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Stochastic processes in dynamical systems are considered for the case of the weak interaction of a small

system (for example, one particle) with a large system.”

PACS numbers: 02.50.Eg

INTRODUCTION

In Ref. 1, published in 1939, Krylov and the present
author investigated the possibility of a stochastic pro-
cess in a dynamical system that is under the influence
of a large system. The behavior of a classical system
was investigated on the basis of the Liouville equation
for the probability distribution in the phase space; for
a quantum-mechanical system, the investigation was
based on the analogous equation for the von Neumann
statistical operator. In Ref. 1 a method was developed
that makes it possible to obtain Fokker-Planck equa-
tions already in the first approximation. In developing
and using the method in Ref. 1, we did not give a sys-
tematic and mathematically rigorous justification of it;
in Ref. 2, a detailed investigation was made of a par-
ticular model whose dynamical behavior was described
by exactly integrable equations. On this rigorous
mathematical basis, it was possible to analyze the ap-
proximations proposed earlier. Analogous results for
quantum-mechanical systems were obtained in Ref. 3.

In my lectures given in Fall 1974, I presented a
slightly modified version of the method developed in
Ref. 1 and discussed its connection with the theory of
two-time Green’s functions.

Preparing the present work for publication on the
basis of these lectures, I have taken into account in the
final variant of the method the results of some impor-
tant investigations in the theory of the interaction of
one particle with a large system which have been made
in the last decade.

In this connection, it seemed to me appropriate to
introduce some important modifications at a number of
places in the original text.

SECTION 1

We consider a small system S, which could be, for
example, simply an individual particle, which interacts
weakly with a large system Z, Initially, we study this
case in the framework of classical mechanics.

Following the usual procedure adopted in classical
statistical mechanics, we introduce the probability dis-
tribution function in the phase space of the complete

U This paper is an edited translation of the author’s English
preprint: “On the stochastic processes in the dynamical
systems,” E17-10514, JINR, Dubna (1977).

3156 Sov. J. Part. Nucl. 9(4), July-Aug. 1978

0090-4759/78/040315-28$02.80

system S+Z:
Dy=Dy (8, )= Dy (. ). (1)

where Qg and §; are the phase points corresponding to
the phase spaces of the systems S and Z, respectively.

We now consider the situation when the system Z at
the initial time =0 is in a state of statistical equili-
brium and at this time the interaction between S and Z
is switched on. Thus, we assume that

Dy (8, Z)=To (S) 2 (Z), : (2)
where
D (2)=Deq (T) = Z™ exp [ — Hx (L) /0],
Z=5 Qs exp [— H= (Qs) 0]
is the equilibrium distribution in the phase space of Z.
Here, Hp =Hp(Rg) is the energy of Z.

The evolution of the probability distribution is, of
course, determined by the Liouville equation, which
we write in the form

0T /ot =D y; (3)
the normalization condition for @, is given by the equa-
tion

S D, Qs dQp = 1.
Applied to the functions (s, R¢), the Liouville opera-
tor JI can be determined by the Poisson brackets

0D, =1H, Z4), (4)
where H is the total Hamiltonian of the system S+Z.

Note that we shall consider only the cases when JI
does not depend explicitly on the time .

Usually, the total Hamiltonian H is represented in
the form of the sum

H=H$+Hz+Hne
of the intrinsic Hamiltonians of the systems S and Z
augmented by a term which describes the interaction

between these two systems. Accordingly, we choose
the Liouville operator in the form

N =Jgpz=J5+ Az 4 Tpnt- (5)

Below, the interaction term Jl;, of JI will be regardéd
as a weak perturbation, i.e., we shall assume that it
contains a small parameter.

We now give some concrete examples of S, Z, and
JL.
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We consider the case when S is one particle, and =
is a system consisting of N identical particles, so that

sy V) (6)

QS“("UI Vo) Qe=(ry, vy,

where r and v are the positions and velocities of the
corresponding particles,

As usual, all these particles are assumed to be en-
closed within a very large cube of macroscopic volume
V; the usual cyclic boundary conditions are imposed.

We take the following expressions for JIJ, JI,,, :
JE = —v,d/ory: (7)
(@) W (r—ry) 1y 4 1 4
== Y o (Ff}w—j‘;g), (8)
U<i<N)
where ®(r) is some radially symmetric potential func-
tion proportional to the small parameter, m is the

mass of the particle S, and M is the mass of one of the
particles of the system X,

We consider also the important special case when
the interaction between the particle S and a particle of ©
can be defined as the interaction between correspond-
ing impenetrable spheres.

Formally, the interaction between impenetrable
spheres can be characterized by a special choice of
&(r):

D(r)—+o0, if
D(r)=0, if

r<ta; )
r=a,

(9)

where g is the sum of the radii of particle S and a par-
ticle of Z, or, which is the same thing, a is the dis-
tance between the centers of these particles at the in-

. stant of collision,

For such a potential function, the expression (8) is
obviously singular and inconvenient to use, It has,
however, been found that the dynamics of interacting
hard spheres can be correctly deseribed by means of
an integrated Liouville operator of the form

I'= 3 T, (10)
=j<N)
where
T, 1) =a? q (vo, 48) {0 (rp—r; — ac) By, v, (0)
v, [o=0
—8(ro—1,+a0)} do; (11)

Vo,1 =Vy = Vy; O is a unit vector; B, v () is an operator
which is applied to the function F(v,, v,) and carries its
arguments v, and v, into

(12)

i
Vi Vi=v, - gy (va, 10).

Vo= Vi =1, —JLG(\' o);
0¥, Mrm 0, o -}

The expression (8) can be replaced by the integrated
operator (10) because the interaction of impenetrable
solid bodies is instantaneous in classical mechanics.

It is worth mentioning in this connection that in the
analogous situation in the quantum-mechanical descrip-
tion the replacement of the Poisson brackets [Hyy,D ]
by an operator interpreted in terms of collisions and
applied to D must be regarded as an approximation that
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holds only when the effective collision time (which is
here appreciably greater than zero) is negligible com-
pared with the characteristic time of the process. In
contrast, we do not make any approximations for sys-
tems described by classical mechanics when we use
JIfat' instead of (8), though we must of course eliminate
unphysical overlapping configurations by requiring that
D vanish for them.

One can also consider the case when the hard-sphere
interaction is augmented by a further regular two-body
interaction (0, j) described by a smooth function &(7)
proportional to a small parameter that is defined for
¥ = q and extended formally for » <a by the requirement

Q' (r)=0 for r<a.
In this case,

Tyne = TGl - 1. (13)
Note that to regard JI{%' as a small perturbation we
must assume that the corresponding mean free path
~(Na®/v)™ is much greater than a:

Na¥ly £ 1. (14)

We emphasize that the condition (14) does not presup-
pose that the interaction between the particles of the
system Z is small,

We consider a model in which S is a neutron interact-
ing only with the nuclei of the particles of the system Z
(we shall also simulate these nuclei by impenetrable
spheres), and Z is a liquid consisting of impenetrable
spheres between which van der Waals forces act, their
diameters ay; being many orders of magnitude greater
than the diameters of their nuclei. In this model, ag
>>a. Of course, many real aspects of the diffusion
of a neutron in a liquid must be treated quantum me-
chanically. However, in some cases diffusion can also
be treated in the quasiclassical approximation. It is
then merely necessary to replace the operator 7(0, 7)
in (11) by the corresponding collision operator found
by solving the quantum-mechanical two-body problem.
It has a very simple form if only S-wave scattering is
taken into account.

Since all the particles of the system Z are identical,
the Liouville operator JIz must be symmetric in the
phase variables of these particles. The term e (13)
describing the interaction is also symmetric in this
sense, and therefore the total Liouville operator JI is
symmetric with respect to the phase variables of the
system Z. Noting that the initial distribution D, given
by Eq. (2) has this symmetry, we conclude that D isa
symmetric function of ry, vy,...,ry, vy.

We now turn to the general equation (3), which deter-
mines the evolution of the probability distribution o,
in phase space. It is convenient to introduce the nota-
tion

(@)= j U dQs; (W)s— j WUdQs; (W)syz= j AdRsdRs.  (15)

We now consider a dynamical variable A(S) that refers
only to the system S: A(S) =A(RQg). Its mean value at
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time ¢ is given by the expression .
(A(S)e=(A(S) De (S, Z))sszs

which can be transformed to

(A (S =TAE e SNs= | 4 (@) f1 (@54, (16)
where
11(8) = 5. s amn

Thus, the probability density in the phase space s at

the time £ is given by the reduced distribution fi(5). It
is clear that to calculate the mean value of the dynami-
cal variable A(S) it is only necessary to know the re-
duced probability distribution f+(S), and not the complete
distribution D (S, Z).

We now turn to a method for obtaining an approxi-
mate equation for f(S) in closed form. We proceed
from the Liouville equation (13) written in the form

0Dy/6t = (1§ + Az Tiye) Dy (18)

with the initial condition (2).
We introduce

D—fed (T) =4y (19)

and note that with allowance for (17)

@Bpz=0. (20)

Integrating (18) with respect to Q¢ and noting that
{(91;D,); =0 identically, we obtain

afy/0t = {318 + (T (I)s} /o + (lued)z (21)

Equations (18), (19), and (21) lead to

30 8%y b g (3) (MY + dz+ Ty} 12 (E)

+ (1% + dlx 4 i) Ar—
— {13+ (T @ ONsfe+ (Tedi)z} Z (2).

By definition, D (Z) is an equilibrium distribution for
Jp: JeD(T)=0, so that A f(S)D(T) =£,(SMID(Z) =0.

We introduce the notation

T =J%+ (e (2))s3 } (22)
T'=dypt— (T (¥))z
and note that

Mg+ T=0%+ T (TAdz= (Timtdi)s
— (L2 (2))= (A e= (AmtBy)z.

Taking this into account, we arrive at an equation for

Oyt

A3t = (JTg+T5) A+ TA — (TA):Z (B)+T/Z (2), (23)
and we rewrite Eq. (21) in the form

afy/ot =gy + (B o)z (24)
The initial conditions (2) now take the form

A=0 for t=0. (25)

The first thing that comes to mind if one considers Eq.
(28) with the initial condition (25) is that &, is, roughly
speaking, proportional to the contribution of the inter-
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action T',

Thus, in the framework of this semi-intuitive and
simple supposition the term T'4, -{T3,):D(Z) in (23)
can be regarded as a second-order term.

Retaining in the exact equation (23) only the principal
term in the interaction, we obtain the approximate
equation

dA /0t = (s +JIs) A, +T'f; (S) 2 (%) " (26)

with the same initial condition (25), whose formal solu-
tion is given by

t
A= | exp[(TLs+15) (=D Tfe () 2 (T) dr.
1]

Substituting this expression in (24), we obtain

i
Mgyt | (T emp (s G-I DN fdr (27)
0

or

t
afilot = Tsfo+ 5 i expls 1) — D Tint

X (s 2 (EN=] DO ot (27)

Thus, we have obtained an approximate non-Markov
kinetic equation for the reduced distribution function
f«(S) in a closed form, in the sense that there is here
no dependence on the total distribution for the complete
system S+Z.

This equation has been established in the framework
of classical mechanics, To obtain an analog of it for
the case when the dynamical behavior of the system S
+Z is treated quantum mechanically, we must have
recourse to some obvious modifications.

First, we use the representation of the von Neumann
statistical operator in the matrix form

2= (Xe Xisy Xz, X5), (28)

where Xs and X are complete sets of values of com=-
muting variables that characterize the states of the
dynamical systems S and Z, respectively; X5 and Xp
are sets of values of the same variables.

The Liouville operators JI, JI§ , JIz, JI;, must be re-
garded as operators which act on expressions of the
type (28) defined as classical functions of the variables
Xg, X&, Xp, Xg. These JI operators can be defined by
the quantum-mechanical Poisson brackets: [H,D]=aD.
Further, the corresponding mean values (15) must be
replaced by the operations

(W)s=Sps¥l = | U (Xs, Xs; X, X3) dXs;
(@)= =SpeU = | U(Xs, Xisi Xz, X5) dXs;

(Myssz=Sps+n = j U (Xs, X3 X5y X5) dXsdXrx.

In particular, f{(S)=f{Xs, Xs)=SpDs-

As variables Xs and X, one frequently chooses the
coordinates r and the spins of all the particles of the
system, or, alternatively, their momenta and spins.
The integration with respect to X5 or Xg is understood
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as an integration with respect to all the coordinates X,
which vary continuously in some region, and a summa-
tion over all the discrete components,

We can then repeat verbatim the arguments given
above, starting from the quantum-mechanical Liouville
equation, and we thus obtain an approximate equation
for the reduced statistical operator f,(S), which has the
same form as (27),

It is obvious that the method sketched here is a
slightly modified version of the method proposed in Ref.
1 and developed further by Shelest.’

SECTION 2

We now turn to the discussion of the kinetic equation
(27) for some concrete examples of dynamical systems
S and I treated in the framework of classical mechan-
ics.

We first return to the example mentioned in Sec. 1
when (Qs, 2¢), JIg, JI,,, are given by Egs. (6)—(8). We
now concentrate our attention on the case when the
statistical equilibrium of T is described by the Gibbs
distribution D(Z) corresponding to a spatially homogen-
eous state. Thus, we do not consider a situation in
which Z is a crystal in a state of statistical equilibrium,
We shall assume further that the function which de-
scribes the interaction potential and is proportional to
a small parameter is regular, We shall use the Fourier
representation

@ (1) =+ 3 exp (ikr) v (k), (29)
T
where
v (k)= 5 exp (— ikr) @ (r) dr. (30)

As usual, the summation in (29) is over the quasi-
discrete spectrum of wave numbers k corresponding to
the volume V:

k= (2nr,/L, 2nn,/L, 2nny/L),

in which ny, my, ny are integers and L3=V, Since &(r)
is radially symmetric, the Fourier transform v(k) is a
real function invariant under reflection:

v (k) =v* (k) =v(—k). (31)
We rewrite our kinetic equation in the form
t
T Tsfr+ | K (=) feds; (32)
[]
K (T) = (Mins exp [(Ts+L2) 7] [yt — (Dyoe (3)2] Z (5. (33)

To investigate this equation, we establish some proper-

ties of expressions of the type (I F (S, Z))g. Using the
definition (8), we obtain

—_— o0 (rg—r;) | @
L (SaS=wrEn),
(&)}
1 9D (ry—rj) 5
-2 ( SR, 3),.

)
However, the second term on the right-hand side of
this relation is identically zero since it contains the
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expressions/9v,F(S, T) integrated over the complete space
of the velocities v,.

Thus,

D (ry—ry)
ary

T, D=2 3 (34)

m vy
(0]

F(8,73))

e

We apply the obtained identity in the case when F(S, Z)
=D(Z). Substitution of the Fourier representation (29)
in (34) gives

(Imesd (3))z

1 2id ael

m ovy 17 (35)

ik exp (ikry) v (%)
(k)

e

( Sexp (—ikr)) fJ)(E})
()

We now note that because the statistical equilibrium
of Z described by the Gibbs distribution D(Z) is spa-
tially homogeneous, the expression (exp(—ikr;)D(Z))s
must be invariant under arbitrary spatial translations:
r;—~r; +r. Therefore,

(exp (—ikrj) 2 (I))z= exp (— ikr) {exp (— ikr;) 9 (Z))y.

Since r is an arbitrary vector, (exp(~ikr, 5&)(2))5 =0 if

k+0, and, taking into account (35), we have

(T2 (T))z=0. (36)
Therefore, (22) is rewritten as
=210 (37

Further, we apply the identity (34) to the expression
(33). Taking into account (36) and (37), we obtain

K (1)= 7 - Q(1); (38)
Q(n)
= 3 (P erarayn DO (10 Ty o
Grin = 3

(39)

Here, we have also used the fundamental property
—w 7 IO=1L2 ). (40)

Substitution of (29) in (30) gives

AN =3 3 3 kv(Bv(k) € (k Ky, (41)

(ks R2) GG, 31)

where

€k, k1)

v,
1 al J
=(e:p (ikro) exp (- ikr ;) exp [(7T% + JTz) T] exp (ikro) exp (- ikary) ko ( et 'B_) E(I))z i

However, D(Z) is invariant under the translations r;
-r;+tr,j=1,2,...,N, where r is an arbitrary vector
of space.

Therefore,
& (k, k) =exp[—i(k+k,)r] € (k, k,),

from which it follows that &(k, k)=0if k+k,#0. Thus,
Wwe see that in the sum (41) we must retain only the
terms with k, =-k.

We note further that JI§ commutes with J r; and
JI; commutes with r. Therefore, the expression (41)
can be rewritten as
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Q(r)~W 3 kv? (k) exp (ikry) exp (T1T) exp (— ko)
(k)

x ( s‘ exp (—ikr;) exp (IsT) S‘ exp (ikry) k (
(6] )

7 (42)

m av —v_; ) 2(2))
Considering motions in the isolated system Z corre-
sponding to the Liouville operator JI;, we obtain

exp (J=T) D) exp (ikr;) (kv;) = D! exp [ike; (— T)] (kv; (— T))
(J) [6)]
= — 3 exp [ikr; (— T)]% (kej (—T))
(3)
=i Z exp [ike; (— 7)) =i— e\(p (T=T) ) exp (ikry),
) (6)]

which, with allowance for (42), leads to the expression

QUT) = 3 kv (k) exp (ike) exp (F13T) exp (—ikr)

k)

s {Un (N (ko ) +5 T} (43)

where

U, (M= (},_" exp (—ikv;) exp (J1:7) 2 exp (ikry) ¥ (2)):

= N (exp (—ikry) exp (=T) 2 5‘ exp (ikry) 2 (2))s= NR, (T);

Hﬁ(T)—(ew(—xkr,)e\p(*i T) e\p(mr,)-b( ) (44)

Introducing the mean density of particles
n=~XN/V (45)

and rewriting the expression (43) by means of (44), we
obtain

QT) = n= 3 kvt (k) exp (ikr) exp ((13T) exp (— ikeo)
(k)

(e maem (k) 255 o)

In this notation, our kinetic equation (33), (38) is re-
duced to the form

oo
s \ Q(t—1) fx (ro, Vo) d. (47)
We go over to the Fourier representation
e (g ¥o) =D exp (— i) fy (¢, vo) (48)

[T}

and note that

exp (ikr,) exp (3157) exp [—i (k+1) rg] = exp (—ilrg) exp (k+ I)vT.
In such a case, it is readily seen that Eq. (47) reduces
to separate equations for each component f;(, vg):

i

5 Q=0 fi(r, v)dr,  (49)

Al = i (ive) fy (1, Vo) + o

where

Q(T)

—n4 3 kvt () exp i (k+1) voT] {R,‘ (r) L
(R)

k_+éank(7')

v,

(50)

Carrying out the usual limiting process in statistical
mechanics and going over in (50) from the summation
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over k to an integration, we obtain

Qu (1) =z | B () exp i (k+1) voT |

i aRy (T)
x{Rh(T)'—r;kW-i--B— v ) d.

(51)

It is convenient to investigate Eq. (49) by using the Lap-
lace transform

[ exp (—at) futs v de = x (vo) .
0 .
z=e>0). (52)

(z=&—iw, Re

Applying Laplace transforms to both sides of Eq. (49),
we find

21,2 (Vo) = i (I¥g) fi, - (Vo)

+ i [ QU exp (=D AT (v0)+ 00, Vol (53)
0

fQ,(T}exp(—zT} dT*WS kve (k)
[]
x{

+ 5 K (k) { Se\p {li (k+1) vo—z] 7} 220 ar } dk.

e—ig

Ry (T)exp {[i (k+1) vo—2] T} dT'} = (k) dk

Vo

(53a)

However, on the one hand,

& 1 exp {li (k+1) vo—z) 7) L) g7 — — 2 1, (0)

o

o Lk 1) v, iz | B (D) exp (i (k+D) vo—2] T} 4T,

(U

and on the other, it follows from (44) that

B, 0) = ( ) exp (—ikry) S exp (ikr)) Z (),
] (J'l
which enforces fulfillment of the relation R ,(0)=R .,(0).
Since the function v(k) has, in accordance with (31), a
similar symmetry property, we readily see that

[ kv (R)R (0)dk=0. Thus, Eq. (53) can be written in the

form

zfy, : (Vo) = 1 (I¥g) fu, - (¥o)

+ )vﬁtk) { f Ry (T)esp {i [(k+1) vo—2] T} dT }
[}

ni ’1)’

X(Lki

Ll BB ay L (v0) 720, va): (54)

Note that the integral term on the right-hand side of
(54) containing v(k) is formally proportional to the
square of the small parameter. If we consider the case
of small z and /, then we can ignore the corresponding
terms in the integral and obtain the very simple ap-
proximate equation

21,2 (Vo) =1 (I¥g) fi. - (Vo)

n

o ) R (k di‘u) { R, (T) exp (ikvoT) dTk
0

% (o 7oz ) dKfues (Vo) + £ (0, Vo) (55)
It must be emphasized that Eq. (54) does not contain
terms of higher powers in the interaction, for which

one cannot preclude singular behavior in the neighbor-
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hood of 2=0, 1=0.” For this reason, Eq. (55) may not
give the correct asymptotic behavior of f1,:(vy) as 1-0,
z2=0,

On the other hand, it is interesting that Eq. (55) can
be obtained formally from the equation for the reduced
probability distribution

Hilteve) Yorgey Tt (00 ¥0) 45 | v2 (8 (K =)
x i Ry (Tyexp (ikvoT) dTk (o2 +30) dkfy (v, va), (56)

by using the Fourier expansion (48) and Laplace trans-
form with respect to the variable ¢, Therefore, the
two equations (55) and (56) are completely equivalent:
one of them corresponds to the (z, 1) representation,
and the other to the (¢, ry) representation. It is clear
that (56) is a typical Fokker-Planck equation for a
Markov stochastic process, Obviously, (56) also per-
mits the existence of a spatially homogeneous solution
Ji(vo), which must satisfy the equation

o

) s e (k%) i Ry, (T) exp (ikvoT) dT
Xk(%‘agg— “Bi) dk f (vo), (57)

which enables us to conclude that in the given simple
situation f(v,) approaches the Maxwellian velocity dis-
tribution as the time increases.

We have already noted that for I =0 the correction
terms to the solutions of (54) or (55) can become singu-
lar as z~0. Similarly, in the ¢ representation Eq. (57)
may not give the correct asymptotic behavior of the
difference f;(vy) = frau(vy) for sufficiently large t. This
question will be discussed in detail in Sec, 4.

We now establish some useful properties of the func-
tion R (T). We consider the equilibrium mean value for
the system Z:

et n)e, Miz=(p@E Np(0 )2 (@) (58)

where p(Z, r) is the microscopic density of the = parti-
cles: p(t, r)=2(1.;,.-,m6(r -14(¢)). Since the equilibrium
mean value is invariant under time translations, the
expression (58) is equivalent to

® (0, 1) p(—2, Me=(p(0, r)exp (Ixt)p (0, r'))s. (59)

In such a case, using the Fourier representation, we
obtain

(1) p (O, rYz=—r 3 exp [ik (r—r))]
(k)

X (E exp (—ikry) exp (JIst) 3 exp (ikr;) & (z)):
) (3
=ritgr 3 explik(r—r)]
(k=0)

X ( 2 exp (—ikey) exp (Jlst) 3 exp (ikr;) 9 (Z))
[&)] )

!

“Indeed, there are weighty indications that there is a large
probability for the realization of such a possibility.
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which with allowance for (44) gives

Ot Dp©, rNz=n24n - 3 Ry (1) exp lik (r—r')] (60)

k=0

or, in the thermodynamic limit V =, n=const,
(p(t, 1)p (0, r')>g=n=+(T’1',,-5 Ry () explik(r—-r)] dk.  (61)

Since the microscopic particle density is a real func-
tion, the left-hand side of (61) must also be real, and
therefore

RE(t) =Ry (). (62)

We now consider the integral term in Eq. (56) and
rewrite it as

p%j v (k) (k aiv,,') 4 { _\?R,, (T) exp (ikv,T) nT
0

+£ Ry (T) exp (—ikvoT) dT } k (4 =) dk £y (ro. Vo).

However, the relation (62) leads to the equation

-+ j By (1) exp (ikvol) dT + | Roy(T)exp (—ikvo7)dT }
0 [}

=Re j Ry, (T) exp (ikv,T) dT.
[1]

Finally, Eq. (56) for the reduced probability distribu-
tion can be rewritten as

2&%‘: _VOT‘:;"ft (l"o, "D) + m (;ﬂ}u J‘ vﬁ("') (k
X ﬂ(kv,,)k(”%a% ) dik fi (vo, Vo), (63)
where
F () =Re 5 Ry () exp (iot) dt. (64)

]

We see that we must determine the function (64) in
order to have a completely defined equation. In Sec. 3,
we shall sketch a method of explicit calculation of this
function in some frequently encountered situations.
Here we merely point out that the equivalence of (58)
and (59) enforces fulfillment of the equation R ,(—t)
=R .(t), which leads to the relation

F(w)=— j Ry, (1) exp (iot) dt. (65)

In such a case, since F(w) is the Fourier transform of
the equilibrium mean value of the correlation function
of two conjugate dynamical variables:

R, {t):—%- ‘lrl‘rg % <Z exp (—ikry) exp (JIst) ) exp {ikr_,)>2, (66)
7] o
we have
F(0)>0. (67)

We now analyze the following example: all conditions
are the same, but instead of the regular interaction (8)
we consider an interaction between impenetrable
spheres. In this case, we must take

-Hint= fr?g[u (68)
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where the concrete form of J%' ig given by Egs. (10)
and (11).

In Sec. 1 we have already noted that the fundamental
Liouville equation (18) gives an exact description of the
dynamics of the system, provided that unphysical over-
lapping configurations are eliminated. Of course, if
nonoverlapping configurations were absent at the initial
time ¢ =0, they could not arise at subsequent times t
#0. Therefore, we must impose the condition Dy(S, Z)
=0 (for ¢t =0) if for at least one j of the set j=1,2,...,
N

Iro—r;|<a. (69)

If this condition holds, it is automatically satisfied
for ®, when t >0.%

The difficulty that arises is now obvious as soon as
we attempt to use Eq. (27) with JI;, given by (68). An
important part of the derivation of this equation was
the use of the initial condition (2), Dy(S, Z) =f(S)D(Z),
and such a form of D, precludes imposition of the con-
dition (69). Therefore, the probability of overlapping
configurations is not zero. Nevertheless, we shall use
the equation of overlapping of the diameters of the par-
ticle S and a particle of the system Z proportional to
the small quantity #z®, assuming that the part played
by this overlapping is negligible if we calculate for
this equation the contribution of the corrections in the
case of low density, especially when the [ in f,(Z, vo)
are sufficiently small and ¢ is sufficiently large.

Further, in Sec. 4, we propose a different form of
the choice for Dy(S, T) which automatically eliminates
overlapping configurations and which will therefore give
an q posteriori justification of the procedure we have
used here.

In order to particularize the approximate equation
under consideration, we first substitute (7), (10), and
(11) in Eq. (22):

TMg= T8+ u<,2< o (T, N Z (ENe="%+N (T (0, 1) D (2))s. (70)

We note that the equilibrium distribution D(Z) for the
classical dynamical system Z has the form

DE) =W (ry.oory) [ O, (1)
(1sjiEN)
where
®s (v) = (%)m exp (—Mu?/20); jq:g(.;) dv=1 (72)

is the normalized Maxwellian velocity distribution.

Y We emphasize that the expression (11) for T (0,1) can be
used only to study the evolution of D, for ¢>0. But if we
wish to investigate this evolution for the opposite time di-
rection (¢ <0), we must use a different form for T(0,1).

The direction of the time in these operators is particularized
by the convention of whether v and v* are the velocities be-
fore and after collision or whether they are taken in the
reverse order. A more detailed discussion of this question
can be found in Ref. 4.
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The normalization condition f D(Z)dQ; =1 leads to

5 Wty .onrty)dry .. drg=1. (173)

We consider the equilibrium mean value of the micro-
scopic particle density in Z at the point r:
n=(p@pPz= 3

isjsN

=Nj 6(:-:,).@(2)&9,;=N5 8(r—r) Wds; ... dry.

56(:-4,‘)9(2) a9

Taking into account the requirement of spatial homo-
geneity, we see that this mean density does not depend
on r and, therefore, N[ 8(r —r,)Wdr,...dry,=n. By
virtue of this relation, Egs. (11), (71), and (72) enable
us to conclude that

N{T O, )2 (D)z=na* | (Vo,10) 0 (¥o, 10) {Buo.u (@) —1)

X Dz (v,y) dodvy, (74)
where
; 1 for >0

9(‘)={ 0 for <0.

We have therefore arrived at the Lorentz-Boltzmann
collision operator acting only on the function v:

N(T(0, 1) Z (2))sf (5)
= na* 5 (¥o, 19) 0 (vo, 10) {Bxq, v: (0) — 1} Dz (v4) f (Toy Vo) nO dvy.

It is convenient to introduce the notation
1(8) =%(8) Dy (vo)s (75)

where ®,(v,) is the normalized Maxwellian distribution
for S:

D, (g) = [m/(210))*'* exp [—mu/(20)].
Then, remembering that

By, v (0) @ (vo) P (v4)
= [m/ (220)*" [M/ (2281 exp { —mv*?/20 — Mu}*/26)
=M, (v) V= (14), 3 ('76)

we obtain from (70)
Tsf (S) = ILsy, (S) Do (o)
=@, (vg) { —vo 2 natLy }, (1)
where
Lk =j‘ (¥o. 10) 8 (¥o, 10) D () {Buo, r1 (6) — 1} % (o, Vo) dOdvy.

We return once more to Eq. (27), which we represent
in the form

3% a7 9
daft fl:;)t Vo) =Dy, (1) { —v Al(;:n Vo) +nastx}
£

+ [ K (6= e (ro, o) Do (00 dr.
]

(78)

where
K(t)

= (2.; T (0, jyexp [(Ms+JIs) 8] (‘;} (T (0, H—(T (0, 1) T (2)=B(Z))x
1

N (T (0,1) exp (JIst) exp (JIst) (Zj‘;(f (0,)—(F(0, )& (£)) 2 (Z))z-
(79)

N. N. Bogolyubov 321



Note that here JIg commutes with JIz and in the general
case JI; commutes with the variables p, whereas
JIz commutes with the variables Qs.

To simplify the expression (79), we use the Fourier
representation

S(r—rj)= g exp [ik (r—rj))/V
and obtain
T, j)= ZJ exp [ik (tg— ;)] T (o, v))/V, (80)

where

Taoo ) =6 [ (v0, )0 (v, 0) (exp [ — i (ko) By, o, (0)
—exp [iz (ko)]} do;
1 a0

a("’={ 0; ‘el

On the other hand, using the identity (76), we find

(81)

T (v0r v7) % (xo, ¥o) Dy (o) Z (D)
= {ﬁ‘ (vor v5) % (o, vo)} @ (1) & (2).

The upshot is
K(t)yM,=n j T(0, 1) exp (JIgt) Q (0, 1) dr, dv,,
where

QO.1)= 3 [ exp (Tst) 3 exp ik (ro—r,)]

(k=0) )
X ATy (vor vy) 1} Dy (vo) Z (Z) drydv, ... dry dvy

+ 5 exp (JIst) 3 {T_'u (vo, v} %
[6)]

— [ {To o, v ) ©2(0) dv, } By )
X @(Z)drydvy ... drydvy.

The first term on the right-hand side of (83) can be
r.presented as

(83)

Q4 (ro, Vo3 Ty, "1)=(ﬁ§“) Q1 (k; rq, Vo3 1y, ¥) exp (ikro);

Qs (ks 7o, Vo IyVy) = j exp (JIxf) ) exp (—ikr;) {
; G { (84)

X AT (vo, 1)1} Do (ve) W (4, Ty, . . 1) |

X [ @=(u))dradv,...dry,dvy. j

<ig<N)

Let r be an arbitrary vector. Changing the variables
of integration through

Fg == Tp-}F, ...,Ty = Cx-}T,

we obtain

Qi (k5 roy Voi 1y, ¥y)
=exp (—ikr) 5 exp (Jgt) )
(i<isN)
X Tk (vos )7} @0 (vo) W (ry+1, T2, ..., Iy +r)
x JI ®z(v)drydv,...drydvy.

(1<j<N)

exp (—ikry)

However, because of the spatial homogeneity, the
function W(ry +r,...,ry + 1) is equivalent to Wi,
TN)' ThuS,

exp (ikr) Q, (k5 o, Vo, ry+r, v,) = Q4 (k; xo, Vo3 1y vy)-

For r=-r,, this gives
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(82),

Q1 (5 xy, vo3 1y, vy) =exp (—ikr,) Q, (¥ rg, vo3 vy),
where
Q1 (k5 roy Vo3 Vi) =Qy (k5 1o, vo; O, vy).

Considering the second term in (83), we find by the
Same arguments that it does not depend on r,:

] exp(flst) ) % (v, voi v;) Mg (vg) @ (Z)dradvy ... drydvy

(1<isN)
= Qs (ro, ¥o; 1), (86)
where we have introduced the abbreviated notation
% (k0 ¥oi ¥7) = T (v, vj) 7(re, Vo) -
= § (Foo, v 20 vo)) Vs e av,. (81}
Note that the function % satisfies the equation
I % (X, Vo v) Oz (v) dv =0. (88)

Summing now our results (82), (85), and (86), we obtain

K()y®y=n 3 j T(0, 1) exp (— ikr,) exp (7Tt) exp (ikry)
(k=0)
X Qy (ks ro, vo; vy)drydv,

+nj T (0, 1) exp (Tst) Qs (x, o3 vy) dry dvy.
On the other hand,

§ 700, 1) exp (—ikry) dry = 7., (vo, v exp (—ikey)

and therefore

K(t)y®o=n 3 5 Ty (vo, v4) exp (~ikry) exp (Jst) exp (ikry)
(h=0)

X Q@ (k; g, Vo3 vy) dvy

+0 Ty (oo, v3) exp (st) Qs (ro, vo; v,) dvy. (89)

We can now transform the expressions for @, and @, to
a more convenient form.

We consider the integral

j exp (Mxt) 3 — exp (ike;) 8 (vj—v) Z () drydvy . . . dry dvy.
(1sjsN)
Using the arguments given above, we find that it de-
pends on r; through exp(—ikr,), and therefore the func-
tion Uy (¢, vy, v) can be determined as follows:

j exp(Wlzt) 3\ exp(—ike))8(v;—v) Z (Z)drydvs. .. dry dvy
(1<isN)

=exp (—ikry) %@: () Uy (£ vy, ¥). (90)

Naturally, U, depends on V. The relation (90) leads to
jexp (Tt) 3 exp(—ikey) @ (v)) Z (Z)drydv, ... dry dvy

(1<i=N)

= exp (—ikry) ‘i D (vy) 5 Uy (t; vy, v) @ (v)) dv]. (91)

It is convenient to regard the expression U)t, v, v{) as
a matrix representation of the operator U,(¢; 1) acting
only on the function v, in accordance with

Ut )= [ Un(ts vi, v F (¥ ;. (92)

Thus, we can write
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5 exp(lzt) D) exp(—ike) @ (v) () dradv, ... drydvy

(1=j<N)
= exp (—ikry) - @z (0) Un (i 1) D (@0)- (93)
Taking into account (85) and (86), we have
Q1 (F; o, ¥oi V1)
= Dy (v0) P (v0) U (&5 1) T (w6, ) % (Fo, vo);
Qa(ro, Vo3 1) = Do (Vo) Dz )5~ Uo (s DT (rar Voi ¥1).
These expressions must be substituted in (89). We

transform first the expression of the type exp(JIst)®y(vy)
h(ry, ¥y) in (89). Using (77), we obtain

exp (Ist) Do (o) 2 (ros Vo)
=My (1) exp [( —V¥ dir‘, + mlst) t] b (xq, Vo)-

We note also that ®5(v,) commutes with exp(JIs¢) and
T s (vor £9) D (1) @z (v4) = Do (10) Pz (01) T (s 21).
With allowance for this, we finally obtain from (89)

E(1)7(5) 0o )= Do ) n = 3 § vy @x (00) Top o, v1)

(h+0)
; ’ ; oo d@ 5
% exp (—ikrg) exp[( —¥p a—ro+na Ls) t]
X exp (ikrg) U (¢, 1) T (v0r ) % (ros ¥o)
+®y (o) n - [ vy Dz (w) To(vor 1)
W exp [(-—\'0 T‘z_;——:—nast) t] Uo(t; 1)7 (ro, ¥oi Vi)

and we thus reduce Eq. (78) to the form

31 (Tos ¥o) BELDE sty
S B { —Ng ,-,—,n‘r"ﬂ'Ls} % (ro, Vo)
t
1 =
+no F. 5 It S dvy @ (vy) T (vo. vy) exp (— ikrg)
(B=0) 0

X exp [ ( —Vg oir,, +rm=LS) (t ——'r)]
% exp (ikrg) Uy (t—7; 1) Ty, (vor 1) 1< (Tor Vo) (94)

1
tn | de [ avi s ) o (v, o)
0

X exp [( —v, airo+na1Ls) (t—--r)] Up(t—r; 1)

X ¥x{Fos Vor Va)s
fu(xoy vo) = Dy (wo) %1t (ro, Vo)-

We note that

exp (—ikrg) exp [ ( — Vg 7':?+‘na2Ls) (t—&)J exp [i (k+1) 1)
= exp (ilr,) exp [(— ivy (k+ 1) +na®Lg) (t —1))-
In this case, it is easy to see, applying a Fourier trans-
form
%t (For Vo) EF:T S exp (ilrg) %z (t Vo),
@

that from (97) for each component x; we obtain the
equation

(95)

2l ¥ (i (vy) +na®La) 1 (£ Vo)

t
+ n":,-— o s dt S vy Oz (v3) Ty (w0, 1)
(ke0) 0
x exp [(—ivo (k+1) +na®Ls) (¢ —1)]
X Uy (t—1; 1) Ty (vor 04) %2 (T, Vo)

g | dn { i@z () Talwo, v)

St

5 exp [( —ivol + na?Lg) (E— )1 Uo (t— 1) 1 (T, Vo, Va)- (96)
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In particular, for I=0

51(:3-‘ = =na*Lgy (t, Vo)

LI

1
+HT 2
(ks£0) 0
% exp [( — ivok+na*Ls) (t—1)) Uy (¢ = 1) T (v, v)
t
X (T, vo)+n —:—S dt S dv, Dx (vy) i-’—'u(vu, vy)
v .
 exp [na?Ls (t— 1) Uy (t—1; 1) X (T, Vo, V4)

dx | dv, ®s (o) Top (0, v1)

(97)

In these equations, the kernels of the integral expres-
sions [ ...dT are functions of t-7; we can therefore
use the Laplace transform method.

For later actual use of these equations, we must es-
tablish the explicit expressions for the operator U(f; 1),
which is determined solely by the dynamics of the iso-
lated system Z. This problem will be considered in
Sec., 3. Here we note only that, using the operator U,
we can calculate the functions Rg(f) in the expressions
given above. Indeed, from (44) we obtain

Ry (T) =V exp (ikry) S exp (JsT) E exp (— ikr;)
)

XD (Z)dvydradvy ... drydvy (98)
and using the definition (90) we obtain
By (1) = | @z (00 Up (T; v, ¥)) dvydv;. (99)

SECTION 3

In this section, we concentrate our attention on study-
ing equilibrium correlation mean values. Let Z be a
dynamical system whose behavior is described by clas-
sical mechanics and whose canonical distribution we
denote, as before by D(Z).

We consider a dynamical variable as a function of
the point of phase space, U= U(fg), and denote it at
time t by U(t) = U(R(f)), where Qg(#) is the solution of
the dynamical equations whose value at the initial time
t=0 is equal to Q, i.e., 25(0)=Q;. Note that for a
general nonequilibrium distribution D«(Z) satisfying the
Liouville equation 8D,/dt =J;D,, D:=D, for i =0, we
have the well-known relation

ALy = j 20) Qu(z)dgz=j U (Qx) By (Z) dQx. . (100)

We now investigate the equilibrium correlation mean
values of two dynamical variables:
UDOBEN=(UNHF DD 2I):= 5 9 (t) # (1) D (2) dQs. (101)
The invariance of such equilibrium mean values under
time translations gives

ALt B (D))= (1 (t—T) B).
Thus, the Fourier integral of this quantity can be writ-
ten in the form

+o0

@A) F ()= S Ty, g (©) exp[—io (t—1)] do.

-0

(102)

As in the quantum-mechanical case, we have the well-
known inequality
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Togs g (©) 0. (103)

In the quantum-mechanical treatment of problems in
statistical mechanics, a very important part is played
by the method of two-time Green’s functions defined by
the relations

Gret“—"')'_—‘e(t'*'f) Uy, £:) } (104)

Gaav (t—1) = — 6 (v— 1) (1%,, B.]),

where [..., ...] denotes the quantum-mechanical
Poisson brackets. N. N, Bogolyubov, Jr., and Sadovni-
kov in Ref, 6 extended this method to classical mechan-
ics. Their definition of the two-time Green’s functions
is also given by the expressions (104), except that the
Poisson brackets (104) must be understood in the classi-
cal sense. They introduced the function

(€ =55 | Ty, 3 () =S o,

—w' =V

(105)
Wwhich is regular in the whole of the complex plane of
the variable v except for the real axis. The function
(105) determines the frequency representation

€U BNs* =g | 6o (tyexp(iot) ar

-

of the retarded and advanced Green’s functions by
means of the relations

(U BNo= (U, BNorion; }
1
(U, BNo=(U, BNo-i0n (108)
which leads to the result
o, 8 (@) =i - (L BYasi00— Uy BNo_i00). (107)

It should be noted that one must first make the usual
passage to the limit V == of statistical mechanics and
then perform the limiting procedure of taking the vari-
able v to its values on the real axis,

We make some comments concerning the possibility
of effective determination of the Green’s functions.
One of the methods developed in Ref. 6 can be briefly
summarized as follows.

To the Hamiltonian Hy, we add an infinitesimally
small term whose explicit time dependence is given by

8H == exp (et —iot) F (Qy) 6. +exp (et +iwt) #* (Q) 62*,

e>0 (108)

so that H,=Hy + 6H. Note that because of the choice of
€, 6H;~0 when { -—,

We proceed from the corresponding Liouville equa-
tion
0Dylat = Tz Dy -+ [8H,, D;)
with initial conditions as t ~—: ©__.=9(Z). In other
words, as f-- % we have statistical equilibrium and the

infinitesimally small perturbation (108) is switched on
adiabatically. Of course, D,=9(Z)+ 6D,

In this case, if we consider the time average of the
dynamical variable U=U(R;), we find that
(U= (Weq 46 (U, (109)
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where

8 (U)y=exp [— (0 +ie) it] 2 (¥, B arie 88
+exp[—i(—o+ie)t]2n U, B*) ot 10 OE*.

Thus, to obtain the expression for the Green’s function
in the upper half-plane of v it is sufficient to calculate
the variation 6(), of the time average of the given var-
iable induced by an infinitesimally small perturbation
of the form (108) in the Hamiltonian,

Note further that, as a consequence of (108), Iga (w)
=dy g(-w), whence

€y BNacte= (B, U-wpie- (110)

Therefore, the frequency representation of the Green’s
function in the lower half-plane can be obtained in ex-
actly the same way by interchanging the roles of U and
®. The method proposed above is very fruitful, es-
pecially when one is dealing with the so-called hydrody-
namic approximation. However, we shall here have
recourse to a different procedure associated with the
Laplace transform method, which is now widely used

in statistical-mechanical problems of classical systems.
By means of the expression for the distribution in a
state of statistical equilibrium, D(Z)=2" expl -Hp(Rg)/
6], we readily establish

(U@ D @)= = FL0; Hol D ()= — L 2O 55,

In such a case, the identity [u(t); ®}(Z) + [u(t); D(Z)]®
=[u(t); ®D(Z)] satisfied by the Poisson brackets and
the relation ([U(t); @D(Z)])z =0 lead to

WU B0 =T 21BNz = — 5L (1) ).
On the other hand, (104) and (105) give

€U, ENae= 5 | expl(—e+io) Q2 (), 2 dt,
0

from which it follows that

€Uy Bove=g7 | exp(—20) L) By at, (111)
0
where
z=g—jo (112)
or
Uy Bore= 5o {2 exp(—m)y %) a—UZ}.  (113)

0

Taking into account (110), we also obtain

€U, Bo-e= g { [ 2 exp(—zycu (1 Ba—uz}. (114)
0

We see that the Green’s functions in the upper and low-
er half-planes can be directly determined by means of
a Laplace transform of equilibrium correlation mean
values of the type

(U By, t>0, (115)

To reduce the problem of finding such correlation
mean values to the problem of calculating equal-time
mean values, we proceed from the standard Liouville
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equation

5E,f6t= ﬂ:m" 1}0 ] (116)
with the initial condition
Ty=7 (B)+F @) 8, t=0, (117)

which means that the initial expression for D, (for ¢
=0) differs only infinitesimally from the equilibrium
distribution, In this case, D,=D(Z)+ 6D, and, using
(100), we obtain

8y = 5 U () B (T) A0 = (U (£) Fleq 08

= | w8z, dos= S W exp (TTzt) B D (Z) ds & (118)

Note that in the framework of this approximation we
are dealing with a Liouville operator JIz which does not
depend on the time. The variation is introduced, not in
Jz, but in the initial value D.

To investigate a more concrete situation, we shall
consider, as in the previous section, a dynamical sys-
tem Z consisting of N identical particles of mass M.
Further, we shall assume that the Liouville operator
has the form

Az nfgér\') L us:‘.égsmﬂj“ in (119)
where

28 = — vid/ar;, (120)
and

T, 0= 50 50 . (121)
or

Ay, 5= 5050 (122)
or

PP P o (123)

(the notation is the same as in the previous section).

We now concentrate our attention on the method of
reduced distribution frunctions in the form already de-
veloped by myself and set forth in the monograph of
Ref. 8. These reduced distribution functions are intro-
duced as follows: .

F it )=F((t; v, v)=V 5 D, drydv, ... drgdvy;

Fy(t; 1, 2)= Fq(t; vy, Vy; Ta, Va)

=V (1—1/N) 5 Dy drydvs . .. drydvy;

Fo(ti1,2, oo, 8)=F, (£ Ty, Vi5 «o oy Taa Vs)

— T A —1/N) ... [1+ (1 —s)/N] 5 Dy ey @Vesy. . . diy dviy.

(124)

Because of the symmetry of Dy, the F are symmetric
functions of the phases (1),...,(s). Since D, =exp(JIst)
D,, we can also write

Fy(t; v, v)=V S exp (JIst) Dodrydvy . .. dry dvy. (125)

It is readily seen that the functions Fy(¢; 1), Fylt; 1,2),
... give, respectively, the probability density for
finding one particle with the phase (ry, v,), two parti-
cles with the phase (r, vq; Ty, V»), etc.
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We consider the additive dynamical variable

U= 2 Ary vy (126)
(1<j<N)
Proceeding from the definition (124) and using the
symmetry properties, we find
(‘wc=" S A(ry, ) Fy(t; vy vy) drydvy, (127)

or, in a more compact form
- quy=n [ A) Fyt: D).

Similarly, the mean value of a dynamical variable of
binary type can be expressed by means of Fy(t; 1,2),
ete,

The Liouville equation leads to the hierarchy of equa-
tions
. OF (t; 1)/ot=JIF, (8 1) )
+n S I, oFy (551, 2)d(2);
LOFy (8 1, 2)/00 = (I + T2 01y, o) Fa (81, 2)
+n [ (a4 Ta, o) Fa (1, 2, 8)23);

e 8 o8 os e s cca 0w s m aoeos 4 s 4 w8 s 8 s oso

OF,(5 1, 2., )0
-{ 3 ars .3 Jl,-l,,-,)F,(t;i,2;...,s)
u<i<s) (1€i1<i<N)

+u$ S Ty P 1,200 8 54 D) d (1)
(1=j<s)

(128)

When we deal with the reduced distributions F,, it is
usually assumed that for V~, N/V =n=const they
have definite limits that also satisfy Eqgs. (128).

In the case of an equilibrium distribution, this as-
sumption was rigorously justified for a large class of
physically admissible short-range potential functions
Q(r) if the particle density is sufficiently low.” Under
these conditions, the analyticity of F, as a function of
n was also proved.'

Note that investigation into the behavior of the equili-
brium F, is greatly simplified by virtue of the fact that
they factorize: :

o (Lyisvan B) =y omic r,)(l;[j[; )d’;(v,). (129)
So far as we know, the behavior of nonequilibrium Fj
has not been studied at a mathematically rigorous level.

We now consider Egs. (128), going to the limit V =<,
From the formal point of view, we arrive at a system
of linear equations for the reduced distribution func-
tions F,. It must, however, be borne in mind that not
all solutions of these equations are physically admis-
sible,

We take, for example, Fy(t; 1,...,s) and combine
the indices 1,...,s into I groups [j],...,[j;] contain-
ing, respectively, sy,...,S; numbers: Fi(t: Lsisns9
=Fyyreucsaylts lglseessli D), s=sy+oee +5;. We assume
that the distances between the particles belonging to
different groups tend to infinity. In this case, it is
natural from a physical point of view to expect the cor-
relation between the sets [4,],...,[j;] of the particles
of the system Z to vanish:
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F’-+---+l| (t; Ul]! ..
when

o U =Fo (6 1) s Fo (5 (31 ~0,  (130)

|l'jp—r:i,,-|""°°; B P=4y vy i jpEljp]; fp‘E”ﬂJ']-

These relations, which express the fundamental prinei-
ple of correlation weakening,® can be regarded as a
certain kind of boundary condition? imposed on F..

Of course, these boundary conditions are nonlinear,
To make them linear,® we introduce Green’s functions
G,(%;1,...,s) (s =2, 3,... ), setting

Fy(ti 4, 2)= Fy (5 1) Fy (8 2) 4 G (15 1, 2);

F3(t;1,2,3)=F, (5 1) F (1; 2)Fy(t; 3)

+F (5 14) 6o (8 2,3)+F, (8 2) G (11, 3)
© HF (5 8)Ga(ti 1, 2) 4G (23 1, 2, 3).

(131)

In such a case, (130) leads to the linear relations

Gy(t; 1, 2)—>0, if [Ty —rp | = oo;
Gi(t; 1, 2,3) >0, ‘ }
if max{|ry—ry|, |r,—ry), [Ta—r3} = oo,

(132)

Using the definitions (131), we arrive at a hierarchy of
nonlinear equations for F,, G,, Gy...:
aF (t; 1)/at=JIPF, (1; 1)
+r § T a(Ful O Fi (6 246,05 1, ) 2);
Gy (t; 1, 2)/0t = (JI® + 1P + 11, ) G, (t; 1, 2)
FM Py (G ) Fu (8 2)+n [ I (Fy (6 3) 6y (11, 9)
+F (5 1) Go (15 2, 3)+Ga (55 1, 2, 3))d (3)
Ln j' T, o {Fy (8 3) Ga (85 1, 2)+ Fy (4 2) G, (8: 1, 3)

(133)

We now turn to the problem of calculating equilibrium
mean values, We have to deal with two dynamical var-
iables of additive type: U=2i<;«mA(j) and ® =23,«,
<)B(j), for which

§ By F () aqt)—o, (134)
or, equivalently,
(B)eq=0. (135)

We consider a solution of the Liouville equation that
-differs only infinitesimally from the equilibrium Gibbs
distribution:

=D (2) +59,, (136)
proceeding from the initial distribution
To=D (3) + 8Dy,
89= ¥ B(j)e, } (137)
(I=<j=N) 3

and we introduce the corresponding reduced distribu-

O a purely mathematical discussion of the properties of the
system (128) there arise various difficult questions; for
example, in what sense must one understand the relations
(130); what other conditions imposed on F s must be taken
into account; which initial conditions at # =0 must be im-
posed on F_ ?
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tions
FE () +8F (8 1); ... Feugy, cen ) OF, (11, ..., 8); ...

Then in accordance with (118),

W) #)85=n [ A1) 6F, (1; 1) (1), (138)
and Eq. (125) gives
8Fy(t 1)=V 5 oxp (JTst) 6 (Ze) d(2) ... d (V). (139)

Variation of the relations (131) enables us to intro-
duce 8G,(¢; 1, 2);...8G,(¢; 1, 2,... ,8). Note that varia-
tion of the nonlinear equations (133) leads to linear
equations for 6F(t; 1); 8G,(t; 1, 2),...8G,(t; 1,2,...,8);
« ., in Which the coefficients depend on the equilibrium
functions,

We now turn to the derivation of initial expressions
for these variations, Thus, from (136) we obtain

(1/88) 8F, (0; 1) =B (1) F, (1) +-n (1 — 1/V) {BE) R, 3)a3);
(1/88) 8F, (0; 1, 2)=(B(1)+ B (2)} Fa (1, 2)
+n(1—2/N) j B(3)Fs(1, 2, 3)d(3),

where for brevity we have omitted the index eq. of
Fy1,...,s). With allowance for (134),

JEOFW 340 =[ B (R, 9—F @) PG} ()
=[2@6:01, 323

and therefore
8F, (0; 1)= {B(-:)F,(1)+n(1—mv;j B(3)Gy(1, 3)d(3) } 6.

We also have
86, (0; 1, 2)="8F, (0; 1, 2)— F, (1) 6F, (0; 2)
—Fy(2)8F(0; 1)={B(1)+ B (2} G (1, 2)
+n (1—1/N) jB(B)[Fs (1, 2, 3)—F, (1) F, () F, (3)
—Fi(1) G2 (2, 3)—F((2)Ga(1, 3)—F,(3)G5(1,2)}d (3)
— /) [ BE(F.(1, 2, 3= Fo (1, 2) F,(3))d3).

Thus, ignoring terms of order 1/N, we obtain

8G, (0; 1, 2)={(B(1)+3(2))Gz(1. 2
+n j B(3)Gy(1, 2, 3)d(3)) o

..........

As we noted earlier, we consider here only the case
when the state of statistical equilibrium in the system
Z is spatially homogeneous. Therefore

Fy (1) =Dz (vy);
G (1, 2)= gy (ry—r3) Oz (vy) Dz ();
Gy (1, 2, 3)=E5(r|'“rav rp—r3) O (1) Oz (1) Dz (vg)

In such a case, we see that the condition (134) can be
rewritten in the form

IB(r. v) @z (v) dr dv =0. (140)
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Also,

57,0 ) =0z ) { By, vo+n | g2 (ti—m) Blr: V)
X O (va) dry dva | O8;
5G1(0; 1, 2)= Dz (z)) Dz (ve) { (B (11 ¥)+B (r21 va))

(141)
X ga(ry—rs) +1 S g3(ry—rs r2—Ty)
X B (3, v5) O (vs) drs dv,} 8t
We now consider the special case when
B(r, v)=By(r, v)=exp (—ikr) ¢ (¥), (142)

and we note that for 2+0 the condition (140) is satisfied’
automatically and for k=0 this condition requires ful-
fillment of

S 3 (V) @z (v)dv=0; ¢ (v)=2B,. (143)

Then
8F, (0; 1) =exp (—ike) @z (oy) { $ (Vi)
+n{ g@exp (knydr | () (o) av} & (144)
and

BG: (0- l"+l', AT l'_,+l‘,)
= exp (—ikr) G, (05 Ty, Vii .-+ s V).

Since the linear equations obtained from (133) for
SF (t; 1); oee 8G,(t; 1y cuuy 8)5 orey
are invariant under spatial translations, we have

8F (t; 1) =exp (—ikry) @y (¢, v4) 83
BGE (t; 1'!-{-1', Vi aee rs+r, "a)
=exp (—ikr) 8G, (8 Ty Vi3 oo0 o vs).

(145)
Here, ®,(, vy), like 8G,, are linear functionals of ¢(v).
Using the relations (91), (137), and (139), we obtain

Ot =Dz ) § Ua s vio ¥ $ (D 8%, (146)

where for £=0 the condition (143) must be satisfied. It
also follows from (99) that

Ry ()= S @, (t, Vo) dpy for ¢(v)=1, k0. (147)
We now turn to the case when
I, 2=JI(:§): Type =00 (143)

We recall that to reduce the previously formulated
approximate equations (56) and (57) or the kinetic equa-
tions to a completely definite form, it is necessary to
calculate R,(t) (¢ #0) explicitly. Inthe case

1 coll
Ty, =054 = ) e

(149)

the corresponding approximate equations (96) and (97)
become completely definite if we can obtain explicit
expressions for Uy.

Thus, we see that in both cases (148) and (149) we
must calculate explicitly @ (¢, v,). To achieve this aim,
we restrict ourselves to the simplest approximation in
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the system of nonlinear equations (133) and consider
only the first of them, ignoring the correlation function
G,(t; 1, 2). In such an approximation, we are dealing
with only a single nonlinear equation

aF, (t; 1)/at=IF, (z;_1)+n5n,,zn t; D F (5 2)d(2). (150)
It is obvious that for (148) this equation goes over into
the well-known Vlasov equation

OF, (t; 1y, ¥)/Ot=—v OF(t; vy, v,)/dry

s (| @ u—ryp s ) E1GN, (151)

where
plt; )= S Fy(t; r, v)dvy.

A single-component Vlasov equation of this type is used,
for example, to describe the simplest model of an elec-
tron plasma, namely, a classical electron gas consist-
ing of negatively charged point particles in a compen-
sating homogeneous positively charged background. In
this model

@y (r)=edr. (152)

Note that for the state of statistical equilibrium Pea

—1. To take into account the external field due to the
positive background, it is necessary to subtract the
constant charge density from the charge density of the
electrons. This leads to the replacement of the expres-
sion (151) for the particle density by p(l; r)= Rt x;
vy)dvy =1,

In the state of statistical equilibrium, the total charge
density is zero, and, therefore, the equation for the
variation is

GOF, (3 vy, V)0t = —v 8OF (£; 1, V)/0ry

o Uik @l e am; (vy)

i | Dy —ra) 89 (8 1) dre 5 (153)

Since we are considering here the case ¢(v)=1, and
since in the adopted approximation we must omit in
(144) the term containing the correlation function g(7),
we obtain

8F;(0: 1y, ¥y) = exp (—ikry) Oz (0y) 88

Equations (145) and (147) enable us to reduce (153) to
the form

3%, (r;v)
at

—ikv) {@n (5 W+ RO O | }

(154)
@y (0; ¥) =Dz (0)-

To solve this equation, we use the Laplace transform

ﬁCDh(t; v) exp (—at) dt =Dy (7 V), \
o
Rez>0; { (155)

==l

Ry (tyexp (—at)di= inﬁak (z, v)dv="Fy (2), l
0

which reduces (154) to

4mten

(z—i (kv)) By (2, v) =ikv—gz R, (2) Oz () + Oz ()

and for ® 4z, v) gives the expression
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a Ds (1) ik 4nely
Dy, (2, v)=—-—z__”h) :——Il{‘;ﬁ)— ;;,! Ry, (2) Dz (v).

Taking into account (155), we obtain

j Ry, (1) exp (—t) dt
Dy (v)

£—i (kv)

av {12

-]

j‘_—i:{:ﬁ—)-mz(v)dv}_!

or

j; Ry (t)exp (—zt) dt =5 Dz (v)

z—i(kvy)

riv}—1

It is the left-hand side of (156) that occurs in Eqgs. (54)
and (63).

We can now obtain a more definite expression for the
integral

g (v)
z—i (kv)

4meln
[

X dv{ 14+ sty I

o (Rez>0).  (156)

j Dz (v) dv/{z—i (kv)], (157)

by noting that here Q(v) is the normalized Maxwellian
velocity distribution. To this end, it is convenient to
choose the direction of the vector k as the direction of
the z axis in the integration space for (157).

Then we obtain

| @) avitza—i @) = (m5)" { exp (— Mu120) du (z — 1k,

Here

(z—iku)“‘:j exp [—7 (z—iku)]dr, Rez>0.
[]

. Integration with respect to u leads to the expression
(2—:‘{3— i _Texp[irku-—-Mu’/ZG] du

=exp (jt’k’u&), ueq =V 07231,
from which it follows that

@z (v)
j z—ikv

av= 5 exp (— 1z — uik®t?) dr
0

"‘:eq inexp (—_t ki:eq ) exp(-—-—'tz)d'l:
0

and, in particular,

. D3 (v) r
E‘?S E— 10— kv g iexp(—'r’)
Ot Foow [543
X {cosm+lsm Toreg }d‘[:

1 Vz w? 7 .ot
=l - exp[-—m]-i-liexp(—rz}sm B dt}.

Thus, Egs. (64) and (156) give

F(kvy) &
[4/(kueq)] {( V2 exp[—(c-v.,)'fdugq]-}-i! exp(—1?) sin [mt,f(kueq}]dt}

Re =
H—%{i-[(—':%“)] i exp(—12) sin [r%] d-r}

%] i[d'zv"J]/ﬁ exp[._

We now consider Eq. (63) for the case when a point

(o:v,)?
(4ugg) 1*
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particle S with charge Ze interacts with particles of the
system Z solely through the Coulomb law. Then

v (k) = 4nZe¥/i2, (159)

Substituting (158) and (157) in (63), we obtain a kinetic
equation of Markov type.

In a simpler approximation, an analogous kinetic
equation was found by Temko.? Its generalization to the
quantum case was considered by Klimontovich and
Temko.!" It is obvious that the main field of application
of this equation is to the description of the motion of a
charged particle in a classical electron plasma,

Note, however, that all our equations have been
derived from the general approximate equation (27),
which itself was obtained under the assumption that the
interaction between the systems S and T is weak.

If we assume that e? can indeed be regarded as a
small parameter, then in the denominator of (158) we
must omit all the terms except the unity since they are
all proportional to e and v%(k), quantities that already
contain this parameter. In this case, we obtain the very
simple expression

v A VR (0 v,)?
F(""ﬂ)-m—rexl’[“*ﬁ]-

which is proportional to 1/%.

In Eq. (63), dk =k’dkdg, so that the integration with
respect to % takes the form
dk

S:%-H%-kﬂdk= f 2

0
We see that it diverges logarithmically for both small
and large k. In the language of quantum field theory,
we have here both infrared and ultraviolet divergences.
It is easy to trace the physical origin of this divergence
to the Coulomb interaction which we are considering in
this case.

We note first that the potential energy of the interac-
tion between the particle S and the system Z is small
compared with their mean kinetic energy when 1/r
«<8/(1Zle?). In sucha case, a correctly calculated con-
tribution of the k space to the integral is obtained only
in the region where

k€ kmax=0/(]Z|e)2.

Second, it is necessary to take into account the charge
Screening in the plasma at large distances of the order
of the Debye radius. It is the neglect of this effect
which is responsible for the divergence at small %,

(160)

If we take the complete expression, including the
terms omitted in the denominator, we see that for small
k the function F(k-v,) is of order k, which annihilates
the “infrared” divergence. However, for % -

F(k-vD)«vﬁ;exr![—

(0:vy)? ]
4u:q

and for large k the logarithmic divergence remains.

Therefore, to make the integral on the right-hand
side of Eq. (63) converge, we can use a cutoff proce-
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dure, integrating with respect to k.in the interval
(0, kpae) instead of (0, +%).

In order to develop a self-consistent approximation
procedure, we do not have to adopt the cutoff proce-
dure ad hoc. We must improve our approximation by
separating out, for example, from the short-range part
of the Coulomb interaction a Liouville operator of
special type describing collisions. We shall not consider
this question here but turn to investigation of the case
(149).

Then Eq. (150) goes over into the Boltzmann-Enskog
equation for the interaction of hard spheres:

OF, (t; Ty, ¥y)/0t= — v, OF (8} ¥y, V)01
<+ nat j vy, 2+00 (v, 2-0) {8 (ry —r2—ao0) byys, (0)—8 (r; —rz+ 2,0)}

X Fy(t; vy, vy) Fy(t; 1, v2) dodrydvs. (161)

Here, b"1-"z(°) is an operator which is applied to the
function f(v,, v;) and replaces its arguments as follows:

(162)

Vi Vi =V;—0(V{,2:0); }

Vp— Vi = V3 + 0 (¥ 2:0),

where ¢ is a unit vector; a,=ag is the diameter of the
hard spheres that characterizes the interaction of the
Z particles.

It was pointed out above that when Ji; , =JIf ; and
@&.(7) corresponds to short-range repulsion it is possi-
ble to obtain for Fy(; 1) a kinetic equation that contains
an operator which takes into account collisions, using
for this purpose the second equation of the system (133)
and ignoring the term proportional to the particle den-
sity. Here, we shall treat only the simplest variant of
the Boltzmann-Enskog equation (161), which describes
the dynamics of hard spheres. The corresponding gen-
eralization of the discussion does not lead to any essen-
tial difficulties.

Varying Eq. (161) in the neighborhood of the equilibri-
um solution, we obtain for Fy(¢; 1) the equation

adF, (t; ryy vq)
at

-+ nag 5 (v4,2:0) 0 (v1,2°0)
% {8 (ry—rz —a40) by, v, (0) — 8 (ry— 12+ a0)}
5 [@g (v1) OF (8 va0 Vo) + Dz (v2) OF (85 Ty Vo)l do drp dvs.

a
= s 6Fy (t; vy, Vy)

(163)

As we noted earlier, the initial condition is given by
(144).

In the framework of the low-density approximation,
we must retain only the first term and, therefore,
bFi(D', Ty, v,) ZEXP(-" ikl'l) ¢(V!)‘I’E(’Ul).

From (145), we have 8Fy(f; ry, vy) = exp(—ikry )@ {t;
v,)6¢. Thus, setting here

@y (t; va) =Dz (y) X (5 V1), (164)

we reduce Eq. (163) to the form
SX YD) iy, X, (15 Vo) 4 2L (V1) X (85 V)3 (165)
Xy (0; v)=¢ (va)s (166)

where Ly(v,) is an operator applied to the function f{v,)
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in accordance- with the rule

Ly (v)) f(ve)= §(¥1,2-0) 8 (Vy,2-0)
¥ {exp [iao (k-0)] f (v3) — exp [—iaq (k-€)] / (va) + F (v)) — F (1)}
X ¢ (vg) Dz () do dvy.

To find the solution of (165), we introduce the Lap-
lace fransforms

exp (—2t) X (& V) dt=Xa (5 0);

(167)
exp (—at) @y (1; V) dt =Dz () K (55 0),

ot g o8

by means of which Eq. (165) with the initial condition
(166) takes the form (z - ikv,)%y(2;v1) =magL (v X,y (25 01)
+ ¢(vy). Thus

X (5 o) ={z—1(k v))—najLy (L)Y ¢ (1), (168)
Using (146), (167), and (168), we obtain
}D exp (—12) Uy (8, vy) dt = (s—ik-vi—naily (w)¥t. (169)

0

Here it must be borne in mind that this operator rela-
tion was obtained using the initial condition (144), so
that (169) is valid in all cases when k+ 0, while for &
—0 it remains valid only if applied to a function flvy)
satisfying the condition (143).

We recall further that each of the equations (96) and
(97) contains only one term with Uyt —7; 1). This
operator must be applied to some expression ¥, which,
as a fuiction of v,, satisfies the condition (143) if (88)
is taken into account. We note also that the mentioned
terms are proportional to 1/V. To be specific, we now
investigate Eq. (97). If we use a Laplace transform and
go to the limit V -, we arrive at the equation

(z—na2Lg (o)) % (2 vo) =1 (Vo)
+ g § k[ V@2 @) Toa o 00 Wa (5 1)

X T (vgy 1) X (25 Vo)s % (Vo) =%(0, Vo) (170)
where
Ls (o) f (vo)=  (¥0.4-0) 0 (¥,4:0) Dz (1)
% {Bs,. s, (6) — 1} dvif (vo);

(171)

0

7 (23 Vo) = S exp (—zt) 1. (t; vo) dts Rez>0;
°

Wy (zi 1)= | exp(—lz+ivok—naLs (o)) £} U (8, Vi) .
0
Since the operators ivyk —na’Ls(vo), #kevy+ naiL {vy)
act on functions of different arguments, they commute,

so that (169) gives
Wy (z, 1) ={z+1ve-k—na?Ls(vo) —ivy-k— natLy (vOyt.  (172)

In such a case, we can reduce Eq. (170) to the form

{z—na*Lg(vo)— R (5 v} % (3 Vo) =R (Vo) (173)
where
R(z Vo) = mp SdkS dv,@s (1) Top (or 01)
X {241 (Vo— v4) k—natLs (vo) —nagLy (v} Tx (wor 21)- (174)
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We now consider a function F(vy). Repeating the
arguments (see Sec, 1) that led us to Eqgs. (15)=(17), we
find

§ 7 (v @ (v0) (85 vy dvo={ F(vi) 1 (t; vo) dv,
=7 ) P00 v ddv,= L § Ftva(0; 20(s, 3)a0; a0,
= [ Fro®yu(ve) 30 (S, 3) a0y dos, :
where

Do (S, Z)=Dy (vg) Deq (Z)/V;
j -‘Dae (S- 2) dQsdQE= 1.

Thus, we see that the expression
F (o) (YoNae = [ By (ue) F (vi) 1.(15 vo) dv,

is a two-time correlation mean value taken with respect
to the approximately equilibrium probability distribu-
tion D,,(S, Z), which differs from the exact equilibrium
distribution D,{S,Z) for the complete system S+ Z by
neglect of the correlations between the particles of S
and Z,

But it must be emphasized that we are considering
here the case when the probability of collision between
the S and Z particles is small, % « 1, and in such a
situation we can, when calculating the principal term,
ignore the corresponding correlation effects. Thus, in
this approximation we can set

{F (vo (1)) % (Vo)eq= I F(vy) @, (”a)lx (t; vo) dv,. (175)
We take, for example, F(vy) =x(v,) =%y, then in the
adopted approximation
fesp (= tn 2000 @= [ g0 vo it v, (176)
0
where x(z; v,) is determined by Eq. (173), in which
X(vy) =V, x»

The validity of the approximations (175) and (176) is
discussed in Sec. 4, in which the initial condition for
DS, Z) is taken in the form

Do (S, 2) =1 (5) Deg(S, ), 177)

and not in the form (2).

Note that Eq. (173) is completely analogous to the
equations established by Dorfman and Cohen!! for a
low-density gas, and it can therefore be considered by
means of the procedure developed by them, They as-
sumed M=m and qy=q, so that the particle S can be
regarded as a probe particle in the large system Z,
However, this circumstance is in no way important for
the validity of the assertions and they can be repeated
almost verbatim for Eq. (171). For this reason, we
shall not discuss this group of questions,

It bears repeating that Eq, (171) follows from (96) and
(97), for whose study no assumptions were made about
the weakness of the interaction between the particles of
the system Z. Of course, to derive (96) and (97) in a
completely definite form, we must know the expression
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for the operator U(t; 1). However, such an expression
can be found for not only the case when the Boltzmann-
Enskog equation for hard spheres is used. It is perfect-
ly possible to use other and more complicated kinetic
equations.

We can also use the so-called hydrodynamic approxi-
mation, which does not depend on the assumption that
the interaction in T is relatively weak, in order to find
the explicit expression for the operator Uyt; 1) in the
region

ELIF, t> 5, (178)

where Ip and f; are the mean free path and mean free
time for particles in the system Z. It is easy to show
that it is precisely this region which is important for
determining the behavior of correlation mean values of
the type (175) at large times,

SECTION 4

We continue our investigations into the interaction of
the particle S with the large system T under the same
conditions as in Secs. 1 and 2, except that now we
choose not the requirement (2), but an initial expression
for »(S, Z) in the form

Do (SoZ) =1 () Deg (S, ),

where 9,(S, Z) is the distribution function correspond-
ing to complete statistical equilibrium of the total sys-
tem.

In the considered situation

Deq (S, Z)=W (1o, 1y, ..., 1y) O, w“’uéjsm s (1) (179)
with the normalization condition

(Zeq (57 Dsyz=1.
Thus,

5‘, j‘vwm, Fio ek TR TGt o e,

Since W is translationally invariant, this last equation
gives

Noe j' Wilkys bo ooy it o dee = AT (180)
¥

Thus,
(@08, Dz=h (5) [Deq (5 Tz = (S) - 0y (. (181)

Note that in the case considered earlier, when the
initial value is given by (2),
(Lo (S, Z))z=1(8) =1%(5) Dy (v). (182)

Therefore, if we wish to retain this originally adopted
normalization, we must set B(S)=Vy(S) in (181). In
such a case, the initial value

Do (S, Z)=Vy(S) Deq (S, Z) (183)
will satisfy the same relation (182) as in the case (2).

We determine the time evolution of (S, Z) by means
of the Liouville equation (18):
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8By at = (18" + Nz + Jint) Dy,
using the initial condition in the form (183). We now
introduce the function ¥(S):

@)z =" (8) Do (w0) = 1 (S), (184)

and we note that it can be used to calculate equilibrium
correlation mean values of the type (F(2s(£))x(8s))eq
Indeed, it is easy to see that

V(F (Qs () % (25))eq
=T (@s (1) VAS) Deg (51 D)ssz=(F(Ds2) Zo (S, Z)s+=
=[F () Z(S, Z))s4z=(F (5) (£ (S, Z)s)s

and therefore

VA{F Qs (1) % (Q)eqg = (F (S) [ (S))s

= S F(xo, Vo) % (t; Yo, Vo) @ (vp) drg dvo. (185)

Noting that

(F(S)=(F(S) Deg (S, E))s+z— (£(S) Do (vo))s,

we can also write

(F (Qs (1)) % (Qs))eq
(1 F @) Deq {17 1Q5) [Deq '’
§ F (g, ¥o) % (8 Toy Vo) @y (vo) dro dVo 3
[T 17 (Fov %) I o (v) drg 2% § | X (Fay Vo) [* @ (o) drg ¥}

(186)

the form of this expression is obviously independent of
the normalization ¥(S).

We now exploit the method developed in Sec. 1 to ob-
tain an approximate equation for x«(S). We denote

G~V (8) L (S, Z)=Aw (187)
With allowance for (181), (183), and (184),
Bs=0, A,=0. (188)

Integrating (18) with respect to £ and using the identity
(JIF (8, Z)):==0, (189)
we obtain

@ (75) s (8)/0t = I (S) Dy (o)
+V (intke (8) Deg (S5 Z)z+ (intde)s,

which reduces to the form

=% ,3( ! = +V 5o

Uo]

X (@ lintxe (S) T eq (S, Z))z+ W(Jlmtﬁz)x- (190)
since
N5 () Do () = Do (vo) T3 %4 (S)-

We now introduce the operator Jis”, which acts only on
functions f(S) of the phase Qg:

N5 (8) =V ineJ1f (D5 (vo) Feg (S, Tz (191)
Then (190) is reduced to the form
L) _ 1, (S) + gy I8 (5) Do (v0) + gy Dime S0z (192)

From (18), (187), and (188), we obtain
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BA
=% +-n!:+'nlnt) AV (T8 + I

+nm) 1 (8) Teq (8, 2) =V { et (8)

oy 1€ (8) Do (v0)
oy Tinibdz | Teq (5, 3, Bo=0. (193)
It is easy to see that
(13 4 315) %4 (5) Peq (S5 2) = {15 (5)} Deq (S, =)
+ 74 (8) (V1§ + Tx) Zog (S, Z)
However,
(A 4 Tz 4 Jing) Deq (S, Z)=0
and therefore
(J18 + JTz) 74 (8) Leq (S, E)
= (718 % (8)} Feq (84 Z)— 7% (S) MintTeq (S, Z).
It now follows from (193) that
Wy _ (13 + Myt Tine) By — 5o o {ineB)z} Deg (S, 2)
+V{ﬂint?|(s) Deq (8,2)— 12 (8) MintZegq (S, )}
e U oy 67 (8) o (00)} Deq (S 2y
or
ﬁAt (JI5+JIE+F) Ap——a—— @, (l y {(FA E}SW(S 2)
4V (Tinere (8) — %4 (5) Tint) Peq (S, E)
—VTeq (S, 3) { o T M) Do)}, B0=0, (194)
where
[ =l —J1¢% (195)
Jlsﬁﬂ‘“’-&--ﬂ"' (196)
We consider the case when
it = s}zﬂ)n (0, ). (197)

Here, JI(0, j) is the Liouville operator corresponding
to the interaction between S and particle j of Z. For
example,

AWM= 3 T(0,j).
i<i=s N)

We consider the expression

V{10, j) Leq (S, Z) F(8))s-
Note that (179) gives

(198)

VT, ) Deq (S, X) F(8))=

=V { 710, /) Fo.3(0, ) £ (5) o (ve) s (v) dr; dv, (199)

where

=0 0=] .. 8 =) 8 (5=
v

x W (l‘o, Il eeeory)drg dry.. . .bdry.
Taking into account the symmetry of the functions

W(ro,ri,-.-,r¥)

with respect to the variables r{,..., Ty, we see that
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Foz(0 = ... | 8(rs—ri)8(ry—ri)

v v
XW(ro, ri, ..oty drodry . .. dry
={ (W, drde. . e (200)
v \4 i

We introduce the reduced spatial correlation function
with the usual normalization condition
w (roy rl)_—-V!I - 5 W (ro, ry, T2y ooy Ty)dra .. dry. (201)
v
It follows from the translational invariance and iso-

tropy of space that this function is radially symmetric:
W(ra, r!) =W(| ry— l'l I).

The limiting expression (for V) of the function
w(r) has the property of correlation weakening: w(r)
=1, v—=, If there is no interaction at all between S
and Z, this function must be equal to 1,

In the considered case of weak interaction, w(r) is
close to unity almost everywhere except in the range
of variation in which large repulsive forces act,

Returning to (200) and (201), we obtain with allowance
for (199)

V (O, 1) Deq (S, Z)F(S)x -
=7 [ A D1(5) @ (09 @ (0 dry v,

=V (T 1) 2t 9, (),, (202)
where
T, ))=T(0, Hw(re—r) (203)
and therefore
V (Minef (8) Leq (S, T))z
=V (M (8) Zalte Deg (). (204)
Here
Tt = “%Mﬁ(o, ). (205)

Thus, we can formulate a rule: If D,i(S, Z) is re-
placed by its approximation in which the correlation
between S and Z is completely ignored,

Deq (5, Z) - ) g, (3), (2086)
then the renormalization of the interaction, i.e., the
substitution

(207)

'ulnt o :ﬁlnh

makes it possible to take into account the effect of the
correlation ignored in the operation (206).

This rule is at least valid when it is applied to the
construction of the operator JIs". We can see from (202)
that all these expressions for Jj=1,...,N are identical
and, therefore, taking into account the definition of
J,P, we obtain

RS (S):To"(mj JL(0, 1) ®s(v,) (S) dr, dv,. (208)

We now turn to the calculation of the correction term
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on the right-hand side of (190):

1 —
Ty (Mine Ag)z.

(209)

To this end, we return to (193) and (194). To obtain

from (194) an approximate expression 4, that could be
used in (209), we ignore in (194) the second-order terms,
thus regarding A, as a quantity of first order.

In such an approximation, we first omit in (194) the
terms containing T, In what follows, for D, (S, Z) we
use the zeroth approximation, namely, the expression
(206). In order to compensate in some measure the
result of these procedures, we can attempt to use the
rule just formulated and make the substitution

(210)

in Eqgs. (194) and (209). We then obtain the approximate
equations

int = Tyt

4@ A
= (Ts+T5) Al + (T (S)

— %t (S) Tint) Dy (Vo) Feq (2)

= éﬁeﬂ! (2) {‘Hg,xi (S) G)E) (Up)}, A;n) =0 for t= 0’ (211)
and from (192), since Xd8)@y(vg) =F(S), we find
) Tefy () + (T, _—

It should be emphasized that the procedure carried out
to take into account the correlation between S and =
particles may not be formally self-consistent.

Indeed, we have retained here only some correction
terms, whereas others, which formally have the same
order, were ignored. Nevertheless, the procedure can
be justified by means of the same intuitive physical
arguments as were employed by Enskog in his theory
of dense gases whose molecules are assumed to be
impenetrable spheres. Thus, the correlation function
becomes negligibly small in the region in which large
repulsive forces are effective. Its introduction through
the substitution (210) ensures that the probability of
finding |ry = r;| within this region is small.

Returning to (211), we readily obtain
t

AP = [ exp (54 13) (¢— )] ([Tyners (5)
(1]

— ¥t (S) 'Tllnl) Q)“ (U.ﬂ) E’Jeq (E) b -‘ﬂtq (E) {ﬂ(-‘})}:i {S) d’ﬂ (UD)” dT' (213)

On the other hand

{182 (S) ©g (v0)} = (TMyntze (S) D (v0) Peg ()
(mlnld)ﬂ (U) "brq (E))E =} (‘Hlnt@eq (Sn E))E
= —V(I91§ +I5] Deq (S, Z))z= — 13D, (u,)
=V (lIzDeq (5,5))z=0.
Thus, (213) can be written in the form

t

4" = § exp [(JLs+JIs) (t—1)]

X {(Tiatte (S)—=%eTTi0) Dy () Deg (2)
= Deq (%) ((Mint1x () — 1 (5) TMye) Dy (05) Dog (2))s} .

(214)

Since this function is symmetric with respect to the
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particles 1, 2,...,N of %, we obtain from (197) and
(212)

) _ (13431 11 () + N (1 (0, ) AP)s. (215)

Substitution of (214) in (215) leads to an approximate
equation for x (S) in closed form.

We now turn to the detailed derivation and investiga-
tion of this equation for the interaction of hard spheres
given by Eq. (10). We note first that Ji(0, j) = w(a)T(0,
) in accordance with (11), from which it follows that

71 = w (a) naGs,

(216)

where the operator §g is defined below in (223). We
note further that

flm=w(a)JIm;=w(a)€ Emr(o. .

1<is

(217)
and we consider the expression
70, 1)2.(5) D (v0) Zuq (2)—2.(5) T, 1) o (v0) Dea (%)
= [ 0(¥5,570) Y010 {8 (Fo— 1y —00) Bu,, »,(0) 1 (5) Do ()
X T eq (2) = 6 (rg—1;—a0) % (8) Bu,. », (6) Do (vo) Z eq ()} dO.
Since
By, v, (0) @y (v0) s (v5) = Dy (vo) P= (),
we have as a consequence
Bu,, v, @0 (vo) Z eq (£) = Do (v) Feq ()
Thus

T(0, 1) %(8) Dy (2) Zeq (2) —%(8) T (0, ) D (o)

X Teg(Z)=T (0, ) 1(S) Do () Feg (D =T 0, N1 (5) Teu (D), (218)

where the operator T(0, j) is given by

70, 1)=a? 5 0 (Yo, 1-0) Vo, 1-08 (fy—Ty—a6) {Be,  (0) — 1} do.  (219)

Taking into account (214), (217), and (218), we can re-
write (215) in the form
dfs (S)
ot

- ( —\'05%+raazla‘ (a) @'5) f1(S)
t
L (a) 5 K (t—1) < (8) d,

(1]

(220)

where K(t) is an operator which acts on f(s) and is de-
fined by the relation

K (t)
= N(TO, Despl(ls+3It) % (T 0.1)—(T10. NDealZN21Dea(D)si
Jlg= —v, dfarg+ N8 (221)
T = nue (a) S T (0, 1) Dy (vy) dry dv, = na*w (@) s,
" (222)
Cs= 3 8 (vo, 1-0) (Vo,1:0) {Bs,, v, (0) — 1) Oz (1) doy.

It is desirable to note the connection between the oper-
ators @ (222) and L, which acts on the function %(S)
in accordance with (77) and in operator form can be
written as

Ls= [ 0(¥0.1:0) (¥%,1:0) D300 (Buv 5, (0) = 1} vy (223)
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Since® E5@q(vo)h(S) =2o(vg)Lsh(S),

( ¥y air., + na*w (a) (Es) @, (vo) R (S)

=0y (o) (— v,% +naw (a) Ls) h (S),
which leads to the identity

exp-[:( -—\'o% + naw (a) (SE) ] Dy (vg) ke (S)

= @y (1) e3P [t ( -vu% + na*w (a) Ls)_] R (8). (224)
Returning to (220)=(221), we see that this equation is
virtually the same as the one determined above by Eqgs.
(78) and (79) with the only difference that, discounting
the Enskog factor w(a), the operator T(0, 1) has ap-
peared instead of the operator T(0, 1), which occurs in
(79), on the right-hand side of (221). Therefore, we
can use the same procedure as we did in Secs. 2 and 3.

In this case, we obtain

g . a
il Tl [;‘: Y ( — Vo g; ++na'w (a) Ls) %t (Yo, Vo)
:

r:" w? (d) S Q (t —T) b3 (rOs "'0) dT!
0

(225)
where

Q ()= | ak | aVi®z(v0) Toa (oo, v2)
% exp (— ikrg) exp [( —Voa—f';'f' na*w (a) LS) t]
X exp (ikrg) Uy (¢, 1) Ta (0o, v4);
Ty (vor vi) =2 | (v0,40) 8 (v0,1-0)
x exp (—iak-0) (By,, v, (0)—1) do;

(226)

T_y (v, o) = | (¥0,4°0)8 (¥o,1-0) (exp (iako) e, s, (0)

(227)
— exp (— icko)) do. l

The operator Ut; 1) can be determined in the same
way as was shown in Sec. 3, namely, by means of an
infinitesimally small variation of the reduced distribu-
tion functions for the system I of the type (142). In
such a case

8F (t; 1)=exp (— ikry) @y (¢, vy) BE

and
Dy (8, vi) =Dz () Un (& 1) ¢ ()
=0x(v) | Un (6 vis V) § (VD ¥

It is interesting that if we introduce the different
operator Uj (f ;1) by setting

Un(t; v, ¥2) @2 (0]) = Oz @) Un (& viy Vi) (228)
then (220) could be written in the form
Ofe (Fo. ¥o) (;‘1 Yo _ ( -—Vo-ai:—u 1 natw (@) Gs)
t
X f1 (For ¥o) 0 () 5] Q' (t—7) fa (x0, Vo) d5, (229)

where

5)This equation follows from the relation

By, vy (0) g (39) @ (1) 1 (5) = Do (1) O (1) By, , (0) 1 (S)-
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()=t j' dk j %7 (vor v,) exp (— ikr,)

xexp [ ( —v(,% +natw (a) Gs) t ] exp (ike,) Uj (t; 1)

X @z (vy) Ty (vo, vy)- (230)

The two representations (225) and (229) are equivalent
by virtue of (224).

It is also easy to see that the operators exp(- ikr,)
Xexp[(-v, 8/or, +na’w(a)Lg )t ]exp(z’krol and U, (t;1)
commute, since they act on functions of different
variables, namely on k(S) and Fv,).

We now consider the different identity
exp (— ikry) exp [( = % +na’w(a) L) t ] exp i (k +1) ry]
=exp (ilr,) exp [( —iv, (k4 1)+ naw (a) Lg) 1],

from which it follows that (225) has a solution of the
form

At (To, Vo) = exp (ilry) ; (t, o), (231)
where X; satisfies the equation
HLet) o (—ilve+naw (@) Lg) 14, ve)
‘ ]
+u?(a) j Qr(t—1) %1 (1, Vo) dr ’ (232)
0
with
Q)= | dk | avi®s (v) Ty (v, )
XUy (£ 1) exp [(—ivy (k+1) 4+ natw (@) Ls) t] Ty (vo, wy). (233)
In particular, for =0 we have the equation
]
il wy) g{‘ ) — paty (a) Lsy (¢, vo) +w?(a) 5 Qo (E—1) % (1, vo) dr. (234)
where
Qo ()= | k[ avi 2 (0) 7oy (v, 1)
X Uy (t; 1) exp [( — ivek + natw (@) Lg) ] T, (v, vy). (235)

For an arbitrary initial expression Xo(ry, v,) we can
use the Fourier representation and, using (232), con-
sider each Fourier component separately.

We now obtain the hydrodynamic approximation for
U, (t;1). We proceed from the local-equilibrium dis-
tribution

P (¢ r, v)= % (%—) 3:'2“!] [— LW%E)_J ;
=kgT, (236)
where

p=p(t 1), T=T{t, r), u=uf(tr)

are the local particle density, the temperature, and the
velocity vector. These must be very slowly varying
functions over distances of the order of the mean free
path Iy and over time intervals of the order of the mean
free time ¢y, which guarantees that the correction term
on the right-hand side of (236) is small,

All that is here required is that we consider a situa-
tion in which the local equilibrium differs only infini-
tesimally from the completely equilibrium state:

p(t, ¥)=n+8p(t, ) T, n=T+6T(, r);
u(t, r)=>06u(t, r); n, 7= const; }

(237)
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where 6p, 8T, and 6u are infinitesimally small, In such
a case, the principal term 8F™® gbtained by substitut-
ing (237) in (236) can be written in the form
6P,"""”(t. r, V)= D¢ ) { 8p E,r r) i .‘IIL-:B—SG ﬁl’_"% i M {\'6101 (¢. r])} ,
(238)
where Op, 8T, and du satisfy the well-known linearized
Navier-Stokes equations. In general, the correction
terms to the right-hand side of (238) are proportional
to the gradients 158 /or, and ty8 /0t of the variations p,
9T, and bu. Because the equations are linear, these
variations can be regarded as complex quantities with
the real and imaginary parts separately satisfying the
equations,

We set

80 (¢, ¥) = exp (—ikr) no, ()68 6T (t, r)=exp (—ikr) T, (£) 6E;
bu (f, r) = exp (—ikr) (t) 6.
In this case,

SFMD (¢, ¢, v) = Dy (v) exp (—ikr)

X {on )+ 2F R B0 L Veho)) g (239)

where by virtue of the linearized Navier—Stokes equa-
tions

=1

1 %
T =ilep);
%_- i;l;—" =i -ff'- eoy — vk, — & (D, — \-)c{elrk)r{wc—‘i? iety; | (240)
1 g « g
T?ﬁlf_:; J;_ e —yD okt e k/k.

Here, c, is the velocity of sound in the long-wavelength
limit; y=G,/C, is the ratio of the specific heats at con-
stant pressure and volume per particle, C, and C,;
a=3p/aT@map/on)" is the coefficient of thermal ex-
bansion; p =p(n, T) is the equilibrium pressure; v is the
kinematic viscosity; D is the coefficient of thermal
diffusion; D, =(4/3)v+ £ ( M)™*; ¢ is the bulk viscosity.

It is well known that (240) has solutions corresponding
to five modes: two shear waves, a thermal mode, and
two acoustic modes. The time dependence of these
modes is given by the exponentially decreasing functions

exp (—vk®) (shear or viscosity waves);
exp (—D7k?) (thermal mode):
exp [ —(icok -+ I'sk?/2) t] (acoustic waves) ,

(241)

where T'g =D, +(y +1)D,. Therefore, any solution of
(240), and also the expression in the brackets on the
right-hand side of (231), regarded as functions of ¢, are
linear combinations of the expressions (241).

We note also that v, Dy, and Ty are of order LR, 1t
can be seen from this that these functions vary very
slowly with ¢/f y when k is sufficiently small;

Ky €1, kegtz €1, (242)

We return again to variations of the reduced distribu-
tion functions with respect to the equilibrium distribu-
tions for the special choice of B(r,v) in accordance with
(142). We consider first (145) and (146), and make the
following assertions: For sufficiently small & satisfy-
ing (242), the function ®,(Z,v) rapidly approaches the
expression
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s (o) {on () + 25522 B4 - (v-a () 4 correction term ¥

(243)

so that after a definite relaxation time t ;4 >ty the
function (¢, v) virtually coincides with (243) and the
hydrodynamic regime is established. Here, the correc-
tion term contains the factor k and its time dependence
is given by a linear combination of functions of the type
(241).

By virtue of (146), this assertion leads to the conclu-
sion that asymptotically

[ Oa (e v, ¥ # () @y =o0n O+

+ % (v (2)) 4 correction term

(244)
for

t>ta Ditnn Bz, Aegts.

It is worth emphasizing that in the situation when one
can use a kinetic equation, such as the Boltzmann-En-
skog equation or the Enskog equation for dense gases,
the assertion made above can be formally justified; for
if we have at our disposal such a kinetic equation
and find that ®, is proportional to 6F,, then
we merely need to analyze the corresponding linearized
equation obtained by means of ®,. From this linearized
kinetic equation there follows the validity of not only the
above assertion. It also becomes possible to derive the
linearized Navier—Stokes equation and to calculate its
coefficients explicitly. Such a program was carried out
in the classical study of Chapman and Enskog.

However, we also emphasize that in the case when the
kinetic-equation method is not valid, as is the case for
a liquid, our assertion concerning the behavior of
&, (t,v) is merely the usually adopted assumption, and
the coefficients in the Navier—Stokes equations must be
determined experimentally.

Before we turn to the calculation of the principal
asymptotic term in (244), we first make a simple re-
mark concerning integrals of the type

Rmax

S oxp (—Ek2) (1 + ke + b2+ .. ) Kk, £>0,
0

which arise in the expression @,(f). Making the change of
variables k =q/VEt, we transform (245) to
VE hmax !

exp (—¢) (1 +m,—];’—§+a=%+ ... ) dg.

(245)

1

&%

Thus, for large f, we have the asymptotic behavior

G | R dg=7 5 (246)
It is obvious that the correction terms a,k + R+, .

in (245) do not contribute to this result. The same sit-
uation arises when we consider the more complicated
integrals that are encountered in an investigation of
Q,(t). For this reason, it is necessary to calculate only
the prinecipal terms of the coefficients that appear in
(244) with the functions (241) and ignore the terms pro-
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portional to O (k).

We now find an explicit expression for the right-hand
side of (244), We note first that it was here assumed
that 0,(t), 7, (t), and §, (1) satisfy Eqs. (240), but we did
not particularize the choice of the initial values g, (0),
7, (0), ¥,(0). By virtue of (244), we know only that the
initial values are linear functionals of ¢(v). To solve
this problem and determine the linear functionals, we
use the arguments invoked by Ernst, Hauge, and
van Leeuwen. 2 We consider variations of the particle
density, momentum density, and energy density.

We have
Sp(t, r)=n S 8F(t, r, V) dv = exp (—ikr) nS @, (t, v)dv;
8 (1, ¥)=ndl 5 V8F, (t, T, V) dv=exp (—ike) nd S VO, (t, V) dv;

SE(t, r)=n % 5 v28F, (t, ¥, V) c?v+l';— S @ (r—1') 8fa (t, r r)dr’,

where

&fs(t, r, 2') =0 S Fy(t, 1, v, ¢y V) dv, dv'. (247)

We recall that we here consider the case (141).

Thus, the variations of each reduced distribution
function have the form

8Fs(t, ryy Vs o+
=exp (—ikry) oS (¢, 1y, vy, --

.y Ty Vs)

-1 Ts, Vs) 8, (248)
where ' is an invariant under spatial translations.
Therefore, we can write

8fs (2, r, r')=exp (—ikry) @2 (t, r—r") 6%
P (¢, 1y—r2) = S @ (1, 1y, vy, T2y V2) Vi dVa (240)
Hence
8p (t, ¥)=exp (—ikn)n S @, (¢, V) dv &
8i (¢, r)=exp (—ike) nM 3 v, (£, v)dv 8%;
' ' (250)

8E(t, ) =exp(—ikn) {2 [ v®u (2, v) ¥
+2-foa—BP ¢, r—r)dr} 8

Note that in the limit #—0 we arrive at the spatially
homogeneous case and the variations (250) of the par-
ticle, momentum, and energy densities must be exact
integrals of the motion.

In the considered case of sufficiently small k, we can
analyze the time derivatives 2 /at determined by (250).
Using the hierarchy of equations for 8Fg and taking into
account (248), we conclude that these derivatives are
proportional to k. Thus, (250) may be called quasi-in-
tegrals, i.e., they are virtually conserved in time in-
tervals that are the longer the smaller are the k values
under consideration.

We fix a definite time #,> ¢, When the transition to

the hydrodynamic regime has been achieved. In this
case, we can find a &, such that to terms of order o(R:
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j’ D (ty, V) dv = j @y (0, v) dv;

j vy (ty, v) dv= I v, (0, v)dv;

21 00y (1, vy dv s —2—’-_[ D (r—r') OF (ty, r—r') dr’ (251)

o
=2 [ v, (0, v) dv+ 2 foa—vam0, r—r') dr’
for ks k,.

On the other hand, since the hydrodynamic regime is
achieved at 7, we have

8j (to, r)=exp (—ikr) ndp, (to) 6%;

BE (ty, r)= 2l 1) 4\ D+ 28T 57 (ko 1)

80 (to, 1) = exp (—ikr) noy (t,) & I
(n
an

(252)
=exp(=ike) {n 2006, 1)+ 200 1) &, ,’
where £(n, T) is the equilibrium energy density.

We note further that since 0,(8), 7 (1), 0,() is a linear
combination of the functions (241), we can write asymp-
totically

O () =0, (0); 1, () = Tn (00 Ay () = ey, (0) (253)
for
1 1 1 1
Yw v v v

Thus, by virtue of (251) and the asymptotic equations
given by the expressions (250) and (252), which are val-
id from the time %, for sufficiently small k, we obtain
to terms O(%); '

J

% (0= [ 0,0, v)dv; 1, (0)= [ v, (0, v) av; l

n 25 Do, (042D ) (254)
— [ BB, (0, v) dv 42 j' D (e —r") D2 (0, r—r') &y’ J
for k<k,, where
h<hi b L, V:TTT..' 7%-570. ﬁ
In (254)
9e(n, T)/dT =nCsy, (255)

where C,, is the specific heat per particle at constant
density,

We make some remarks concerning £(n, T). We have

e D= nt4 [ © @) 159 1) ar, (256)

where
L2 m—r)= [ FO(1, 9)av, av,

is the spatial binary reduced distribution function in the
state of statistical equilibrium. Of course, f{*9 de-
pends on# and T. It is convenient to introduce the
chemical potential p= wn,T), n=n(u,T). Using then
the properties of fluctuations in a state of equilibrium,
we find

T (3=t £t gy = -1,

0¢a-
(G (r =) = 20£5 (g, —r,)

+12 [ 5% 61—y, 1y — 59 e, — 1)

(257)
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and therefore
3
i L L (T

1 [ U e rs, ri—r)— 59 (1, — r) drs Jdry (020) "

We can now represent the third equation (254) in the
form

MV:—30
ETR0 0, vt [ Oy

Cyry (0)= j
X {aﬁz) 0, ry— rq)— [ 21‘;-5“ (ry—r3)+n J' (fgm (ry—ry, r— r3)
-—j‘z’q’(rl—rg)):,drao'k (0) 11(9%);1} dry. (258)

To obtain expressions for %,(0,v); and 0.5 . r,),
We use our previous results (see Sec. 3). Thus, from
(144) and (145),

Dy (0. v) = Dy (1) {¢()+n j' €2 (r) exp (ikr) dr

X J' ¢ (V‘) (Dg(v’} d\ﬂ"} ’ (259)
Thus,
j MR\ iy j P30 e () é (v)dv (260)

and (254) reduces to

0= (142 [ g2 () exp ik dr) | 4 () s () avy

(0= | vO: ) ¢ (v) av. } (261)
Note that the equilibrium correlation function g,(r) ef-

fectively vanishes when r becomes much greater than
the correlation length.

If the equilibrium system = is not near a critical
point, which we here assume, then the correlation
length is of the order of the range a of the interpar-
ticle interaction. For a liquid, I; is of order ag; for
gases @<,

In any case, since k<« I3, we see that up to terms of
order O(k?) the following asymptotic equality holds:
J e () exp (ikr) ar — | &) a,
Thus, (261) leads in the framework of the adopted ap-
proximation to

on ()= -

n

(%)TS 3 (v) D (v) dv. (262)

To obtain an expression for &{)(0, r, -r,), we shall
broceed from (141). These formulas give

8F,(0; 1, 2) =y () @x () {(exp (—ikr)) & (v)
+ exp (ikry) 3 (va)) f, (ry—r.)
+n j [f3 (ry—rs, Ty —T3)—fa (ry—ry))

X exp (— ikr;) dr, _[ $ (v) Ds (v) dv) 2.
It follows from (249) that

B O, s —ra) = {(1 + exp [ik (1, — £} /o (1 1y
+n j [/ (ry—r,, ry—ry)—f, (rl—rg)]

X exp ik (ry—ry)) drg) [ ¢ (v) D (v) av. (263)

We require this expression here only to calculate the
integral
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% \‘ @ (r,—r2) D (0, r,—ra) dra.

Since the relative distances |r, —r,| are of the order
of the range ay of the interparticle interaction, in (263)
the factor 1+expik(r, - r,) can be replaced by 2. Fur-
ther, when |r, - r,|> a; and therefore |r,- r,|>a, the
combination f{V(r, - r,,r, = 1,) = f{*Y(r, — r,), Which
characterizes the correlation between particles at the
point r, and particles in the neighborhood of r; and r,,
is effectively zero.

Thus, in our approximation
l S @ (r;—ry) P (0, ry—r,)drs
Sm(rl_rﬂ) {Qf{ D (ry—r12) -1 S 5 (ry—ra0 Ty—r)

— 50 (= dry} s | () Dx(v) dv. (264)

However, by virtue of (262),
noy (0)( an) g & (v) Mg (v) dv,

and therefore the second term on the right-hand side of
(258) is zero. Note also that (8n/8 ), =n(dp/on)3.

Collecting our results (258), (261), (262), and (264),
we can finally write down expressions that are adequate
to the values of the initial quantities calculated to terms
o(k):

a@=0(3); § U B
w(0)=C7 | @ () T Uo™ =38 4 () dv'; ‘

%(0)=5 @z (0') v'g (v') dv'.

(265)

)

We now proceed to find solutions of Egs. (240). These
equations contain the unit vector e =k/k. We introduce
two further unit vectors e, and e, in such a way that the
three vectors e,e,, e, are mutually orthogonal. Then

Y= ey (egfn) — €2 (enfy) e (efy) (266)
and it follows from (240) that

L (epn () = — ¥R (epfa (1), T=1.2.
Therefore

(enbx (1)) = exp (—vk*2) (efx (0))

—exp(—vi¥) | Dx@) () ¢ (V)dv',  j=1.2. (267)
It remains to find the three functions

o (t), s (D)= (edn (1), Tx(). (268)
The system of equations (240) can be rewritten as

e |

-1—'%:‘—-—: t—jdh Dyksy —i-=1 (269)

17‘;:-—!"7- i \':1 sp—yDrkty ‘

To solve these equations, we introduce three indepen-
dent combinations A, and A, formed from the functions
(268) in such a way that (269) takes the form

a4 (1Yot = —QA (1)
and

A () =exp (—Qt) A(0).
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We calculate Q in such a way as to take into account the
terms proportional to %2, since they are the ones re-
sponsible for the damping of the functions (268). On the
other hand, in calculating the coefficients of the linear
forms A, and A, we must ignore terms of order O(k),
since the initial values (268) were themselves calculated
to only this order. The upshot is

Ay (1) =77 (0, () + a1y ()/2 F "5, ()25
Q, = & ek Tgh¥/2.

Inverting (270), we have

Ay (H=71((y— 1) oy (t) —or, ()); Q= Drh%;
} (270)

op (1) = Ay (1) + A+ (1) + A (2);
T ()= —a A, () — (v—Da (A () + 4- ()
sy (1) =co (A- (1) — A+ (1)),
Thus
oy (f) =exp (—Qut) Ay (0) +exp (— Q1) A4 (0)
“+exp (—0.4) A-(0);

Ty (1) = —atexp (— Q1) 44 (0) + (v—1) ot exp (—Q:1)

% Ay (0)+(v—1) a7 exp (— Q1) A-(0);
(e (1)) = sy (1) = cod- (0) exp (—Q.t) — eod4 (0) exp (—Q41).
With allowance for (265) and (270),

AH (U): 5 {('I—'y“) (3] (%‘?_';"_T-lac‘-'l .\J’r'l—aa}
X Q= () ¢ (v) A’
4-0= [ {Fvo(%); +HaonaFE |

F 36 (ev) } Ox (1) (v') dv'.

(271)

(272)

Substituting (266), (267), and (271) in (244), we obtain
fuat, v vyg v av
= exp (— k) - (vien). | (vie) @z (}) ¢ (vi) dv;
+exp (— k) F (e | (vie?) Dz 00) ¢ () 0,
+exp (—ut) {1 — X552 @)1} 4 0)
+exp (= Qut) {1+ 22558 @D (y— ) =T e (v-0) } 44(0)

texp(—Qt) {1+ 2552 @Iyt (1—1) + 5 co(v-e)  A-(0). (273)

To unify the notation, we define

0 (e. )= 0 (e, v)= /AL (erv);
0P (e, v) =0 (e, V) =/ L (eav)s @y (K) = o (K) = vB%;
(L) Mv?—30 11'2‘

e v =(5 _“T) (c_,,) i

(R)(e V)= ( Hl"—'-—-.’iB__.( 1)(6;’3;) ) (2—7_‘)”2;

206
WJ(A) Qp = Drk% (274)
of) (e = {1+ 25> “""" @Iy (y—)F3-co (ve) ) (1/2)"%;

Mu? —-3_6

sk 09) (4)"

an

B((g) (e, v)= (3\’—‘ o ) +(vCv) '

@y (k) = Q4 = icok + T'sk?/2;
w5 (k) =Q_= —icok-+ Tsh®/2,

where kj is Boltzmann’s constant.

Then (272) and (274) enable us to rewrite (273) as
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[oa v, vy pvyav

= 2 8% v)exn(—o; 1) [ 6 (e, v)

(1<j<5)

XOz () (vV)AV', t>t; k<<k,. (2175)

We emphasize that in the cases when a Boltzmann or
Enskog type kinetic equation holds® the same result as
(275) can be obtained. Strictly speaking, for this one
requires, not the complete form of any kinetic equation,
but only its linearized version.

These linearized equations lead to the relation (275)
if for w,(k) the contributions of terms proportional to
¥ are calculated, whereas in the calculation of the co-
efficients 6%’ and 6¢® the terms of order k are ignored.
In such an approximation, the actual values of both the
equilibrium means and the transport coefficients
(v,D5,Tg) are obtained in accordance with the same ap-
proximations in which the kinetic equation is estab-
lished. We now use (275) to reduce Eqs. (232) and (234)
to a more convenient form.

We consider first the expression @ ,(f)x(v,) and note
that it contains the operator exp[(-iv,\ + na®w(a)L ¢ )t],
A =k+1, applied to functions of v,. We introduce a scal-
ar product for such functions:
(8 1) = [ Do (o) g (vo) I (vo) v (2176)

the corresponding Hilbert scalar product is given by

(g M)u=(g*, h). (277)
By definition, the operator
na*w (a) Lg (278)

is symmetric and Hermitian:
(g, Lsh)=(Lsg, h); (g, Lsh)y=(Lsg, h)p.

It is also well known that its spectrum consists of a
negative part and a nondegenerate zero eigenvalue cor-
responding to the normalized eigenfunction ¢(»)=1:
Lg+1=0. The gap between the negative part and the

zero for (278) is of order #;!, where
to= (m/n0)1/2/[4naw (a)]

(279)

is the mean free time of the particle S in the Enskog ap-
proximation,

Of course, the eigenfunctions i(v) of the operator
(278) corresponding to its negative eigenvalues are or-
thogonal to 1:

j @y () § (V) dv =0

The operator E,=-iv\ +na*w(a)Lg, is obviously non-
Hermitian, though it preserves the symmetry proper-
ties: (g,Eh)=(E,g,h).

We consider the eignfunction

(280)

Exgpa (v) = —wo (1) ¥ (v),

for which w,(A)~0 when x - 0. Using ordinary pertur-

®This is the case for a gas of hard spheres of moderate densi-
ty.
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bation theory, we readily find

¥ (0) =1+ e L5 (b, ¥) 0 (32);

g (M) = Dyh2+ 0 (A2);

(281)
Ty i 5 Oy (¥) v, L5 'vy dv (new (a))™.

We note here that the functions v,, v,, v, belong to the
class (280), on which the inverse operator L3 is well
defined. In the first Enskog approximation

(282)

Do=(':_é)—li2.

Ignoring for ¢>>{, the rapidly decaying terms in the
exponentials due to the negative part of the spectrum
(278), we write

exp (Ex) 7 (v) = exp (— o (2) t) . (v)
x § Do(w) a(¥) 2(v) a.

We must, however, bear in mind that the gap between
the zero and the negative part of the spectrum (278) is
of order #5'. Therefore, for the validity of this asymp-
totic relation we require that D\2 «< ¢3! or

AT = (32) hnaw (a) (283)

Adhering in such a case to the adopted scheme, we
ignore the terms of order O(A) in §, and terms of higher
order than O()?) in w,(A), and we set

¥ (¥v)=1; @ (2)= Dyh2. (284)
Proceeding in this way, we obtain
exp [(—iveh -+ na’w (a) Lg) t] 7 (v,)
=expl—m, (2) 1) j My (v) % (V) dv, (285)

when ¢>> ¢,

Before we use this result in (233), it is helpful to

note that (233) contains the operators
T Tt (286)

whose %k dependence is determined .by the factors
exp[ziak(e - 0)]. However, ka<<al;*<« 1, so that for
self-consistency of the employed approximations we
must replace (286) by T,=7,. On the other hand, the
integration with respect to k in (233) obviously requires
a cutoff:

k<h (287)

where %, <k, and k<< I3', since we are investigating
here only the part of @,(f) that decreases less weakly
than any exponential exp(-#/t,) with fixed ¢,, and since
the entire scheme of our approximation depends strictly
on this last condition [see, for example, (275) and
(283)].

We now substitute our results in (233). First, it fol-
lows from (285) that

exp [( —ivy (k1) 4 na®w (a) Lg) t]
% Ty (v, vy) % (vo) = exp [ —tw, (k-+1)]

X j' dv'®, (v9) To (i, 1) % (Vo).

Here, the right-hand side is a function of v,. There-
fore, using (275), we obtain
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U (t; 1) exp [(—ivo (k+ 1) +na%w (@) Ls) ) Tx (vo, 01) % (Vo)
= 3 exp{—lo; k) +o,(k+DI1} 6 (e, v))

(1))

x [ v avioy (v8) @= () 67 (e. vi) To vty w1 2.(¥0).
It now follows from (233) that

AW —gy | & 3

Pl<hmgx  (1<i<5)
x{ | avi®s (00 To s v 67 (e, va) }

x { [ avi avis (v3) @z i) 67 (e, ¥i) To (w6, D) (VD) }.

exp [ —(w; (k) + oo (k+ 1)) 2]

Noting that the functions
mv%+Mu$:
g (v, vi)=9 Mmuo+ Muy;
const
are invariants of a collision, we see that
delm:(u‘) Ty (ve, v2) 6 (e, vy)
= '—S av @z (vy) Ty (vo. 1) P (e, vo) = '-ﬂ'",Ls‘l';m (e, va);
 avi avido (vi) @z(01) 67 e, ¥)
X To(eh, w7 (i) = — | dvidvido(v))
x @z 1) ¢§7 (e, ¥6) To (v, v1) % (V)
= —a2 [ dvi®y ) W™ (e, ¥0) Lt (¥i).
where”’
W V=¥ V=gamen), =12
P (e, v) = 4§ (e, v) = [(muv?—30)'20] (k5/C,)""%;
'l'((?) (e. v)= (1.'2)”2(222%?—9- (@)t (y—1)F 'é—' Cov -e);

o= (1) (2R ).

(288)

We then arrive at the completely definite expression

GO =gar | 3 esp(—lo)+ook+NE
Ik

I (1€i<B)
max

% L (e, vo) 5 dvy®, (v6) V57 (e, ¥i) Lsy (Vi) (289)

when ¢3> £y, f, >, Which can be substituted in Egs.
(232) and (234).

We consider the case when I =0. Then (234) leads to
the equation

»” t
B0 _ gy (@) L (8, vo) + 0 (@) | Qalt—D) 15, ¥) dv;
. 0
Bmax

Qolt—0) 2 (v =gy | Kk 3 exp(—lo; )
0

(1=j<y)

4 ()] (=) | de Loys® (e, vo) [ Avi@o (i) ¥ (e, ) Lat (¥0)-
(290)

It is obvious that if x(0,v,) =const, then also x(f,v,)
=x(0,v,) =const, since Lg const=0. From the physical
point of view, this trivial solution corresponds to a
change in the normalization of D (S, Z).

Ut is clear that we can add to the right-hand side of (188) any
terms that do not depend on v, since their contribution van-
ishes.
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Subtracting‘from x(0,v,) an appropriate constant, we
can achieve fulfillment of the relation

E My (vy) 7.(0, Vo) dvo=0. (291)
Note that this property is also conserved,
{ @0 wa) 7081 vo) dvo=0, (292)

since
5 @y (1) Lsg (¥o) dvo=0.

For this reason, we concentrate on-the functions (291),
which are orthogonal to unity:

(1, »=0. (293)

To obtain the first approximation for x(Z,v), we ig-
nore in Eq. (290) the correction term containing Q,(?),
and we find

7(t, vo)=exp [tnaw (a) Lg] 7. (0, vo). (294)

Since the spectrum of the operator na*w(a)Lg in the
space of the functions (293) is negative and separated
from zero by a gap of order £, the function (294) de-
creases exponentially for > {;.

Thus, the given approximation can be represented by
7 (t, vo) =8 (2) 5 exp [tna2w (a) Lg) dty (0, v)
0

= —8(t) (na*w (a))~" L5 '%.(0, ¥o)-
Substituting it in the correction term of the right-hand
side of (290), we obtain the equation
HUT}W): naw (a) Lsy, (1, Vo)
—w(a) (na?)™"'Q (t) L5'%.(0, ¥o),
from which it follows that

% (t. vo) =exp [tna*w (a) Ls] £ (0, vo)
t
—w (a) (na®) ™" 5 exp [na?w (a) Ls (t—1)] -
[

X Qo (v) dL5 1.0, ¥o),

which leads to the following form of the correction to
the rapidly decaying term:

%o (8, Vo) = (na®)2L5" Qo (1) L5 "% (0, vo): }

%t vo) =%t ¥), (295)
when ¢ > t,.
Equation (290) now gives
3
Xelt: Vo) =y ) kdk D expl—(0; (k) +a (k)
0 (1<ji<5)
% 5 deys® (e, vo) S dve®, (w5) ¥ (e, v0) 2.0, ¥i).  (296)

Here, with allowance for (245), the asymptotic values
of the integrals

kﬂl‘lx "ﬂl_ll
5 exp [ — (v+ Do) k2t) k2 dk, 5 exp [ — (D4 Dy) K2t k2 dk
[ []
for large £>{, are given by

Va Va
4lv+D) P2 AlDr Do

We note further that (288) enables us to show that
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J deu® e, w) ¥ e, v = [ deytP (e vo) 4 (e, v,

Therefore, we can combine the corresponding exponen-
tials containing ¢,

exp [ — (wy (k) +wo () 1]+ exp [ — (w5 (k) 4w, (k) ]
=exp[—(Ts/2- Dy) k*] [exp (— ickt) ~ exp (ickt)],

which leads to the integral

*max

j exp [ —(Ts/2 + Dy) k2t exp (ickt) k2 dk,

“Pmgy

whose asymptotic behavior for large ¢ is

kL

W exp ( i CZH4§) ’
5

where
t=ly241 D,.

Since the given integral decreases exponentially, we
see that the acoustic modes do not contribute to the
considered “hydrodynamic tail” of the asymptotic be-
havior, so that they can be omitted in the expression
(296). There remain therefore the two viscosity modes
and the one thermal mode.

Noting that
je;.ae,-.ade=%"6a,n, i=1,2 o f==zy,z

we can readily integrate with respect to e, and we ar-
rive at

%t ¥)= () i {2 @ +Dy 1) 3
x J w10 v e, (o) V' + g ~H (x (Dr + Do) 1)~

(297)

my?—30 me'*—30
T 5 —m

1O V) Q@)av ), £t
This asymptotic expression can be used to obtain the
slowly decaying part of the equilibrium time correl-
ation function.

Let us consider, for example, x(0,v)=v,. With this .
choice, (297) leads to the expression

@ (1) 22 eq= [ vate (t, ) Do () dv
= ()" i o+ D 72 ([ 120 ) av)?

3/2 =
= (‘T") d T':"IT {n (v Dy) 1} (% )eq-

(298)

We consider the case when S is a particle probe for the
system Z, and the hydrodynamic part U,(¢; 1) is calcu-
lated using the Enskog equation for a gas of hard
spheres of moderate density. Then v in (298) must be
replaced by vy. Since D, is the Enskog diffusion coef-
ficient, we here obtain the expressions derived by Dorf-
man and Cohen.'* On the other hand, if we replace D,
by the “total” diffusion coefficient, Eq. (298) leads to
the well-known result of the theory of interacting
modes.

We now make some remarks concerning Eq. (232)
for 1+0, in which it is necessary to substitute the ex-
pression for @ (¢) given by (289). Using the Laplace
transform method, we can write it in the form

(z—na*w (a) L) 7 (2, Vo) = —ilvyy, (z, Vo)

+u (a) @y (2) ¥ (2, Vo) + 72 (0, vo). (299)
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where

(2, vo) = j exp (—zt) 3 (¢, Vo) dt;
]

G@ev=ghr [ o«

IRl<Rmax

(300)

1 L)
X 2 SrmrearnEs L e

(=j<5

x [ vid (vo) 0P (e, vi) Log (-

To analyze the diffusion process, we consider the
case when

1 (0: Vo) =g (0) (301)

does not depend on v,.
Suppaose

1 (3 Vo) =1 (2) + 1 (2, Vo) (302)
where

br(2) = | Do) % (2, Vo) dves

(303)
[ @0 (00) 1 2, vo) dvo=0.

Then (299) gives

B0 (2)= =i [ o0 (v0) $ (2, Vo) dvo+- 1 (0) (304)

and

(z—na®w (a) Ls) ¢ (5, vo) = — ilvep; (2) + w? (a) , (z) $1 (2, ¥o)
=il (Vogpu 0 o) —  vig (20 ¥ Dy () ;).

Since ! by hypothesis must be fairly small, I« l,, we
need retain in ¢(z,v,) only the terms proportional to 1.
In this case, the equation is written in the form

(z—na®w (@) Lg) ¢y (z, o) = — ilvep, (2)+ w2 () Uy (2) 8, (51 wo).

Ignoring further the correction term with é,, we obtain
in the first approximation ¢,(z,v,)==~i(z
—na*w(a)Lg)™ v, p,(z). Substituting this formula in the
correction term, we arrive at

$1(2, Vo) = —i (s —na®u (@) Ls) ™ 1o, () +-
+u (a) (z— na*u (a) Ls)™ @y (z) (2— na®w (a) Le)™ (—ilve) 1y (2).

We now recall once more that when Lg acts on func-
tions g(v,) orthogonal to unity it has only a negative
spectrum, and to investigate the behavior of the correl-
ation functions at large times we are interested in the
region z < /3. In this case, we can ignore z in the term
(z —=na*w(a)Lg)™ and our approximation takes the form

$u (2. vo) =i (na*w (a))™* L§'lvep; (2) — i (na?)2 LEF, (2) Lv oy ().

Then (304) enables us to conclude that

a1 ()= — D (I, 2)py () +p; (0), (305)
where

D(l, 2)=D1LAD(l, z); (306)
D is é rehofnﬁiiﬁéd diffusion coefficient:

D=D,+Dy; (307)
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Dy= —(na%w (@) | o (v) vel s dv;

fdkz

h<hmay  (1<i<H)

X { ©oo) 40 (e, v)vedv;

S @y (v) leb_s;f‘) (e, v) dv

i
D, =
4 ©; () +u0 (B)

T @a

1 2wy (k-1 —ay (k)
AD(l, D= ot ; o o
(@, ) @ 5 d"z(=+w;(k)+mo(k+lmm1u»-)+wa<kn
<hmax

x o) @ VD e vav [ O WP e, VI vIdss  (308)

[ =1/1 is a unit vector. Calculation of the additional
term D, due to the interaction of the hydrodynamic
modes shows that it is small, quadratic in the density.

Nevertheless, it should be emphasized that D, con-
tains the integral

k2 dEi[(v4 Do) k) = ko, H(v+ Dy),

h<kmax

which is proportional to k... Since k., is determined

only to within a numerical factor of order unity, we see
that the actual value of D, must also depend on the non-
hydrodynamic part of our operators.

Using (288), we obtain from (308)
j Dy (v) (Iv) Y2 (e, v) dv 5 Do (') (1, ¥) ¥R (e, v) dv

=g Lep j=1.2

’ R " (309)
f; Do (0) ¥ (e, V)L, V) dVS Dy @) (4 V)R (e, ¥) dy

(z) (8)
1

= % (L, o2 |

Since w, =w, =vk*, the two terms of (308) together give
{0 e+ (e} = {1 — (1. e)?).

Taking into account the symmetry of this expression

with respect to the reflection e ~-e, we write the

terms corresponding to the viscosity modes in AD(l, z)

in the form

"mz
m 7 o ~ ¢ z
= vk Dy —(Je)2 dk
3 Wb \ Q= {enl) { ;!‘ Az+vkﬂ+.[)(k“—-- 124 241 (le))
5 1 1
-+ ki (el — — . d
( )[ 24 (v D) R 2DKL (el =y (v D) k2*—2DKL (el) J} 2
: " max
m ; z
= 2 (v4-D)t | de (1 — (le)2 : :
M (I} \ et o) ‘). ok {z-j‘\-k'i—-.i)(-’fﬂ-i-fﬂ-i-?k! (le)
—4DR (leye SER— }
{o v D (k212 2Kl (le)} {z—v—— D (K* + 12— 2K1 (le))}!

Using the variables k=4l and { =2/DI?, we can conclude
that for finite ¢ the limit of integration with respect to
q must be taken with %,, /I ~~ when -0, but, as is
readily seen, this integral will diverge.

Exactly the same procedure can be formulated for
the acoustic modes, but there the corresponding con-
tribution from the factor / is less and therefore, in the
proposed approximation, it can be ignored. It is ob-
vious that the contribution of the thermal mode must be
equal to zero. Note that Eq. (305) with (306), (308),
and (309) is of the kind of equations considered by de
Schepper™ and can therefore be studied by the meth- -
ods developed in Ref. 14.

I should like to point out that all the equations ob-
tained in Sec. 4 and based on the initial condition in the
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form D,(S, Z) =Vy,(S)D,,(S, Z) could also be derived
from the equations established in Sec. 2, in which we
used the initial condition! in the form

DS, D)=10(S) Feq(T);  f2(S) =10 (S) Py (o).
The use of these two approaches reveals the following
differences in the procedure for deriving the corres-
ponding equations. First, if Eq. (226) is derived using
(2), it must contain on its right-hand side the operator
T, instead of the T, which is there. However, this dif-

ference disappears at the stage when we replace T, and
T E=Tr,

A second difference—which remains—is that when (2)
is used it is necessary to replace w(a) by its low-den-
sity limit, i.e., unity.

Thus, all the results discussed in Sec. 4 can be ob-
tained on the basis of our old scheme proposed and de-
veloped in Ref. 1. The main new point in the technical
application of this method—and which prompted me to
the new investigation—was the introduction of the col-"
lision operator in accordance with Ref. 4. It also bears
emphasizing that the method developed in the present
paper requires an important modification.

For whereas the operator U(#;1), which refers to the
system X, can be calculated from any justified kinetic
equation, the interaction term II,,, was here treated in
a very crude approximation. In concrete calculations,
we assumed that it is small, and we took into account
correctly only the second—order terms.

Suppose we wish to consider the situation when II, ,
=M{7 with &(») corresponding to short—range strong
repulsive forces. It is clear that such an interaction
must lead to some collision operator, though formally
our scheme can be used in this situation only under the
condition that we replace M by an ad hoc interaction
during the collision.

It is also obvious that our scheme requires a certain
improvement. This could be achieved. by, for example,
replacing the simplest approximation D,(S, =)
=Vx(8)D,,(s, ) by the probability distribution

DS D=V (&)= T (S 1)) D (S, B,

where 7,(S,j) depends on the phases of the particle S
and particle j of the system Z.

I am grateful to Professor E. G. D. Cohen for stimu-
lating discussions and also to V. K. Fedyanin for the
translation and much work during the preparation of
this text for printing,
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