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The general assumptions of the quasiparticle-phonon model of complex nuclei are given. The choice of the
model Hamiltonian as an average field and residual forces is discussed. The phonon description and
quasiparticlephonon interaction are presented. The system of basic equations and their approximate
solutions are obtained. The approximation is chosen so as to obtain the most correct description of few-
quasiparticle components rather than of the whole wave function. The method of strength functions is
presented, which plays a decisive role in the practical realization of the quasiparticle-phonon model for the
description of some properties of complex nuclei. It is shown that the quasiparticle-phonon nuclear model
can be applied to the few-quasiparticle components of the wave functions at low, intermediate, and high

excitation energies averaged in certain energy intervals.

PACS numbers: 21.60.Gx

INTRODUCTION

In the framework of the semimicroscopic theory of
the nucleus a quasiparticle-phonon model has been con-
structed to describe the few-quasiparticle components
of the wave functions of complex nuclei at low, inter-
mediate, and high excitation energies. The quasi-
particle-phonon model is formulated by describing the
low lying states of nuclei as quasiparticle' and single-
phonon® states, and this involves a generalization of
phonons and the interaction of quasiparticles with
phonons.? Interactions between quasiparticles and
phonons are important when the energies and wave
functions of nonrotational states of odd nuclei are cal-
culated.’® Methods of describing low lying states of
nuclei were generalized and used to study the in-
creasingly complex structure of states at higher excita-
tion energies’ and to study the structure of states at
intermediate and high excitation energies. The analysis
made in Ref. 8 showed that a unified description of the
excited states of nuclei is possible.

The quasiparticle-phonon model is based on the
following propositions™®-!!:

1) two-quasiparticle and vibrational states are re-
garded as single-phonon states;

2) the coupling between the single-particle and collec-
tive motions is described as the interaction of quasi-
particles with phonons;

3) the basic approximation is chosen so as to obtain
the most accurate description of only the few-quasi-
particle components and not-of the complete wave func-
tion.

The wave functions of highly excited states of com-
plex nuclei consist of a few million components. It is
a very complicated problem to find every such wave
function. This was demonstrated, for example, in
Ref. 12 for light nuclei, where matrices of very high
order were diagonalized to calculate the energies and
the wave functions. Investigations in the framework of
the approach based on an operator form of the wave
function!®! have demonstrated that characteristics of
highly excited states such as the total photoexcitation
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cross sections, the spectroscopic factors of single-
nucleon transfer reactions, the neutron strength func-
tions, the partial radiation strength functions for di-
rect transitions to low lying states, and a number of
other characteristics are determined by the few-
quasiparticle components of the wave functions of the
states. The problem is considerably simplified if it
is necessary to obtain a good description of only the
few-quasiparticle parts of the wave functions of the
states in a certain energy interval. In this case, one
must use a formalism with a different type of strength
function.

At the present stage of development of the quasipar-
ticle-phonon model, it is possible to calculate the frag-
mentation (distribution of the strength) of the one-quasi-
particle and one-phonon states and the quasiparticle-
plus-phonon states over many nuclear levels. This
makes it possible to study a large number of nuclear
processes and the properties of complex nuclei in a
wide range of excitation energies.

In this review, we present the basic propositions and
results of the quasiparticle-phonon model of complex
(medium and heavy) nuclei. For the sake of definite-
ness, the expressions are given for deformed nuclei,
although the material applies equally to spherical nuclei.
The main results of the calculations of the properties of
spherical and deformed nuclei will be given in following
papers.

1. HARTREE-FOCK-BOGOLYUBOV METHOD AND
SEMIMICROSCOPIC DESCRIPTION

1. The Hartree- Fock-Bogolyubov method is the most
fundamental and widely used method for solving the
nuclear many-body problem. The majority of the equa-
tions solved in nuclear theory are special cases of the
basic equations obtained with this method. The Hartree-
Fock- Bogolyubov method enables one to express the
higher correlation functions in terms of the lower func-
tions in a definite manner. As a result, the equations
of motion can be written in closed form. The basic
stages formulated above make it possible to present
the logical thread of the solution of the nuclear many-
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body problem.

We write the Hamiltonian of the system in the general
form

H=73 T'(f, {') ajas
e

1
—

Tt 13 1)

G (f!! f!v fé' f;) a;aa;;a’z'a!l” (1)

where f are the quantum numbers that characterize the
state of a nucleon. The nucleon absorption and crea-
tion operators a; and g} satisfy the commutation rela-
tions

at,ay,+asaf, = by, 1,3
aj,a1,+aza;, =0,

and, further,

" (f, )=T(f, f')— 18y, 5o,
where A is the chemical potential.

We introduce the correlation function

O (fy, fa)=(lagar|) @)
and the density function

o (fu fa)=(lafas ), ®3)
with

D (fy, fo) = — @ (fa, f1); p* (f2 f)=p (fis fa);
here, the expectation value is taken with respect to an
arbitrary state |).

We consider the amplitudes gz in the Heisenberg pic-
ture, in which q/(¢) depend explicitly on the time. We

introduce the time-dependent functions p,(f,, /), ®:(fi,fs) .

The equations of motion yield the exact relations

i 20 1107, () ar, (1), B s
P 220001 _ (112, () ay, (1), H]| (&)

Further, we must write down equations for

(| as(t)agp() ap)apm(®) |) and (| af,(t) agy(t) ault)agm(t) | ) and
express them in terms of the distribution functions of
higher order, etc. A closed system of approximate
equations can be obtained by some approximation which
expresses the higher correlation functions in terms of
the lower ones.

In nuclear theory, the Hartree- Fock-Bogolyubov
method is used to obtain approximate equations by rep-
resenting the higher correlation functions in terms of
the lower ones. For example, the function
(| @jna}nagiaz,|) can be expressed as follows in terms of
p and &:

(latatanes |y=0(fir f2) p (2 f2)
—e(fis F) o (fin f2) -+ O (2 1) D (i, Fo)s (6)

where the right-hand side contains only the first term
in the Hartree approximation. Fock added the second
term, which takes into account the antisymmetrization,
while Bogolyubov introduced the third term, which made
it possible to describe pairing correlations of super-
conducting type. If an approximation of the type (6) is
used, Eqs. (4) and (5) are closed. Symbolically, we
write these equations as
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In the stationary case, they are as follows:
B (fyr f2)=0; g,g
% (fi, =0

The explicit form of these functions is given in Ref. 16.
The development of the Hartree- Fock- Bogolyubov me-
thod was made possible by Bogolyubov’s introduction of
quasiaverages in a rigorous mathematical formulation.!’

2. To arrive at the next stage of transformations, we
separate from the set f of quantum numbers the quan-
tum number ¢=+1 such that the states f=go differing
by the sign of ¢ are conjugate under the time reversal
operation. For example, ¢ can be the sign of projec-
tion of the angular momentum onto the symmetry axis
of the nucleus.

For virtually any interaction between the nucleons,
one can find a linear unitary transformation that simul-
taneously reduces the function p(f, f') to diagonal form
and &(f,f’) to canonical form, i.e.,

@ (1, ') =D (f) 8;, -y =D (0g) 8y, -85, —o7;

p(fs 1) =p (1) 8,1 =p(g) g, 05, 6. )
Then the functions &(g) and p(g) are related by
P (9) =0 () D" (g) © (7). (10)

In this representation, the expectation value of the
energy operator has the form
A= {TD—5Z6G 15 1 Nt }oth)
=

i
=D G a4 ) D) D (g). (11)

9.9

The basic equations are written as
2E@—NV@—-U—20@ 26" T ¢ ) OF)=0; (12)

V=230, (13)

Here, N is the number of neutrons or protons. Equa-
tion (12) contains the energies of the single-particle
levels of the average field, which have the form

El)=T(@— 3 Gle 00" ¢'0", 09)p (7). (14)

In the framework of the microscopic approach, expres-
sions of the form (14) are calculated on the basis of
experimental nucleon-nucleon scattering data.

Thus, from the general form of the potential des-
cribing the interactions between the nucleons the
average field of the nucleus and the interactions leading
to pairing correlations of superconducting type have
been separated out. In nuclear theory one uses the
postulate that the average field of the nucleus corres-
ponds fo a representation in which the density matrix
p(f,f") is diagonal for the ground states of even-even
nuclei in the -stability region. In this representation,
the residual forces reduce entirely to interactions that
lead to pairing correlations of superconducting type.

It is therefore unnecessary to take into account any
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other residual interactions.

The possibility of separating the average field of the
nucleus is not a mathematical device but a reflection
of fundamental properties of the nucleus. It is due,
first, to the effect of the Pauli principle and, second,
to the ratio of the Fermi-surface momentum to the
momentum of the repulsive core of the nucleon-nucleon
potential. The presence of the average field of the
nucleus or the nuclear shells is responsible for num-
erous nuclear properties. Therefore, the nucleus
cannot be regarded as a fragment of nuclear matter of
a particular size; rather, it is necessary to study the
structure of each nucleus separately. This brings out
a fundamental difference from, for example, a crystal,
in which it is meaningful to study the structure of
crystals of the same kind but of different sizes.

It is possible that the average field phenomenon will
not apply to the hypothetical superdense state of a nu-
cleus, and the tremendous variety of nuclear proper-
ties will probably be replaced in this state by undifferen-
tiated nuclei representing different-sized pieces of
nuclear matter.

From Eqs. (9)-(14) we obtain the basic equations of
the theory of pairing correlations of superconducting
type. It is assumed that the function G(g*,¢7;9"",¢"")
does not depend on g and g’ and varies from nucleus to
nucleus as A”!. These assumptions are well satisfied,
and two constants G, and G, which are determined
from the experimental data on the pairing energies, are
used in the theory. We introduce the functions #, and

Vgt

p()=vi @ (g)=D" (@) =ueq (15)
then the condition (10) takes the form
1= v+, (16)
and Eqs. (12) and (13) become
2E () — M uquy— (G —13) G N ugwg = 0;
=
N=2 E vl
We introduce the correlation function
C=6ugre (1n
—
and after simple transformations we obtain
-t Sy e
- E(Q)—2 .
J\_E‘_,{u- & } (19)
=g {1—E2=2Y 0 @)=V O E@—1- (20)

3. There exist two types of excited states (besides
the rotational states). For one of them, the conditions
(9) are satisfied; these are quasiparticle excitations.
For the other, the conditions (9) are not satisfied,;
these are vibrational states. It was shown in Ref. 18
that the vibrational states are associated with the non-
diagonal parts of the density matrix; nondiagonal in-
crements 6plgo, q’c’) and 6&(go, g'c’) were introduced
and equations obtained for them. In Ref. 19, the
average field was explicitly separated and the equa-
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tions were reduced to the form

(e (q) + (921 2 (g4, g2)— Z‘*' (q“ 7)
i E G (91s G5 920 Q1) W;li",”? q2 (‘Iﬁ q1)

99

quz G (@1 923 @in G;) UgTa. ”G'le)zz(&) (g3 92) =0, (21)
1' 5
where

Uil =gV, U Ve Ul = Uallg, = Tg,Vg, (22)

When studying excited states of complex nuclei, one
must bear in mind that the interaction G is manifested
in two channels. Collective effects associated with
quadrupole, octupole, and other vibrations and also
with giant multipole resonances are generated by in-
teractions in the particle-hole channel, which are de-
noted by G“(g,9,;q9791). Interactions in the particle-
particle channel are denoted by G*(q,g,;9597) . Inter-
actions of such type with total angular momentum equal
to zero generate pairing correlations of superconducting
type. In a number of cases, interactions in the parti-
cle-particle channel with nonvanishing total angular mo-
mentum are taken into account. The terms of Eqs. (21)
containing uqic describe the interactions in the particle-
hole channel; the terms containing »; , describe the
interactions in the particle-particle channel.

In the derivation of Egs. (21), the interaction be-
tween the quasiparticles is taken in the most general
form. It was shown in Ref. 19 that all equations in
nonphenomenological theories used to describe vibra-
tions of the nucleus are special cases of Egqs. (21).

Note that equations analogous to (21) were obtained
in Ref. 20. In Ref. 19, Egs.(21) were generalized to
the case of an external field and the equations of the
theory of finite Fermi systems?! were obtained from
them,

In Ref. 22, Eqgs. (21) were derived from the equa-
tions of the theory of finite Fermi systems.

The quasiparticle-phonon model is constructed in the
framework of the semimicroscopic theory of the nu-
cleus. In semimicroscopic theories, the average field
and the residual or effective interactions are not cal-
culated but are specified in a definite form deduced
from our overall knowledge of the structure of the nu-
cleus. Therefore,.in such theories one calculates
relative and not absolute values. For example, one
calculates the excitation energies and not the total
energies of the nucleus in the ground and excited states,
or one determines the variations of the energy of the
nucleus with increasing deformation parameter, etc.

There are many different variants of the semimicro-
scopic description. We use one of them. The basic
propositions of the semimicroscopic description of
nuclear structure can be formulated as follows?

1) the Hartree- Fock-Bogolyubov method is used to
obtain a closed system of equations for the density
functions and correlation functions. This is the prin-
cipal approximation in the nuclear many-body pro-
blem;

2) a representation is chosen in which the density
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matrix is diagonal and the correlation function has
canonical form. In this representation, all the inter-
actions between the nucleons in the nucleus reduce to
an average field and to interactions which lead to
pairing;

3) the average field is separated out and described
by the Woods-Saxon potential, and it is postulated that
the choice of the average field corresponds to the rep-
resentation mentioned above for even-even nuclei in the
B-stability region. The average field determines many
properties of the nucleus directly and makes it possible
to elucidate the effect of the residual forces;

4) excited states are determined as one-, two-,
three-, etec., quasiparticle states;

5) the low lying vibrational states are associated
with the nondiagonal elements of the density matrix,
and multipole-multipole and spin-multipole- spin- multi-
pole forces are introduced to describe them. The math-
ematical treatment is based on various forms of the
method of approximate second quantization developed by
Bogolyubov?;

6) the rotational, quasiparticle, and phonon excited
states are coupled through the Coriolis interaction and
the interaction of the quasiparticles with the phonons,

2. HAMILTONIAN OF THE MODEL

1. In semimicroscopic nuclear theory the Hamil-
tonian describing different types of nuclear motions has
the form

H=Ha+Hpar+ Trot + Heor+ Ho+ Hog+ H', (23)

where H,, is the average field of the neutron and proton
systems; H,,;. are the interactions leading to super-
conducting pairing correlations; Tyt i8 the rotational
kinetic energy; H, . is the Coriolis interaction, which
describes the coupling between the intrinsic motion and
the rotation; Hy is the multipole-multipole interaction;
H,q is the spin-multipole-spin-multipole interaction;
H’ are other interactions, including, for example, an
interaction of Gamow-Teller type.

To describe the states whose structure is associated
with the nondiagonal parts of the density matrix, re-
sidual interactions are introduced. We write the cen-
tral residual interaction in the form

V(lry—ry )+ Vo (lry—r,]) (oVo2)

el ])+ Vo (7= ) (390%) (st -
and expand it in a series in spherical functions, ob-
taining
A
V(lri—r)= 3} Ru(ry, "z)’i% 2 (=
A=0 H==2
X Yy 81y @) Yy (82, 0a); (25)

Vo(lri—r|) (0%0®) = 3 B (ryy ra) g 3 (—)**
=0 A=s, s1
A

X 2 (=DMePY, O )b {0®Y, (0 ®)h - (26)

p=-1 i

The expansions of the functions V, and V,, have a
similar form. Here
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{oY, (81, ¢)bu= ngﬂ pga (psp|2p) 0,Y e, (01, @), (27)

where 7;, 6;,¢;,0'" determine the position and spin of
the particle; the functions R,(ry, 7,) and R%(r,7,) des-
cribe the radial dependence. Thus, the most general
form of the central potential is given by series in
multipoles and spin-multipoles.

The existence of static quadrupole deformation of the
nuclei in the region of the rare earths and of the ac-
tinides indicates that the quadrupole-quadrupole inter-
action plays an important part. The part of this inter-
action that does not reduce to an average field must
describe the interaction between quasiparticles. Thus,
the part H" of the residual interaction can be approxi-
mated by terms of multipole-multipole and spin-multi-
pole-spin-multipole interactions.

The radial part of the interaction is chosen differ-
ently. To obtain a simple secular equation rather than
diagonalize a matrix of high order, it is necessary to
take the functions R,(r,, ;) and R%(r,, »,) in factorized
form:

R(ryy r) =w0"R(r) R (ra); B (ry, 1) = %33R (1)) R (ry).
It is very common to choose these functions in the form

) A%,
By (ry, ra) ==rird;

(s).s s (2 8)

RS (ry, ra) =#53rir.

The corresponding expansions of the functions V,([r1
- 1|) and V,,(|r, - r,|) contain the constants »{*’ and
#g3. The neutron-neutron »,,, proton-proton Wpps and
neutron-proton w,, constants are related to the iso-
scalar w, and isovector %, constants by

Hnn=Kpp =Ko T Xy} (29)
Hnp = Hg— K.

The interaction (28) is strongest when both particles
are near the surface of the nucleus; for ¥ >R, the cor-
responding single-particle matrix elements decrease
very rapidly with increasing » and the strength of the
interaction decreases rapidly. Within the nucleus, the
strength of the interaction decreases steadily. For the
study of coherent effects, one frequently has », =7, and
the radial part takes the form R, =m™y®

Thus, the interaction (28) has its greatest strength
near the surface of the nucleus. Therefore, results
of calculations with the interaction (28) of low lying
vibrational states are close to the results of calcula-
tions with a surface 5-function interaction,? and for
calculations of giant multipole resonances they are
close to the results of calculations with the new Skyrme
interaction.?

Calculations of nuclear characteristics made with
different residual forces give similar results. This
indicates that for the calculation of matrix elements
the detailed radial dependence is not manifested
strongly because of the effect of the single-particle
wave functions. It was shown in Ref. 27 that the two-
particle transition density acts as a filter, retaining
definite Fourier components of the effective forces.

It was demonstrated in Ref. 27 that residual inter-
actions used in a certain restricted configuration space
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have the same manifestations if their Fourier com-
ponents are nearly equal in a comparatively narrow
range of momentum transfers. It may be concluded
that the use of the radial dependence of the residual
forces in the form (28) is justified. There are no
convincing arguments for using any other definite radial
dependence.

2. We now turn to the construction of the Hamiltonian
of the quasiparticle-phonon nuclear model intended to
calculate the few-quasiparticle components of the wave
functions of spherical and deformed complex nuclei at
low, intermediate, and high excitation energies. For
definiteness, the expressions are derived for deformed
nuclei, though they can be rewritten unambiguously for
spherical nuclei as well.

It is well known that rotational motion and its coup-
ling to quasiparticle and phonon excitations play an im-
portant part in nuclei. Rotation, especially with large
angular momenta, has been described in detail in, for
example, Refs. 28-30. In the quasiparticle-phonon
model, the coupling to the rotation is ignored in the
majority of cases, and the rotation itself is described
crudely. This is so because one does not consider
high states with very large angular momentum. For the
study of low lying states, the coupling to the rotation
can be taken into account in each concrete case. In
states with low angular momenta at intermediate and
high excitation energies, the coupling to the rotation
does not lead to a significant redistribution of the
strength of the few-quasiparticle components of the
wave functions. Therefore, we do not introduce the
rotational kinetic energy or the Coriolis interaction
explicitly into the model Hamiltonian; they can be
added when necessary.

To construct the general form of the model Hamil-
tonian, we use the expressions given in Ref. 16. From
the Hamiltonian (23), we choose the necessary terms
and express them in the form

Hy=Hp+Ho-+ Hag (30)
where
Hy=Hy+H (81)

includes the interactions wh‘}ch lead to pairing correla-
tions of superconducting type and interactions in the
particle-particle channel with nonzero angular momen-
tum;

Hy=H, (n)+ Ho (p): (32)
Ho(n) =S e(s) B s, 8)+ H () + Hi () (33)
here (see Ref. 16, p. 207 of the Russian edition)
HY ()= —5% 3, (134" (5, 5)— 134 (s, 9)]
X [uz4 Es: s)— AT (s 85 (34)
Hi(n)=— 5‘2 “‘ (ui—v?) ugwy 4% (s, 8) B(s', &)
+B(s' s") A(s, 9] (35)
We use the notation
(36)

e 1 :
A =75 %‘.U%'u“ﬂ o 7 % Ggo%qroi
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B(g, q) (37)

=ity OF 2 00y,
G S

where a,, is the quasiparticle creation operator; we
characterize the single-particle state by the quantum
numbers so for the neutron system, »o for the proton
system, and go for both systems (¢=+1).

We write the interaction in the particle-particle
channel with nonzero angular momentum in the form

prg_'z ci)_; A_rP?uPruv (38)
A 0
Pyu= 2, {go I}."uquﬁ'}ﬂa'u‘aau
EQ'
=37 (q q){ 75 A )+ Aqq')) vz
99’
+7 (A (0)— A (aa) v =B a0') (Wi i)} (39)
The multipole-multipole interaction has the form
Hom= —4 3 (x4 %) [0t (0) Qsas (1) + G (2) Qo (7))
PAN TS
+ (1 —#M) [QF (n) Qo (p) + Qi (p) Qo (M1} (40)
where
Q1) = 3, (50| | 5'0") alotryor
~ 31 () { i (A (s5)+ A* (s5) % +oB (s ). (41)
Here
M= - (il

V2160

and, in contrast to Ref. 16, we do not distinguish be-
tween the matrix elements f*(g,q") and f**(¢q").

The spin-multipole—spin-multipole interaction has
the form

A
Hog= _'1? DS AC) A [Thus(n) Tos ()
A

p=—A s=h, Al

+ Tips(p) Thaps (P + (ﬂﬁ. o — w’t)) [T7us (1) Tags (p) + T3us(p) Tous (")]}

(42)
where
Trus (0) = D) (520 1° [{OY Jau+ (— )" {0Y s}, -] | 5307) a5 08,10
8 l!
~ 3 (o) { 77 U 1 (s + A a0 B o s} (43)
S5, 2
Here
A (ss") = %’ % Os'gls—g OF ",r_z ; OCygsos (44)
B(ss')= z 00100 g OF E 05 _gly'e (45)

3. SINGLE-PHONON STATES

1. We consider the single-phonon states generated by
the multipole-multipole forces in the particle-hole
channel, We take the following part of the model
Hamiltonian:

Ho=3e(0) Blg: 9)+ Hi+ o (46)

where HY is the part of H, (40) not containing terms
descm‘bmg the interactions between the quasiparticles
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and the phonons.

We introduce the phonon creation operator
Ot =4 3 {Whe A* (44") — 9o+ A (g)); (47)
qq’
here {=\pui and i is the number of the state with the
given Au. After simple transformations,!® we obtain

vaz e(Q)B(Q“?)__SM 202 { ~ ,_] [(”’:-UJ) (ui —”;’)g,‘",ui

X g2% +wilwl] -G, B [(uf— ) (uf — vl) g20ig20i

rr’
+w'3°=w2°=] } Q%0:0u0; _Wr {(,,tn + (M)
i
x [ i ugf* (s8') gl f* (sa) 82,
22
555

2 u‘”u"” f("‘ B j(’z 2)gr s ]+ (o) — %) Z i Puls!

a5’
i L

X s B Hierrtly 4 Firgl florngl, 1 } Qi (48)

where g‘q, =gr +Qher; Wheo =0t — ¢! 5 the matrix ele-
ment f¥(gq’) = f lr"(qqf ) does not depend on ;.

The wave function of the single-phonon state has the
form

Q' ¥y; (49)

here, the wave function ¥, of the ground state of an
even-even nucleus is the phonon vacuum:

Q¥ =0. ‘ (50)
The normalization condition (49) is written as
Z gy, =200 (51)

Following Ref. 16, we find the energies w, of single-
phonon states with fixed Ay or K* by means of the
variational principle

810N —w¢ [ X gt —21/2) =0, (52)

As a result of transformations, we obtain a secular
equation in the form

() + %M X* () —1
(% —%(M) X* (p)

(%4 — %7 X* ()

(u’«'”—r‘nf”) iYE (p)-".i =0, (53)

which coincides with (8.134) of Ref. 16. Here

7t (ss") 7‘ (ss") ud. e (ss")

Xt (r)=2 2‘ e E—ag - (54)
[
where
F’t ! ] ’ :l (") x ’
fiss)=f (ss)— 8,55 e(ss') =e(s)+e(s); (55)
4CE— @} - 4E (5) € (") .
'\’:- o 2 £(s) (4% (s) —wf) & (s') (4e? (s") —w]) ’ (56)
t o 1 (sa2) [ACE — @F -1 4E (s2) € (s3) —4€ (s) € (s2) + 4 (5) € (s3)] .
Lutgmeid] o) i o) — @3] e (63) A () — 7] P (6T
s3%3
e(s) —E(s) It can be seen from (55) that if xp #20

then Ft(ss’) 1s equal to f¥(ssf).
Equation (53) can be written in the form
F (@) =#{u? (X (n) — X' (0)>— (1 — % X") (1 —%PX") =0, (58)
where X' =X"*(n) +X(p).
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Note that the influence of the constant »{* on the
first single-phonon states was investigated in Ref. 31,
in which it was shown that the introduction of ™ re-
normalizes the constant »{ without significantly chan-
ging the structure of the state.

To find the functions g 2 and ww., we use the norm-
alization condition (51) and obtain after lengthy calcula-

tions®?
T, Ferueer)
&=V 7l —Fm—a (59)
= [F e e, €Sy }

W= l‘/-ﬁf"._ y; { e () —ot Br, e(ronh] (60)
where

N C i 0 . O N 61

T A xt ) (1)

* (rr') s e il A ) (62)

=L
”"_Z, e(r) (e (N—o)) &) (e (F)—0) *

The expressions for gt., w!, have an analogous form
with C,, Ej,},y} replaced by the corresponding quan-

tities for neutrons: C,, =f,y%,yi=1. Here
Bl SN v;
Yi=Y,(n)+ (W) Ye(p)= %‘ W_EIW a‘i‘.{f’) H (63)
0 1
(7 (ss") ulth?e (ss') o _ 1 axtm) | (64)

Y, (")E'% e —wF 4 e
the expression for Y,(p) is similar to (64). If the iso-
vector component of the forces is absent (x‘» =0), then
: 1 and all the expressions (59)-(64) take the form
glven in Chap. 8 of Ref. 16, while the secular equation
is
1 —xMX*! (0,)=0. (65)

2. To consider spin-multipole phonons of degree s,
we take the Hamiltonian of the system in the form

Hy= S e@ B =—5 3 {(=+%) [ 3wy
q it 58 l
38y
X (5150) 15 (5052) €l Yo D SIS () 1Y (o) g;r.g;;ré]

;
ToTh

—;—(xf;g—xf;l)) » u, -u,,.‘ [[' (545¢ )g” i (rr')gt,

5,5 :
1Y (5150 814 7 84,1} Q10 (66)
In this case, the secular equation is
wrG) S () — S* ()P — (1 —%()8") (1 —x()8") =0, (67)
where
8'=8"(m)+5* (p); (68)
8 (n)=2 E {(f (ss") ul)2 e (s5")/[e? (s5') — wi]}. (69)

The expressions for g! ., w! . and ¥} are obtained from
(59), (60), and (63) by replacmg u"’ andf {(gg’) by
uls) and f! (qq ); the expressions for yi¢ are obtained by
replacmg X*%(#n) in (61) by S*(n) and X'(p) by St(p).

For simultaneous allowance for multipole-multipole
and spin-multipole-spin-multipole forces in the parti-
cle-hole channel in the case A=s for x{¥ =xr{ =0 we
have
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(A=) (1 — xS = oy (T, (70)

where
Wi=2 3 [f: (0 (or) uibuizon & o) —al. (71)

3. We consider single-phonon states for simultan-
eous allowance for the multipole-multipole forces in
the particle-particle and particle-hole channels. We
introduce phonon operators and write the corresponding
part of the Hamiltonian (34) for G, =G,(n) =G,(p) =
G,(pn) in the form

G :. [ i -1 z
7= —3 3{(Z 7 e arei)

+(3 f*" (a") wiptii ) } Q1@ (12)

99’

In the case of simultaneous allowancé for multipole-
multipole forces in the particle-particle and particle-
hole channels the secular equation is

X"’"’—_A(‘—M et 2l
O Mhi—g M |=0, (73)
paut My  Mhi—
where
Mi=23 (™ (@199) V)" € (9390 [* (919) — w3 (74)
Mk =23 {u’“ (0192) v5i)2 & (9102) (8 (@192) — 0] (75)
Muy=23 > (0™ (9102 ibviia, 0018 (9,92) — 0} (76)
M= 2Z{f”‘(qm)u5‘,3;, " (g102) it (@02 (€2 (1g) — o) (TT)
i”"'—? 2 {f”‘ (912) Wt e il (€% (q12) — 03]} (78)

Equation (73) can be readily obtained from Egs. (21)
by replacing G“ and G* by the expressions for H, from
(48) and H}, from (72). Analogous equations for spher-
ical nuclei are obtained in Ref. 33.

4. PHONON DESCRIPTION

1. The secular equation determining the energies
of single-phonon states with fixed K" (K" #0*) takes the
following simple form for multipole-multipole forces:
(P (a0') w2 e (aq')
25(M) Z—Em-‘f_—m—= 1 (79)
qq’
For each solution w; of Eq. (79), the wave function has
the form (49). The number of roots w; of this equation
is equal to the number of two-quasiparticle states with

the same values of K" in the neutron and proton systems.

The energies of the two-quasiparticle states are the
poles of Eq. (79). If the root w; is far from the cor-
responding pole, the state is collective. As the root
approaches the pole, the state becomes a two-quasi-
particle state. In the majority of cases, the roots
w, are fairly close to the poles g(gg’), and the states
are weakly collective.

In the secular equation (79), the interaction be-
tween the quasiparticles in the particle-hole channel
i taken into account. If g is a particle state and ¢’
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a hole state, then («{¥)?20.5; in the majority of cases,
(u"*’)2 is near unity. If both single-particle states g
and q' are either particle or hole states, then (4{%)?

are very small and such states appear as pure two-
quasiparticle states. These states do not in fact in-
fluence the collective properties of nuclei. To take
into account the part played such states, it is necessary
to introduce interactions in the particle-particle chan-
nel. ’

Thus, the roots of the secular equation (79) and the
corresponding single-phonon wave functions describe
the complete system of states with given K". They in-
clude collective, weakly collective, and two-quasipar-
ticle states.

Secular equations of the type (79) are widely used to
calculate the energies of the first quadrupole and
octupole collective states. The isoscalar constants
»§™ are fixed by requiring that the calculated and ex-
perimental energies of the first states with the corres-
ponding K™ and [" be nearly equal. In deformed nuclei,
the same constant x{» is used to describe the single-
phonon states of all nuclei in each A zone.** Study of
the low lying states makes it possible to fix the para-
meters of the Woods-Saxon potential, the pairing con-
stants, the isoscalar constants of the quadrupole-
quadrupole, ®§®, and the octupole-octupole, x§*, in-
teractions. The isovector constants »{» are deter-
mined from the energies of the isovector resonances.
The same ratio n{*/m{*’ can be used for large groups of
deformed and spherical nuclei.

2. In the quasiparticle-phonon nuclear model the
definition of phonons is generalized. Collective or
weakly collective single-phonon states as well as two-
quasiparticle states are described in the language of
phonons. The generalization is in two directions:

1) all (and not only the first) roots of secular equa-
tions of the type (79) are calculated and their wave
functions are regarded as single-phonon functions; 2)
to describe single-phonon states with all K" values in
deformed nuclei and all I" in spherical nuclei, one
introduces multipole- multipole and spin-multipole—
spin-multipole forces with any A and s, including large
multipolarities. The treatment of all states with fixed
K" or I' as single-phonon states does not introduce any
difficulties if the constants »{*,»{* in Eq. (53) or the
constants {8, %43’ in Eq. (67) are fixed. In deformed
nuclei, there is no apparent need to take into account
interactions in the particle-particle channel apart
from the description of states with K"=0*. In spherical
nuclei, to deseribe 0* and a number of 2* states it is
necessary to take into account the interactions in the
particle-particle channel and therefore to solve a
secular equation of the type (73) (see Ref. 33).

The use of equations of the type (53) and (67) and the
wave functions (49) to describe states in deformed
nuclei with K" =1*, 3*,4*,5* and 47,57,67, . . . in spheri-
cal nuclei with the corresponding values of I" re-
quires the introduction of the new constants
wM, i 1S %!l There is a considerable arbitrari-
ness in the fixing of these constants,” due to the fact
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that nonrotational states of high multipolarity have
been very poorly studied experimentally. We do not
know whether there are strongly collective states of
high multipolarity and, if there are, where they are
situated. It should be noted that if such states exist
they will be hard to detect experimentally. Undoub-
tedly, there is an upper limit for the constants

%M, %', In even-even nuclei, there are many low
lying states with K" or I” equal to 1*,3*, 4", ..., and
the choice of v{*, {3 is restricted by the requirement
that such states must not sink too strongly.

In the study of states with high multipolarity, it
must be borne in mind that besides the maximum at the
energy where the bands corresponding to the matrix
elements with A =AN predominate there must also be
maxima at lower energies where the bands corres-
ponding to the matrix elements with AN <X predominate.
For example, in Ref. 36 low energy octupole reson-
ances with energy 5-10 MeV were found experimen-
tally in a number of spherical and deformed nuclei,
matrix elements with AN=1 predominating in their
wave functions. It is interesting to note that the cal-
culations made in Refs. 37 and 38 without any para-
meter fitting confirmed the existence of low ene rgy
octupole resonances in spherical and deformed nuclei.

For deformed nuclei, it is necessary to take into
account the following circumstances. Multipole- multi-
pole interactions with large X describe phonons not
only with A=K but also with K <A. Therefore, phonons
with fixed K are determined by multipole- multipole
forces with A=K, K +2,K+4. ... The constants n{»
for large A must be chosen in such a way that they do
not strongly change states with K <), which are deter-
mined by interaction with lower . For example, in
studying K" =2* states, one can additionally take into
account multipole-multipole forces with A=4,6,. .. .
The constants »§*, ®{®) must be taken such that they do
not strongly change the energy and structure of the
lowest K" =2* states determined by forces with »=2.
There are no experimental indications of simultaneous
influence of forces with different X values on single-
phonon states. Because of the arbitrariness associated
with the introduction of interactions in nuclei, we can
stipulate that in the study of states with definite K™ we
use multipole-multipole (or spin-multipole— spin- multi-
pole) forces with only one value of A. To calculate
quantities of the type B(E}), it is necessary to take into
account such transitions to rotational states with I=x
and K <), since they make a coherent contribution.

If multipole and spin-multipole forces are taken into
account simultaneously, the secular equation has the
more complicated form (70). Investigations have shown
that the influence of spin-multipole foreces on the first
quadrupole and octupole states in deformed and es-
pecially spherical nuclei is small. There are no ex-
perimental indications that spin-multipole forces are
manifested in these states. Because of the arbitrari-
ness in the choice of the interaction, it can be assumed
that there is no need to take into account simultaneously
multipole and spin-multipole forces to calculate the
characteristics of single-phonon states.

350 Sov. J. Part. Nucl. 9(4), July-Aug. 1978

It may be asserted that to find the energies of single-
phonon states there is no need to solve the secular
equations (21); it is sufficient to solve equations of the
type (53) and (67), and in particular cases Eq. (73).

3. In the construction of the model Hamiltonian,
there is considerable arbitrariness, associated with
both the shape of the potential of the average field as
well as with the form of the residual forces. One can
therefore introduce some restrictions on the descrip-
tion of single-phonon states. Later, if relevant experi-
mental data or weighty theoretical considerations ap-
pear, some of these restrictions can be lifted.

We formulate the following rules for describing
single-phonon states with fixed K" in deformed nuclei
and fixed I" in spherical nuclei.

1. To find the energies, we solve: a) the secular
equations (53) with multipole- multipole forces with
minimal value of A, and b) the secular equations (67)
with spin-multipole—spin- multipole forces with mini-
mal s if there are no corresponding multipole forces or
if they are of higher multipolarity.

2. Forces of different multipolarity or multipole and
spin-multipole forces are not taken into account simul-
taneously.

3. In deformed nuclei, for the calculation of B(E, »),
the spectroscopic factors, and other functions, transi-
tions to rotational states are calculated, i.e., to all
states with =X and different values of K.

4. The interaction in the particle-hole channel is
taken into account. The interaction in the particle-
particle channel is taken into account in the calculation
of: a) 0* states in all nuclei, and b) 2* states in indivi-
dual spherical nuclei [equation of the type (73)].

5. The isoscalar constants »{™ for A <4 are deter-
mined from the energy of the first corresponding state;
for A =4 they are taken sufficiently small to prevent
the corresponding first states sinking too low and to
prevent them becoming strongly collective.

6. The ratio »{*/u{" is determined from: a) the
position of the corresponding isovector resonance, and
b) phenomenological estimates.

In individual cases, the secular equations can be
complicated in order to eliminate resulting ghost
states. The completeness of the phonon space is con-
firmed by the good agreement between the calculated
density of nuclear states® and the experimental data
at the neutron binding energy B, .

5. INTERACTION BETWEEN QUASIPARTICLES AND
PHONONS

1. In the quasiparticle-phonon nuclear model, all
two-quasiparticle and vibrational states are represented
in terms of phonon operators. In the absence of inter-
action between the phonons, the complete set of non-
rotational states of an even-even nucleus is described
as a series of one-, two-, and n-phonon states. The
set of nonrotational states of an odd nucleus is repre-
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sented as a series of one-quasiparticle states, quasi-
particle-plus-phonon states, quasiparticle-plus-two-
phonon states, etc.

The nonrotational states of odd-odd nuclei consist of
several states with proton and neutron quasiparticles,
to which are added one, two, and more phonons in each.
This picture of excited states was used in Ref. 39 to
calculate the density of excited states at different ener-
gies right up to the neutron binding energy B,, and
good agreement with the experiments was obtained.

A set of noninteracting quasiparticles and phonons
does not give a correct picture of the excited states of
nuclei. The correct wave functions of excited nuclear
states are described as superpositions of components
with different numbers of phonons. Wave function
components differing by one phonon are coupled by the
quasiparticle-phonon interaction. If the phonons are
fixed, the corresponding parts of the multipole- multi-
pole and spin-multipole-spin-multipole forces des-
cribing the quasiparticle-phonon interactions are
uniquely determined. If the secular equations for the
phonons are solved, all the parameters of the model
are fixed. The interaction between quasiparticles and
phonons that couples, for example, the one-quasipar-
ticle and quasiparticle-plus-phonon states is the
stronger, the more collective is the phonon.

The interaction of quasiparticles with phonons has
the following advantages over the other types of effec-
tive interactions:

1) simultaneous and consistent description of quasi-
particle and phonon states and their coupling;

2) unique choice of the form and the constants of the
interaction;

3) applicability for the description at low, inter-
mediate, and high excitation energies.

2. The Hamiltonian H, (40) of the multipole-multipole
interaction contains not only the part in (48) used to cal-
culate the single-phonon states but also terms con-
taining operators of the form o} @ .(Q; +Q,), which
describe the quasiparticle-phonon interaction. We de-
note the corresponding part of the Hamiltonian (40) by
H,, and write it in the form

va,,s,.f {S"s )

25,.

Hige= ———

{(xf”fx”l) [ S‘ fss)yuldl gt

s

X (lOz + Q) B (s252) +— B (5082) [Q7 +— Q1)

+ St eryugt. I 1 (rard) v (0F + Qe B (rard)

e vy
+ B 0F = Q) |+ (0 — ) [ 3 1 (o5 uiet,

X 2 11 (e e ([QF + Qu) B (rr') + B (rr') [QF + Q1))

rr

+ 2 )it Z 1 (s5") v (1QF + Q4] B (s5)

e

+B(s) 107+ 0D ]} (80)

We transform H, with allowance for the fact that the
energies of the single-phonon states are determined
from the solutions of the secular equations (53), and
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their wave functions are expressed in terms of gt ,
and w o in the form (59)-(64). We obtain

Ho=—7 2 { 2 T (m) [B (s8') (QF + 00) + (01 + Q) B (s5')]
+3 r:,.(p) (B(r') (@i + Q0+ (@i +Q) BN},  (81)
where

rn (n) f‘ (55 )|

The(p)= yift (rr'), (82)

V"
and ¥, and y, are determined by (63) and (61).

21fY

For the spin-multipole interaction, we must add to
the Hamiltonian HS (66) a part corresponding to the
quasiparticle-phonon interaction in the form

Hig= 3 { 3 T (1B (s5') (0 + Q0+ (QF + Q) B (55'))
g 58"

+ T () 1B (') (QF + Q) +(Q + Q) B (N }

Tr

(83)
where

L (). (84)

ts v ‘t 5 s v
I (n)—'f .I/F: fs (s8); I (p)= .V—
To take into account multipole-multipole forces with
nonvanishing angular momentum, the corresponding
part of the Hamiltonian in the particle-particle channel
for the isoscalar interaction has the form

o' _ _G1_
R T T T

+ 3 () [gzqva; — w01 Ot}
qq’
X 2 7™ (gegs) (uih; + ui o) B (a0') + hic. )

929

{ > f”‘ (99') [ghavd + wig i) QF

(85)

The Hamiltonian of the model with allowance for the
secular equations for the phonons has the form

. 1 1
Hy=D\e(q) B(gq —?ZY—‘
q t
(7% (ss") ufzh)® e (ss) (ft (rryult2e () o,
ot { 2 e (ss")‘—w} +¥p 2 () —oF } Qi0,

3\ Ther {B (") (QF + Q1) + (QF + Q1) B (g¢)}

t g’

—2 Bt {z
Z 2 T3 {8 (99") (@1 + Q0 +(QF +Q) B (g0)-

t g9’

(L (s5) uf'!s.(u) e

(F (rr') ulid)2 e (rr')
€° (s5") —0F P

e (rr')—w}

}ete.

(86)

Here T, is equal to Tk, (n) and T},.(p); I‘::. is equal to
T, (n) and TS 22, (D).

For additional allowance for interactions in the par-
ticle-particle channel with nonvanishing angular mo-
mentum, it is necessary to add to the Hamiltonian (86)
the terms (72) and (85) transformed with allowance for
the secular equations (73).

6. SYSTEMS OF BASIC EQUATIONS AND SOLUTIONS

1. To obtain the basic equations of the model with
the Hamiltonian (86), we use the variational principle.
We consider first the case of an odd deformed nucleus.
We represent the wave function of the nucleus with an
odd number of neutrons in the form of the expansion
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¥, (K" = T;“‘ 3 { 3 Gats + 3} Dy (a0,
[ s g
1 n + 1))t

+W§FG(GOQ)G+"'}\FO‘ (87)
where ¥, is the wave function of the ground state of the
even-even nucleus with one neutron less, this being
determined by the expression (50); » is the number of
the excited state with given K*; g =qt;G =qttyt=\pi.

Following the adopted procedure, we find the ex-
pectation value of H, in the state (87) and, on the basis
of the variational principle, obtain a hierarchy of
coupled equations. It was shown in Ref. 40 that this
hierarchy is equivalent to the hierarchy of coupled
equations for the corresponding Green’s functions.
Truncating the series at some term in the wave func-
tion (87) corresponds to a definite truncation of the
hierarchy of equations for the Green’s functions.

A system of equations with the wave function (87)
containing all terms up to the quasiparticle-plus-
three-phonon terms was given in Refs. 9 and 10 and
investigated in Refs. 41-43. The corresponding
equations for spherical nuclei were obtainedin Ref. 44.

We give a unified description of the multipole and
spin-multipole interactions; for this, we introduce the
notation®®

o { T4 for multipole interactions; (88)
%~ | —Tg; for spin-multipole interactions;
{ % {Tg.bt, 1, + Tg.0:, 1.} for multipole interactions;
(i - :
—5 {T38:, ¢+ Tenb, o} for spin-multipole interactions;
(89)

We take the wave function of an N-odd nucleus in the
form

¥ (K =7 S { 5 Clato+ 3 D3 (@)
a L] 4

1 m + )+
+y5 SR} Y (90)
with the normalization condition
2 (Cop+ 3 D+ T (FEp=1. (91)

The expectation value of H, (86) in the state (90) has
the form

(W% (K™) Hy ¥ (K) = X & (s) (CD)2+ ? p(2) (Dg)?

+3p) (Fa)=—2;;r,gcwz—2gz; TgoDiFg, (92)

with the fundamental poles p(g) =e(g) +w,; p(G) =c(q)
+w, ” +w,z.

By means of the variational principle

S{(¥R (K™) Hyr ¥ (K7) — o [(¥5 (K™) W (K™) —1]} =0 (93)

we obtain the system of equations
(p(8)—nn) Dj— 2 TesC? — 3 TyoF = 0; (94)
(e(s)—mnn) Ci‘—; TeeDy=0; (95)
(P (G) —n) F— 3 Teo D = 0. (96)

We introduce the notation
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P e 0

K 6)=2 so=nt 5ig=m )
5 G
and rewrite Eq. (94) as
(P (g)—nx) D5 — 2. K (g &) Dy =O. (98)
The secular equation has the form
8 (na) = det || 8o (P (8) — M) — K (2, &) |=0. (99)

The rank of the determinant is equal to the number of
the quasiparticle-plus-phonon components in the wave
function (90). If we take a sufficiently large space of
single-particle states, the rank of this determinant will
be of order 10°~10°, It was shown in Ref. 41 that the
determinant of the system of equations (98) can be
represented in the form

iy Rl o addaodran Pesdaaa 1k
g(p(g) N0y =1 2o Srwo S o (100)

where the coefficients A, A,, and A; are sums of
determinants of different rank that do not depend on 7.
Therefore the secular equation 6(5,) =0 contains only
simple poles.

The above system of equations can be used to study
the fragmentation of single-particle states (see Refs.
46 and 47). To study the fragmentation of a definite
single-particle state s;, we transform it by introducing
the functions

C;=Cy/CL; Dip=Dyci; Fi=FyCr,

where § #s;. We rewrite the system of equations (94)-
(96) in the form (see Ref. 46):

o () =€ () — 1 — X Tug D} = 0; (101)
(€(5)—15) Com } r;gﬁg =0 (102)
(p(8)—mn) D= ST, O — M Ty Fe=To (103)
(P (G)—nn) Fﬁ-—_z_l [peDi=0. (104)
We rewrite the normalization condition of the wave
function (90) as
(CRrt=1+Z @+ 2 Dir+ 3 (Foy,
To Eq. (98) there corresponds the equation
(2 (8)—nn) 5:—; K, (g, 8') Dy =T, (105)
where
Kol )= 2T, T e @ —nal+ 3 Teelora/(p () —mal).  (106)
s
The determinant of the system (105) is denoted by
6(sg;m). The following relation is strictly satisfied:
(CL)2= —8F; , ()0 [y, 107
The solution of Eq. (105) has the form
Dy =0y (503 M)/0 (563 M), (108)

where 6,(s);n) is obtained from 6(s;;n) by replacing the
column g by the free terms of (105). We substitute
(108) in (101) and obtain after transformations
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6 (som)
€(sg)—m Ties « « - - Tsgy
o o SR - S R o )
I'S-gN —K,, (gxg1) p(gx)—n—K,, (gxeEv)
where N is the number of states g. We expand the
determinant, regroup the terms, and obtain
Fs, (m) = (& (s0) —n) O (n)/0 (05 m). (110)

We substitute (108) in Eq. (102) and find

1 = 1
- B )/ ——§ N P
n % T (e (5)—1n) O (s nn}%" 7% (503 M)

We expand the determinant, regroup the terms, and
obtain :

1

o=
s (e(s)—nn) O (s Mn)
0 Ly quw g 5 p Wl b v ks
38y SN
o | sl P(&'i)'—"!n"'Kgo(Elgl) Kg (EIE\)

Plex)—nn—K, (gxe~)

(111)

— Als. 5 Tin)
T 0 M) *

We derive the expressions for the simplified case
when the wave function has the form

¥, (K =72 3 { 3, Chaio+ 3 D3 @@} Yo (112)
s g

with the normalization

1=Z(cr+ 3 Dy
Then

(e ()= nn) €7 = 2 TysDj = 0; (113)

(P (8)—1n) Df — X TogC2 =0 (114)
These expressions can be rewritten in the form

(e (8) =1y )C5 — X K (s5) C3 = 0, (115)
where

K (ss') = % {Tsel's /[P (8) —mnl}e " (116)
The secular equation has the form

8 (1n) =det || 855 (& (s} —na) — K (s5") 1= 0. (117)

The rank of this determinant is equal to the number of
single-quasiparticle components in the first sum in
(112). In deformed nuclei it is sufficient to take 10-15
terms; in spherical nuclei, 1-3 terms.

We separate the state s; and write the equations in
the form

Fan () = (80) = — S Teg D= 0; (118)
(e(s)—nq) 0 — X T2 Dy = 0; (119)
& g =
((@)—na) Dp— ST, 02=T. g (120)
(Co)2 =1+ (C22+ X (D). (121)
We rewrite Eqs. (119) and (120) as
(e () —ma) 85— K (5, )} G = K (50, 5)- (122)

The solution of this equation can be written in the form
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(2= 0, (3)/6,,, (123)

where @, is the determinant of the system (122), and
©, (3) is obtained from it by replacing the column ¥ by
the right-hand side of Eq. (122):

Fsy () =0/0,,. (124)

When only one single-particle state s; with given K*
is taken into account, the wave function is represented
as

<l n 1 o TIN {34y
¥a(K)=Co—5 2 {R%UTZDE (@¢"; } Yo (125)
I3 g
and the secular equation and the expression for (Cf;o)2
have the form

Fp, (M) =¢ (-90)_1111_}; {Thg/lp (&) —Mal} = 0; (126)

(127)

To find the energies of states described by the wave
function (90), it is necessary to diagonalize the matrix
(99) of very high rank. Mathematically, this problem is
very complicated. In Refs. 41-43, approximate me-
thods of solving equations of the type (99) were studied,
and approximations were found that give a good des-
cription of the largest components of the wave functions
(90). For intermediate and high excitation energies,
the few-quasiparticle components of interest account
for a small fraction of the normalization (91) and are
poorly described. Therefore, the methods of obtaining
solutions of equations of the type (99) developed in
Refs. 41-43 are not suitable for studying the fragmen-
tation of single-particle states.

(Coyr=1+ ; {Tie/[p (8) —Mal}.

To study the fragmentation of single-particle states
and calculate the neutron strength functions and the
spectroscopic factors of single-nucleon transfer reac-
tions, the following approximate approach consisting
of four stages is proposed.

First stage. We take the wave function in the form
(112) and find the solution of the secular equation (117).
This problem is fairly simple and is solved in Refs.

46 and 48. From the complete set of states g in (99)
the selection rules for T, select a set of states g’
whose number is two orders of magnitude less than the
total number of states g.

Second stage. We choose a set of states g’ whose
number is equal to the total number of solutions of
Egs. (117) minus the number of one-quasiparticle com-
ponents in the first term of (112). For each solution
n, corresponding to the pole p(g’) we find (C:o)z.

Thivd stage. We choose from the set of states g’ a
set g'’ for which the corresponding (C")? are larger
than a definite value C}. If we take C}=0.002, then the
number of states g’ is 15-20.

Fourth stage. In the determinant (99), we restrict
ourselves to the system of states g’’ and diagonalize.
In this way we find the energies of the states and
(C:u)z. This problem can be solved on a computer for
many nuclei, as it is necessary to diagonalize matrices
of ranks between 10 and 100.

2. We consider the case of an even-even deformed
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nucleus. We rewrite the Hamiltonian of the model (86)
in the form

Hy= 2 Qi Q;

— 3 3 3 The (B (a0') (0} + Q) + (@i + Q1) B (ar')}

t qq

4 ST (B (0. ) (01 +00)+ (05 -+ Q1) B (4. (128)
t qq’
We represent the wave function as the expansion
¥, (K%)= { 2 B (a0 ﬂ%f P, (1) Q104
+ Lhug, () Qi Q0L+ - - } Yo (129)

We find the expectation value of H, in the state (129)
and, on the basis of the variational principle, obtain a
hierarchy of coupled equations. The case in which
only the terms containing one, two, three, and four
phonons are taken into account in the wave function was
investigated in Ref. 49, in which a system of basic
equations was obtained and an approximate method for
solving them was proposed. Expressions for spherical
nuclei were found in Ref. 50.

We study in detail the problem with the simple wave
function in the form

Vo (K%)= { 3 7000 Qi + 375 3 Pl 00 030} o (130)
i “ ity
Its normalization condition is
2 (R (g0 + 2 (Phy, (W)= L. (131)

We find the expectation value of H, (128) in the state
(130);

(¥ (K™ Hy Yo (K)) = 1E oy (RY (7u))?

- § Oty [Py, (hn)]>—2 g Uy, (i) BE (Ap) Py, (), (132)
where Wz, =W, +w,2;
Uty (i) = o (st H i 0108 = U, (8); (133)

vz
for the multipole-multipole interaction, the explicit
form of U,l,z(h,ui) is given in Ref. 16 by Eq. (9.75).

We use the variational principle

8 {((Wn (K7) HyrWo (K™) — ma (PR (K7) ¥r (KT) — 11} =0 (134)
and obtain the system of basic equations

(04— 1n) R’s‘—j.?_l; U, (8) Py, =05 (135)

(©nt,— ) Pht,— X Usy, (5) RT=0 (136)
or

(w:—nn}R’i‘——§ KR} =0, (137)
where

Kz == 2 (W, (i) U, (ol Yoy — )] (138)
Therefore, the secular equation has the form

6 (1n) = det || (0;— 1) Biir — K || =0, (139)

and the rank of the determinant is equal to the number
of single-phonon states included in the first sum in
(130).

We use the normalization condition of the wave func-
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tion and obtain the following expressions for its co-
efficients:’

RY =My /N; {140)
Tty = j:—' DU b, (i) M ifoope, — M), (141)
i
where M;; is the minor of the determinant (139):
¥=(3 (113 + 3 (X W, () Mdlfors,— ). (142)
We rewrite Eq. (137) in the form
Fiy (M) = 0i,— Ny — K5, — S KipRu=0; (143)
(@ —n,) R — E Ky Rt=Kip. (144)
Tt is easy to show that
Fi () =0 ()M, (145)
RP=RYRY = (—1)"" My /M (146)
(BL)? = — 5 {7, (0} I, (147)

where the determinant M,; is obtained from the minor
M, i) by replacing column i by the column of free terms
in {144).

It is not difficult to solve the system (139) and to find
the functions R} and P}, . For a restricted number of
states ¢ and £/, in deformed nuclei, the problem was
solved in Ref. 51. For spherical nuclei, this problem
was solved in Ref. 37, in which the reduced probabili-
ties B(E)) for excitation of giant multipole resonances
were also calculated. In Ref. 52, the E1 radiative
strength functions in half-magic nuclei were calculated.

When only one single-phonon state is taken into

account in (130), i.e.,
Wa (K%)= R™ () {Qly = 5 Phe, (140) Qii07) Yoo (148)

the secular equation and the expression for (R*(\pu))?
have the form

o= n =3 ST s, () (o, — )}, (149)
itz

t
(R (A1 = 15 ST, () (g, — )2

tits

(150)

3. In the wave functions (90) and (130), there are
terms containing products of two phonon creation opera-
tors. Because the phonon operators are constructed
from a product of quasiparticle operators satisfying
fermion commutation relations, there is a certain
violation of the Pauli principle in products of two
phonon operators. The problem of eliminating the
terms that violate the Pauli principle has been inves-
tigated on many occasions, for example, in Refs.
53-55. We show that in the framework of the quasi-
particle-phonon nuclear model the problem can be
formulated without violating the Pauli prineiple.

We demonstrate the mathematical method for cases
when there are not more than two phonons in the wave
functions. We introduce operators of “true” bosons
b*(g,q") and b(g,q") satisfying the commutation rela-
tions

[8(q, @), b" (g292)] = Bgq,8g09; + 8330004,
b(g,4') b(gay g2)]=0

and the condition

(151)
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blg:q")=blg" ). (152)

Using the exact commutation relations, we express the
operators A*(g,q') and B(g,q’) in terms of boson oper-
ators as follows:

B (g, q‘)=§b* (9, )59+ g2 (153)

A (g g')=0"(g: ') +2b" (0, @) ;., b* (9292) b (g21 42)
. =

+y 2 b (g @) b (g 40 b (g 22)s
9595

where x=- (3-v6)/6 and y =— 1V6.

We introduce the phonon operators

Oi=%5 3 (Wb (g, ¢)—6hab" (@ 0}
q.9
and express in terms of them the operators of the
multipole moments (41). So as not to overburden the
exposition, we take the Hamiltonian in the form

(155)

Hu=3e@B@a—g 5 (0 Gy
q hop20

+ Q55 (P) @raa (P) 4205, (n) Qo (P) ) (156)

where @,,(n) is determined by Eq. (41). We take into
account the secular equation (65), and we then obtain
the Hamiltonian, expressed in terms of the new phonons
é;’ and §,, in the form

Hi= S o@i0—5 2 55= 3 1" @) vi
t ty

tr 930,
X E l‘l‘;ﬁa‘?z’;q:@w}@?al: + ¢;gns¢q§q:6::aia’
1t
+ (Voo + Pozas¥has) (O 05 0v + 02010))
— 5 3 (060100, +ViS0i 000,01,
13

falz

(157)

where the functions V:;',é and V%, consist of sums of
products of matrix elements and the functions zp:q. and
99:":' ¢

We take the wave function in the form (148) and find
the expectation value of Hj, in this state:

(W3 (KT Hi ¥ (K7) = (B oy + 2 T o (PR
—2 »% Us: (to) PR

rt! n n (it pn n
e ; v zzripuép“‘: . tatg “'Pm;” .

(158)

tafa

We use the variational principle and obtain the system
of equations

Ofg— T — 15.(4‘, Uy (o) P =0

1 Uyt | 1 1 Atz U
T o=y 2 e+ Vi) Phge

tats

(159)

Pl = (160)

The transition from quasibosons to bosons has led to
the appearance of the second term in (160). If this
term is ignored and (160) is substituted in (159), we
obtain the secular equation (149).

In (160), we separate the coherent terms and re-
write this equation in the form
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{Wu' —Mn —% (I-P‘l' == r::) } P;‘l'

=qlul—g 3 FE+Ti5 Pl (161)
tata= 11"

In the first approximation, when the noncoherent terms
in Eq. (161) are ignored, the transition from the quasi-
bosons to the bosons reduces to a displacement of the
energies of the two-phonon states. Using perturbation
theory, one can take into account the noncoherent terms,
which represent rescattering of phonons on phonons.

Thus, in the framework of the quasiparticle-phonon
nuclear model one can work with true bosons and
eliminate all violations of the Pauli principle. In the
framework of each approximation, i.e., for a com-
pletely definite truncation of the expansions in the wave
functions (87) and (129), the corresponding expression
for the operators A(gq’) and A*(gq’) is chosen, i.e., for
example, one chooses the following terms in the expan-
sion (154) and finds the system of basic equations.

7. METHOD OF STRENGTH FUNCTIONS

1. Wave functions of the type (90) and (130) at inter-
mediate and high excitation energies of complex nuclei
do not give a correct description of the structure of the
states because they do not contain many-phonon com-
ponents. Thus, to describe excited states with an
energy of about 4 MeV in U the wave function (87)
must contain quasiparticle-plus-four-phonon compon-
ents. In the formulation of the quasiparticle-phonon
model, the problem of finding the correct wave func-
tions of highly excited states was not posed. The
model was formulated to obtain the most accurate des-
cription of the few-quasiparticle components of wave
functions averaged over a certain energy interval.

For intermediate and high excitation energies, it is
difficult to represent clearly the results of calculations
of the characteristics of each state. For example, in
397 at excitation energies 3-5 MeV in an interval of
100 keV there are 10-20 poles (and corresponding
solutions) of quasiparticle-plus-phonon type. There-
fore, to study the fragmentation of one-quasiparticle
states, sums of the type Z,(C" )? for states lying in
intervals of 200 and 400 keV were calculated in Reis.
48 and 56, and the results were represented in the
form of histograms. In such calculations, the energy
of each state was found, the components (many thou-
sands of them) of the wave functions were found, and
the value of only one of the components was used to
calculate quantities of the type 2,(C" )2. Only a small
fraction of the large amount of obtained information
was used. The need therefore arose for a mathemati-
cal formalism by means of which one could directly
calculate the distribution of the required quantities in
the chosen range of excitation energies. The method of
strength functions met this requirement; it is a method
of direct calculation of averaged characteristics with-
out a detailed calculation of each state, as was done
in Refs. 46 and 57.

To expound the essence of the method, we consider
the fragmentation of the single-particle state described
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by the wave function (125) with secular equation (126)
and expression (C:D)2 in the form (127). We construct
the function

®,, (1) = 3 (CL0 (mn — 1) (162)
where
P (1 — 1) = (@)™ A/ [(n—na)?+ (A/2)7. (163)

The method of representing the results of the calcula-
tions depends on the width A of the averaging energy
interval. Strength functions using the function p(7,

- 1) were calculated in Ref. 58. These functions were
widely used in the quasiparticle-phonon-model to study
the fragmentation of one-quasiparticle states, to cal-
culate neutron strength functions, and to study giant
multipole resonances, 3323738, 46,47,52,59,60 yhen the
functions p(n, - n) were introduced, results close to
those used in the method of Green’s functions were
obtained.’! To calculate the excitation probabilities of
giant multipole resonances in Refs. 26 and 61 expres-
sions that can be obtained by introducing a function
p(n, - n) were used.

Taking into account Eq. (108), we write the function
@sﬂ(n) in the form

D, ()= — g (0F 5, (m) Bt 0 (1n — (164)

We use the residue theorem and express the function
(164) in terms of a contour integral around the poles
that are solutions of Eq. (126). We obtain

‘l.—i dz 1

WS F @O (RF (165)
P

3 D, ()=
the contour [, is shown in Fig. 1. Remembering that
the contour integral around a circle of infinite radius
in the complex z plane vanishes, we go over from the
integral around  , to two contour integrals I, and [,
around the poles . zl =n+iA/2,z,=n—iA/2:

1

Oy, (0= g7 3 § T T (166)
n+r i
We make simple calculations
1 1 24y 1 d
by, ()= _F 20—2) F @ |ineiase "TI'"( F, 1A )
(167)

and, using 530(71 +iA/2) in the form (126), we obtain

@,, (1) = (A20) {T (n)/ [(e (50) —v (M) —m)>+ (A/22T2 ()]}, (168)
where
F=1+% 2 (T [(p (8)— )+ (A/2)21); (169)
vin=3% 2Tk (p (&) — 1)/ [(p (g) —m)>+(A/2)2]). (170)

FIG. 1. Integration contours in the complex z plane.
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The function &, (n) is represented in Breit-Wigner
form, though the dependence of T'() and ¥(n) on the
energy 7 is very important, leading to a strong depar-
ture of &, (7) from the Breit-Wigner form."" Usually,®
one uses functions of the form (168) with constant T’
and ¥, which cannot be justified.

2. The method of strength functions is an integral
and important part of the quasiparticle-phonon nuclear
model. The method of strength functions was used in
Refs. 46 and 47 to study the basic features of the frag-
mentation of single-particle states in odd deformed
nuclei. If the wave function is taken in the form (90)
and the function Es“(n) in the form (102), and the same
calculations as in Egqs. (162), (165), and (166) are
made, we can obtain

@, () = a7 Im {1/F,, (n+14/2)}, (171)
i.e., the same form as (167). To calculate &, (n), it
is not necessary to diagonalize a matrix of h1gh order

g' or g", but only to calculate it, which is mathemati-
cally much easier.

Knowledge of the fragmentation of the single-quasi-
particle states makes it possible to find the strength
functions of neutron resonances and single-nucleon
transfer reactions; the formulas for these contain
expressions of the form

(X aifu,cl);

1
(2 affv,c)".
The single-particle wave functions cpf are represented

in the form of an expansion with respect to a spherical
basis:

(172)
(173)

oF = e on; atk= a¥fi;. (174)
Nir N
In Ref. 46, the strength functions
7 m=2emm—m|2 afuc (175)
SEM=2pmu—n| S age.cif (176)

were introduced and the following transformations per-
formed:

£ () = ..‘ P (Ma— n)\— (@Ku,)® (CF)2
* g Plnn—m) X ajfafFuguy (C1)* (CHCT)
= .f_ ﬂ)“(a*"u) (8F s () o)t — X p (M, —1)
x 3 aifasFuug (0F () [A(s, s'; )/8 (s, ).

NI

e
Here, we have used Egs. (107) and (111). We carry
out the same procedure as on the transition from (162)
to (167), obtaining

SPE )=~ 3 (affu)? Im {1/, (n-+ib/2)}

A(s, n-}-l.&;‘Z)
Im{ B (s, N+4-13/2)

+_:2:_ Z a';‘a;l"u Uy (177)

The expression for §%¥(n) differs from (177) in that the
functions #, and u,, are replaced by v, and »,,. In Ref.
46, the completeness condition was used to obtain the
following expression of the sum-rule type:
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2 (R aifv.) = R Uk e, (178)
The right-hand side of (178) is an upper limit for the
strength function (177). Calculating (177) in a definite
energy interval and comparing the result with the right-
hand side of (178), we can establish which part of the
strength function is exhausted in this energy interval.

To calculate the strength functions, one does not
diagonalize matrices of high order g’ or g'’ for each
state but calculates the imaginary parts of determin-
ants of order g’ or g’ at different values of the energy
7 with a step of order A. The transition to the calcula-
tion of strength functions rather than calculations of
these quantities for each state reduces the computer
time by a factor 10%-10°%,

3. To study giant multipole resonances and also neu-
tron resonances, strength functions for the reduced
probabilities of EX transitions are widely used in cal-
culations in the quasiparticle-phonon model.

We derive an expression for the strength function of
EX excitation of an even-even deformed nucleus for
which the excitation of the state is described by the
wave function (130). The reduced probability of EXx
transition has the form

B(Ek; 0°0 — I} Kyn) =B (Ek; na) = (000 | LK )2 ey (179)
=t 3 RE ) @8, o)
X [ (7) X' (£ g+ €8 00) X! ()= T BE (b, m) L, (). (180)

where e}}(p) and ef})(n) are the effective electric

charges; for E1 transitions, they are equal to el}}(p)
=Ne/A and el}}(n) =— ze/A; the functions Y,, X, and
y} are determined by Eqs. (63), (54), and (61). Then

oMy = 'FT R} (k) Ri: (hg0) Ly (hp) Ly ()

= 2 (BT () B () Ls () Lr (). (181)
We introduce the strength function
b(EL, m) =T B(E, % 1) p (=), (182)

where p(n,— n) is determined by Eq. (163). It is easy
to show that with sufficiently good accuracy

n+4a/2

[ s, )y~ 3, BEN n),

n-a/2

(183)

where the summation is over all states n with given
KT in the energy interval A, We substitute (179) and
(181) in (182), use (146) and (147), and obtain

i Li () Ly (Aw)
b(EL, m)= — (00hp | [;K.)? 3 ; 31 (M) 0Nn
n t

(=0, 1 A (00ap | yKpR
A AT Mn—Me (27 &~ 2m
LWL 0p) (9 M @
>‘§Z Fi@ M@ M—2+ (32 * (184)

ip ii’

Here, the integration is around the contour given in
Fig. 1. We perform the same procedure as on the
transition from (165) to (167), use (145), and obtain
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b(Eh, )= (00| LR 3. (— 1)+
i, 4
My (n+13/2) }

X L; (}.‘ll) Li' (?.IU.) Im W

(185)
To calculate the strength functions b(EX, n), it is not

necessary to diagonalize the matrices 6 and M;;; in-

stead, one calculates their imaginary parts for differ-

ent values of n. This reduces the computing time by

a factor 102-~10°%, The rank of the determinants 6 can

be chosen to be in the range 10-20 for spherical nuclei

and 20-100 for deformed nuclei. From what we have

said above, we can conclude that the computing time

is not too long to rule out the calculation of many

giant multipole resonances for a large number of nu-

clei.

To determine the regions in which the giant multi-
pole resonances are localized, an important role is
played by the calculation of energy weighted sum rules.
The energy weighted sum has the form

S5 (=2 0 () B (EX, 1) p (e —m)
nn
== 3 00 | g2 3 (= 1)L (M)
" i, i
3 Lo (20) I {(n 4+ 1A'2) Mgy (n4-1A/2)/8 (n+1A/2)}. (186)
For spherical nuclei, there is no summation over p or
K.

To elucidate the completeness of the employed sin-
gle-particle basis, model-free energy weighted sum
rules are useful. The model-free dipole sum rule has

the form

S B(E1, 1) 1a=0.18 Zf e2b - MeV . (187)
For A >1

3 B(Eh, na)n, = 4.8% (34 A2 =2 B(ED);, 5. MeV. (188)

CONCLUSIONS

1. The quasiparticle-phonon nuclear model can be
used to calculate many properties of complex nuclei at
low, intermediate, and high excitation energies. Some
of these calculations have already been made. There
is no doubt that when calculations are made in the fu-
ture more and more complicated variants of the model
will be developed by introducing new terms in the wave
functions (87) and (129), and also by taking into account
new forces.

2. It should be noted that many-quasiparticle com-
ponents make the main contribution to the wave func-
tions of highly excited states. There is no doubt that
in the future we shall witness the discovery of new
properties of highly excited states determined by
many-quasiparticle components. At present, there
is no information about the values and distribution of
the many-quasiparticle components of the wave func-
tions of highly excited states. Even for lower states
such as neutron resonances it has been shown'4 15:63
that direct experimental data on the characteristics of
the many-quasiparticle components of their wave func-
tions are absent. The contribution of the few-quasi-
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particle components to the normalization of the wave
functions of neutron resonances is only 10™4-107°,

3. With increasing excitation energy, the structure
of the states becomes more and more complicated.
One can expect an appreciably greater variety of the
properties of the high lying states compared with the
low lying states. It is hard to imagine the structure of
nuclear states at very high excitation energies. Will
this be a state of undifferentiated nuclear matter or
something different?

4. There are no grounds for hoping that a simple and
perspicuous description of complex nuclei will be found.
The nucleus is a very complicated system and this
complexity can be understood, the known properties
described, and new properties predicted on the basis
of a theory of the nucleus which exploits the tremen-
dous possibilities of the rapidly developing computa-
tional technology.

I am very grateful to N. N. Bogolyubov, A. I.
Vdovin, R. V. Jolos, and L. A. Malov for numerous
discussions and assistance.
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