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Theoretical and experimental investigations on deuteron breakup induced by protons and neutrons with
energy up to 50 MeV are reviewed. A description is given of the nonrelativistic three-particle kinematics,
the experimental techniques, and the basic theoretical equations for describing scattering in a three-
particle system. The most important experimental results of recent years and their theoretical
interpretation are discussed. It is shown that at the present time a good understanding has been achieved
of the Nd breakup mechanism and that one can with good accuracy extract the low-energy parameters of
two-particle scattering, in particular, the nn scattering length; however, despite the good agreement
between the experimental data and the theoretical calculations it is impossible to obtain reliable
quantitative data on the off-shell behavior of nuclear forces and three-body forces.

PACS numbers: 25.10.+s, 21.40.+d

INTRODUCTION

Significant successes have been achieved in the last
two decades in the study of the three-nucleon system.
Faddeev’s pioneering work'" was followed by many cal-
culations of the scattering states of three nucleons for
the NN interaction.

Fundamental questions were posed by Mitra,t?!
Amado,'®! Lovelace,'?? Sitenko and Kharchenko,'®’ Wein-
berg,'®? and Alt et al.'™ The rapid development of com-
puting techniques made it possible to carry out practical
calculations'® % and compare them with experimental
data.

Significant progress has also been achieved in exper-
imental investigations of pd and ndscattering. Improved
detectors and measuring techniques, and also the mod-
ern methods of data evaluation, made possible kinemat-
ically complete experiments with sufficient effective-
ness.

The growing interest in problems of the three-nucleon
system was reflected in many publications, and also
conferences (Brela, 1976; Birmingham, 1969; Los
Angeles, 1972; Quebec, 1974; Delhi, 1976) and sym-
posia (Liblice, 1974; Tiibingen, 1975; Vlieland, 1976;
Uppsala, 1977; Potsdam, 1977).

This interest is explained above all by the fact that in
nuclear physics there is a tendency to reduce the com-
plicated properties of a system of nucleons to the in-
teraction between tow nucleons. Although it is impos-
sible to assert at the moment that this problem can be
solved for heavy nuclei, the description of the three-
nucleon system can be a first step in this direction.
Here, we also have questions relating to the complete-
ness of our knowledge of the NN interaction, especially
off the energy shell, and also the importance of many-
particle forces. The efforts of many physicists (the-
oreticians and experimentalists) in recent years have
been directed toward the solution of these two prob-
lems.

The reaction 2H(n, 2rn)p plays a key role in investi-
gations of the neutron-neutron interaction, being of
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great importance in connection with the charge sym-
metry of nuclear forces.

There have been a number of reviews devoted to this
subject. In Refs. 14-17 the Faddeev equations and
methods for solving them are discussed; in Ref. 18, the
connection between the two- and three-nucleon prob-
lems. A review of deuteron breakup induced by nucle-
ons is contained in Ref. 19; data on nuclei with A =3 in
Ref. 20; an analysis of the angular distributions in the
case of deuteron breakup, in Refs. 19 and 21. Review
talks at conferences are given in Refs. 22 and 23, and
invesitgations on the nn scattering length are compared
in Ref. 24.

In the present paper, we review the experimental in-
vestigations on deuteron breakup by nucleons and we
analyze them. We discuss mainly the results of the last
three years. The energy range is limited to about 50
MeV of the incident nucleon in the laboratory system.
Bound states and the breakup of the deuteron by other
particles are not considered.

Section 1 contains an introduction to the kinematics
and the experimental methods of kinematically complete
experiments. The exposition is limited to nonrelativ-
istic kinematics and detection of charged particles. In
incomplete measurements, the integration with respect
to one of the coordinates results in a partial loss of
information. Therefore, such experiments are not con-
sidered.

In Sec. 2, we present scattering theory for three par-
ticles for the NN interaction, and also the common
model representations and certain principles of numer-
ical solution of the three-body problem for separable
potentials.

In Sec. 3, we discuss the results of some experimen-
tal and theoretical papers that have appeared since
1974. Here, particular attention is devoted to comparing
theory and experiment and studying the off-shell behav-
ior of the NN interaction.

At the end, we consider the present state of the prob-
lem and make some predictions for the future.
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1. KINEMATIC RELATIONS AND EXPERIMENTAL
METHODS IN DEUTERON BREAKUP INVESTIGATIONS

General Kinematic Conditions. In a three-particle
reaction, the laws of energy and momentum conser-
vation in the laboratory system take the form

Ey+Q=E+E,+Ej; (1)
(2)

Po= Py + P2+ Pa.

The kinematics of such a reaction is determined by the
nine momentum components of the three final particles.
Using the four equations (1) and (2), the problem of a
kinematically complete measurement reduces to deter-
mining the differential cross section as a function of
five variables that satisfy the following condition:

(14 my/nig) Ey + (1 -+ mafmy) Eq + (2/ms) (Y mymoELE, (cos (1, 2)
—V Mg EoE,y cos By — V momoEoE, cos 8;) — (1 —mg/my) Eo—Q =05
(3)

cos (1, 2) =cos B cos By +sin By sin 8, cos (@;— Pa),

where E, and m, are the energy and mass of the pro-
jectile; @ is the @ of the reaction; 6, and 6, are polar
angles; ¢, and ¢, are the azimuthal angles; and E, and
E, are the kinetic energies of particles 1 and 2. Equa-
tion (3) describes an ellipse’® in the coordinate sys-
tem with vE, and VE, as axes. In the center-of-mass
system,

B = B+ B+ B ()

where ES% = (1 - m,/M)E,+Q is the total energy;
ES™ ES™, ES™ are the cms kinetic energies of the three
particles.

We introduce Jacobi momentum coordinates:

Piozs = iss [Pr/my— (Ba + Do)/ (ma + mg)] = py — (ma/ M) po; (5)
Pz-3 = a3 (P/Ma — Pa/ms), (6)

where =m0, +mM)/M; ppg=mymy/(m, +my); M
=m, +M,+M, We obtain the expressions forp,.,,
Ps-1ss Dygy and p,_, by an appropriate change of the in-
dices. Then the relative energies can be expressed as
follows:

Eyons = Pi-23/2s25 (7
Eyy= Pg-sml-lz-a = Eigy— M E{"/(my +m3), (8)

and the energy conservation law is represented in the
form

E{® = Ey g3+ Epg = (Mg +myg) Eoyf M+ (my +mg) Ey o/ M
- (my -+ mg) Ey ol M. 0

If, following Dalitz,'®* 2] we introduce the reduced en-
ergies €:

e = ME™/(my +mg) Bt =1— Eao/ Bict (10)
and similarly for €, and €,, then (9) takes the form
(Mg my) &y + (my -+ mg) e+ (my - mo) e =M. (11)

With each particle we associate one side in a triangle;
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FIG. 1. Connection between the energies E; and E,, in the
laboratory system, of the two observed particles for a
kinematically complete experiment. The points of minimal
relative energy between the particle pairs are indicated.

then the £ will correspond to the distances of a point
from these sides if the angles @ are calculated inaccor-
dance with the formula

tan (ay/2) =(mamy/m,M)"*

(12)

(similarly for @, and @,).

For the case of deuteron breakup induced by protons,
Fig. 1 shows as an example the kinematic curve in ac-
cordance with Eq. (3) for E,=8.5MeV, 6,=35°% 6,
=48.72° and ¢, - ¢,=180°. The same thing in the Dalitz
plot is shown in Fig. 2. Here, the endpoints of the curve
correspond to the intersections of the curve with the E,|
axis in the preceding graph. The points of minimal
relative energy are indicated.

Separation of Regions of Phase Space. If polarization
phenomena are not considered, the differential cross
section depends on four variables, which form the phase
space. In practice, it is always necessary to restrict
oneself to certain regions of the phase space. In what
follows, we shall give kinematic conditions for certain
regions that have particular importance for measure-
ments of deuteron breakup.

In the following equations, @ =-2.2246 MeV is the
deuteron binding energy; w=1 and 2 if the incident par-
ticles are nucleons and deuterons, respectively.

1. Regions of constant velative enevgy (for example,
E,.,=const). It follows from (8) that E{™=const. A
particular subregion is determined by the condition of
quasifree scattering (QFS).

FIG. 2. Image of the kinematic curve of Fig, 1 in the Dalitz
plot.
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This means that one of the nucleons in the deuteron
remains fixed, for example, p;=0, or that it carries on
with unchanged velocity and direction, p,=p,/2, in the
case of an incident deuteron. It follows from this that
the reaction is coplanar, i.e., the three momentum
vectors lie in one plane. Particle 3 is called the spec-
tator. The polar angles of the two remaining particles
are related by

c0s 0, == (V E/n—V E; cos0,) /Y EJu—E, + 0 (13)
VE =(1/2) [V EdJi cos 8, = V (Eqli) cos28; - 201. (14)

The relative energy is E,_,=E /2 +Q, from which it
follows that €,=E,/(4E,+6uQ). In the symmetric case
6,=6,=0, i.e., E,=E,=E. Then

cos 0 =1"Ey2 (B, + 0Q); (15)
E=(Eg/p+Q)/2. (16)

Another particular subregion is that corresponding to
final-state interaction (FSI) at zero relative energy, for
example, E, ,=0. In this case, E{"=2E /3 and ¢,=1.
Particles 2 and 3 move in the same direction with equal
velocities: p,=p,; the reaction is coplanar. The polar
angles are related by the conditions

c0s 8, = (V uE,—V E;cos0,)/V 2(E, + Q—Ey); (17)
VEi=5 Vi cos6, + ViEooon 0, T B30 5, 760].  (18)

The cms production angle is determined by the equation

sin6{™ = /' E, sin 8,/ T(0E,/3u +-Q)/3. (19)

2. Regions in which two relative enevgies are equal:
E,,=E, ;. A particular subregion is the collinear case.
Particle 3 is at rest in the final state in the center-of-
mass system: p§™=0, i.e., p,=p,/3. The reaction is
again coplanar. The following relations hold:

cos8,=(2/3) 1V pEy—V E, cos8,)/V (9—p) Egl9+ 0 — Ey; (20)
VE{=(W3) [V#Eqcos 0, = V pE,cos?6, + (9—5p) E/2+0072);  (21)
sin 6§ =V 2E,/(2E,/3n + Q) sin 6,. (22)
In the symmetric case, §,=60,=0(E,=E,=FE) and the
equations simplify:
cos 0=V ZRE[(9—p) Eo + 90]; (23)
E=[(9—p) E/9+QV2; 85 =n/2. (24)

Another particular subregion is determined by equa-
lity of the polar angles: 6,=6,=6; in this case, how-
ever, the reaction is not coplanar. It follows from
E, ,=E,,that E, =E,=E. The difference of the azimuth-
al angles ¢, - ¢, satisfies

€08 (2 — 1) =[2 V REE cos 0+ (1 —p) Eo/24-Q/2
—E (2+cos20)] /E sin2 6. (25)

The energy is calculated in accordance with
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VE=(1/3) [V iE;cos0 + V uE, cos? 0+ (6—3p) E, 1 6 (0—Eog)].
(26)

3. Region in which two velative energies ave equal
and constant (for example, E, ,=E, ,=const). This
region is contained in the more general case 2. From
Eq. (9) we then find that E,_, is also constant;

E;.3=VP<E0E1 08 0, —3E,/2 4+ Q + (1 —p/2) Ey; (27)
Eyy= Eyy=V PE.E; cos 0, — 3E,/2+ Q@+ (1 — /2) E,— const. (28)

One can, for example, specify 8, and E, and represent
the differential cross section as a function of E,. In this
case, E, ,=E _, is obtained from (28), E, is calculated
from energy conservation, 8, from (27), and (¢,-¢,)
from (3).

Another possible choice is the symmetric case: 0,
=0,=0 and E,_,=E _,=E, .=E{,/2. The differential
cross section can be represented as a function of E,
and the value of E,(E, =E,) follows from energy conser-
vation. From (27) or (28) we obtain 8,(6,=0,), and from
(25) the difference (¢, - ,).

The last subregion, the so-called symmetric point, is
a special case. It is determined by the condition 8, =6,
=0,=0, from which it follows that E,=E,=E,=(E,+Q)/
3. From momentum conservation,

cos 8 =1 pEo/3 (Bo+ Q); = 2n/3; (29)

the cms momenta are perpendicular to p,.

In Eqgs. (14), (18), (21), and (26), the minus sign can
occur only if the total expression remains positive.

For clarity, it is helpful to represent the positions of
these regions in the Dalitz plot (Fig. 3). At each point
of the Dalitz disk, except for the three points of inter-
action in the final state € =1, two variables can be spec-
ified in addition. A uniform distribution of events in
phase space also gives a uniform filling of the Dalitz
disk.

Experiments. As we have already said, a three-par-
ticle reaction is completely determined if five kinematic
variables are measured. This means that one must de-
tect at least two particles in coincidence. A frequently
used arrangement for measuring two protons in coin-

FSI(E;-3=0)
QFS(Eq-2=E,/21+0)

FIG. 3. Image of kinematically distinguished regions of the
phase space in the Dalitz plot.
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FIG. 4. Arrangement for measurements of deuteron breakup.

cidence is shown in Fig. 4. A beam of protons or neu-
trons strikes a hydrogenous target and is absorbed in
the Faraday cylinder. The protons are detected by two
detectors set up at variable angles 6, ¢, and 8,, ¢, and
cover the solid angles AQ, and AR,. To these, a moni-
tor to count elastic pd scattering is usually added. The
target and detectors are in a scattering chamber at a
vacuum of 10°5-10"® torr. Such arrangements have been
described by various authors.[2”%! Arrangements for
detecting a neutron and proton in coincidence are con-
sidered in Refs. 39-46. Neutrons in the ingoing chan-
nel were used in Refs. 47-56.

The further discussion will be limited to measure-
ments of two protons.

To achieve sufficient angular resolution, the particle
beam is focused into a spot of a few square millimeters.
The targets are either gaseous or polyethylene
(0.1 — 1 mg/cm?); the preparation of such foils is de-
scribed in Ref. 57, for example. The particle flux is
usually 50-500nA. Since a polyethylene foil melts or is
rapidly depleted of hydrogen at sucha current density,"*’
it is advisable to rotate the target’®' or move it in some
other way.[® Surface barrier detectors are the ones
most frequently used. They ensure an energy resolu-
tion of 10-20 keV and a time resolution of about 1 nsec.
By cooling and by using high voltages one can improve
these data somewhat (see, for example, Ref. 61).

Circular diaphragms whose edges are treated in a
special way are usually placed in front of the detectors.
Their diameters are measured with an error ~0.01 mm.
They determine the solid angles AQ, and AR, which lie
in the interval 10™2-107* sr.

If the incident particles are deuterons, it is frequen-
tly necessary to discriminate the particle species. One
uses either the standard AE — E method!*» %6241 gt
proton energies above 1.5 MeV, or the time-of-flight
method.1587 The latter method of course presupposes a
pulsed beam.

The detectors are mounted on booms or disks. The
angle scale is calibrated and tested in different ways.
Besides optical alignment, one can, for example, use
elastic scattering on gold to test the symmetry with
respect to the beam and the values of the polar angles.
A proven method is to determine the “intersection an-
gles” of the reactions *H(p,d)p and "*C(p,p’)*C*
(4.433 MeV). The polar angles at which the energies of
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elastically scattered deuterons and inelastically scat-
tered protons are equal depends only on the beam en-
ergy and can be measured with accuracy ~+ 0.05°,tee
The reaction 2C(p,p")*?C* can also be used to calibrate
the energy of the detector. With an electrostatic gen-
erator, one can achieve an uncertainty of +2 keV in the
energy calibration.

To calibrate the time ratios in the system of two de-
tectors one can use the reaction 'H(p,2p). For 8 ,=6,
=45° and equal distances of the detectors from the tar-
get the two protons hit the detectors simultaneously.

In this way one can find the zero point of the time axis.
The time scale is usually measured by calibrated delay
cables.

If the charged particles are measured by semicon-
ductor detectors, it is usually assumed that the detection
efficiency is close to unity. Various people have found
that this is not always true (see, for example, Ref. 67).
Therefore, before and after a series of experiments it
is necessary to test the detector efficiency by means of
a flux of particles of known intensity or by the compari-
son method.

To make best use of the accelerator time, it is ad-
vantageous to use more than two detectors in coinci-
dence. A very complicated experiment with 64 detector
telescopes was set up on the synchrocyclotron at
Amsterdam. This system covers 13% of the complete
solid angle.'® The distribution of the E detectors in a
checkerboard array with 88 fields gives an angular res-
olution of 1°. A system of 192 detectors is used at the
Texas A& M University.!®® The detectors consist of
plastic NE-102 scintillators and RCA 4517 photomulti-
pliers. The angular resolution is of order three degrees
and the 192 detectors together cover 3.5% of the total
solid angle.

At the tandem generator at Uppsala an experiment
was set up with six detectors and controlled electronics
in the CAMAC system. According to the data given in
Ref. 70, the efficiency is increased by about 10 times
compared with an experiment with two detectors.

The investigation of polarization phenomena in deu-
teron breakup experiments requires a special measuring
technique, which is not discussed here. As yet, very
few measurements of this kind have been made.[7:""

In them, polarized beams of protons or deuterons were
used and the asymmetry of the cross sectionfor definite
combinations of angles or the analyzing power A,(8) in
the region of the np interaction in the final state were
investigated.

Electronics for Data Evaluation. Figure 5 shows the
circuit of a simple scheme with two detectors for an
unpulsed beam. Each preamplifier gives time and
spectroscopic signals. The time signals with rise time
~10 nsec are amplified in the fast amplifiers, shaped
in the shapers, and they trigger or stop the time-to-
amplitude converter. The stop signal is delayed by 50-
100 nsec. The output signal of the converter is propor-
tional to the time interval between the two time signals.
It is encoded in an ADC. The spectroscopic signals
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Connection

FIG. 5. Electronics for deuteron breakup measurements:
PA, preamplifier; FA, fast amplifier; SA, spectroscopic
amplifier; S, discriminator and shaper; DL, delay line;
TAC, time-to-amplitude converter; ADC, analog-to-digital
converter; CC, coincidence circuit; IF, interface; SCA,
single-channel analyzer; V, gate; C, counter; PG, pulse
generator.

(rise time ~1 psec) are amplified in the spectroscopic
amplifiers and are also encoded. The three converters
are connected to a coincidence circuit. They are trig-
gered only when the signals arrive in an interval of 1
usec. The three digital signals (or words) are combined
in the input device into the total word and fed to a small
computer. It stores the total words first in a buffer
device. In the case of so-called off-line processing the
data are then put onto magnetic tape or some other stor-
age. After the measurement, the collected events are
processed in the computer and sorted into spectra.
This method is also called event storing. For off-line
processing, the events are processed during the time
of the measurement after the buffer has been filled. To
avoid interrupting the measurements during the pro-
cessing time, newly arriving events are collected in a
second buffer (ping-pong regime). The pulses of the
monitor are also amplified. A single-channel analyzer
separates the line of elastically scattered protons or
deuterons, and the counters C1 and C2 measure the
intensity. To allow for the dead time of the converters,
the monitor signals can be fed through the gate V1,
which is shut during the dead time of one of the con-
verters.

To test the readiness and stability of the system, it
is advisable to feed control pulses of frequency 0.1-1
Hz from a pulse generator to the preamplifier inputs.
They pass through the blocks like real signals and ac-
cumulate in a free channel of the spectrum. After a
definite interval, for example, after each filling of the
buffer, the computer compares the number of control
pulses in the spectrum with the contents of counter C3.
To eliminate control pulses that arise during the dead
time of one of the converters, there must be a second
gate, shut synchronously with V1, in frontof the counter
C3. It is advisable to realize such methods of automatic
control in the CAMAC system.

By means of this arrangement, one can process a
counting rate ~5.10° pulse/sec in individual channels
without particular difficulty. For usual values of the
solid angles, one then obtains not more than 10 events/
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sec, which can also be readily handled by the small
computer. Higher counting rates lead to ever greater
uncertainties because of displacement of the thresholds,
displacement and broadening of lines, superposition of
pulses, increase in the dead time, and incorrect
matching of the time and spectroscopic signals in the
coincidence circuit of the three converters. In this
case, additional measures are required to reduce these
effects or to take them into account accurately.

In the event evaluation in the computer, the first test
is to find out if the two protons were emitted simultan-
eously from the target. Since the computer knows the
energy of the two protons, it can take into account the
time-of-flight difference, and also the amplitude-de-
pendent delay of the shaper. Noise leads to random
displacements in time. All events within a certain time
interval are deemed to be true. To avoid the loss of
true events, the width of the interval must exceed the
half-width Af due to the noise by at least a factor four.
The value of A/ depends on the rise time ¢, of the pulses
from the detector, the rise time #,; of the fast ampli-
fiers, and the minimal energy E_,, of the protons in the
spectrumt™;

At~V tap+ta/tar/Emin (30)

All true coincidences are plotted in a two-dimensional
spectrum with E, and E, as axes. All events that lie
outside this interval but within another definite interval
are either rejected or sorted into a second spectrum,
and subsequently into the spectrum of random coincid-
ences.[3®!

Representation of Measuved Data. As a result of the
measurements, we obtain a distribution of events be-
tween discrete channels which is spread out to both
sides of the central kinematic curve by the finite angu-

£;,MeM

? 7 7 7 4 E2oMeV
FIG. 6. Measured spectrum of pd breakup with kinematic
curve. The areas of the points correspond to the number of
events collected in the given channel. One event corresponds
to the smallest point; 64 to the largest.
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lar and energy resolutions. As an example, we give the
results of measurements (Fig. 6) with initial data cor-
responding to the curve in Fig. 1. The intensity of the
spots corresponds to the number of events in the chan-
nel. To compare the measured distribution with theore-
tical calculations, one must either calculate the theore-
tical cross section for each channel with allowance for
the experimental resolutions (convolution), or reduce
the measured two-dimensional spectrum to a one-di-
mensional distribution. The former can be realized by,
for example, the Monte Carlo method.t™’ In practice,
the latter path is usually chosen since it reduces the
volume of data.

The simplest thing is to project the distribution onto
one of the energy axes. The result of projection is

do3/dQ, dQ, dE, = N /AQAQAE  NeNy. - (31)

Here, N; is the number of pulses in the interval AE,;;
N is the number of incident particles; N, is the num-
ber of target atoms per 1 cm?®, A shortcoming of this
method is that it does not apply in the region in which
the tangent is perpendicular to the energy axis, and
also that the representation is two-valued on account

of the quadratic dependence of E, — E,. For this reason,
one usually uses a projection of the spectrum onto the
central kinematic curve. Various methods are known
(see, for example, Refs. 66, 76, 77, and 143).

Suppose S is the arc length. Then

d*a/dQ, dQ, dS = (d%/dQ, dQ, dE,) dE,/dS
= (d%0/dQ, dQ, dE,)/V T+ (dE./dE, ). (32)

The product NN, in (31) is needed to calculate the
absolute value of the cross section. As already noted,
it is usually determined by means of the monitor which
measures the elastic scattering:

d0e1/dQ = N 3 /AQ NN, (33)

where N, is the number of elastically scattered protons
or deuterons; AQ, is the solid angle of the monitor.
The elastic differential cross section of the reaction
*H(p,p)*H is known to within a few percent for the nec-
essary energies and angles.!?°! Equation (31) then
takes the form

d*0/dQy dQ, dE, = (N,AQy/AQAQAE ;N,,) dog/dQ, (34)
If the second detector is used simultaneously as mon-
itor, then AQ, in (34) cancels with AQ,,

As a measure of the agreement between the reduced
experimental and theoretical values one usually
adoptst?®! the quantity x2:

(o2xp ._uitheor? )
1= - . .
X izl (Ag;exp)s

(35)

Here, 0$* and ot™°" are, respectively, the experiment-
al and theoretical values in channel ¢, and Ac$* is the
error in the measurement of o$*®, If statistical errors
predominate, (&0$*)*~ 5™, In the case of comparison
with the distribution obtained by the Monte Carlo meth-
od ’E1.551

(08 —NofPeorf

P N WL sin e [/ =3 g theor 36
=R 2‘ (AU‘.‘xP)’-{-(AG}hW')’! N Z:’U‘ /Eil.:,i % ( )
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Here, Ac'™®r is the statistical error due to the finite
number of samplings.

2. BASIC THEORY OF DEUTERON BREAKUP

Theory of Two-Particle Scattering. For the theoret-
ical description of Nd scattering, we first review some
of the basic theory of two-particle scattering.

If a potential v acts between the nucleons, the scat-
tering operator ¢ is determined by the integral equation

t(z) =v+ vgo(2) t(z), 2a=Es+i0. 37

Here, E, is the cms energy of the two-particle system;

go(2,) =(2, —h,)™ is the Green’s operator; k, is the Ham-
iltonian of the free motion. In the momentum represen-
tation, (37) takes the form

K[ty = ([ o]k + | o LI, (38)

The normalization condition is (k’|k)=(2m)36(k’ - k). It

is known from general scattering theory that the matrix
element {k’|¢|k) describes the transition from the state
|k) to the state |k’) accompanying scattering with a po-
tential v between the particles. The cross section is

do (E,, SYdQ=(1/1672) [(k’ |t (z2)|K) [2; &* = k'%= Epjicos &= k' - k/K'k .

(39)
The condition k® =k* =E, expresses the energy conser-
vation law. It can be seen from (39) that for two-par-
ticle scattering only the diagonal elements of ¢ with re-
spect to k and k’ are needed. These are the on-shell
matrix elements. The remainder are the off-shell ele-
ments, Sometimes, one also uses half-off-shell ele-
ments. For them k”?=E, #k® or k’?2 E, =k,

One of the fundamental questions of nuclear physics
is the determination of nuclear forces. For known
scattering operator f, one can find the operator v by
inverting Eq. (37). However, in accordance with (39)
it is impossible to determine ¢ completely from two-
particle scattering data; one can determine only the
diagonal elements. Therefore, it is impossible to find
the potential completely from experiments on two-par-
ticle scattering. To obtain a unique potential, one must
augment the two-particle data. Gelfand and Levitan'™’
showed that the potential becomes unique if one also re-
quires it to be local. Another way of obtaining addition-
al information about the potential is to investigate scat-
tering in systems with more than two particles.

Naturally, one first turns to a three-particle system.

In the following section, we shall show that the off-
shell matrix elements really do occur in the equations
for three-particle scattering. The extraction of in-
formation about off-shell behavior from three-particle
experiments is made harder by the occurring of these
elements in integral form in the equations. In addition,
it is difficult to separate many-particle effects, for ex-
ample, three-particle forces. The clarification of
these problems is the most important aim of Nd break-
up investigations. The off-shell properties of the ma-
trix ¢ can be studied by comparing the spectra of three-
particle scattering for different potentials that are eq-
uivalent as regards the phase shifts. Such potentials
differ only off-shell, and lead to the same phase shifts
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of two-particle scattering and the same energies of
bound states, if such exist. Sets of phase-shift-equiv-
alent potentials can be obtained from a certain given po-
tential by phase-shift-equivalent transform-
ations,['*1%:%1 Because of the difficulties of solving in-
tegral equations of three-particle scattering for com-
plicated potentials, systematic investigations of this
kind have only just begun,t'®8!1

In most calculations of Nd scattering, potentials that
describe the behavior at only low energies, even on the
energy shell, are used. If one is working at low ener-
gies, this approximation is justified to some extent be-
cause the three-particle equations contain the two-par-
ticle ¢ matrix only for —« <E, <E, [see (49)]. Frequent-
ly, the two-particle interaction is characterized merely
by the phase shift® 831,

Ecot 8g= —1/a+rek?/2 —ckt/(1 + dk?), (40)

where a is the scattering length and r, the effective
range.

There are two special forms of the potential v that
play an important role in what follows: local and sep-
arable. A local potential is one of the form

'|v[n)=v(r)d("—r). (41)
A separable potential of rank N can be represented in
the form

N
v=1_§’ M%) (% 5 (42a)
N
k' |v|ky= §1 Aigi (k') g4 (k), (42b)

where we have introduced the form factors g,(k)= <k|X;)-

Rigovous Three-Particle Theory. Calculations of

scattering in a three-particle system are based on Fad- .

deev’s equations.!**®) These are a system of integral
equations that is equivalent to a Schrdinger equation
with unique boundary conditions. For the scattering
state |§;) of Nd breakup, the Faddeev equations have
the form

(s =[ 40 + | 9@ | o) (43a)

| pta) | éna) 0 Tas(z) Tes(z) [ $D)

(l @) ) = ( 0 ) + Gy (23) ( Ta(zm) 0 Ty (za)) (l ‘Pm}) .

| 3y 0 T12(25) T (29) 0 | 4630
z3= By 4 0. (43b)

Here, G,(z,) is the Green’s operator of free motion of
the three particles. The operators T;,(z,) are deter-
‘mined by the integral equations-

Ti5(2) =vig+v1)Go (2) Ti5(2),
where v;; is the potential between particles 7 and j.

(43c)

The state of the ingoing channel |¢ wa» (deuteron and
free nucleon) satisfies the equation

(Ho~+ves) | $na} = Es| dna)-

The matrix element of the transition to three free par-
ticles is expressed in terms of

(43d)

Tsi = ($;(E) | vas+ va+ vz | ¥ (Es)) (44a)
E—Ej;
Ty =(E;—E) {$;(E) | i (Es)).
E—~E, (44b)

Here, we have used the Schrddinger equation:
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(Ho+vas+var + vaa) | Wi (Ba)y = Eq | (E)); } (45)
Hol¢s (E)=E| ¢4(E)).

There are a number of alternative formulations of the
equations of three-particle scattering; the most impor-
tant of them are given in Refs. 4, 5, 7, and 85. The
Faddeev equations of the Nd system with allowance for
spin, isospin, and antisymmetrization were first given
in Ref. 5. A review of the quantum-mechanical theory
of a three-particle system can be found in Ref. 17.

Solution of the Faddeev Equations. We introduce Ja-
cobi momentum coordinates in the form

Pr == (ks —k)/2;

Gy = (ko + 2k, —2k1)f2]/§.

p=(k; +k, + L)/} 6;
(46)

where ky,k,,k; are the cms momenta of the three par-
ticles in a system of units with Z=#m =1, Alongside the
momenta p, and q,, the coordinates p,,q, and p,, q;,
which are obtained from (46) by substitution of the in-
dices, are also used in the Faddeev equations. After
the center-of-mass motion has been eliminated, the
three-particle wave function still depends on six vari-
ables. A further simplification is achieved by an ex-
pansion with respect to the angular momentum [15-86-891
Usually, this expansion is made with respect to the
quantum numbers of the total orbital angular momen-
tum L, its z component M, the orbital angular momen-
tum ! of one pair, and the angular momentum X of the
third particle with respect to the chosen pair. As a re-
sult, we obtain an infinite coupled system of integral
equations for the partial-wave functions, these depend-
ing on two continuous variables. There are infinitely
many equations since for given L there are infinitely
many combinations of 7 and coupled to L. In the im-
portant case of a short-range potential, the equations
contain only the lowest values of / and the system be-
comes finite. The overwhelming majority of investi-
gations into Nd breakup has been restricted to the value
[=0. Even in this case the solution of the two-dimen-
sional integral equations on modern computers is a
complicated problem. Attempts were made to solve the
problem directly®! and indirectly for local potentials
by means of the Padé approximation'!! or the quasipar-
ticle method.'®? The calculated scattering cross sec-
tions usually agree well with the experiment even under
the restriction /=0 in the case of two-body interaction.
However, to calculate the polarization it is necessary to
take into account tensor forces and larger values of [.
As yet, polarization has been considered almost exclus-
ively for elastic Nd scattering.'®®! There are still
very few measurements of polarization in Nd break-
up,t™ 1 and the theoretical results are limited.[!

In the calculation of Nd breakup, the separable model
occupies a central position. It is obtained from the
Faddeev equations by using a separable potential. The
resulting one-dimensional integral equation can be
solved on a computer with comparative ease, especially
if a potential with only one term is used. Of the large
number of calculations using the separable model (or
the Amado model) we mention only a few: Refs. 2,3, 5,
8, 9, 13, 15, 94, and 95,

Kumpf et al. 176



Here, we consider the equations for a separable po-
tential in a form such as they were given in Ref. 13.
The equations take into account the spin, isospin, anti-
symmetrization, and potential of rank N in the form

N ) 138, np
Ui= 2 Al i) Qs = {2 1S, np (47)
#=1 31Synm,np.
The subscript i labels the spin-isospin state of the two-
particle system. As can be seen from (47), the two-
particle interaction is assumed to be charge dependent.
For the potential (47), the two-particle ¢ matrix takes

the form
N

7] (3)=u|§s | %) T (3) o e (48a)
Here, the 7.,(z) are determined by the equations

v = R (A7 Yo

(A= B —hay |y e BLELE, } (48b)

Under these conditions, the Faddeev equations can be
written in the form

8 ’
Xus (@' @ 2) =AiVipu (@', q; 2)

N
* hZ-l 2 A?"jdlqlvﬂ-ku (0,9 2y, (2—g") Xiva (@', @3 ). (49)
=1, v={
Here, the indices j and k determine the spin-isospin
state; A, p, and v are individual separable terms. The
coupling matrices Aj, have the from (S is the total spin
of the three-particle system)

1/2 —12 —1
N = —g, 8y Al = ( —3/2 —172 1), (50a)

=32 12 0
For charged-independent forces, we obtain only two
coupled equations (j,%k=1,2) with coupling matrices

A= gy s M= (3 73).

(50b)
Frequently, charge dependence is taken into account
only by the so-called hybrid approximation® In this
case, the system (49) for X is solved as for charge-
independent forces. As the spin-singlet two-particle
interaction one considers either the singlet np inter-
action'®? or a modified interaction with averaged scat-
tering parameters a3 =2a;L/3+a;3/3 and v,=27,,/3 + ¥y,
(Ref. 9). As will be shown later [see (53)], the total
breakup amplitude contains not only x® but also the fac-
tors g and 7. In them, the charge dependence is taken
into account exactly.

In (49), the V,,,(d’, q; 2;) are determined by the equa-
tion

T2 3 i VA2 )3

V.ilku ((l'. 1; 2)- B L i A= 3z 4__“_7,1 T_qq (513)
with form factor
gn(p)=(p| %) (51b)

To solve (49), it is necessary to expand the total ampli-
tude with respect to the partial-wave amplitudes:

X5 @ z)=1§0 2L+ 1)X31, 0. 4 2) Py @9 (52)

From this we can readily obtain a system of integral
equations for the amplitudes X3,,,, ;. For calculation
of the Nd breakup cross section, it is necessary that
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T (0’ 0)= ECgku(P)Tuv(zs-qm)qu(q a o). (53)

The constant ¢ in (53) arises when we express the deu-
teron wave function 1cp¢) in the ingoing channel in terms
of the form factor |x,,). We have the relation

| 9a) = cgo (Ea) | ¥ua)s (54)

where g,(E,) is the Green’s function of the two-particle
system at the binding energy E,. From (53), we obtain
the square of the total matrix element of the breakup
process:

| T =(2/3) | T2 P+ (U T2 P(4/3) | TV (55)
Tﬂlz e T'”z (P> @)— T1 (Pa2r 92)s
V2 = 1T (@) — 71 (P @2)+ T2 (s @)

—Ti%(ps, @i |} (56
1/2 2 12 1 mi2 ( )
T u= 7§ [ T3 (ps, 93)+ =5 72" (p1, @)

3 3
A 142 (pa, 49— 712 (o1, a0 —F 717 (o @0

The weight factors in (56) arise because of the anti-
symmetrization, and the factors in (55) from the sum-
mation over the spins in the outgoing channel and aver-
aging over the spins in the ingoing channel. In(56), par-
ticles 1 and 2 are assumed to be identical.

“The expression we have obtained applies to kinemati-
cally complete experiments. For incomplete experi-
ments, it is necessary to integrate with respect to the
unobserved variable. The cross section of a complete
experiment has the form

dig @m0 k2" Y38
a0, a2, dE; . g (") (T) eITeE (5_7)

with the phase density

p = (2m0)7 (MIA2)® kyks (2 — (ko — ky) Ko/H3] ™ (58)
Here, v, and k, are the velocity and momentum of the
incident particle; k, and k, are the laboratory momenta
of the detected particles. The cross section has the
dimensions F2.sr™2.MeV ™. Although the use of separ-
able potentials simplifies the treatment of the three-
particle problem, the numerical solution of the system
(49) is seriously complicated by the presence in the
kernel of the integral equation of a pole above the two-
particle decay threshold, E;>E,, and logarithmic sing-
ularities above the breakup threshold E,>,. It is only
in recent years that a number of methods have been de-
veloped that make it possible to solve the system on a
computer,

In the first calculations made in the separable model,
the method of contour deformation was used 999 fn
it, the contour of integration is displaced into the com-
plex plane of the variables of integration in such a way
that the distances to the singularities become sufficient-
ly great for one to be able to use the classical formulas
of numerical integration. This method guarantees suf-
ficient accuracy of the results; a shortcoming of it is
that for each form factor one must first investigate its
analytic behavior in the complex plane of the argument.
For this reason, methods of numerical integration along
the real axis were developed. They allow any form
factors, which can even be given in tabulated form.
Here, we have the method of moments[**7the modi-
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fied method of moments,81 and the method proposed

in Ref. 99. All these approaches are based on a splitting
of the kernel of the integral equation into singular and
nonsingular terms. The nonsingular terms are replaced
by interpolation polynomials, and the remaining in-.
tegrals with respect to the singular terms are solved
analytically. The results obtained by the different nu-
merical methods differ from one another by about 2%

or lessP® 1% 5o that at the present time one can hardly
doubt the correctness of the numerical results of the
separable model.

We shall also mention some other possibilities for
analyzing three-particle scattering, although the ma-
jority of numerical results have hitherto been obtained
from the Faddeev equation and, in particular, from the
separable model.

It was shown in Ref. 101 that the Faddeev equations
can be transformed into an integrodifferential equation
in coordinate space. In Refs. 102 and 103, the boundary
conditions needed to solve this modified Faddeev equa-
tion were found. The method was used to calculate the
bound state of three particles and the Nd scattering
phase shifts %4199 An important role is here also
played by the boundary-condition model (BCM)[oe-109
In this model, the two-particle potential at short dis-
tances is replaced by boundary conditions at a certain
radius. The boundary conditions and the external po-
tential are chosen in such a way that the experimental
two-particle phase shifts are reproduced. The energy-
dependent boundary conditions can simulate different
off-shell behavior of the potential. It is asserted in Ref.
108 on the basis of the boundary-condition model that
one cannot extract information about off-shell nuclear
forces from deuteron breakup that is not already con-
tained in the Nd doublet scattering length. However,
others have not confirmed this conclusion 213110 The
advantage of the boundary-condition model is that it
can be readily generalized for the relativistic case and
that it leads to one-dimensional integral equations, like
the separable model. In contrast to the latter, there is
a large discrepancy between the BCM results obtained
by different authors, even for the bound states !

Simple Models. As we have already said, exact cal-
culations on the basis of the Faddeev equations have
been made only in recent years. Before that, the spec-
tra from deuteron breakup were explained almost ex-
clusively on the basis of two simple models-the Migdal-
Watson model™? 13 and the so-called spectator model.
The success of the models is due to the fact that the
structure of the three-particle spectra is basically de-
termined by two simple mechanisms: the so-called
final-state interaction (FSI) and the quasifree scattering
(QFS) of two of the participating particles. In the FSI
mechanism, it is assumed that the breakup takes place

FIG. 7. Diagram of final-
gtate interaction.

Ned—=(1+2)"+3 —=1+2+3
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FIG. 8. Diagram of quasi-
free scattering.

Pz

in two stages. In the exit channel, a separate particle
and an intermediate system of two particles is first
formed. In the second stage, the intermediate system
breaks up into two particles (Fig. 7). If the FSI mechan-
ism is to be realized, the two-particle forces must be
capable of forming the intermediate state. In the case
of NN interaction, this condition is satisfied as the re-
sult of the virtual level 'S,. As Migdal™® showed, for
low relative energies E,, between particles 1 and 2 the
form of the three-particle spectrum is determined by
the 'S, level [the factor T g (E,,)]:

- | TP=| Tyas | Test (Eus) P2 (59a)
where

| Trst (Eva) = (Ere + E,) ! =2 (K2 + k% cot?8,)t .
= (k24 (—1/a,+ r,k2/2)2]

(59b)

where E,,=k* Here, the following relations between the
energy E_ of the virtual level and the singlet scattering
parameters a; and 7,, are used:

(59¢)

E,=co? a=0i'+ra?2; E,=-87keV. !
The last equation in (59b) follows from the effective-
range formula (40). The factor |Ty,«|? in (59a) can be
assumed to vary slowly for low relative energies E ,,
so that in this region the form of the spectrum is de-

termined by the factor T ;.

The second mechanism, guasifree scattering, is ob-
tained by assuming that the incident nucleon is scattered
on only one of the two nucleons in the deuteron, no mo-
mentum being transferred to the other one, which is
a “spectator”. Because of the low deuteron binding
energy, this model gives a good explanation of the pro-
cess even at low energies. The quantitive description
of quasifree scattering®™?119 takes into account the mo-
mentum distribution of the nucleon in the deuteron in
accordance with the diagram in Fig. 8. Here, p,, p,,D,,
p; are the laboratory momenta of the ingoing and out-
going particles. Energy and momentum conservation
give E{=-E; - p2/2m and p}=—p,. The process takes
place in two stages. First, the deuteron, which is des-
cribed by the vertex part g(p,), decays virtually in a
state of rest, and then the incident particle is scattered
on one of the two particles. This process is described
by the two-particle scattering matrix {. The propa-
gator is

I(E;, p})=E;— p}2/2m =(— Ea— p}/2m)— pi/2m = — E4— piim; (60)

T'=g(py) (P2, P3|t (z—3pithm)|po, —PY/TI(E], P)); (61a)
T'=@a(p)) (P2, P3|t (z—3pi/hm) | Py —py) (61b)

Here, ¢,(p,) is the deuteron wave function:
920 )= —g(P)(Eat piym) = —g (p)/(Ea+2E,). (62)

It can be seen from the expression for ¢, that the ma-
trix element has a peak at E, =0, i.e., when particle 1
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remains at rest (is a spectator). It is assumed that
2(p,) does not vary too strongly in this region.

The simple impulse approximation (SIA) presupposes
a constant matrix element along the kinematic curve,
so that the form of the spectrum is described by just
the wave function ¢,(k). Modifications of the simple
impulse approximation are worth mentioning: SIA with
sharp cutoff and SIA with smooth cutoff ™™

Allowance for Coulomb Interaction. An important
problem in calculations of deuteron breakup induced
by protons is the allowance for Coulomb forces. This
is a question of considerable practical importance since
pd scattering experiments are made much more often
than nd ones, being simpler and more accurate. How-
ever, to obtain reliable data on nuclear forces from pd
experiments one must know the influence of the Coulomb
interaction on the pd breakup spectra. Methods for al-
lowing for the electromagnetic interaction in the three-
nucleon problem are reviewed in Ref. 118.

If the solution of the Faddeev equations for realistic
potentials is difficult even without the Coulomb inter-
action, with it the problem can be imagined. The Fad-
deev equations cannot be used in their original form
because of the ™ dependence of the electrostatic poten-
tial. In Refs. 119 and 120, the Faddeev equations were
modified by changing the kernel of the integral equations
in such a way as to make it completely continuous. This
can be achieved by, for example, eliminating the purely
Coulomb term or the most obstreperous singularities
from the kernel; the Green’s function and inhomogene-
ous term are modified accordingly.

Another formulation of the three-particle problem
with Coulomb interaction is derived from the already
mentioned integrodifferential equationf*®!? using the
boundary conditions with Coulomb interaction given in
Ref. 121.

In Ref. 122, the problem of the Coulomb interaction
is solved by the quasiparticle method. As Alt’s inves-
tigations showed, the quasiparticle method, as a2 method
which works well for local potentials, is well suited to
take account the Coulomb interaction. For a separable
nuclear potential of rank 1, Altf??? calculated the %5,
phase shift of pd scattering both below and above the
breakup threshold.

The breakup spectra have not yet been calculated with
rigorous allowance for the electrostatic forces. In
modern computer programs, which are based almost
exclusively on Amado’s model, the Coulomb forces
are usually taken into account only in the final-state
interaction. This is done in such a way that the energy
distribution for uncharged particles is replaced by the
corresponding distribution for charged particles.[:2%1241
The final-state interaction for charged particles was
investigated as early as 1955 by Migdal f***1 The factor
| Tesz | in Eq. (59) is replaced in the case of two pro-
tons by

| T'pst > ~ CIKECE+ (— tapp+ roppk2— R (0){ R)?], (63)

where an effective-range expansion is used for the
charged particles (see, for example, Ref. 82):
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C2k cot 8y +h ()/R = — Uagp + ropph?/2. (64)

Here, 6, is the phase shift due to the nuclear forces in
the presence of the Coulomb forces;

C:=2nn/[exp (2nm) —11; n=e*m/2h%k; R=~Hh*me%
} (65)

e 1
h(M)=—In ‘r|_.7+.-,-|22 T"':l-_ﬂ”T; v=0.5772;
n=1

a,, and 7,, are, respectively, the scattering length and
pp scattering effective range.

For k=0 it follows that C2=0 and | Tz |?=0, i.e.,
when there is a final-state interaction the proton spec-
tra have at zero relative energy, not a maximum as in
the case of uncharged particles, but a minimum of the
cross section.

A method of approximate allowance for the electro-
static repulsion in the case of not only a final-state in-
teraction but also for other pd breakup mechanisms is
given in Ref. 124.

3. INVESTIGATION OF DEFINITE REGIONS OF
PHASE SPACE

In Ref. 20, data on the measurement of deuteron
breakup are given Tables in 1.4.1 and 3.4.1, Our Table
I augments these tables (by including later kinematically
complete measurements). In the column “interpreta-
tion”, we have given the authors of the computer pro-
grams used to interpret the measurements. It should
however be noted that some programs exist in various

variants.

Detevmination of the Scaltering Pavameters. In ele-
mentary-particle physics, the question of charge invari-
ance and charge symmetry of the NN interaction has
great importance, At the current time, quantitative
data can be obtained by analyzing the low-energy scat-
tering data, i.e., by comparing the scattering lengths
a and effective ranges ¥ for S waves in different charge
states of a pair of nucleons. A review of this subject
and the modern experimental values of a and # for the
pp, np, and nn interactions, and also a bibliography can
be found, for example, in Ref. 125. The review Ref. 66
is concerned with the determination of a,,.

At the present time, kinematically complete mea-
surements of deuteron breakup induced by neutrons in
the nn final-state interaction region have given some of
the most reliable determinations of a,,. Careful mea-
surements were made above all by the groups of Zeit-
nitz" and Breunlich® They obtained a,,=(-16.3 £1)F.
The values of #,, are determined with large errors.
More accurate measurements are as yet unavailable. In
Ref. 126, Vranic et al. suggested that 7, should be de-
termined from quasifree nn scattering accompanying
deuteron breakup. But this presupposes the existence
of model calculations that give reliable cross sections
in the QFS region.

To solve the problem of charge symmetry, it is
necessary to compare a,, with some pp scattering length
aly, with correction for the absence of electrostatic
forces. However, the resulting value of afp depends on
the adopted model, i.e., on the phase-shift-equivalent
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TABLE I. Measurements of cross sections of the reactions H(p,2p)n, H(d,2p)n, H(p,pn)p,

H(n,2n)p, Hn,np)n.

E,.p, MeV 0y, deg 0,, deg Ay, deg Region of phase space Interpretation Reference
H(p, 2pn
3.8-5 65m= 60 180 np FSI excit. functions 148
7,8.5,10 30-47.7 l 10-62.8 180 and more np QFS and FSI and more| Ebenhoh 66
8-12 85™m=50-80 180 np FSI excit. functions - 46
8.5 65m=41-154 - 180 np FSI ang. distrib, EBs* 149
10,15.9,19.9 65™=45-138 180 np FSI ang. distrib. EBS ™
20-40 70 | Accord. FsI 180 np FSI excit. functions Ebenhoh 136
20-50 Measured 0y, Cahill, Sloan; KTM** 150
23 65" =58-144 180 np FSI ang. distrib. Ebenhoh, Haftel 37
23 50-62.8 57.8—62.8 180 Collinear case and others| Ebenhsh, Haftel 137
23,39.5 27.1-40.5 27.1-40.5 =180 Const, rel. energies KTM; Jain, Doolen 138,139
25.8 0g™=44-140 180 np FSI ang, distrib. EBS 140
44.9 65™=60-120 180 np FSI ang. distrib. Ebenhth, Haftel 141
44.9 22-80 80-22 180 and more np QFS Ebenhth, Haftel 81
50 34,36,38 34,36,38 140 | 732 |~ 0*** KTM 142
58.5 43=-T72 43-T2 180 np QFS Ebenhh 64
H(d,2p)n
12.8 9,‘,"“='71—139 180 np FSI EBS 140
12.9 9§m=72-—138 180 np FSI EBS 143,36
26.5 ~70% of phase space KTM 144,145
H(p, pn)p
6.8-11.8 19.5 | 30 0 np FSI 151
8-12 6§m= 50-80 180 np FSI 46
22.1,35.7,41.1 Accord. FSI 70 180 pp FSI , Ebenhh 136
2H(n, 2n)p
14,1 30 80 180 np FSI Watson-Migdal 152
14.1 30,40 30,40 180 nn QFS Ebenhsh 153
14,2 17.8 11 0 nn FSI Ebenhsh 55
14.5 30 30, (80) 0, (180) nn and np FSI Cahill, Sloan 54
15,5 40 40 180 nn QFS 154
H(n,npn
8.2-22 Measured 0y KTM 146
14.1 0-180 0 nn, np FSI and more 147
* Ebenhsh, Bruinsma, Stuivenberg.
**Kloet, Tjon, Malfliet.
*¥x | 73/2] = pp quartet amplitude in Eq. (56).
potentiai chosen for the NN interaction in the S state to
calculate the Coulomb corrections?%128 This explains
why not only the observed three-nucleon systems but oF PO
: o= 8.5 Ve
also the value of af, depend on the off-shell NN inter- p— 8,=48.73°

action. In other words, if charge symmetryisassumed,
a realistic NN potential in the S state must in the ab-
sence of the Coulomb interaction reproduce the value
a,,=-18.3F and a,,= —7.826F when the electrostatic
forces are added. This requirement imposes certain
restrictions on the off-shell interaction.

Inve stigations of the Region of Space with Final-State
Interaction. If the kinematic conditions (see Sec. 1) are
chosen in such a way that at some point on the kinematic
curve the relative energy of, for example, an np pair
is near zero, then a peak appears in the cross section
due primarily to the virtual 'S, state, which is at about
67 keV (see Sec. 2). Figure 9 is an example corres-
ponding to the same kinematic situation as Figs. 1, 2,
and 6. The angle at which the proton is emitted in the
center-of-mass system is called the production angle 5™,
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FIG. 9. Projection of pd breakup spectrum shown in Fig. 6
onto the kinematic curve (arc length). The two peaks
correspond to the np FSI mechanism for the particle pairs

2-3 (Ey3=38 keV) and 1-3 (E;_;=0) (see Fig. 1). The curves
are the result of calculation with the separable model and
exponential form factor (CEE) and with the Yamaguchi form

factor (CYY).
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FIG. 10. Angular distributions of the *H(p, 2p)n reaction

cross section for np FSI for different energies of the incident
particle.

Besides making measurements for different combin-
ations of angles, one can determine the cross section at
the positions of zero relative energy of the np system
as a function of the angle ;™. In a certain sense, this
angular distribution can be ascribed to doublet scatter-
ing to a virtual level of the np system. The results of
the measurements are shown in Figs. 10 and 11. The
curves were calculated with the modified Ebenhth
code.’*® The abbreviation CEE means that the charge-
dependent approximation (C) was used, and not the hy-
brid approximation (H), and the form factors of the
separable potential of rank 1 in both the singlet and the
triplet state have exponential form (E). A Y instead of
E indicates use of the Yamaguchi potential, and S a
special form factor of a separable potential of rank 2
(Fig. 13), whose off-shell behavior corresponds approx-
imately to the Reid potential with soft core. A C at the
end of the legend (for example, CEEC) means that the -
Coulomb interactions was taken into account in the
approximation given in Ref. 132. All the curves of Fig.
11 were calculated in the hybrid approximation (H);
HQQ means that form factors with quadratic depen-
dence®™9were used. The curves HA1-8 and HB2-11
were calculated®3"1 on the basis of special potentials of
rank 1 with a factor p(E) having an explicit energy de-
pendence. By a suitable choice of p(E) one can generate
phase-shift-equivalent potentials that lead to different
triton binding energies. For HA2-8, HB2-8, and
HB2-11, the same scattering parameters and phase
shifts are reproduced, whereas HA1-8 gives slightly
different values ™%

Figure 12 shows the relative discrepancies between
the experimental and theoretical values with and with-
out approximate allowance for the Coulomb interaction.
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FIG. 11. Angular distributions of the 2H(p, 2p)n reaction
cross section for np FSI for different energies of the incident
particle,

Before we consider the individual distributions and
the possibility of extracting information from them
about the off-shell NN interaction, let us discuss this
question from a general point of view. Since the FSI
peak is due to the two-nucleon interaction, it may be
surmised that three-particle effects are not manifested
here. Indeed, the shape of the peak is determined al-
most completely by the enhancement factor |Tye |2 (see
Sec. 2). However, in the absolute cross section there
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TIG. 12. Angular distributions of the cross sections shown
in Fig. 10 normalized to the theoretical cross section CYY).
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is also the amplitude T,,+, which contains the full com-
plexity of the three-nucleon problem, including off-
shell effects. Thus, there is no doubt that the FSI cross
section is also sensitive to the off-shell behavior of the
potential. However, two questions arise: Can one by
measuring breakup cross sections really obtain new
information not already contained in the properties of
the bound three-nucleon system and elastic nd scatter-
ing, and can possible three-particle forces influence the
cross section in such a way as to vitiate attempts to
separate the two effects? At present, there is no un-
ambiguous answer to the first question; the second is
answered by Refs. 101 and 135: the two effects can be
separated only if one considers other interactions as
well or systems with more than three nucleons. In
what follows, it is assumed that the three-nucleon
forces can be ignored.

It has long been known'!*°! that different off-shell be-
havior for phase shift equivalent potentials gives dif-
ferent triton binding energies E, and different scatter-
ing lengths of doublet elastic nd scattering (*az). How-
ever, the calculatedvaluesof E,and ®a are correlated,
and can be roughly approximated in the plot of £,
against a by a straight line, the so-called Phillips
line.

It was found in Ref. 55 on the basis of the boundary-
condition model that the breakup cross section for
E,=14.4 MeV, 6,=0,=47% and ¢, -¢,=159° varies very
little if one specifies the doublet length %a (or E,). The
conclusion drawn was that breakup measurements can-
not yield additional information about the off-shell be-
havior. A special combination of angles was chosen on
the basis of Ref. 11, in which particularly strong de-
viations were obtained at this point of phase space when
the calculation was made with four different local (but
not phase-shift-equivalent) potentials and the Yama-
guchi potential. In contrast, in Ref, 110 appreciable
differences in the cross sections for higher beam en-
ergies were obtained in a calculation with phase-shift-
equivalent potentials that also lead to the same triton
binding energy E,. In Fig. 11, for example, the curves
HA2-8.3 and HB2-8.3 for E,=44.9 MeV differ approx-
imately by 10-20%. It is asserted in Ref. 108 that the
employed potentials have unusual analytic properties
at negative energy and that for this reason they are un-
suitable for realistic calculations. However, recently
Stuivenbergt*®! published calculations with some phase-
shift-equivalent potentials of rank 2 that in a certain
sense confirm the results of both Ref. 55 and Ref. 110.
Stuivenberg was able to show that, for example, the
calculated FSI cross sections for E,=14.4 MeV are
correlated with 2¢ in the form of a generalized Phillips
line. However, the correlation is very weak for 22,7
MeV and disappears at 44.9 MeV. The differences in
the absolute cross sections are not too large, but in
general range from 10-20%.

Examining all the six distributions in Fig. 10, we
see that the potential CYY describes the experimental
points somewhat better than the other potentials. In
general, the deviations from the CYY curve are not
greater than 10-20%. It is only for E,=6.4 MeV at
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large 6", and at E,=25.8 MeV for small 65" that they
exceed 20%. These deviations are not eliminated by the
potentials CEE or CSS. It can be seen from Fig. 12 that
approximate allowance for the Coulomb interaction im-
proves the agreement at E,=6.4 MeV but it does not
explain the deviations at large 6;. At other energies.
a significant improvement is not observed. Figure 11
reveals similar deviations between the measured and
calculated values. At 44.9 MeV, the potential HB2-11
seems somewhat preferable. However, it must be
borne in mind that these calculations were made in the
hybrid approximation. On the other hand, charge-de-
pendent calculations can give deviations of more than
10% in the cross section.[1%0?

In addition, in the calculations represented in Figs.
10 and 11, tensor forces and the p waves were ignored.
In the hybrid approximation, the authors of Refs. 94
and 129 showed that, for example, at E,=22.7 MeV
allowance for tensor forces and p waves increases the
FSI cross section by up to 15%.

In conclusion, we can say of the angular distributions
of the np final-state interaction that at an energy of the
incident particle above 20 MeV one can in principle ob-
tain new information about the NN interaction. For
quantitative conclusions it is, however, necessary to
improve the accuracy of the model calculations and
also the absolute accuracy of the measurements.

For deuteron breakup induced by protons in addition
to the np final-state interaction one can observe the pp
final-state interaction as well, which is responsible
for the appearance of the minimum in the cross section
due to the electrostatic repulsion. Experimental data
are given, for example, in Refs. 39 and 130-132, and
the results are reviewed in Ref. 19.

The isotropy or anisotropy of the scattering in the
subsystem of two nucleons with low relative energy have
been analyzed on a number of occasions; for example,
in Refs. 133 and 134. This question is discussed in de-
tail in the review Ref. 19, so that we do not have to go
into it further here..

Investigalions of Quasifree Scatleving. Up to 1975, a
large number of investigations had been published on
both np and pp quasifree scattering. The results of the
measurements are presented in Table 4 of the review
Ref. 19. The experimental investigations include mea-
surements of the QFS peaks as a function of the ems
production angle, i.e., the QFS angular distributions,
at different beam energies, as well as measurements
of the QFS peaks for symmetric coplanar angles as a
function of the energy of the incident particle. As an
example, Fig. 13 shows the angular distributions of
the cross sections in the laboratory system at £,=23
MeV.['®1 The plotted curves were calculated in accord-
ance with Ebenh6h’s code using the Yamaguchi potential
in the hybrid approximation. For np scattering, the de-
parture from the experimental values is ~10-20%; for
the pp cross sections at small and large angles there
are large discrepancies, these being obviously due to
the neglect of the Coulomb interaction. The difference
between the absolute cross sections at the np and pp
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FIG. 13, Angular distribution of np (open circles) and pp
(black circles) cross sections in the laboratory system for
quasifree scattering.

peaks is a consequence of the Pauli principle.

Compared with theoretical calculations for the FSI
case, the calculated absolute values of the QFS cross
section depend more strongly on the on-shell potentials
that are used. For example, at E; =23 and 45 MeV
Refs. 100 and 81) the potentials give a small difference
in the phase shifts and an appreciable difference (~35%)
in the QFS cross section. But phase-shift-equivalent
potentials lead to almost unchanged QFS cross sections.
This result shows that the QFS cross sections are in-
sensitive to the off-shell behavior.

A characteristic of the calculated QFS cross sections
is that the partial wave of total orbital angular momen-
tum with I =0 does not make the dominant contribution
to the total cross section, other partial waves being
added coherently. This partly explains the insensitivity
of the cross section to the off-shell potential since only
the term of the doublet amplitude |see (56)] with L=0,
i.e., states in which all three nucleons are simultane-
ously at short distances from one another, is sensitive
to the off-shell behavior.

Another characteristic result of the QFS calculations
is that for not too high energies of the incident particle
there is strong destructive interference between defin-
ite terms of (56). To a large extent, it determines not
only the absolute value but also the shape of the QFS
peak. This is one of the important reasons why the
approximate methods mentioned in Sec. 2—the simple
impulse approximation and its modifications—give over-
estimated absolute values of the QFS peak. It is only
at beam energy above 70 MeV for np quasifree scatter-
ing and above 120 MeV for pp quasifree scattering that
these methods give absolute values in approximate
agreement with the experimental data.

At higher energies of the incident particle, the angu-
lar distributions of the cross sections of pp quasifree
scattering calculated in accordance with Ebenhth’s
code agree better with the experiments. For example,
the angular distribution of pp quasifree scattering con-
structed on the basis of the measurements of Ref. 163
at £ =65 MeV is better described by the theoretical
curves than the distribution at E,=23 MeV shown in
Fig. 13. This is one more indication that the deviations
are due to the neglect of the Coulomb interaction.

In Ref. 13, Stuivenberg made charge-dependent cal-
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culations in accordance with the EBS program for the
QFS region as well for phase-shift-equivalent potentials
of rank 2, He confirmed that the changes in the cross
section at E,=22.7 and 44.9 MeV are less than 2%,
while at E,=14.4 MeV they reach 10%. However, as in
the FSI case, at low energy there is a fairly strong
correlation between the QFS cross section and the
doublet scattering length 2a obtained for the considered
potentials.

In Ref. 94, the influence of » waves and tensor forces
on the cross section and polarization for the QFS case
was considered. The calculations are not charge depen-
dent and were made for the reaction ®H(x, 2r)p. It was
found that the changes in the QFS cross section at 23
MeV are 15%.

Investigation of the Region of Phase Space with Two
Equal and Constant Relative Enevgies; the Collinear
Case. With the aim of finding a region more sensitive
to the off-shell behavior of the interaction, there have
been investigations in recent years of the part of the
phase space in which the relative energies between the
pairs are not only constant but also equal F164 11165, 138, 13, 1201
A guiding argument here is thatall points of the region
of phase space with constant relative energies the two-
particle effects must occur in approximately the same
way. This must facilitate the study of the genuine three-
particle effects. In this case, the term T;"Z, which de-
pends strongly on the dynamics of the process, will be
predominant in (56). If moreover symmetric angles are
chosen, it then follows from symmetry considerations
(three equal relative energies) that only this single
term remains.[?% Because of the destructive inter-
ference of the Born term with the remainder (the con-
tribution of multiple scattering) a minimum appears in
T; /2 and its position and depth depend sensitively on
the relative energy and on the potential, in particular,
on its off-shell properties.[’3?

In Fig. 14, the result of measurement!!%? for two
equal and constant relative energies is compared with
the calculations for three different potentials. Although

ot
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FIG. 14. Cross section of the reaction 2H(p, 2n)n for two
equal and constant relative energies, The measurements are
taken from Ref. 138. The curves are the result of caleula-
tions made with the Malfliet—Tjon program[67! with local
potentials MTI-IV and MTI-III and in accordance with the
program of Ref. 168 with Yamaguchi potentials (YY).
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the potential MTI-II reproduces the phase shifts up to
300 MeV and the triton binding energy well, the cross
section at the minimum is only one third of the mea-
sured value. Allowance for p waves, tensor forces,[!29?
or an 8% D admixture in the deuteron!!%) makes it pos-
sible to obtain a shallower minimum. It should be noted
in this connection that the strong dependence on the p-
wave intensity, the tensor forces, and the D admixture
strongly restricts the possibility of extracting informa-
tioen about the off-shell behavior.

An investigation has also been made of the collinear
case (see Sec. 2), when the relative energies of two
particles are equal and the third is at rest in the com-
mon center-of-mass system.['®"] The theoretical in-
vestigations'®! show that the deviations due to the dif-
ferent off-shell behavior reach 50%. In contrast to
other regions of phase space, the quartet amplitude
is here dominant.

Results of Polavization Measuvements. As we have
noted in Sec. 2, few measurements have yet been made
of polarization in deuteron breakup. Model calculations
were made in Ref. 94. The interaction in all four P
states and tensor forces were taken into account but
the Coulomb interaction and charge dependence were
not. The calculated vector analyzing power iT,, for np
final-state interaction at E,=22.7 MeV for the reaction
n(d, 2n)p is compared with the measurementst®? of this
parameter for the reaction H(d, 2p)n at E,=45.4 MeV.2&
The result is shown in Fig. 15. The curve is calculated
on the basis of the Yamaguchi form factors for the
states 'S, and %S, —°D, with a 7% D admixture and with
the p-wave interaction introduced in Ref. 92 for calcu-
lation of elastic scattering. A strong discrepancy be-
tween the calculated curve and the experimental data
is observed; the reason for this is unknown. Some of
the deviations may be due to the fact that the mea-
surements are integrated with respect to the relative
energy in the interval 0-1 MeV.

=—Ref. 11
=== Ref. 170,171

° Ref. 166
* Ref. 150
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FIG. 16. Total cross section of deuteron bi‘eakup reaction,
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It is to be expected that in the near future in the in-
vestigation of deuteron breakup more attention will be
devoted to polarization. A detailed exposition of the
situation in this area can be found in the reviews Refs.
174 and 173.

Measurements of the Total Cross Section. The ener-
gy dependence of the total cross section is of interest
for various applications. Inthe region of projectile
nucleon energies up to 50 MeV the results of mea-
surements of the total cross section of the n+2H break-
up reaction are given in Refs. 161 and 166, and for the
reaction p+ ?H in Ref. 150 (Fig. 16). The curves are
calculated for the reaction z+ ?H in Refs. 170 and 171
for separable potentials and in Ref. 11 for local poten-
tials. The curves satisfactorily describe the experi-
mental points. Although the measurements of Ref. 150
were made for reactions with protons, they agree well
with other measurements and with the theoretical
curves. It is obvious that at E,=20 MeV the influence
of the Coulomb interaction can be ignored.

CONCLUSIONS

The main aim of Nd breakup investigations is to ob-
tain information about the off-shell behavior of the nuc-
lear forces and also the role of three-particle forces.
As is shown in Ref. 101, this problem is made much
harder by the basic impossibility of separating the two
effects even if all three-particle data (elastic scatter-
ing, inelastic scattering in the whole of the phase space,
and polarization parameters) were known exactly from
the experiments. To separate the off-shell properties
and the three-particle forces it is necessary to inves-
tigate either a property of systems with more than three
nucleons or the scattering of particles with an electro-
magnetic or weak interaction in the three-nucleon sys-
tem. At the present,time, the three-nucleon system
is investigated in the first place by means of phase-
shift-equivalent potentials. The changes in the calcu-
lated three-particle quantities when the off-shell be-
havior is varied are studied. In the same manner, one
can also study the sensitivity to the three-particle fore-
es. In the case of a bound state of three nucleons, the
binding energy is changed by about 1-2 MeV as a result
of variation of the off-shell behavior and by 2—-3 MeV
as a result of variation of the three-particle forces.
For Nd breakup, systematic investigations have not yet
been made of the spectra in their dependence on the
three-particle forces. Systematic investigations into
the dependence of the spectra on the off-shell behavior
have been made in the last three years. Before this,
potentials that describe the two-nucleon data only at
low energy were mainly used.

The existing studies have revealed roughly a 30% de-
pendence of the breakup cross sections on the off-shell
behavior. The results of theory agree with about the
same accuracy with the experiments. The experimental
uncertainties of modern measurements of Nd breakup
are 5-10%.

At the present time it is still impossible to extract
quantitative data about off-shell effects and three-par-
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ticle forces from experiments. To achieve this aim,

it is necessary to go over from the currently used sep-
arable S-wave potentials to a realistic interaction with
allowance for higher partial waves and tensor forces.
Further, it is necessary to develop practical methods
for taking into account the Coulomb interaction. The
implementation of such calculations in the framework
of the Faddeev equations requires much time and a
large computer memory. This leads to long and ex-
pensive investigations. Therefore, one of the impor-
tant tasks of subsequent studies of Nd breakup will be
to develop mathematical methods of more effective
solutions of the Faddeev integral equations. It may be
that a formulation of the scattering equations more suit-
able for numerical calculations can be found.

An important question in connection with study of the
off-shell behavior is the parametrization of the depen-
dence of the three-particle quantities on the off-shell
properties. The existing theoretical investigations in-
dicate that the off-shell behavior at low energies (up
to about 20 MeV) can be characterized by a single para-
meter, the doublet scattering length %e usually being
chosen. The generalized Phillips line expresses the
approximate monotonic dependence of the Nd cross sec-
tion at a certain point of phase space on *a. This phen-
omenon is analogous to the well known Phillips line,
which represent the binding energy E,, of the three-
nucleon system as a function of the doublet length *a.

At energies above 20 MeV, it is no longer possible to
parametrize the off-shell behavior by a single para-
meter.

Despite the unresolved problems that we have men-
tioned, it must be said that the investigations hitherto
made into Nd breakup have led to important results.

Experiments on Nd breakup with complete kinematies
have been made during the last ten years. It has been
established that measurements of this kind make it pos-
sible to determine the two-nucleon scattering para-
meters with good accuracy. It was first shown that the
np and pp scattering lengths determined from Nd break-
up agree with the corresponding free scattering lengths.
Then on the basis of these results, the nn scattering
length was measured. There followed detailed investiga-
tions of the reaction mechanisms inthree-particle reac-
tions. Itwas found that final-state interaction and quasi-
free scattering are the dominant mechanisms. Experi-
ments on Nd breakup fostered the practical development
ofthe theory of a three-body quantum-mechanical system.
1t should be emphasized that a three-particle systemis a
kind of bridge between atwo-particle system and many-
particle systems. Onthe one hand it is sufficiently simple
to admit rigorous calculations (at the present time, for
relatively simple potentials). But, onthe other, it enables
one, for example, to study scattering processes with
rearrangement of the particles, i.e., phenomena charac-
teristic of many-particle problems. In particular, in-
vestigations have also been made of questions such as
the representation of the two-particle potential and the
two-particle scattering matrix in separable form, the
unitarity of separable expansions, the convergence and
analytic properties of the multiple Nd scattering series,
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and the develepment of numerical methods of solution of
singular integral equations.

It bears noting that the description of the three-nuc-
leon system does not contain free parameters. This is
a rare case in nuclear physics.

The comparison between theory and experiment
shows that both the structure and absolute value of the
breakup spectra are described remarkably well even
if the two-particle interaction is taken in the form of a2
separable potential that correctly reproduces the two-
particle data only at low energy. In the language of the
analytic properties of the T matrix this result means
that the breakup spectra are basically determined by
the unitary two-particle and three-particle cuts and the
two poles corresponding to the 'S, and °S, states in the
two-particle amplitude.

Calculations of the breakup spectra using local po-
tentials have led to an interesting application of the
method of Padé approximation. In addition, they have
shown that in general the spectra change little if separ-
able potentials are used instead of local potentials.

As we have already said, many unsolved theoretical
problems remain. It seems to us that further experi-
mental investigations will be basically directed toward
improving the existing measurements, to studying
further regions of the phase space, and to measurement
of the effective range of the nx interaction. In addition,
it is to be expected that the main thrust of Nd breakup
experiments will be shifted to experiments with polar-
ized particles.
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