (40), the
string ground state has imaginary mass (is a tachyon
state).

It should be noted that the lightlike gauge (14) is not
apparently used explicitly here, although the so-called
transverse states needed to prove the theorem that
there are no ghosts is based on precisely this gauge.

The mathematical formalism of the quantum theory of
relativistic strings considered here is identical with the
operator formalism in Veneziano’s dual resonance mod-
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el (see Appendix 1), This makes it possible to regard a
relativistic string as the dynamical basis of the dual
resonance approach.

The noncovariant method in the theory of strings is
analogous to quantization of the electromagnetic field
in the Coulomb gauge; the covariant approach is anal-
ogous to Fermi’s method in quantum electrodynamics.
Note, however, the important difference that the sub-
sidiary conditions on the vector potential in Maxwell’s
theory are linear, whereas in the theory of strings the
conditions (28) are quadratic in x, and 7,.

The unusual results in the quantum theory of relativ-
istic strings such as the restriction on the dimension of
space-time and the presence of tachyon states are per-
fectly acceptable from the point of view of dual models.
Indeed, they are even necessary if a relativistic string
is to be regarded as a dynamical basis of dual models.
The Fock space constructed in the operator formalism
for dual resonance amplitudes was actually transferred
unmodified into the quantum theory of relativistic
strings.’’

But, of course, such a situation cannot be regarded as
satisfactory from the point of view of physics. It is hard
to understand why a string, an object which has been so
well studied in classical theory and in nonrelativistic
quantum mechanics, cannot be treated consistently at
the quantum level in real four-dimensional space-time.
Attempts have been made to find other quantum solutions
in the problem of a relativistic string that avoid these
difficulties. Interesting results have been obtained by
Rohrlich, -4

Rohylich’s Quantum Theory of Relativistic Stvings.
There are two key elements in Rohrlich’s approach:

1) the choice of the gauge condition that fixed the para-
meter 7:

2) the use of this condition to eliminate states with
negative norm, with the physical state vectors being
constructed in the center-of-mass system of the string.
This frame of reference is uniquely distinguished for
a relativistic composite object such as a string. In all
the earlier attempts at string quantization, this fact
was entirely ignored.

The “light-cone” gauge (14) with n®> =0 was explicitly
or implicitly used in all previous methods of string
quantization. It has a serious shortcoming®'*! in that
it does not enable one to describe motions of the string
for which

n(z+2')=0, (43)

Rohrlich®® therefore proposed that one should take, not
the arbitrary vector n, in the conditions (13), but the
total string momentum P,:

Pz—P2yl, Pz'—0, (44)
which is equivalent to the requirement
Pz=P=lyl+PQ. (45)

One can assume that P*#0, and then
P(z+2')+0;
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thus, the new gauge does not lead to any restrictions on
the string motion.

Substituting the expansion (11) in (45), we obtain

euP*=0, ns=0. (46)

This means that in the center-of-mass system of the
string, in which P=0, the time Fourier components
0o, are zero—and it is these components that lead to
states with negative norm on quantization. Therefore,
in the quantum theory it is convenient to construct the
physical space of state vectors in this frame of refer-
ence.

Equations (46) can now be regarded as conditions on
the state vectors |#)cu:

Gn| Flem= onuP™| Fom==noP®| Flcpy =0, (47)

and it is sufficient to require fulfillment of this equation
for n>0. In other words, only the negative-frequency
components of the condition (46) are imposed on the
state vectors, just as is done with the Lorentz condition
in quantum electrodynamics.

Assuming that P?|#) ¢, #0, we obtain from (47)
tno| Flem=0, n>0,

i.e., in the quantum case too the time components of the
operators a,,, n>0, areactually zero.” Thus, the state
vectors in the center-of-mass system of the string are
constructed by applying only the spatial components of
the operators to the vacuum:

ahp=any/ Vm, m>0;

L 1\. Y
at)'nx (@t ytny o (gt )tnz
1Fen=1]] : e, s

et Viad Vi Vi

where the vectors X, =XNny, Anys Anz) have non-negative
integral components.

oo

|0) = p‘ll 129 L -)v

In an arbitrary frame, the state vectors are obtained
from |#)cy by applying the unitary operator

(48)

where a, is the displacement vector, w,, are the para-
meters of the Lorentz rotation, P, is the total string
momentum, and M, , is the angular momentum tensor
(37) of the string. Since [U,G,] =0, it is obvious that
the state vectors retain their positive definiteness.

U =exp {ig, P* + (i/2) w MM},

The physical states, which we denote by |¢w), must
also satisfy the subsidiary conditions (12):
L,|h) =\, |Dy— 1
) oy
Ly | D) - Ao | Dy — (P 2ay) | D) = (—m5/2ay) | D),

G| D) =N\, |1)=0, n>0; (49)

(50)

where A, == 32 Jns,n’ %pomOom-

The constraints G,, n>0, and L,, m =0, taken to-
gether are first-class constraints in Dirac’s classifica-
tion,® since they form a closed algebra.

[Gry Gral =0, n >0, m>0;
[Lpy Ll = (m—m) Lyspy, n, m=0;
[Gyy Ly]1=kG i, k=0, n=0.

$Note that the condition (47) was used, for example, to elimin-
ate states with negative norm in the quark model of hadrons
with the potential of a relativistic oscillator,*?
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Therefore, the conditions (47), which eliminate states
with negative norm, and the conditions (49) and (50),
which define the physical state vectors, are consistent.
Note that there is no c-number term in the commutator
[L,,L,], since n=0 and m =0.

The conditions (49) and (50), which select from the
Fock space of vectors with positive norm " the sub-

space @ of physical vectors ]é), do not violate the rela--

tivistic invariance of the theory, since [L,, U] =0, n =0,
where U is the operator (48) that realizes the transfor-
mations of the inhomogeneous Lorentz group.

We mention finally that it remains an open question
whether a dual model can be constructed on the basis of
Rohrlich’s quantum theory of a relativistic string.

5. STRING IN AN EXTERNAL ELECTROMAGNETIC
FIELD

Interaction Lagrangian. The main principle in the
choice of the interaction Lagrangian is to preserve the
reparametrization invariance possessed by the action of
the free string.** In the case of the electromagnetic
field, this condition is satisfied by the Lagrangian

2];1; = gz,’la':vF"W (J:). (51)
The corresponding action is
T2 az(t) . “!.]
o4 i d (52)

T2
+efapoew)
Ty
where 9x,/387 =%, +x/6 (7). Thus, Sia¢ describes the in-
teraction with the electromagnetic field of two point
charges at the ends of the string. These charges are
equal in magnitude and opposite in sign: g, =—g,=g.

It follows from Eq. (52) that the electromagnetic field
changes neither the equations of motion (8) nor the sub-
sidiary conditions (7), which remain the same as in the
free case. The boundary conditions are obtained from
Eqgs. (4) by replacing % by £, +.%,,, and are

(53)

In this case too, the variational principle does not deter-
mine the explicit form of the functions o0,(7), i=1, 2,

and therefore we can again set 0y(1) =0, 0,(7)=1I. This
appreciably simplifies the boundary conditions (53):

125+ gF b + (2y+ gF ™ 6 =0, o=0; (1), i=1,2.

vzﬁ-l-gf'm,;:":o, =0, 1, (54)

One can find a solution of the equations of motion (8)
satisfying the boundary conditions (54) in two cases:
when F,, =const*® (a constant homogeneous electro-
magnetic field) and and in the field of a plane monochro-
matic electromagnetic wave.!’

These examples show that interaction with the electro-
magnetic field does not change the equidistant nature of
the string mass spectrum. We should mention some
features in the formulation of this problem. In the ac-
tion (52), the external electromagnetic field is assumed
given, and the radiation of the charges of the string,
their interaction with one another through the electro-
magnetic field, and the masses of the charges are ig-
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nored. This has the consequence, in particular, that
the charged ends of the string can move with the velocity
of light.

Constant Homogeneous Electromagnetic Field. Co-
variant Formalism. If F,,=const, then the solution
can be represented by the Fourier series?®

z* (o, 1:)=ﬁ— 2 % {cu:,",l exp [ —iw, (04 1)]

n=0

+ 11 =18 (4P anpexp [io, (0—1)]

FHIA— P+ 4 Pro—pePe (L)), (55)
where w,=nn/l; f,,=gF,/v; a_,=a¥. This expres-
sion describes the motion of a relativistic string in
fields for which

det || (1— ]| = det | (L + ¥ |
=1+ (g/M)* (H*— E*) —(g/y)* (EH)*5= 0.
In particular, (55) becomes meaningless* when (g/y)2E?
=1 and H=0. The explicit form of the inverse matrices
(1=7)" and (1 -9 in (53) will not be required in what
follows,¥

Substitution of the solution (55) in the subsidiary con-
ditions (7’) leads to the same restrictions on the Fourier
amplitudes a,, as in the free case:

400

Ln=_"'*;_ Z an—mua:tmon n=0,1,2,...; L_,=1L%

-n

(56)
The only difference is that now the tensor f,, occurs in
the zeroth mode ag,:

1 v P
T (1= NupP®,

Oy =

It was not surprising that the subsidiary conditions (56)
were the same as the Virasoro conditions, since St

(52) has the same reparametrization invariance as the
free string action (2).

The density of the canonical momentum is

Ty = _62/6_;11= Y (";u‘f')‘uv-t'v]
+o0

= V:‘—Y > (14 Pupalexp (— iw,1)cos (©,0). (57)
The total canonical momentum of the string
4
H;.=5 do 7, (0, ) (58)
0

is conserved. Indeed,

an, ' l
wo- [k (- [ (2)-5

In deriving this equation, we used the equations of mo-

tion (3) and the boundary conditions (4) with %, replaced
by .%.

o=

0.

o=0

Substituting the expansion (57) in (58), we obtain

H,,=(1—-f2)",P". (59)

For a free particle, we could assume that the mech-
anical and the canonical momenta are the same (by anal-
ogy with the theory of a free point particle), but for a
string with charges in an external field this is not so.
“'We adopt here the definition (A )AL =6l, where 6} is the
Kronecker delta symbol for the inverse matrix A=!. The first

index of the Lorentz tensor 4, is always raised: Al =ghA,,.
The matrices (1+ )= and (L —f %) were found in Ref. 48.
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The question arises of how the mass of the string
should be defined in this case. One could, for example,
take M*=01?, But, as was shown in Ref. 49, this leads
to tachyon states already in the classical theory. This
difficulty can be avoided by assuming that

M2 =Pz,

where P, is the constant of the term linear in 7 in the
expansion (55). Using the condition (56) for » =0, we
obtain

M2=Pr="P, (7" Py—yn ¥ Gpln. (60)
ng#=0

It will be shown in what follows that this quantity really

is positive definite.

The above method is a covariant formalism for a rel-
ativistic string in an external field. One can also obtain
a noncovariant solution of this problem as in the theory
of the free string.

Noncovariant Formalism.** 1t is first of all necessary
to find gauge conditions analogous to (13), and they must
be compatible with the requirement &;(7) =0, i=1,2. In
the choice of the gauge, it is convenient to use the boun-
dary conditions (53), in which the functions o;(7) are not
yet fixed. We project Egs. (53) onto the constant vector
n:

nz' +nfz+-(nz+nfz’)o=0, o=0;(0), i=1,2. (61)
We now choose the gauge by specifying the conditions
nz' +nfr=0; npz-nfs = nIl/yl, (62)

where II, is the total canonical momentum of the string
(58), (59). It follows from (61) and (62) that &; =0, i.e.,
the gauge (62) uniquely fixes the functions o;(7).

One can show®! that the conditions (62) in fact amount
to a transition to new parameters §+7T =f.(0 +7) with
functions f+defined by the actual motion of the string.

Equations (62) and (7) make it possible to express two
components of the vector x,(o, 7) in terms of the other
two. For this, it is necessary to consider a definite
configuration of the external electromagnetic field and
to choose the constant vector n,.

An arbitrary electromagnetic field can be reduced by
an appropriate Lorentz transformation to one of the

following four cases®’:

l) E+#0, H= O(EZ—H2>0’ E'H=0);
2) E=0, H+O0(E’ - H’< 0, E -H=0);

3) E and Hare nonzero and parallel (the invariant
E® - H? takes arbitrary values, and E -H=0);

4) the electric and the magnetic field in all frames
of reference are equal in magnitude and perpendicular
to each other (E>— H*=0 and E -H=0).

If only the electric or only the magnetic field is non-
zero, then the matrix (F?)¥ is a multiple of the unit ma~
trix and from the boundary conditions (54), using (7), we
find that the velocity of the ends of the string is in this
case equal to the velocity of light. For other configur-
ations of the electromagnetic field, the boundary con-
ditions do not uniquely determine the velocity of the ends
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of the string.

In all the four cases given above, one can obtain a
solution in the form of a Fourier series and determine
the operator of the square of the string mass.*! It can
be shown that an electric field increases the distance be-
tween the equidistant levels of this operator. It can be
seen from the solutions that there exist limiting values
of the electric field at which the solutions change their
nature. These values are E=+E ., where E
= (27kca'g)™. If we assume that the charges at the ends
of the string are in absolute magnitude equal to the elec-
tron charge, and @’ 0.9 GeV™ (as is done when a free
relativistic string is confronted with dual models), then
E.=10" V/em. For comparison, we note that this is
10'? times stronger than the electric field acting on the
electron in the hydrogen atom. For external field values
[E[ X E, |I-I [ « E., all solutions for the string in the
external field go over into the free solutions.

As an example, let us consider the case when E and
H are nonzero and parallel. The problem is solved simi-
larly in the remaining cases.

We direct the fields E and H along the x axis:
fsa=gHly=h.

The constant vector »n in the gauge conditions (62) can
be conveniently taken to be

foo=gElv=e,

ne=(1, 1, 0, 0). (63)
Substituting (63) in (62), we obtain

2=z x=ex+ V2 Iyl (64)
The boundary conditions (54) in component form are

't tezt=0; y +hz=0; z‘—k_z.{=0 (65)

for 0=0 and o =I.

We shall assume that ¥ and z are independent vari-
ables. The equations of motion (8) and boundary condi-
tions (65) are satisfied by the following expansions of ¥
and z in Fourier series:

¥ (0 0 =1Q, + P,x/yl—hP, (0 —U2)/II(1 + b2~
+vs (il — 3 2R lOnd (g cos (00) + ihm: Sin (0no));
nsp (66)

2(0, ©) =[Q, + P.e/yl +hP, (o — U2)/y1) (1 4 hH ™2

7 i exp (— iopT) z .
O, COS (0,0) — ihet,,, sin (0,0)],
-+ VI'IYH‘Fh‘J Eﬂ P [2m: ( m! ) my ( m! )]

where w,, =m/l.

The independent components x* are determined from
Eqs. (64) and (7):
} (67)

Y

T=Emr
where %, is a two-dimensional vector with components
vy and z. The dependent components can also be repre-
sented by Fourier series satisfying the boundary condi-
tions (65):

R | (|

X ==
el o (B xD—Byxi) xme Dt

T T

(x] +x—2ex,x));

2=(0, )= 5= 3 TR (1 6) 2l exp (—ion)
U n=0
- i , bt
—(lFe)alF exp (“""T)]"—-IT(T$ co). (68)
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Substituting (66) and (68) in (67), we obtain

n=0, =1,+2,...; af’=0; k=0;
0-=P-(1—e?),

o = (Y ny/l) Ly,
(69)

where

foo
1 p*
LHLET 2 ®p-mi®mys a},‘:“v‘;—;: p==, 1 3.

Mm=-o0

The density of the canonical momentum (57) has the
components

=y (‘r} L hz'); =1y (;— hy'); a*= v(:;:i +ex*’).
The expansions (66) and (68) enable us to represent 7,
in the form

/TR — :
,;J_=.11!—'H'! [PJ_+V:W m%o exp (— io,T) &) cos (mmcr)],

= 17" [P‘+VW D exp(—io,T) e cos (mma)];
im0

_ A

= D

The dynamics of theindependent canonical variables x,
and 7, is determined by the Hamiltonian function

]
H = [ dof(rtn, — )+ (v, + by x2)
0
=T (1—¢) Lo,.

For the square of the string mass M?=P? we obtain
from (69)

Mr=(1—e)! [ny 2 o pytmy +22P] . (70)
m0

Thus, M?is positive definite, since we assume that

e°<1. In the limit e—~ 0, Eq. (70) goes over into the

expression for the square of the free string mass (19).

Quantum Theory. The quantization of a relativistic
string in a constant homogeneous electromagnetic field
is basically similar to the quantization of the free string.
The total Lagrangian with allowance for the interaction
(51) is singular, and therefore the canonical variables
x,(0, 7) and 7, (0, T) satisfy the conditions

Q1= (vl — fuuz "2+ )t =0; }
Q= (y~tm,— fuvz™) =0,

()

The Hamiltonian constructed in accordance with the
usual rules (30) vanishes identically. Therefore, the
Hamiltonian function is taken to be a linear combination
of the constraints (71):

H =~ [ do[(yim—fuz"+ 22 (72)
0
The first Hamilton equation
Ty = — OSLIIT* = i, — ™ (73)

establishes a connection between the canonical momen-
tum 7, and the coordinate x,,. The second Hamilton
equation has the form

= Y5 — (1 — fosz™) f (74)
It follows from (72) and (73) that

z,.——z’ﬁ:ﬂ.
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The boundary conditions
00z, =0, 0=0, I

with allowance for (73) are written as
Zhtfuwa* =0, 0=0,L

Therefore, the choice of the Hamiltonian function in the
form (72) reduces the Hamiltonian formalism to the La-
grangian dynamics in the orthogonal gauge. Therefore,
as solutions for x,(¢, 7) and m,(0, T) we can take the ex-
pansions (55) and (57). Doing this, we obtain the follow-
ing expression for the Hamiltonian function (72):
4o

H:ILL‘,= —% > GO
The constraints (71) reduce, after the solutions (55) and
(57) have been substituted in them, to the conditions (56)
on the Fourier amplitudes «a,,.

On the transition to the quantum theory, as in the free
case, the commutation relations (38) are postulated, and
the commutators between @,, P,, and a,, are assumed
to be zero. This is equivalent to the usual “equal-time”
commutators

[z (0, ), 71y 107, T)] = —ig,,d (0 —0");
[z4 (0, 1), 2y (0", T)]=[m, (0, T), my (¢’, T)]=0.

The problem now reduces to the elimination of states
with negative norm. We shall follow Rohrlich’s method
and impose on the solution (55) conditions analogous to
(44). For this, in the equations of the lightlike gauge
for a string in an external field (62) we replace the con-
stant vector n, by the vector K,, which is related to the
total mechanical momentum P, of the string: K, =
(1 +7);LP°. We now specify the gauge by

Kuz™+ Kufw.‘,;'v =0; Ku;-‘“ + K"z = K010y, (75)

Substituting (55) and (59) in (75), we obtain the require-
ment

P =0, (78)
which means that in the center-of-mass system of the
string (P=0) the time Fourier components @, are zero:
@, =0 for n#0. Therefore, the space of state vectors
with positive norm in the center-of-mass system of the
string is constructed in the same way as for the free
string. Further, these vectors must also satisfy the
conditions (56) of the orthogonal gauge, which with al-
lowance for (76) take the form

n==0,

(77)
(78)

1
L,|D)y=(A, —
o @)= (Ant =
Lo| @)= Aoz [P2— P* (P)sP]) | ) = (0) | ©),

2ay

@GPy} | ©)=0, n>0;

where A, = (=2)2imsg,n'@n.m@n:. The operators in Egs.
(76)-(78) form a closed algebra, i.e., their commutators
in the weak sense® vanish. Thus, this system of con-
straints is consistent.

Using the condition (78) written in the system in which
P=0, we can represent the expression for the square of
the string mass in an external electromagnetic field in
the form

i

¥ . 2
° T T—(gE/y)? 2} nasan: +mi,
n={

(79)
where
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mi = —2nya (0)/(1 — (2E/v)].

The sign of m? is determined by the following consid-
erations. The operator on in the string center-of-mass
system obviously has a positive spectrum, and the eigen-
values N of the operator E‘; \r:a, @, canbe equal to any
positive integer N=0,1,2,.... If (gE/¥)<1, then, ap-
plying the left- and right-hand sides of Eq. (79), respec-
tively, to |&)cu, we obtain the condition m?> 0 or a(0)
<1, i.e., the string has no tachyon states. But if
(gE/¥)*>1, then this leads to the requirement

my >2:{ny]1 — (% E)zl,

which cannot be satisfied by any finite value of m?2 since
N can be arbitrarily large. We therefore arrive at the
conclusion obtained earlier in the noncovariant formal-
ism, namely, that the relativistic string in an external
electromagnetic field can be studied in the orthogonal
gauge only if (gE/¥)* <1.

It follows from (79) that the operator M? has an equi-
distant spectrum, but that the distance between its lev-
els is [1 - (E/¥)?]"! times as large as in the free case.

Thus, Rohrlich’s method makes it possible to con-
struct a quantum theory of a relativistic string interact-
ing with a constant electromagnetic field that is rela-
tivistically invariant and has no tachyon states. We
shall not consider here quantization of the model by the
noncovariant method,* since it is completely analogous
to the theory for a free string.

Plane Monochromatic Wave. An exact solution of the
equations of motion was obtained in Ref. 47 for a rela-
tivistic string in the field of a plane monochromatic
electromagnetic wave. We shall not give the solution
explicitly but merely mention its characteristic features.
The ends of the string, as in the free case, move with
the velocity of light. The solution has a resonance na-
ture. The condition for the occurrence of resonance is

2kP = n,

where & is the wave vector of the electromagnetic field,
P is the total momentum of the string, and n is any in-
teger. The mass spectrum of the string is the same as
in the free case.

6. RELATIVISTIC STRING WITH MASSES AT THE
ENDS

Besides a string with charges, various models of a
massive relativistic string have been considered.’' -’
The requirement of reparametrization invariance rules
out a mass distribution along the string, just as it does
a charge distribution. There remains the only possibil-
ity of placing the masses at the ends of the string. But
if the reparametrization invariance is abandoned, then
one cannot consistently introduce into the theory con-
straints on the dynamical variables (gauge conditions)
by means of which states with negative definite norm
can be eliminated.’®

The action of a string with masses at the ends has the
form

L ——— o 7
S=—y S dt 5 da}’ (zz'):— 34" —m A i dv fo‘(of- ), (80)
0

i=11
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where 0, =0 and 0, =1.

The equations of motion (8) and the subsidiary condi-
tions (7) remain the same as in the free case. The
boundary conditions however are now essentially non-
linear:

d

2 Vve owd |
IRF(V‘:E)ATIT, 0==0;
df =z 2
m—— Y| = —yay, 0‘:‘:[.'
"‘(V;a) ]|

A particular solution was obtained for a string with
masses at the ends rotating with angular velocity w as
a rigid rod.’? By analogy with the free string case, we
expect this motion to give the leading Regge trajectory,
i.e., for given mass, the string has maximal angular
momentum.

(81)

Setting T=£, we can represent the solution as
x (o, ) =p (0) (cos w¢, sin wt, 0),
in which the explicit form of the function p(o) is unim-
portant because of the invariance of the theory under o
and T reparametrization. The only condition on the
function p(0) is
wp (0)= —ap (l) =R,

where wR =V1 + (Mw/2y)% = mw/2y.

The expressions for the energy E and the angular
momentum J have a fairly complicated form®

E = (2y/w) [arcsin (0R) + ma/y V 1T— R2ot;
J = (p/w?) [arcsin (@R) + oR V 1— w?R%) 4 2maRY V T— R%?.

The connection between J and E? is now nonlinear.

It is not possible to obtain a general solution of the
equations of motion (8) satisfying the nonlinear bound-
ary conditions (81). But if we restrict ourselves to
string motions for which the parameter 7 is the proper
time of the massive points at the ends of the string,**i.e.,

2 (0, ) =22(l, ) =m™2, (82)
then the boundary conditions (81) become linear:
';,;v (U, Ty =gz (0, T); ‘;:r‘, (L )= —qzi(l, 1), g=1y/m2 (83)

By means of the change of variables 0+7—f,(0£T),
under which the equations of motion (8) are invariant,
the subsidiary conditions (7), and the boundary condi-
tions (81), we can show that Eqs. (82) are satisfied if

2O T+) =2 2o =30 1+2), i=1,2

Note that fixing the gauge by the single condition (82)
would not lead to a restriction on the string motions if
an infinite string were loaded with a point mass or if a
mass were placed at the end of a semi-infinite string.’’

Setting x(o, T) =exp(—iwT)u(c), we arrive at the follow-
ing boundary-value problem for the function u(o):
u’ (0) 4 w?u (o) = 0;
0?u (0)= —qu' (0); ou(l)=qu' ().
The solution has the form
S Tyanslator’s note. The Russian notation for the trigonomet-
ric, inverse trigonometric, hyperbolic trigonometric func-

tions, etc., is retained here and throughout the article in the
displayed equations.
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Uy, (0) = Ny, [cos (0,0) — (©,/9) sin (©,0)],

(84)
where N, are normalization factors and w, are the roots
of the transcendental equation

tg (@nl) = 20,q/(0h —¢?),
which is equivalent to the two equations

tg (0,1/2) = —a,/g (n even);
ctg (0,l/2) =w,./g  (n odd).

The same equations, except for a different sign, were
obtained in Ref. 53 in a study of a relativistic string with
masses in the framework of a different approach.

The elgenfunctmns (84) satisfy the orthogonality con-
dition®?

S duu,, (U) E(a) Upm (U) = 6lvl. m

and the completeness condition
2,10 0) 4 (0)4(0) =8 (0, 0",

where £(0) =1 +(1/q)[6(0) +6(c - I)], and the function
5(c,0’) is determined by the requirement that

(85)

I .
[ d0'8(0, ) 1(0) =1 (0)
0

for any sufficiently smooth function (o) defined on
Ososl.

The normalization factors are

N2 =(U2) (4 ob/gd) +1/g, n>0; N;*=1+2/q.

For x,(0, T), we now obtain the expansion
oo

9 Pyt i exp (—iwpt)
=Qutza—~ +_V5 n=2_m = tall, (0).
n+ U

(86)

w (o, 1) =

Thus, x,(0,T) is an almost periodic function of ¢ and 7.%°

When the masses at the ends of the string tend to zero,
then g — o,
p —nall, u, (0)— V 2/ cos (nnoyl)
and the expansion (86) goes over into the free string
solution (11). Substituting (86) in the subsidiary condi-
tions (7), we obtain

400
E exp[—i (o, + o) (1 £ 0)] e,o, NN,

n,m==x
T (1=32),

where again a;, =V2/y B,.. Since the frequencies w,, in
contrast to the case of the free string, are not multl-—
ples of ) —‘lT/l restrictions on the amplitudes «, follow
from (87);

Cplm =0 for nst —min,m=—+1, £2,...;

a,P=0, n=0;

p=—7F 5‘

x(i$i (87)

(88)
32 (1 +88)

The restrictions (88) are stronger than the Virasoro
conditions (12) in the theory of a massless string. This
result does not contradict the fact that the original ac-
tion (80) has the same reparametrization invariance as
the Nambu action (2) for a free string, The point is
that here we consider, not all motions of a string with
masses at the ends, but only the motions that satisfy
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the condlt).ons (82). In the case of a massless string,
w = nw, and the Virasoro conditions follow from (87):

L,= —% 2.‘] @, =10,

n=0, +1,4+2,....

Besides the restrictions (88), at the ends of the string
the relations (82) must also hold, and these lead to
1

7 D M= —2
nz£0

(89)

The conserved total momentum of the string with mass-
es at the ends is
i

]
ﬂ..=§n.. 0. vdo=y | £(0) 2,10, ) do =P,
]

The angular momentum tensor M,, is

Myy= (QPP‘\'—PHOV) _’;_ 2 é (a-nnanv_a—nvanu)- (90)
ns0
The square of the string mass is obviously
M=Prm—1 3 (“"") Oonttn + 2 (1 +2)° (91)

Even if the string does not execute any vibrational mo-
tions (@, =0, n#0), the square of its mass is neverthe-
less different from 4m? and is equal to
M2 =4m? (1 + Ig/2)2. (92)
On the transition to the quantum theory, one postulates
the commutation relations
[Cmps Gyl :mmamhl.og#v; [Qu, Pyl= iguy-

With the completeness condition (85), these lead to the
usual “equal-time” commutators for x,(o,7) and 7,(0, 7):
2 (9, 7), 7y (0", )] =Lz (0, 7), 1E (0)2+ (0 V)] = igusd (0, 0°).

The remaining commutators vanish.

Using the solution (86), we can also find the commu-
tators for different 7 and 7', for example,

Buvd r_
7ot ¢

i 3 2Oy (0) (o).

[zu (0, 1), 2y (0’, T')] =i

mFQ
As the Hamiltonian of the system, giving the correct
equations of motion for «,(7), we can take

b2

=% oot 5—""""“"

(93)
The relations (88) and (89) for the amplitudes a, are
imposed in the quantum theory as conditions on the phys-

ical state vectors:

anlm}zﬂnftm|m)=0, n>0, m# —n, 0; (94)
Gp|D)=0a,P|D)=0, n>0; (95)
P @) = {—— (F) (1+42). a-na,..+ﬁ1}|tm.l
'b .
{2\, 2 Ni—E:a o, +ﬂn}i¢’)= —mt| D), l (96)

where the constants 8, and 8, arose on the transition to
the operator normal product :@_,a,:. It is sufficient to
require fulfillment of the conditions (94) and (95) for on-
ly the values of » and m specified in (94) and (95). In
this case, the operators in (94)-(96) and the Hamilton-
ian (93) form a closed algebra. Therefore, the condi-
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tions (94)-(96) on the state vectors are compatible, and
the evolution of the system in time does not result in
these conditions ceasing to hold.

The condition (94) can be used, as it was by Rohr-
lich® in the case of a free string, to construct a physi-
cal space of state vectors with positive definite norm in
the string center-of-mass system, in which P=0. Since
G, and L,, commute with the operator U [see (48)],
which realizes transformations in the inhomogeneous
Lorentz group, the physical space of vectors construct-
ed in this way is relativistically invariant.

In particular, for the operator M? in the string center-
of-mass system we have

M=y 3 (%)zmuaian+m§,
n=1

ﬂ§=u-n/Vm—n? n>0!
where m3 =8, +B8, +M?; and m} is determined in (92).

The expressions obtained for the square of the string
mass and the angular momentum tensor, (91) and (90),
are exactly the same as in the theory of a massless
string. However, the frequencies w, are no longer mul-
tiples of 5:, and therefore the mass spectrum is richer
in this case. The major part of its characteristic degen-
eracy for a free string is lifted. The restrictions (94)
on the state vectors differ appreciably from the Viraso-
ro conditions (29). They can probably be satisfied only
by a finite set of amplitudes a,, and the number of non-
zero o, must not exceed the dimension of the space-
time in which the string moves.

A similar problem was considered in Ref. 55, in
which, however, Andreo and Rohrlich did not use the
reparametrization-invariant Lagrangian (80) but rather
a linearized action for a string with masses at its ends:

Te

2 .
2 S d‘t.’;:z(di, 1),

i=iT

Ty ] .
S=—%S drj do (22 —2')— 2= (97)
% ]

0;=0; o;=1.

This action leads immediately to the linear boundary
conditions (83). However, the following difficulties
arise here. First, it is not clear what relationship the
obtained solutions have to a string with masses at its
ends described by the ordinary action function (80);
second, from the action (97) one cannot directly deduce
gauge conditions by means of which states with negative-
definite norm can be eliminated. The use®® for this pur-
pose of the Virasoro conditions from the theory of a
massless string is rather artificial.

Nonvelativistic Limit in the Theory of a Stving with
Massive Ends. This limit was investigated in detail by
Chernikov and Shavokhina in Ref. 22. They showed
that two massive point particles joined by a string move
in the nonrelativistic limit in the same way as if an
attractive potential that increases linearly with the dis-
tance acted between them:

V (xi %) = el 32 () =1 () (98)

where y is the constant in the action (2) for the relativ-
istic string.

The potential (98) generated by the string is indepen-
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dent of the properties of the particles at the ends of the
string (for example, their masses). The linear potential
deduced from quantum chromodynamics when fermion
loops are ignored has the same universality.

A linear potential (at least for large distances be-
tween the quarks) is widely used in phenomenological
composite quark models of hadrons.?"-8¢ In the frame-
work of this approach, one can, for example,?*~% des-
cribe the mass spectrum of the gb/J mesons by choosing
appropriately the parameters of the theory, in partic-
ular, the constant y in (98) that determines the strength
of the potential.

It is interesting to compare the values of the constant
v that are obtained in the phenomenological quark mod-
els and in the dual resonance approach, For this, one
should consider quark models in which the strength of
the potential is taken to be universal for the interaction
of all quarks, viz., the light p and »n quarks, the strange
A quarks, and the charmed quarks. Such a model was
proposed in Ref. 61 by Kang and Schnitzer, who obtained
for y the value

¥ =0.3(GeV)%, (99)

On the other hand, the constant v can be related to the
universal slope o’ of the Regge trajectories if the rela-
tivistic string is regarded as the dynamical basis of the
dual models (see Appendix 1). In this approach, y
=(2wa’)™!. Taking the experimental value a’=0.9 GeV"2
for the slope of the Regge trajectories, we obtain

y=0.2(GeV)?. (100)

This agreement between the values of ¥ found in the com-
posite quark model (99) and in the dual resonance ap-
proach (100) can hardly be fortuitous. It should probably
be regarded as an indication that these two approaches
have the same dynamical basis.

7. STRINGLIKE SOLUTIONS OF CLASSICAL FIELD
EQUATIONS

The relativistic string defined by the action (2) is not
to be taken as a real physical object but rather as a
mathematical abstraction. There are in fact situations
in quantum field systems for which a relativistic string
can serve as an approximate model. We are referring
here to the so-called vortex solutions of classical equa-
tions in certain field theory models. In this case, the
string can be regarded as a field concentrated along a
line.

Stringlike Solutions in the Theory of Superconductiv-
ity. Stringlike solutions are well known in the theory of
superconductivity'*!? and superfluidity.**% The local-
ization of magnetic field in one dimension can be pictur-
ed as follows. Take a long cavity within a superconduc-
tor and place two magnetic charges of opposite sign in
it. Since the magnetic field does not penetrate into the
superconductor, it will be completely localized within
the cavity.

A more realistic example, which does not use hypo-
thetical magnetic charges, is the penetration of magnet-
ic field into type II superconductors (Abrikosov’s vor-
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tices). It is known that when the external magnetic field
has a certain value, it penetrates into a type II super-
conductor, but only in the form of thin filaments of mag-
netic lines of force. The central part of the filament is
in the nonsuperconducting state, while the bulk of the
conductor is in the superconducting state.

These vortex, or filament, solutions were found by
Abrikosov in the Landau-Ginzburg superconductivity
equations.'”!* This phenomenological theory is based
on the following expression for the free energy f of the
superconductor:

t=tota@¥P+ER ¥ pt o [ (FV—5A) ¥[ 442, (101)
where f; is the free energy of the ground state, ¥(r,{)
is the wave function of a Cooper pair of electrons, e*
=2¢ is the charge of this pair, m* is the effective mass
of the pair, B is the external magnetic field, and T is
the temperature.

Varying f drdif(r, t) with respect to ¥*, we obtain the
Landau-Ginzburg equation

(1) ¥ +B (D) | ¥PY 4 (—iAY —Z-A) ¥=0,
which must be augmented by the connection between the
magnetic field and the current in Maxwell’s theory:

L B=J=_ (yryy_yvyr 2 WA,

4m 2m*i m*c

Investigation of these equations for a type II supercon-
ductor [the parameters of such a superconductor satisfy
the condition x? = (1/2)(m*c/e*%)B > 1/2] that fills the
whole of space and is in an external magnetic field par-
allel to the z axis shows that in this case there exists
an approximate solution in which the magnetic field pen-
etrates the superconductor in the form of thin fila-
ments.'? Such a solution in a cylindrical coordinate sys-
tem (z,7, 0) has the form

B (z, r, 8) = B (p) =const Ko (p),

where p=7»/X, X is the characteristic length, and K,(p)

is the Kelvin function, which satisfies K,(p) ~ exp(—p) as
p—. Thus, the magnetic field intensity decreases ex-
ponentially from the center of the filament.

Vortex Solutions in the Higgs Model. A relativistic
generalization of the field model (101), which is the ba-
sis of the Ginzburg-Landau theory of superconductivity,
is the Higgs Lagrangian

L= — 3 P —| (3, +ied,) O o | OF—b(| @72, (102)

‘where F,,=8,A4,~09,4,, and a and b are positive con-
stants. It is therefore natural that stringlike solutions
localized in one dimension have also been found in the
Euler equations corresponding to the Higgs Lagrang-
ian.!*"'® We denote a static vortex solution by A}, and
&', It corresponds to a cylindrically symmetric vortex
line along the z axis:

AR (x4, w2) = gauy (2¥7r) Ay (r); DO (=4, 23) =exp (in0) B, (r),

where A,(7) and R,(r) are real functions. As a result of
a complete rotation around the z axis, the phase &'
changes by 2mn, where » is an integer. If it is assumed

404 Sov. J. Part. Nucl. 9(5), Sept.-Oct. 1978

that |®| —const as -, the vortex solution in the
model (102) has the form

Ry (r) = L +csexp (—msr);
Ay () = nler +(ev/V er) exp (—myr),

wheremg=v2a, my="2eX, A =V2a/2b, and c s and ¢,
are constants. The magnetic field is parallel to the
vortex line and equal to

Ho=1 2 v4,) ~ (ev/V or) exp (—myr).

r dr

The transverse dimensions of the vortex are determined
by the mass parameters m3 and mj!.

If there is a stringlike solution in a field model, one
can show that the Lagrangian corresponding to this solu-
tion is the Nambu Lagrangian (2) for a relativistic
string; for in this case the field functions are nonzero
only along the string, and therefore

B ~5dt5dsV1Tv1', (103)
where ¢ is the time; s is a parameter which coincides
with the string length, (3x(f,s)/8s)*!; the factor v1— v}
is introduced in order to take into account the Lorentz
contraction due to the motion of the string with the
transverse velocity

sl (R I
L= 3 2s \at as |*

Substituting (104) in (103), we obtain
Suing ~ [ 2§V [1—(F)] () +(F %)
If we go over in the formula from ¢ and s to arbitrary

parameters T and o on the world surface of the string,
we obviously obtain the Nambu action (2).

(104)

In the Higgs model (102), stringlike solutions could
be infinite in space or closed, and in this latter case
the radius of curvature of the string must be appreciably
larger than its transverse dimensions. To obtain in
this approach a finite string or vortex, it is necessary
to introduce sources of the magnetic field—magnetic
charges, or monopoles—on which the magnetic lines of
force of the string could end.

Magnetic charges were first introduced into electro-
dynamics by Dirac.’” From the point of view of the theo-
ry of a relativistic string, Dirac monopoles are also of
interest because in electrodynamics with magnetic charg-
es one can consider one-dimensional extended objects—
Dirac filaments or strings.

Strings in Divac’s Theory of Magnetic Charges. In
Dirac’s theory, strings are apurely ancillary mathemat-
ical concept; they do not carry energy, and all observ-
able quantities are independent of their motion. How-
ever, the situation is significantly changed if the elec-
tromagnetic field in Dirac’s theory is replaced by a vec-
tor field with mass. In this field model, strings are
physical objects, since they carry energy. The La-
grangian describing their motion is almost identical
with the Nambu Lagrangian (2). Let us consider this
model briefly.

In Dirac’s electrodynamics with magnetic charges,
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Maxwell’s equations are generalized as follows:

OF yyl0zy = — i3 (105)

OF 10z, = — 7, (106)

where F,, =€,,0,F*°/2 is the dual tensor of F,,; 5 and
jm are the currents generated by the electric and mag-
netic charges, respectively:

BE=Se [ S8 E—z s
RE=73 gj %6“’ [z2—z (s)] ds.
4

The difference from the ordinary theory is that on the
right-hand side of Eq. (106) we do not have zero but-jj.
If there are magnetic charges, it is impossible to use
the ordinary definition for the electromagnetic field
tensor F,, in terms of the vector potential A,:

Fry=0,4,—0,4,,
since it follows from (107) that
H=curl A and divH= 0,
whereas one must have
-divH=p",

(107)

where p™ is the density of the magnetic charges.

Dirac assumed that Eq. (107) at each instant of time
is violated at one point on a closed surface surrounding
the magnetic charge. Since such a surface can be cho-
sen arbitrarily, the relationship (107) is actually not
satisfied along a filament or a string, which joins mag-
netic charges of opposite signs or goes away to infinity
at one end. Each magnetic pole must be at the end of
such a string.

In Minkowski space, a Dirac string covers a two-di-
mensional surface x,(0, 7), on which Eq. (3) is not satis-
fied. Dirac added to the right-hand side of this equation
a tensor field G,,(z) localized on the world surface of
the strings:

Foy(3) =8,y (2) — 34, (2) + Gy (2). {108)

Substitution of (108) in (106) leads to an equation for
Guu(2):

G =70 ()= g S %a"’ (z—z (s)) ds.
8

The solution of this equation has the form

Gu(z)= g 3 28 (z— 2 (0, T)) Ouy (0, T), (109)
where 0,,=23(x,,x,)/3(7,0) and d*v =d7do, The motion
of the electric charges is described by the same equa-
tion as in Maxwellian electrodynamics:

m (d?z,'ds?) = e (da*/ds) Fyy (2). (110)
A similar equation is postulated for the magnetic charg-

es:

md?z,/ds? = g (dz*/ds) Fry (2). (111)
The action in Dirac’s theory is given by
B P { ds—% S dSzF o F* —e { 4" () "5‘;:’) ds.  (112)

g

When this action is varied, F,, must be regarded as a
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function of the vector potential A, and the variables of
the string in accordance with Egs. (108) and (109). Var-
iation of S leads to Egs. (105), (110), and (111), where-
as Eq. (106) is a consequence of (108) and (109), in com-
plete analogy with Maxwell’s theory. It is important that
no equations arise for the string variables x,(o, 7),
which reflects the unphysical nature of these variables.

Connection between Divac’s Stvings and Dual Strings.
In Ref. 19, Nambu considered the action (112) for two
magnetic charges of opposite sign +g, but in contrast
to Dirac’s theory he assumed that the mass of the vec-
tor field A, (x) is nonzero and equal to m,.* One can,
for example, assume that this mass arises because of
the Higgs mechanism through an interaction of the field
A, with the scalar field ¢ in accordance with the La-
grangian (102). Equation (105) is now replaced by the
Klein-Gordon equation with right-hand side

(O—my) 4" = —a,6" (113)

and the Lorentz condition 3, A* =0 is imposed on the
field A,. It follows from (113) that

£@=—[ae—padpay, (114)
where A(z) is the Green’s function of Eq. (113).‘ Using
(114) to eliminate the field A, from (112), we obtain an
expression for the effective action that depends only on
the string variables x, (o, T):

S vz gy 2% gmy 5 5 a2 d*'0yd (2 — z') o'

2
1 i) et d) (i . .7 7
+? Z j j gliyghztmp (z@ — z)’) r(aJ) dvdt
i, j=1

2

P E g mt) |/ z}f’x“"" dr.

"

(115)
i=1

The first term in this equation is the Yukawa interac-
tion of the two world surfaces x,(0, 7) and x;(0’, 7') with
the interaction transmitted by the vector field A, (x).
The second term is due to the interactionof the magnetic
currents with one another and to their self-interaction.
Finally, the third term is the kinetic term of the mag-
netic monopoles with masses m ¥, i=1,2,

?

The string variables x,(g, ) disappear from the effec-
tive action (115) if the vector field is massless, my =0,
and in this case the string becomes an unphysical enti-
ty, as we have already said.

Noting the 8-functional nature of the Green’s func-
tion A(z), we see that the first term in Eq. (115) is pro-
portional to the world surface area of the string x,(c, 7)
joining the monopoles. A more detailed calculation'®
shows that this term really does reduce to the string La-
grangian
£ =—1Videt]oul

1
string (1 6)
where the constant y is equal to
vy=1/2na’ = (g¥8n) mi In (1'r  mi-4- 1),
where 7, characterizes the transverse dimensions of the
6)The name “magnetic charge” is in this case merely derived

from the analogy between this model and the theory of the
Dirac monopole,
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string, As we showed above when we considered the
Higgs Lagrangian (102), the transverse dimensions of
the string are characterized by my, where mg is the
mass of the scalar Higgs field, and we can therefore
set r,~mg' (see also Refs. 14-18),

If the distance between the magnetic charges is large
compared with m7!, then the string Lagrangian (116) will
be dominant in Eq. (115). In this case, the first and
third terms in (115) give the action (80) of a relativistic
string with masses at its ends. At short distances, the
Yukawa interaction between the monopoles, which is
described by the second term in (115), becomes pre-
dominant. In the static case, the Yukawa attractive po-
tential (-g%/4m) exp(~myr)/r acts between the monopoles,
This interaction will obviously shift the low lying levels
in the string mass spectrum.,

An indication of the possible existence of stringlike
solutions in more realistic models of quantum field theo-
ry, and in particular in chromodynamics, is provided
by the localized solutions in Yang-Mills models carry-
ing magnetic charge.®®® An intimate connection with
a string model was traced in two-dimensional models
with the U(N) color gauge group as N— « (Ref, 70) in
scalar electrodynamics and in the Schwinger model."

An important question, which still remains complete-
ly uninvestigated, is that of the stability of the string-
like solutions in both the classical case’™ ™ and after
quantization.’™

8. NONLINEAR BORN-INFELD MODELS AND
RELATIVISTIC STRINGS

A relativistic string is intimately related to the non-
linear Born-Infeld models in two-dimensional space-
time.’! The simplest model of such type for a scalar
massless field ¢(x, ) is given by the Lagrangian

== VI % (el —o), (117)

where @, =3¢p(x,t)/3x, @, =3¢(x,1)/dt, and x is a con-
stant with the dimensions of an inverse length. The La-
grangian (117) was considered, in particular, by Heisen-
be:rg"'5 in mesodynamics in an investigation of meson
showers.

Variation of this Lagrangian leads to a nonlinear
equation for the field ¢(x, {):

(”2_ q)la) 'Pzr+2q7:c‘plq':l—_(uz+ q};) Pre =0. (118)

As x— <, the Lagrangian (117) goes over into the free
field Lagrangian ¢(x,f), and Eq. (118) reduces to the
d’Alembert equation,

The problem can be formulated differently, in a para-
metric form. The function ¢(x,¢) describes a surface in
the three-dimensional space-time with coordinates
t,x,9y =x"lp(x,#). This surface can be specified para-
metrically if we introduce a Lorentz vector x,, p =0,

1, 2, which depends on the two parameters o and 7 and
has the components

(g, 1) =(t (o, 1), 2(0, 1), y(0, 1)=u"1¢(z (o, 1), t(o, 1))).

Remembering that
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y ot 'y

y y
¢:=“3 i” & i wtzuz z ¥ t

z i I z t I

and that on the transition to an integration with respect
to the variables ¢ and 7 the product dxdt must be re-
placed by (¥’ — xi')dodr, we obtain the following ex-
pression for the action function corresponding to the
Lagrangian (117):

S= _xzj‘ d:j dzV T+ =2 (g —)

——xt [ ax { aoV Gap— e (119)
This is then the action (2) of an infinite relativistic
string in the three-dimensional space-time £, x,y =
X ox,1). ,
If in the Born-Infeld electrodynamics

L= —2Y T+ niF—x'Ge,
where

F=(1/2) Fo F*"; G = (1/4) " F Frg; Fup=8,4,—38,4,,
we consider only plane wave, then the problem reduces
to investigating the Lagrangian of a relativistic string.
Suppose that the wave propagates along the x axis. The
potential A, (x) in this case depends only on ¢ and x. If
we eliminate the electric field directed along the x axis,

Fy =0, then the Born-Infeld Lagrangian contains only
two components of the potential A, (x)[A,(x, t) and A,(x, #)]:

i=y, 2z

L=/ (140 2 AL (1= T AL )+06¢ T Aia )

The transition from the variables (x, ) to (o, 7) again
leads to the action (119) for a relativistic string in the
four-dimensional space (Z,x, x'A,, x'A,. The most gen-
eral form of the Lagrangian of » fields of the Born-In-
fled type in two-dimensional space (x,¢), which reduces
to the Lagrangian of a string in a space of # +2 dimen-
sions when the parameters ¢ and 7 are introduced, is
given by the expression

/ ,. 0 =
L= —x2 -‘/ (1+x2 égl'l‘i’. =) (1—x2 ,}.‘1 o, )42 §| [T

(120)

The action (120), which describes simultaneously a
system of nonlinear Born-Infeld scalar fields and an in-
finite relativistic string, was investigated in detail in
Refs. 76 and 77. The Cauchy problem was solved for
the equations of motion and the scattering of two plane
waves was investigated in the classical case. A method
was also proposed for quantization in which nonlinear
subsidiary conditions are imposed on the state vectors.
In the same papers, an algebra of constraints was ob-
tained that includes as a special case the Virasoro alge-
bra (41) in the theory of a finite string.

CONCLUSIONS

The various aspects of the dynamics of a relativistic
string considered here show that this object has numer-
ous properties of undoubted interest from the point of
view of the physics of elementary particles. Above all,
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a string is an example of a comparatively simple but
fairly realistic model of quark confinement in hadrons.
The string model has been developed in this direction by
the introduction of internal quantum numbers of quarks
placed at the ends of the string,??! and also by attempts
to construct a string model of baryons.®8

Developing the theory of a string, one can attempt to
extend the geometrical approach that provides its basis.
On the world surface of the string one can consider not
only the area of the surface but also other invariants;
for example, to the Nambu action (2) one can add a term
proportional to the integral Gaussian curvature of the
string surface.” It is interesting that in this case only
the boundary conditions change, and the equation of
motion of the string is as before the d’Alembert equa-
tion. However, the nonlinear nature of the boundary
conditions makes it impossible to obtain an exact solu-
tion of this problem.

One can consider relativistic objects of more dimen-
sions such as membranes® or three-dimensional ob-
jects. The coordinates of such objects in Minkowski
space are given by a Lorentz vector x,(£°, £!,..., "),
which for n =1 describes a string, for =2 a membrane,
etc. By analogy with the theory of a relativistic string,
the action can be taken to be proportional to the area of
the hypersurface that this object sweeps out in Minkow-
ski space:

S ——uS Sdﬁ"...dg"(ldelgu(?, Lo, (121)
where g;;=(dx,/2t)(8x*/3£') is the metric tensor on
the hypersphere and x is a constant with the dimensions
I"!, On the variables x,(£%, £', ... ") one can impose
n +1 conditions in accordance with the number of the
parameters £, However, to linearize the equations of
motion that follow from the action (121) we need (n*+3n)/
2 conditions. Therefore, it is not possible to linearize

the equations of motion for relativistic objects with more
dimensions than a string.

APPENDIX 1

Dual models

To construct dual amplitudes, a special mathematical
formalism was developed'™; it is an operator formalism
similar to the Feynman diagram technique in quantum
field theory. In this approach, one can most readily
trace the connection between dual models and relativis-
tic strings.

In the operator formalism, one introduces an infinite
set of creation and annihilation operators, a,, and a,,,
which satisfy the commutation relations

[amy. atyl= —Euvdm, n» (A'l)

where g, =-g''=... ==g”"P and D is the dimen-

sion of the pseudo-Euclidean space on which the opera-
tors a,, act. With the Veneziano amplitude By that has
N external lines there is associated the tree diagram in
Fig. 4. The amplitude By is constructed in accordance
with the following correspondence rules. The external
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FIG. 4.

ends with momenta p, and py are associated with the
vacuum states (0| and |0), which are, as usual, defined
by the requirement
Ay | 0)=(0] a},,= 0.
To each vertex there corresponds a vertex operator
Vipy), i=2,3,...,N=1:

n=1 bn

V(pi) = exp (il'ﬂ_a' o %—)l‘xp(i ) I E’ LS ),
where @’ is the slope of the Regge trajectories. With
the internal lines in the diagram there is associated the
propagator

Spy=[sip+a’ M2ta ()7,

where s;;=(p; +Piay +- . . +0;)%, @(0) is the intercept of
the Regge trajectory, a(s;;) =a(0) +a’s;;, and a'M?
=2°.,na.a,, is the mass operator.

In accordance with these rules, we obtain for the
amplitude By the expression
By={01V (p) AV (py) Ayg - VPV [ O).
Calculating the vacuum expectation value in this expres-
sion, we can transform By to the ordinary integral rep-
resentation for the N-point Veneziano amplitude!™:

i i N-3

B‘\-mj i “ d:,xi‘“(‘u"‘ H

0 0 i=1 1<i<isN

(1—1ij}_p'p’.

(A.2)

where X;; =%;_1Xie. « Xjop.

The state vectors in this formalism are constructed,
as usual, by applying the creation operators a},, to the
vacuum. However, because of the metric tensor g,, in
the commutator (A.1), vectors with negative-definite
norm are obtained. The physical state vectors |¢) with
positive-definite norm are determined by the Virasoro
conditions

L,|®)=0, n=1,2 3, ...
[Lo—a (0)]| ®}=0,
where
+oc

To eliminate states with negative-definite norm, we
must require @(0) =1 and that the dimension D of the
space on which the operators a,, act be 26.

Thus, the operator formalism in the dual approach
is identical with the quantum theory of a relativistic
string that uses the lightlike gauge, The constant y in
the Nambu gauge (2) is related to the universal slope
a’ of the Regge trajectories: y=(2ma’)™, Moreover,
it has been shown that the dual amplitude (A.2) can be
obtained as a quantum-mechanical probability amplitude
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in a theory which considers the joining and separation of
strings.®

APPENDIX 2

Point limit in string theory

We show that the relativistic string action (2) goes
over into the action (1) of a point particle if the length
of the string tends to zero. First, we represent the di-
mensional constant ¥ in Eq. (2) in the form

V=mye/ly,

where m, and [, are constants with the dimensions of
mass and length, respectively, and ¢ is the velocity of
light. Then in the string action (2) we separate the in-
tegration with respect to o in such a way that it gives the
string length:

02(1)
S=—m,c5d1] 24 (0%, 1) — 5 l.v‘ (:x P z't

o4(7)
T2

= —m,c [ dTVJ:’ (o*, 1) Lt:‘) (A-a)

'H

where L(7) = [ 24 do[xx)%/42 - x'2]'/? is the ordinary

three-dimensional length of the string written in covar-
iant form,®® and ¢*(7) is a point in the interval
[04(1),04(7)], 7y <T<T, If we now assume that L(t)—~0
and accordingly I, — 0, with (L(1)/1,)—~a<w, then Eq.
(A.3) goes over into the action of a relat1v1st1c point
particle with mass am,.

APPENDIX 3

Noether identities in string theory

The invariance of the relativistic string action (2)
under transformation of the parameters ¢ and 7 leads to
identities that must be satisfied by the left-hand sides
of the equations of motion (the second part of Noether’s
theorem?’),

We shall regard x, (0, 7) as fields defined in the two-
dimensional space T=¥§;, 0 =§,, and choose the Lagran-
gian of the system L(x,x,;), where x,; =3x/2¢;, in such
a way that the action S = f d*tAx, x ,) is invariant under
the coordinate transformations § — &; =f£;(£),i=1, 2.
These transformations are determined by two arbitrary
parameters, and therefore in accordance with Noether’s
theorem (second part) the left-hand sides of the Euler
equations must satisfy two identities.

For a finite string 0 <£, <1, and therefore the func-
tions f; satisfy in this case the conditions f;(£;,0) =0 and
fa(&, 1) =1, from which it follows that the infinitesimally
small variations €;(£) of the coordinates:

=t ()
must vanish for 0=0 and 0 =1, As will be seen from
what follows, these requirements do not lead to any re-
strictions in the results obtained.

The variation 5S of the action, which is zero, has the
form
65 = f % (82 - a; (L)), (A.4)

where 6.'is the variation of the form of the Lagrangian:
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Denoting the left-hand sides of the Euler equations by

=

4 s £ )
dzy . dxy i

- and remembering that 6x, =-x,,j%, we transform Eq.

(A.4) to

85 = 5 f*—;{[(zﬁu— % Iy, j) F.}']'i"— L"a',._ JEJ:} =0. (A.5)

Initially, we consider variations g; of the independent
variables £; that vanish on the boundary of the domain of
integration. It is then obvious that the term in the square
brackets in Eq. (A.5) does not contribute to 55, and, as a
a consequence of this, we obtain the two identities

Lu.;:“ = Lu:'u =0.

(A.6)

Thus, the projections of the left-hand sides of the Euler
equations onto X, and x vanish identically.

Equation (A.5) contains, in the curly brackets, the
energy-momentum tensor with respect to shifts in the
space &;:

= 7y, j—B8¢y 2.

24
oz,
If g are constants and x, satisfy the equations of motion
L,(x)=0, then from (A.5) we obtain the conservation
laws

aliy=0, j=1, 2. (A.T)

These equations are in fact improper conservation
laws,*® since § is invariant under arbitrary coordin-
ate transformations, and therefore Egs. (A.7) are sat-
isfied identically by virtue of (A.6), and not only on
solutions of the equations of motion. Moreover, we
shall show below that in fact ¢;;=0.

The point is that the conservation laws (A.7) and the
Noether identities (A.6) do not exhaust all the conse-
quences of the invariance of the action S under arbitrary
transformations of the coordinates £,.*#% To see this,
we first take the parameters of the functions g; in (A.5)
to be constants, and then linear functions in &;; then,
using (A.6), we obtain the new identities

ti),e=0, j=1i,2; ty=0, 1, j=1,2,

This procedure is equivalent to equating to zero the co-
efficients of g(£) in Eq. (A.5) for arbitrary g, ;(£) as
well,

We write the identities £;;=0 in the explicit form

- 8% M =0, S—-ﬂ:'“g(};
PO oz’ ™
B2 vty 2Z imn
az* az’h

The first equation means that the Hamiltonian construct-
ed in accordance with the canonical rules vanishes in
the given case [cf. Egs. (29) and (30)]. The third iden-
tity is a connection between the canonical variables x,
and m,: m, == 3.L/0x*, x. 1" =0,

!G. Veneziano, Phys. Rep. C9, 201 (1974).

%J. H. Schwarz, Phys. Rep. C8, 269 (1973).

%. P. shelest, G, M. Zinov'ev, and V. A. Miranskii, Modeli
sil’novzaimodeistvuyushchikh chastits (Models of Strongly

B. M. Barbashov and V. V. Nesterenko 408



Interacting Particles), Vol. 2, Atomizdat, Moscow (1966).
4p. H. Frampton, Dual Resonance Models, Benjamin, London
(1974).

Y. Nambu, Lectures for the Copenhagen Symposium (1970).

T, Got6, Prog. Theor. Phys. 46, 1560 (1971).

"H. Fritzsch, M. Gell-Mann, and H. Leutwyler, Phys. Lett.
B47, 365 (1973).

83, Weinberg, Phys. Rev. Lett. 31, 494 (1973).

%D, J. Gross and F. Wilczek, Phys. Rev. D 8, 3633 (1973).

0K, G. wilson, Phys. Rev. D 10, 2445 (1974).

3, Kogut and L. Susskind, Phys. Rev. D 9, 3501 (1974).

127, A, Abrikosov, Zh. Eksp. Teor. Fiz. 32, 1442 (1957) [Sov.
Phys. JETP 5, 1174 (1957)].

137, D. C. Grassie, The Superconducting State, Sussex Univer-
sity Press, London (1975).

14y, B, Nielsen and P. Olesen, Nucl. Phys. B61, 45 (1973).

155, L. Gervais and B, Sakita, Nucl. Phys. B91, 301 (1975).

187, Jervicki and P. Senjanovié, Phys. Rev. D 11, 860 (1975).

"D, Férster, Nucl. Phys. B81, 85 (1974).

18M. Creutz, Phys. Rev. D 10, 2696 (1974).

19y, Nambu, Phys. Rev. D 10, 4262 (1974).

201, Bars and A. J. Hanson, Phys. Rev. D 13, 1744 (1976).

217, Bars, Nucl. Phys, B111, 413 (1976).

22N, A. Chernikov and N. S. Shavokhina, Preprint R2-10375
[in Russian], JINR, Dubna (1977).

23M. S. Marinov, Usp. Fiz. Nauk 121, 377 (1977) [Sov. Phys.
Usp. 20, 179 (1977)].

2C, Rebbi, Phys. Rep. C12, 3 (1974).

253, Scherk, Rev. Mod. Phys. 47, 123 (1975).

265, Mandelstam, Phys, Rep. C13, 260 (1974).

2TR, Osserman, Usp. Mat. Nauk 22, 55 (1967).

28w, Blaschke, Differential Geometry (in German), Chelsea
Pub. (Russian translation published by Gostekhizdat, Mos-
cow, 1957).

2%y, 1. Smirnov, Kurs vysshei matematiki, Vol. 4, Fizmatgiz,
Moscow (1958) [English translation: A Course of Higher
Mathematics, Vol. 4, Pergamon Press, Oxford (1964)].

g, Noether, Kgl. Ges. d.Wiss. Nachrichten, Math.- Phys.
Klasse 2, 17 (1918) [Russian translation published in:
Variatsionnye printsipy mekhaniki, Fizmatgiz, Moscow
(1959), p. 611].

3B, M. Barbashov and N. A. Chernikov, Preprint R2-7852
[in Russian] , JINR, Dubna (1974).

31,. D. Faddeev, Teor. Mat. Fiz. 1, 3 (1969).

3p, A, M. Dirac, Lectures on Quantum Mechanics, Belfer
Graduate School of Science Monographs Series No. 2, Ye-
shiva University, New York (1964).

34A . J. Hanson, T. Regge, and C. Teitelboim, “Constrained
Hamiltonian systems,” Preprint, Institute for Advanced
Study, Princeton (1975).

3B, M. Barbashov, A. L. Koshkarov, and O. M. Fedorenko,
Preprint R2-10169 [in Russian], JINR, Dubna (1976).

3N, N, Bogolyubov and D. V. Shirkov, Vvedenie v teoriyu
kvantovannykh polef, Nauka, Moscow (1976) [English trans-
lation: Introduction to the Theory of Quantized Fields, Inter-
science (1959)].

37p, Goddard ef al., Nucl. Phys. B56, 109 (1973).

#8F, Rohrlich, Phys. Rev. Lett. 34, 842 (1975).

3F, Rohrlich, Nuovo Cimento A 37, 242 (1977).

40F, Rohrlich, Nucl. Phys. B112, 177 (1976).

41A, Patrascioin, Nucl. Phys. B81, 525 (1974).

4R, P. Feynman, M. Kislinger, and F. Ravndal, Phys. Rev. D
3, 2706 (1971).

43\, Kalb and P. Ramond, Phys. Rev. D 9, 2273 (1974).

4B, M. Barbashov, A. L, Koshkarov, and V. V. Nesterenko,
Preprint E2-9975, JINR, Dubna (1976); Teor. Mat. Fiz. 32,
176 (1977).

45, M. Barbashov, V. V. Nesterenko, and A. M. Chervakov,
Preprint E2-10148, JINR, Dubna (1976).

46B. M. Barbashov, V. V. Nesterenko, and A. M. Chervyakov,

409 Sov. J. Part. Nucl. 9(5), Sept.-Oct. 1978

Preprint R2-10376 [in Russian], JINR, Dubna (1977); Teor.
Mat, Fiz, 32, 336 (1977).

4TM. Ademollo et al., Nuovo Cimento A 21, 77 (1974).

“8N. A. Chernikov, Preprint R2-9714 [in Russian], JINR,
Dubna (1976).

498, M. Barbashov and V. V. Nesterenko, in: Proc. 18th In-
tern, Conf, on High Energy Physics, Thilisi (1976), Vol, 2,
Dubna (1977), p. T45.

L. D, Landau and E. M. Lifshitz, Teoriya polya, Nauka,
Moscow (1967) [English translation: The Classical Theory of
Fields, Pergamon Press, Oxford (1975)].

%A, Chodos and C. B, Thorn, Nucl. Phys. B72, 509 (1974).

52p, H. Frampton, Phys. Rev. D 12, 538 (1975).

5G, Lanyi, Phys. Rev. D 14, 972 (1976).

5B, M. Barbashov and V. V. Nesterenko, Teor. Mat. Fiz. 31,
291 (1977).

%R, Andreo and F. Rohrlich, Nucl. Phys. B115, 521 (1976).

%W, A. Bardeen ef al., Phys. Rev. D 13, 2364 (1976).

5TB. M. Barbashov, Preprint NBI-HE-77-12, Niels Bohr In-
stitute, Copenhagen (1977); Nucl. Phys. B129, 175 (1977).

%A, N. Tikhonov and A, A. Samarskii, Uravneniya matemat-
icheskol fiziki (Equations of Mathematical Physics), Nauka,
Moscow (1966), p. 145,

598, M. Levitan, Pochti periodicheskie funktsii (Almost Peri-
odic Functions), Gostekhizdat, Moscow (1953).

80, F, Gunion and R. S. Wiley, Phys. Rev. D 12, 174 (1975).

61y, S. Kang and H. J. Schnitzer, Phys. Rev. D 12, 841 (1975).

62R. C. Giles and 8. H. H. Tye, Phys. Rev. Lett. 37, 1175
(1976).

638, J. Harrington, S. Y. Parks, and A. Yildiz, Phys. Rev.
Lett, 34, 168 (1975).

84E, Eichten et al., Phys. Rev. Lett. 34, 369 (1975).

85V, L. Ginzburg and P. L. Pitaevskii, Zh. Eksp. Teor. Fiz.
34, 1240 (1958) [Sov. Phys. JETP 7, 858 (1958)].

%B. Hu, “A superfluid field theory of the dual string,” Pre-
print, Centre de Physique Théorique di 1’Ecole Polytech-
nique, Palaisean (1976).

§7p, A. M. Dirac, Phys. Rev. 74, 817 (1948).

88A, M. Polyakov, Pis’ma Zh. Eksp. Teor. Fiz. 20, 430 (1974)
[JETP Lett. 20, 194 (1974)].

69G, *t Hooft, Nucl. Phys. B79, 276 (1974).

UG, *t Hooft, Nucl. Phys. B72, 461 (1974).

7M. B. Halpern and P. Senjanovié, Phys. Rev, D 15, 1655
977).

g, B. Bogomol'nyl and A. I, Vainshtetn, Yad. Fiz. 23, 1111
(1976) [Sov. J. Nucl. Phys. 23, 588 (1976)].

BE, V. Prokhvatilov and V. A. Franke, Teor. Mat. Fiz. 31,
300 (1977).

D, E. L, Pottinger and R. J. Rivers, Nuovo Cimento A 26,
16 (1975).

W, Heisenberg, Z. Phys. 133, 65 (1952).

B, M. Barbashov and N, A, Chernikov, Zh. Eksp. Teor. Fiz.
50, 1296 (1966) [Sov. Phys. JETP 23, 861 (1966)].

T'B, M. Barbashov and N. A. Chernikov, Commun. Math. Phys.
3, 313 (1966).

Y, Artru, Nucl. Phys. B85, 442 (1975).

P, A. Collins, J. F. L. Hopkinson, and R. W. Tucker, Nucl.
Phys. B100, 157 (1975).

80K. Sundermeyer and A, de la Tore, Phys. Rev. D 15, 1745
(1977).

81p, A, Collins and R. W. Tucker, Nucl. Phys. B112, 150
(1976).

85 Mandelstam, Nucl. Phys. B64, 205 (1973).

83N. P. Konopleva and V. N. Popov, Kalibrovochnye polya
(Gauge Fields), Atomizdat, Moscow (1972).

841 V. Polubarinov, Teor. Mat. Fiz. 1, 34 (1969).

85F, Klein, Gottinger Nachrichten. Math.-Phys. Kl. 2, 171
(1918).

Translated by Julian B. Barbour

B. M. Barbashov and V. V. Nesterenko 409



