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The expansion of the form factors of one- and two-nucleon transfer reactions with respect to the Sturm-
Liouville functions corresponding to the Woods-Saxon potential is discussed. Completeness and the
convergence of the expansion as r—oo are elucidated. The theory of direct nucleon-transfer reactions is

briefly presented, special attention being paid to the role of the form factor. A number of applications of
the method, to single-particle transfers to deformed nuclei and two-particle transfers to spherical nuclei,

are discussed. The advantages of the Sturm-Liouville method are revealed by a comparison with the exact
expression for the asymptotic behavior of the form factors and with other methods of calculation.
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INTRODUCTION

Recently, the method of expansion of wave functions
of the Schridinger equation with respect to Sturm-Liou-
ville basis functions has been widely used in problems
of atomict*"®? and nuclear®18! physics. Therefore,
there is need for a detailed discussion of the properties
of the expansions that are particularly useful in prac-
tical calculations.

In mathematical physics, the expression “Sturm-
Liouville problem” is used for a large class of eigen-
value problems:

—Afi+ Xy, oVifi =0, 1

where f; satisfy definite boundary conditions, and this
can be a multidimensional problem or even one consid-
ered in an infinite region. The coefficient V, of the
eigenvalue A; ; depends on the choice of the coordinate
system, and the Sturm-Liouville problem consists of
determining A, s if V; depends on the ordinary “physi-
cal” -coordinates. In the one-dimensional case, one can
always reduce the eigenvalue problem to a form such
that V,=1. However, this entails the introduction of
new additional coordinates, which complicate the prob-
lem.

In this review, we consider the application of the
method of expansion of Schr8dinger wave functions with
respect to Sturm-Liouville basis functions in some
problems of nuclear physics. The usefulness of Sturm-
Liouville functions in quantum mechanics is intimately
related to some physical facts. All known interaction
potentials between particles have a finite range. This
means that the Schrddinger equation that describes the
motion of particles interacting through such forces will
have a continuous.and, possibly, a discrete spectrum
(bound states).

Further, we very frequently encounter a situation in
which the functions that are the eigenfunctions of a com-
plicated problem can be represented in the form of ex-
pansions with respect to basis eigenfunctions of a sim-
pler problem, If these basis functions are solutions of
a Schrddinger equation, then it is necessary in the gen-
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eral case to include continuum functions since oniy then
can one guarantee completeness of the system of func-
tions. In practice, it is convenient to work with basis
functions that have only a discrete spectrum, for ex-
ample, with oscillator functions or with the functions
corresponding to a rectangular well with infinite walls.
But because these potentials are unphysical, they lead
to difficulties related to poor convergence of the result-
ing series in certain regions of space.

In general, it can be said that if a physical problem
is solved by means of the method of expansion with re-
spect to a complete system of functions, then the con-
vergence will be best if the basis functions, or at least
some of them, are close to the physical functions, i.e.,
if the basis functions are solutions of equations of the
same type. In this sense, the Sturm-Liouville method
has definite advantages since it enables one to find
Sturm-Liouville functions with a discrete set of quantum
numbers for which the corresponding expansions with
respect to them satisfy conditions of rapid convergence
(for example, uniform logarithmic convergence as de-
termined in Sec. 2).

The method of expansion using Sturm-Liouville func-
tions was first introduced into quamtum mechanics by
Epsteint!! to describe the Stark effect, immediately af-
ter Schrédinger’s work. His aim was to obtain a simple
expansion, the basis functions being solutions of the
Schridinger equation for the hydrogen atom with fixed
energy and variable charges:

(a3 [2 ) o g
The situation is simplified because the eigenfunctions
have an analytic form. This example is interesting
since the potential is singular at the origin and has a
long range.

Basically, we shall be concerned with the Woods-
Saxon potential, which is a good approximation to the
nucleon—nucleus interaction potential, i.e., we shall
consider equations of the type

(—J’Z:—A+V0+A;V—a)ff=o;} (3)
V= —(l4exp[(r—R)a)™,
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where V, may include spin-orbit, Coulomb, and other
interactions. The main properties of the potential,
which make it convenient for problems in nuclear phys-
ics, is that it has a finite range, is almost constant in
the interior region, and varies smoothly in a definite
surface region of order a. It does not have singulari-
ties and is nonzero in the whole of space, which is very
helpful for our further investigations.

The aim of this review is to discuss the asymptotic
behavior of the wave functions that describe bound
states and the amplitudes of transfer reactions; to elu-
cidate the cases in which it is particularly important to
take into account the correct asymptotic behavior; and
to give a method for obtaining correct wave functions in
the limit —eo for different cases of reactions.

In the following sections, we introduce form factors
(overlap integrals of the nuclear wave functions) and
discuss their connection to the wave functions obtained
in calculations of nuclear structure (Sec. 1). We then
consider in detail the convergence properties of the
Sturm-Liouville expansion (Sec. 2). In particular, we
discuss the expansion of a form factor with respect to
eigenfunctions of Eq. (3), which are particularly inter-
esting for us.

The most important questions relate to the conver-
gence of the expansion at large distances. These ques-
tions are discussed in Sec. 3, in which we briefly give
the results of different methods of description of nu-
clear reactions and draw particular attention to the im-
portance of form factors. Note that it is impossible to
distinguish completely between the effect of introducing
more accurate form factors and the effects of correct
treatment of the reaction mechanisms. This is demon-
strated in Sec. 4, in which we consider the form factors
of transfers to deformed nuclei, studying particularly
the case of AN =+2 mixing.

In Sec. 5 we shall consider transfer reactions to
spherical nuclei and, in particular, discuss the calcu-
lation of the form factors of two-nucleon transfer reac-
tions, which have recently attracted much attention; of
particular interest are transfers in reactions induced
by heavy ions.

1. FORM FACTORS OF TRANSFER REACTIONS

The questions discussed here are related to the cal-
culation of stationary wave functions of nuclear states.
These functions must be calculated with sufficient ac-
curacy in the limit » = to be useful in calculations of
direct transfer reaction cross sections.

Nuclear transfer reactions take place in the surface
region of the nucleus, and, depending on the particular
reaction, one can specify fairly accurately a range of
distances that is important for the given process. For
example, in sub-barrier proton-stripping reactions,
this range of distances extends from one to four or five
radii of the nucleus. The densities of nucleons in the
nucleus are small at these distances, and it is therefore
not surprising that in spectroscopic calculations the
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contribution from such small quantities can be ignored,
but in the ealculation of reaction amplitudes they be-
come important.

Modern understanding of the mechanism of nuclear
transfer reactions is far from perfect. We are con-
cerned with a problem that involves at least three bod-
ies. The boundary conditions in such problems are
complicated in the coupled-channel method as well as
in iterative schemes such as the Born approximation.
Since the corresponding Faddeev equations and, @
fortiori, equations with more particles cannot be solved
on a computer, they are usually solved under certain
approximations. One of the standard approximations is
to replace the interaction, making the Faddeev equa-
tions solvable. However, the approximate interaction
is nonlocal, and, as shown in Ref. 19, the solutions of
the Fadeev equation in this case are less accurate than
the equations obtained in the well known iterative
schemes. It is clear that in any iterative scheme one
must consider the convergence, and this problem is not
yet solved, though investigations have recently been
published (see Low’s review, Ref. 20, and the bibliog-
raphy given there) in which the convergence of itera-
tions for various cases has been considered.

A common feature of all these schemes is that the
amplitude of the reaction in which 1,2, 3,... particles
are transferred from the target nucleus |A) to the prod-
uct nucleus |B) contains integrals of the type

Sdrldrz ee Glrs, v, L) A] B
== I drydry ... 3CF (ry, 15, ...), (4)

where d includes wave functions of the incoming and
outgoing nuclei and the interactions corresponding to
these transfers, 9 making the main contribution in the
region of space determined by the inequalities

n=R, rn>=HR,.... (5)

Here, R is the radius of the target nucleus or the prod-
uet nucleus (of the state [A) or |B)). The reason why
the conditions (5) arise becomes clear if one studies in
more detail the approximate expressions for the ampli-
tudes (Figs. 1 and 2).12"' We emphasize that to calcu-
late the integrals (4) we must know the functions F (or
(A |B)) at large distances v ,#2,... . The factorization
(A |B)=CF, where C is the spectroscopic amplitude, is
introduced to demonstrate the dependence of the inte-
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grals (4) on all the coordinates of the nucleons in the
target nucleus IA). The coefficients C are well deter-
mined only in the case when a corresponding normaliza-
tion of F is required. To calculate the transfer ampli-
tudes, it is necessary to antisymmetrize all states ap-
propriately and sum the transfer amplitudes over all
identical particles.

Note (see, for example, Ref. 22) that systematic cal-
culation of the form factors (A |B) is not the same as
calculation of the functions |B) (|A)). This is really so
since some properties of the functions F can be studied
on the basis of the fact that in the region (5), in which
the transfer takes place, the interaction between the
transferred nucleons and the other nucleons is weak.
However, the coefficients C are obtained only in struc-
ture calculations.

In some investigations, attempts are made to calcu-
late the functions F and the coefficients C independently
of one another. Such attempts are related to the suc-
cesses of the shell and other models based on shell
states as basis states without allowance for the contin-
uum contribution. In this case, the wave function is a
combination of solutions of the single-particle Schrid-
inger equation with potential V() + V,_, + Veour:

(Ho—Edfi= (=g AV () + Voo, Ry — 1) £, =0. (6)
Then the wave function |B) (| A)) can be written in the
form

| By= 31} casfifyonss )

L
where the coefficients c%; are determined by diagonaliz-
ing the Hamiltonian:

H=3 Hy(r)+ Vies » (8)
and the summation is over all the valence nucleons. It
follows that the overlap integrals (A ]B) must have the
form

(A|By=CF =X &% .. .fif; 9)

i

We have already said that at large distances » for
short-range potentials the function F is determined by
the binding energy; for example, in the single-particle
case it is necessary to obtainf22}

E_iﬂF(r)—vexp(——]/%lEmlr), (10)

where Ez, =E; ~E, is the single-particle binding ener-
gy. For one-particle transfer, the expression (9) sim-
plifies:

(A] By= 3, e*?f,. (11)
In (9), the summation over i is truncated, i.e., for fixed
values of [ and j only one term of the sum over % is tak-
en, and the contribution from the continuum is ignored
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under the assumption that the corresponding mixing co-
efficients in the expansion (9) are small.[2:%] The 5.
ymptotic behavior of the expression (11) in the limit
- o differs from (10):

AlByx Faexp (— )/ 2 15r), (12)

where E; is the binding energy of the single-particle
state in the potential of the shell model. It can be seen
from the expression (12) that for large values of # the
contribution from the large components a; of the expan-
sion may be smaller than the contribution from the
more weakly bound orbitals, since the smallness of the
expansion coefficients will be compensated by the weak-
er damping of the corresponding component. In the ma-
jority of nuclear spectroscopic calculations, the asymp-
totic behavior of the wave functions is so unimportant
that correct results can be obtained by using harmonic—
oscillator functions instead of functions of the Woods—
Saxon potential. In calculations of direct nuclear reac-
tions, the asymptotic behavior of the wave functions be-
comes very important. However, in this case it is also
necessary to know the wave functions in the inner re-
gion in order to find the correct normalization factor.
Therefore, one is faced with the problem of a fairly ac-
curate calculation of the wave functions in both the in-
ner and outer regions of the nucleus. We can put this
differently as follows. The asymptotic behavior of the
radial part of the form factor is determined by the nu-
cleon separation energy, which is related to the @ value
of the reaction. At the same time, the functional be-
havior of (A |B) inside the nucleus changes in accor-
dance with the intensity and range of the residual inter-
actions; therefore, the normalization of the asymptotic
part of (A |B) depends on its interior part. In our opin-
ion, this is the fundamental difference between the
Spectroscopic criteria of accuracy and the criteria to
be applied to wave functions used in direct-transfer re-
actions.

Different methods have been proposed for calculating
the overlap integral (A [B) with a view to improving the
asymptotie behavior of the function F, coefficients C
from structure calculations being used as well. Such
approximate methods cannot be regarded as consistent,
and they frequently lead to incorrect results. How-
ever, one of them must be mentioned since it has been
widely used in calculations of direct reactions. In this
method, which was proposed in Ref. 26, the depth of the
potential is varied until the calculated energy E, is
equal to the experimental value of the single-particle
binding energy E,,, i.e., one solves the equation

(= A4V + Voo, + Kou—Ena) £ =0, (13)
the residual interactions being ignored.

This is known as the well-depth prescription (WDP).
However, Eq. (13) is an equation for the eigenvalue and
eigenfunction of a Sturm-Liouville problem. The prop-
erties of the solutions of Eq. (13) have been described
in detail in Refs. 10, 11, 16, 17, 22, 27, and 28; the
important thing for us now is that the functions f; satis-
fying Eq. (13) form a complete discrete set in the Hil-
bert space of square-integrable functions. It is worth
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noting that the WDP approximation actually consists of
retaining a single principal component in the expansion
of the total wave function with respect to the basis set
of Sturm-Liouville functions, and its applicability has
been investigated fairly fully in Refs. 27 and 28. One
can therefore say that the solutions of Eq. (13) are bet-
ter suited for the calculations of the integrals (A |B)
than the solutions of Eq. (6). The use of Sturm-Liou-
ville functions in nuclear physics problems has differ-
ent aspects, and we shall consider them briefly below.

A difference between Schriddinger equations and equa-
tions for Sturm-Liouville functions is that in the latter
the eigenvalues A; are multiplied by the function vir),
which depends on the coordinates. By a transformation
of the coordinate system, the equation can be reduced
to a form in which the A; appear with constant coeffi-
cients.'®! Under such a change of variables, the inter-
val 0<# <« is transformed into a finite interval, and
the resulting equation is in general fairly complicated
compared with the original equation. The Coulomb case
is an exception; for it, the transformed equation is that
of a harmonic oscillator.

The main advantage of expansion with respect to
Sturm-Liouville functions is that in this expansion all
the basis functions have the same required asymptotic
behavior (which can be seen from Eq. (13), which de-
termines the WDP approximation). In this sense, the
method of expansion with respect to Sturm-Liouville
functions recalls the coupled-channel method,'®2! but,
in contrast to that method, we here have a system of
algebraic equations, which facilitates the calculations.
If the coupled-channel method or other methods are
used, including an iterative procedure, some serious
difficulties appear in the calculation of bound states.

The Schrodinger equation for bound states is an ei-
genvalue problem in which the eigenvalue is either the
energy or (if the energy is fixed) certain parameters of
the Hamiltonian, as is shown below in numerous ex-
amples. This means that the above procedure must in-
clude at every step of the iterations an analogous pro-
cedure for changing the eigenvalues.

However, it is only in the one-dimensional case that
there exists a lower limit for the distance between two
eigenvalues (for the energy or depth of the potential).
Therefore, it is in principle difficult to specify a priovi
an algorithm of the iteration procedure that will auto-
matically converge to the correct result except for the
one-dimensional case and the case when one seeks only
the lowest eigenvalue (energy, depth of the potential,
etc). In practice, this is complicated in both deformed
and spherical nuclei.

In contrast to these iterative methods, methods based
on diagonalization in a complete basis will automatical-
ly give all solutions in the given interval of eigenvalues.
And then, on the basis of some physical criterion, one
can choose the correct solution. In such a situation, the
fact that the diagonalization methods give several un-
physical solutions is in fact an advantage over the other
methods.
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We point out once more that the WDP approximation
differs from the Sturm-ZLiouville expansion method not
only in the different method of determining the coeffi-
cient C but also in that the expansion is not restricted
to components corresponding to the quantum numbers
of bound shell functions. Theoretically, the number of
these components is infinite, but in practice the good
convergence of the method enables one to operate ina
restricted configuration space.

2. SOME MATHEMATICAL PROPERT!ES OF THE
STURM-LIOUVILLE EXPANSION METHOD

_ The general theory of expansion with respect to
Sturm-Liouville functions was developed long ago,t*> !
and it is in principle very similar to the theory of ex-
pansion in a Fourier series, of which it is a generaliza-
tion. It was first successfully used in determining the
general motion of vibrational systems; in particular,

in the one-dimensional case the vibration of a string
was treated by means of an expansion with respect to
normal modes.

Examples of generalization of this theory to nuclear-
physics problems are given in Refs. 17, 27, and 28,
and therefore we shall give here some of the useful
properties we need of Sturm-Liouville expansions es-
sentially without the proofs, which can be found in the
quoted literature.

We proceed from Eq. (3), setting V=V, o+ Veous
w”?/2m=1; V(r)<0, i.e., V(») is an attractive potential—
the Woods—Saxon potential; € is a fixed negative num-
ber. We require that the functions f; satisfy the bound-
ary conditions

fi)=0 as r—0and r— oo, (14)
We write down Eq. (3) for two eigenvalues:

(— A+ MV +Vo—e) f;=0; (15)

(—A+MV+Vo—e) f3=0; (16)

‘then, multiplying (15) by f} and (16) by ff and integrat-
ing with respect to r with allowance for the Hermiticity
of —-A+V,, we obtain

(hi—Ap) 5 fiVf;dr=0 (1m
or
\ 11V de=K.dy (18)

(for convenience, we set the normalization constant K
equal to —1). Therefore, the functions

gi=|VI"1; (19)

form an orthonormalized basis. In nuclear physics, the
generally adopted potential is the Woods—Saxon poten-
tial (3), for which |V|=-V#0 in the whole of space.

It is natural to ask whether there is a connection be-
tween the Sturm-Liouville functions and the functions
of the Schrdinger equation. If A,,;=1 (in appropriate
units) and €,,; is an eigenvalue of the Schrodinger equa-
tion, then f,,,(») is a function of the ground (x =0) state
of the Schridinger equation and will be the first eigen-
function of the Sturm—Liouville problem. For fixed I
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and j, the potential well becomes deeper with increasing
Aniy and if we can choose X,;; such that the energy of
the #-th level is equal to €,,;, then the resulting wave
function will be the eigenfunction f,,;() of the Sturm-
Liouville problem. Therefore, the Sturm-Liouville
equations are similar to the Schrddinger equation, but
the energy ¢,,; is a fixed parameter of the problem and
the same for all A, (ij fixed, and n takes the values
0,1,2,...,m=1,m,n+1), and the wave functions f,,,(»)
for n+# 0 are not physical. The eigenfunctions fors(7) of
the Sturm-Liouville problem in the considered special
case when g,;; is taken the same for given values of Ij
(in general, the Sturm-Liouville functions can be cho-
sen differently), coincide for the states 1s,1p,1d, ...
with the wave functions of the Schriddinger equation.
Then the series

Yt (F) = f?.: dueijinesj ()
(Xq;(¥) is the wave function of the Schridinger equation)
for the states 1s, 1p, 1d contains only the single term
dj,;=1 of the expansion, and all the remaining dSy; =0.
Even in this simple example one can see the main ad-
vantages of an expansion with respect to Sturm-Liou-
ville functions over all the other methods: Already in
the first approximation this method enables one to en-
compass all the main characteristic features of the in-
vestigated problem.

The eigenvalues A; form an infinite sequence of posi-
tive (negative) discrete numbers satisfying the condition

<h<hbh<<..<Aa<Mh<<ha<<... (20)
Note that the fact that the eigenvalues have a definite

sign for £ <0 can be readily obtained from Eq. (3) by
rewriting it in the form

= —(fi|—A—e|fof | fiVhidn.
The matrix element in the numerator for £<0 is always
positive, and the sign of A; is determined by the sign of
V(). For V(r)<O (attractive potential) A;>0, and for
V(r)>0 (repulsive potential) x;<0. Here, we have as-

sumed V,=0 but the conclusions are unchanged if V,
+ (0 [27-28]

Equation (3) can be rewritten in the integral form

sign (V) 4 |V e — Hy) V[ g1 =g, (21)

where H,=-A +V, and the operator (¢ — H,)™! is an inte-
gral Green's operator. For further use, Eq. (21) can
be conveniently written in the form

M K@ e () dr =g ). 22)

If H, is a self-adjoint operator, then K is symmetric.
This property of the kernel K is fundamental for the
proof of the expansion theory. Mercer’'s theorem?ss?
asserts that if all but a finite number of the eigenvalues
of K have the same sign, then the convergence of the
expansion is uniform and absolute. This means that if
we have

8 ()= 3 et (0 (@3)
N
By (r) =n§0 Cngn (1), (24)

we can find a number N,(£) for arbitrarily small £ such
that
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len—gl<E for N>N,(®). (25)

Of course, g;(r) (or f;) form a complete set only in the
region where V(r)#0.

We emphasize that, in contrast to the Schridinger
equation, the Sturm-Liouville problem does not have a
continuum. Therefore, the advantage of the expansion
with respect to the functions g, is that they constitute a
discrete series of functions and one is therefore re-
lieved of the difficulties with allowing for the influence
of the continuum on the bound states.

In some cases a function that one can expand in a
series with respect to a complete Sturm-Liouville basis
satisfies a Schr8dinger equation with the same energy
as the Sturm-Liouville equation but the Hamiltonian -
contains a residual interaction ¥, which in the whole of
space satisfies

Vil<elV]. (26)
We solve the equation
(—A4+Vo+AV 4V, —E) ¥ =0, 27
and the expansion
N
¥y= 2 cafn(E=¢) (28)

n=0
has the interesting property
|/ ¥ <E (29)

for N=N,(£) for all  separated by a finite distance
from the zeros of the function . This property is
stronger than uniform convergence, and makes it possi-
ble to obtain approximate wave functions with equal rel-
ative accuracy in the whole of space even for a finite
number N. Therefore, the transfer amplitude, even in
the cases when it gets its main contribution from the
regions of arbitrarily large distances between the
transferred nucleon and the core, can be correctly
calculated. It is obviously an advantage to use basis
functions with the same binding energy as the expanded
function.

The properties (25) and, in particular (29) are true,
strictly speaking, only for motion of a particle in a
static potential when the condition (26) is satisfied, for
example, in the adiabatic limit of a deformed nucleus
for different types of deviation from spherical symme-
try of the potential. The main results of the method of
expansion with respect to Sturm-Liouville functions can
be generalized to the multidimensional case, but in
such problems the boundary conditions become more
complicated and the generalized Sturm-Liouville func-
tions lose their simplicity. It is therefore sensible to
attempt to keep the Sturm-Liouville functions as simple
as possible.

The use of Sturm-Liouville expansions in systematic
structure calculations involves substituting a truncated
expansion into the Schriddinger equation with total Ham-
iltonian

B Bais.. A1) oon ol (30)

Then, using the equations for f;, we obtain a system of
linear algebraic equations for the mixing coefficients
¢;;- The condition for the existence of solutions of this
system leads to the requirement that the determinant
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of the system vanish, which is equivalent in such a re-
stricted basis to the problem of determining an approxi-
mate eigenvalue of the Schriidinger equation (upper
bound). Here, however, we have several possibilities.
In problems of the type of the Stark effect in the hydro-
gen atom all the terms of the Hamiltonian are known
exactly, and the energy can be regarded as an eigenval-
ue of the problem which must be calculated. In usual
problems of nuclear physics, a model Hamiltonian, for
example, of the type (8), represents the physical situa-
tion rather crudely, and, as a rule, contains a certain
number of parameters that cannot be established from
basic principles but in the best case only from confron-
tation with experimental data. One such set of well
known experimental data is provided by the binding en-
ergies, and then the parameters of the potential are
adjusted to reproduce these energies. Another set of
experimental data, for example, the transfer reaction
cross sections, can be used to test the adequacy of the
chosen parametrization. Confirmation that the param-
eters are optimal (in the framework of the considered
model) can be obtained by using a truncated Sturm-—
Liouville basis if the basis energies are equal to or
near the experimental energies, since in this case there
is good convergence of the method in the asymptotic re-
gion.

We now use the orthogonality relation for the Sturm-
Liouville functions and briefly discuss two ways in
which Eq. (30) can be solved. If we regard E as an ei-
genvalue, we then multiply (30) by IL,V(»,)f*(r;) and in-
tegrate over all the coordinates, obtaining by means of
equations of the type (3) for f, matrices whose principal
diagonal terms contain the quantities (E -} ;e;). Then,
changing certain parameters of the Hamiltonian (for ex-
ample, the parameters of the residual interaction), we
can obtain

E=3¢ (B1)

equal to the experimental value.

However, the total matrix is in general non-Hermi-
tian, which can lead to certain difficulties in the calcu-
lations since the resulting eigenfunctions may be bior-
thogonal.'®? One can multiply Eq. (30) by II,f*(»,), and
then integrate. The resulting matrix is Hermitian. If
the interaction parameters that we wish to determine
occur linearly in the Hamiltonian (depth of the potential,
coupling constants, or deformation parameters), then
they can be selected by diagonalizing the matrix of the
considered problem. Two possibilities for diagonaliz-
ing the matrix of the Hamiltonian are more conveniently
investigated in concrete examples, as will be done in
Secs. 4 and 5. It is clear that without a truncation of the
basis both methods give the exact result, but for a trun-
cated basis, as is shown in Ref. 28, the second method
of diagonalization gives a more accurate result than the
first. However, for the potentials usually used and a
sufficiently large configuration space, this difference is
not very important. The numerical results (see Sec. 5)
agree with this conclusion.

122 Sov. J Part. Nucl. 9(2), March-April 1978

3. DIRECT NUCLEON-TRANSFER REACTIONS

We briefly describe here the different methods used
to calculate transfer-reaction cross sections; our aim
will be to study the influence of the properties of the
wave functions of bound states of the transferred nucle-
ons on these quantities.

We denote the ingoing reaction channel by « and the
outgoing channels in which we are interested by 8. The
fragments in channel @ may consist of @ +A; then if we

are interested in the transfer of nucleons n,,n,, ... we
can write
a=bd-n4nd ...; B=A+nm+tn+ .... # (32)

We can consider other two-fragment channels, for ex-
ample, the y channel:

c=b4n; C=A+n..
Three-fragment channels must be described"® *! as un-
bound states of two-fragment channels. We write down
the Hamiltonian in each channel:

H=HytHat Toa+Vos=Hot Tt Va=Hp+ Ts+ Vs, (34)
where T ,=T,, are the relative kinetic energies of the
fragments; V,(r,)=V,,(r,,) is the interaction between
the fragments, in principle, the sum of the interactions
of all particles in @ and all particles in A; H(g,)=H,
+H, are the internal Hamiltonians of the fragments.

(33)

We write the total wave function in the form

m= ‘Ir! EE e ey
e=a.§v... (L )U (l' ) (35)
where
HY, (B) = EoYe (&) (36)

U,(r,) is a function of the relative motion in channel &.
For example, if we take into account only one outgoing
channel 8, then the total wave function of the system is

D =¥, (&) Uy (ra) + Y5 (Ep) Us (vs), (37)
where ¥, (£,) =¥, (£,)¥ ,(£,), etec.

As an illustration, let us write down the Hamiltonian
Hg:
Hy=Hy+ X (Vas+Tn) + 2 Vanr, (38)

where V,, describes the interaction between the trans-
ferred nucleons and the core; V,, describes the inter-
action between the valence nucleons, i.e., Hy is the
Hamiltonian of the shell model with residual interac-
tions (in Sec. 5, we shall write it out in more detail for
a concrete case).

If 7 V,, if replaced by a potential, then the depth of
this potential must depend on the energy®® ! if it is to
give the correct binding energies. In other words,
these potentials include both exchange effects and re-
arrangement effects. The solutions of the Schrédinger
equation must be antisymmetric with respect to all the
coordinates of the particles, at least for the considered
fragment. We discuss the methods to find the ampli-
tude of the reaction cross section.

Multiplying the left-hand side of the Schriidinger
equation

(H—E)®=0 (39)
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by ¥, and integrating with respect to the internal co-
ordinates £,, we obtain

[Ta+ (‘Fu l Va ’ Y.)— (E— Ea)] U, (l'a)

= — .ug_ (¥Ya|Va|¥e) Ugr ('u‘)—g (Yo| H—E| V) Up (rg), (40)

where the channels with the same distributions of par-
ticles in the fragments are denoted by @ (@’ are the in-
elastic channels); for them,

(‘FGI q’a') = sz'- (41)

It is clear that there is no orthogonality between the in-
elastic channels @’ and the transfer channels B [the last
term on the right-hand side of Eq. (40)]; this question
is discussed in Refs. 20 and 41-43.

The system of coupled integrodifferential equations
can be solved with boundary conditions for which there
are outgoing waves in all the channels o’ and B, and in
channel ¢ an ingoing wave is added. It is fairly difficult
to solve the system, especially if the channels contain
more than two fragments forming a continuous spec-
trum. This is due to the need to integrate an infinite
system of equations. At the same time, if one also in-
cludes in the treatment fragment-disintegration chan-
nels (this must be done in order to obtain a complete
system of equations), then the resulting system will be
overdetermined.

It is therefore natural to attempt to solve the system
of equations (40) under certain simplifying assumptions.
If the elastic scattering determined by the diagonal
term (¥, |V, [¥,) is large, and the second-order effects
determined by the nondiagonal terms (¥ |V |¥_.) are
small, then their influence can be ignored. Then to cal-
culate the elastic-scattering amplitude we solve the
equation

(Ta+ (Yo | Vo | Yoy — (E— Ea)) Us (ra) = 0 (42)

with appropriate boundary conditions (ingoing plus out-
going waves), and when taking into account inelastic
scattering (channel @’) and transfer (channel g) it is
necessary to solve the inhomogeneous equation

(Tm'+(llrm‘ | Va.] "Fa')'—(E— Ea')) Uu' (ra') e (‘Fcz' | Vo: | ‘pa) Cgce (43)

and then in the asymptotic region there are only outgo-
ing waves. Such an approximation is also justified by
the Coulomb repulsion between the ions @ and A (b and
B). In this way we arrive at the distorted-wave Born
approximation (DWBA).[44!

The individual reaction channels are neglected be-
cause the corresponding cross sections are small.
Therefore, such channels can be included in the DWBA
by perturbation theory if they are small. If they are
large, they can be taken into account in the way this is
done in the coupled-channel method (see, for example,
the case of strong coupling of rotational states in de-
formed nucleil!»223%45]) A third possibility is to con-
sider high orders of distorted waves in the Born ap-
proximation in the framework of the DWBA. Such a de-
scription is possiblet*®*™ if one is studying two-nucleon
transfer reactions. We mention these papers particu-
larly because of the importance of the form factors ob-
tained in them, which lead to interesting results.

However, we shall dwell in detail only on the first
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method since it is used in the majority of investiga-
tions'1%1%22); other methods are a generalization of it,
and the role of the form factors in them is essentially
the same as in the DWBA.

If all the nondiagonal terms in (40) are small, we
solve Eq. (42) since elastic scattering is the main reac-
tion channel:

O ~ OO = W2 (ks 1) Doy (44)

where x; =U;. Then, substituting U9 in the right-hand
side of Eq. (43), we find the small components in chan-
nel B, and, therefore, the transfer amplitude:

Tow (k) = — o (X3 ¥p | H— B | X Wo; (45)

here, xj is obtained by complex conjugation of X Mg is
the reduced mass in channel b,B. Neglect of the nondi-
agonal terms in (40) does not mean that the channel
coupling is ignored in the solution of the equation. It is
taken into account in an averaged manner—by the in-
troduction of a complex absorption potential.

Using Eq. (43) and the energy conservation condition,
we obtain the amplitude in the post and prior repre-
sentations:

Hg i =
fﬂzﬂ_Tﬁf(xﬂwﬂlvu_(m'Vu.'“}lxuqra) (46)

= — o (Y| Vo (B] V5 | B) 3 o).

If, for example, we consider deuteron stripping, we
can show that the optical potential (8 | VB|B) describes
the interaction between the outgoing proton and the
core, and the difference V, —(8|V, |B) is due to the in-
teraction between the proton and the transferred neu-
tron. This is a short-range interaction since the trans-
fer amplitude is roughly proportional to the three-di-
mensional overlap integral of the product of the wave
function of the relative motion of the deuteron the target
nucleus and the proton product nucleus and the wave
function of the neutron (¥, [¥,), all of them being taken
at the same points.

For heavy ions, such a zero-range approximation for
the interaction is invalid,’*® %7 and it is therefore nec-
essary to calculate the multidimensional integrals (46)
when both representations have the same form. On the
one hand, for fixed relative distances between the heavy
ions, the overlap integrals (A |B), and also V,,

—(a]v, Ia)(VB- (8]v,|B)) are decreasing functions for
increasing corresponding radius vectors, while on the
other hand the wave functions of the relative motion are
small at short relative distances. And this means that
the distances between the cores and the transferred
nucleons that make the largest contribution to the trans-
fer amplitude must be fairly large.

Deuteron stripping clearly reveals the cause of the
small contribution from the short distances between the
neutron and the core. We have already emphasized that
the overlap integrals (A |B) are in fact the wave func-
tions of bound states, i.e., they decrease exponentially
at large distances and oscillate at small distances. The
wave functions of the relative motion of the fragments
at short distances will also oscillate strongly (if they
do not completely disappear because of the imaginary
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part of the potential) even at low energy of the relative
motion. For a short-range interaction at short dis-
tances the integrand in (46) is a product of three oscil-
lating functions, and therefore the integral gets its val-
ue at large distances.

The complexity of the calculations and the unsatisfac-
tory nature of the approximations described above
stimulated the development of other methods to describe
nuclear reactions between complex ions. Here, we
briefly describe only one of many such attempts.'59)

In the case when the DWBA is justified, i.e., when
the Born series with respect to the coupling constant
converges, a method equivalent to it'#¢! is to describe
the colliding systems by means of wave packets and use
nonstationary perturbation theory. In fact, however,
such a description brings little advantage. For reac-
tions induced by heavy ions, the motion of the wave
packets can be replaced by motion along the classical
trajectories, but even then ¥ can be regarded as the
wave function. This approximation is justified by the
smallness of the wavelength compared with the range of
the forces responsible for the scattering. If only one
impact parameter p contributes to the transfer cross
section for given angle @, this cross section has the
simple form

do/dQ = p (p/sin 8) | dp/dB]|, (47)

where p is the probability of the process, equal in the
lowest order to

o

pstexp g TE{(Vu(t)—{calVala))dtr. " (48)

The classical cross section of elastic scattering
do, /dQ = (p/sin 8) (dp/dd) (49)

is obtained from the requirement that the corresponding
phase be stationary:

o=1 (g ma2—(a| V@) dt.

It is clear that to confront these results with DWBA
calculations it is necessary to introduce an imaginary
part of the potential; then in the cross section a damp-
ing factor appears:

a=‘exp5 %dtlz,

(50)

(51)

and its role reduces to suppressing the contribution to
the transfer cross section of small impact parameters.
This once more emphasizes the importance of large
distances in transfer reactions.

In this section, we have discussed a number of simple
methods for calculating transfer amplitudes in which
the role of the wave functions of the transferred parti-
cles is fairly perspicuous. The situation is the same
as in the more complicated approaches,““ but in them
one must calculate multidimensional integrals (six-di-
mensional in single-nucleon and nine-dimensional in
two-nucleon transfer reactions between complex ions).

It is, however, worth emphasizing that in many-nu-
cleon transfer reactions questions related to the asymp-
totic behavior of the wave functions of the transferred
mucleons become more important and more complicated
than for single-nucleon transfers. For the latter, the
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asymptotic behavior of the wave functions can be estab-
lished by simple considerations (see Secs. 4 and 5).

For two-nucleon transfers, progress has been achieved
only very recently (see Sec. 5), and for a larger num-
ber of transferred nucleons the problem of finding the
correct asymptotic behavior of the wave functions of the
transferred nucleons has not yet been solved, except
for the special case of cluster transfer.

4, DEFORMED NUCLEI

Study of stripping and pickup reactions on strongly
deformed nuclei has provided the best interpretation of
the structure of certain populated states, especially
single-particle states. This is because in nuclei that
are far from magic one can separate an average de-
formed field and the single-particle states correspond-
ing to it from the collective motions of the nucleus as a
whole. In many nuclei, the collective and single-parti-
cle motions are separated and certain states on the
Fermi surface are single-particle states to a good ac-
curacy. We describe briefly the method of calculation
of single-particle wave functions with required asymp-
totic behavior in the deformed average field and the ap-
plication of the resulting wave functions to the calcula-
tion of single-nucleon transfer cross sections.

The general equations for the form factors obtained
from the Schrddinger equations for nuclei |A) and |B):

Hy|Ay=E,|4)
(Had D [Vid Til 4 Voe ) | By == Eg | By, } (52)
have a different form
(Ea—En)(A| By= D Vi 4+ Til (4| By+(A| Vi | B (53)

depending on the particular problem considered. Note
that by V. we can understand all the interactions, ir-
respective of whether they commute with H,. If V
does not commute with H,, then we obtain an infinite
system of coupled equations of the type (53), including
different states |A;) (|B)). Since these states can be
populated in pickup or stripping reactions, we investi-
gate the form factors, which describe the correspond-
ing experimental data.

If odd and even nuclei B and A, respectively, are
strongly deformed and axisymmetric, then they have
large moments of inertia J, which leads to appreciable
simplifications in calculations when one is studying
states which are not very highly excited. The first
simplification is due to the smallness of the Coriolis
mixing for the case when there exist regular rotational
bands in both system A and system B. These states are
characterized by the quantum number K, the projection
of the total angular momentum I onto the symmetry axis
of the nucleus. In the internal coordinate system, the
Coriolis interaction has the form

Heyy = (—W2/2J) (oI +11), 64

where j, and j. are single-particle operators; I, and L.
are the operators of the total angular momentum. The
smallness of the Coriolis interaction follows from the

following ratio, which is obtained in perturbation theo-
ry:
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K 4 [ Hopy | K

—— T 55
E(K:l:i)--E(_Kj-l<<1' (55)

in which the denominator is usually 20-100 times larger
than the numerator'52! [E(K) and E(K +1) are the sin-
gle-particle energies]. At the end of this section, we
shall consider in more detail the influence of the Cori-
olis interaction on the transfer cross sections; here we
just point out that the Coriolis interaction does not have
a radial dependence. The second simplification arises
from neglect of the rotational energies, and then the
equations for the form factors reduce in practice to
equations of single-particle motion in the deformed av-
erage field. In this case (we ignore all the residual in-
teractions) the wave functions corresponding to different
energies are orthogonal and it is very simple to take in-
to account the Pauli principle.

As we have already said, the parameters of the aver-
age field of the nuclei must in the general case depend
on the energy. However, the calculations then become
fairly cumbersome: The wave functions will be orthog-
onal with complicated weights, the effective potentials
will be nonlocal, and so forth. Therefore, in many
problems of nuclear physics (see Refs. 39 and 40) the
energy dependence of the parameters of the potential is
ignored. Moreover, it is very frequently assumed that
the depth of the average-field potential for deformed
nuclei is approximately the same as for spherical nu-
Clei_l.'sn-a.-.]

For the single-particle states of deformed nuclei, it
is very important that for equilibrium or large values
of the deformation parameters certain states with dif-
ferent N =21 +I become almost degenerate (see the re-
view Ref. 53, and also Refs. 11 and 56-58). It is known
that states with the same parity and the same projec-
tion of the angular momentum for an oscillator potential
(without 1s and /2 terms) are completely degenerate.
The level scheme and the wave functions are sensitive
to the extent to which the realistic potential employed
differs from that of a pure oscillator. Here, it is im-
portant to take into account in the deformation potential
a higher order than the quadrupole orders, and the de-
viation of the radial dependence of the potential from #2,
Since the mixing of states with different N has been ig-
nored until recently, we give briefly the results of Ref.
59.

We write down the Schrddinger equation
[—=A+cW(r)] Yo, x (r) = EVgq, (r), (56)
where

CW (@) =C V(1) + Fso (O] + Voo, (1) + Vo (0);

i"-:s_u. (r)="Vso. (()—Vs.0. (r);

V()= —Vo{l +expl(r— R (0))/al}; (57)

R (6) = Ry (14 Bo+ Beo) 20+ Baod s0)-
All the parameters are taken from Ref. 53. We repre-
sent the single-particle wave function ¥y, , of a bound
state of a deformed nucleus as a superposition over
Sturm-Liouville basis functions:

M
Yo u= 3 a2, 22D | 0y, (58)
nlj
For the further treatment, as we pointed out at the
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end of Sec. 2, there are two possibilities. One can as-
sume that E in (56) is an eigenvalue of the problem and
that the parameter C is fixed (we can set C=1). Then,
substituting the expansion (58) in (56), multiplying V()
from the left by ¥, and using the orthogonality of the
functions f; with a weight, we integrate with respect to
¥,8, ¢, obtaining the system of equations

? A,.,a,=§:<i| VIH—E)|j)ay=3 (|VH|j)+Eb)a.  (59)

If we multiply from the left by f#, then after integration
we find

2 dijay =G| H—E|j)a;= 3 (1|~ A~E|)+C 6| Wii)a  (60)
) 2

However, as generalized eigenvalues we have the pa-
rameter C, and the energy E =¢ is taken from the ex-
perimental data.

It is readily seen that the matrix A,; is non-Hermi-
tian, while A}; is Hermitian. One can therefore sayl27!
that diagonalization of the matrix Af; is equivalent to
using a variational principle. Further, since for (60)
we take all the basis functions fi for E =€ equal to the
experimental value, convergence of the expansion in
the asymptotic region too [see the relation (29) and the
discussion after it] is guaranteed even for small values
of M. This was to be expected since in the coupled-
channel method all the components of the wave function
must have the same energy,'#**2 this being equal to an
eigenvalue of the problem (under the condition that all
interactions decrease sufficiently rapidly at large dis-
tances). In this sense, the system (60) is analogous to
the system of coupled-channel equations. It is there-
fore preferable to work with the matrix A},

In Table I, we give the mixing coefficients a?,, for
some neutron states of the nucleus *5Sm, obtained by
solving the system (60) for fixed values of E equal to
the energy for separation of a neutron from the nucleus
¥3Sm. For this nucleus, the levels with N =5 (for odd
states) are situated at the Fermi surface, and in the
Nilsson model only these states participate in the diag-
onalization procedure. In our method too the subshell
with N =5 makes the main contribution, i.e., the largest
mixing coefficients correspond to states in this sub-
shell. However, as can be seen from Table I, it is
necessary to take into account basis states from the
subshells with N =3, 7, and sometimes with N =9.

In Fig. 3, we represent the results of calculations of
the '**Sm(d, p)'**Sm reaction cross sections at E, =12
MeV made with the wave functions of the bound neutron
states given in Table I. The transfer cross sections
were obtained in the coupled-channel method, the opti-
cal parameters of the ingoing and outgoing channels be-
ing determined from elastic and inelastic scattering of
deuterons and protons at different energies and on the
corresponding targets (see Ref. 60 and the references
in it). In this sense, the coupled-channel calculations
are self-consistent since there is no free parameter,
and therefore comparison of the theoretically obtained
transfer cross sections with the experimental ones in-
dicates the correctness (or incorrectness) of our as-
sumptions about the structure of the nucleus. The cou-
pled-channel calculations differ from those of the
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TABLE I. Coefficients of expansion with respect to Sturm-
Liouville functions for bound neutron states of the nucleus
1“Sm.

Expansion coefficients
Band Basis states

N=1\ N=3 N=3 Nei
Para —0.u43 —0.115 0.344 0.033
f5p2 — 0.006 —0.260 —0.046
{172 - 0.007 0.799 [IRVH]
3/2- [521] hgn - - 0.1635 —0.038
hyyje - - —0.313 0,123
Tya2 = - - 0.041
Iys72 - i . —0.046
Pysa 0,025 0.065 —1.500 —0.,036
Pz ©0.002 0 T o008 0.007
fs2 - —0.061 —0.109 —0.059
12 [521] fiz — —0.042 —0.514 0.031
hgse — — 0.494 0.009
Byyse - - 0.255 —0.095
F1aj2 — — — 0.103
Jisi2 = == - 0.035

Expansion coefficients
3and 3asis states

N=3 N=3 N=1 N=u
Isi2 0.055 —0.279 —0.024 —0.007
f2ss 0.043 0.770 —0.033 —0.007
"9,'2 = —0.361 —0.060 0.016
5/2-[523] ki — —0.407 0.120 0.029
Fyase — - —0.055 —0.021
fl.’sfz —_ — —0.047 ¢.001
Linga - — - —0.007
farz —0.070 0.161 0.027 0.014
f-..',:._ 0.083 0.467 0.028 0.001
”m . -_ 0.815 0.003 0.002
5/2- [512] hyypo — 0.051 0.058 0.019
Jy3ym — — 0.151 0.042
figio - = 0.005 0.001
Lirse - - — 0.020

N=2 N=4 N=6 N=8
33.’2 —0.014 —0.063 0.072 0.018
£7/2 — g.can —0.038 —0.016
8ys2 — —0.198 0.379 0.062
5/2%[642] iy - — —0.076 —0.035
isan - - 0.820 0.074
kg - - — —0.034
ky7ja - - - 0.135

DWBA, in which spectroscopic information is extracted
when the theoretical cross sections are compared with
the experimental data. The results given clearly re-
veal a good description of the cross section of transfers
to low-lying states, but the agreement for the cross
sections of transfers to highly excited states is much
less good. It is clear that in this case it is necessary
to take into account a larger number of channels and al-
so the complexity of the structure of the occupied
states.

In Refs. 56-59, an investigation was made into the
structure of the quasicrossing levels 1/2*[660] and
1/2*[400] and also 3/2*[851] and 3/2*(402] of nuclei at
the start of the rare earth region of elements; these lie
very close to each other in energy and have a strong
mixing of the components (AN =+2 mixing). These
states were ohserved in (d,p) and (d,) reactions.'®"? In
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FIG. 3. Comparison of differential cross sections calculated
by the coupled-channel method (continuous curves) and the ex-
perimental data (open circles) of the reaction 154gm(d,p)'*°Sm
for energy E=12 MeV (for details, see Ref. 60).

Ref. 62, which is devoted to this question, differential
transfer cross sections were calculated in the DWBA.
However, as was emphasized in Ref. 12, the differen-
tial cross sections calculated in the DWBA are insensi-
tive to the mixing coefficients of the single-particle
wave functions since the contribution of only one basis
state is taken into account in the transition amplitude
and all the remaining states are ignored (if the target
nucleus is even). It is clear from this that definite in-
formation about the AN =+2 mixing coefficients can be
obtained only by studying the transfer-reaction cross
sections by means of the coupled-channel method.
Moreover, the mixing of the rotational bands due to the
Coriolis interaction must be investigated separately
since for AN =+2 mixed states near the quasicrossing
of two levels the Coriolis interaction may become par-
ticularly important.t52

As is shown in Ref. 56, the intensity of AN =+2 mix-
ing depends strongly on the accuracy in the solution of
the Schridinger equations. In order to increase the ac-
curacy in the calculation of the eigenvalues and eigen-
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functions ¥, for AN =+2 mixed states, it is sufficient
to increase the rank M of the matrix of the system (60).
Figure 4 shows the eigenvalues CV, of Ref. 59 as a
function of the deformation parameter 8,, for g,,=0.04.
The value of 8,, is taken from Ref. 56, where 8,, was
determined by the requirement that the calculated rela-
tive distances of the quasicrossing levels and the ex-
perimental levels be equal. The rank of the matrix M -
is equal to 16 (N=0,2,4,6) and 36 (N=0,2, 4,6, 8,10),
respectively. Figure 5 shows the behavior of the 3s,,,
and 1¢,,,, components of the single-particle wave func-
tion as a function of the quadrupole deformation param-
eter for B,,=0.04, and the corresponding differential
cross sections are in Figs. 6 and 7. These figures
clearly illustrate the strong dependence of the mixing
coefficients on B,, in the region of quasicrossing of the
levels, and the corresponding cross sections in the
same region vary by an order of magnitude (for exam-
ple, when B,, varies by 0.007 the cross section of trans-
fer to the state 1/2 1/2*[660] varies by two orders of
magnitude). From evaluation of experimental data on
elastic and inelastic scattering, it is obviously impos-
sible to determine deformation parameters with such
accuracy. For the considered case at deformation g3,,
=0.3296 both the relative and absolute values of the
cross sections agree well with the experimental data,
and therefore one can obtain more precise deformation
parameters when studying transfer reactions to such
quasicrossing levels. This is not a particularly trivial

o4t Css,., [660]

| Griyyp 300

Y | e ——

a5} G0

[ [651]

7 43750 03995 0340 2320 ey

23338
FIG, 5. Behavior of the 351/2, 2d3;9, and 1!:13,2
components of the single particle wave function as
functions of the quadrupole deformation parameter By,
for ﬁ,m =0,04.
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FIG. 6. Calculated differential reaction cross sections of

transfers to the states 1/2 1/2* [400] and 1/2 1/2*[660] for
different values of the quadrupole deformation parameter
Boy for By, =0.04. The experimental data are the open cir-
cles.

result since structure (spectroscopic) calculations5%?
do not enable one to obtain definite information about
the order in which these AN =£2 mixed levels are ar-
ranged or consequently, to determine more accurately
the deformation parameters or other parameters of the
problem.

The interaction of various types of motion that, as we
are confident, must be taken into account in real calcu-
lations destroys the simple single-particle picture of
excitations in deformed nuclei. The Coriolis interac-
tion is one of the most important and best understood
residual interactions leading to a mixing of the single-
particle wave functions. In the DWBA, the differential
cross section has a fairly simple form™!? (even—even
target):

dofdQ = 2| % a® C( @ 2, (61)

It can be seen from (61) that the cross section is a sum
of simple cross sections obtained in the framework of
the DWBA which are multiplied by appropriate coeffi-
cients (a™WC{)")2. Very frequently, these coefficients
are calculated in Kerman’s model,’s!? in which only two
rotational bands are mixed.

We write the wave function of the final nucleus B in
the most general formt52’;

O3y, (r, 0)= )/ o 3 O
‘Kpm
e {D;}axn (9:) ‘P?;sn,"(r)+(_1)-'g+xs+1 (62)

X Db, (0) W)= 0,2() }

00 ool 3/2‘[&5".’]}5'”

B o

i ry 0.5400
L 0.3396
B 0.3396

~
S
=1

The same as in

5 FIG, 7.
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E . +
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S 10 A ¥
;;: (g, ¢) 5%gq 3/2 3/2* [651].
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9em.deg
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where C32, are the coefficients of the Coriolis mixing
calculated in the semi-microscopic model of Ref. 52.
In (62), the summation is over the nonconserved pro-
jections K ; of the total angular momentum J, and over
the index @, which distinguishes different rotational
states with the same K. If we consider single-nucleon
transfer reactions to an even—even nucleus with J 1=K,
=0, thenJ;=J and K;=Q, where J is the transferred
angular momentum; € is its projection onto the symme-
try axis of the nucleus. Then in the coupled-channel
approximation, the differential transfer cross section
can be written in the form?®?
L O =7 {oik BEPCLHU 3| 3 ch 3y
m  (Qa) alj
x 3} (L8R — 00| JQ) (12— a0 ) /2) Bra (nljam,)]z.
[
The amplitudes B, were determined in Ref. 12, and
the coefficients a!f:*’ are solutions of the system of
equations (60).

(63)

Comparing the cross sections in the coupled-channel
approximation (63) and the DWBA (61), we see that the
cross section in the latter is the coherent sum of all
possible transfers to rotational states coupled through
the Coriolis interaction. Calculation of the differential
transfer cross sections with allowance for the Coriolis
mixing in accordance with the method of Ref. 52 shows
that although the admixtures for each state are small
the cross section is changed appreciably. For exam-
ple, the ratios of the cross sections for transfer to the
states 1/24400] and 1/3*[600] with and without allowance
for Coriolis mixing differ by 30%. It is well known that
in rotational bands the Coriolis mixing increases with
increasing spin of the state, and it is therefore of in-
terest to investigate the cross sections of transfer to
excited rotational states with large K. In this case it is
necessary to take into account the mixing of states with
AK=+1,%2, ... .

Thus, in many cases, the cross section of single-
nucleon transfer can be obtained with the same accuracy
as the experimental data. Obviously, this can be
achieved only when the populated states are to a good
accuracy single-particle or quasiparticle states, but
then'>*? the cross section must be multiplied by the fac-
tor u? or 22,

Recently, papers have been published!!® 8! in which
the cross sections of two-nucleon transfer reactions to
rare-earth nuclei are investigated. The form factors of
the two-nucleon transfer reactions are expanded with
respect to Sturm-Liouville functions in the WDP ap-
proximation with € =E/2, where E is the energy of sep-
aration of two nucleons, pairing is used in the approxi-
mation G =const, and allowance is made for virtual ex-
citations of 0%, 2%, and 4* states of the target nucleus
and the product nucleus, but the transfer amplitude is
calculated in the first Born approximation. As a result,
for the reaction B2W('2C, C)'®°W at energy 70 MeV of
the relative motion a good description is obtained of the
differential cross sections of transfers that populate the
0* and 2* states (Fig. 8), although the absolute value of
the theoretical cross section is 1.5 times smaller than
the experimental. This difference is small, and it can
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FIG. 8. Experimental and theoretical (coupled-channel meth~
od) differential cross sections of #w(!2C, 14C)!8'W trans-
fers to 0* and 2* states of the ground-state rotational band
of W, The calculations include all inelastic processes
and take into account simultaneously transfer of two neu-
trons to the 0% 2% and 4* states of the ground-state bands
of the nuclei %W and 8W, The theoretical curves have
been multiplied by 1.5. The continuous curves correspond
to form factors calculated for E/2, where E is the energy
of separation of two neutrons in !82W, The dashed curve
gives energies equal to the separation energies of one neu-
tron in '®W (see Ref. 18).

be reduced by taking into account the second order of
the Born approximation.t*!

The method described above can also be used to in-
vestigate transfer reactions to nuclei having a vibra-
tional level spectrum. However, in these cases the
adiabatic approximation is inapplicable, so that for
each channel of multistep stripping it is necessary to
have a basis set of Sturm-Liouville functions with dif-
ferent energies determined from the energy conserva-
tion law. Details of the calculations can be found in
Ref. 14,

Thus, one- and two-nucleon transfer reactions to de-
formed nuclei that populate low-lying states can be in-
vestigated by means of wave functions obtained by an
expansion with respect to Sturm- Liouville basis func-
tions in the couple-channel approximation. As we have
already seen, one cannot use this method directly for
high excitations. Obviously, the structure of nuclear
states loses its simplicity with increasing excitation en-
ergy, and the wave function becomes a complicated su-
perposition of single-particle excitations and excitations
of the core. The structure of highly excited states can
be described by means of the semi-microscopic ap-
proach developed in Refs. 64 and 65, and then one can
directly apply one of the methods described in the pres-
ent paper to calculate the cross sections of transfers to
each of the considered states. However, for such fairly
high excitations it is more sensible to consider aver-
aged characteristics of the nucleus over a definite ener-
gy range, and it is therefore interesting to attempt to
apply a statistical approach to describe the cross sec-
tions of transfers to highly excited states. As before,
for weakly bound single-particle states of deformed nu-
clei, Sturm-Liouville functions provide better bases
since the asymptotic behavior of the wave functions in
this case is very important (see Figs. 1 and 2). In Ref.
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FIG. 9. Experimental cross sections (histogram) and

theoretical cross sections as function of the excitation energy
(S, is the neutron separation energy).

66, the cross sections obtained with such form factors
in the coupled-channel approximation were averaged
over the Lorentz distribution. Figure 9 shows the in-
tegrated cross sections and one can see that there is
reasonable agreement with experiment, despite the
rather approximate nature of the ealculations.

The usefulness of statistical averaging and the suc-
cess of comparison of the averaged characteristics ob-
tained in the semi-microscopic model of Refs. 64 and
65 with experiment suggest that for such averaging the
fine structure of the states and the accuracy of the ap-
proximations adopted are not too important. If this is
so, then one can introduce a complex energy-dependent
average field in the same way as is done in the optical
model or in a calculation of the total energy of a nucleus
and in quasielastic nucleon-knockout reactions.t3% 41
Then the imaginary part of the complex potential will be
responsible for the averaging, and factors of the type of
the Lorentz distribution appear in the expressions for
the cross section,!3* ! these being equal to unity for
purely single-particle stripping and less than unity and
smeared with respect to the energy when a complex
state is populated as a result of the transfer.

The results presented in this section show clearly
that the Sturm-Liouville method of calculating the sin-
gle-particle states in the deformed average field can,
in conjunction with the coupled-channel method, be used
to describe transfers to states with low excitation en-
ergy and to highly excited states, the transfer cross
section being obtained in many cases with as good ac-
curacy as the experimental data.

5. SPHERICAL NUCLEI

The present state of the theory of single-nucleon
transfers to spherical nuclei is fairly well presented in
the review Ref. 22. The use of Sturm-Liouville func-
tions to calculate the form factors for such reactions
made it possible to establish the accuracy of other
methods and indicate the limits of their applicability.
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In this section, we discuss some problems that arise
in an investigation of two-nucleon transfer reactions on
spherical nuclei. The situation here is much more
complicated than in the single-nucleon case. The ab-
solute values of the theoretical cross sections of two-
nucleon transfer reactions between complex ions are
smaller than the experimental values by 3-10° times.
This is due to a lack of knowledge of the very mechan-
ism of the two-nucleon transfer reactions and to the
complexity in the description of the asymptotic behavior
of the two-nucleon form. factors. It was the hope for a
long time that the interactions between the reaction
channels are weak, so that one need take only the first
perturbation order. But it was found (see, for example,
the review Ref. 45 and the references there) that transi-
tions to low-lying collective states are strongly affected
by inelastic excitations. Therefore, the single-step
DWBA was modified in such a way as to include inelas-
tic excitations in the treatment. This is none other than
the coupled-channel method, which nevertheless still
regards the process of nucleon transfer as a single-step
process. (This approximation was completely satisfac-
tory for single-nucleon transfers; see Ref. 22 and the
results of Sec. 4.) It is natural that this treatment of
inelastic scattering and the transfer process cannot be
satisfactory. Subsequently, the assumption of a single-
step process was removed in the study of transfer re-
actions,'2*4"431 and it was found that the second order
of the Born approximation makes a contribution to the
cross section comparable with the first order. Details
and numerical examples can be found in the papers
quoted above.

We consider now the simplest case of two identical
particles interacting with one another and an inert core.
The main assumption is that the residual interactions
between the particles are weak, so that bound states of
the two particles do not exist. We assume that the in-
ert core is infinitely heavy, and thus our system con-
sists of two identical particles outside filled shells (for
example, *2Ca, ?'°Pb). Despite its simplicity, this sys-
tem preserves the main characteristic features of
many-particle systems, and methods of solution suit-
able for solving the simple case can be generalized.

Thus, let us solve the Schridinger equation

(Ho+ADV (ry) + A2V (1) 4+ YVia (res)— E) ¥ =0, (64)

where V, are the two-particle residual interactions;
V(r,) and V(r,) can be chosen in the form (3). For sim-
plicity, we ignore the Coulomb and spin-orbit forces,
and omit everywhere the spin indices, although in con-
crete calculations they are included explicitly.t17 24 25 68l
A number of approximate methods have been proposed
for solving Eq. (64), but only two are candidates for be-
ing the most accurate: expansion with respect to har-
monic—oscillator functions™* %! and expansion with re-
spect to Sturm-Liouville basis functions. In Sec. 2, we
have given some arguments concerning the convergence
of the various methods, and in this case too the expan-
sions with respect to Sturm-Liouville functions must
converge rapidly. The similarity of the principal com-
ponents of the Sturm—Liouville expansion and the shell-
function expansion facilitates comparison of these two
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methods and ensures that the description of certain -
properties of the nucleus determined by the internal
parts of the wave functions is approximately the same.
But the identity of the principal components does not
mean that other properties of the nucleus determined by
small mixing coefficients correspond.

It can be assumed that the depths of the potentials A‘¥
and A'2 are approximately known, and then the energies
E can be fitted to the experimental values by varying the
parameters of the residual interaction. This procedure
is used in the shell model, and we proceeded in the
same manner, but we also investigated the transfer am-
plitudes, requiring a good description of the cross sec-
tions. We also used the well known fact that the residu-
al interactions between valence nucleons do not coincide
with the residual interactions between free particles,
and this difference cannot be established from basic
principles.

Another difficulty is the computational complexity if
we wish to use more realistic inter-nucleon forces.
Very frequently, this complexity is used to justify the
use of model forces such as pairing forces or d-func-
tional forces. However, if we work with model forces
we must take a certain care, especially if we change the
dimension of the configuration space in which the Ham-
iltonian is diagonalized. In general, model forces con-
tain certain parameters, which are fixed in a definite
space of basis functions in such a way that a number of
quantities (for example, the energies) have values
agreeing with the experimental ones. But if the basis is
extended, these parameters must be changed in such a
way as to preserve the existing agreement. It is well
known that for pairing with G =const the process di-
verges in the sense that if the pairing gap is fixed then
the constant of the pairing forces will tend to zero if
the number of basis states is increased indefinitely.
The situation is the same for the 6-functional forces.
For certain physical properties of the nucleus, a di-
vergence of this type is unimportant, as for example in
spectroscopic calculations with allowance for pairing.
However, if the mixing coefficients for high orbitals
are not well determined, then they can no longer be
used to calculate transfer amplitudes, since this may
lead to an unphysical result. In such a case, it is nec-
essary to introduce more realistic forces or operate in
a truncated basis, as is usually done in concrete calcu-
lations.

[0l

The asymptotic behavior of the wave functions of
bound states of three-particle systems have been fairly
fully studied in Ref. 71, and we here briefly compare
our results with the results of Ref. 71. Suppose the
single-particle binding energy is

— E, = Kf )
and we denote the two-particle binding energy by

Ey=— E=x2
We split the six-dimensional configuration space of our
system into three regions:

a) r}(E,—E,)<riEy
b) riE<r}(Br—E); riE<ri(Ea—E);
) ri{(Ey—Ey) <riE;.

(65)
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The asymptotic behavior of the wave function in each of
the regions has the form
a) expl—are— (a2 —2) 2 ry)irrs;
b) exp[—xr]lrs'ra; } (66)

c) exp[—wry—(x2—x2)?

ral/rire,

where 7?=7% +72. The obvious difference in the dimen-
sions between these expressions is not disturbing since
(66a) and (66c) correspond to a volume element in the
space 7 dy r2dr AQ,dQ,, and (66b) to one in the space
¥3dydQ. If two nucleons had a bound state, then we
should have to consider the asymptotic behavior in one
further region lying within the region (66b). When we
speak of the asymptotic behavior of functions, we have
in mind the behavior of the functions for a variation of
¥, and 7, such that »—«, this function being multiplied
in each region by a function of the angles and of 7,/7,.

Equations (66) are valid on five-dimensional surfaces
for constant »; for fewer dimensions for fixed + other
surfaces are possible. In particular, in the transition
zones between regions a and b and between b and ¢ the
coordinate asymptotic behavior can be described by
means of error functions. Thus, the asymptotic be-
havior of the wave functions of the bound states is too
complicated for one to construct a corresponding
Sturm-Liouville basis. One can construct a simple ba-
sis for each of the three regions, but it is not possible
to obtain a simple basis for all three regions simul-
taneously.

Actually, however, one can use the fact that the bind-
ing energy due to the residual forces is positive and
much smaller than the total binding energy:

W= 2 '), O w2t (67)
Therefore, one can introduce a set of functions with the
asymptotic properties

P~ exp[—up(ry - ra))/rirs } (63)

wf = %2,

Then the difference between the asymptotic behavior
(68) and the correct (66) will be determined by the fol-
lowing relations in the corresponding regions:

) ap ~ exp {ry (% —xn) + ra [(x2— %) 12 —2,]} )

= exp [x"? (r—ro)/2x];
b) ag~expl—[(n+r)+V I EDl o +x2¥2); | (69)
) @y~ exp {ry (ty—xn) + 12 (82— )" —x]} &

a2 exp [%2 (ro—1,)/ 2],

The relations (69) are valid if
1 — 2u"2nl < rpfry <1+ 2021, (70)
However, this condition has been derived approximate- .
ly.
Further, we denote #’=7,~-7, and rewrite (69) in the

form y
a, ~ a, ~ exp (r'x"%/2x,);
6, ~exp[(+ %) e } (1)
2 exp [( 4+ )2 ('2?) (r/2)) 22 exp [r'x'2/25,).

Thus, for small ¥’ the asymptotic behavior of the wave
function is too large if (68) is used by a factor

<exp(r™'?/2x,) and, for example, for the overlap inte-
gral (3Ph, 2°Pb) we obtain %'%/%3~0.1, %, =0.5 F™, so

Bang et al. 130



that the error is 25% for »*= 10 F. Obviously, the
transfer amplitude will be small at distances 7’ =10 F.
For a single-step two-nucleon transfer the error is
even smaller.

The asymptotic expression (68) determines the set of
Sturm-Liouville functions satisfying the equation

(=AM +3k) fo=0. (72)

One is also quite free to choose two other sets of
Sturm-Liouville functions satisfying the equations
[—Ar+ MV 4 (2 —)] fi () =0 }
[—As 42V 4231 f5 (r2) = 0.

These functions will give the correct asymptotic be-
havior in region a but not in region ¢. To correct this
and correctly antisymmetrize the wave functions, one
can add the set of functions satisfying the same Eqs.
(73) but with ¥, and 7, interchanged. The orthogonality
properties between the different sets are then lost, and
in region b one also requires a different set of func-
tions.

(73)

For physical reasons, certain regions of space are
more important than others. In the single-particle lim-
it, we investigate the region of small 7, for arbitrary
7, (or vice versa). For such calculations, the basis
functions (73) are ideal if correctly antisymmetrized.

We use the possibility of choosing different energies
for the basis functions {f*/f*\'}:

(Ha+AV" —e) fi2 =0; }
(Hoz+ ARV —g,) f2 =0,

and make the expansion
¥ (ry, ra) = DemafRF- (75)
Substituting (75) in (64), multiplying from the left by
Fi*F(2%  and integrating, we obtain
2} cmn [(e1+ € — E) (kI | mn) +  (kl | Vaz | mn)
— (M0 —AD) (1| m)g Bpm — (AP — AP) (| my 8yn] = 0.

If we also multiply Eq. (64) by VOV@Fx2% we ob-
tain

(14)

(76)

2 Cmn [(84 82— E) Sxnbym + 7 (K| VIVHV 15 | mn)
mn

()
— (MY — AN 5y, (kl ya? | m)y — (A — AD) G (¢ I ye? | nys] =0,

where (I [n = ff’,"f,,dr, etc.

Again we encounter the possibility of choosing differ-
ent diagonalization methods, as is desecribed in Seec. 2.
Both systems can be written in the form

{EA£APB; £ A®B, - yC + R}e=0, (78)

where A, B,, B,, and C are Hermitian matrices.

However, R is Hermitian only for (76), and even if
computational arguments give preference to (77) the
arguments of Sec. 2 force us to choose (76). The sys-
tem (76) can be diagonalized in four different ways, in
each of which one of the four parameters E, x(1),

A2 andy is regarded as an eigenvalue. For the trun-

cated basis {fV,f*®'}, the diagonalization gives M inde-

pendent functions
FO = f: rasityib R

(79)

so that as a result we have Sturm-Liouville functions
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for the two-particle problem, and these again for a
complete set.

Even if all the matrices A, B, B,, C, and R are
Hermitian, the total matrix that must be diagonalized
to obtain E as an eigenvalue is not necessarily Hermi-
tian:

E4+ AV (3~(l)31+}‘-(l’Be +?c+ﬂ) ce=0. (80)

In some important problems, it can be diagonalized
simply (see, for example, Ref. 17).

In the method of expansion with respect to Sturm-—
Liouville functions, as in all the approximate methods
of nuclear physics, we encounter the problem of allow-
ance for the Pauli principle. It is that solutions of the
exact Hamiltonian, which is symmetric with respect to
all particles, must be symmetric or antisymmetric
with respect to the coordinates of all the particles.
This requirement is not satisfied if one is working with
a truncated basis, in particular, if the filled shells are
identified with the inert core of the nucleus.

One can hope that wave functions that extremalize the
Hamiltonian and are orthogonal to the occupied states of
the core will be better wave functions. This was fol-
lowed up in Ref. 25 by the method proposed in Ref. 34.
To the Hamiltonian, a term was added that is the pro-
jection operator onto occupied one- and two-particle

states multiplied by a constant T':
ﬁ=H+TEi,' |8 (|- (81)

If T is very large, H will have eigenfunctions very close
to |4), and eigenvalues close to T:

Hly=T[p. (82)
These assertions can be proved as follows. If we know
a solution of the equation with the Hamiltonian H:

(83)

then the solution of the equation with the effective Ham-

iltonian H (H¥ = E¥) will be
|9 =10 +T6(E) X 10D,

HY=EY,

(84)

where G(E) is the operator the Green’s function. From
the relation (84), we readily obtain

{i |‘i">=zi} [ [1—TG (B)| )4 | ¥ (85)

and therefore lim (i[¥)=0. This means that the result-
ing wave function ¥ is orthogonal to all the one- and
two-particle occupied states lz') of the core and gives
the desired extremum of the Hamiltonian. Details and
numerical examples can be found in Ref. 25. To con-
clude this section, we give (Fig. 10) the cross section
of two-proton transfer in the reaction *®Ca(*%0, “C)*°Ti
at energy 58 MeV of the incident ion. The difference
between the two cross sections clearly reveals the in-
fluence of an increase of the configuration space on the
calculated cross sections.

As we have already said, the absolute values of the
two-nucleon transfer cross sections obtained theoreti-
cally are, as a rule, smaller than the experimental
values except in a few cases. However, we have not
posed the problem of obtaining the absolute values of
the cross sections since it would then be necessary to
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consider in more detail the reaction mechanism. We
wished to emphasize the importance of a careful study
of the asymptotic behavior of the form factors of two-
nucleon transfers and demonstrate a method suitable
for achieving this aim.

CONCLUSIONS

The review presented here enables one to judge the
usefulness of using Sturm- Liouville functions to calcu-
late the wave functions of bound states of nuclei and
transfer-reaction amplitudes. Their advantage over
other basis functions is obvious: The method using an
expansion with respect to Sturm-Liouville functions en-
ables one, even if only a few terms of the expansion are
used, to obtain all the main important characteristic
features of the solution to the investigated problem.
Moreover, the well depth prescription, which is fre-
quently used in calculations of the form factors of direct
nuclear reactions of single-nucleon transfers, corre-
sponds to retention in the Sturm-Liouville expansion of
the one main component. In this sense, the Sturm-—
Liouville method is a generalization of the well depth
prescription and enables one to justify its use in con-
crete cases.

The convergence properties (25) and (29) of the ex-
pansions of ¥ with respect to Sturm-Liouville functions
mean that any continuous square-integrable function sa-
tisfying the Schrédinger equation with € =E can be cal-
culated with any preassigned accuracy in a finite re-
gion, uniform logarithmic convergence of the resulting
series in the important region » -« being guaranteed.
With regard to the problem of the eigenvalues, our in-
vestigation of the different possibilities of diagonaliza-
tion proposed in the literature indicate that Hermitian
methods are preferable to the others.

The difficulties of generalizing the method to many-
particle systems are obvious, but the same difficulties
are encountered in other methods and the connection be-
tween the Sturm- Liouville functions and the shell func-
tions, at least in certain cases, together with the prop-
erties of completeness and uniform and absolute con-
vergence, favor the expansion method considered here.
Here, we have not discussed relativistic problems, but
one can hope that the Klein—Gordon or Dirac equations
could be treated in the same way as the Schrbédinger
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equation.

An analogous method for free states is the method of
expansion with respect to Weinberg functions. For pos-
itive energy, these functions form a complete set,t
but hitherto they have not found application in nuclear
physiecs.
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