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In the framework of the quasipotential approach, a three-dimensional relativistic formalism is developed
for the interaction of two spin-1/2 particles. The Feynman matrix elements of one-boson exchange, which
are used as quasipotentials, and the quasipotential equations in the momentum representation are

transformed in such a way that they become a direct geometrical generalization of the corresponding
potentials and equations of nonrelativistic quantum mechanics. This similarity to the three-dimensional
formalism of quantum mechanics is also retained after the transition to the relativistic configuration

representation.

PACS numbers: 03.80.+r, 11.80.—m

INTRODUCTION

In the present review, we present a new mathematical
formalism for describing a system of two spin-} par-
ticles that is a relativistic generalization of the nonre-
lativistic formalism based on the Lippmann-Schwinger
equation, the Schriddinger equation, and the system of
partial-wave equations. Such a nonrelativistic formal-
ism is widely used to describe NN interactions at low
energies, bound states of the positronium type, and
composite models of particles, including the spectrum
of the recently discovered J/i) mesons. The Breit-Fer-
mi potentials, which contain relativistic terms of or-
der »?/c?, are usually taken as the potentials.

However, now that the new meson factories are op-
erating at intermediate energies at which relativistic
effects make an appreciable contribution to the NN in-
teraction, it is necessary to develop a formalism that
would enable one to treat the nucleon-nucleon interac-
tion in the relativistic region in a manner which ap-
proximates closely to the three-dimensional quantum-
mechanical formalism that has been so well developed
for low energies. Moreover, the intense development
of high energy physics and relativistic nuclear physics
makes it urgent to find a convenient and perspicuous
mathematical formalism for describing the interaction
of relativistic particles.

In the present review, taking the practically impor-
tant example of the interaction of two spin-% parti-
cles, we shall show that systematic use of Lobachevskii
geometry in the momentum representation makes it
possible to give a description in the framework of a
single three-dimensional formalism in which it is not
necessary to go over from three to four dimensions in
the relativistic region. In this formalism, the relativ-
istic expressions do not change their form from their
nonrelativistic analogs except in the geometrical nature
of the quantities they contain. In other words, we
shall show how the formalism of relativistic theory can
be cast into a form in which it appears as a direct geo-
metrical generalization of the formalism of quantum
mechanics.
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The main tools for describing the interaction of two
elementary particles are the equations for the scatter-
ing amplitude and the wave function of the system. In
quantum field theory, wide use is made of the covariant
Bethe-Salpeter equation. However, this equation,
which is based on the four-dimensional formalism, has
a number of shortcomings. The most serious is that
the wave function in them depends on two times.

To overcome this difficulty, Logunov and Tavkhelidze
proposed the quasipotential approach™? to the relativis-
tic problem of two bodies, In their approach, the wave
function of the system depends on one time variable, so
that it has a clear physical meaning and the ordinary
probability interpretation of quantum mechanies. The
quasipotential approach has been successfully used to
calculate relativistic corrections to the levels of the
hydrogen atom and positronium, and also to describe
scattering processes,?3!

The quasipotential equations for the relativistic scat-
tering amplitude and the wave function are written down
in the center-of-mass system of the two particles.

They have a three-dimensional form, and in the momen-
tum representation appear as relativistic generaliza-
tions of the Schridinger and Lippmann-Schwinger equa-
tions. By analogy with these equations, the quasipoten-
tial wave function and the scattering amplitude are de-
fined off the energy shell but, in contrast to the Bethe—
Salpeter equation, on the mass shell.

In Refs, 4 and 5, a different variant of the quasipo-
tential description was proposed for describing a sys-
tem of two bodies; it is based on the covariant Hamil-
tonian formulation of quantum field theory developed by
Kadyshevskil.[s] A distinctive feature of the Hamiltonian
approach is that all the integrations in the momentum
space are performed over the three-dimensional hyper-
boloid surface of the mass shell'’:

p—p =M (1)

1)We shall here use a system of units in which #=c=1, but
sometimes for convenience we will retain c.
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The total § matrix is determined by the Lagrangian
£(x) of the theory:

SsTexp[i S:e(x)dx].

We define the 7 matrix by the relation S=1+i{T. For it,
we obviously have the representation

B

E T,.—- - ST[Z () ... L (z)] dzy . . . dz,
=1 Tb—I
o ‘_>"‘_, it Sﬁ(a:‘:-—.t‘g) e B(@ L —2) L (7)) ... £ (za)dz, ... dz,

n={

In accordance with Ref. 6, in the last expression the 6
function can be given a completely covariant form by in-
troducing a unit timelike vector A: A*=11,>0. Indeed,
in the timelike direction 8(x, - ¥,) =8(A(x - ¥)), and for
‘spacelike intervals, for which (x —¥)?*<0, the @ function
does not contribute by virtue of the condition of local
commutativity: [£(x), £(»)]=0 if (v -v)2<0.

The covariant 6 function can be represented as a
Fourier integralt®l:
0 ()= (12ni) | dvesplit(Aa))i(x—ie).
Going over to the momentum representation
Z(p)= Sexp(—ipx)z(z) dz,

we obtain

- 3 dty
Tu= (”1)“' j Jw’)'r ie

x B (vry—hrg) =22 . S F (Ary).

B’ Ty —

This last equation can be regarded as the result of
iteration of some linear integral equationf®!?

R()=Z (1) + 52 g Z pr—r)—E_ R (W)

under the condition
Te= Y To=R(0).
n={

The integral equation we have obtained leads to a
spurion diagram technique which differs from the Feyn-
man technique in that all particle momenta, even those
corresponding to internal lines, are on the mass shell

(1).

The equation for the scattering amplitude of two fer-
mions is represented graphically as follows:

ol

7, At
v {7
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The continuous lines correspond to fermions. The
dashed lines correspond to spurions, which carry an
additional momentum. The collection of irreducible
diagrams corresponding to the square is called the
quasipotential,

In the center-of-mass system, the equations for the
wave function and the scattering amplitude describing
the interaction of two spin-4 particles in the mo-
mentum space has the simple form®!

Ep (Ep_Eq) ‘Pq (p)ﬂnﬂs

1 1 ( 193
=Tl Z ]i“{‘j koVuu::: (py ki Eq) ¥y (k)o;o‘,§ (2)
0o,
Toi (b, a)=Veis: (b, @ Eo)
1 1 Vclu. (p. ki Ep) Tu u" (k q)
+lﬁ-T)3“:>:;'”TW ank Ey (E;.—Eq—la) ' ®3)
12

where V(p,k; E,), the quasipotential,. depends in the
general case on the energy 2E =2V q!+M2 of the sys-
tem, and the volume element

dQ = dk;/V TZ KA (4)

is an invariant measure on the hyperboloid (1). If the
quasipotential is real, then on the energy shell E =E,
=E_ the relativistic scattermg amplitude in the Kady-
shevskn quasipotential approach, as in the Logunov-
Tavkhelidze approach, satisfies the relativistic two-
particle unitarity condition:

Im Tolo? (p, @) =gy (w V(B —M)/E;

X z jdwkTa.o?'(P- k) To;u; (k, q); (5)
o1%

d(r.'lh = sin Bk dﬁ), dq!k

and is related to the elastic differential cross section by

niﬂ'z
da _ I Tayo, (s ) * |
dw 0105070} - G41%s ' (6)

s=(pr+ pa)* = 4E3.

Our aim is, on the basis of the quasipotential equa-
tions (2) and (3), to construct a three-dimensional for-
malism for spin- particles similar to the one pro-
posed for the spinless case in Refs. 7 and 8.

1. RELATIVISTIC INTERACTION POTENTIALS OF
TWO FERMIONS IN THE MOMENTUM
REPRESENTATION

In Egs. (2) and (3), we take the Feynman matrix ele-
ments corresponding to one-boson exchange as quasi-
potentials. This approximation, which is called the
one-boson exchange model, is widely used in elemen-
tary particle physics, especially to describe the NN in-
teraction. In the nonrelativistic limit, these matrix
elements go over into the well known potentials of
quantum mechanics, and they are therefore called the
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relativistic potentials of one-boson exchange (OBEP).[°?
However the relativistic OBEP’s bear little resem-
blance to the ordinary potentials of quantum mechanics
in the form in which they are given in four-dimensional
quantum field theory.

We shall show below that the use of Lobachevskil geo-
metry makes it possible to go over to a three-dimen-
sional expression of the relativistic OBEP’s, in which
~ they have the form of a direct geometrical generaliza-
tion of the corresponding potentials of quantum mech-
anics taken in the momentum representation.™®! The
spin of particles will be described, not in the language
of the Dirac y matrices, but by means of the Pauli ¢
matricies. To clarify the meaning of the quantities we
use, we give some results on Lobachevskil geometry.

Lobachevsk i; space

As we have already said in the Introduction, the mo-
menta of all particles in the quasipotential equations (2)
and (3) are on the mass shell, i.e., their components
are related by Eq. (1). Equation (1) defines in momen-
tum space a three-surface whose geometry is not Eu-
clidean but Lobachevskian. As coordinates on the sur-
face (1), we choose the components of the momentum
vector p. These are the Cartesian coordinates on the
hyperplane p,=0 onto which the hyperboloid is mapped
as a result of projection from the point («,0). Our
model of Lobachevskil space will now be the complete
three-dimensional p space with metric

o M2dp*=[pxdp]*
e MEp*

=gu (p)dp' dp’. (M

- In the nonrelativistic limit ¢ =, the curvature of the
hyperboloid tends to zero, and Lobachevskil space goes
over into the three-dimensional Euclidean momentum
space. At the same time,

dOy = dk/V 1 F KIM? — dk; ds® — dp?.

The group of motions of the Lobachevskii space real-
ized on the hyperboloid (1) is the Lorentz group. The
pure Lorentz transformations A, (boosts), i.e., such
that A (M,0)=(p°,p),

Aj'k=k(—)p=k—(p/M)ko—k-p/(M + po)] = 4; (8)
(AR) = (k (—) p)° = (k°p*—k-p)/M =V M* + (k (—) p)E=A", (9)

go over in the nonrelativistic limit into the translation
transformation in flat Euclidean space: k(-)p-—k-p.

By analogy with (8), we define the vector k (+)p=AK,
which in the nonrelativistic limit gives k+p. In spher-
ical coordinates

Po=Mchyp; p=Mshy,ng np=p/|p; } (10)
ko= M chyp; k=M shoyng; ng=k/[k|

Eq. (9) takes the form of the cosine theorem for a com-
posite angle in Lobachevskii trigonometry:
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chgpn =V 1T+ (& (=) p)F/M2=chy,ch x,.—-sli %p S YNy Ny, (11)

The vector k(~)p can be regarded as a relativistic geo-
metrical generalization of the momentum-transfer vec-
tor k—p. By means of (8) and (9), we can readily veri-
fy that the square of the momentum-transfer four-vec—
tor can be expressed in terms of the vector A =k(=)p
as follows'™:

t = (k— p)* =2M*—2pk = 2M=— 20 | ME + (k(—) p)*. (12)

In the velocity space, which is a Lobachevskii
space,?31 an important role is played by the concept
of the half-velocity of a particle, proposed in Ref. 14.

In Ref, 10, one of the present authors proposed the anal-
ogous half-momentum of a particle m,=(m), 7,) =M(chx,/
2,n,shy,/2) and momentum half-transfer %, which is
expressed in terms of the momentum transfer in Lob-
achevskii space

Ao=M chya; A=Mshyang; g —=A]A| (13)
as follows:

%= M chya/2 =MV (A, + M)2M;

SNy (14)
w=Mny shya2 =AYV M2 (A + M)

Equation (12) in terms of the momentum half-transfer
vector ® takes the “absolute” form

b= (k— p)® — —4n2, (15)

since in the nonrelativistic limit, when 7 -7 g =p/2,
and % ~% =(k—-p)/2, it goes over into the nonrelativist-
ic relation

tes(k—p)?= —4n*— — (k—p)* = —dng

without changing its form. In what follows, it will be
shown that if precisely these quantities, the half-mo-
mentum and momentum half-transfer [rather than
A=k(-)pl, are used, the relativistic expressions can
be transformed to “absolute” form. The reason for this
is as follows. The relativistic energy of a particle does
not go over directly into the energy of a nonrelativistic
particle, since it contains not only the kinetic energy
but also the rest energy Mc?:

Po=V PPt A% e s M+ P2(2M) = M + 23V .
=«
The exact expression for the energy of a relativistic
particle in terms of the half-momentum has the same
form:

Po=V P+ ME=M 4 23 /M. (16)

For the momentum transfer there is a similar expres-
sion:

Ag=VRELME =M+ 20 M. (117)
Thus, since the rest mass is not included in the energy
of a particle in the nonrelativistic theory, one can gen-
eralize geometrically only the kinetic part Wy =p,-M

=2m2/M of the energy. And it is this role that the half-
momentum 7, of the particle serves.
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Absolute form of relativistic one-boson
exchange amplitudes

We shall show here how the relativistic one-boson ex-
‘change amplitudes can be expressed in terms of ele-
ments of Lobachevskii space. We shall consider here
the basic forms of interaction and, taking them as ex-
amples, demonstrate the transition to the construction
of spin structures by means of vectors belonging to
Lobachevskii space. We shall subsequently need the ex-
pressions to find the form of the relativistic OBEP’s in
coordinate space.

Exchange of Pseudoscalar Meson. In the second ap-
proximation in the coupling constant, the relativistic
fermion-fermion scattering amplitude corresponding to
the exchange of a pseudoscalar meson is given by the
expression

2 1% () 'vsu ’tkq) i "*(p) yeu 2“‘2] (18)

(PiO1; Pa0y | THS | kyols koop)=—¢f = (Pr—He)*

In (18), we go over to bispinors defined in the rest
frames of the particles. The four-dimensional trans-
formation matrices of the bispinors u°(p)=5,4°(0),%
corresponding to boosts are parametrized by the parti-
cle half-velocity w=n,tanh x,/2:

Sp=V{po -+ M)IZM(1 + @ p/(py + M)) = chy,/2 4+ @-1, sh 102 (19)

where @ =y% and p,=M coshy,.

The boosts A, do not form a group. Their product is
not in general a boost by the resultant vector but con-
tains an additional rotation V(A,,k) describing Thomas
precession of the spin (Wigner rotation):

S53'Su=Sa;} (0 1) ®@ DVEV-1(A,, ). (20)

Since the matrix y, commutes with the matrices a, we
obtain, using (20), the parametrization (18) in terms of
the vectors A=k(~)p=(A;'k). As a result and with al-
lowance for (17), the expression (18) is transformed to

2)n the standard representation in which
1 0y  (0¢
"":(0 —1) =(e0):
the bispinor in the rest frame has the form
—
u® (0)=V'2M (3 )
In the spinor representation with

BH R
‘f"= 0 gt o )
ot 0 ¥

the spinor has the form
u® (0) ;:]/-.11 (ET)

(§p are two-component Pauli spinors normalized by the con-
dition £%£9" =63°).
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(O1k1)g g, , (Gaﬁz)gggm
net-duf

22% (pg) 3" (ky) 2% (py) w5t (kep)
pE—(py—ky)*

=S
%1%

X Daloe; (V- (Aps k)} To2ar (T (Ap k). (21)

where (0%),, ,, ;‘1(0'1(.)5"2 5

As can be seen from (21), after separation of the Wig-
ner rotation™3]

PR, B M e b M)k ) 22
= V' E(ko+- A1) (po- M) (rgpo—k-p— 217} ' (22)
which has a kinematic origin, the remaining part of the
amplitude

4 (“I*I)g‘lulp (“2“2)‘7:«”,

pE g @s)

(P101; PaO2 | T | klaip; kEOZp) =gt

depends on the vectors A =k(-)p or, which is the same
thing, on the half-transfer vectors % and is local in
Lobachevskil space.!°? Note that in the description of
the NN interaction one usually uses the one-boson ex-
change potential, which is obtained from (18) by going
to the nonrelativistic limit®%;

Kk s (03A48) (02400 2 4o ynE) (Takop) 24
VL (p, k)= g—L—!lH”E e (24)

where A, p =2%,, =k, -p,.

It is readily seen that the relativistic expression (23)
obtained from the Feynman matrix element (18) is a
direct geometrical generalization of the nonrelativistic
potential (24) expressed by means of the vector n.
The expression (23) has an “absolute” form, and the
only difference from (24) resides in the geometrical
nature of the vectors % and ®;. The relativistic ex-
pression (23) can be obtained from (24) by replacing the
vector ¢ by its analog % (14) in Lobachevskii space.

The Wigner rotation occurs in (21) in connection with
the following fact. As follows from the law of trans-
formation of the state vectors

U (A |k, o) = ;:'-”1‘353 {1 (Ap )} [k (—)p, @),

the matrices describing the rotation of the spin under
Lorentz transformations depend on the momentum of
the state itself. As a result, they are different for the
spin indices in the bra and ket part of the matrix ele-
ment of the T3? amplitude (18). In the terminology used
by Cheshkov and Shirokov 7 each spin index “sits” on
its own momentum. The Wigner rotation in (21) puts
them onto the single momentum p, as a result of which
they transform in accordance with the little group of
this single vector under Lorentz transformations. The
Wigner rotation derives from the relativistic spin
kinematics. It must appear in (21) because the projec-
tions of the spins onto the Z axis in the definition of the
state vectors |k, o) are specified in the rest frames of
the particles. And with each of the momenta one can in
general associate corresponding coordinate systems,
whose axes need not coincide. It is the Wigner rotation
which makes the axes coincide.!"?

From the point of view of Lobachevskii geometi'y, the
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Wigner rotation has a perspicuous meaning. It de-
scribes rotation through the angle between the old direc-
tion of the spin and the new one obtained as a result of
parallel transport of the spin vector in the Lobachevskii
space (as a space of negative curvature) around the
triangle formed by the vectors p, k, and A.[**] In the
nonrelativistic limit, there is no Wigner rotation:
V(A k) =1; v*/c*~w,

Exchange of a Vector Meson or Photon. The Born
approximation for the scattering amplitude in this case
is given by

(P01 Pa0: | T | Kkyoy; ko))

— 2 BT () ™ (k)% (py) yu”? (ko)
i W= ()

(25)

As before, we go over in (25) from bispinors to two-
component spinors. Using (2) and the equation obtained
in Ref. 18:

S5'ySp = (AR v¥ = Yo [P* -+ 29" (VY (26)

where W* is the four-vector of the relativistic spin (the
Pauli- Lubaiiski vector) with components?!

W (p)==0-p 2; W(p)=Mo 2 p(o-p)[2(po+ M)I; ]

W (p) W (p) = — M3 (s + 1) = — M2 (1/2) (1.2 + 1), (27)

we obtain the following expression (Fig. 1) for (25) in
the center-of-mass system (%, =-%, =%):

{p; 00| T{%l | k; o/03) = 2 (p; 0,03 T%;)} k; TypTap)

1p92p
X Lo\ AV (g KPS (V7 (A KO (28)
where
(pi oy 0| TV K5 "lw"zp):g.g.’r[\g’ (k(—)p; p)Ert’sn;
T (k(—)p; p) =V (k(—)pi )= —aV [AV%(* - 4n?)]
2, [Oga) - (Gait) — (G- 0n) ®?] 2 8porg 1(0q—03) [px =]
—gid e —8VT = wE-ant
2 8  piui-L2pgg (p-x)— MY
—8v T T
2 8 (gy-p)(0s-%) (02-P) (Oa-2)
R E TEErs . (29)

The first term in (29) is the relativistic generalization

of the Yukawa potential; the second corresponds to ten-
sor forces and the spin-spin interaction; the third con-
tains the spin-orbit interaction; the fourth contributes

to the orbital motion. The last term in (29) can be de-

composed with respect to the spin structures:

(04p) (04) - (02p) (02) = (p%)* + [p X %]*
~8i 7% (px)? (04 = 02) [p X %] + 4 (ioy [p X %] + i0s [p 3 #])2,

from which it can be seen that it contains contributions
to the orbital motion and the spin-orbit interaction.

FIG. 1. Diagram of two-
fermion scattering in the
approximation of vector-

particle exchange.
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Now the Breit interaction potentials of two fermions
can be obtained®! from the Feynman matrix element
corresponding to exchange of a vector particle by going
over to the nonrelativistic limit or by using a Foldy-
Wouthuysen transformation. We give them for conven-
ience in the same gauge in which the photon propagator
in (25) is taken. Rewritten in terms of the nonrelativis-
tic momentum half-transfer % =(k - p)/2, they have the
form

4M? s & (Gg) (Oan) —(0407) “&

Vigeeit (=) p; p)=—g¥ P AnE —EVor [CTpE=
8 i(oy+ x 8 - #g)?
b g o

Comparing the expressions (29) and (30), we see that
the first three terms in (29) can be regarded as a direct
geometrical generalization of the nonrelativistic terms
in (30). An important difference between (29) and (30)
is that in the exact relativistic expression the spin-or-
bit interaction occurs with the factor pyx,/M2, which
contains a dependence on the energy. This means that
the contribution of the spin-orbit interaction increases
with increasing energy. In the nonrelativistic limit, the
factor po'x,g/M2 -1, The last term in (29), which is pro-
portional to 1/¢*, does not contribute to (30), where we
have retained only the terms of order 1/¢?.

Thus, the transition to the three-dimensional expres-
sions in terms of Lobachevskii space makes it possible
to represent the relativistic OBEP’s as direct geomet-
rical generalizations of the potentials of quantum mech-
anics. Note also that our use of Lobachevskii geometry
makes it possible to go over from the four-dimensional
description of spin by means of the Dirac ¥y matrices to
a three-dimensional description by means of the Pauli
a matrices. Let us consider this important point in
more detail.

The relativistic spin vector W*(p) (27) can be obtained
by a boost from its value in the rest frame:

W* (p) = (Ap)s W™ (0),

in which it has only three necessary components, for
example, for spin 3

Wo(0)=0; W (0)=2Ma/2.
Because the condition

pW" (p)=0 (31)

holds in any coordinate system, only three of its com-
ponents are independent. Taking into account these re-
lations and the definition of the momentum-transfer
vector k(-)p=(A;'k) in Lobachevskil space (8), we can
readily prove the important equation

(pP—k)W* (p)=Ma (k (—) p)/2, (32)

which establishes the equivalence of the four- and three-
dimensional descriptions.

Equation (32) enables us to establish the connection
between our three-dimensional parametrization and the
general method of parametrizing currents by means of
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the relativistic spin four-vector developed by Cheshkov
and Shirokov.™®! Thus, in accordance with Ref. 16, the
matrix element of a local current operator j(0) (scalar
or pseudoscalar) can be written as

(P o]j(0)|k; o

2 Ol (k" ()" | o) Doy (V- (Apy KD} fa (1), (33)

The invariant functions f,(¢) (form factors) are obtained
as coefficients in the expansion of the matrix element
with respect to the linearly independent scalars of the
rotation group—the scalar products {ku W*(p)}". Fora
scalar operator, the summation is over even »; for
pseudoscalar, over odd #. By virtue of (32) and with
allowance for (33), we can cast this expression into the
three-dimensional form

(p; o]7(0)|%; o

s 2s

- (2311-“* 3OS (o[ {iW (0) (k(—) p)}" o)
Op=-s n=0

X D 0 (V- (Ap, B} (1), (34)

in which the relativistic spin vector in the rest frame,
W(0), no longer has redundant components.

Thus, the three-dimensional formulation in Lobach-
evskii space plays the same role as the Foldy—Wouthuy-
sen transformation, namely, the elimination of the re-
dundant components of the spin vector in the description
of relativistic particles. But, in contrast to the Foldy-
Wouthuysen transformation, which is associated with an
expansion of the interaction terms in a series in powers
of v*/c*, our transformation is exact. The formulation
given here makes it possible to construct a three-di-
mensional relativistic formalism similar to that of
quantum mechanics and develop a phenomenological ap-
proach to the relativistic problem of NN interactions.
Indeed, the method we have described for constructing
three-dimensional relativistic potentials can now be re-
garded as a method of generalization to the relativistic
case of the phenomenological potentials of quantum
mechanics taken in the momentum representation. As
can be seen from the examples considered above, for
such a generalization we need to express the nonrela-
tivistic potentials in momentum space in terms of half
momenta. The relativistic expressions are obtained by
replacing %, = (k- p)/2 by %= yM/[2(&,+M)](k(-)p)
and adding the kinematic Wigner rotation. Below, for
the example of the NN interaction, we demonstrate the
method of constructing spin structures by means of a
triplet of vectors in Lobachevskii space.

Construction of AV spin structures in Lobachevski? space

To describe the scattering of two spin-3 particles
one constructs five independent invariant spin struc-
tures by means of bispinors and y matrices:

Ra= (e (p) Tax (K)) (& (—p) Tate (— K)); }

35
Ta=(T, Y5, Vus Tu¥s) (Vv — 1¥u)/2). ( )
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In the general case, i.e., not restricting ourselves to
the OBEP approximation, the quasipotential V(p,k; E,)
in Eq. (2) is decomposed with respect to the spin struc-
tures (35). Repeating the arguments used to express
(21) and (25) in terms of elements of Lobachevskii space
[(23) and (29)], and using also Egs. (26) and (27), we

can cast the structures (35) into three-dimensional form
once we have separated the Wigner rotation. However,
in a phenomenological description it is convenient to
avoid the four-dimensional formalism and from the very
start use the three-dimensional analogy with the formal-
ism of quantum mechanics. For this, we construct a
triplet of independent vectors in Lobachevskii space
and, by means of them, the requisite number of spin
structures.

We recall that usually, off the energy shell (p?#k?),
these spin structures are constructed by means of a
triplet of orthogonal vectorsfs!;

I=(k+p)/Ny; n=[kxp}/Ny;

m= [l x n)/Np,. (36)
On the energy shell, they go over into the ordinary
basis vectors
I=(k+p)/N; n=[kxpl/Ny;
m = (k—p)/Num. (37)

Lobachevskii space has constant negative curvature.
This has the consequence that, in contrast to nonrela-
tivistic theory in which the vectors 1 and m are ortho-
gonal, (k+p)+(k—p)=0, on the energy shell, the vec-
tors A,=k(+)p and A_=k(~)p are not orthogonal in the
sense of the ordinary scalar product:

As-A_=(k(+)p)(k(—)P) hemp: = — [k X pJ2/212,

But, as vectors in Lobachevskii space, they are ortho-
gonal in the sense of the scalar product in Lobachevskil
space. It is readily verified that if the metric tensor
in (7) is used then

A CA=k(+)p) gun(k(—)p*=0.

Since the quasipotential equation is written down off
the energy shell, we need a triplet of orthogonal vec-
tors off the energy shell. We now show that if the kine-
matic Wigner rotation is separated from the quasipoten-
tial, i.e., if we go over to a parametrization of the form
(28), then the requirement of a definite T parity of the
spin structures leads to a unique determination of these
structures.

For this, we represent the quasipotential V(p, k; E) in
(2) and (3) in the form
VP ks Eq)= XV, (k (=) Py B3 E9) O (b, k) 0F (b, )
x 2211 (Ap, K)} TV (A, K)), (38)
where V ,(k(-)p,p; E,) are invariant functions; Q{/)(p,k)

are the required spin structures, For a T-invariant
amplitude or quasipotential we must have

T (P, k)= (Uit Uzt T (—k, —) UnrUsr)"; } (39)
Up=a (o) |a|=1,
N. B. Skachkov and I. L. Solovtsov 6



where U, is a unitary operator on the spinor space of
particle i. Remembering that V(A _, —p)=V(A,, k), we
obtain from (38) and (39) the condition of T invariance
for the spin structures:

Q(p. k)= B2V (A, K)}
X [UF'Q (—k, —p) Ul" [ (V-1 (A, KT, (40)

which differs from the nonrelativistic condition only by
the presence of the Wigner rotations.

We have at our disposal the two vectors p and k. The
Wigner rotation takes place in the plane passing through
these two vectors and around the vector n=[k X p]/N,,.
Since this rotation does not change the vector n, the
spin structure (¢ +n) has positive T parity.

The remaining two unit vectors must lie in the plane
formed by the vectors p and k. We require that the
structure (¢ -m), where we write m in the form
(k+xp)/|k+xp|, have negative T parity. In accordance
with (40), this means

o (k + zp) = ZHV (Ap k) oo (—p—zk) 2P (V1 (AL K)),  (41)
whence with allowance for the explicit expression (22)
for the D function we can readily determine the re-
quired factor x(p,, ko, P+ K):

2= — (ky— ke p/(Bo + M)A

The vector k+xp which we have obtained is none other
than the momentum-transfer vector in Lobachevskii
space already introduced: A& =k(-)p(8). Thus,

m=(k(—)p)/k(—=)p| (42)

Similarly, we can find the vector 1. However, it is
simpler to take 1 in the form

I=[nxm], (43)

and verify the T parity of (0l). For this, we use the
relation (¢1) = —ilo -n)(o - m). Placing it between two
functions and using (41), we readily establish that the
condition of positive T parity is satisfied with the 1 vec-
tor (43).

It is now easy to write down a general parametriza-
tion of the P- and Einvariant scattering amplitude of
two fermions off the energy shell:

T (p, k) ={Vi+ V(60 + 0,0) 4V (0,n) (02n) 4+ V, (04]) (001)
+ V5 (04m) (0.m) - Vi [(04]) (02m) +(04m) (021)]} i
X LRV (Ap, W) LY V7 (Ag, W)} (44)

The function V,(p,, k,, p*k) is odd under transposition of
the momenta p and k. On the energy shell, when p,=Fk,,
the sixth term in (44) vanishes: V(p,, ko, k)

= —Vy(kys Po, Do) =0.

The advantages of the spin structures introduced for
parametrizing the relativistic amplitudes given by quan-
tum field theory come out most clearly in the example
of the y, interaction; for in accordance with (21) the
amplitude T§(p,k) contains only the single spin struc-
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FIG. 2. Diagram of pion
exchange for the process
THEp —=prip.

ture (0,m)(0,m), whereas three constructions™! corre-
sponding to the fourth, fifth, and sixth terms in (44)
oceur if the ordinary triplet 1, m;, and n, of unit vec-
tors is used.

We demonstrate the convenience of parametrizing the
amplitudes in terms of elements of Lobachevskil space
for one further example involving particles of different
spins. We consider the interaction of pseudoscalar,
spinor, and vector particles®® ! 7*+p—p*+p. The
amplitude of such a process in the pion-exchange ap-
proximation (Fig. 2) has the following form in the nor-
malization adopted in Ref. 22:

g Pigfonn EG'( ) -"ua[ )
' pY= P P) v (p
(p- P ()8 pEi—(p—p)?

et (A, q') qu,

where e* (1, q’) is the polarization four-vector of the
vector meson. The polarization index A takes the values
-1, 0, 1. In accordance with Ref. 21, the four-dimen-
sional scalar product e*(X,q’)g, can be reduced to a
three-dimensional scalar product as follows:

el (b, q) g = € (A, 0) (AZ)Y gu=e (%, 0)-Aq,

where we have chosen e%(x,0)=0. Using the method set
forth above, we can also readily transform @°’ (p’)y*u°(p)
to three-dimensional form. As a result of separation of
the Wigner rotation, we obtain a simple three-dimen-
sional parametrization of the amplitude of this pro-
cess®

- ; 2igfonn [0 X %p)
e (p, p') = T _H_}l?,-f-ﬁ’m?.

e(h, 0):-Ag

It is interesting to note that the momentum half-transfer
%, corresponds to spinor particles, i.e., fermions. The
momentum transfer A corresponds to bosons.

Local form of the quasipotential equation

As we have established above, once the kinematic
Wigner rotation has been separated out, the remaining
part of the quasipotential

(2)01p9: (2)01p03

Vog," T(k(—)pip)=Tap," "(k(—=)p; P

is local in the Lobachevskil space. The spin indices of
this part “sit” on a single momentum. Note that on the
left-hand side of Eq. (2) the spin indices of the wave
function ¥ (p)o,o, sit on the momentum p, while on the
right- and 51de m v (k), v they sit on k. We now “re-
seat” the spin indices of v k) on p as well. This trans-
formation has the form

W, (k) a,FU2,,_ b géi“ui

V- (A K} 00 (V7 (A k) Wa (K)o
(45)

N. B. Skachkov and I. L. Solovtsov 7



Since the D functions needed for this operation are al-
ready contained in the quasipotential (38), they do this
job automatically. As a result, we arrive at an equa-
tion for the wave function in which all the spin indices
sit on the single momentum p:

Ep(Ep—Eq) ¥, (Ploo,

s 7k @3k 1,91p%2p
= e 2 S.E_,.-V"lz k(—)pm E

91p%2p

o ¥ (Ko, 050 (46)

With this form of the quasipotential equation, the inter-
action is described by a quasipotential V(k(-)p;p, E,)
which is local in Lobachevskii space, and the right-hand
side of (46) is a contraction in Lobachevskil space. The
naturalness of going over to this form of the equation
becomes obvious when it is solved perturbatively; for

if we use perturbation theory to solve the equation for
the wave function describing the scattering of two par-
ticles®™:

3 L —
¥, (p)u,u,=‘%“—‘a(p—k)v p2+xwza,ieo,

Vu 0, (P- k; Eg) ‘F (k) (47)

_1 i Z‘l
E £ Eq—ie) |-‘h)3 ojog?
glbp q

then when ¥ (k). 104 00 the right-hand side of (47) is re-
placed in the first 2approxunat1on by the expression

(2 /M(p - KWVpP + M ®¢448,4/ M, which describes free
motion, the spin indices o"o:r2 sitting on the momentum p
must be reseated on k. But if we work with the equa-
tions in the form (46), there is no need for this addi-
tional operation since it is already taken into account by
the transformation (45). Clearly, in the equation for the
relativistic scattering amplitude (3), by virtue of the
unitarity of the matrix D*/2{V-(A,,k)}, one can also re-
seat similarly all the spin indices on a single momen-
tum, for example, p.

In order to achieve complete analogy with the nonrela-
tivistic Lipmann-Schwinger equation, we go over to a
Green’s function linear in E,. For this, following Ref.

7, we define a new amplitude A"i"z off the energy shell
in the following manner:

Agia: (b. @) = Teio: (p. 0)/ (82 V TE, ), (48)

and introduce the quasipotential

Vo ' =(p. k; Ep)= —V°lo (p. k; Eo)/(2M VAE,E,). (49)

Equations (2) and (3) in terms of the new quantities take
the form
Ao 10q (Pa‘l)'" “"H V 1 ! (Pv qQ )

1 a9y
+(..’_n5-7‘ 2 J Vﬂu‘[s., (p, k; £o) "Eq—"Ek—LaaA”" (k, q);

o
o702

(50)

(26, —2E ) Yo(Po,o 3 { Totat (p. ki Eq) ¥, (K)oz03 A%

,—(;1,3...
ajay

(51)

and formally are a direct geometrical generalization
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of the Lipmann-Schwinger and Schréddinger equations
for particles with spin. We take (50) and (51) as the
basic equations for the unknown scattering amplitude
A"iu‘;z and wave function ¥, , . We shall assume that
the quasipotential Vg'xl;’z(p,k E ) is given and, on the
energy shell E,=E, -E is related to the quasipotential
Vei®s(p, k; Eq), i.e., the set of Feynman matrix ele-

010y
ments, by

Voto: (0 ks Eq) = —Vaiot (p, k; E)/(4MEq). (52)

In order to preserve the locality of the quasipotential in
the Lobachevskii momentum space off the energy shell
as well, we define its off-energy-shell extension by
means of (52) and not (49). Thus, in the second order
in the coupling constant the term V(p,k; E,) in (52) dif-
fers from V(p, k; E ) defined by Egs. (18) and (25) only
by the factor —1/(4ME ). The quasipotential equations
(2) and (3) after reseating of all the spin indices on a
single momentum and transformation to the form (50)
and (51) appear as the direct geometrical generaliza-
tion of the analogous nonrelativistic equations. The
quasipotentials in them are defined in accordance with
Egs. (52), (23), and (29) and have the form of geomet-
rical generalizations of their nonrelativistic analogs
(24) and (30).

2. RELATIVISTIC POTENTIALS IN COORDINATE
SPACE

In this section, we shall find the form of the relativ-
istic potentials (23) and (29) in the relativistic configur-
ation representation. The relativistic configuration
representation was introduced earlier in Ref. 7. 1t is
well known that the transition to the ordinary coordinate
space is made by means of a Fourier transformation,
i.e., an expansion with respect to the functions exp(iq-r)
that realize unitary irreducible representations of the
Galileo group. In the relativistic region, the momentum
space is no longer Euclidean but rather the Lobach-
evskii space realized on the upper sheet of the hyper-
boloid (1). The group of motions of Lobachevskil space
is the Lorentz group. Therefore, if the quasipotentials
(23) and (29), which are local in Lobachevskil space,
are associated with local expressions in the configura-
tion representation, the transition to it must be made
by means of expansions on the group of motions of
Lobachevskii space—the Lorentz group.

An expansion with respect to unitary irreducible re-
presentations of the Lorentz group has already been
used in the theory of elementary particles in Refs. 23
and 24. However, in all these cases the group param-
eter, which in our approach plays the role of relative
coordinate, was not interpreted as a relativistic gen-
eralization of the modulus of a radius vector. This
prevented the authors of Refs. 23 and 24 from inter-
preting the expansion on the Lorentz group as a rela-
tivistic generalization of the Fourier transformation to
the coordinate representation. We give briefly the
main results concerning the relativistic configuration
representation needed in the subsequent constructions.

N. B. Skachkov and I. L. Solovtsov 8



Relativistic configuration representation

Mathematically, the formalism of harmonic analysis
on the Lorentz group is well known. In Refs. 7 and 8,
this formalism is used in the form given it in Refs, 23
and 24.

A complete and orthogonal system of functions on the
hyperboloid (1) was introduced in Ref. 23:
N E{(n: n,r) = [(po—pem): =1, (53)
po=F p*+M*% n=(sintcos g, sinBsinq, cosf); n>=1.

The completeness and orthogonality relations for the
functions (53) are given in the Appendix. The functions
£(p,n, ») realize infinite-dimensional, unitary, irre-
ducible representations of the Lorentz group, and the
parameter » in (53) is related to the eigenvalues of the
Lorentz-group Casimir operator C, =M  M*¥/4 (M
are the generators of the Lorentz group) by

Coi(pynry= (j;-._.‘—rz)';'(p; nr), 0<r<co. (54)

In Ref. 7, it was suggested that the parameter » should
be regarded as the relativistic generalization of a rela-
tive coordinate; for in the nonrelativistic limit, in
which the Lobachevskil space goes over into Euclidean
space:

2(p; n. r)—exp (ip-r), (55)

the Lorentz-group Casimir operator CL goes over into
the Casimir operator és of the group of motions of
Euclidean space:

o (i) =6 (56)
Note that ordinary plane waves exp(ip-r) realize unitary
irreducible representations of the group of translations
of flat Euclidean space. On them, the square of the
nonrelativistic‘coordinate is an eigenvalue of the Casi-
mir operator C; of the Euclidean group:

L;Eexp (ip-r) =rexp(ip-r). (57)

Therefore, the relativistic generalization of the rela-
tive coordinate proposed in Ref. 7 preserves its group-
theoretical meaning.

In Ref. 7, it was shown that the operator of the free
Hamiltonian for the plane waves (53)

Hz(pin, r) = pE(pim, 1) (58)
is the differential-difference operator
Aom 1l () +-550 (-2)
i el ) (59)

IAIrE A ar

with a step proportional to the Compton wavelength 1/M
of the particle. In the nonrelativistic limit,

i &

i ar

()1
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and ﬁﬂ goes over into the free Hamiltonian of the Schri-
dinger equation. Similarly, in Ref. 27 a2 momentum
operator was found that satisfies the condition

Pz(p;m, r)=pE(p; n, 1). (60)

The explicit form of the operator Pis given in the Ap-
pendix.

In Refs. T and 8, the image of the meson propagator
1/(p?-t) in the new coordinate space was found:

V)
{ T Seore for pt<4M% a—arccos((u—2)12)204;  (61a)
= 1 cosrMb 2 . 2 ;
4ar shria for p*> 4% b= Arch ln —2‘”2)!2-’1{211 (Glb)

which can be regarded as a relativistic generalization
of the Yukawa potential. For p?<4M?, the expression
(61a) goes over into the ordinary Yukawa potential
exp(-pr)/4mr. For u=0, Eq. (61) is the image of the
propagator for exchange of a massless particle,

1/(p - k)?, and appears as the Coulomb potential modi-
fied at distances of the order of the Compton wave-
length:

Vo 1) = (eth rla)/dar. (62)

To conclude this section, we note some important
properties of the new relativistic coordinate. The first
is obvious—the modulus of the new relativistic coor-
dinate » is a relativistic invariant since it parametrizes
the eigenvalues of the invariant Casimir operator € L
of the Lorentz group [see (54)]. As a result, the images
of the meson propagators—the relativistic potentials
(61) and (62)—are also relativistically invariant quan-
tities.

Another important property of the relativistic coor-
dinate follows from its connection with the invariant
mean square radius of the system:

s 6 aF(h
(r")=l-'(n| ot ft=0" (63)

where F({) is the invariant form factor of the system.
It is well known that in the Breit coordinate system [in
which p ==k and t =(p - k)® =—¢* = —(p - k)?] the expres-
sion for the invariant mean square radius takes the
nonrelativistic form

6 aF (n 1

O ot =~y 0 hemo = FT [ (156) F O]

Br. syst

and is an eigenvalue of the Casimir operator 6,3 of the
group of motions of the three-dimensional Euclidean
momentum space. It was shown in Ref. 28 that the
group-theoretical meaning of eigenvalue of the Lorentz-
group Casimir operator can be given to the formal de-
finition of the invariant mean square radius of the sys-
tem (63):

o 6 akFin] __ 1 [f““f‘(l]]h:wt- (64)

VETFW TH = F
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‘The transformation to the relativistic coordinate Space
for the form factor F(f) has by virtue of the spherical
symmetry the form?®8]

sin ./ a
F(t)=4n S r:"; ;h: F(ryrtdr;

y=Arch (I —t/2M?)

and holds in any coordinate system (and not only in the
Breit system, as in the usual approach). It follows
from the last equation and from (64) and (54) that the
expression for the invariant mean square radius in
terms of the invariant distribution F() has the form

§ r2F (r)dr
S F(rydre °

§mrpmy P e

(Foar =t {85)

rH=

This equation, which relates the new coordinate # to the
radius of the system through (r2), will be important in
what follows in the discussion of the form of the rela-
tivistic tensor forces. It should be noted that in the
case when the distribution F(7) in the new coordinate
space is a function of constant sign, the new coordinate,
as follows from (65), describes only distances greater
than the Compton wavelength 1/M,

Relativistic spin-orbit interaction

Let us consider the part of the quasipotential (29) con-
taining the spin-orbit interaction:

4Po S-[px A],

Ver (8, )= —igh G0 st (66)

By means of the transformations with the functions (53)
in » space, we obtain!?®?

l"SL (I' P} ()-[J:] ‘u (S {" x vd.ff ]) ‘Y“k(r)l

where V. is the differential-difference operator re-
lated to the momentum operator by Vm,~zP.

We use the explicit form of the operator V,, (see the
Appendix) and represent (66) in the form

2 Ve (r, p)
5 1
m‘;a " sy 8 zl,n:[l exp (— 2""‘;‘”(5 L} Fyulr)- (67)

The orbital angular momentum operator L can be ex-
pressed in terms of the vector product of r and p in ac-
cordance with the formulaf?®’

L=(rxplesp(—ar=), (68)

which obviously goes over into the nonrelativistic ex-
pression.A However, the explicit expression for the
operator P in spherical coordinates (1) contains the
operations of differentiation with respect to the angular
variables in the usual manner, whereas the operation
of finite-difference differentiation affects only the mod-
ulus of » and does not occur in the expression (68) for
the operator L in spherical coordinates:
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B =i(sin¢p—a%~-{r-cosmt‘.tg6—a—) :

L,——l(—companrsm:pctgG )
L,=—i -% y
so that L,=-4,, , where A,  is the Laplacian on a
sphere. This remark makes it possible to use the non-
relativistic formalism in a partial-wave expansion,
making modifications only in the radial part.

In the nonrelativistic limit, the operator

m[ 1o (=257 5r) ]

goes over into the ordinary operator 8/8+ of differenti-
ation, and the potential (67) goes over into the potential
of the spin-orbit interaction of quantum mechanics:

Vi) ~ -2 (s-L).

It should be noted especially that in the relativistic
potential (67) there are no terms containing higher
orders of a singularity than occur in the Coulomb or
Yukawa potentials; for in the relativistic case the role
of differentiation is played by the finite-shift opera-
tions, as a result of which the potential acquires a
singularity at a complex point. The shift i§ made along
the imaginary axis with a step proportional to the
Compton wavelength of the particle. Therefore, in the
nonrelativistic limit these singularities are superim-
posed on the singularity at the origin of the potential it-
self. Thus, one can say that the semirelativistic de-
scription associated with expansion in powers of 12/c?
of the interaction terms leads to a merging of the
singularities, whereas use of a systematic relativistic
formalism removes this degeneracy.

Relativistic tensor forces

In the nonrelativistic meson theory of nuclear forces,
the tensor potential arises as the Fourier transform of
the expression (0,°q)(¢,-q)/(p? +9?), and it can be re-
presented as the result of application of the operator
(0,+V)(0, V) to the well known Yukawa potential:

(04 V) (02 W) 38 () = BEVRr) — 4369 ()] (0,-02)

e - L R (69)
where
S:_:I=3(ul.n) (0.-n) — (0,-0,); } (70)
Viukr) =exp (—pr)/énr.

In the relativistic case, the tensor forces arise from
considering the analogous part of the quasipotential in
the momentum space:

4oy w) {oan) _

(oy-A) (g2-4) 2N
pEfdun T e : (71)

—2IME-2MAg Ag— M °

After the transition to the » space with the functions
(53), we find that
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V () =garm (91 Vaser ) @2 Vaier ) (1—gapmgga) ruslr): (72)

Let us consider the case of the Yukawa potential (61a)
for p®<4M2, Performing the difference differentiation,
we obtain, as in the nonrelativistic case, scalar and
tensor parts!2®l;

V(r)=Vs(r) (0,-6.) -+ Vo (1) Sy, 4, (13)
where
Vs (1) =5 [ 1 Wrun(r) — 8o AL 6 @) (74)
and
i - n2 th rif
Ve )= 5 a4+ (1= 2) S
g 1 83— 2u2M2 (1—p2j4A=) —3/(2 ch ria) I Vyuk(r). (75)

= T—p2/4i=

The potential (73) with such Vg and V ,, goes over in the
nonrelativistic limit into the expression (69). We see
that the relativistic expression (74) contains a 6 function
of the argument 1/M 2++?2 instead of 5(v) in (69). As

we noted earlier [see (65)], it is the combination 1/M 2
+7? that measures the mean square radius of the sys-
tem in the relativistic case, and the center of the sys-
tem corresponds to the point X2=1/M2++2=0 in the
relativistic case, in complete analogy with the nonrela-
tivistic term &(#) in (69). As in the case of the spin—
orbit interaction, the potential ¥V, (75), in contrast to
the nonrelativistic expression (69), does not contain
singularities at the origin higher than the Yukawa poten-
tial (61) itself.

3. QUASIPOTENTIAL EQUATION FOR PARTICLES
WITH SPIN IN THE RELATIVISTIC CONFIGURATION
REPRESENTATION

In the quasipotential equation (2), the transition to
the configuration representation can be made by means
of two different sets of functions on the hyperboloid (1).
One of them consists of the functions (53), and the ex-
pansion itself, in the notation adopted in Ref. 7, i

W (r)= (2.‘)3 j %E(P; n, r) ¥ (p). (76)

The other complete set, which was obtained in Ref. 30
(see also Refs. 31 and 32), contains a dependence on the
spin variables. The difference between these two com-
plete sets of functions arises from the different laws of
transformation of spinless and spin wave functions.r¢?

However, if we work with the quasipotential equation
in the form (46), expansions with respect to the spinless
scalar plane waves (53) are sufficient; for in the covar-
iant formulation of the equation for the wave function

1/“": (V;_P == Vs_q) ¥y (P)u!m.

=a5 S 7r | @IS (=) i B ¥ 0o

5
%%

the Green’s function (vs,- Vs, - ¢8)™, which goes over
into (2E, - 2E,-ig)™ in the center-of-mass system [see
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(50) and (51)], is a scalar in the spin space, and the en-
tire dependence of the Hamiltonian on the spin is con-
centrated in the quasipotential.®’ Therefore, after all
the spin indices have been seated on the single momen-
tum p they transform in accordance with the little group
of this vector (the indices o, take the numerical values
+3), i.e., they undergo the same Wigner rotation un-
der Lorentz transformations. By virtue of the unitarity
of the matrix D'/3{V-'(A;,k)}, the Wigner rotations are
separated out on the left- and right-hand sides of Eqs.
(50) and (51) and do not change the form of the equations
or the potentials. Thus, for our purposes it is suffi-
cient to have a complete and orthogonal system of func-
tions in Lobachevskii space, and these are provided by
the spinless functions (53).

In what follows, we shall work with the equation for
the wave function in a fixed coordinate system—the
center-of-mass system. After the transformation (76)
has been applied, Eq. (51) takes the form

(2Eq—2M ) ¥4 (¥)a 0,
— ) G Ein ) 3 | AT A, 5 E) ¥y ey (TT)

U’G'

Our aim is to transform the right-hand side of Eq. (77),
which contains the interaction, to a local form in the
new coordinate space. For this, in the integral part of
(77) we go over to the wave function in the » space:

¥q (K)o, = S &rig® (k; ny, rs) ¥q (t1)oo,
and apply the equation

E(kin,r) =k (k(—)p;nay, NE(p; 0, 1),
where we have the unit vector!®'»32!

Mn—p|!—(p-n)fpe+ M) ('18)

1
Mp = —pn

In (77), we use the invariance of the volume element
dfdy =dQ,, _,, and go over to the image of the potential in
the relativistic configuration representation:

Voo mi B3 B = o | d92%° (A m, TSl (8, 0 B, (T9)

After substitution of (79) in (77), the right-hand side
takes the form

§re 3 | a2k o n, e i m, r0Valok (i magi B3 Eo) o (Flogo.

’
I:I‘O2

(80)

We know from the previous subsection that the depen-
dence of the potential V(rl,nn’;p;Eq) on the unit vector
n,, is concentrated in the spin structures S7i7 f. Asa
result, the potential can be represented in the form
VIS (r, nayi 93 o) =V (s i Eq) Saiok (b, may)- (81)

1%

$)Such a formalism is similar to the nonrelativistic formalism
(Pauli equation), in which only the terms of the interaction
depend on the spin. '
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The function V(7;p; E ), which depends only on the mod-
ulus of the coordinate #, can be taken in front of the in-
tegration with respect to the momentum if the vector p
in it is replaced by the operator P. As a result, (80)
takes the form'?®!

[ erw i B £y 3 205

g
6,0"‘

(r, ) ¥y (rl)ﬁiﬂ'éw (82)

gt

where the function Z91°2 is determined by the spin
1
structures of the potem?ial,

Zoios (r, ) = | A% (b m, 1) S (p, ma) B (95 g, ). (83)

It is obvious from (83) that for the part of the potential
that does not depend on the spin variables, i.e., for
b 89 0¢00,0¢, the interaction is described in a local
manner:

(2Eq—287) ¥y (o0, = 3 Voia: (r3 B £q) Yo (Vagogs (84)
12

since the function Z(r,r,) becomes a & function:

Z gpintess(T, ;) =0(r — ;). Important interaction potentials
such as the Yukawa (61) and Coulomb (62) belong to this
case,

We shall show further that for other forms of inter-
action a similar localization can be achieved. Thus, for
the spin-orbit interaction the Z function is proportional
to the 6 function, and for the tensor forces one can
separate a term proportional to the § function from
Z(r,r,).

Local form of the equation for the spin-orbit and tensor
forces

For the spin-orbit interaction, the spin structure of
the potential has in accordance with (66) and (78) the
form

§(p, nay) =8-[n4, X pl = (S-[n X pl) M/(po—p-n).

Then in accordance with the definition (83)

Z(r, 1) =exp [- Tlﬁ%] 5 dQy (S-[n X p) & (p; m, 1) E* (ps my, 1)
=(S-L)6 (r—ry)/r.

Thus, the integral in (82) can be performed and the
equation takes for form!2®?

(2Eq—2H0) ¥y (r) = Vs (x) W, (),
where
gy rrim1 i 2 i 8
Ve (") =gaw 7= 7 37m | ©°P (H Ta?)_exp ( _}lT'aT)]

X By 1) 22 (8.1, (85)

An angular dependence of the tensor interaction is con-
tained in the operator

(0 “Al,) (o, '"Ap)o (86)

where the unit vector n,  is given by (78). In this case,
we split the function Z(r,r,) into two parts:
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Zir, ry) =exp ( -—2—}1— ';ir) (0y+n) (65.1m) 8% (r—r1) + Z (r, y). (87)

The first term obviously removes the integration in
(82), while the second is, compared with the first, a
relativistic correction of order 1/Mc:

Zr ey =exp (=257 ) 77 | @t @i n, 1) { —((01m) (@:-p)
+ (o1-1) (02-m) (1—5257)

+ar e een) (1= 325 ) Y e @na ). (88)

Therefore, the right-hand side of the quasipotential
equation has the form

2i

[V.s (r) (oy-05) + V¥ (r—ﬁ) Sy, ,] Y, (r)
+ S dr Vi () Z (ror) W, (ry). (89)

Thus, the first term on the right-hand side of (89) is a
local relativistic tensor interaction, differing from the
nonrelativistic one in the new expressions for the radial
potential functions Vs(r) and V ,(»).

Note that if desired one can take the integral in the
relativistic integral correction term (89) in any order
in powers of p/M if the remaining part of the integrand
in (88) is expanded in powers of /M and the condition of
orthogonality of the “plane waves” is used. However,
in a phenomenological description one need not consider
the correction terms to the local part of the tensor in-
teraction, since the local part is itself completely rela-
tivisitic. At the same time, the equation with relativis-
tic tensor potential can be written in a form analogous
to the Schriddinger equation;

(2Bq—280) ¥ () =gb [ Vs (1) (01-02) + Vit (r—-i}) S, 2] v.(r. (90)

System of partial-wave equations

We denote by % ‘S)(c¢) the eigenfunctions of the opera-
tors of the square of the total spin S =(o, +0,)/2 and the
projection of the spin onto the direction of the Z axis:

S (0) =5 (s+1) X (0); | (91)

523 (0) = 03 (o).

The spinors x *)(o) form a complete and orthogonal sys-
tem of functions. For S=1, the functions x ")) have
the form

1 0 0
x“’(—1)=(0): x"’(0)=(1); x"’(l)=(0). (92)
0 0 L%

Considering the partial-wave expansions of plane waves
(see the Appendix) we write

&(qi n, ) 1S (0) =4n X i'py(ch yg, 1) {QR (ng)}o {QF (M)}, (93)

JLM

where n =q/q; the functions p [coshx, ) are defined in
accordance with (A.4) The spherical spinors Q) have
the usual form

(s ()}a = UM —asa | jM) ¥, gy (). (94)

N. B. Skachkov and I. L. Solovtsov 12



Thus, the angular part of the partial-wave expansion for
the plane wave with spin (93) in our approach has the
same form as in the nonrelativistic formalism., This
makes it convenient to use the proposed formalism
since one can exploit the results obtained in nonrela-
tivistic quantum mechanics. Let us demonstrate this
for the example of the interaction of two fermions, Sup-
pose their interaction is described by the quasipoten-
tial

V) =Vs(r)+ Vo () (S-L) + V(1) 5y, 2 (95)

where §=(0, +0,)/2 is the operator of the total spin and
S,,,=6(S+n)? —28° is the operator of the tensor forces.
I the one-boson exchange model is used, it is neces-_
sary to take the relativistic Yukawa potentw.l (61) as V
and replace Vs ¢ and V,, respectively, by the expres-
sions (85) and the tensor part of the potential in (89).%

We introduce the radial function w},, () by means
of an expansion analogous to the plane-wave expansion
(93):

W (r; 0) = rsh, 2 s 10 () {Q55] ()} {5 ()} (96)
)HI
el
Then the three-dimensional equation for the function
¥S)(r; o) goes over into a system of radial equations,
which in the general case has the form

(28, =215 0y 1o (1) = 3] o v (75 E) 0w e (1), (97)
where

U < areh (57 57 ) + g b (37 57) 5 (98)

Bli1s(rs Eq)= | donlifSy) () V (r: E9) Qi (). (99)

The matrix elements of the quasipotential 74(r; E,) can
be readily calculated. Moreover, because of the com-
plete correspondence between the relativistic spin
structures of the quasipotential (95) and the nonrela-
tivistic spin structures, the matrix elements (99) have
formally the same form as in the nonrelativistic case.
The only di.fferencg is in thei explicit expressions for
the functions Vg, Vg, and V.

The required system of partial-wave equations for two
fermions interacting through the quasipotential (95) has
the form®5'2e1,

a) for §=0,1"=j

[28,—21 ch (4 =) — Mr’(‘r’il’]’m' 0. 0= V), 3 (100)
b) for §=1,1'=j
[2E°_2Mch 7o ) J1J:((:—t-1fﬂf) ;1= (Vs+2Vr) oy, 4 (101)

“As was shown above, the integral term for the tensor forces
in (89) can be ignored in a phenomenological description.
Sror brevity, we omit the indices jI M of the function
wi"s’:ls ).
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c) for §=1,1"=j-1

[2E,—2 ch (_i_ 2y tu=h

Mrirai/al) ]""J-l 1

N o > TR
=[I-s+(1—1)l/m' 2.-+~:l VT]‘-";-—:: ‘%V@J{—l.l; (102)
d) for S=1,l'=j+1
i 8 G-+ (4
[254—21“""1(??) ;'Ur(r—rl,“u):'mj“'
=[I“’_5"'U'+2) Vsr— 22(;__!::) 1ﬁ'r] Ofpg, 4 i‘é}lﬁ.ﬂ_vrwﬂ . (103)

Thus, Egs. (100) and (101), which describe the interac-
tion in the singlet state and in the triplet state with I’
=l=j, are not coupled. Only Eqgs. (102) and (103) for
the states with I’=j—1 and I’=j+1, which have the
same parity, are coupled.

We now give the solution of Eq. (100) for the Coulomb
interaction. For this, in (29) we take only the first
term for p=0:

AR g M, 4N

s P RN il L SRR e .
E)=—rc25 Bo—M R

Ve (k(—)p p
which corresponds to the contribution of the scalar part
of the photon propagator. In the relativistic configura-
tion representation, its analog is the relativistic at-
tractive Coulomb potential:

V(r) =4Ma (cth arM)jr. (104)

Going over to the second-order equatmn we arrive in
accordance with (52) at the potential V(r) =-(a/E,)
(cothmM/)/v. At the same time, the quasipotential
equation takes the form

(28, —2 L“‘:’_"L) Vo (r) =2E,¥, (r). (105)

Using the results of Ref. 8, we find that this equation
has as solutions the functions

¥y (r) :2 @+01¥ ) o (). (106)
where the radial wave functions
‘Fq;(r):exp[—-im(lﬂ—i—%ﬁl ] !
T (irdd +14-1) A .
xexp{—zn\!)m—-n—gﬁ', (£+!—|rM. (107)

a cth ir M ) : ”
Ll . 2042, 1—exp(—2u:)) s
Eg==Mcosz

are real because of the inclusion of the i-periodic factor
exp[-ix(l +1 - acothmyM /sin2x)]. It is important to note
that this same factor ensures finiteness of the wave
function at the point X?=0 when one calculates the mean
value of the spin—spin interaction (74) with respect to
the functions (107).

The energy levels are found from the requirement
that the hypergeometric function in (107) increase not
faster than a polynomial in the limit » -, As a result,
we arrive at the quantization rule

(108)

a/sin 2z, =n.
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This rule coincides exactly with the formula that deter-
mines the energy spectrum obtained by solution of the
Logunov-Tavkhelidze equation with the potential (104)
(see Ref. 27):

| W | =4M sin® (%arcsin %) 4 (109)
where, in accordance with 2E =2Mcosx,=2M - |W|,
|W| is the binding energy. From (109) in the nonrela-
tivistic limit |W|<« M we obtain Bohr’s formula for the
case of equal masses:

a? M

W=—|W|= =il (n=1,2,3, ...).

2n® 2

4. QUASIPOTENTIAL DESCRIPTION OF A QUARK-
ANTIQUARK SYSTEM AT SHORT DISTANCES AND
THE SPECTRUM OF VECTOR MESONS

In this section, we use the formalism developed above
to describe mesons as composite particles consisting of
a bound state of a quark and antiquark with spins 2.

Recently, to explain the negative results of numerous
attempts to find quarks in the free state, a model with
confined quarks has been proposed. In the formulation
using a potential 13351 the quarks are confined within a
particle by means of a part of the potential that in-
creases with the distance (with regard to the solution of
a quasipotential equation with a potential of this form in
the relativistic configuration representation, see Ref.
36):

Veont (r) = Ar, (110)
which is added to the quasirelativistic Breit~-Fermi po-
tential (see Secs. 2 and 3) resulting from the exchange
of a massless gluon between the quarks. Thus, the total
interaction potential of the quark and antiquark has the
formtas-asl

Vi (1) = Veeeir (r)+4Ar+-V,. (111)
However, since mesons have a finite radius, the notion
of the quark-confining potential as increasing linearly
in the whole of space is not necessary.

It was shown in Ref. 37 that the formalism of the rela-
tivistic configuration representation makes possible a
group-theoretical introduction of a potential that con-
fines quarks within a finite region with radius of the or-
der of the Compton wavelength of the particle. In order
to describe distances shorter than the particle Compton
wavelength, it is necessary to modify the expansion of
the wave function on the Lorentz group.

It is well known that, besides the principal series of
unitary irreducible representations of the Lorentz group
used here in Secs. 2 and 3, there are also the repre-
sentations of the complementary series. For both
series, the eigenvalues of the Lorentz-group Casimir
operator, which in accordance with (64) and (65) are the
square X? of the distance from the center of the system,
are parametrized as follows:
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/M2 12, I<r< oo
for the principal series;
2 112
Cb~X0=) 1, O<p<i/M (112)
| for the complementary
series.

Therefore, the transition to distances less than the
Compton wavelength, X?<1/M2, can be achieved by in-
cluding in the expansion of the wave function the com-
plementary series of unitary irreducible representa-
tions of the Lorentz group. The group parameter p then
acquires the meaning of the relative coordinate mea-
sured from the boundary of the sphere X2=1/M? toward
the center, so that p=1/M corresponds to the coordi-
nate origin X?=0,[°%)

For the complementary series, the analog of the
plane waves £(p,r) (53) of the principal series is the
functions £(p,p) =[(p, - pn/M]*-*¥, Formally, they can
(like the eigenvalues of the Casimir operator é;,) be ob-
tained from &(p,r) =[(p, - pn/M]**"¥ by the substitution
v —~ip. The expansion of the wave function ¥(p) of the
relative motion of the two quarks with allowance for the
complementary series takes the form

¥ (p) = j dr j dong (p, 1) ¥ ()
0

. (113)
+ | do | dout (. 0) ¥ (p);
0

dw, = sin 6 d0 dg.

The partial-wave expansion for the “plane waves” of the
complementary series is given by

L(p p) = 3 (21+1) 7 (p, ch ) Py (cos 8pn), (114)
with the radial functions

@y (0, chyp) =shpMyp/(pM shy,); (115)

(s chtp) = )/ oo TRE P (chy). (116)

2shyp

Formally, one can obtain the same results from the
functions of the principal series b,(r,coshy,) [see
(A.3)—(A.5)] by the substitution » - ip.

We now consider the analog of the relativistic attrac-
tive Coulomb potential V(») =(-1/4mr)cothmrM at dis-
tances less than 1/M. Going over in (62) to the comple-
mentary series by the substitution » —ip, we obtain the
potential

V (p) = (1/4np) ctg npl, (117)

which is shown in Fig. 3. Such a potential confines the
quarks within a sphere with radius R*=X?=1/M2, but in
contrast to (110) it acts only in the restricted volume
X*<1/M2,

In Ref. 37, a free-Hamiltonian operator for the
“plane waves” of the complementary series was found:

& (p, p) = 2E,%(p, o);

2E, ==2M ch g, =2V MEF 2. (118)
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[ g ment potential V(p)
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As in the case of the principal series, it is a finite-dif-
ference operator:

& 1. B 2M 1 8

Hy=2) ch (57 E) +=5sh (W'JE)

A
o e (ﬁ’?.—%) (119)

and it can be obtained from (59) by the substitution
¥ —-ip. Therefore, the formalism of partial-wave equa-
tions describing the relative motion of two particles
with spin 3 can be transferred from the » space to the
p space by the substitution » - ip.

Therefore, in a state with total spin S=(0,+0,)/2=1
the motion of two quarks with spin % in the central
field (117) is described by the equation

(o4 V () Yy lp) = 2E; Ty (). (120)
The energy 2E_ of the system represents the mass of
the particle formed by the bound state of the quark and
antiquark. The solution of Eq. (120) in the region
0<X®<1/(2M)*, where cotmpM <0 and M,,=2E =2Mcosx
for states with 7 =0 has the form

Yo, =0 (p) =
= (exp (—ixz) sin x) exp (—izp.1/)

xexp [.2, %%] oy (i+p1‘ll. 1
+i c;i;:f:’ ; 2; 2iexp (—iz) sina:) : (121)

The function cotmpM in (117) is a constant under opera-
tions of the finite-difference calculus occurring in the
Hamiltonian (119), as the result of which it plays the
role of an effective coupling constant in Eq. (120).

The requirement of regularity of the solution at X*=0
(p=1/M) leads to the quantization condition sin2x =x,
which determines two energy levels: one with M,,=2E_
~1.398M, and the other with M,,=2E_=2M. In the re-
gion 1/(2M)? < X?<1/M?, where cotmpM >0 and 2E,
=2Mcoshy = 2M, the wave function is obtained from
(121) by the substitution x - ix. The requirement of reg-
ularity of the solution at the point X2=1/M2%(p=0) leads
to the condition 2sinhyexp(-~y)=%, which determines one
further level with M,,=2E ~ 2.968M.

Thus, in the quark-antiquark system in the field of
the potential (117) in the state with /=0 and s =1 one can
have three energy levels or three excited states of one

15 Sov. J. Part. Nucl. 9(1), Jan.-Feb. 1978

particle with masses (M, is the quark mass)

My, = 2E} =1.39798M; l
Mpy =2EY =2M,;
My =2E"= 2.96750M,.

(122)

If we are interested in the masses of the excited states
of the p meson, then, equating M*=M,=T73+3 MeV, we _
obtain for the quark mass M,=553+2 MeV. It follows
from (122) that the masses of the second and third radi-
al excitations of the p meson are, respectively, M,
=M™=1106+4 MeV and M,,, =M"" =16451 6 MeV.

This result was obtained for the first time in Ref. 37
at the time when only the third particle in this spectrum
could be identified with the p’’ meson with M,, .., ~ 1650
MeV, I',,, >200 MeV and there was no experimentally
discovered candidate at the position of the second radial
excitation with mass 1106 +4 MeV. However, a few
months later at DESY in the process y+p -V +p,

V —e'e" a vector meson with M~ 1110 MeV and
I' ~20-30 MeV was discovered experimentally.[3?’

The amplitude of such a process can be represented
in the form
A=Ap (29)+ 4. +AGBN+ ..., (123)

where the amplitude Ag,(2y) corresponds to the follow-
ing Bethe-Heitler diagrams with two photons:

A=)
h~1
-1
o

The amplitude of Coulomb scattering corresponding to
the diagram

ef
7 ‘l‘pé
=
2
C P
is parametrized with allowance for possible contribu-
tions of vector mesons in the intermediate state:

g mi exp (igy) .| / dcrvfdt
Ac-'v 1; ( e m;_,_Pg_imVrv ?%',4“ ) .
do¥  dalyp—>TVy)

at dt

(124)

o &XP (bvt), ]
where m, is the mass of the vector meson; b, is the
slope of the differential cross section of meson photo-
production on the nucleon. The corrections from the
Bethe-Heitler processes with the participation of two
or more gammas are small because
| AP & | Ac P+ 2 Re (Aeu) 4| Au (27) P (125)

Since the Bethe~Heitler amplitude Ay 4(2y) greatly ex-
ceeds the amplitude of the Compton process, a signal
indicating the existence of structure in the mass distri-
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bution in A, can be more readily detected from the in-
terference term Re(A_Agy) than from A2,

In order to get rid of the large contribution of the
Bethe—Heitler term A3 ;(2y), the authors of Ref. 39 used
the fact that the interference term Re(A A, ) is anti-
symmetric under transposition of the momenta p_and
p, of the electron and positron, respectively, and every
event in the mass distribution occurs with weight
sign(|p,|6,-|p.|6.) [where 6, and 6_ are the polar
angles of emission of the positron and electron, respec-
tively, with respect to the proton beam], which makes
it possible to take into account the contribution of only
the interference term.,

In the mass distribution separated in this way from
the interference term, a peak was also found at
M=1110 MeV in addition to the contributions from the
p, w, and ¢ mesons. The width of this new vector me-
son was estimated from the resolution of the instru-
ment itself, T',,,,,<30 MeV, and BR(do/dt)|,.,
=4.9.10"° (GeV/c)?. Note that for the p, w, and ¢ me-
sons BR(do/dt)|,.,~ (1-4)-10°ub (GeV/c)?, i.e., two
orders of magnitude greater than for the new meson.[2®]

Equations (122) determine a spectrum of excited
states of the w meson analogous to the p-meson spec-
trum. Thus, setting M*=M  ='783 MeV, we obtain M,,
=560 MeV, whence ML =M, =1120 MeV and MIIT =)
=1662 MeV.

W

Thus, in accordance with the model of Ref. 37, there
must be two particles p’(1106 +4) and w’(1120) in the
region of the new resonance M =1110 MeV discovered at
DESY and for these an effect analogous to p-w mixing
is to be expected. The w’(1120) width, according to
estimates in accordance with the quark model, must be
appreciably less than the p’(1106 +4) width, which ex-
plains the relatively small width of the resonance struc-
ture observed at M =1110 MeV.

Let us now consider briefly some of the consequences
of extending our model of quark confinement to the case
of the J/} particles. If we assume M*=M,,;,, then
for the mass of the heavy charmed quark @ we find
M,=2216 MeV, which gives in accordance with (122) the
following values of the masses of the radial excitations
of ¥: Mil=4432(x4) MeV and M} =6576 MeV.

Therefore, for our confining potential (111) the first
radial excitation of the ) meson is not (3685) but
¥(4414). This is not surprising since the interpretation
of *(3685) as a radial excitation of J/(3095) usually
leads to the conclusion that the motion of quarks is non-
relativistic,®%! whereas our description is essentially
relativistic and occurs in the region X2<1/M2, which
does not have a nonrelativistic analog. At the same
time, 1’(3685) can be interpreted as a bound state of
two other heavy quarks @’ with mass M, =2635 MeV,
and then in accordance with (122) its possible radial
excitations are My =5270 MeV and M1 =7820 MeV.

Thus, in our model of quark confinement by means of
the potential (117) it is necessary to introduce more
than one charmed quark with different masses in order
to explain the spectrum of the J/y particles; this is in
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agreement with the results of Ref. 40, which discusses
a possible increase in the number of quarks to six or
more,

CONCLUSIONS

We have proposed a three-dimensional relativistic
formalism for describing a system of two interacting
fermions that stays close to the nonrelativistic formal-
ism of ordinary quantum mechanics. As the potentials,
we have taken the OBEP’s transformed into direct geo-
metrical generalizations of the well known nonrelativis-
tic potentials. Note that the representation of the
images of the potentials in momentum space in an ab-
solutely geometric form opens up the possibility for a
phenomenological relativization of nonrelativistic
models. For this purpose, in the nonrelativistic ex-
pression it is necessary to replace the vector of the
Euclidean half-transfer %z = (k- p)/2 by the vector %
of the half-transfer in Lobachevskil space, and then add
to the amplitude a kinematic Wigner rotation.

The use of Lobachevskii geometry to describe the in-
teraction of two spin-i particles enables one to
introduce a triplet of orthogonal vectors 1, m, and n
which are such that the most economic parametrization
of the relativistic amplitude and quasipotential is ob-
tained in terms of them. For example, for the exchange
of a pseudoscalar meson the decomposition of the Born
scattering amplitude of two nucleons off the energy shell
with respect to the spin structures contains only a
single term, whereas this decomposition includes three
terms when the ordinary Euclidean triplet of unit vec-
tors is used.!®!

The form found for the OBEP’s is convenient for use
in the Kadyshevskil quasipotential equation of the rela-
tivistic configuration representation. In this formalism,
the operators of the free Hamiltonian ﬁo and the mo-
mentum vector P are differential-difference operators.
The images of the OBEP’s found in the coordinate space
can be regarded as relativistic generalizations of the
potential of the Coulomb, Yukawa, spin-orbit, and ten-
sor forces.

In contrast to the nonrelativistic case, the relativistic
spin-orbit and tensor interactions do not contain singu-
lar terms of order #~. This is due to the finite-differ-
ence nature of the operators H, and ﬁ, which contain
the shift along the imaginary axis with step #/Mc. In
contrast to pointwise differentiation, application of a
difference operator to a singular function does not in-
crease the order of the singularity. There arises mere-
ly a new singularity at a complex point separated by the
Compton wavelength from the real axis. From the point
of view of the nonrelativistic description, these two
different poles “appear” as a single singularity of high-
er order. In this case, the semirelativistic formalism
can be called degenerate. The systematic relativistic
description has a higher “resolution” since it lifts this
degeneracy.

It is interesting to note that potentials with singulari-
ties at complex points have already been introduced in
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a purely phenomenological mannert‘'? (see also Ref. 42)
to describe a number of characteristic features of high-
energy scattering, Thus, our formalism provides some
kind of justification for the use of such potentials,

In many ways, the formalism of partial-wave equa-
tions constructed here is analogous to the nonrelativis-
tic formalism. This is because the Lorentz group con-
tains the rotation group as a subgroup, so that its gen-
erators include the orbital-angular-momentum operator
L. We hope that the formalism developed here will be
convenient for solving problems in relativistic nuclear
physics and for constructing relativistic composite
models of elementary particles.
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Isaev, V. A, Matveev, V. A. Meshcheryakov, R. M.
Mir-Kasimov, A. F. Pashkov, L.I. Ponomarev, V. N.
Starikov, and N. A. Chernikov for helpful discussions.

APPENDIX

The completeness and orthogonality relations for the
functions (53) are

1 £ .
TE)TS dQ,E*(pi o, N EP nyy 1) =83 (r—ry);
| S
TF)S’S drE*(p; m, 1) E (P, 0, r)==8® (p—py) V T+ p7/01% (A.1)

r=r.n; dr=ridrdo, = r*dr sin 0 d6 d¢.

The partial-wave expansion for the plane waves (53)
is

©

E(p; m, 1= D) (&= 1)i'p (chyp 1) Pr((p-m) [p]), (A.2)
=0
where the radial functions
i g e a N et Ay -y
ru(ch i N=( i)t 1/2 Shlp Trd +1) —1/2+irM (ch '(P)'
(A.3)
s g Dhryth d L .
reichyy, r)==il =i == 1 (shyp)! (dchh) po(chyp, r) (Ad)
Po(chyp, r)=sinrdyy/rM shy, (A .5)

go over in the nonrelativistic limit M > 1, Xp< 1 into
spherical Bessel functions:

(A.8)

prichyp. r)—ji(pr).

The components of the finite-difference momentum
operator ﬁ=—ivdm, which satisfies (60), can be written
in spherical coordinates as follows:

e B rr[h’ovcp( > ;r) ] 3
e — sl 0t sii g {1: oxp( o ) J{D} $ (A7)
(e 4 ) (12,
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