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The application of Schwinger’s variational principle to problems involving discrete and continuous spectra,
and also nonstationary problems, is considered. The results of numerical calculations are presented, and
these suggest that the approach to few-body problems based on this principle is universal and effective.
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INTRODUCTION

The majority of variational calculations contain a
fortuitous element—the choice of the trial function. The
situation is more favorable if the calculation employs
an expansion with respect to a complete system of func-
tions and one succeeds in observing practical conver-
gence.

For the Schwinger variational principles considered
here, one can give a criterion of accuracy for not only
stationary quantities but also for the wave function, i.e.,
essentially this provides a dynamical approach. By
Schwinger variational principles (SVPs) we shall in
what follows mean stationary expressions for the cor-
responding quantities obtained by approximating the in-
teraction or part of it by a finite-rank operator and then
solving exactly the dynamical equations.

Since the entire treatment is based on the equivalence
of the Schwinger variational principle and the method of
separable representation of the potential, we briefly
describe this method.

We consider the symbolic identity

V=Vr-w=3V|) G|V GlV, (1)
i

where V is the potential; |#) and [j) are in general dif-
ferent complete sets. Truncating in (1) the summation
over the complete sets we obtain the separable approxi-
mationtt-3!

N

v = ¥ | Vs

2 1% | M) dij s | (2)
a5 ="0u | Vg

In reality, Eq. (2) represents an interpolation process
since V¥ |n) = V|np, {x,[V®¥ =(x;|V. One can show'*!
that the well known Bubnov—Galerkin,[*! Hilbert—
Schmidt,' and Bateman!®! methods are special cases of
the expansion (2) for appropriate choice of the functions
|7 and |x). The approximation (2) is intimately related
to Weinstein’s method of intermediate problems in the
formulation of Bazley and Fox.!™

In the literature, two forms of Schwinger functional
are given:

frlk, Ky = —(1/27) (k" | V | 4i™)

X (! | V| Rk | V = VGV | 2£); (3)
Fro(k, k') = —(1/22) (k' | V [ it
+ 2 |V [k — (i | V — VGV [ ), (4

where [x“"), |n*") are trial functions and G, is the free
Green’s function.
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The functional (3) is obtained from (4) by a definite
choice of [n®)). We set |n{*)=c[x{, |6
=¢*|xt?), and determine the coefficients ¢**’ from the
equations 8f;;/8c'*' = 8f;;/8c” =0. In this case, fi =f;.

In what follows, we shall use the Schwinger variation-
al principle in the formulation (3). The convergence of
the expansion (2) is ensured by a well known theorem:

If V is a completely continuous operator, it can be ap-
proximated arbitrarily accurately in the norm by an op-
erator of finite rank V¥,

Thus, the problem is solved by replacing V by V*?,
and |V - V™[ characterizes the error. In this sense,
the separable representation method is close to Lanc-
zos’s'®) T process, which is based on a fairly simple
idea. Usually, it is difficult to find the error of a nu-
merical solution to a problem, but it is easy to say for
which similar problem the calculated answer is an ex-
act solution.

In the present paper, I summarize the results of the
investigations that I have carried out using the Schwing-
er variational principle in the quantum-mechanical few-
body problem 871

We consider the problem of a quantum particle pass-
ing through potential barriers. Schwinger variational
principles are constructed for the coefficients of reflec-
tion and transmission. In the nuclear two-body prob-
lem, this method is applied to construction of the off-
shell amplitudes. The equations of the coupled-channel
method are investigated. It is shown that virtual tran-
sitions in the continuum can be taken into account. The
iterative process to which the Schwinger variational
principle leads is studied.

For potentials containing repulsion, it is not conven-
ient to formulate the Schwinger variational principle in
the form (3). This case is investigated in detail. Ex-
amples are found (pdp scattering) for which the
Schwinger variational-iterational method converges,
but not to the exact solution. It is shown how the prin-
ciple must be generalized for such potentials. Scatter-
ing at high energies is considered. “Dual” amplitudes
are constructed, these coinciding with the exact ones at
high and low energies.

Particular interest attaches to bound-state problems
since the Schwinger variational principle has not been
widely used for them. In the paper, we consider the
corrections to the main approximation of the method of
K harmonics for the example of the nucleus '°O.
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Nonstationary problems are investigated. In this
case, the Schwinger variational principle can serve as
the theoretical basis for constructing approximate
methods that go beyond the framework of perturbation
theory. Resonance scattering of ultracold neutrons is
considered as an example.

Since the Schwinger variational principle is obtained
in an exact solution of dynamical equations with an ap-
proximate potential, it is obvious that the solution, ir-
respective of the choice of the trial functions, will give
a qualitatively correct description of the quantum-
mechanical effects. It is also clear that of all vari-
ational principles the best is the one that depends least
on the choice of the trial function. Compared with the
variational principles of Kohn, Hulthén, and Ritz, the
Schwinger variational principle has this property.

1. SCATTERING PROBLEMS

One -Dimensional Problem. Passage through a Polen-
tial Bavrier. Suppose the potential V(x) is nonvanishing
in the interval (a, b) and particles move from the left,
so that the unperturbed wave function is exp(ikx). In
the standard method, to find the coefficients of reflec-
tion R and transmission D one either approximates the
potential barrier by rectangular potentials and fits the
solutions obtained in each of the regions to the Schrd-
dinger equation

& (z)dz?+ [ =V (2)] ¥ (=) =0, (5)
or one uses the variable phase approach. However, for
potentials of fairly complicated form, it is difficult to
estimate the error if these approaches are used.

We rewrite (5) in the integral form
40
¥(@) =exp (k2)+ | 6 2)V @)¥()dss

G (z, ') = (1/2ik) exp (ik |z —2'|). ‘(6)
Consequently,
+oo
P (z) =exp (ikz) + exp (—ikz) %- { exp (ikz") V (2") ¢ (2") d=;
1
V¥ (2) = exp (ikz) +exp (ike) o S exp (—ikz') V (z') ¥ (z') da’,

i.e., the coefficients of reflection and transmission are
determined by the equations

1 T )
R=fsls fr=mgip | exp(ike’) V(2 ¥ (") da’;

-0

e (m
D=|falty fa=1+ | exp(—iks) V(=) p(=)ds’,

—o0

where f, and f, are the amplitudes of the reflected wave
and the transmitted wave, respectively.

We introduce

4o
@ (2) =exp (iF2) + | 6 (@, =)V (@) W7 (=) dz'. ®)

In (2), we set N=1. With the potential

+o +oo
o) @)=V @ () | @V vEE] | revonw,
Eq. (6) can be solved explicitly:
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+o0
Y (z) = exp (ikz) + j G(=, )V (@) n(2") dz' - C; 3
+o0 ==

+oo
€= [ 2(2)V (=) exp (ike) def | | x@ Ve
—-co o ™ . =00

—J @ arev@ce mwrn]:l @

+o0
. 5 exp (ikz) V (z) n (z) dz-C;

+o :
B =1t | exp(—ike) ¥ (z)n(2) dz-C.

—00

It is easy to show that if =9+ &6y; and x =y, + &) then
' =f+018¥)3,
and if
n=y-+8p, x="4"+ 0y,
then
18 = fa+OUSHP.

Similarly, one can consider an N-term factorization.
As an example, let us consider reflection from the §-
functional potential ad(x):

M =/ (2ik—a); [P =2ik/(2ik—a).
We see that the result agrees with the exact solution,
and the dependence on the trial functions has disap-
peared. This is not fortuitous since the 6-functional po-
tential is a first-rank operator, i.e., ¥*’=V, Choosing

n=x=exp(ikx), we obtain the analog of the Born ap-
proximation:

bd

1
(1)

fd _1+'2li
Fo Fo  +x

(-EV(z) dz)z

5 V(:)d:ﬂm-g dz 5 dy exp (—ikz) V (z) exp (ik| z—y | ) V (1) exp (iky)

Partial-Wave Two-Body Problem. In (2) we set N=1
and |n)=|x)=|ny; then

VO =V |0, | VI | V. (10)
With the potential (10), the equation

T O=1 )+ | 6o T BV )4 o) ar (11)
i)
can be solved explicitly, and for the phase shift we ob-
tain the expression

tg 81" = (1/k) (e | V [ )2 o | V— V&,V | my), (12)

which coincides with the Schwinger variational function-
al. In the case of N-term separation [7,)=|x,) = [n}),
Eq. (11) can also be solved*:

N
1 i i J
g8V = —2 3 @IV G,V
i, j=1

(€5 =i |V —VG, V| ). (13)

We show that (13) is the Schwinger variational func-
tional. To prove this, we choose the trial function in
(10) in the form

N
[0 =i§l ci| i) (14)

*The Russian notation for the trigonometric functions (tg, etg,
ete.) is retained in the displayed equations.
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Substituting (14) in (12) and determining the coefficients
¢; from the stationarity condition (12),

3 tg 8{0/dc, = 0, (15)
we obtain (13).

We turn to the construction of a variational principle
for the off-shell amplitudes. The Lippmann-Schwinger
equation for the off-shell wave function has the form

1% (g EN=19)+G1(E)V |1 (g, E). (16)
Here |q)=7,(g7);{+'|G,(E)|7)=G,(r, 7', E). Using the

solution (16), we can readily obtain an expression for
the { matrix:

(klty (E)| K'Yy = —(1/k) (k| V | 4, (', E));
(Rt (k%2p) | By =tg 6,.
In (2) we set N=1 and |n)=|m,®), |X)= [n;()). Then
Eq. (16) can be solved as follows:
[P (&, E)y=|E)+ G (E)V |n (')
Xy () | V| By (Ry | V—V G,V | my (k"))
and for the { matrix we obtain the functional
(9 (E) [ k) = — = (k| V0 |44 (K, E))
= —{E| V| (k) ny (B) | V| K"/ 0, (k) |V — VG (E) V| m, (),
which is stationary with respect to variations of first
order:
[ () =] wp, (K, EN | &, (B, E));
[ (B)) =] (B, EN) ]| 6, (K", E)).
An N-term separation can be considered in the same
way as (13).

Three-Dimensional Two-Body Problem. In (2), we

set

[ =120 | =20 (17)
Substituting (17) in the equation

[ = K+ 66V |4,
we obtain for the amplitude the expression

N
Ok k)= =g 3|V ) O G0 Vs (18)
1, 3=t

[Ciy = (i) | V= VG5V |y,

For N=1, Eq. (18) reduces to a variational principle
for the scattering amplitude, and therefore (18) is
stationary with respect to first-order variations with
respect to each trial function [x‘). Indeed, if
M(-))zlll' ))+ 61],( )
L) = | W+ 64&*’).
then
1 (k, K) = f (k, K)— o (542 | W — WO 84 W =V —VG, Y,

Note that, in contrast to the partial-wave problem,
even a short-range potential is not in the general case
a completely continuous operator if, for example, V is
a local operator. However, f¥? converges to f since
G,V for short-range potentials is a completely contin-
uous operator.

We now point out a very important property of the
Schwinger variational principle.t8?
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We consider the case when the specified potential is
already an operator of finite rank N, which can always
be represented in the form

N

V= 3 Alz)di ) 45 07 =] Al 2. (19)

We replace V by V) in accordance with Eq. (2):

P 2 Vlnu)D‘” el Vs } 20)
[D ‘Ian =(%e| V| 1p)-
Substituting (19) in (20), we readily see that
YW=y, - (21)

Therefore, if the original potential is an operator of
finite rank N, the variational principle based on the
Schwinger functional for a trial function of the form

p= Zcilpl

i=1

leads to the exact solution for all ¥, for the variational
choice of ¢;.

Many-Channel Theory. We now turn to the system of
integral equations of the coupled-channel method:

1Y =1 P+ DGR Vo | ¥, (22)

where [gakv} is a plane wave in the ingoing channel.
Since

(VU'J).,=Z Vyuzpku y
“
Eq. (2) takes the form
N
i?il u%—,“nv\uin:‘) dgw (x“vln | ¢kn};

ld_l]i1=§ GG Ve | W)

(V(N)‘p)v=
(23)

Substituting (23) in (22), we obtain, for example, for
the elastic scattering amplitude the expression!’

N
M= 3 3 Vim0 CP 0 Vi | 0
ii=tm, L1 (24)
(T ="Z& | Via—VaGorrViry | i)

As in the case of the two-body problem, one can show
that (24) is equivalent to the Schwinger variational
principle. Suppose that

nit =bh U, =i+ suly;

then'®?
£ &, K) =1 (k, K)— o 3} O Wy — W) [ 8, (25)
B
where

Wl.w = Vuv_ ;: VuaG(n?)Vn'-

As in the two-body problem, the variational principle
(24) can be obtained from the variational functional

DThe summation over m, I, I’ includes integration over the
continuum.
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1 .
i E {kllvlmlﬂm)

', m

X x| Ve | q}k!’}/ 2 Ot | Vi — Vnn‘G{nt')Vn'u [ M)

n, |k, n’

£ (e, k) = ~

for trial functions of the form
N N
= bini; = ayi,
Mm {21 ‘I']m X: i§l x;

if b; and a; are chosen on the basis of the condition
8fh/aby =afh/da, =0.

If the interaction matrix V,, is an operator of finite
rank:

N

Vis= 2 2 Aun|2P)dis (92| Auss
a, B=1n, !

(26)

(7 ap = 2 %[ Ays| B,
1.2

then, replacing V by V"), we readily find on the basis
of Egs. (23) that V™=V, i.e., in this case the vari-
ational principle obtained by an N-term separable re-
presentation leads to the exact value of the amplitude.

Let us consider in more detail the possibility of ap-
proximating V;; by an operator of finite rank V¥’ in
many-channel theory. For simplicity, we consider a
characteristic case of the three-body problem, namely,
elastic scattering of particle 1 on a bound state of par-
ticles 2 and 3. Then

Vij(p)= I W7 (ra3) V' (raz, 0) 1 (rag) diryg, (27)
where
Virg, p)=V, ( IP"* mETMS l'zal ) +T’n( |P+#fma l'::l ).

We show that the approximation (23) is obtained by re-
placing V(r,,, p) by an operator of finite rank V")(r,,, p)
in accordance with formula (2):

N :
V= 3 vinhdf od|v;
i, j=1
[4)y= § o (ras, )V (ras, 9y (12, 0) g dp.

We expand x and 7 with respect to the system of func-
tions ¢;(r,,):

¥i (Taz, p) = ? 7.:,. (0) P (raa); M (raay p) = % 0, (P) P (vas)-
Then

(@10 == 3} {52 0) Vio (0) 4 (0) dp = 3} (1] Vi | )
uv pv

and

N
5 ¥ (re) VO oy, 0) () draa = 3 ) Vi |y d¥ (2| V5

m, n=1 ul
i.e., we obtain exactly the expression (23).

It is, however, known that even after separation of
the angular momentum V(r,;, p) is not a completely con-
tinuous operator, and therefore (23) is a formal equa-
tion. And therefore the Schwinger variational principle
for many-channel problems is not a dynamical approach
since one cannot invoke the smallness of |V - V™[; it
would therefore seem that in this case the Schwinger
variational principle has no real advantages over the
expressions of Kohn and Hulthén. We show that in a

191 Sov. J. Part. Nucl. 9(2), March-April 1978

number of cases this is not so. In many problems, a
good approximation is obtained by ignoring the strong
coupling V,, of the channels, and then both |v) and | )
correspond to the continuum.™®) If such an approxi-
mation is made, then the integration in (27) over Ty,
will be within finite limits, and V(r,,, p) can be replaced
by the completely continuous operator V(r,;, p)8(R —7,,).
It is clear that in the framework of this approximation
one can describe not only elastic scattering but also
disintegration processes. Thus, the Schwinger vari-
ational principle gives one the possibility of taking into
account virtual transitions in the continuum.

Vaviational—-Iterational Method. To solve quantum-
mechanical problems, one very frequently uses an iter-
ative method. The variational-iterational technique
that we consider in the present subsection leads to not
only a systematic improvement of the trial function but
also to the possibility of estimating the error at each
step.

The variational-iterational Schwinger method is
based on integral equations for the wave function. In
the partial-wave two-body problem, this method for
the phase shift is formulated as follows(25];

‘ ap N-t-i}) =(_;I(N>V| .lpgl\"));
B (1) =G, (r, ) — 1, (k) , (ke g B
T { K1Y, (k) ny (kr'),  r<r;
1 (r ) = iy (kr) j, (B, r<<r;
g 8 = — & (G, |V | o [V — V6,7 | ™,

(28)

where |#{*)) is the trial wave function in the N-th iter-
ation; V is the operator of the potential; 7, and n; are
Riccati—-Besselfunctions; k is the wave vector of the
scattered particle; and o!*? is the phase shift in the
N-th iteration.

In Ref. 19, an iteration-separation method was pro-
posed. The essence of this method consists of replac-
ing the exact operator of the potential ¥ by a separable
operator of first rank:

ity =V} @ (@l | Vi{gl® [V | g, (29)

some approximate solution of Eq. (11) being chosen as
the initial trial function [@{”’). With the potential (29),
Eq. (11) is solved explicitly and the wave function |@{")
of the first approximation is found; this is then used as
one of the functions in (29), etc. Thus, replacing V in
(11) by the separable potential of the N-th approxi-
mation:

Ve = V| @f) (o™ | Ticoi™ | V] g™, (30)
we obtain

LE¥0) = | 1)+ G,V | g €™ 1y, (31)
where

C () = (@™ | V| gN+0) g (™| ¥ | ). (32)

Substituting (31) in (32), we obtain an expression for
C*™ (k) in terms of functions of only the N-th iteration:

C™ () = (o | V] g™ | ¥ = VG, 17| i, (33)

The phase shift in this method for the N-th iteration is
also obtained by replacing the exact potential V by the
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separable representation (30):

tg 8" = — k1 | V| o™ ), (34)

In the construction by this method of (31) and (33) it
was assumed that the following condition is satisfied at
each step of the iteration:

(@M | V| gf¥) == 0. (35)

For potentials of fixed sign, this condition is always
satisfied.

Despite the apparent difference in construction of this
method and the variational-iterational Schwinger meth-
od, they lead to identical expressions for the phase
shifts, as can be seen by comparing (28) and (34). Al-
though the phase shifts at each iterative step are equal
in the two methods, the wave functions |¢{"’)(31) and
[¢§77)(28) differ, if |@{*") = |¢,), by a coefficient:

[9F =[G |, WUyt | g,
One can show that
tg 6, —tg 6™ | ~ |CM —1 2,

if [C" 1|« 1. This makes it possible to estimate the
error of the results at each step.

It is easy to show that if the iteration-separation
method converges, the series C},” ' must tend to unity:

:{rim C™ (1) =1. (36)

In its turn, the expression (36) is a necessary condition
for convergence of the iteration-separation method. If
the condition (36) is satisfied, then the integral equa-
tions for the function (31)

| 92} =,{_iq_1: | @iy

and the exact wave function |¢,)(11) coincide. Thus, the
iteration-separation method leads to a convergent pro-
cedure not only for the phase shifts, like the vari-
ational—iterational Schwinger method, but also for the
wave functions, the phase shifts being determined, nat-
urally, at each iteration step from the asymptotic be-
havior of the wave functions.

If the condition (35) for constructing the iteration—
separation method is not satisfied and in the limit N
- we have

lim (@™ |V | ¢™) =0, (37)
N

then for the exact wave function
("'I‘IIV"[I'!)#:O}

and in this case the relation (36) cannot be proved and
the iteration-separation method may not converge.
Moreover, the philosophy of the method is from the
very start inapplicable.

Thus, from the convergence of the variational-iter-
ational Schwinger method under the condition (37) it
does not yet follow that the method converges to the ex-
act phase shift. However, it should be pointed out that
in the case of (37) it is in principle possible that the
condition (36) is satisfied and then the variational—
iterational Schwinger method will converge to the exact
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solution (this is possible if (¢,IV|¢,) =0).

As an illustration of the iteration—-separation method
for many-channel problems, let us consider the elastic
scattering of the positron on the hydrogen atom and of
the proton on the deuterium mesic atomt*¢!:

e +H—re'+H; p+tdp—ptdp.
For these processes, the iteration-separation method

in the case of zero total angular momentum of the sys-
tem of particles is constructed as follows:

0 +0) = o (k) Bn. B0+ 2} GuiVos, mte | 992, € (k) )
C (k)= 3] tfo Viaont | 9/ ot e g D Vot o lr (38)
—=Var, wt:GnrVarr, wee | @80 )
tg 8§ = 3] (k)™ o Vi, ma | 45 € (ky), (39)

where n and [ are the quantum numbers characterizing
the states of the hydrogen atom (mesic atom); k, is the
wave vector of the scattered particle in channel n. The
variational—-iterational Schwinger method gives an ex-
pression for the phase shift that agrees with (39).

A necessary condition of convergence of the iter-
ation—separation method (38) for many-channel prob-
lems coincidies with (36); one cannot construct (38) if
a condition of the type (37) holds:

lim 3 (@@ Vo, e | g3 =0, (40)

Noszo nl, n'l"
In this case, one may have a pathological convergence
of the variational—-iterational Schwinger method to a
result which is not the exact phase shift if the condition
(36) is not satisfied.

For convergence of the variational-iterational
Schwinger method with accuracy governed by the ac-
curacy with which the integrals in (39) are calculated,
between three and 10 iterations were made. The re-
sults of the calculations showed that if the condition (40)
is indeed satisfied (with the necessary accuracy) the
necessary condition of convergence (36) of the iter-
ation—-separation method is not satisfied and there is
pathological convergence of the variational-iterational
Schwinger method. But if (40) is not satisfied, then the
series C'**(%,) tends to unity, the iteration-separation
method converges, and correct convergence is also ob-
served for the other method.

As zeroth approximations, we chose

| @) =] Jo} Snsbio (41)

and as the set of wave functions of the hydrogen atom
(mesic atom) for the discrete spectrum

L5 =1 %m0 (42)
In the cases when pathological convergence of the vari-
ation-iterational Schwinger method was observed (the
condition (36) was not satisfied) the series of C'"’ and
tand{"! values converged to quantities that did not
change on the transition from the initial approximation
(41) to (42). This shows that both the initial approxi-
mations in these cases are far from the exact wave
function. We now show that if |¢{}") is chosen sufficient-
ly close to the exact function the iteration-separation
method ensures convergence of our iteration function
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TABLE I.

Total
EeV | Channelsaiowed for  [M0%] o | tans, or scattering [ Type of
chan- length process
nels
0.000 I=0; n=1.2 2 0.562 (0.564)
0.000| I=04;(0+1)<n<2| 3 [0.3783] 0.1747
0.544 3 |0.641| —0,0533 (—0.0426)
2476 | 1 I=04; () <n <2 | 3 |0.908| —0,0584 (—0.1472) #H
4.808 3 [0.978| —0.2462 (—0,2460)
4.808| 1=04;(4+)<n<3 | 5 [0.965| —0.231
4,808 I=0,4;(1+1) <n<g6 | 11 |0.843| —0 218
0.000 3 0.445| 0.339 A
10.000) 1=04;(+1)<n<2| 3 [0.238] —0.0726 bep

Note. In the table, the phase shifts and scattering lengths for
e*H and pdu elastic scattering are given in the atomic system
of units for different energies and with allowance for different
numbers of closed channels calculated in the variational—
iterational Schwinger method. The values obtained by numer-
ical integration of the corresponding system of coupled-channel
equations® are given in brackets.

[@!¥) to the exact function.

With allowance for a small number of closed channels
(1S - 25), the initial approximation (41) is evidently
fairly close to the exact wave function, so that the con-
dition (36) is satisfied and the variational-iterational
Schwinger method converges to the exact solution. If
the number of closed channels is increased (1S - 2S5
- 2P), the approximation (41) is already so bad that the
variational-iterational Schwinger method gives only
pathological convergence when

lim CWz1,

N—=

It follows from physical considerations that when the
energy of the scattered particles is increased the ap-
proximation (41) for (1S - 25 = 2P) may again become a
sufficiently good initial approximation to ensure conver-
gence of the variational-iterational Schwinger method
to the exact phase shift (this can be seen in Table I).
Therefore, if there is a large number of closed chan-
nels and the energies are sufficiently low both the initial
approximations (41) and (42) are sufficiently bad for the
variational-iterational Schwinger method not to con-
verge to the exact phase shift. It can be seen from Ta-
ble I that even in these cases the phase shifts and scat-
tering lengths of the variational-iterational Schwinger
method (39) differ from the exact results'?? by not more
than 25%.

Thus, inthe case of many-channel scattering the actual
convergence of the variational-iterational Schwinger
method does not yet mean that exact results have been ob-
tained if the necessary condition (36) for convergence of the
iteration-separation method is not satisfied; such a
situation is realized in the case of ¢'H and pdu elastic
scattering with allowance for a finite number of closed
channels.

Potentials Containing Repulsion. Hitherto, we have
not considered the following question: Are all the
Schwinger variational principles obtained for the ap-
proximation (2)? It is obvious that in the case of the
finite-dimensional approximation V¥ a variational
principle is obtained if for at least one trial function the
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following relation is satisfied:

V® o=V (9]V™ = (g|V. : (43)

In this sense, the Schwinger variational principles ob-
tained on the basis of (2) are optimal since (43) is sat-
isfied for the maximal number of trial functions, which
is equal to N. However, in a number of cases it is also
necessary to consider other possibilities.

We have seen that if the potential V is not an operator
of fixed sign, then the convergence of the variational—
iterational Schwinger method may be pathological. This
is because (¢|V|¢) vanishes, and therefore the factor-
ization V¥ = V| )@ |V/@|V]¢) is not convenient.

We represent the potential in the form
V=V+Vs (44)

where V,>0, V,<0. Although (¢|V®) may vanish,
(¢|V,| @) and (¢|V,|®) do not. We replace V by a sec-
ond-rank operator, but such that (43) is satisfied for
only one trial function. Evidently, there are a great

number of such substitutions; we consider only two—
(45) and (50):

V@ = (1/d) (0, | Vo= VGV [ ¥, [ (e | Vy
| Vi—VG Va0 Va | md (e | Ve
— (| ViG V| Vi g [ Vo= (| VoGtV o) Va| ([ Vs 1 (45)
d=| Vo n) | Vel md— | Vi [ mod (| VaGiVy | )
— | Ve[ m) | VG Ve[ mp).

With the potential (45), Eq. (11) is solved as follows:

W=j tr)+ [ Gor s BT (Y () dr' -,

o

N— e —

+{ 6 By V) drCa; (46)
0
Co=m | V| i | V=TV Vi— VG Vs |
Co=(n | Va | i)/ | Ve— TGV — VoGV, |, )

and for the phase shift we obtain the stationary expres-
sion

Fo_ 1 Ge)Velmg oul Vel i)
e k [<'lxlI"l—l':Gﬂ'l—TsGﬂ’eIm)

G| Velne ol Valie
+(11rl Va— VoGV a— VoGV [y 1° n

One can consider the 2N-term approximation
N
[ S vl W7 | Velin

i, i=1

tg 8PN — _

+ ] Va ) (W3] (| Ve !h))] ; (48)
Wiy = | V= ViGV =V iGiVe i

[Walyy= ]| Vo= V.61V = TGV | ).

We prove (48) is stationary. Suppose
R ESLE
After simple transformations, we obtain

g 82" = tg & — (A/k) (B, | W — WV — WE” | Su);
W=V 4+ V=V GV, —TV.G )V (— V.GV — ViV
W=V —VGV,—VG\Vy; Wi=VoGV,—VoGiVi5

N
[{.’EN}E 2 : W( i l’]ﬂ ld:llum (11;"] Wi
n, m=
[dilnm = | W |-

As in the case of (31), we formulate the iterative pro-
cess
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1™ = jp+ GV 1| o) €1 + GV | of ™) CE™;
il Vil gf™ p

@V V4= VGV —ViGiva | ¢f")

N = (1 | Va | it [V, — VoG Vo—V4Gi Vs | ™.

M=

(49)

The following substitution that we consider is taken
from Ref. 15:

T =V, |0 b | Vil | V| )+ Val ) o | Vol | Va [ ). (50)

Further, one can show that the potential (50) leads to a
phase shift that is stationary under first-order vari-
ations of the trial function |7,), and one can formulate
an iterative process. Note that the variational prin-
ciples based on (45) have not been considered in the lit-
erature.

High Energies. Suppose that there is a set of trial
functions that are close to the exact function in different
energy intervals; substituting them in (2), we obtain
the amplitude (25), for which one can assert that it de-
scribes the scattering in the complete energy region,
i.e., formula (25) represents an interpolation proce-
dure.

To construct “dual” amplitudes on the basis of the in-
terpolation formulas it is natural to choose N=2, and
as functions in the separable representation the S-wave
solution ¥ and the high-energy approximation.t!! In
many-channel theory, the Glauber approximations are
suitablef?'1;

i, (1) =exp (k) [ W Ry, .

xexp( =g | Vi —Rydz) pu Rer .. R s |

—oa i

.3 RA)

(51)

dv=dR,, ... dR,

(r is the coordinate of the projectile, V,(r—R;) is the
potential of its interaction with nucleon #, and ¢, is the
wave function of the target nucleus), and also the S-
wave solution obtained by integrating the Faddeev equa-
tions.[22!

It follows from (25) that the obtained amplitude at high
and low energies is close to the exact amplitude because
6y is small, and it is also so at medium energies be-
cause |W—W*| is small.

We consider scattering on a potential of the rectangu-
lar well type with parameters that describe the experi-
mental data on low-energy nucleon—-nucleon scattering.
We construct three types of amplitude:

N=1; nf'=|ky; nf=[k) (51a)
N=1; =1l =1s (51b)
N=2 ni"=ni"7=vs nt=|k; =7=|k). (51¢)

In the case of (51a), the amplitude f‘* is virtually equal
to the exact amplitude at E~100 MeV, and in the region
E <100 MeV the error is ~40%. In the case of (51b), the
amplitude f§ coincides with the exact one for E <10
MeV since at low energies the S wave makes the main
contribution. At higher energies (~150 MeV), f§" dif-
fers from the exact amplitude by about an order of mag-
nitude.

The “dual” amplitude f?? (51c) coincides with ! in
the high-energy region, and with f§*’ and with the exact
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Im f(KK),F
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FIG. 1. Imaginary parts of the zero-angle scattering ampli-
tudes as functions of the energy E: 1) fU4) 2) £; 3) F@); 4) f ).

amplitude in the low energy region. In the region of
medium energies, f'? is also fairly close to the exact
amplitude f (deviation less than 10%).

In Fig. 1, we give the imaginary parts of the zero-
angle scattering amplitudes fV, f§, /¥, and f (sing-
let scattering). It can be seen that Imf‘? (k, k) has its
largest deviation from the exact quantity in the energy
range 20—80 MeV, but the deviation does not exceed

4%.

Thus, the interpolation formula (25) leads to an am-
plitude that with high accuracy describes elastic scat-
tering at all energies.

On the basis of this approach, one can obtain the high
energy amplitude in the region of both small and large
angles. Indeed, taking the Glauber and Schiff approxi-
mationst?3 as the functions in the separable representa-
tion, we obtain an amplitude that at small angles coin-
cides with the eikonal amplitude and at large angles
with the approximation obtained by summing the Born
series by the method of stationary phase. In contrast
to the quasiclassical amplitude constructed in Ref. 24,
in our approach the scattering processes are described
at lower energies.[®! Note that if the S-wave solution is
not known exactly, ¥s=exp(-8#), where g is a vari-
ational parameter (see, for example, Ref. 25), can
serve as a suitable low-energy approximation.

We now turn to the calculation of the Fresnel correc-
tions to the Glauber approximation. In deriving the
Glauber expression for the scattering amplitude of a
fast particle on a nucleus within the framework of po-
tential theory we make the following approximationst?l;
1) we ignore the binding energy and the kinetic energy
of the nucleons in the nucleus. This is frequently called
the adiabatic approximation (G -G); 2) we use the ap-
proximation of geometrical optics (é—Gz). Here, G is
the exact free Green’s function. Since we are inter=-
ested in the Fresnel corrections, we make the calcu-
lation in the framework of the adiabatic approximation,
choosing the Glauber solution as the trial function. We
consider the example of elastic nd scattering. In this
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case,[?7]

(e, R)=8() [ b exp (ipR) e N )

Here, k and m(k’ and m’) are the momentum and mass
of the incident (respectively, scattered) meson;, M is
the deuteron mass. The difference between G and G
has the form

R, ) =8(r) | k- expli(k—q) Rl g (&, 9), (53)
where
8k, @)= (m*/2) ¢*/(kq + i) (kg— g* +ie);

p=mM/(m+ M).
With allowance for the results of the preceding sections,
we arrive at an expression for the amplitude of scatter-

ing on fixed centers, the Fresnel corrections being al-
lowed for:

19k, K, 1) =C (k, K, 1) fo (k, K, 1) |
€ =folk, K\ 1) [ o (k, K', 1) |

(54)
— | @l k—anfolk—g k' Nk 9], ‘

Here, f, is the amplitude in the eikonal (Glauber) ap-
proximation. Averaging then over the initial and the
final wave functions, we obtain the expression for the
amplitude of scattering on the deuteron with allowance
for the Fresnel corrections.

For comparison with the results of other studies, we
calculate approximately the expression (54). Assuming
that the correction is small, we find

fr=tfo+ | i folko k—a, 1) fo lk—a, K, ) g (k, @). (55)

In the second term in (55), we take the amplitude f in
the impulse approximation:
fo =~ exp (iAr/2) foan (A) +exp (—iAN/2) fonp (A); (56)

Note that the 7V amplitude must be taken in the eikonal
approximation ( f,y). As a result, we obtain

A=k—k'

fr=To+exp (iar'2) [ g (@) fonn (0) forn (— -+ 8) - W
+exp (—1A7/2) { ¢ (@) fonp (9) forp (—a+A) gt (21,,
+ | 8@ fonp (0) foun (— 0+ &) oxp [ (q+ A12) 1] 720 (w
+ [ £(a) fonp (@) foup (—a + &) exp i (1— A/2) 1) 75T

(57)

Note that the second and third terms simply renormal-
ize the impulse approximation for f;; they correspond
to the Fresnel corrections to the amplitudes of 7N
scattering; the fourth and fifth terms represent the
Fresnel corrections, which renormalize the rescatter-
ing effects. These corrections have been considered
on a number of occasions (see, for example, Refs. 26
and 28).

In any method of calculation, the parametrization of
the off-shell amplitude causes difficulty.

To conclude this section, we consider the interesting
choice of the trial functions of the Schwinger variational
principle used in Ref. 29 to calculate above-threshold
nd scattering. We illustrate the main idea of this ap-
proach by the example of the two-body problem. The
expression (18) for N =1 has the form
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12k, Ky = — (1/20) &' |V | 0f) (1 [V [ RY (2 |V — VGV [ ). 67)

We introduce the new functions
U=V [nd; |UEH=V|n{)

Substituting U *? in (57’), we obta.in for the functional
(577) the expression
f(l)(k k‘)
= —(1/22) (&' | U) U | k) UE | V4 Uy — UL | Gy | UEY).
The functions U ‘*) are introduced, first, to make it un-
necessary to know the behavior of the functions at large
7 (under the condition that V(r) is a short-range potenz . -

tial) and, second. to avoid needing to calculate the in-
tegral {n| VG,V |n).

2. DISCRETE SPECTRUM

We consider the Lippmann-Schwinger equation for a
bound state of a system of A nucleons:

= —GgVy, (58)

where G is the Green’s function of free motion. We
replace V by an operator of finite rank V" in accord-
ance with Eq. (2) with |, = [x,). Then Eq. (58) can be
solved explicitly:

N N
9= —=GxV Jei|mi cr= 2 Buews
i=1 k=1
N (59)
Bin=— % di (0| VGV | ),
i

and the binding energy E is determined from the con-
dition of vanishing of the determinant of the matrix

D=0 — By (60)
ForN=1,

|9 =GV |3 (61)

M| VGV M|V |my= —1. (62)

We show that (62) leads for the binding energy E to a
variational functional that is stable against first-order
variation.!*?! Indeed, supposen=y+ 6% and E=E + 6E;
then

O | FGEV | ) = 2¢6 1 VGEY | ) =0 ([5%]*) +const 6E
CQRIV I+ 2(0 [ 1) O ([5y]?)

—)

i.e., SE=0([6¢]?). Here, ¥ is the exact solution (58)
with energy E. In (61) and (62) we choose the trial func-
tion ¢ in the form

N
i11)=l_§l ¢l mids (63)

and we determine the coefficients c¢; from the condition

aE/ie; =0. (64)
Substituting (63) in (62) and taking into account (64), we
see that ¢, is determined by (59), and the binding ener-
gy by (60).

We consider the case when V in (58) is an operator of
finite rank N. For such potentials, Eq. (2) becomes an
identity and therefore the variational procedure for
constructing the optimal combination of N trial func-
tions based on the potential (62) always gives a result
agreeing with the exact one for finite-rank potentials.[*?}
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The Schwinger variational principle for the scattering
amplitude has just this property. We shall therefore
call (62) the Schwinger variational principle for the
binding energy. In contrast to the Ritz variational prin-
ciple, (62) leads to one-sided bounds only for potentials
that do not contain repulsion (irrespective of whether a
ground or excited state is considered®’). We show that
nevertheless, using the variational principle {62), one
can obtain a one-sided bound on the binding energy in
the case of an arbitrary interaction. To this end, we
consider the identity V=V 4 (V-V"M)=V®, V.
Then in the first order of perturbation theory in V,,

N
e (‘F'V'ﬁ’_g, cimi))
EbY =F + _(.ﬂ-{‘p?)_'_ <
where J and £ are determined by (59) and (60). 1t is
readily seen that E’ is the Ritz variational functional
with trial function §, i.e., E‘*? is an upper bound.

(64a)

On the basis of the variational principle (62) one can
formulate an iterative process:

[¢n)=— GE_\-V [y (Fxa | VGE_\-VE‘F,\'—I)-"(‘F.\'-QV [ Pya) = —1,

and use it to improve the existing approximation. The
convergence of this process was investigated in detail
in Ref. 25.

The Ritz variational principle can also be obtained on
the basis of the philosophy of the separable representa-
tion method. However, it is then necessary to approxi-
mate the complete Hamiltonian. Indeed, let us replace
HY=H|x)}x | /x|x)- With this Hamiltonian, the equation
Hy=E can be solved, and for the energy we obtain the
Ritz variational principle: E=(x|H|x)/(|x). In this
connection, the Schwinger principle is preferable to the
Ritz one since the kinetic energy is not approximated,
i.e., the asymptotic behavior of the solution for all
trail functions is correct.

There exists an opinion that a finite-dimensional op-
erator V¥ gives not more than N bound states. This is
so if the functions in the separable representation do
not depend on the energy. In the general case, even
¥ ean lead to a complete spectrum. Consider, for
example, the S-wave two-body problem:

(d2/dr® + 2uE/N2 — 2V [7%) p =0, (65)
In the case of a bound state, E=-/%/2u and

g(r)y=— S Ge(r, V()Y (rdr's
(w/h*x) exp (—ur) [exp (ur’)—exp(—»r) 1y
o

(1/72%) [oxp (oer) —exp (—xr) ] exp (— ur'),
rrh

(66)
GE (rv r') =

Let R be the range of the potential V(7), i.e., V(#)=0
for >R, and let ¥,(E,7) be a regular solution of (65)
within the range of the potential. In (59) we set N=1
and |n)= |#,), and then

[4)= —GeV |t} 421 VGeV e/ |V by = —1. (67)

Taking into account (66) and the fact that ¥, is a solution
of (65), we obtain from (67)

P (R)  y (R) = — . (68)
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Equations (68) coincides with the exact fitting condition,
from which the complete spectrum is determined. In
the scattering problem, the trial function ¥, also leads
to the exact phase shift.

For a potential of rectangular well type, the solution
of rectangular well type, the solution of the partial-
wave Schrddinger equation has the form jl(k,7), where
k2= (2p/E%)(E - V,). Therefore, a Bateman expansion
with one of the nodes equal to k, exactly describes the
bound-state problem and the scattering problem for the
half-off-shell case. It is clear that the function |n)
can be expressed in the form

N
|’T>=§Ct|"71)

and the variational principle for |n) reformulated into
one for |n,) with an appropriate choice of ¢, for the
Ritz variational principle as well. However, one then
obtains an equation for the energy whose roots include
unphysical values.[3®) The sequence of the variational
principle (59) does not have this shortcoming since it

is found from the solution of (58) with the potential V¥,

With regard to the validity of the replacement of V

by V¥ in many-particle problems, i.e., the problem
of giving a dynamical meaning to the Schwinger vari-
ational principle (in the sense that |V - V| is small),
we point out that in bound-state problems V is defined
on the class of square-integrable function and the re-
placement of V' by V¥ ig justified. Calculations were
made in Ref. 31 in accordance with this method for the
three-body problem; rapid convergence was established.

Since the asymptotic behavior of the solution in the
Schwinger method is correct for any choice of the trial
functions, an oscillator basis is convenient. This basis
is widely used in the Ritz variational principle, and a
method has been developed for calculating matrix ele-
ments of the type

e VI el Gy (69)

where |n,) are oscillator functions. We simplify the
Schwinger variational principle in such a way that it

is only necessary to calculate the matrix elements (69).
We consider the case N=1 and replace (62) by the ap-
proximate expression

N
< alvlwolGeindmVim _ _ 4 (70)

W mivim
i, =1

Although the stationarity of (70) is approximate, this
expression is convenient for practical calculations and,
which is particularly important, is obtained by replac-
ing V by a first-rank operator V©’

@tVind gV in) oy,
i 1M ¢y |- (71)

N
=3

i, j=
One can also consider the general case (59).

Corrections to the Main Approximations in the Meth-
od of Multidimensional Harmonics. Calculations of the
binding energies of the lightest nuclei have shown that
the method of K harmonics converges rapidly, i.e., the
main contribution to the wave function and energy of low-
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lying states is made by the first terms with K=K, ./
However, it is not yet clear whether the method con-
verges rapidly on the transition to heavy nuclei (for

example, to '°Q, etc).

We calculate the corrections to the basic approxima-
tion of the method of K harmonics.[**! For simplicity,
we shall assume that the fundamental harmonic with
total angular momentum J and projection J, onto the
z axis is unique:

Uk min 7.7, @34-3)=Ux_; (Q3a-3).
in (62) we set

N=p-@-02¢ () Uy . (Q34-3) (72)
and, using the approximation of Ref. 33, we find

¥ —vof (A5 +1E)

do [ 4 () TR (o) (2L 41 E1) ]/  dow(0) P (o) = —1,
P !

(73)

where
w=K . 4+ (34—6)/2;

V7 (0) = | Uktpin Q04-3) V"Vt i (R.4-5) 343,

and ¢(p) for many-nucleon nuclei is close to the oscil-
lator functionf3*?;

¢ (p) =exp[-—(p—p)Ap%; Ap~p/V A (74)

It is obvious that the expansion of J with respect to the
hyperspherical functions contains all potential harmon-
ics besides the fundamental one.

Although (73) is obtained under the same approxima-
tions as the expression for the corrections in Ref. 33,
our formulas are much simpler (the term with V7 is
absent). This is one of the advantages of the present
approach.

As an example, we estimate E for the nucleus 60
and a spinless two-particle potential of the form

Vis = exp (—pli/t]) — hoexp( — pliiti) (75)
with the parameters?’

Bl mislls Dpslibsh romdis, (76)
which lead to a '®Q energy in the basic approximation:

Ey=—6. (77)
For p=10, calculation in accordance with (73) gives

E=—219. (78)

[The expressions V2 for the nucleus '°0 and the poten-
tial (75) are given in Ref. 33]. The accuracy of (78) can
be estimated by using (64a). For the cases (75) and
(76),

| AE/E|-100% ~ 30%; AE=E®_E. (79)

Remembering that in reality the accuracy in the calcu-
lation of £ is much better, since the upper bound for
| AEZ| was used to derive (79), we can assert that al-
ready in the first approximation of the method there is

2YHere, the energies are measured in units of 20. 6 MeV and
the distances in fermis,
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significant improvement in the K_,, approximation. The
value (78) is in qualitative agreement with the results
of Ref. 33, in which the estimate E<-15 was found for
the same example.

Problems with More Complicated Boundary Condi-
tions. To demonstrate the effectiveness of the Schwing-
er variational principle in problems with a discrete
spectrum, we consider the problem of microwave
breakdown. The problem of breakdown of a gas in an
inhomogeneous microwave field has been considered on
many occasions.®3¢ Tn such afield, itisasaruleim-
possible to obtain an exact analytic solution for the
nonstationary diffusion equation that describes the elec-
tron density:

V (DVR) + Ve = dn/t (80)

(vyee =¥, — v, is the effective ionization frequency, which
depends onthe effective field E,,, = |[E| N1+ o?/2%; |E| is
the modulus of the microwave field; v is the frequency
of collisions of electrons in the gas; w is the angular
frequency; v; and v, are respectively the ionization and
trapping frequencies; D is the diffusion coefficient).

To find the conditions of breakdown in the gas, meth-
ods based on the Ritz variatonal principle are ususally
used. In the first of them, which was proposed by Ep-
stein, ®! the following variational principle is obtained
from the condition of continuous breakdown 8x/8¢=0:

6<TIIL0 "‘Vnetiﬂ) =0,
where L,=-V(DV); 7 is a trial function.

In the second approach proposed by Mayhan,3¢'Eq. (80)
leads to an eigenvalue problem. For this, one expands
the electron density n(r, f) with respect to a complete
system of functions:

n(rt) =3 Ny (r) Ta ().
After this, (80) reduces to the system of equations

(Lo+v) N =M N5 }

aTp/dt = — 0, T, (81)

where A, is the eigenvalue; L =-V(DV); v=-v,,,. It
follows from (81) that the onset of continuous breakdown
corresponds to a condition under which the minimal ei-
genvalue AP!® is zero.

To find AP*®, one used the Ritz variational principle
A = — | Lo v /e | m

with trial function |n> satisfying the following boundary
conditions: 17=0 on the surface of the emitter and

vn =0 for the open part of space. A schwinger varia-
tional principle is obtained by replacing » by an opera-
tor of finite rank in accordance with Eq. (2). It should
be emphasized that the calculation of the Green’s func-
tions of the operator L, for the majority of the models
used does not present difficulties. In Refs. 35 and 36
the Ritz principle was demonstrated for some model
problems whose exact solution is known. We show that
the Schwinger principle with the same trial functions
leads to more accurate results.[*”? For this, we intro-
duce the notation
D=Ds p=vDp. (82)

v =vof (r);
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We consider microwave breakdown between two in-
finite parallel slabs. The boundary conditions are n(0)
=n(1)=0. We write down the diffusion equation for this
case:

d®n/dz®+ uf (z) n=0nldt. (82')

The Green’s function of the operator d*/dx® with approp
riate boundary conditions has the form

z(1—z",
z'(1—2z),

z’ 5
G (2,2 ={ r>Zt
T <Z.

If f(x) =1, then the exact solution is
p=n?=9.869.

(83)

n = sin nz;

We give the values obtained by the variational methods
with the trial functions
(84)

n=z(1—2); .
(85)

n=z (1 —az) (1 +ca2?)
(c, and c, are variational parameters).

For (84) the Ritz principle gives 1 =10.0 and the
Schwinger principle 1 =9.883, i.e., the latter is an
order of magnitude more accurate than the former.

For (85) the Ritz principle gives p=9.99 and the
Schwinger principle with the trial function (84) is much
more accurate than the Ritz principle with the trial
function (85). If the trial function n=1, which does not
satisfy the boundary conditions, is used in the Schwing-
er principle, the result p=12.0 is obtained, and this
differs by only 20% from the exact result.

In the case f(x)=1-x (in the same problem) the exact
value is p=18.956.

Let us consider the results obtained by the variation-
al metheds with the trial function
(86)

=z(l—2);
n=z(1—2) (87)

n=a (1 —z) (e +€2%).

For (86), the Ritz principle gives 1=20.0 and the
Schwinger principle gives u=19.09.

For (87) the Ritz principle gives u=19.02 and the
Schwinger principle gives =18.961. It can be seen
that the Schwinger principle with the trial function (87)
leads to a solution that is virtually the same as the ex-
act one.

We now consider two-dimensional problems. We con-
sider microwave breakdown in a cylindrical cavity of
radius R and length L. The equation in this case has
the form

&n/ar2+ (/) dn)dr -+ 8n/dz% 4 pf (r, z) n= dnlat, (88)

and the boundary conditions are n,.,=0 and n,,=0. If
we choose f(¥)=1-72, then the variables separate and
the exact solution for nR/L =k=1 gives 1=8.5. The
Green’s function for the radial equation is

(e) Io (o) [ 1o (Br') + €Ky (k)]

G ’ = g
r, ");{ (V/e) Iy (kr') (L (kr) ++ cKy ()],

'
r>r,

where c=1I,(k)/K,(k); I,(kr) and K (k7) are Bessel and
MacDonald functions of imaginary argument.

The results obtained by the variational methods with
the trail function 7=(1 — r?) sinnz for k=1 are as fol-

(89)
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lows: Ritz principle, p=9.33 and Schwinger principle
1L.=8.868. In this case too, the results obtained by the
latter is much more accurate than for the former.

Summarizing the above examples, we can say that
even in problems with complicated boundary conditions
the Schwinger principle has the advantage over the
Ritz principle.

3. SCHWINGER VARIATIONAL PRINCIPLE IN
NONSTATIONARY THEORY

In a number of problems of atomic and nuclear phys-
ics (for example, in many-photon ionization of atomst®7?
and in reactions induced by heavy ions™®)) it is neces-
sary to go beyond the framework of standard perturba-
tion theory. Although successes have been achieved in
this direction (the quasienergy method?®’ (Ref. 39), the
Creen’s function method,[%%? etc.) the large number of
channels that must be taken into account and also the
special nature of the existing approximations have the
consequence that one must investigate the general meth-
ods of theoretical description of such systems. It is
obvious that variational principles can provide the basis
of such an approach.?’

Basic Equations. The wave function of the system
satisfies the equation

16 (5, 1)'at=[Ho (B)+ V(€. 0] % (€. 2), (90)

and it is natural to seek a solution in the form of the
expansion

Y€ = 2 ay(t)exp [—iE.t] |v)

with respect to the eigenfunctions of the nucleus (atom)
in the absence of an external field:

Hy|v) = Ev[V).
Then for a, we obtain the system of equations

+ day

iS5 = 3 exp (iowt) V[V ()| ¥) 2w, (91)

where w,,. = (E,-E,); a,!) is the probability amplitude
for finding the system at time 7 in one of the states |v).

Suppose that at the initial time #; the system is in the
state |vy); then we have the following initial conditions
for solving the system (91):

a (to) = Ovvy-

We rewrite (91) in the integral form

(92)

—

8u(t) =Syt | 3 Vo () 2w () ",

.
s

3t is to be expected that the use of quasienergies will be
fruitful in the theory of many-photon ionization although the
practical use of quasienergies in the theory of many-quantum
processes is apparently difficult. 1l

4WNote that an analogous variational principle for an infinite
time interval was considered in Ref. 42, and a generaliza-
tion of variational principles of the Kohn and Hulthén type
to nonstationary problems was given in Ref, 43.
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where
Viwr (£) =exp (iowt) (v| V (£) | V).
We introduce

ay (b, T) =08y, + -1—13: D Vo (£ 0 (t—2) aye (¢, T) at";
. 93
ol 120 =
It is readily seen that
ay(t, T)=uay(t), if
and for {>T

i1

T
ay(t, T)=bw, +— PAIGIIGE S

fy v
ie.,
T _{ ay(t), T,
Gt D=1 40@), t>1. (94)

Such a situation is realized if the potential is switched
off at the time T; in this sense, Egs. (93) are analogous
to the equations of the variables phase approach.

In what follows, we shall also require the functions
al (¢, T):

aO(t T) =8, —+ a5\, Tyar. (95)

STy

EV..\ ()06 —

For T<T, the a}'")(¢, T) are solutions of the system
(92) with the initial conditions

a4 T, T) =By

Separable Representation Method. To solve the sys-
tem (93), we generalize the method of separable repre-
sentation of the potential in many-channel theory. We
replace V by an operator V¥’ of finite rank in accord-
ance with

SR @ be () '

v.

N T
=3 3 Va@ui@dr [l ) Vi ) be ) ar;

(96)
i =1 v ty
H s :
dy="73) S (M ()* Ve (2) W (1) .
'ty

With the potential (96), the system (93) can be solved
explicitly:
a&" (t, T)=buw, + T Vi (£) 0 (8 — 1) mis (1)

i

5\
2
1w

k)
Sy

< 5o

g

Xt 1€ (D | (7 0 Py, (¢ '

ty

T
cyM= J[ | @i O Vi e 0y e
1y

B’

(97

T 7
=5 3 [t Jat’ (i) Vi (0 0 =) Vi @), €]

nt, f,

We mention the specific features of the separation
method with respect to the time. It can be seen from
(97) that if £< T then a{™(#, T) has no meaning. Indeed,
we have replaced the potential by one that is nonlocal
with respect to the time. Therefore, a!¥ (¢, T) depends
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on the fields at times that are not only smaller than

but are also larger than f right up to 7. This obviously
contradicts the causality condition. However, for
a{™(T, T) there are not such contradictions. Using (94)
and replacing T by ¢, we arrive at the solution of Eqgs.
(91) obtained by the separable representation method!s:

oM () =a{, 1); (98)
N ¢
P O=bw 1 J I Vo )0, ) 1 Oy
i, i=1 vut,

13
x [ O @y, @ar.  (99)
1, E
Let us consider briefly the convergence of (99). We
consider the equations

Y (t, T)=exp(—iEyt)|vo)
T
+4 [exp ity —tno -1y v ) W, T)de';

ty

Y (&, T) =exp (—iEt)| v)

(100)

ke
i

exp [illy (' —1)]0 (¢'—1) V (&) ¢ (¢, T) dt’,

Sty

)

whose solutions satisfy (90). The amplitude is deter-
mined from the equation

ay(ts )= (@, (140 (¢ 1) Oy (1) = exp(—iEd)|v).

To solve (100), we use an identity that can be written
symbolically as

V=V1"1= 3 V[ G| V| v (101)
LU

here, |i) and |j) are complete sets also with respect
to the time in the interval (¢, T];

T
wivim=fafze ove new ya.

t

In (101), we truncate the summation over the complete
sets, and then

= Z Vl‘F?)ﬂ’u((x,IV}
dy= ((ml Vien.

(102)

With the potential (102), the system (100) can be solved,
and for a{*(f) we arrive at (99) after appropriate trans-
formations. It is clear from the argument we have given
that if Egs. (100) have solutions, in other words, if the

kernels (100) are completely continuous, then (99) con-

verges.

Schwingev Vaviational Principle. We show that (99)
is stationary against first-order variations with respect
to each of the trial functions 1. We consider first the
case N=1, Then

a’ (t) = 8w, +
> 5 Ve () My (21) ! j(n;n(s'»* w, (A"

+ 1 vy

1 (103)
{ at' [ (a5 (0* Voo () m (8)
ﬂo 7] 1
1 1
- — fer 2 (157 (0" Voo (€ 006 1) Vo (1) 15 (4
’l
We rewrite (103) in the form
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ay’ (1) =08y, -
! = 1
e 5 So¥ e () 1 () 5 (T (EN* ¥ oy (98 oy,
b + wrutve iy : fy
3§ o [ ene Vonter o )

ap 1,

1
ot [ a3 a2 O Vs (000 1) Vo () ms () ]
t, &

Further, using (95) and (94), we obtain
t t

3 | wbuv v )@= 3, [t [@0OE )" Vi () v )

[TA nv' f

-t
-lij dt" T, (@ (¢ ) Vi (¢) 0 — ) Vi () e (0 ] 5
s u'

i
3 0 @0F Vs ) 80y, @0
Byl .
i
=3 [ [a@ e Vuw @)av @0

WV L,

t
-1 ‘s &S (16 (E)* Vi (0 0 — 1) Viewr () 2 (7, 1) ],
% u

Therefore, if

0 @) =al 7 (1, O+ 80y T () =au (¢, 8)+bay,
it follows that

@\ (1) =ay ()40 [(8a)?),
i.e., (103) is a variational functional.

In (103), we choose the trial functions
N N
W)= ami @) 2 O)=2 bt~ (8)-
1 { i=1

i=

(104)
Substituting (104) in (103) and finding the coefficients
a; and b; from the conditions

dalt) (£)/9a; = dalh (1)/8b; =0,
we find that a{*’(f)=a{"'(#). Hence, if

- "1; () =a, (", t)-+day;

N (@) =ali=) (¢, 1)+ 8ay-),
then

a™ (1) =a, () + 0 [(Ba)?]
and we have proved our assertion.

As an example of the use of the variational principle
(103), we choose

T (87) = B M) () = e (105)

Substituting (105) in (103), we obtain for the amplitude
the expression

at? (£) = Byv,
X o
( S Vi)’
+_1_ tn
i t )
Vi () d!‘w_:. 5 ar | dr B Vo @00 =1 ¥y, ()
to n

(106)

o,
Sy

Sy

which is an improved Born approximation and, to terms
quadratic in the interaction, coincides with the second
Born approximation.

We note further that if the Hamiltonian does not de-
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pend explicitly on the time, then, replacing V by -
exp(-¢&|#|)V and taking #,= -, we obtain the ordinary
Schwinger variational principle for af*’().

Transmission of a Particle Through a Potential
Barrier Varying Depth. In Ref. 41, a study was made
of the transmission of a particle through a narrow po-
tential barrier with periodically varying depth and nu-
merical calculations showed that the reflection of the
particles from such a barrier has a resonance nature.
1In this section, we consider this problem on the basis
of the Schwinger variational principle. Suppose the po-
tential is

Viz, t)= -—(a-i;?.cos ot) § (7). A (107)

We consider elastic scattering. Substituting the poten-
tial (107) in (106), we use the adiabatic hypothesis, i.e.,
we replace V(x, ) by exp(-¢€|t|)V(X, #), go to the limit
t,=~ =, = in (106), and obtain as a result for the re-
flection coefficient R the expression®’

R=|c2k (M8 ) 6 — I —a)+i(at+ 2248V o+ ) %
which is valid if w#0.

(108)

It can be seen from (108) that if @ >0, i.e., if the sys-
tem has a bound state for A=0, then for k*<w the re-
flection has a resonance nature, and near the reson-
ance the expression for R has the form of the Breit-
Wigner formula with a width that depends on the trans-
fer. In the region of energies k*>w there are no res-
onances.

For A=0, the expression (108) goes over into the ex-
act expression for the coefficient of reflection on a
5-functional potential.

Let us consider briefly the physical picture of the
phenomenon. For k*<w, the system can emit a quan-

. tum w, go over into the region of negative energies, and

then absorb a quantum w; for %*>w, the probability of
absorption of a real quantum is small.®’

It is known(#? that ultracold neutrons provide, on ac-
count of their exceptionally low energy (~107 eV), a
unique possibility for investigating nonstationary quan-
tum-mechanical effects.

Of particular interest is the case when the frequency
of a nonstationary field bears the relation #*<w to the
energy of the ultracold neutrons.

It is obvious that the field (107) for ultracold neutrons
can be obtained, for example, by placing a ferromag-
netic foil in an alternating magnetic field. Since the
case @ >0 is realized in experiments with ultracold
neutrons, their reflection has a resonance nature.

Since in reality there is an anomalously rapid leak-
age of ultracold neutrons from traps,ts! it appears to us

5)Here and in what follows we use a system of units with
rF=2m=1,

8)gince (108) is obtained on the basis of the Schwinger varia-
tional principle, i.e., exact solution of the problem with
approximate potential, it follows that this effect is not
peculiar to 6-functional forces.

A. L. Zubarev 200



very interesting to use high-frequency magnetic fields
to confine ultracold neutrons.[’s! In this case w ~10°
- 10" (sec)™. Such frequencies are readily obtainable,
In addition, it is of considerable interest to make an
experimental study of the resonances. It is possible
that this effect could be used to obtain monoenergetic
ultracold neutrons.

To consider the interaction of the ultracold neutrons
with the walls of the trap, it is necessary to take into
account the acoustic vibrations of the trap. This in-
teraction can be described by a potential of the form

(109)

Using the approximation (106), we readily obtain aform-
ula for the amplitude of the elastically reflected wave:

Viz, t)= —ab (z—Acoswt).

1 atTE (2Kk0)

Qo =— .
i
I (Mg —K)) T (A (g &)
P —k* - mo—-ie

(110)

T (2!:}..)-{-% 5 E g
In contrast to (108), in (110) we have taken into account
the virtual absorption and emission of infinitely many
quanta.

To conclude this section, we consider the interesting
although little investigated possibility of extending the
results obtained in this section to the theory of nuclear
reactions. The point is that almost all theoretical mod-
els are based in some sense on the concept of single-
particle stationary motion. One such approximation—
the optical potential—is widely used. We can compli-
cate the simple single-particle motion by introducing
into the potential a time dependence, which appears be-
cause of the motion of the nucleons in the nucleus. The
suggestion is therefore to replace the many-channel
system of equations describing the scattering of a par-
ticle on a bound complex by the problem of the scat-
tering of the particle on an effective potential Uo7, 8)
which depends on the time.

It is known that at low energies nuclear reactions
have a resonance nature, while direct processes are
dominant at higher energies. This fact finds a simple
explanation in a theory with time-dependent effective
potential. Indeed, it follows from (108) that there are
resonances when k*<w but these disappear at energies
greater than w.

CONCLUSIONS

Let us list the main properties of the Schwinger vari-
ational principle.

1. It enables one to describe in a unified manner
bound-state problems, scattering, and nonstationary
problems.

2. In reality, it is a dynamical approach since the
problem is solved by replacing V by V™, and |V - V|
characterizes the error.

3. If V is a completely continuous operator, the con-
vergence of the method is ensured by the well known
theorem on the approximation of a completely contin-
uous operator by an operator of finite rank.
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4, If the original interaction is described by an op-
erator of finite rank N, the variational principle ob-
tained with an N-term separable representation leads
to the exact value for all trial functions.

5. The Schwinger variational principle is obtained as
a result of factorizing the interaction, while the kinetic
energy, i.e., the asymptotic behavior of the solution,
remains correct for all functions. Therefore, in cal-
culations of the binding energies and wave functions of
light nuclei with oscillator trial functions the method
will converge rapidly, in contrast to the Ritz variation-
al principle.

It should be noted that the Schwinger variational prin-
ciple is somewhat more complicated than the Ritz,
Kohn, and Hulthén principles since it contains an in-
tegral of the form (n| VG,V |n); for this reason, the
opinion has even been expressed (see, for example,
Ref. 46) that the Schwinger variational principle is not

' particulary convenient in practical calculations. How-

ever, the advantages of the Schwinger formula, which
we have considered in detail here, and also the possibil-
ity of choosing comparatively simple trial function en-
courage the belief that this principle is helpful in quan-
tum-mechanical problems.”

I am very grateful to V. B. Belyaev, A. 1. Baz’,
E. Wrzecionko, Yu. N. Demkov, B. N. Zakhar’ ev,
V. L. Lushchikov, A. G. Sitenko, A. Ya. Smorodmskn,
and V. F. Kharchenko for discussing a number of ques-
tions considered in the paper.

"n this paper, we have not considered the connection between
the Schwinger variational principle and the method of Padé
approximation!“’! nor the application of it to the solution of
the Faddeev equations!‘®! and relativistic equations. 497 -
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