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INTRODUCTION

The problem of constructing a quantum field theory
in curved spacetime, which long interested only a nar-
row group of specialists, has become extremely topical
in recent years. Investigations of the quantum creation
of particles in a gravitational field during the early
stages of evolution of the Universe and, in particular,
the recent discovery of the possible evaporation of
small black holes have attracted the attention to this
problem of not only gravitational specialists but also a
large number of physicists occupied with field theory,
elementary-particle physics, and quantum statistics.

In the present review, we set forth systematically the
quantum theory in a case of importance for practical
application when the gravitational field generated by a
bounded distribution of matter decreases at infinity
(spacetime is asymptotically flat). This theory for
massless fields has now achieved a certain degree of
completeness, and the use of geometrical methods
(Penrose’s conformal transformations) has made it
possible to formulate the theory in an elegant and sim-
ple form. It should be emphasized, however, that this
simplicity is the outcome of a prolonged and deep analy-
sis of the problem in which such noted theoreticians as
Fock, Sachs, Arnowitt, Deser, Misner, Penrose,
Hawking, and others participated.

In writing this review we have attempted (sometimes
at the cost of mathematical rigor) to elucidate above all
the physical essence of the problems under considera-
tion. To this end, in the first two sections we illus-
trate for the simplest example of a scalar field in Min-
kowski space the various concepts (perhaps not very
familiar) used in what follows, such as the null infini-
ties " and ¢°, the Penrose space, etc. We hope that
the reader of this review will be able to appreciate the
simplification that is achieved by consistent use of the
conformal technique in the study of both the classical
and the quantum theory of massless fields.
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Essentially, the problem considered in the review can
be elucidated by the simple example of the theory of a
field ¢ with quadratic action:

W(g]= S aiz V —g g" duq s
M

here, g"¥(x) are given functions (the metric). The task
is to quantize this theory, i.e., to find canonical com-
mutation relations and define the vacuum state and con-
cept of a particle for this field. In the general case
when the spacetime manifold M differs topologically
from the ordinary Minkowski space, difficulties asso-
ciated with this difference arise on quantization. How-
ever, even when M is topologically equivalent to Min-
kowski space it is impossible to avoid a considerable
number of problems in the construction of a quantum
field theory.

At the first glance in a “naive” approach, it would
seem natural to approach this theory like an ordinary
theory in flat space with coordinates x* chosen in some
manner. The Hamiltonian is then constructed in ac-
cordance with the usual rules as the generator of trans-
lations along the coordinate x° and the vacuum would
naturally be defined as the lowest state of this Hamil-
tonian. However, if we choose the coordinates x* dif-
ferently we should obtain a different, and in general not
equivalent, theory with different physical consequences.
This is why we have to use an invariant geometrical
language.

Usually, the vacuum state and the concept of a parti-
cle can be uniquely determined in a region in which the
external field is absent. For this, it is sufficient that
particles, moving in this field, enter after some time
a region where this external field can be ignored. This
means that in the considered case of the action W the
metric g must tend to the metric of flat space along the
trajectories of the particles, i.e., the null geodesics.
A spacetime with metric satisfying this condition is
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called an asymptotically flat space. This important
concept is considered in detail in the first four sections
of the review. Since the gravitational field is “switched
off” as the particles go away to infinity, one would ex-
pect that the symmetry of the Poincaré group would
then be recovered. But this does not happen, It turns
out that, because of the slow decrease of the gravita-
tional field at infinity, a larger group of asymptotic
symmetries operates at infinity. The reasons for the
appearance of this group and the properties of the
asymptotic symmetries are discussed in Secs. 5 and 6.

To quantize the gravitational field, we have used
Schwinger’s dynamical principle, which enables us to
obtain commutation relations and dynamical operators
on not only spacelike but also on null surfaces and, in
particular, on the asymptotic null infinities g* (Sec. 8).
The definition of the asymptotic vacuum (Sec. 9) and the
general expression for the S matrix that we obtain in
asymptotically flat spacetime (Sec. 10) are used in Sec.
11 in a concrete situation to calculate the energy spec-
trum and flux of particles created by the gravitational
field of black holes. Some of the results presented
here are based on investigations of the present authors
and are published for the first time,

We should like to express our thanks to M. A.
Markov for his interest in the work and valuable advice.
It is also a pleasant duty to thank E. A. Tagirov for
reading the draft, for making a number of helpful criti-
cal comments, and for support.

We are indebted to A. S. Arvil’skii for numerous
stimulating discussions during our work on this review.

1. ASYMPTOTIC PROPERTIES OF CLASSICAL FIELDS
IN FLAT SPACETIME

We begin by considering properties of the solutions
of the equation

Cw(z)=0 (1)

in ordinary spacetime but using methods which admit
generalization to the case of curved spacetime. This
section can be regarded as providing the skeleton of a
theory that will then be developed for fields with var-
ious spins in asymptotically flat spacetime.

Radiation Problem. For Eq. (1), one can pose var-
ious problems. For example, one can specify the val-
ues of the field ¢ and its derivative on some spacelike
surface (Cauchy problem) or specify ¢ on a character-
istic surface (Goursat problem). We shall find it con-
venient to characterize the field ¢ in the spirit of scat-
tering theory by its asymptotic behavior at infinity.

Instead of Cartesian coordinates x*, we introduce
r=|x| and x4, where x* (A=2,3) are coordinates on
the surface of the unit sphere, for example, the spheri-
cal 9 and ¢ angles, and we set u=x%- 7 (the retarded
time). The metric ds®=(dx°) - (dx)* takes the form
ds® = dv® + 2dudr — v2dI?, where di is the element of
length on the surface of the sphere; in spherical coor-
dinates, dI?=d&® +sin®6dyp®.

We shall be interested in the behavior of the solution
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¢ of Eq. (1) for fixed u,x*, and v~ (in this case, we
shall say that the point x tends to §"). In Appendix 1 it
is shown that if the field ¢ at the initial time is local-
ized in space, then there exists

lim  rou, r, z4) = O (u, 24). (2)
u,;‘::;;nnsl
We shall call &, the image of ¢ ong* (see Appendix 1);
@ is determined by its image uniquely. If instead of u
we introduce the coordinate » =x°+ 7 (advanced time),
then there will exist
lim  re@,r, z4)=0n @, 24) (3)

rso0
», xA=const

the image of @ on g-, which also uniquely characterizes
the corresponding solution ¢.

Note that the point x tends to §* along a generator of
the cone, i.e., along a null geodesic, and that » is an
affine parameter along this geodesic. Thus, the as-
sertions made above canbe reformulated in geometrical
language as follows: A massless scalar field in flat
spacetime is uniquely determined by its asymptotic be-
haviors along null geodesics as the affine parameter »
tends to infinity.

It follows from this in particular that any quantity
which depends on ¢, for example, the energy—momen-
tum vector, can be expressed in terms of ®ou.

For massive fields, it is evidently necessary to con-
sider the asymptotic behavior along timelike curves '

Penvrose Space. It is convenient to make a conformal
transformation and go over from the Minkowski space-
time M with metric g,., [we denote this pair by (M, g)] to
a new “unphysical” spacetime (we shall call it the Pen-
rose space) M with metric g, such that M is a compact
manifold with a boundary that is the “infinity” of M.
Then instead of considering the limits » — «, we shall
consider the behavior of a field in the neighborhood of
the boundary.

We introduce the coordinate #=1/r. It is obvious
that » — = corresponds to #—0. We denote by g* the
hypersurface defined by the equation #=0 (x and x* are
the coordinates on §*). Since x* range over the two-
dimensional sphere $2, and u over the real straight line
R, it is clear that §" has the topology R*xS®. In the
original coordinates, this hypersurface corresponds to
fixed « and x* and the limit r—, i.e., it corresponds
to tending to infinity in M along future-directed light
rays, and is therefore called future null infinity. The
metric ds?=%2[#2du? — 2dudr - dI?] is singular on g,
but if we make a conformal transformation and go over
to the metric d8=Qds, where =7, then ds*=7%di’

— 2dudr - di? is regular at the point #=0. In particular,
on g*

éuoﬂéu.-\ =0; Enl =15 d7gn=07goa ;Ta?ém =0. (4)

Similarly, using the advanced time v=x°+#, we intro-
duce past null infinity §°. In order to describe g and §°
simultaneously, it is convenient to go over to the co-
ordinates u, »,x*. The metric takes the form ds®
=dudv - (u - vPdi*/4, usv.
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p=g=m/2:1*

p-q=-/2:! F

FIG. 1.

We introduce new coordinates p and g such that
v=tanp, u=tang (-7/2 <g <p <u/2). Then points at
infinity have the finite coordinates p=7/2 and g=-7/2
(Fig. 1). Naturally, at these values of p and q the
metric ds becomes meaningless, but if we go over to
the conformal metric d$=Qds, where 2=[(1+u)(1
+v)]"1/%, then ds will be completely regular: d§®=dpdg
- sin’(p~gq)dl’/4. Thus, we have obtained a manifold
M parametrized by the coordinates p, g, x* with bound-
ary g=-7/2 () and p=7/2 (g"). The interior M\ (g*
Ug") is conformal to M. The space M has the following
properties: 1) =0 on the boundary Blfg =8'Ug and Q
>0 inside it; 2) every null geodesic in M has two end
points on 8M. In what fo_l}ows, for curved spacetime,
the existence of a space M conformal to the given space-
time M and having the properties 1 and 2 will be taken
as the definition of an asymptotically flat space.

Spinor Formalism in Flat Spacetime. It is well known
that spinors are needed to describe fields with half-
integral spin. In fact, it is also helpful to introduce a
spinor representation when one is working with tensor
fields."™"! The correspondence between spinor and
tensor quantities is established on the basis of the local
isomorphism of the Lorentz group L} and the group
SL(2,C) and is achieved by means of the Infeld—van der
Waerden translating symbols 045, which coincide with
the Pauli matrices ¢%” for a definite choice of the bases
in the spinor and tensor spaces.'® For example, the
electromagnetic field tensor F,,, which has the proper-
ties F,,=~F,, and F, =F , (the bar denotes the com-
plex conjugate), is associated with a symmetric spinor
®, as follows:

F"‘ciéaz'b = (DACBB'B'FEACE&E lleasll= ( e i

01 )
Maxwell’s equations
MF,, =0, Ol =0

(the square brackets denote antisymmetrization) are
written in the form
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G480 =0, 945 =oABgn,

We recall that, quite generally, any massless field
of spin s (s> 0) is described by a symmetric spinor
Pageeehy, satisfying the equation

aA'Bq’A( ey, = 0.

Asymptotic Degenevacy. Taking the electromagnetic
field as an example, we illustrate the important prop-
erty of asymptotic degeneracy of massless fields. Con-
sider the electromagnetic field produced by an isolated
source and let us describe the rate of decrease of the
strength of this field as one moves away from the
source along the null geodesic y. It is convenient to in-
troduce a spinor basis 04, 1* which is related to y as
follows. Let!* be the tangent vector to y; then o is its
corresponding spinor, i.e., “0A% =0A0% and 14 is the
“orthogonal” spinor normalized by the condition ; 40t =1,
We decompose the electromagnetic field ,, with re-
spect to this basis:

Q =Dy, i+ Dy00418) + Dy0,405. (5)

Here &,=®,,0%0"% & =8,,1"0%; &,=,,11%; the round
brackets denote symmetrization. If » is an affine pa-
rameter along the geodesic ¥ (one can assume that this
is simply the length of the radius vector in spherical
coordinates), then in the limit #—~ < we have the follow-
ing asymptotic behavior: ®,~#, &, ~»"2 (Coulomb
part), ®,~#™ (radiation). In the tensor notation, we
have the so-called property of asymptotic degeneracy's!

Fuy= FRIr 4+ F 4 FOrs 4 0 (1),

Note that ®, and &, is the expansion (5) are the coeffi-
cients in front of pairs of identical spinors, while ®,
is the coefficient in front of a pair of different spinors.
The F{!) have corresponding algebraic properties (for
more details on this, see Sec. 3).

Action of the Poincaré Group on 9*. On g*, a certain
nonlinear representation of the Poincaré group which
acts in M arises. Moreover, the representation of the
Poincaré group on g* is isomorphic to the group itself.
We shall describe this isomorphism in more detail.

To the transformation x* —x'* = Ak x¥ +a* of the Car-
tesian coordinates there corresponds a transformation
of the coordinates u,7,6, ¢ into u’,»’,0’, ¢, this trans-
formation depending in a complicated manner on u,7,0,
and ¢. For =, the dependence simplifies and one
can show®™ that

im0 =1 (8. ¢); lime'=1(0, g); } (6)
limu" = K~* (1 + ag+a, sin 0 cos ¢ + a, 8in 0 sin @+ azcos0).

Here, the limit is taken for »— « and fixed u,6,¢. The
functions H, I, and K in (6) are such that the transfor-
mation 6’ =H(0, @), ¢’=I(8, ¢) is a conformal transfor-
mation on the sphere;

dIE = de* + sin*0 dg?= K* (', ¢') (d0"*+ sin?0" d'?). (7

This conformal transformation can be represented in
the form
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U =(al+b)/(cL+ ), (8

where ¢=exp (i¢) cot 6/2; ¢’ =exp (ip’) cot 6'/2; a,b,c,
d are complex parameters satisfying the condition ad
—bc=x1. The law of composition under conformal
transformation coincides with the rules of matrix multi-
plication. We have therefore established a connection
to the group SL(2,C), from which there follows the iso-
morphism of the Poincaré group acting in M and its
representation on g*.

2. QUANTUM THEORY IN MINKOWSKI SPACE

The procedure for quantizing a classical field ¢ con-
sists of two parts: 1) construction of canonical com-
mutation relations (operator algebra) and 2) the choice
and interpretation of the states in the Hilbert space on
which this operator algebra is realized (in particular,
the choice of the vacuum).

Canonical Quantization. Let us recall briefly the
basic formulas of the canonical quantization of a scalar
field ¢ with action

W= { o2 @), £ @) =5V =g 0u0s+aRe). @)

Here, R is the curvature and @ some number. Although
R =0 in the flat case, the term aRg? gives a nonzero
contribution on variation of g,,; for example, the
metric energy—momentum tensor T,,=0W/8g"" coin-
cides with the so-called improved energy—momentum
tensor."®? We shall use covariant notation. The
metric g,, is flat but the coordinates may be curvilin-
ear. In Cartesian coordinates, we obviously have

V=g =1, and the covariant derivatives coincide with the
ordinary ones.

We introduce a spacelike Cauchy surface Z defined
by the equation x°=const and define on it the momentum
m(x)=09L/0 $=V—gg™ ¢, ,. The Hamiltonian has the
form

): 0% p— £y diz = P MR o
=n=e'§mnt = i S : - 8% (V'-E

—h 1
—ng%9,) + LoE g0~ FaRet ],k I=1,2,3.

x0=const

We specify the canonical commutation relations on
Z:[@(x), 7(p)]=i6 ¥’ (x,y); the remaining commutators
are zero. Here, the 0 function is defined by

d*y6®) (z, y) f () =1 ().

x0=yo=const

The energy—momentum tensor has the form

W
Tyo= .S.Eu_v =2a+1)p, ¢
— (1 + 42) €087 ,0/2 + 204Q v 0

The energy-momentum operators P, = f:: T,,dZ" and
the angular momentum tensor (in Cartesian coordinates)
M,,= [c(x, T, -, Ty JdZ* can be written in the form

P(3)= | Tugeazy, (1)

=
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where £ are the Killing vector fields corresponding to
shifts and rotations; dZ” is the surface element of Z; if
the equation for T is x°=const, then d¥¥ =V —gg®d® .

The field commutator (in Cartesian coordinates) is

@ @), ¢ )=z | Ak exp (—ike) 8 (%) e(k)

=i & (27— 1) 8 (= —)?)- (12)

Operators on §*. From (12), by going to the limit,
we readily obtain the commutation relations for ®ou,u:

[@out (1, 1), Doy, ('@ )] = —ie(u—u")b (2 —2'4)/2; (13)
[® (v, 1), D (v, 2'Y)] = —ie (v—2r) 6 (x*—2"4)/2. }
Here, 6(x*=x"4) is the & function on the sphere; in
spherical coordinates, 8(x* —x'4)=[sin8]™6 (6 - 6)5 (¢
—¢").

The dynamical variables on §* have the same form
as in the classical theory, but their definition must be
augmented since they become operators.

Data on §* completely determine the solution of Eq.
(1) in the whole of spacetime, so that we can quantize
by specifying the commutation relations (13) ong*org-.
Using the equations of motion, we can verify that this
will be equivalent to canonical quantization. Note that
on the null hypersurfaces g*, in contrast to the case of
a spacelike hypersurface, the field values at different
points are not dynamically independent and the com-
mutator (13) is nonzero if the arguments of the fields
lie on one null generator, i.e., can be related by a
causal (light) signal.

Since there is an essentially one-to-one correspon-
dence between ¢ and &,,,, all quantities that depend on
¢ can be expressed in terms of &,,. In particular,
using the fact that the expression P[] = [, T,, & dz*
does not depend on £ in order to go over to integration
over the null hypersurface and taking into account the
asymptotic behavior

Tyy ~ [(22+ 1) O+ 200D LL/2+0 (11" as  r—»oo,

where [, is the tangent vector to the null geodesic with
affine parameter v, and ®=98,%, we obtain

‘Py= S du sin 0d0 don, (0, ¢) [(2a+ 1) B* 4 220)],
n, (8, ¢) = (1, sin 8 cos @, sin Osin @, cos ). (14)

Definition of the Vacuum. The vacuum, like any other
state, is defined on the Cauchy hypersurface T and will
be denoted by |0, 7). Inthe flat case for the free field,
the vacuum does not of course depend on T and is usual-
ly defined by the condition P, |0)=0, where P, are the
shift generators of the Poincaré group, or, equivalent-
ly, by the condition a, |0) =0, where a, is the annihila-
tion operator corresponding to negative-frequency sol-
utions with respect to the Cartesian time x°.

Note that if on g we introduce operators of creation
and annihilation in accordance with positive and nega-
tive frequency with respect to the retarded (respective-
ly, advanced) time u (respectively v):
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Doy (1, z4) = Y [exp (—iww) a (@, z4) 4-exp (ivu) a* (v, 24)] do,

then the vacuum fO, out) (similarly !0, in)) ean also be
determined by the relation agy (@, x4) | 0,out)=0. One
can show that |0)= |0, in)= |0, out). Therefore, instead
of the operation of normal ordering with respect to ]0),
which is usually used to give an operator meaning to
expressions of the type (14), one can use the equivalent
operation of normal ordering with respect to the in and
out vacuums.

For the generalization to the case of curved space-
time, it is more instructive to recall the definition of
the vacuum for a field ¢ that interacts with an external
classical source g(x) concentrated in a bounded region
of spacetime and described by the equation Op=g. Sup-
pose g(x) =0 for x°<xY (region ©,) and for x°>x2 (region
0,). If the hypersurface = lies in the region 0,0r @,,
then there ¢ satisfies the equation O =0 and coincides
with the corresponding free fields g, and @,,,, by means
of which the in and out vacuums can be defined in the
usual manner. In general, these vacuums differ from
one another, which corresponds to particle production
by the source g.

3. THE CONCEPT OF ASYMPTOTICALLY FLAT
SPACETIME AND ITS PROPERTIES

The nearest analog of flat spacetime as regards
geometrical and physical properties is the class of
spaces whose gravitational field is produced by isolated
sources and, moreover, in such a way that the field
decreases as one moves away from the source and the
metric becomes “almost flat”. Such spaces are said to
be asymptotically flat (a precise definition will be given
below).

At the first glance, it would seem that asymptotically
flat spacetime is a fairly clear concept, but the precise
definition and analysis of the problems that here arise
are by no means simple. Clarification of these ques-
tions required the efforts of many physicists, for ex-
ample, Fock,?! Trautman,"*? Bondi,!4] Sachs, 5]
Arnowitt, Deser, and Misner,™®? Newman and Pen-
rose,"™*"1 and even now not all problems have been
completely solved. As usual in the general theory of
relativity, the difficulties arise from the general coor-
dinate invariance and the nonlinearity (i.e., essentially
the equivalence principle) of the theory.

What is Asymptotically Flat Spacetime? Let us at-
tempt to make more precise the intuitive definition
given above. Above all, what do we mean by “isolated
sources” and in what sense must we understand “moving
away” from them? Putting it more precisely, to de-
scribe in what sense the metric g,, tends to the flat 1,
we must specify:

1) in what sense does one move away from the source
at infinity (for example, one could move away along
null, timelike, or spacelike geodesics or in some other
way);

2) what does it mean to say that the tensor g,, differs

67 Sov. J. Part. Nucl. 9(1), Jan.-Feb. 1978

FIG. 2.

little from 7,, (a “small” difference in one coordinate
system may be “large” in another);

3) how rapidly must the metric g,, approach the flat
metric (see the discussion of this question in Sec. 6).

The definition of asymptotically flat space is essen-
tially a matter of convention and convenience. If the
definition is to be reasonable, it must include the grav-
itational field produced by an isolated source. This
problem was analyzed by Bondi'**! and Sachs.t®19? In
their work, particular null frames of reference play an
important role. We shall show how these frames of
reference arise by the following example. Suppose we
wish to measure some integrated characteristics of a
source of the gravitational field (for example, the mass)
before radiation (at time ¢,) and after radiation (after
t,) by means of measurements at infinity. Then for this
purpose the spacelike hypersurfaces S, and S, (Fig. 2)
are unsuitable, since all the radiation intersects them
and a distant observer will merely measure the total
mass of the source plus the radiation. It is necessary
to use the null hypersurfaces N, and N,.

It was shown in Refs. 3, 9, 14, and 19 that the metric
of the gravitational field produced by an isolated source
can be reduced to the form [ef. (28)]:

ds? =24 drt — 2B, dz* dr + 13C,, dz" dz! (r > ro), (15)

where A, B, C,, are functions of #* and » which are dif-
ferentiable sufficiently often in the neighborhood of the
hypersurfaces §* (as »~ =), If it is assumed that the

determinant of this metric does not vanish, then it can
obviously be represented in the form ds®= Q2d$2, where
Q=7"* and d§ is regular on g* (see the flat case above).

Definition of Asymptotically Flat Spacetime. We
first formulate a precise definition of asymptotically
simple (according to Penrose) spacetime.8:57]

A spacetime M with metric £ ,, is said to be asymp-
totically simple if there exists another “unphysical”
spacetime i1 with boundary i7=g such that; 1) M is
conformal to M\ 8 M; 2) there exist a smooth real func-
tion 2> 0 on M and a smooth pseudo-Riemannian metric
&,, on M such that §,, =%, , on M; 3) Q>0 in /1" 87
and =0 on a7, V,&|,;#0; 4) every null geodesic in
M has two end points on aM, It follows from this™? that
JI has the topology of R4, We shall call (i7,2, Q) the
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Penrose space corresponding to the spacetime (M, g).
One can show that conditions 1-4 define the Penrose
space (i1,2, ) uniquely to within a conformal transfor-
mation: (#,2, @)~ (i, w?Z, wQ), where >0 in M.

Generally speaking, our definition does not encom-
pass the case when spacetime has singularities or even
horizons, in particular, when black holes are present.

To encompass this case, we give the following defini-
tion. A spacetime M is called asymptotically simple in
the weak sense™ if there exists an asymptotically sim-
ple i1’ such that for some open subset K of the set M
(with a]l?ICK) the region M'NK is isometric to the sub-
set M. This means that a spacetime which is asymp-
totically simple in the weak sense contains a conformal
“exterior” infinity, but there may also be “interior”
infinities.

We emphasize that the definition of an asymptotically
simple spacetime is tailored to massless fields and is
not convenient for working with massive fields. At-
tempts to introduce an analogous concept for massive
fields were made in Refs. 1 and 2.

In what follows we shall restrict ourselves to the
case when in a certain neighborhood of g the energy-
momentum tensor of the matter vanishes. We shall
then say that the corresponding asymptotically simple
(in the weak sense) spacetime is an asymptotically flat
space. In fact, many of the assertions given below are
also true in the general case of a space which is asymp-
totically simple in the weak sense. The surface § will
be timelike, spacelike, or null depending on whether the
cosmological constant A is positive, negative, or zero.
In what follows, we assume A=0.

Properties of Asymptotically Flat Space. Asympilotic
Degeneracy. We note the following properties of as-
ymptotically flat space: 1) d is an isotropic hypersur-
face; 2) the hypersurface g consists of two noninter-
secting parts §* (future null infinity) and §~ (past null
infinity), each of which has the topology R* XS2%; 3) the
curvature tensor vanishes, R,,,,=0, ond, i.e., the
spacetime (M, g) really is flat at infinity; 4) asymptotic
degeneracy. We shall now describe in more detail the
important property of asymptotic degeneracy of the
gravitational field. A free gravitational field is de-
scribed by the Weyl tensor C,,,,,, which in vacuum co-
incides with the tensor R, ,,, and has the properties
Cuvl p=cna][uv]; Cu vAel =0; C#ua =0. As in the elec-
tromagnetic case (see Sec. 1) the spinor form of this
tensor can be written as follows:

CpvipOh .0V OF 0P | = P P O S
wek0! (O 0 "o ABCDE 3 B FEapEopT 1anns

where ¥, .., is a symmetric spinor called the Weyl
spinor. Because of the symmetry of ¥ ,,.,, it can be
represented in the form ¥, ., =0, Bz7.0,,, where a,
B8,v,0 are, in general, different spinors which are
unique to within a factor; they may coincide. Listing
all possible cases, we arrive at the Petrov classifica-
tionEﬁ,ZO]:
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GaBrvelo, type I;

%a®s¥edps  type I
Yagep={ @atsfcPn. tyre D;
@atpefp, type 10
QL 0ple®py,  type V.

None of the spinors «, B, v, 0 defines a vector since they
are defined only to within a factor; rather, each defines
a certain null direction at the given point of spacetime.
These directions are called the principal null directions
of the gravitational field.

If we have chosen a basis in the spin space in the
form of the spinors 0# and ;*, then the components of
¥, scp With respect to this base are usually denoted as
follows:

¥y = ¥ 4pcpotoPaCol;
¥, =¥, pepotoBaCiD;
Wy =Y popotiP1P;

¥y = W, 5opotoPiCeD;
Y. =¥, pcpt 4500,

The five complex quantities ¥; correspond to the ten
real components of C,,,,. The spinor ¥,;., can now
be represented in the form

¥ asco = Yoralstctp— 4¥itealplcop
+ 6% ot 425000 — 4 W3t 40p0c0p) + ¥i0,4050¢0p.

Suppose we are given a null geodesic ¥ in M. We
choose o# in such a way that the corresponding vector
is the tangent to y, and let » be an affine parameter
along v [it can be chosen in such a way that ¥~ Q' as g
is approached (see Sec. 4)]. One can then show that
T~y §=0,...,4, as r~. Therefore, for the
Weyl tensor we have

Cuvrp = Nywao/r + Mo/ + Moo/ P 4 Lo /r* 40 (1/r5),

where N,,,,, ... denotes a tensor having the corre-
sponding Petrov type.™*®! It is this relation that deter-
mines the property of asymptotic degeneracy of the
gravitational field. If there is no gravitational radia-
tion, the first two terms of the expansion are zero.

Examples of Asymplolically Flat Spaces. The class
of metries that come under the definition of asymptot-
ically flat is very large and includes well known exam-
ples such as the Schwarzschild, Reissner-Nordstrom,
Vaidya, and Kerr metrics, among others. An an ex-
ample, in Fig. 3 we show a Penrose diagram for the
maximally extended Schwarzschild metric

FIG. 3.
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ds® =(1—2m/rydet— (1 —2m/r)tdrt — 2 dp2 (16)

in the coordinates u =tan™ U, v=tan™ V, where the
Kruskal coordinates U and V are related to » and ¢ (for
r>2m) by V/U= —exp (~t/2m), UV=exp (»/2m) % (1
—v/2m).

In the coordinates U and V the metric (16) takes the
form

ds* = f*dU dV —r*di2,

where f?= (32m*/¥) exp (—»/2m).

4. GEOMETRY OF THE NULL INFINITIES

In this section, we consider the choice of coordinates
in the neighborhood of the null infinities g*. Although
the definition of asymptotically flat space given in the
preceding section was formulated in a manner that is
independent of the choice of the coordinates, in con-
crete calculations it is convenient to use a definite co-
ordinate system. Such calculations are significantly
simplified if one chooses Bondi conformal coovdinates
as coordinates in the neighborhood of §*; in these coor-
dinates, the geometrical characteristics of the sur-
faces §* are described in the simplest way.[?*!

Geomeltry of the Null Suvfaces. The surfaces J* in
asymptotically flat space are null surfaces. We give
some results relating to the geometrical properties of
null surfaces that will be continually used in what fol-
lows.

Suppose we have a family of surfaces Z_, described by
the equation U(x)=c. Such surfaces are said to be null
if the vector field I* =g**U , of normals to it is null,
I"1,=0. Since the tangent vectors £* to the surface =,
are determined by the condition [, " =0, the vector of
the normal [* is obviously simultaneously a vector tan-
gent to Z.. Therefore, on a null surface there is al-
ways a nonzero vector [* such that I*£, =0 for arbi-
trary tangent to Z_, so that the metric on the null sur-
face Z, induced by its imbedding in the spacetime is de-
generate. Many important differences between the geo-
metrical properties of null surfaces and those of space-
like surfaces arise from this circumstance.

The integral curves y :¥* =x*(7) of the vector field
I*=g"*U ,, which are determined by the equation

dazt (r)/dr =1, (17)

are null goedesics, and # is an affine parameters along
these geodesics. An important property of the inte-
gral curves v is that if such a curve passes through a
point of the surface Z_ then it lies entirely on this sur-
face. The null curves y are usually called generators of

DWe recall that a curve y: x*=x* (r) is called a geodesic if the
tangent vector dx*/dr is transported parallelly along it, i.e.,
D(@x*/dr)/Dr=a(r)dx*/dr. The parameter » on the curve y
is said to be affine if the factor o vanishes when this para-
meter is chosen. An affine parameter along a curve is de-
termined to within the transformation » —#=ar+5.
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the surface Z.. Through every nonsingular point

p{* (p)#0) of the surface T, there passes one and only
one generator. Important geometrical characteristics
of a null surface Z, are the expansion p and shear ¢ of
its generators?:

= — 2 6= [l ™ P2 — (15)% 412 (18)

Although the expressions given here for p and o contain
differentiation along a direction out of the surface Z,,
one can show that the values of the invariants p and ¢ do
not depend on the choice of the extension of the null vec-
tor field I* bff T, i.e., they are completely determined
by the field I* on X.. The simplest examples of null
surfaces in Minkowski space are the light cone and null
hyperplane. They are both shear free (6=0) and p=-1/
¥# 0 for the cone and p=0 for the hyperplane.

Coordinates on §*. If in a space or on a surface we
are given a congruence® of (null) geodesics, then it is
possible to introduce in the following manner a coordi-
nate system associated with this congruence. Suppose
the coordinates x* label curves of a congruence (i.e., x4
are constant along a geodesic in the congruence and the
coordinates x* are different for two different geodesics).
The coordinates (#,x#) of an arbitrary point p are de-
termined by the coordinates x4 of the geodesic passing
through the point p and the value # at the point p of the
affine parameter along this geodesic.? It is easy to
see that the coordinates associated with a congruence
are not defined uniquely. The general freedom in the
choice of such coordinates is described as follows:

2A T8 = {1 (z) (relabeling of the

geodesics) ;

u—u =B (z) (ut A (z4) (change of affine (10)

parameter along
geodesics).

In the Penrose space (1,2, 9) the surfaces g%, which
are defined by the equation =0, are null. The vector
field 7* =g**Q , is tangent to the generators of the sur-
faces §*. If we denote by # an affine parameter along
the generators, then on §* we can always introduce co-
ordinates (u,x#) (A =2, 3) associated with the congruence
of generators. Since §* has the topology of R! X S?, the
sections of these surfaces u# =const are diffeomorphic
to the sphere S% and as coordinates x4 one could there-
fore choose any coordinates on the sphere, for example,
spherical 8 and ¢ or complex stereographic coordinates
(£,7), £ =cot(f/2)exp[(i)/2]. The freedom in the choice
of these coordinates (x,x2, x%) on J* is characterized by
(19). '

2 A more detailed discussion of the properties of null surfaces
and the geometrical meaning of the optical scalars p and g,
and also the proof of these assertions, can be found, for ex-
ample, in Refs. 19, and 21-23.

3e., a family of curves such that through every point of the
space or the surface there passes only one curve.

“Note that, in general, it is not always possible to introduce
smooth coordinates associated with a congruence on the com-
plete manifold. However, it can always be done locally in the
neighborhood of any point. Thus, a complete set of coordin-
ate systems (charts) is associated with a given congruence.
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Metric of an Asymptotically Flat Space in the Neigh-
borhood of §*. Bondi Coovdinates. We now use the co-
ordinates (u,x? x°) introduced above on §* in order to
construct coordinates in the neighborhood of §* in the
Penrose space. For this, we first extend the coordi-
nates (u,x2,x%) from the surface J* to some neighbor-
hood of it and, second, augment these coordinates by a
fourth coordinate function #, choosing it in such a way
that the coefficients of the metric form g have the sim-
plest possible form in the neighborhood of g*.

We choose an arbitrary section # =u, on §*. Through
every point of this two-dimensional spacelike section
there pass two null geodesics intersecting it orthogonal-
ly, one of which is a generator of §*, while the other
does not lie on §* (Fig. 4). The null geodesics that are
orthogonal to the section # =, and do not lie in d* are
the generators of some null surface, which we shall de-
note by I‘uu. To determine the coordinates of a point p
in the neighborhood of 9%, we find a null surface T,
passing through this point and let v, be the generator of
I', passing through p. We assign to the point p the co-
ordinates (u,x2,x®) if this generator intersects §* at the
point with the coordinates (u,x? x%). As the fourth co-
ordinate T, we choose the Penrose conformal factor®

F=Q. (20)

From the procedure for the construction of the coordi-
nates (#,u,x%,x°) it follows that these coordinates are
uniquely determined provided the coordinates (u,x2,x%)
at the surface §* are chosen.

The condition of constancy of the coordinates x4 along
the generators of the surface I', and the null nature of
T', enable us to conclude that

g =gwu, lﬂa::‘V =0; g%=gmu u =0,

and therefore in the coordinates (¥, u,x?, x?%) the metric

,§'has the form
0 éﬂt 0 éW éﬂl EDA
hewii=| & et &4 ): lawl=féa 0 0 }, (21)
0 gt é‘w éua 0 E_AB

where :E:Aséac =0g; 3101 =(2"); dEtégv = —égldeta‘};{a-

The expression for the metric (21) can be simplified

b)Since Q,,= 0 and g *Q,,U,,# 0, on g, one can show that in
at least a certain nelghborhood of g* the coordinate functions
#, u, x°, x° are independent.
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if we recall that there is a freedom in the choice of the
Penrose space corresponding to the original physical
spacetime; for it is readily verified that to a given
spacetime with Penrose space (M,2, 9) there also cor-
responds the entire class of spaces (M w2, wsd), _where
w>0 is an arbitrary bounded smooth function on M In
particular, by the choice of w (i.e., by the choice of a
definite representative in the given class of Penrose
spaces) one can achieve that

det]| gap |l =h (z4), (22)

where h(x*) is a definite fixed function whose choice is
dictated by convenience.
On the surfaces J*, which in the coordinate system we
are using are determined by the equation #=0:
Or—-é“"ﬁ.uﬂ_ngt =Eu“gt;

£l =2,z =0,

and therefore on *

I'ié;uvf”‘gt:(

More complete information about the behavior of the
coefficients of the metric form g in the neighborhood of
g* can be obtained by noting that the metric g satisfies
Einstein’s equations in vacuum in this neighborhood.
This means that the metric g satisfies in the neighbor-
hood of §* the equation (see Appendix 2)

-"==’
=
e
W
Il
r—

[ =T C§ I = R

(23)
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FGop— 2rVaVar + (2PVPV 7 — 3V, rV°r) fap = 0.

Under the condition that the metric g is regular and
with our choice £ =7 of the Penrose conformal factor,

“the following equations hold"?!;

VaVar lge=0: VarvPrir lg==0. (24)

The first equation means that the surface 4* is shear
free (0=0) and that the expansion of its generators is
zero (p=0). Both these properties are a consequence of
the relation (22), or, which is the same thing, of the
choice of the conformal factor  made above. Equa-
tions (24) also enable us to show that, using the coordi-
nate transformations (19), we can arrange for the fol-
lowing equations to hold on §* [cf. Eq. (4)]:

Eo=80a=0; Zu=1;
5;?8’00-‘:5',:;}04ﬁa;§u1=0!
gandzA dz® = —di, (25)

Bap =EaB:

where dl? is the interval on the surface of the sphere of
unit radius. In complex stereographic coordinates
dP=didl/P}; Po=(1+)2. (26)

The above coordinate system is now called the Bondi
conformal coordinates.f2*) The group of simultaneous
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transformations of the coordinates and the conformal
factor © that leaves the conditions (25) and (26) on J*
invariant has the form [cf. Egs. (6)-(8)]

U =(ab+b)/(ct+d), ab—be=41;
T=Kr; Q =KQ,

W =K @uta@D)
} @1

where (¢, T) is an arbitrary smooth function on the
sphere and

K=K D=0+ (at+b) @+8)+ (L +d) GE+ .

The additional geometrical structure that arises on the
surfaces §* when their generators do not have shear or
expansion has been called strong geometry.t's? There-
fore, the group of transformations from one set of
Bondi conformal coordinates to another set coincides
with the group of transformations that preserve the
strong geometry on d*.

In Bondi conformal coordinates, a regular metric £
in the neighborhood of §* can be represented in the form

ds? = Vr*du? 42 (14 Br?) du dr + 27°0 , du dzA + g . , dzA dcB,

where V=1-2M#+0(7%); B=0(1); U, =0(1); h
=g,5+0(7). Therefore, for large values of » =#"! the
metric g of asymptotically flat space has the form

ds? =r? ds? =V du®— 2(1 + B/r®) du dr
+2U , dudzA 4 r2h, p dzA dzB, (28)

where

V=1—2M/r4+0(2; B=0(1); Uy=0(1); hap==g,p+0 (r ).
(29)

The components of the metric in this expression satisfy
a condition of uniform smoothness, i.e., the expansion
(29) can be differentiated, and

0(r-M)=0 (r=+1); 9,0 (r-¥=3,0(r-M=0(-¥%. (30)

The requirement that there exist a coordinate system
(u, 7,%2%,%%) in which the asymptotic behavior of the
metric has the form (28)-(29) can be taken as the basis
for the definition of asymptotically flat spacetime.t??

5. THE GROUP OF ASYMPTOTIC SYMMETRIES

In asymptotically flat space, the gravitational field
decreases with increasing distance from the sources,
and the metric of the spacetime tends to the metric of
Minkowski space. It is therefore natural to expect an
asymptotically flat space to have a certain group of ap-
proximate symmetries which are such that as one
moves away from the sources the transformations of the
group differ less and less from exact symmetries. Such
a group is called a group of asymplotic symmetries.

An important and, at the first encounter, unexpected
circumstance is that in the general case (in the pres-
ence of gravitational radiation) this group does not coin-
cide with the Poincaré group but is appreciably larger,
although it does contain the Poincaré group as a sub-
group. In this section, we give a precise definition of
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the group of asymptotic symmetries. The structure,
properties, and representations of this group, and also
the reasons why it differs from the Poincaré group will
be considered in the following section.

Group of Isometries of Spacetime and Conservation
Laws. A group of transformations x* —#* =%* (x*) that
acts on a spacetime manifold (M, g) and conserves the
distance between arbitrary pairs of points is called an
isometry group of the spacetime. The vector fields
£“(x) that generate an infinitesimally small isometry
transformation x =x* =x* + g£#(x) satisfy the following
equation (the Killing equation):

I QE(M: W= (Eu; v+ gv; u) L 0; 2;5’“‘, =lim E‘éu\l"‘ gw)/s = 0, (31)
]

where £,g,, is the Lie derivative of the field g,, along
the vector field £&*. If the metric g is given, then the
set of Killing vector fields £ [the solutions of Eq. (31)]
form a Lie algebra corresponding to the isometry group
of the spacetime. If instead of (31) the equation

Ewimy = E(@) guv (32)

holds, then one says that the spacetime admits a group
of conformal isometries. The transformations of this
group conserve the angles between an arbitrary pair of
vectors at a point. The function £(x) in (32) can be
found by multiplying both sides of (32) by g"*:

(@) =B/

If £* is a Killing vector field in the space (M,g), then
in the space (M,§=2%) it is a conformal Killing vector
field, i.e., it satisfies an equation of the form (32):

VU =Q toguv/Q, (33)

This assertion can be readily used by using the expres-
sion (A.11) for V &~,

If a spacetime has an m-parameter isometry group,
then in accordance with Noether’s theorem there exist
m conserved quantities (invariants):

Py= Pkl = | TR d2", (34)
z

where £, (e=1,...,m) are linearly independent Killing
vector fields; T,, is the metric energy-momentum ten-
sor. The quantities P, are still conserved (do not de-
pend on the choice of the global Cauchy surface Z) if the
£, are conformal Killing vector fields and T% =0.

Approximate Symmetry, Weak Gravitational Field,
and the Poincaré Group. The Poincaré group is the
maximal (ten-parameter) isometry group of flat space-
time. The presence of even a weak gravitational field
(which is always present) has the consequence that the
Poincaré group, which plays such an important role in
elementary-particle physics, ceases strictly to be a
group of exact isometries. In order to estimate the
corresponding degree of symmetry breaking, we can
proceed as follows. If a test particle moves in Minkow-
ski space, its momentum P =£ Ju*, where u* =dx*/d7 and
£ is the corresponding Killing vector field, is con-
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served. In the presence of a weak gravitational field,
the rate of change of P as the particle moves along a
geodesic is ('u}, =0)

dP/dv=u> (Eub), y = ubuky,; .

Therefore, the characteristic proper time during which
the presence of the gravitational field leads to a finite
change AP of the momentum is of the order of the mo-
mentum itself if T~u"£,/u"u"€,,,,,. Let L be the dis-
tance traversed by the particle during this time. If L is
much greater than the typical dimension ! of the labo-
ratory, the observable symmetry breaking is small:
I/L « 1. In asymptotically flat space, L increases as
one moves away from the gravitational field source,
and therefore the breaking of the exact symmetry in-
herent in flat spacetime becomes ever less and less.
For a precise definition of the concept of asymptotic
symmetry it is, as usual, convenient to begin with the
corresponding examination in the Penrose space.

Asymptotic Symmetries and the Group of Conformal
Isometries on §*. The existence of asymptotic symme-
tries means that in the physical spacetime there must
exist vector fields £* which are such that as one moves
further away from the gravitational field sources the
relations (31) are satisfied with ever greater accuracy.
TPerefore, in the corresponding Penrose space
(M, 2, %) these vector fields must satisfy Eqs. (33) in
the neighborhood of §%, and the following definition can
be given. A diffeomorphism of the Penrose space gen-
erated by the vector field £ that on d* satisfies the
equationf24]

(VOE)—0,a8"g/0) | ga =0, - (35)

is called an asymptotic symmetry transformation.
Comparing (35) and (33), we see that such transforma-
tions are conformal isomeiries ond*. A direct conse-
quence of Eq. (35) and the regularity of £* and 3** on
is the vanishing on d* of @ , and £%, and, therefore,
the vector field £% is tangent to the surface §*. In the
Bondi conformal coordinates =7 and 0= § aE™ j'é!" 5
Evaluating the indeterminate form 2 ,£*/Qon g, we ob-
tainQ ,£%/Q=§'/7=9;£', and therefore Eq. (35) canbe
written in the form

3

(€40%p+ 8708l — g8 — 2002 | g = 0.

The system of equations satisfied by the vector field £~
on J* can be written in component form as follows:

a) 0;B=0; b) 9,8 =0;E,; ©) 08" = —g4Ba,EY
Rt 8 } (36)

d) 9E=0; e) 0,8 =0; f)gAPa 3 =17,

Here, 9,=8/8x4 and the colon denotes the covariant de-
rivative on the two-dimensional surface with the metric
&aB-

This system can be integrated as follows. Differen-
tiating equation b) with respect to # and using d), we
obtain 82£°=0, Therefore, with allowance for a) we
have £°=F (x4)(x + a(x#)). The relations b) and f) give
F=EA /2 and 4B g4ABEC /2. 1t follows from e) that
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£4 does not depend on u. Thus, on d* the vector field £*
generating the asymptotic symmetry transformations
has the form

B0 B =1/ (- (@) B =B (o7), (37)
the functions £°4 satisfying the equation
g‘*"”’=éﬂﬂg?g/2. (33)

The remaining unused equations of the system (36) en-
able us to determine the quantities (8;£%)|d%:

-8 =0; 9;E =12
9,88 = — (s (ut)2)”. (39)

The second and higher derivatives with respect to # of
£* are not fixed by Eq. (35), so that the dependence of
£+ on 7 off * is in general arbitrary. The classes of
asymptotic symmetry transformations that coincide on
g% are elements of the group of asymptotic symmetries.

We now establish what are the parameters on which
the transformations of this group depend. In the Bondi
conformal coordinates we are using, the metric &,, le‘J*
coincides with the metric on the surface of the unit
sphere, and Eq. (38), like (32), determines the genera-
tors of the conformal transformations on this sphere
[see (58)]. It is well known'® %! that the group of con-
formal isometries of the sphere is locally isomorphic
to the (six-parameter) proper Lorentz group. Besides
the functions £4(x®), the complete group of asymptotic
symmetries contains, as parameters, the arbitrary
function a(x4) on the sphere, and is therefore an infi-
nite-dimensional group. This group has been called the
Bondi-Metzner—Sachs group (abbreviated BMS group).

It follows from a comparison of (37) with (27) that the
BMS group is isomorphic to the group of transforma-
tions from one system of Bondi conformal coordinates
to another.

Asymptotic Symmetries in Physical Spacetime.
Equations (37)—(39) show that the regular vector fields
£® which generate the asymptotic symmetries satisfy in
the neighborhood of §* the equations

£ ~EUr240 (9 8= (uta (z)240 (7
L .. BB S (T
B = (o) — [Ea (et a @B)])° r24+00).
In the coordinates (u,7,x2 %), where ¥ =1/% in physical
spacetime in the limit ¥+
0 0
T=—Eur2+0(1); P=th(uta@®)/2+02);
£ =7 (o) - (B (u o (29)) P O ()2
If we now use the expression (28) for the asymptotic
behavior of the coefficients of the metric, we can show
that in the coordinates (u,7,x?,x%) the quantities 3g,,

= —£(.;, Which characterize the departure from exact
symmetry, have the form

By, = Dgia =g F8g.n=0; Bgeo=0 (r");} (40)
8g0a =0 (1); g =0(r2); Bgap=0(r).
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The fulfillment of these asymptotic Killing equations can
be taken as the basis for the definition of asymptotic
symmetries (see, for example, Ref. 9). Transforma-
tions &* satisfying the conditions (40) preserve the as-
ymptotic form of the metric (28). One can also show
that the parameter L ~T ~u*{, /u*u”8g,,, which charac-
terizes the size of the region in which the breaking of
the exact symmetry becomes of order unity, increases
unboundedly as ¥ = for vector fields & satisfying

Egs. (40),

6. STRUCTURE AND REPRESENTATIONS OF THE
BONDI-METZNER-SACHS GROUP

It was shown in the preceding sections that an asymp-
totically flat space admits approximate symmetries
whose characteristic property is conservation of the .
form of the metric in the neighborhood of the null in-
finities §*. It is easy to verify that these transforma-
tions on §* (for §- all the results are analogous), name-
ly, (u,&,2)=@’,2’,¢'), form the group of asymptotic
BMS symmetries:143;

U=(al+b)(ct+d); w'=Kg (L, §) (wta(E Dh
a b\

g=\, 4 €SL(2,C); l (41)
- gs By 1—)¢]2

KeC U= momrriasam |

Here, a(t,t) is a twice differentiable real function of

L =exp(ig)cotd /2, where 6 and ¢ are angular coordi-
nates on S%. For comparison, we recall that the Poin-
caré group ®, which describes the symmetries of Min-

kowski space, induces on J* the transformation (see
Sec. 1)

B = al-+b

S=trrh w=Kg(t b (u+u“+a‘

t+
A+1gP®
1l—1

2 E—¢ 3
T e T Tam )

(42)

where a* is a translation vector, and £ — ¢’ is induced
by Lorentz rotations.

The transformation (42) is obviously a special case of
the transformation (41), i.e., the BMS group contains
the transformations induced on J* by the Poincaré
group.

Why is the BMS group larger than the Poincaré
Group? This question arises because Minkowski space
and an asymptotically flat space are “constructed in the
same way” at infinity: on J*, where the BMS group and
the group @ are compared, they generate one and the
same degenerate metric:

dit=dt dE/(1 + | L ). (43)

This apparent contradiction can be resolved if one re-
calls that the group @ is determined by the stringent re-
quirement that it preserve the form of the metric 7*¥ in
the whole of Minkowski space, while the BMS group is
determined by the requirement that it preserve (with a
certain given accuracy) the form of the metric g*” of
the asymptotically flat space only in the neighborhood of
the null infinities #*. It is natural that a group which
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preserves the form of the metric only on §* [see (43)]

should be an even larger group. Indeed, it is readily

verified that this group is determined by the transfor-
mation (the Newman-Unti group®'®269) (4, £, )

(€ Tl

U=(al+b)/(ct+d); w'=6(ut,0),

where, as before, the matrices (2})eSL(2,C), and G

is an arbitrary smooth real function. The arguments
given above can be tested on a simple examplet2?™ that
simultaneously demonstrates the extent to which a con-
cept such as asymptotically flat space is nontrivial.

We consider first the isometry group of the two-dimen-
sional plane E? with ordinary positive-definite metric
£%(x), which in polar coordinates (x!=7,x%=9) has the
form g*(r,8)=(},%). In this case, the Killing equations
(31) have the solution

El = (@ ) (§) — a cos @ + bsin B;
B=ctriaf ™),

(44)

where a, b, and ¢ are constants of integration. The
three linearly independent fields &¥(a), £i(b), and £f(c)
determine an infinitesimal group of isometric motions
of the plane E2, the parameters a and b determining
translations and ¢ rotations.

We now consider a two-dimensional Riemannian man-
ifold R* with positive-definite metric g*/(x). Suppose
7(x) and 8(x) are real differentiable functions on R?
which define new coordinates that satisfy “polarity”
conditions:

ghrary=1; g.0,=0. (45)
In these coordinates (¥'=#,%2=0) the metric tensor sa-
tisties g'¥(r, 0)= (3,3 ), where f(6,7) is a differentiable
function. On the metric, we now impose conditions that
would simulate for us an asymptotically flat space [ef

(28)]:

1) the chart {r, 6} covers the complete manifold R?
except for a bounded region 0<» <7<, 0<9<2m;

2) for v, <7, we have f(r,0) =r"2 . O(r™); 8,f(r,0)
=0(r™), with A>2;

8) for ¥, <7, a condition of uniform smoothness is
satisfied [see Eq. (30)]: 8,[f(r,8) - 72]=0(r"); 8,f(r, 6)
=0(r"?), ¢=\. In Cartesian coordinates, g*/(x) = (19
— nii,

We now note that in general R? has no nontrivial
isometries. This follows directly from the fact that the
Killing equations in this case do not have nontrivial so-
lutions. However, if we are interested in asymptotic
isometries, for which the metric is preserved only
asymptotically (r>7,):

Leg't=0; Lyg®=Lyg"=0; Zy2=0u(r,0), (46)

then nontrivial solutions (46) exist, and for large # they

©Here, Q,(,6) is an arbitrary function that in the limit »— o
is 0@, ‘
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do not depend on the concrete form of the term Q,(, 6)
but are determined solely by the “rate” at which the
metric g#/(r, 8) tends to the flat metric; for it follows
from the first two equations of (46) that for »,<7

P=0@); B=n0)+r'0,0)+0(*), p>1, (47)

where w(8) and 7(8) are arbitrary differentiable func-
tions. From the third equation of (46), we obtain

2r 2 5 (6) + 2r° [0 (B) + @ ()] + O () =i (r, 0), g=h. (48)

It follows from (48) in the limit » oo that m(8) =c. At
the same time, if 2<XA <3, then, in contrast to the
“flat” case E2, we do not obtain any conditions on the
function w(6):

E=0(0):

Bectrio @) +0( "), 1<p<2. (49)

Comparing (49) with (44), we see that the two-param-
eter family of “translations” w‘»®(6) in the case of
asymptotic isometries of asymptotically flat space R
2<1 <3, can be extended to the infinite-parameter fam-
ily of “supertranslations” w(8). The same thing hap-
pens in the case of asymptotically flat spacetime [ef
Eqgs. (41) and (42)].

We now note that if A>3 in conditions 2) and 3) the
solution of the Killing equations (46) for large v >7, has
the form [cf Eq. (44)]:

H=0@d(@); P=K+rE?@)+0("), p>2 (50)

Therefore, if the metric becomes flat “too fast” with
increasing 7 (in the present example A>3, and for the
physical spacetime this corresponds to the absence of
gravitational radiation at infinity'??1), then the group
of asymptotic isometries cannot be extended but coin-
cides with the asymptotic isometries of flat space.
Thus, in the case of asymptotically flat spacetime, as
it was defined above (Sec. 3), the group of asymptotic
symmetries is extended to the BMS group because of
the “slow” tending of the metric g**(x) to the flat-space
metric 7**. The transformations (41) of the form

(@, £, T) = (' =u +a(t, ), £, T) form an Abelian subgroup
of the supertranslations A, and the supertranslations,
for which

e D=+ a C+ D/ +|LP + a2 E—0/i(d+]EP)
+ a3 (| TP—=1)/(L+ LD, (51)

form the four-parameter Abelian subgroup V of trans-
lations in the BMS group.

Structure of the BMS Group (Refs. 9 and 27). 1. Semi-
direct product. Absence of local com-
pactness. It follows from the definition (41) of the
BMS group that it has the structure of the semidirect
product of the supertranslations A and the group G
=SL(2,C):

F=A®.G. . (52)

Here, T indicates that the semidirect product is taken
with respect to the automorphism AZGA je., onA

there is defined a representation T(G) of the group G
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[cf Eq. (41)]:

(T (@) (& &) =Ke (G Da (e S
s ) (58)
The group @ consists of the elements of A XG with the
following law of composition:

(a1, £1) (o) = (g + T (€1) &2, §182)3

@, @€ g1, 266, } (54)

if g=+I, i.e., if g belongs to the center Z, of G, then
T(*I)=I. The factor group L! =G/Z, is isomorphic to
the proper orthochronous Lorentz group LI , so that
besides the universal covering group ® (52) one can in-
troduce the proper group ®! =A®  L!. Finally, the
Poincaré group @ (42) also has the semidirect product
structure:

P =V®:6G, (55)

where V is the four-parameter subgroup of translations
VCA, and therefore ® C®. We now note that, in con-
trast to the ten-parameter group @, the group ® is an
infinite-parameter group since the elements a of the
group A belong to the Hilbert space of functions that are
square integrable on the two-dimensional sphere -
Therefore, the subgroup A ® I (in the natural topology)
is locally isomorphic to the Hilbert space, so that the
group ® is not locally compact. That the BMS group is
not locally compact means that the problem of finding
its irreducible unitary representations is harder than in
the case of the Poincaré group.

2. Lie algebra. The algebra of infinitesimal op-
erators for the group ® can be constructed by means of
the explicit expressions (41) for the BMS transforma-
tions in accordance with the usual rules.”® Werecall on-
ly that one can choose the normalized spherical har-
monics Y, (8, ¢) as a complete orthonormal basis in the
Hilbert space of the supertranslations A. Then an ar-
bitrary element a(f,¢)€A can be represented in the
form of the expansion”

a0 0=3 3 awlin® 0 } .

By = Qj-me

For the group A, the linearly independent set of infini-
testimal operators has the form

P =Y (8, ¢) 0/0u; }
Pin=Pf_pn; Pin=0; |m|>1], (57)
and the general linear combination is
« I
P=F S binPin=50, 7)o (58)
i

f

0 m=—

For the six-parameter proper conformal subgroup the
generators L?® (corresponding to infinitesimal rotations

DWe recall that a (@, @) is a twice differentiable function on $2.
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in the {x%,x%} plane of Minkowski space) can be conve-
niently represented in the form

L2=9/dp=L,; L®—sinb (8/30) + u cos 6 (9/0u) = R,;

L= iLB 4 L3 — exp (& ip) [6/00 = ictg (3/09)];

Bt FiL®w i+ Lo

= —exp (= ig) [cos 0 (/36) - i cosec B (3/0g) — usin 6 (3/au)]. )

(59)

From (58) and (59) we can find the commutation rela-
tions for the Lie algebra of the BMS group (or ®);

lLub' Lr:d] - _nadLbc_qbeLud_i_ ,qacL_bd i ,rldeuc: 0

(L%, ad/du] = {(L%a) —a. (8, @) W (L)} 0/0u, } (60)
where W(L®) is determined by the relation

8 (L) 0w = L 5f/0u + W 8f/du; (61)

here, f(u) is an arbitrary smooth function.

3.Normal subgroups. For any group I', an

important property which determines its representa-
tions (and sometimes also a way of finding them) is its
possession of normal subgroups (normal divisors). A
set NCT is a normal subgroup if for arbitraryge I in
n €N it follows that g"g € N. In the case of the BMS
subgroup it follows from the definition (53)-(54) that the
supertranslations A ® ,I form a normal Abelian sub-
group of ®, and the factor group @ /A ® ,.Z, is isomor-
phic to the proper orthochronous Lorentz group. Fur-
ther, it follows from the representation (56) that the
space of the supertranslations A is the orthogonal sum
of the translations V and the genuine supertranslations
Z:,

AxVeasS; (62)

1 1

V:v (9, (P) L IZ ‘2-t ulm}’lm (8, ‘P)

={) m=

=a’+a'sin B cos ¢ + aZsin O sin ¢ + a®cos 6;

o ]
Z:0(0, q)= E 2 QY i (8, ).
=t m==l

The translations V commute with the supertransla-
tions Z and, as can be readily verified by means of the
commutation relations (59), are invariant under the ac-
tion of the representation T(G) of the conformal group
G (53). Therefore, the translations V® . I also form a
normal Abelian subgroup, which is a four-parameter
group. It is, however, remarkable'®?™ that V® I is
the only four-parameter normal Abelian subgroup of the
group® (or®}). This property of V® ,I uniquely dis-
tinguishes the subgroup of translations in the BMS
group, and this is very important for constructing
quantum theory in asymptotically flat spaces (see, for
example, Refs. 34 and 35).

Unitary Representations of the BMS Group and their
Properties. 1. The method of induced repre-
sentations."%! The method of induced represen-
tations is an effective tool for constructing unitary rep-
resentations of groups that are a semidirect product
N® H, with N a normal Abelian subgroup. As we have
seen, the Poincaré group and the BMS group, whose
unitary representations will be compared below, are of
this kind. Let us recall how induced representations
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are constructed.

First, one constructs continuous irreducible repre-
sentations of the subgroup N; these representations are
one-dimensional and form the Abelian group N (charac-
ters) dual to N. The action of the group H on N deter-
mines the action of H# on N as well. For given charac-
ter x € N the largest subgroup H, CH which leaves y
fixed is called the little group for X, and the set 0, =Hy
of characters which can be obtained from y by applying
H is called the orbit of . The main assertion!®-37 ig
that a given character y and representation U of the lit-
tle group H, uniquely (to within unitary equivalence) de-
termine a representation of the group N® rH, which is
unitary if there is defined on the orbit 0, a measure
which is quasi-invariant under the action of the group
H. Such a representation of N® pH is called the repre-
sentation induced by U and . fN® rH is locally com-
pact and U is irreducible, then the induced representa-
tion is irreducible. If the semidirect product N ®pH is
regular in the sense of Mackey,"**? then any irreducible
representation of N® , H is an induced representation.
Thus, the irreducible representations of N ® rH can be
classified in accordance with the irreducible represen-
tations U, of the little group H, and the corresponding
orbit o,.

2. Representations of the Poincaréd
Group. The Poincaré group @ is a regular semidirect
product of V and G (55), and therefore all irreducible
representations of @ are induced representations. The
characters ¥ are determined by the points of the vector
space dual to ¥ (the momentum space): V'=p
=(p%p% p%0%): X,=exp[i(pv)]. The action of G on Xp
conserves p?=wm?, i.e., in the given case there are only
three little groups G, corresponding to the three types
of characters: X,2,0, Xp2-0s Xp20s 20d, accordingly, three
orbits ©,, into which the space of characters V is fi-
bered. The irreducible unitary representations of the
little groups, G,—~U,, together with the type of orbit
determine all the irreducible unitary representations of
the Poincaré group @, the index s specifying the spin of
the representation (Table I).

In Table I, A consists of triangle matrices whose di-
agonal elements are in modulus equal to unity, and
SU(1,1) is the noncompact group of pseudounitary ma-
trices. The representations U, with continuous spin are
usually rejected as unphysical.

3. Induced representations of the BMS
group. The BMS group is also the semidirect pro-
duct (52), but nothing is known about its regularity.
Therefore, the induced representations need not exhaust
all possible irreducible unitary representations of the

TABLE 1.

Oy Gy s

pPr=m2>>0; sign p¥= +1 SUA(2)

Discrete
pP=m?=0; signp®=+1

Continuous, but there is a discrete
subclass
Continuous

Pr=mi<0 SU(1,1)
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TABLE IL
Do Gy (_?x
@ (L, D) 2 GOy~ G[Zy~ L}
Do=5(]51) r Gy ~GT =~ L}502)
@, =K (const) SU(2) |GQy~G/SU (2)~ L}SU (2)

group @. In addition, ® is not locally compact, and
therefore the induced representations constructed in
accordance with the above method need not necessarily
lead to irreducible representations. However, Mc-
Carthy'® %1 hag constructed all induced unitary repre-
sentations of ® and shown that they are irreducible.

For the Abelian group of supertranslations A, the ir-
reducible representations, as for V, are one-dimen-
sional and form the group of characters A3 x®
=exp (i{®, @)), where & €A defines a functional in the
" dual space A’ with respect to the scalar product {®, &)
on the sphere % (&, @)= [s2dp(x)®(x)a(x); x =S
dp(x)=1/4nsin0d6édp. McCarthy has shown that for
® the little groups G, are determined by the condition
[see Egs. (53) and (41)]

(Te®y) (€, §) = K7 (&, D) Do (L. Tg), (63)

and that they are all compact. Therefore, none of the
irreducible unitary representations of @ contain un-
physical representations with continuous spin. From
the point of view of physics, this property of the BMS
group renders it more suitable for describing elemen-
tary particles than the Poincaré group.®®? It may seem
strange that although ®C® the little groups correspond-
ing to ® do not contain the Poincaré little groups, which
include a noncompact group. The point is that for the
group ® the momentum space V' dual to the translations
V (with respect to the scalar product in Minkowski
space) is invariant under the action of the group G. For
the BMS group in the space A’ dual to the supertransla-
tions A with respect to the scalar product on the sphere
52 the momentum subspace V' CA’ is not G-invariant.

It occurs only as the factor space A’/V°, where V°is
the G-invariant annihilator of V corresponding to the
orthogonal decomposition A’ = Z°® V'

@ (0, ) = (p°+ p'sinBcos @+ p?sin 0 sin @+ p?cos0)
o 1
+ E 2 PimYm (8, 9).
=2m=-1

As McCarthy has shown,'®”! the BMS group is the
smallest extension of the Poincaré group that leads to
the disappearance of the irreducible unitary represen-
tations with continuous spin.

In Table II, we give the orbits and little groups for ®
analogous to the table given for ¢.%’

In Table II, to characterize the orbits, we have used
the fact that every 0, , is a homogeneous space with

8 For the nonconnected little groups the analogous table can be
found in Refs. 31-33.
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respect to the action of G, and therefore it is homeo-
morphic to the corresponding factor space G/Gx(%,
with respect to the little group. The little groups and
the orbits uniquely classify the induced unitary repre-
sentations of the BMS group (for details, we refer the
reader to Refs. 29-33).

7. MASSLESS FIELDS IN ASYMPTOTICALLY FLAT
SPACETIME

The concept of an asymptotically flat space intro-
duced above is very convenient for discussing scatter-
ing problems for massless fields. The universal nature
of the behavior of these fields in the asymptotic region
enables one, by means of a conformal transformation,
to go over from the scattering problem in the physical
spacetime to a problem with initial data on the null
surface J in the Penrose space. It can then be shown
that the important property of asymptotic degeneracy
(cf. Sec. 1) follows from the regularity of the behavior
of the conformally transformed field on §. As we have
already said, the spinor formalism is the most conven-
ient for describing massless fields. Spinor analysis in
curved spacetime and its application to describe the
properties of massless fields in asymptotically flat
space are discussed in Refs. 3, 7, 22, and 23.

Spinor Formalism in Curved Space. Spinors are in-
troduced at each point of spacetime in the same way as
in the flat case. The curvature of spacetime is mani-
fested as one goes from point to point. Tensors and
spinors are connected by means of the Hermitian quan-
tities o' 5, but now they depend on x. They have the fol-
lowing basic properties:

Bo_v 4
T 57 cpBw = Bactypi
a{}éuf-f’g““= (-:-m(-:‘;f’;
B (2) =01 (2) 8% (@) 81t 55
Here llgpll= (5 3). One defines the derivative vAB
=02 v" and postulates that the covariant derivative acts
on the matrices €, ; and ¢/° as follows: V,€,,=0,

v, 0,5=0.

Massless Fields of Spin s. A massless field of arbi-
trary spin s is described, as in the flat case, by a
symmetric spinor Pageneay which satisfies the equation

VAlé(P.u L (64)

(for higher spins, the well known difficulties in the in-
terpretation of this equation in curved spacetime arise).
The scalar massless field ¢ satisfies the equation

(C—aR) g=(V,v* —aR) ¢ =0, (65)

where a is some constant; R is the curvature. It is
well known that Eqs. (64) are conformally invariant
[Eq. (65) is conformally invariant for @ =-1/6]. The
properties of various quantities under the conformal
transformation g, -§w= Q% ,, are discussed in Appen-
dix 2.
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Asymptotic Degeneracy. If one requires that the
field ¢ Ayeondn be asymptotically‘regular, i.e., that the
conformally transformed field ¢, ..., =07, ..., be
continuous on ¢ [this correspondslto the behavior r,gs
~®r™, r—» (cf. Sec. 1)], then one can show that for
any null geodesic ¥ and spin basis o*, 1* transported
parallel along ¥ with spinor o4 tangent to y

Lim (Pepq, L a0 ...

r—o0

oty =0; (66)

here, # is an affine parameter on y. The condition (66)
means that at least 2s —% +1 of the principal null direc-
tions of ¢4 ...,, coincide to order O(r™*1),

For an asymptotically regular field ¢, prowik g EDETE
exists a limit along the null geodesic y:

@ =lim (rgy, .. a2™ ... %), (67)
e

and the value of this limit is the same for all null geo-

desics y which terminate at the same point ong. The &
are called the image of the field IR ong. In par-

ticular, for a scalar field

(llzlim{r:p)=cﬁ|g. (68)

Remarks. 1. Note that for the theory presented here
(in particular, for the application of the Penrose-space
techniques) it is not so much conformal invariance
(which is absent when a # 1/6) which is important as
rather universality of the field behavior as »— «,

2. If one considers the field ¢ in the Schwarzschild
metric (16), then @@r,u,6, )~ @@, 6, p)/», where
u=t—v-=2m ln |r -2m|, as =, The logarithm is the
analog of the Coulomb phase shift for scattering on a
Coulomb potential in quantum mechanics and it arises
because of the slow decrease of the gravitational field
in the asymptotic region [g,,~7,,+0( ™)].

3. It is easy to verify the invariance of the Yang-
Mills equations (see Appendix 2);

V' Fi=gf* Fo A",
Fho=Vu A5 — VAL + g AL 45,

under the conformal transformation g~ g, A2 ~ A% =A¢,
It would be interesting to analyze Yang-Mills theory
more fully in the spirit of the ideas presented in the
present review.

Asymptotic Invariants. If £, are the generators of
symmetry transformations of the spacetime, then the
invariants associated with them can be written in the
form (35):

Pi= | 1. d2",
E

This expression can be rewritten identically as follows:

P! = 5 Tﬁmﬁ.(ﬁ) divy (69)

z

where T,,=Q7T,, and d 5* =Q*dz" is the volume ele-
ment on T in the metric Z,,=Q%,,.
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We now consider the Penrose space (Ii;l,é, ) corre-
sponding to the given asymptotically flat space (M, g),
2,,=9%,,. As =, we choose the null infinities g, and
assume 79, is the limiting value of QT,, ong. In this
case, the P, defined by Eq. (69), where &%, are the
generators of the BMS group of asymptotic symmetries
on g, will be called asymptotic invariants.

In the simplest case of a scalar massless field, for
which the action is

Wiel= | (20900 + aRe?) V gtz (70)

and the corresponding metric energy-momentum tensor
is

144 %
L g 0,905 + 209V, V5

+a/2 (R,“——% gxR) o, (71)

Tyy=(2a+1)dupdo—

the calculations made in Appendix 3 enable us to obtain
the following expression for the asymptotic invariants
(cf. Sec. 2):

Pi= P&l = | (22 + 1) 0,080,0 + 20080,0,0] du do. (72)
y

Here, @ is the image of the field ¢ on g; &',y are the
generators of the asymptotic symmetry transforma-
tions, and do is the element of surface area of the unit
sphere.

8. QUANTUM THEORY OF MASSLESS FIELDS IN
ASYMPTOTICALLY FLAT SPACETIME

As we have already noted in Sec. 1, the quantization
problem consists of two parts: First, it is necessary
to find the commutation relations of the field operators
(construct the operator algebra); second, it is neces-
sary to find a realization of the operator algebra in a
definite state space, defining thereby, in particular,
the vacuum state. We begin by considering the first
problem, deferring the discussion of the choice of the
vacuum to the following section.

Schwinger’s Dynamical Principle. The quantum
theory of a free field in curved spacetime. For sim-
plicity,® we shall, as before, consider the theory of a
scalar field ¢ for which the action is

Wigl=7 | (K*0.90-+ g’V =g) d'z, (73)

where K*¥=V —gg"¥. The corresponding equation of mo-
tion obtained by varying this action with respect to ¢ is

Digl= O g—aRe=(1/1"—¢)d, (K"*0\q) —afqg=0, (74)

and for a=-1/6 it is conformally invariant.

To find the commutation relations, it is convenient
to use the formalism developed by Schwinger.®? For

An analogous treatment for the electromagnetic field and
gravitational perturbations can be found in Ref. 60.
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this, we note that, introducing additional variables ¢,,
we can go over from (73) to an action that is linear in
the derivatives of the field variables (to the first-order
formalism). Direct verification shows that the action

. Wig, ¢l
=% S diaz [K* qudvp— K" qupv— @iy (K M) + C’-R‘P_z V=gl (75)

when varied with respect to ¢, and ¢ leads to the sys-
tem of equations

qu=0,9; 9, (K"g)—aRV —ge=0, (76)

which is equivalent to Eq. (74) for the field ¢. The var-
iation of the action dW|[g, (’u] for nonzero variations of
the field variables 6y and 8¢, on the Cauchy hypersur-
faces Z, and Z, which bound the four-dimensional vol-
ume V* has, with allowance for the equations of motion
(76), the form

W (¢, ¢yl = Gz, — Gz,

where

6= | K" (@ubg—45¢) 42, (1)
z
are the generators of infinitesimally small transforma-
tions of the field variables. Therefore, the commuta-
tion relations on the surface Z are determined from the
equations

lo. Gz]=1i0¢/2; [qu, Gzl =ibg,/2, (78)

where the fields ¢ and @, and the variations 0 and dg,
are considered on the surface Z. Note that to obtain
the commutation relations for the fields from Egs. (78)
it is necessary to express the variations 6¢ and d¢, in
(77) in terms of independent variations on Z.

Quantization on Spacelike Hypersuvfaces. We con-
sider first the case when % is spacelike. As Cauchy
data on = one can choose two independent functions ¢ |
and ao(,al or, which is equivalent, @|gandm -
=K™38, ¢ |;. Choosing the coordinates in such a way
that x°= const on Z, we obtain (dZ, =07d%)

Gp= -;— (e — pbr) diz.

x0=const
Rewriting Egs. (78) in the form
(@, G5l =ibg/2; [, Gs] = i6n/2

and remembering that the variations d¢ and 6w on Z
are independent, we can readily obtain the following
canonical commutation velations:

(9 (), @ (¥))eomyo = [ (2), 7 (Y)]wo=po=10;
(9 (2), 7 (y)]xoyo = 18P (x—1). } (79)

Constructing in the usual manner the Hamiltonian

H-— 5 a3z (7 (z) Botp () — £ (2))
z
1

xV=const

+¥—2 (i':n%‘—f%j,;%i—g"w.mrﬂw")] . (80)

2

i
T
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one can see that the Hamiltonian equations of motion

dm=i[H, x}; dp=i[H, ¢l (81)

are completely equivalent to the Lagrangian equation
(74). The initial data @(x° x) and 7(x° x ) for this equa-
tion must satisfy the commutation relations (79). To
find a solution of the operator equations (81) [or, equiv-
alently, of the Heisenberg equation (74)] one usually
proceeds as follows. One considers complex c-number
solutions f of Eq. (74). In the space & of these solutions
one can introduce the indefinite scalar product

f fo=i | Routadz* =i | (hufa—fa0F) 42" (82)
I =

That the scalar product of the solutions f, and f, is in-
dependent of the choice of the Cauchy surface Z is
established as follows:

i

|Raazt =i | diaau £ 70,)

To

Me_—,
LIy

1 L

I
ey 14

V =g d'z{f;Df— D[] f2} =0. (83)

e

&

The scalar produce introduced here satisfies the rela-
tions

(ofr, Bfa) =ap (fy, f2%
(o Tod = —(f, fo; (84)
(f,u i':):(fﬂl fl)- [

We assume that in the solution F={f} there is a nor-
malized basis, i.e., a set of solutions {f,,f,} such that

(fas fo) = Baps (far I) =0, (85)

and an arbitrary function f in & can be represented in
the form

f= § (@e o+ Dafu). (86)

In this case, an operator solution of Eq. (74) is

o= );J (9afe+ a%fa), (87)
where
g = (fa, @), 8% = — (u, §) (88)

are constant operators. In order to find the commuta-
tion relations of these operators, we note that the com-
mutation relations (79) can be written in the equivalent
form

where ¢ (f)=(f,¢); f and g are arbitrary complex c-
number solutions of Eq. (74).!” Therefore, if we take
f and g to be basis solutions, we readily obtain

10The commutation relations (89) are a special case of the
general expression for the commutators of Heisenberg oper-
ators that satisfy linear equations (see, for example, Ref.
61).
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[8a, ag) = [ag, a§] =0; [aq. aj] = 6.p. (90)
Thus, the general solution of the operator equation (74)
with the initial data (79) has the form (87), where the
operators a, and a} satisfy the commutation relations
(90).

Quantization on Null Hypersurfaces. If T is a null
surface, then the initial data x| .=K%8,¢ |, and @ |,
are not independent. This is most readily seen by
choosing on ¥ the coordinates (,x4) associated with
the congruence of the generators of £.*’ In these co-
ordinates, 7| .=V—gd,@|.. Therefore, the variations
6 and 8¢ on T are not dependent. In order to express
the generators G solely in terms of the independent
variations 0¢, we transform the expression (77) as fol-
lows:

7 [V =8 (0gde—gd0,q) dr e

G;:

= \ a-G8@ dr diz — Gy, (rg, 1y). (91)
£

where @ =Yg g;

Go (7o, 1) = (@ (72, 24) 80 (rs, 24— F (10, 24) 89 (o, s)) P, (92)

=

and 7,=7,(x*) and », =7,(x*) are the (finite or infinite)
values of the affine parameter » corresponding to the
beginning and end of the generators of =.

Considering variations 8¢ such that 8¢ (r,) =3¢ (r )
=0, we obtain from the relations (78)

G (r. 249, 3,4 (', 2] = (i 2)8(r—r) 8 (z2 —2'4).

Integrating this equation with respect to #’ and deter-
mining the “constant” of integration from the antisym-
metry condition of the commutator, we find

% (. 2%, G )] =(—i e (r—r)8@i—z), (93)
where €(x)=[6(x) - 6(-x)]/2, i.e., the commutation

relations of the fields ¢ on the null surface T have the
form

[‘F (re 3“)! ¢ (i"'. z"‘)l
=(—12)e(r—r)8(@i—a)/ ¥ =gy 7. (94)

Using the commutation relations we have obtained,
we can show that for variations which do not vanish at
the ends of the generators of Z the following condition
must hold;

(9. G (o, 1)1 =0,
i.e.,

8¢ (ro. %) — 8¢ (ry, 24)=0,
and that the variations at the ends are not independent.

Note that the commutation relations on null surfaces

Dsee Sec. 4 for the definition of the coordinates associated
with a congruence.
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in curved spacetime obtained here by means of Schwin-
ger’s method are consistent, in particular, with the
commutation relations on the light cone in Minkowski
space derived in Refs. 9 and 40.

A simple calculation shows that, as in the case of a
spacelike surface T, the commutation relations (93)
can be represented in the form (95):

(@ (1), () =g, Fin (95)

where f and g are arbitrary functions on %, _and (g,f)
is the scalar product of the functions g and f on the null
surface Z defined by Eq. (82).

Conformal Tvansformations and Commutation Rela-
tions on g*. In quantum field theory, as in the classical
theory, there is in addition to the Cauchy problem the
interesting problem of determining a field from its
image on g* (scattering problem). As usual, it is con-
venient to consider, not the asymptotic behavior, but
local characteristics of the field on g* in the Penrose
space. To this end, we first establish how the relations
obtained in the previous section are modified if we
make a conformal transformation of the metric: g,,
—gu L, =%,

It is readily verified that if the scalar field f trans-
forms under the conformal transformation in accord-
ance with the law

f—f=a1f, (96)

then the scalar product (83) remains invariant, i.e.,

{f‘l.' f:)Ei i)%l‘;:i: ‘I£u=\'_f1v f2). (97)
T

where d£* = Q%dT*. Therefore, the commutation rela-
tions (95) in the space (M,g) have the consequence that
in the space (M, 2) analogous relations are satisfied:

0. ¢ @1= b, (98)

where @ =09 and @(f)=(f, @).

We now consider the Penrose space (M,£, Q) and take
the null infinity g* as the surface Z. Denoting, as
usual, the images of functions on g* by corresponding
capital letters, we obtain'®’

O=(@7%)|g. F=@7)|g.
From the commutation relations (98),

[®(F), ®G))=(G, Fig, (99)
where &(F)=(F,®) and

4, Big =i j i a,BdE,.
d

(100)

12)In cases when no confusion is possible we shall sometimes
omit the indices in and out of the images on §*, simulta-
neously omitting the corresponding indices +and — of g*.
Therefore, for example, ®= (2 !y} |J denotes the following
two equations: &g, = (2"!¢) |* and &, = (2" 1) | g-.

Volovich et al. 79



In the Bondi conformal coordinates («,7,x%,%) (see
Sec. 4), the expression for the scalar product on J has
the simple form

4, Byg =i T du S doA 9,B.

(101)

If {F,,F,} is the image on g of the normalized basis
{fasfo} in the space (M,g), then the image of the field
@ on g:

o= ;:] (Faa, + Foal), (102)

and the operators a, and a} satisfy the commutation
relations (90). The expression (102) in this case rep-
resents the “initial data” for the scattering problem.

We now establish the explicit form of the commutator
of the operator & on §. For this we note that the field
¢ does not change under a conformal transformation:

F=) —ge=)/ —ge=3,

and therefore from the relation (93) on the surface § in
the Penrose space in Bondi coordinates we obtain

[®(u, z4), D' z")]

=(—i/2)e(@—u')8 (x4 —z'4), Vet gall, (103)

where vdetl[g, , [[dx%dx® is the element of surface area
on the unit sphere in the coordinates x® and 3.

Generators of the Group of Asymplotic Symmetries
in the Second Quantization Representation. In the con-
struction of quantum field theory in flat space an im-
portant role is played (in particular, in the choice of
the vacuum) by the operators of the energy, the mo-
mentum, and the angular momentum. These operators
realize a representation of the generator algebra of the
Poincaré group (the group of isometries of Minkowski
space) (see Sec. 1). In this section, we construct the
corresponding representation for the generators of the
group of asymptotic symmetries. Let £* be the gen-
erators of the asymptotic symmetries on §. We denote
by L, the differential operator

s =1(30,+ Vg4l |g = i (%0, + EL2) | g. (104)

The operators L, (in contrast to i£#8,) are Hermitian
with respect to the scalar product (100) on :

(F, LGyg = (L:F, Gig. (105)
A simple verification shows that
[Ls. Lo} = LsLy— Lol =1Lz, ), (108)

where [£,n]* =£7%, —n*E",, and therefore a representa-
tion of the Lie algebra corresponding to the BMS group
is realized in the Hermitian operators L,.
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We now consider the operators'®

P = (@, L;®)g/2. (107)
By direct calculations, we can show that

[P, @) == LD, (108)
This equation enables us to show that

(Pg, Pp) =Pz, /i, (109)

i.e., the constructed operators P, are the required ex-
pressions for the generators of the asymptotic symme-
tries in the second-quantization representation. We
prove (109) as follows. Applying (108) successively, we
obtain

[P, [P, ®]] = LyLy®; [Py, [P:, ®]] = L:L, D,
Subtracting these two equations and using the Jacobi
identity [[4, B],c]=[A,[B,C]] -[B,[A,C]], we find

[Py, P). ®) = (L, L) @ = Lgg, /i = [P, . @),

Thus, the operator [P,, P,] - P, ,;/i commutes with &
and with any operators constructed from §. From the
completeness of the operator algebra Eq. (105) then fol-
lows.

To conclude this section, we note that the operators
of the asymptotic invariants (72):

PE :g du do {(2e+ 1) §,00,® - 2203,0,0] (110)

can be reduced by means of the operation of integration
by parts with respect to the coordinate » to a form that
coincides with the expression for P,:

PlE =P, =1 ﬁ du do (3,0%5,® — ©3,0,0).

d

(111)

9. DEFINITION OF THE VACUUM

We now turn to the second part of the quantization
problem—the definition and interpretation of the vacuum
and n-particle states in curved spacetime.

Concept of the Vacuum in Curved Spacetime. Usually,
the definition of the vacuum is tied to the existence of a
symmetry group. In particular, if the spacetime ad-
mits a global timelike Killing field (or, in the case of
massless particles, a conformal timelike Killing field),
then the vacuum is defined as the lowest eigenstate of
the generator of translations (the Hamiltonians) along
this field. At the same time, there exists an invariant
decomposition into positive- and negative-frequency
solutions of Eq. (74) and the vacuum is annihilated

MWe defer for the moment the question of augmenting the def-
inition of the operators. We merely point out that it is
achieved in the cases considered below by means of the oper-
ation of normal ordering (see Sec. 10) and reduces, as usual,
to subtraction of zero-point vibrations.
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under application of the annihilation operator corre-
sponding to.negative frequencies. In the general case,
there is no such global Killing field and the definition of
the vacuum becomes nonunique. This lack of uniqueness
corresponds to the physical lack of uniqueness in dis-
tinguishing virtual particles from real particles and is
manifested in the lack of uniqueness of the decomposi-
tion into positive and negative frequencies.

Above, we have spoken of a global vacuum. We re-
call, however, (see Sec. 2) that the vacuum, like all
other states, is defined on the Cauchy surfaces . In
Ref. 41 it was shown that on null Cauchy hypersurfaces
and for a fairly large class of spaces one can define a
vacuum in a natural manner by using the affine proper-
ties of such hypersurfaces.

To define the vacuum on T (see Sec. 2) it is not neec-
essary to require that the system under consideration
be globally invariant with respect to the Poincaré group
(in the flat case); it is sufficient that in a certain neigh-
borhood of Z there be approximate invariance (see the
discussion of this concept in Sec. 5), and the smaller is
the departure of the symmetry from exact symmetry,
the closer are the properties of the vacuum |0; T)on X
to the properties of the ordinary flat vacuum |0).
Therefore, in curved spacetime one can, naturally, de-
fine a vacuum on hypersurfaces for which spacetime in
their neighborhood can with a good accuracy be re-
garded as flat.

Vacuum on §. In asymptotically flat space, such
hypersurfaces are, as we know, §~ and g*, on which
there are defined the two representations deseribed
above of the Bondi-Metzner-Sachs algebra with unique-
ly distinguished translation generators Posoand B,
The vacuum on g*| , .,.) (respectively on g-|0; in)) can
now be defined by the condition

Pout.u!(); out)y =0 (Py,, | 0; in) =0) (112)

or, equivalently, by the condition
Aout, « ' 0; out) =0 (a,,, u] 0; in) =0),

where a,,,,=(f,,¢) and f, is any solution of the wave
equation (74) having image on J* equal to

:l’%i dw exp (—iou) 7y (©) Vi (0, §), e=(k, 1, m), (113)

i.e., containing only negative frequencies with respect
to the retarded time #. The operators a_,,, and a}

out, &

==(f,, ¢} satisfy the canonical commutation relations

[Aouts ar a%ut, pl = Baps } (114)

[Aout, &) Aout, pl = [a:nt. @ ﬂ:ut. ﬂ] =0,
Similarly, we can define the operators B0 A s
which also satisfy canonical commutation relations.
The n-particle én and out states are defined as follows:

(115)

[ ooy @y in) =aly, oy ... &, s |0 in); }
fohs vnia; out) =agut, g - - - Adut, an | 05 out),

and correspond to particles that come in from the null
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infinity §° and go out to the null infinity *. We denote
the corresponding Hilbert spaces by 3¢, and 3Cy;.

The operators a,, , and a_,, , are related by a linear
canonical transformation, since they can be expressed
in terms of the solutions of one and the same linear
equation (74):

Aout, o= 2 (Aupdin, p-+ Bapalh, p);
out, @ .; (_ﬂﬂal B —aﬁ n, 8) (1 16)
afut, o = % (Aupatn, p + Bopay, g).

Here, A,,=(f,,py) and B, ;=(f,,Ps), where p, are solu-
tions of (74) with negative-frequency images on g~ with
respect to the advanced time ».

10. S MATRIX IN ASYMPTOTICALLY FLAT
SPACETIME

Using the iz and out states introduced above, we ob-
tain in this section expressions for the S matrix and for
the fluxes on g.

Functional Expression for the S Malrix. If we as-
sume that the operators a,, , and a_, , form a complete
set and that the spaces iC,, and JC,.. coincide, then there
must exist a unitary operator S, called the S matrix,
which has the property §*a, ,8=a,, ,. Obviously,
|03 in) =8| 0; out) and

Sﬂb‘--ﬁn:m...amE(ﬁh <vos Pui out|e, ..., @i ing

=(0; OUt]aout, Bt «+« 8out, bnsa:ulal .o B0ut,an ]0; out). (117)
The operator S realizes a linear canonical transforma-
tion, and it is easy to obtain an expression for it in
terms of the quantities A , and B, (116). This expres-
sion can be most readily written down if one uses the
functional representation'?! of second-quantization
operators.

We recall that with every operator written in the
normal form

A=1"n2 Amn (G’, wery amlﬁh ween ﬁn)
@,

*
R agul. ayg ++= 8out, cr.mauut, By -+-dout, Byr

there is associated a functional

A(a*, @) =2 Apn (0s vy Gy | Bry ovs B) a3, -.- a3 ap, ... ay,
@B
and with the vector
b= 2( ;:Dn (@43 ves @) Bt @, --- B3ut,a, |0F out)
n, (7

there is associated the functional
D (a*) =Z“¢'n (- TR %n)ag, ... aa,, ’

and the scalar product can be expressed in the form of
the functional integral

(Dy, Oy = j ®y (a*) D (a*) exp (—a*a) Da”Da. (118)
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Here and in what follows, we use the notation a*a
=Z,a*a,, etc. The functional expression for the S

matrix has the form (see Appendix 4):

S (a*, a) =[det (A‘A)l_m exp [[aFA“a.

+2a* (At —I)a—a®* A"'Ba*)/2}, (119)
and the corresponding operator is
S ==[det (A*4))
X exp (—a*A™'Ba*/2) s exp [a® (A~ —I) a] : exp (aBA'a/2), (120)

where the colons denote normal ordering with respect
to the out vacuum. Therefore, the elements of the S
matrix (117) can be expressed in terms of the varia-
tional derivatives of the generating functional (see Ap-
pendix 4):

Sy, ..., Bt @y ooy Gy

== (87/Bp, -.. O )(6™/8]%, ... 8j& Yexp [iw (f, ")}/ smiemns (121)
where
exp i (7. j*)) = [det (4°A)]~4/% exp [(~— JABj
+ jFBAG* 2 A))/2). (122)

We give one further expression for the S matrix
(which may be helpful in applications) based on the
background formalism 144

In flat spacetime, the elements of the S matrix with
the action W[¢] can be represented in the form

Sp,. ceen Pt M ey By
=[6m/ba (k,) ... 8a (k,)1(67/8b (py) ... 8b (pn)]

X Z (@, b) lambmos (123)

where Z(a,b)= [ exp (iW[¢]) Dy and the integration is
over all functions with the asymptotic behaviors

(@)~ §akexpilo (k) 2" —kal Pk + cx., 2°—>—o0; 1
(124
P(x) ~ S b(p) exp{—i [0 (p) z°— pa]} &’ pt+c.c., m"—*-+°°-}

If the action W[¢] is quadratic in ¢, then the integral
can be readily calculated, and Z (@,b)=c expiW[q,],
where ¢, is a solution of the classical equations of
motion with the asymptotic behaviors (124).

The generalization to the case of asymptotically flat
spacetime is obvious:

S i Bps

5 vy T (6™/6F gut, py «en OF out, g“)
X (6"'!67*";.,_ g e F

8Fin, e ) cexpiW (g1 F, =, (125)

Fout=0-

where ¢, is a solution of Eqs. (74) with the asymptotic
behaviors ¢, ,7,0,¢)~F, @, 8,90  +c.c., ¥==,v,
0, fixed; @q0,78,0)~Fou, ob,0, 0™ +c.c., v=2,u,
0, fixed; F, , and F, , are positive-frequency bases
on g* (113).

Calculation of the fluxes on §. In order to avoid the
divergences associated with the zero-point vibrations,
we introduce the operation of normal ordering for oper-
ators on'§:
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Mo (A =A—(0; ™ 1ajo; ™ ), (126)
out (1] out

ut
The final operators 3, (P,), where P; is given by the
expression (110), are the operators of the energy-mo-
mentum flux on g*. Therefore, in particular, the ener-

gy-momentum flux of particles created from the vacuum
in the gravitational field is

P; == {0; in|f out (Py)]0; in)
o0
= [ au{ o 0; in|Hout (Ti (@owt, ®eue))10; im),

—o00

(127)

where

T, (A4, B) = (20+1) 3,48% 8,B + 2 AE};9,0,B (128)

and £%, are the generators of the subgroup of transla-
tions on J*.

If the instrument of a distant observer (an observer)
on g*) detects emitted particles only in the range (u,,u,)
of retarded times, then the measured energy-momen-
tum flux during this interval is ©%!

Pl= Sdudof(u)(l}; in] ./ out (Py) | 0; in), (129)

where the resolution function f(«) of the instrument is
unity in the interval (#,,u,) and vanishes outside it.
Substituting the expansion (102) in (127) and remember-
ing that terms containing two operators of creation or
two operators of annihilation vanish after integration
with respect to #, we obtain

Py = S dudo 2 [T; (Fo\:t.l!r Fnut‘ H)
a, B
4T (Fout, p Fout, o)1 (05 in]afut, « aout, p[ U in)
= 5 dudo Z [Ti (Fnut, mFuut‘ ﬂ}
o, B, A
+ Ti (Fuul, P Fuul. a)lﬁmﬁm-

(130)

The operator n, of the number of particles in the
state @ ond* is

%
Doyut, 2 = Aout, adout @

so that the expectation value of the number of particles
created from the vacuum in this state is

Rout, a = ( 0; in ‘ Dout, o l 0; in y= Zﬁ FaBBnﬁ- (131)

11. QUANTUM PROCESSES IN BLACK HOLES

In this section we shall show how the formalism de-
veloped earlier can be used in the extremely important
case when the source of the gravitational field is a
collapsing sphevically symmetric body (Fig. 5)E341 (gee
also Refs. 35,45, 47-53).

Calculation of Observables on 3* in the Presence of
an Event Hovizon. Density Matrix. An important fea-
ture of this problem is the formation of an event hori-
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FIG. 5.

zon H* due to the collapse of the body.'” This has the
consequence that although the surface J° is as before a
global Cauchy surface for massless fields, a global
Cauchy surface in the future no longer coincides with J*.
As a global Cauchy surface in the future one can, for
example, take J*U H* (massless particles either escape
to infinity or fall into the black hole). Accordingly, as
a basis in the future one can choose the set
(fasasfasd,), Where the basis funetions f, and ¢, are
defined by the conditions

(132)

fn.lH*zO; Qout, & = 0; }

! »
Foua =27 [ a0 2 £, ) ¥ i 0, 9).

0

Here, u is an affine parameter onJ* (Bondi time). The
particular choice of the positive-frequency basis q, and
the definition of the positive-frequency functions on H*
associated with the choice of the vacuum |0; H*) are,
as we shall see, unimportant for the finding of the ma-
trix elements of observables on g*.15’

The expansion of the field ¢ with respect to the basis
functions has the form

= § (falnut, o+ fadlut, @ + aba + 2b2), (133)

where

Agut, o= {fa, ©} = (Fout, a@out)J*;
bs = (gs, ) = (g5, Plar+

are operators of annihilation of particles in the state a

9 An event horizon is a null surface bounding a region of
spacetime from which it is impossible for signals to escape
to an observer in the neighborhood of the null infinity J*. The
formal definition of the event horizon H* is as follows :146]
H*=3(J"[J']) where g~[A] is the “casual past” of the set of
events A and 8K is the boundary of the set K.

191t is shown in Refs. 41 and 47 that the positive-frequency
functions on H* can be defined in a natural manner as func-
tions that contain only positive frequencies with respect to
the affine parameter along the generators of the event hori-
zon H*, The corresponding definition of the vacuum is a spe-
cial case of the definition of the M vacuum introduced in Ref.
41. The choice of the vacuum |0; H*) is extremely important
when one is discussing the back reaction of the created par-
ticles on the metric of spacetime.
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ond* and in the state g on H*, respectively. The vacu-
um state in the future, IO; out), which is defined by the

conditions

8out, 2| 0; out)=hg|0; out) =0, (134)
can be represented in the form

10; out) =|0; §+10; HY, (135)

where the corresponding vacuums on J* and H* satisfy
the conditions

aaut.ai03 ._-‘1') =0; bBIOI Hh=0.

A vector of the complete Hilbert state space in the
future, H,,, is expressed in the form

¥y = 3 Yo, nln; g Im; HY), (136)
where
7 I =0 ey @i ") =83, 01 - But.a, |0; G

lm; Iy = |Byy evvs By H*) =D, ... bi,.10; H*).

The observables a on J* are functions of the operators
Ao, and ak, 0 a=a(a,,a%,). We now consider the
calculation of the expectation value of this observable in
an arbitrary in-state V¥:

(137)

Qyr = (‘Fl a {ﬂuuh n;ut) i .

Using the expansions (136) of this in-state ¥ with re-
spect to the ouf basis, we obtain

= ) Voo Toee (11 ' | g 1% (n; G la|n; g4

= X Ru(n'; §*lain; g%, (138)
where R,,, =23 ¥ ¥
If we introduce the density matrix
p=2|n" § R (n; §°|, (139)
then Eq. (138) can be written as followstl:
ayr = Sp‘g, (pa), (140)

where Spy.(B) denotes the sum of the diagonal matrix
elements of the operator B with respect to the complete
system of states on g*. The density matrix arises be-
cause in this problem one completely ignores the infor-
mation about the particles that fall into the black hole.

One can show that the density matrix p does not de-
pend on the choice of the vacuum on H*; for on the tran-
sition to a new vacuum vector |0’; H*) on H*, the co-
efficients ¥ in Eq. (136) are subjected to a unitary
transformation: ¥, -¥/, =Z}m0m,m\11m. However, the
quantities R,,, =23, % ¥  do not change because of the
unitarity of the matrix C,,,, so that the density matrix
p is unaffected by the transformation.

Hawking Effect. Thevmal Natuve of the Radiation
Sfrom Black Holes. We now calculate the flux of radia-
tion from a black hole resulting from the collapse of a
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nonrotating body. For the flux of the energy E of the
particles created from the vacuum through a sphere of
large radius (the flux on §*) in the interval of (retarded)
time (x,,u,) we can use the expression (130):

b |
B (uy, 1) = { dudo (0; 18] f"out (0uDoutduPou) | Giim)
b |
(141)

=2 \ dudo 2 au—F_out. aaanut.a'EuBBu'ﬁ-

G‘ ﬂ'. ﬂ

&t F

1

Thus, to find E(u,, uz) it is necessary to calculate the
quantities

Bap = (fas Po)- (142)

By virtue of the spherical symmetry of the problem,
it is convenient to take as the basis functions f, and p,
(a=w,l,m)

Fout,a=Fout;0,1,m = (21'5)_”2 [exp (— iwu)/ V-QE 1

XYm 8, 9);
Pin.a=Pin; 0,1, m = (27) " [exp (—iwv)/ V20l (143)
XY m(0, @),

where # and v are affine parameters ond* andd~, re-
spectively. The normalization conditions for these
bases are

(fm[m- fm‘l'm') =d ((U“"'m') ﬁtl'amm';
(P(»[m- Pm'i'm‘) = 5(‘1’—‘“") 6(!'6mm'- (144)
Since the scalar product (142) does not depend on the
choice of the Cauchy surface T on which it is calculat-
ed, we can take T to be d". In this case

Bn, o' = Bm!m. w'l'm’

B
dvdoF in, aim 8y 22U T

.1 Vo (145)

and to determine B,,., we must find the image F,, , on
g~ of the solution of the equation whose image ond* is

expressed by (143). This image on g~ can be expressed
in the form of the sum

Fin,a=F<i1’|2a+Fggzns (146)
where F{2 = (4rw)"/ 2a,,exp(~iw)Y,,(8, @) corres-
ponds to scattering of a monochromatic wave emitted
from g* on the potential barrier of the gravitational and
centrifugal forces. To calculate F{Z,, one can use the
approximation of geometrical opticst®¥! since near the
event horizon the effective wavelength tends to zero.
Therefore,

F2 o By (210 exp [ — 01V ()] (20" 1 (0, ). (147)
where # =W(v) is the retarded time at which a light ray
emitted from g~ at the advanced time v hits §*. The
quantities a,, and B, are the reflection and transmis-
sion coefficients for the wave f,, in the gravitational
field of the black hole.

A simple analysis'*? of the propagation of light rays
in the gravitational field of a collapsing body shows that
for large values of u the function u =W(v) has the form
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W (v) = —4m1n (vo—v)+ Wy } 148)
{

Fi2) o (v) = 0 (v,—v) Fﬁ".ﬂ

where # is the mass of the black hole (for the nonsta-
tionary case, see Ref. 35). (A light signal sent fromd~
at the time v, propagates along the event horizon having
passed through the center of the collapsing body.) If it
is borne in mind that F{,‘h’u is a positive-frequency func-
tion and does not contribute to B, it is then easy to
obtain from (145)

Bag = — SurBynm-Bar exp [i (0" + Wow)] (25)

b4 (m',’m)”z[' (1— 4imw) (iwr)fnimng-

(149)

Therefore
zﬁ} BusBars = b1:Bm | By | 208 (0 — ") [exp (Stmaw) — 111, (150)

In the derivation of this expression it is. helpful to bear
in mind that

1 F . —UHtime) g
= 5 dt t = =8(o);
0
I'(1+iz) T (1 —iz) = nz/sinhmx .

Substituting the expression (150) in (141), we finally
obtain

oo

tiE_E(upug}f_S 2 (4}

du lug—uy) 2n dmizl Iﬁ"”] exp (Samaw)—1 7
[ M

(151)

i.e., after the formation of the black hole (for large u),
the black hole becomes the source of a stationary flux
of radiation, and the spectrum of this radiation (if scat-
tering of the radiation on the gravitational field is ig-
nored) has a thermal nature effective temperature 6
=#ic®/8rGm. This agrees with the fact that in this prob-
lem the corresponding density matrix (139) is thermal,
i.e.,

p=exp|— 0"£(U)ﬂ3ut.«ﬂm%n:. wtm)) - (152)
This last expression for the density matrix in the prob-
lem of the formation of a black hole can also be ob-
tained by direct calculation.[48-32:50)

APPENDIX 1

Asymptotic behavior of a massless field in Minkowski space

In this Appendix, we prove a theorem on the asymp-
totic behavior of solutions of the wave equation on g~
We use the method that in our opinion is the most con-
venient for discussing such problems—the Radon trans-
formationt®*! (other approaches are presented in Refs.
55 and 56).

THEOREM. Let ¢(t,x) be a solution of the wave
equation

(0] —Aeo(.z)=0, R

with initial data @ |,.,=f,(*), @ | ;.0 =f,(¥). Suppose that
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f1sf,€ C*(R®) and the energy is finite:
favne+misc =

Suppose
® (4, 0) =55 [9uRs (u, 0) — Ry (u, o)l
where

R; (u, 0) = Yf,(r)cr(zu—u)dﬂ; GESY, |a| =1;
g2

do is the surface element on $% i=1,2. Then if &, 0)
has compact support, there exists

H@{frqo(u +#,70)=®(u, o)} .

The solution ¢ can be determined from the function &
uniquely:

3
h#=—5=— | ®' (z0, 0)do,
=) } (A.1)

fz (x) :-2—1'1- S D" (za, 0) dg,

where the prime denotes the derivative of ® with re-
spect to the first argument.

The proof is based on the following representation of
solutions of the wave equation:

TR, = " K (zo0—t, 0)duo,
where
3 LI
K (u,0)= e dyth (u, o).

(A.2)

Hence @(u+7,70)= [K[r(ov -1) —u, v]dv. Since the
function K has compact support, in the limit =

r \ Kiriav—1), \'ad'\‘»rS Kirtov —1), o) dv
+-| o

.—.:2:trj Kiriz— )—w, a)dz—21 { Kip—u, a)ydo=O (u, ai.
e | b

To prove the representation (A.2), we use the well-
known equation

A 5 |(z, 0) |do= —16 7283 (),
by virtue of which for any f€ CZ(R3)
1@ =~ A 5 R (zo, 0) do,
where R(u,0)= [f(x)6(xo —u)dx. It follows that the pair

of functions {f,(x),f,(x)} is in a one-to-one correspon-
dence with the function

K (1, 0) =g [04Ry (y 0)+3,Rs (, ),

i.e., we have an expansion of the initial data with re-
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spect to plane waves. Equation (A.2) is then obtained by
a shift with respect to £.

APPENDIX 2

Conformal transformations

Conformal Mapping of Riemannian Spaces. Besides
the original Riemannian space (M,g), consider the
space (M,2), where

Euﬂ-_-spgaﬂ; FP=a-7h, (A-s)

We shall denote all quantities referring to the space
(M,£) by the same symbols as for the space (M,g), add-
ing the cap. We denote 2,=V,2;

=2%0,Qp/0% Gop=V,Vp0/Q; }

=z%G,5=110/0. (A-4)

a
We have the following connection between the corres-
ponding Christoffel symbols, curvature tensors, and
other analogous quantities in the spaces (M,g) and
(M,2) (see, for example, Ref. 20):

T, =TF, — 01 (650 + 6703 — zaye™™0); (A.5)
Rofys =22 [Rapys —EusOpy — Eay0us -+ £y gy

+2860ay + 4 (Easdpy— Faréno)]; (A.6)
Rpyp = Ry — 200y + (30 —3) Gy (A.7)
R=02 (R— 864 126); (A.8)
Gpy = Rpy—epyR/2 =Gy — 203, + (20— 30) gpy: (A.9)
Coys =Ty (A.10)

where CZ,,; is the Weyl tensor.

Using the relation (A.5), we can in particular readily
show that
Vud =T — O QB+ B — 5,270, (a.11)
Suppose the curve y : x* =x*(7) is a null geodesic in
(M, g); then it is simultaneously a null geodesic in the

metric g. If » is an affine parameter along v in the
metric g, then

F= 5 arQ? (z%(r))

is an affine parameter along this curve in the metric z.
The proof of this assertion follows from (A.11) by noting
that the tangent vector I* =dx* /dr to the null geodesic
satisfies the equation I*V,1"=0.

Conformal Invaviance of Equations. Suppose that a
field (or set of fields) ¢ satisfies the equation D, ¢]=0,
whose coefficients depend on the metric g. Consider a
conformal transformation of the metric of the form
(A.3). One says that the equation for ¢ is conformally
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invariant if there exists a transformation ¢ ~¢ =¢(¢, Q)
such that ¢ is a solution of the equation D;[¢]=0 if and
only if ¢ satisfies the equation D, [¢]=0.

The equation

(O+R/6) 9=0 (A.12)

for a scalar massless field ¢ is conformally invariant,
and @ =2'¢. Note that from Eqs. (A.8) and (A.11)

O¢ =922 (Clp— 203+ 50); Rp=03 (R—634-120) ,

and therefore
e+ Rep/6 =23 (15-+Rp/6).

Maxwell’s equations and the equations of the Yang-
Mills field are conformally invariant. The conformal
invariance of the Maxwell equations

Fruy, =0, FI5=0 (A.13)

can be directly established if one sets Eu =A, A or,
equivalently, F,,=F,,. The first of Eqs. (A.13) under
this transformation remains unchanged, and the second
can be written in the form

FI% = ()1 20 v(g" P Y —g Fap) =0.

The invariance of this equation under conformal trans-
formation follows from the equation g “%g"8V-72

=ghog"-g.

The conformal invariance of the Yang-Mills equa-
tions is verified similarly by setting AF=Ag.

Conformal Transformations of Spinor Quantities.
Assuming that the Infeld-van der Waerden symbols 04
which realize the isomorphism between the Minkowski
space and the space of two-index Hermitian spinors do
not change under the conformal transformation, the
equation

gV —gh gV gABgAB
AA BB

yields
(A.14)

“AB _ o-1oAB © -
g1 =015, EAB—Q?‘AB'

The spinor covariant derivative v i=04 AV in the
space (M,g) is related as follows to the spinor covari-
ant derivative V,; in the space (M,g):

¥ PPy f0B..._r TDD

AA BB AA BB ., .BA AB . (A-ls)
~E TDD +EAI‘ T"D e 0T r”"
FA BE . A AF BB.
where
. =01y .
Ea=ay 20, (A.186)

The equation of a massless field of spin s in spinor
form is

VAM.QA; e =0, (A-17)
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where ¢, .. i is a symmetric spinor. Using the rela-
tion (A.15 3 we can readily verify that if the field

® 4,000 455 UNAer the conformal transformation (A.3)
transforms in accordance with the 1aw @ 4 ... 40

=070 4 ueen,e then Eq. (A.17) is conformally invariant.

APPENDIX 3

Calculation of asymptotic invariants

We calculate the asymptotic invariants in the case of
a scalar massless field whose action is g1ven by Eq.
(70). For this, we first of all express T b= AL s
where T,, has the form (71), in terms of qp '@ and
g:

(A.18)'

j":u\.' (‘5- E) =0T,y (= 9@ + B= Q'*!é‘)_
Note that
g'zs’uvﬂ'aa']'. af, ﬂ:-éu'v [Q-g‘g'xﬂgugﬂ@u
2075995, 4005+ 58, uih. o (A.19)
VVotp = WVplad -+ §0pVaQ + 200 VER +-2V5Val
£26,0050/0 L 7,5 (125072 - VAa%n ). (A.20)

Therefore, for f‘u,(q?,é) in the region where R, =0,

Ty (@ B)= 2o+ 1) [0, Q72+ Q12,G, G-+ QIDG, uF
b, u o] — (1 4202 By 052+ 2071285 Q5
+8%P, b, o129 (Vu¥hG + Oun+2 QTG

42 (/T4 2 (QuR/ Q) §— By (7 + 2, THF /1. (A.21)
The asymptotic invariants
PlE]= S FyedgY (A.22)

g

can be conveniently calculated in the Bondi conformal
coordinates (#,7,x%,%%). In these coordinates =% and
in the limit # -0 (on the surface g) we have (see Secs. 4
and 5)

a) 602639 =0;

b) EGBQQQN‘Q:O;

¢ QuEt=f=y;

d) 9'1?1'926;5“’:;;\;2_

(A.23)

Since dZ* in the integral (A.22) is equal to 3*°Q dudo
(do is the element of surface area on the unit sphere),
with allowance for (A.23) we obtain

P[i]= Sdudri [Cax+1) Guq _"0“1; —_r.cq (Aq -|-V"Q‘=="VuV t )]

d
where A = lim[Q"V*Q£'V YV Q).
™0

We now show that A vanishes ond. For this we note
that Eq. (36) on § enables us to write

FHOTVOT,E,/Q = (Q.5%/Q) £70,Q,/Q =0,

Therefore
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A=VHQT, (£'2,)2 = V0T, (£'Q,/Q) = 4, (;8) =0.

Using Eq. (A.23a), we can transform the expression
VEQEYV, Vvg to the form £V, (Q, V4 Q) = £%8v0 g, If, as
usual, we denote the image of the function ¢ on g by &:
®=¢|4, we finally obtain

(A.24)

PlEl= 5 dudo [(2a+ 1) B, DE0,0-+ 2ahE#d,d, b,

g

APPENDIX 4

Generating functional for the S matrix

We here derive the expression (122) for the generat-
ing functional of the S matrix. Alongside the functional
A(a*,a) corresponding to the operator A it is convenient
to use the functional A (a*, a) =A(a*, a)exp(a*a).

If the vector ¥ =A®, then the corresponding function-
al representations are related as follows:

w{ﬂ.,=53{,,-, b) @ (%) exp (— b*b) Db*Db.

Therefore, the element of the S matrix is equal to

SBuv o By @ s = ) 510, B)CXD(—Eb— %) ap, -..
Xb%, ... b5 Db*Db Da* Da
m

= (6"ipy - Bip,) (™813, ... 6% ) exp [ (], )] |;mg »
j=0

where

exp [iw (j, m]:j S (a*, b) exp (—b*b—a*a—+ ja j*b*) Da*DaDb*Db,

The last expression can be calculated using the formula

[ exp (=, aPv2tiq, P D D1 = (et At Viexp (g, a-tr2)

where F = (f+), ¢ =(51).
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