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An attempt is made to give a fairly complete description of the theoretical and experimental investigations
into the influence of rotation on the collective properties of nuclei. Attention is centered on the angular-
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volume, the momentum distribution of the nucleons, the spin polarization in the nuclei, and phenomena
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INTRODUCTION

Rotation of a free body and the effects due to it are
among the simplest phenomena for physical interpreta-
tion. One can have considerable confidence in results
obtained by studying the reaction of a system to rotation,
i.e., the changes in its structure brought about by the
rotation. One can therefore regard rotational motion
as one of the means for studying structure. It is impor-
tant that, in the sense of the strength of the disturbance
of the system, rotation has the benefit of great univer-
sality: If there are available means for changing the
angular frequency, decelerating or accelerating the ro-
tation of the body, then one can regulate the perturbation
introduced by the rotation into the structural parameters
of the body in the range from a weak perturbation to a
moderate one or even to one so strong that a further ac-
celeration of the rotation causes the body to break up.
Of course the possibilities for studying structure by
means of rotation have certain limits, but for various
questions the possibilities remain unique.

Experimental ways of obtaining rotational states of
nuclei are very varied. The classical process of Cou-
lomb excitation of nuclei’! leads to states with finite
angular momentum values. Heavy-ion reactions [(HI -
xn) reactions|®! are well known and hardly any study of
rotation of nuclei can dispense with them. Rotational
states are also excited by the capture by nuclei of slow
7~ mesonst®; this effect was discovered comparatively
recently and has not yet been widely used to study nu-
clear structure.

An immense number of experimental and theoretical
investigations .of the rotational properties of nuclei have
been made. Among the many problems associated with
rotation of nuclei, we concentrate our attention in this
review on the influence of rotation on the collective pa-
rameters of nuclei, i.e., in our understanding, on the
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parameters that determine the self-consistent nuclear
field.'’ This will mean that the properties of odd nu-
clei, which above all reveal the coupling of the unpaired
nucleon and the even-even core, will remain outside
our purview. We restrict the general problem of de-
scribing the mass parameters of nuclei to studying the
inertial properties of nuclei with respect to rotation.
This also leads to a restriction on the class of problems
studied: The lowest states for given angular momentum
(the so-called yrast-band states) are analyzed in detail;
the properties of states above the yrast band are men-
tioned only when we wish to obtain additional information
about the yrast band or to test the conclusions obtained
from studying it.

Even with all these restrictions, the number of ques-
tions considered remains very large, and we have at-
tempted to give a fairly full description of these prob-
lems.

On the whole, we have attempted to avoid describing
formal theoretical schemes and we have used compara-
tively simple methods which have also proved them-
selves in other branches of nuclear physics. Bohr’s
collective model and the Hartree—Fock-Bogolyubov

self-consistent method with allowance for time depen-

dence of the field provide a natural basis, and some-
times direct possibilities, for calculation in the solution
of these problems, and we use these methods in the fol-

Dywe ask readers who are accustomed to the terminology of the
theory of Green’s functions to understand this expression as a
synonym for mass operator. We shall consistently use the

terminology of the variational approach and not bhoth to “trans-

late” it into other languages of nuclear theory because, it
seems to us, the empirical material to be described below
does not cast light on the details that distinguish these
theories.
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lowing sections. However, the time is now surely ripe
for at least a brief attempt to illuminate the numerous
theoretical investigations into the accuracy and improve-
ment of the nuclear cranking model and its relation to
Bohr’s model. This we do in Sec. 1. The bases of the
following sections are: classification of nonadiabatic
effects associated with rotation of nuclei; study of the
influence of Coriolis antipairing on nuclear spectra;. the
derivation of simple relations that make it possible to
extract information about the influence of rotation on

the electrical properties of nuclei on the basis of Bohr’s
collective model; analysis of the change in the shape of
nuclei at small, intermediate, and very large angular
momenta. Strutinskii’s method for describing the prop-
erties of rotating nuclei is set forth, and we also discuss
the properties of the states of nuclei in the transition
regions between spherical and deformed nuclei.

1. THEORETICAL DESCRIPTION OF THE ROTATION
OF NUCLEI

Our main interest in this review will be elucidating
the structure of nuclei on the basis of data on the reac-
tion of nuclei to rotation, i.e., on the basis of an analy-
sis of the changes in the properties of nuclei produced
by an increase in the angular momentum. The micro-
scopic theory of the rotation of nuclei forms the basis
of all the following exposition. Although the concept of
rotation of a nucleus is very perspicuous from the phys-
ical point of view and many of the phenomena associated
with it have a simple intuitive interpretation, the prob-
lem of constructing an exact theory of nuclear rotational
motion proved very complicated and required numerous
attempts. The difficulties in the way of constructing
such a theory arise from the fact that rotational motion
can be manifested only if the central symmetry in the
internal coordinate system is broken (see Sec. 4.1 in
Ref. 4). The central task of the theory is to construct
a many-particle wave function that, on the one hand,
describes the breaking of the symmetry but, on the
other, is still fairly similar to the eigenstate wave func-
tion of the spherically symmetric nuclear Hamiltonian. 2’

A. Bohr associated the deformation which is mani-
fested in the existence of states of rotational type with
a quadrupole deformation in the mass and charge distri-
bution within the nucleus. The large value of the B(E2)
factors, which determine the probability of quadrupole
transitions in rotational nuclei, was the first of many
indications that such a connection exists.

The most direct path to a theoretical description of
rotation based on A. Bohr’s hypothesis would appear to
be the construction of a theory that starts from a trans-
formation of the coordinate system to some complete set
of generalized variables including three Eulerian angles

3'We recommend to the reader A. Bohr’s lecture on the rota-
tion of nuclei given when he received the 1976 Nobel Prize
for physics.!™ In this fairly short lecture. Bohr considered a
much wider circle of problems than we do here, and he also
presented much interesting material on the history of the
development of this direction in nuclear physics.
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to determine the spatial orientation of the mass quadru-
poloid of the nucleus. If Bohr’s assumption corresponds
fairly accurately to reality, such a coordinate transfor-
mation must lead to a separation of the nuclear Hamil-
tonian into rotational and internal parts coupled by an
interaction term. This term is small and amenable to
perturbation theory. Such a scheme is frequently used
to derive phenomenological relationships between various
nuclear parameters, and will be more fully described
in this context in Sec. 3. However, it is only recently
that a certain progress has been achieved in the devel-
opment of a mieroscopic theory in this direction. [8=2
The introduction of generalized hyperspherical harmon-
ics has in principle solved the problem of constructing
a complete basis of many-particle states. In Refs. 6-8
there is a fairly complete analysis of the kinetic-energy
operator of a many-fermion system described in terms
of variables that include the orientation angles of the
nuclear mass quadrupoloid. It has been shown neces-
sary to take into account the terms of the Hamiltonian
describing the coupling of the rotation to the internal
motion if the inertia of nuclei is to be correctly de-
scribed: The moments of inertia in the weak-coupling
limit in this theory depend on the internal quadrupole
moments as in the hydrodynamic model. The potential
energy of the nucleus is reduced to a form amenable to
systematic analysis. In the simplest approximations,
calculations of the potential energy have proved possible
for at least the lightest nuclei.'® However, systematic
calculations in this approach of the inertial parameters
of nuclei and the change in the internal structure brought
about by rotation have still to be made.

Thus, the approach based directly on A. Bohr’s hy-
pothesis, while being very consistent and promising, is
as yet quite inadequate for dealing with the problem of
the physical analysis of the huge empirical material on
rotation of nuclei. Problems in the direct realization
of Bohr’s hypothesis arise in the construction of the in-
ternal many-particle wave functions. The internal wave
function does not contain all the 34 coordinates of an A -
nucleon nucleus among its collective variables (lacking
nine® in fact), so that the internal wave function cannot
describe independent motion of the nucleon. But many
data indicate that nucleons move more or less indepen-
dently of one another in a common “average” field. It
is-now known that the energy spectra and magnetic mo-
ments of odd rotating nuclei can be explained on the ba-
sis of a model of independent quasiparticles. Reactions
involving transfer (stripping or pickup) of one nucleon
also confirm this. The statistical properties of nuclear
states at high excitation energies can be understood by
assuming the existence of quasiparticles weakly coupled
to one another. However, the accumulation of all this
information, to say nothing of the elucidation of the ac-

$The three center-of-mass coordinates, the three Eulerian
angles describing the orientation of the system in space, and
three variables characterizing the linear dimensions of the
system in three mutually perpendicular directions. In the
problem of rotation, the last three variables can also be re-
garded as internal variables, and then the number of coordi-
nates is only six greater than the number of internal variables,
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tual concept of a quasiparticle, required much la-
bor, [10:111

It was found simpler in the construction of a micro-
scopic theory of rotation to attempt a practical solution,
taking as the point of departure, not exact determination
of the collective variables, but a direct assumption
about the nuclear wave functions. The key idea here
was formulated by Rainwater'’®! and developed by Bohr
and Mottelson. ™™ They conjectured that the nonsphe-
ricity of nuclei and the large quadupole moments are due
to the fact that the average field in which the nucleons
move loses its spherical symmetry in some nuclei. The
gist of Rainwater and Bohr’s idea is therefore that ro-
tation of the nucleus is essentially rotation of the aver-
age deformed field of the nucleus.

This idea was implemented in concrete terms by
Inglis, ¥ who determined the inertial properties of a
system of independent fermions moving in a field with
the symmetry of an axial quadrupoloid. If such a sys-
tem rotates with angular frequency w about an axis
which is not a symmetry axis, then it is natural to go
over to a coordinate system in which the field is fixed.
This then leads™™ to a transformation of the Hamiltoni-
an of the system into the operator

R=1—ol,, (1)

where fx is the operator of projection of the angular mo-
mentum onto the rotation axis (the x axis). The energy
of the system E ={w|H| w) and the angular momentum J,
which is given by

VIT+1)=(w|l|w), 2)

increase together with angular frequency, and for small
w

E=Ey+-¥Ya?2L ... (3)
The moment of inertia determined in this manner is
P2t 3161 1 | 0PI~ Eo), @)

where the summation is over all excited states i of the
system, and E; is the excitation energy; (i|I.10) is the
matrix element of the operator of the x projection of

the angular momentum taken between the ground state

0 and the excited state i. The moment of inertia (4) can
be associated with an analogous parameter that deter-
mines the excitation energy of the rotational states of
the nucleus: '

Er=Ey-+T(T+1)2¥+...; (5)

where [ is the angular momentum of the yrast-band state
of the nucleus. After the effects of pairing correlations
of superconducting type had been taken into account in
the model, "*® i.e., the functions |7) and the energies

E; of the states describing the independent quasiparti-
cles™ had been modified, great progress was made in
the quantitative description of moments of inertia. The
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empirical values of the parameter % in (5) for the nuclei
of rare-earth and transuranium elements, which are
very different from the values predicted by models of a
rigid rotor or a perfect liquid drop with potential mo-
tion, were reproduced in Refs. 17-22 with an error of
about 20-30% in a self-consistent manner from the data
for the nonrotational properties of the nuclei.

The situation remained not entirely satisfactory from
the point of view of someone who wishes to operate with
a rigorously justified theory of nuclear rotation. In-
glis’s approach lacked a theoretical basis, and the re-
sults of calculations could not demonstrate convincingly
that it would apply in new fields. An important step
forward in this respect was the construction of a self-
consistent cranking model. #*-21 The self-consistent
cranking model uses the variational approach to find
conditions of stationarity of the expectation value of the
operator f?, which contains the many-particle nuclear
Hamiltonian H=Hy+V. The expectation value is found
with respect to a many-particle state satisfying the
stationarity condition:

8| R|0)=0. (6)

The many-particle functions used in the calculations
are taken from the Hartree-Fock—-Bogolyubov theo-
ry, "2 byt the term AN is subtracted from the kinetic
energy in the Hamiltonian H; because the many-particle
functions in Hartree-Fock-Bogolyubov theory are not
eigenfunctions for the particle-number operator N. The
Hartree—-Fock-Bogolyubov equations in the self-consis-
tent cranking model have the form

';E (Ei!+ViJ_A'5IJ —jf Ay ) (“?)
— Al — el —Vij+ My + off/) \Uf

—E, (:E ) . (7)

where £;; is the matrix element of the single-particle
part of Hy; ji; is the same for the operator 13 Vi jand
A;; are related to the antisymmetrized matrix elements
of the effective two-particle interaction v as follows:

Vig= 2 Visepippis Agg=(1/2) X vijirjetiosry
F &
piy= (0| cle;| 0y = X ultuy
m

ty= (o] eie;| @)= 3] virup (8)
eLEe

[c; and ¢, are the operators of creation and annihilation
of nucleons in the single-particle states i and j, respec-
tively]l. For small w, the summation in (8) is over all
values of j to which negative values of E, correspond.
At large w, the many-particle state whose density ma-
trices p and f are constructed from vectors correspond-
ing to E,<0 may correspond to a nucleus with a differ-
ent parity of the nucleon number than for w near zero.
In such a case, the eigenvector with the smallest posi-
tive E;, must replace the vector with E, <0 in the sum
(8). This and the symmetry properties of the solutions
of Eqs. (7) and (8) are discussed in Refs. 29 and 30.

Associating the expectation value {w| H| w) with the en-
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ergies E; of the yrast-band states, one can, using (2),
readily show that the parameter ¥ in (5) is the moment
of inertia defined by the relations of classical theory:

¥ = (o] L |0)o = [2dE,/dI (I + 1)]. (9)

The equations of the self-consistent cranking model
have so far been solved using an effective interaction
that includes monopole pairing and factorizable quadru-
pole forces (Refs. 31-35), 6 forces with density depen-
dence (Migdal forces'®=%J), and the Bhargava-Thouless
interaction. %%} The cranking model has also been
used in conjunction with Strutinskii’s method (see Sec. 5)

The self-consistent cranking model does not lead to
any changes in the expression for the moment of inertia
as compared with Inglis’s formula if only factorized
forces of the pairing and the quadrupole interaction are
taken into account in the interaction. For other forms
of interaction, the moment of inertia is renormalized,
though information about the terms of the Hamiltonian
capable of such renormalization is very sparse. For
example, in the variant of Migdal forces used in Refs.
37 and 38 there is no renormalization because of the
compensation of the contributions from the particle—
particle and particle~hole channels. All this gives a
certain conviction to calculations of the moment of in-
ertia by either Inglis’s formula or the self-consistent
cranking model. However, there do remain small unex-
plained discrepancies between the experimental moments
of inertia and those found from Inglis’s formula with al-
lowance for pairing correlations. One of the explana-
tions of the discrepancy'®® % is the existence of quad-
rupole pairing (pairs with ¥,, symmetry) having the
same symmetry as I, and therefore contributing to ¥.
Although the coupling constant of the quadrupole pairing
remains rather uncertain, it is known that the value
needed to obtain the experimental % is not unreasonable
and not very strongly different from the value obtained
in Ref. 42 from the conditions of gauge invariance of
the Hamiltonian and in Refs. 43 by an analysis of two-
nucleon transfer reactions.

In the quasiclassical approximation, w in Egs. (6)-
(9) has a clear physical meaning. In the conceptual
framework employed, it remains unclear why the quasi-
classical approximation can be used to describe the sta-
tionary states of nuclei at low angular momentum. In
practice, problems arise because the many-particle
wave functions in the cranking-model approach are not,
as a rule, eigenfunctions of the angular momentum.
This produces many difficulties: The connection between
the rotational frequency and the angular momentum in
(2) is introduced on the basis of the correspondence
principle, but it does not follow from quantum theory;
in the framework of what has been said, it is necessary
to formulate additional hypotheses in order to obtain
expressions for the nonenergy parameters of nuclei that
are determined by the matrix elements of operators of
physical observables between stationary states of a nu-
cleus. In this connection, it would be of interest to de-
velop different methods for describing rotation.

One such method was initiated by Hill and Wheeler, "4
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" Here, the functions ¥ (a;x, .

who suggested that more complicated wave functions
should be generated by means of the many-particle func-
tions of the theory of independent particles (quasipar-
ticles):

O, = 5 dafy (&) Wy (0 Xy, o0 X4). (10)
.. X,) describe in the gen-
eral case the motion of nucleons (or nucleon quasipar-
ticles) in a field of forces that depends on various pa-
rameters «; f,(a) is a weighting function determined on
the basis of the variational approach. In the description
of rotational motion, the Eulerian angles determining
the spatial orientation of the deformed (self-consistent)
field are the parameters o, and the weighting function
f.(a) is a combination of the Wigner D functionst*~=471;

, — j dQ ) fxDitx (@) D (Q) ¥ (x, ... x,). (11)
K
where
D (Q) =exp (—igl,) exp (—i0F,) exp (— ipl) (12)

is the operator of rotation with the Eulerian angles £
=(p, 6, Zp).

The wave function (11) is an eigenfunction for the op-
erators I*=I2+]%+]% and [,. Thus, if the Hamiltonian
H is known, the energy E; of a state with angular mo-
mentum [ can be determined as

El T {(DI.‘H |I;' |(I)!JI)"((DIJI i(DI.\f:‘
§ a2 D) fifp Dite. (@) (Y| HD (@) | ¥)
KK’

= . 3 13
§42 D) b DR (@) (¥ D (@] ¥) {13)
KK*

The many-particle functions |¥) in (11)=(13) can be
determined by requiring that the energies E; in (13) sat-
isfy the variational principle. The projection method
has many advantages. The wave functions (11) are ex-
act eigenfunctions of the angular momentum, and there-
fore the description of rotation in its framework is a
quantum one, and not a quasiclassical one, as in the
cranking model. At the same time, one can use it to
study the reaction of the nuclear field to rotation in the
same way as in the self-consistent cranking model. In
contrast to the latter, the internal functions | ¥) in the
projection method cannot be found by solving the Schro-
dinger equation for the nucleons in some field; they are
determined by the more complicated variational equa-
tions. Many investigations into the rotational proper-
ties of nuclei have been made in the framework of the
projection method, [ %7 However, the complexity of
the variational procedure in this method is so great
that is leads to laborious and lengthy computer calcula-
tions under assumptions about the nature of the internal
functions for which the analysis of the problem in the
framework of the self-consistent cranking model is com-
paratively simple. In other words, the actual flexibility
of the projection method with regard to the choice of the
internal functions is very limited. At the same time,
the conditions imposed on the choice of the internal
functions in the framework of this method are very
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stringent.

The need for a careful choice of the many-particle
function |¥) becomes particularly clear when the pro-
jection method is applied to translational motion. In
this case, the correct method must lead to a value of
the mass parameter equal to the sum of the nucleon
masses. When the projection method is used, this re-
sult is obtained if the wave functions ¢ corresponding to
different values of the total momentum are projected
from functions ¥ related to one another by a Galileo
transformation:

Yo, (ryy -ony Fa)=exp[i (Po—Py) (ry+ ... ra) /A] ¥ (rys <.ty T4).
Similarly, for the correct description of rotational mo-
tion it is necessary that the functions |¥) contain an op-
timal fraction of the projected state.

A criterion that the selected class of functions | ¥) in
the projection method is sufficiently large can be found
on the basis of certain additional assumptions. In this
way, it has been possible to establish an intimate con-
nection between the projection method and the self-con-
sistent cranking model and thus obtain a basis for a
quantum description of the rotation that requires many
fewer calculations and pretends to a greater accuracy
than when the projection method is used directly.

In Ref. 50, a method was proposed for the approxi-
mate calculation of the expression (13) based on the fact
that for reasonable values of the deformation parameter
of the average field the overlap integral

n(Q) = (¥ |D(Q|¥) (14)

is a function with a sharp peak at =0, and also at the
values of @ corresponding to rotations that leave the
function | ¥) unchanged. The overlap integral occurs di-
rectly in the denominator of (13). The matrix element
(¥|ADR)| ¥) can be approximated by the expression

B(Q) = (¥ |HD(Q)| V)= (ao+ X a:fi+ X ay L1 L+ .. )n(Q).  (15)

Here, we have introduced operators of the “collective
angular momentum” #;(i =x, y, 2):

: 7y e ey 1 8,
Ix:[-_lit?y=exp(+1(p}{—clgﬂa¢ :Fllﬁ_'_mﬁ}‘ } (16)

Fy=—i % (Q@= (9, 9, V).

whose action on the functions »(R2) and k() is given by
Zon(9) = (¥ | D (@) | Wy ”
Lk (Q) = (¥ |HI;D (@) | V. (

In (15), the ellipsis stands for the terms of higher or-
der in powers of &, which decrease with increasing
power if the ratio 2(R2)/n(R2) depends on the angles &
much more weakly than each of the factors that deter-
mine it. Using (17), we can readily express a, a;, etc.,
as the expectation values with respect to the state [¥)
of the Hamiltonian multiplied by some combination of
angular-momentum operators, and then find the approx-
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imate value of E; in (13).

In Ref. 50, the following result is proved: If one sets
all g =1 in Eq. (11) and restricts oneself to the linear
terms for h(Q) in the expression (15), then one of the
solutions of the variational problem of the projection
theory simultaneously satisfies the equations of the self-
consistent eranking model, i.e., Egs. (1)-(5):

aE‘}:roi =& (H — ﬂ)fx) + 6_((5{_“1); (]/1 I+1)— (f:})
— 835 A (VTTF D — (). {12}

The uniqueness of the solution of Eq. (18) has not been
established. However, it is shown in this way that the
equation of the self-consistent eranking model also de-
termines simultaneously an approximate solution for the
internal function in the projection method.

The use of the projection method is based on the idea
that there exists a fairly simple many-particle function
¥ whose expansion with respect to eigenfunctions of the
angular momentum operators,

W= 124‘1 g3 @ (19)

has at least one term which approximates an eigenfunc-
tion of the Hamiltonian. In the approach described in
Refs. 32 and 51, this assumption is strengthened: It is
required that all terms in (19) be approximate eigenfunc-
tions of the Hamiltonian. In practical realizations of
this approach, the function ¥ is assumed to be the vac-
uum with respect to the quasiparticles of a general Bo-
golyubov transformation. ©*! Usually, the solution of
the cranking model does not change appreciably when
{I,) is increased by an amount of order [{7%) — (1)2]'/2.
This circumstance makes the original assumption fairly
plausible. If it were satisfied with high accuracy, the
eigenstates of the Hamiltonian could be found by pro-
jecting them from the wave function ¥ in (19). However,
this approach is rejected in Refs. 31 and 51 for two rea-
sons: 1) Even small admixtures of excited nonrotational
states can lead to gross errors in the calculation of the
energies of yrast-band states, and 2) calculations in the
projection theory are too complicated. Ways of over-
coming these difficulties are opened up if the variational
principle is formulated in such a way that its exact so-
lutions can be expressed in the form (19) with functions
&, corresponding to the yrast-band eigenstates of the
nucleus.

We write the variation of the expectation value of the
energy in the state (19) in the form%?]
SV H | =3 E5 (3 |gia )

'f‘%lgurlza(mruiﬁlmrm)- (20)

If, as proposed above, the unvaried functions &, are
eigenfunctions of the Hamiltonian ﬁ, then a small norm-
conserving variation of them does not contribute to the
right-hand side of (20) in the linear approximation. It
follows that

8 (W | (B —h (| ¥) =0, (21)
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where the functional dependence of # on I? is the same
as in the expression for the yrast-state energies as a
function of I(I+1):

R(I(I+1))=Er (22)
If the energies E; of the states that occur with large

weight in (17) differ sufficiently little from the energies
determined by the simple formula for a rigid rotor:

By Egg+ U ({4 1) —=To (To+ 1)V/2¥,

and (or) if the states ¥ are such that (1%} completely de-
termines the higher moments of the operator 2, the
variational principle (21) can be simplified by making
the substitution
b (12) = o+ pd2. (23)

Equations (21), (22), or (23) contain two unknown ele-
ments, which must be determined if the problem is to
be solved: 1) For given microscopic, ﬁ, and model, &,
Hamiltonians, it is necessary to find function ¥ satisfy-
ing the stationarity condition (21); 2) knowing the solu-
tion for ¥ and the microscopic Hamiltonian H, it is nec-
essary to determine the parameters of the model Hamil-
tonian #. At the same time, the condition of self-con-
sisteney with respect to the model Hamiltonian must be
satisfied, i.e., the input values of the parameters of &
for which the function ¥ is determined must be equal to
the values calculated in accordance with the data on this
function.

Assuming ¥ to be the Bogolyubov vacuum, the varia-
tional equation (21) can be written in terms of the density
matrices p and ¢ in Eq. (8) by standard methods. We
then obtain the ordinary self-consistency conditions of
the Hartree—Fock—-Bogolyubov theory in addition to the
condition discussed above.

To fix the parameters in i, we must use the fact that
any superposition of yrast states satisfies Eq. (21), so
that this equation determines an entire family of solu-
tions. From this there follows the existence of opera-
tors with the properties of angular variables @ or spher-
ical harmonics which depend on the angles ﬁ}m and com-
mute with the operator H—h. If his approximated by
Eq. (23), the equations for ¢ have the form

[H—;—;, §]=0; e 1= —1. (24)

Equations (24) can be solved approximately, using the
procedure and approximations of the random-phase
method. ®27 For the moment of inertia we then obtain
once more the expression of the self-consistent cranking
model. Actually, the equation that determines the state
¥ in this approach differs somewhat from the equation
of that model (see, for example, Ref. 52).*) One can

$)our approach gives an exact value for the total mass of the
nucleus. Modifying somewhat the second of Egs. (24), one
can obtain the exact value for the moment of inertia in Elliot’s
modell®] (see, for example, Ref. 54).
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establish relations between the matrix elements @ in the
random-phase approximation and spherical harmonics
which depend on angular coordinates, whose action on
the state ¥ leaves it a superposition of yrast-band
states. These relations are convenient for calculating
the matrix elements of multipole operators between sta-
tionary states of the yrast-band, and also for taking into
account the gquantum-mechanical corrections to the mo-
ment of inertia and the other parameters in the model
Hamiltonian.'*"?

The discussion of the approach of Refs. 32, 51, and
52 given above reveals the role of collective variables
in microscopic theories of nuclear rotation. In the
theory of Filippov and Vanagas, 6-91 the collective vari-
ables are fixed on the basis of physical considerations as
definite functions of the spatial coordinates of the nu-
cleons. In the models associated with the cranking mod-
el, such variables are determined from dynamical equa-
tions in such a way as to ensure optimal splitting of the
Hamiltonian into two weakly coupled parts. In this case
physical arguments are put forward concerning the class
of many-particle states within which the collective vari-
ables operate.

In the earlier approaches based on the variational
principle it was possible to solve problems arising in
the cranking-model approach because of its quasiclassi-
cal nature. One of the general problems of nuclear
physies, which touches the theory of rotation as well,
relates to the applicability of the Hartree—Fock—Bogol-
yubov variational method. But there are methods—
those of Klein, Kerman, ef al**®’ and Belyaev and Ze-
levinskii®® 5" —which enable one to justify the cranking
model without recourse to the variational method.

Both variants of the theory eschew the introduction in
explicit form of any approximate expressions for the
many-particle functions of the nucleus. Instead, they
analyze the coefficients of fractional parentage:

Wy (2, IMy={i|p (2) [ I M)

@ (@, IM) = (' |p* () | 1)

T =M }(¢+ (zi) Rl (f:) Al ) | I'My—
Pt (@) B () b))

in method of Belyaev and Zelevinskiil56:57]

1
}—in method of Klein et al.

(25)

In the approach of Klein et al,'® the coefficients of
fractional parentage couple rotational states of even nu-
clei, |IM), to states of their odd neighbors | i) obtained
by applying the operators #(x) and $*(x) of annihilation
or creation of a nucleon at the point x with definite spin
and isospin projections. In the approach of Belyaev and
Zelevinskii only states of even nuclei are considered.
The basic hypothesis, which makes it possible to con-
struct a model of the nuclear spectrum, consists of a
generalization of the Hartree —Fock-Bogolyubov theory
for the rule for decoupling the fermion operators. Thus,
the method of Klein et al uses the approximate relation

Gl (1) (3) % ()| I
~ ,2*,, {1 @) | MM [ (1) b (3) [IM)
— 3| IMY M| (1) v (@) M)

G () | T MO M |9 (3) 0 (2) [ 1M} (26)
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This assumption is equivalent to the basic assumption

in the theory of Belyaev and Zelevinskii to the effect
that the generalized density matrix # is approximately
closed in the state space of one rotational band of an
even-—even nucleus. Such assumptions are used in con-
junction with the equations of motion for the operators
in the derivation of a self-consistent system of equations
for the coefficients of fractional parentage. In the adi-

abatic limit, the sum over the intermediate states in (26)

is restricted to the diagonal term, which leads to the
results of the Hartree—Fock-Bogolyubov theory. Ap-
proximate allowance for noncommutativity of the differ-
ent components of the angular momentum leads to the
self-consistent cranking model. 5’

As yet, comparisons of the results of different meth-

ods of description of rotation are very fragmentary. The

self-consistent cranking model does not need to be made
more accurate in the calculation of the inertial param-
eters in two cases when the problem is solved analyti-
cally: in the calculation of the total mass in the case of
translational motion and in the calculation of the mo-
ment of inertia in Elliot’s model.®®! Effects arising
from the difference between the variational equation in
the approach of Refs. 31, 51, and 52 and the equations
of the self-consistent cranking model were studied in
Ref. 60, and an opinion about them can be obtained on
thevbasis of the results published in Ref. 61. Zelevin-
skii and Shtokman have made a systematic analysis of
the corrections to the self-consistent cranking model
that arise in their approach.®" They obtained a very
good description of the moments of inertia and a rea-
sonable description of the nonadiabaticity parameter
(see the following section) by taking into account a 10—
15% correction of quantum-mechanical nature to the
moment of inertia of the cranking model. However, the
correction terms to the results of the self-consistent
cranking model that follow from the different approaches
do not fully agree. Nevertheless, in the majority of
approaches the self-consistent cranking model appears
as a first approximation, and the corrections to it ob-
tained in different calculations are small. This is the
justification for using the self-consistent cranking model
to study the influence of rotation on the structure of nu-
clei,

2. NONADIABATIC EFFECTS IN DEFORMED NUCLE]
AT SMALL AND INTERMEDIATE ANGULAR
MOMENTA

Classification of nonadiabatic effects. The concept
of nonadiabatic effects itself can be defined by expanding
the energy of the system obtained by solving Eq. (7) in
powers of the angular frequency w. The quadratic term
of the expansion is interpreted as the adiabatic energy
of rotation. By definition, the terms of higher order
are the nonadiabatic corrections.

To classify the corrections to the energy, it is helpful

®)A more detailed description of the theory of Klein ef al. in
Russian can be found in the Appendix added to the Russian
translation of Ref. 58; the method of Belyaev et al. is re-
viewed in Refs. 59.
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to use the proposition proved in Ref. 18 to the effect
that the corrections of n-th order to A and V in the ex-
pansion in powers of w are generated by the correction
of order n - 1 to the amplitudes uf and »!. The parts of
A and V which have the same symmetry properties as
the operator I, (in the axisymmetric case, K" =1*) are
an exception. These parts of the self-consistent field
contain corrections of the same order as the amplitudes
(e}, v4). One can distinguish three types of correc-
tiontst:621,

1) the direct influence of the term wf,, on the quasi-
particle amplutudes u} and v; and the energy E, for
fixed characteristics of the self-consistent field a;, and
Vis in what follows, we shall refer to this as the influ-
ence of rotation on the single -particle motion;

2) the change in the pairing potential A, which is usu-
ally called the Coriolis antipairing effect (CAP);

3) the change in the average potential V, in particular,
the change of the parameters characterizing the shape
of the potential.

Instead of the angular-momentum dependence of the
energy, it is frequently instructive to consider the mo-
ment of inertia as a funection of the frequency. The mo-
ment of inertia is defined, as in classical mechanics,
by #¥=1/ w, and the rotational frequency which oceurs in
the cranking model satisfies another classical relation,
namely, w=dE(I)/dl [see also Eq. (9)]. However, the
deduction of the function ¥(w? from experimental infor-
mation about the distances between the yrast-band lev-
els is not entirely unique because the ratio of the differ-
entials must be replaced by the ratio of finite differ-
ences. We adopt here the procedure of Ref. 63, which
leads to an exact linear dependence of ¥ on «? at small
angular momenta.

To describe states with sufficiently small angular
momentum, we can approximate the function ¥ (w?) by
the expression

¥ =¥o+ord¥/do?. (27)

The energies of the states are then determined by the
well known expressions of Harris (see, for example,
Eqgs. (11) and (12) in Ref. 63):

(]

By = Eo+yowa[1 '{"%‘;—( ::;) mz] H }
: (a3 4 jdfEy . (28)
T=op=yolt+g (55) ],

which, as a rule, reproduce the experimental values of
the energy for stably deformed nuclei right up I = (12—
14)iz. The slope d#/dw? of the linear function #(w?) is
a convenient measure of the nonadiabaticity, and more
convenient than the coefficient

P-4 (25), @)

which occurs in the expansion of the energy in powers
of the angular momentum J.

We shall restrict our discussion of the nonadiabatic
effects at small angular momentum to the influence of
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rotation on the single-particle motion and the degrees

of freedom associated with the shape and monopole pair-
ing since this is the most important influence. In this
case, all the nonadiabatic effects make an independent
contribution to the fourth-order term because the ef-
fects 2) and 3) are due to the contribution of adiabatic
rotation to the pairing tensor #; j and the density matrix
pi; Isee (7)]. It is only in the higher orders that the
different nonadiabatic effects influence each other.

In Fig. 1, the experimental values of d%#/dw? are com-
pared with the theoretical values calculated in Ref. 65.
The agreement between theory and experiment is good
in the center of the region of rare earth elements. Ap-
preciable deviations are observed at the edges, i.e., in
the transition nuclei. Let us consider separately the
contributions of all three types of nonadiabatic effect.

1. The largest contribution is introduced into d #/dw?
by the influence of rotation on the single-particle motion.
The corresponding expression can be found in Refs. 31
and 62. The main part of this correction is determined
by the shell structure: The Coriolis force tends to po-
larize the angular momenta of the individual particles
along the rotation axis, i.e., to disrupt the coupling
scheme in deformed nuclei, in accordance with which
the particles are aligned along the symmetry axis of
the core. %

For large w the solution of Eq. (7) without the use of
perturbation theory shows that the angular momenta of
several particles occupying states with large angular
momentum can be almost completely aligned along the
rotation axis (see Sec. 4). This effect is responsible for
the experimentally observed phenomenon that the plot of
# against w® has a characteristic S-shaped form, which
is known as back-bending, over an angular momentum
range up to 20%#. This phenomenon is direct evidence
of a change in the properties of the nucleus if there is
a sufficiently large increase in the angular momentum,
which leads to a sudden increase in the moment of in-
ertia and a corresponding decrease in the rotational fre-
quency.

Back-bending has been observed in a number of well
deformed nucleit®% 4063164661 5n4 has heen discussed in
detail in several reviews (see, for example, Ref. 67).

3.5 I
Hf w 0s |

—oexp
—— total,
o—-—a CAP,
x=—-x total, B
+—-—+ CAP, BCS

~

projection!
projection
CS

¢ 10? Mev-+
e
= = Ty

ai/dw
=

05

ot

FIG. 1. Slope d#/dw’ on the linear section of the function (w?)
in nuclei of rare earth elements. The contribution from the
CAP effect was calculated in Ref. 65. The contributions from
the change in the quadrupole and hexadecapole deformation, as
also the fourth-order correction for rotation, are taken from
Tables 5 and 6 of Ref. 22. (In which ¢}, is equal to 2d¥/dw’.)
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The alignment of two particles carrying a large angular
momentum (for example, neutrons in the i19/2 Subshell
in rare earth elements) leads to such a large gain in the
total angular momentum that the core can rotate more
slowly although the total angular momentum is larger.

2. The next most important effect is due to the Co-
riolis antipairing. In the calculations presented in Sec.
1 it is assumed that the pairing changes in the same way
for particles in all single-particle levels.

In order to estimate quantitatively the CAP effect, it
is necessary to use a description of pairing with pro-
jection onto a given number of particles, which we shall
here call the @ projection. As can be seen in Fig. 1,
the CAP effect is significantly overestimated in the BCS
approximation. This can be understood on the basis of
the expressiont3!62

(@p1det)ore =5 go =5 (55 ) [ Git (30)

where

A __ 1 9¥ | BB

do® 2 BA [ 9AZ -

(31)

Here, A is the gap parameter; E; is the total energy
with allowance for pairing; 82E,/8A2 is the rigidity
against variation of the pairing field. The main differ-
ence between the approach with conservation of particle
number and BCS theory arises through the different es-
timates for 8°E,/8a%. In BCS theory, E, and 92E,/aA%
are underestimated by a factor of about 2. The reason,
as is readily seen, is that in the case of @ projection
the wave function of a state for A #0 is closer to the ex-
act solution of the pairing problem, and the energy is
accordingly lower. At the same time, as is shown in
Ref. 65, the quasiparticle energies, i.e., the even-odd
mass differences, and the parameter of the pairing in-
teraction determined on the basis of them are hardly
changed. For A =0 there is a normal solution, which
conserves the particle number. Therefore, the total
pairing-correlation energy, defined as the difference
Ey(A) - Eg(A =0), must increase in modulus.

In the middle of the region of the rare earth elements
(stably deformed nuclei) the contribution to d #/dw? of
the degree of freedom associated with the shape is neg-
ligibly small, and the two corrections discussed above
together make up the main part of the contribution. For
these nuclei, the calculated value of d #/dw? agrees
fairly well with the experimental value, which gives one
confidence that the contribution of the two corrections
has been correctly estimated in order of magnitude.

We emphasize that the previously noted enhanced stabil-
ity of the pairing is necessary to avoid the too large
theoretical values of 4§/dw” obtained, for example, in
Ref. 31. InRef. 22, Ma and Tsang, who used an ap-
proximate variant of @ projection, arrived at a similar
conclusion.

It should be mentioned that the CAP contribution to
dy/dw® calculated in the BCS approximation is close to
the experimental value. This has led various authors
to conclude that the CAP contribution (and the degree of
freedom associated with the shape) is the only source of
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nonadiabatic corrections. 2681 However, the coinci-
dence appears to us fortuitous.

3. Change in the shape of the nucleus leads to the
following contribution to d #/dw? (Refs. 31 and 62):

d _ 8¢ & |
(d_ma)shape =% do? ’
g ® a¥ -1 (32)
dw? 2 o e !

where the rigidity C, is the second derivative of the en-
ergy with respect to the deformation parameter € and
can be used to determine the shape of the average po-
tential V. The degree of freedom associated with the
shape makes a very small contribution to the total value
of d-y/dwz, as is shown by calculations in which the ri-
gidity is calculated by the shell-correction method. 22!
The degrees of freedom associated with the shape are
discussed in more detail in Sec. 4, in which, in particu-
lar, we shall discuss the discrepancies between the cal-
culated and empirical values of d§/dw? that can be seen
in Fig. 1 in soft deformed nuclei.

The CAP effect in higher ovders in w®. A detailed
investigation of the CAP effect without the use of per-
turbation theory has been made on several occa-
sions, [94-38:39-41,43,70=151 54 thig has made it possible
to study in some detail the transition from the super-
conducting to the normal state. The calculations re-
vealed a fairly complicated picture of this transition,
this being due to the strong interaction between the
Coriolis antipairing and the nonadiabatic effects in the
single-particle motion.

The critical angular momentum at which the transition
from the superconducting to the normal state occurs can
be estimated by equating the total energy of the pairing
correlations E, to the gain in the rotational energy re-
sulting from this transition:

By o= It (11251 —1/2%);
¥ er = (112) (V¥ 1% ) = AN04(F o F2)], (33)

where %, is the moment of inertia in the ground state
and ¥, is the corresponding value for A =0. The second
relation gives an estimate of the average moment of in-
ertia in the region of the transition, an approximate ex-
pression for which is obtained using the typical value for
the ratio of the geometric and arithmetic means of %,
and ¥, in the nuclei of rare earth elements.

Denoting by w,, the ratio I /I, we arrive at the es-
timate

0% = 25E (¥, —¥#)). e

The value of the critical angular momentum obtained
on the basis of the expression (33) using in it the quan-
tities calculated in the BCS approximation is 127 and
187 for nuclei of the rare-earth elements and actinides,
respectively. '™ The results of more detailed calcula-
tions made under the same assumptions are shown in
Fig. 2 (the BCS curve, neutrons). Similar results were
obtained in Refs. 68-74.
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As we have already noted, allowance for conservation
of particle number leads to an enhanced stability of the
superfluid phase, this being expressed by an increase in
E, by a factor of about 2. At the same time, the mo-
ment of inertia hardly changes.'®! Then, in accordance
with (9), I, increases by a factor 1.4.

The results of such a calculation are shown in Fig. 2.
It can be seen that the critical frequencies for the neu-
tron system lie at w~ 0. 36 MeV, and for the proton sys-
tem at w~0.45 MeV. The corresponding values of the
angular momentum are 20% and 35%Z. The CAP calcula-
tions were made without the use of perturbation theory
in the determination of A, but the nonadiabatic effects
in the single-particle motion were not taken into account.
In such an approximation, one cannot obtain a detailed
description of the transition region, although the critical
frequency defined above is helpful for obtaining a general
idea of when the transition occurs and for discussing the
stability of pairing.

In Ref. 75, the CAP effect was investigated with al-
lowance for the influence of rotation on the single-parti-
cle motion. Using the quasiclassical single-particle
wave functions and a description of pairing equivalent to
the BCS approximation, Grin’ and Larkin found that I,
= (20-22)% in the region of the rare earth elements and
(36—40)% in the actinides, which exceeds the estimates
given above.

The determination of the critical frequency is based
on the idea of crossing of two bands, whose nature is not
particularized. In particular, it can be used to deter-
mine the frequency corresponding to the back-bending
observed in the ground-state band of a number of de-
formed even—even nuclei. These values, which are
called the experimental values, are also shown in Fig.
2. It can be seen that the bend occurs at precisely the
critical frequency of the transition A -0 in the neutron
scheme predicted in the BCS approximation. This
agreement was regarded as an argument in favor of the
interpretation of back-bending as due to the disappear-
ance of pairing.'™ ™1 However, the stabilization of
pairing in the approach with conservation of the particle
number makes such an interpretation improbable since
the critical frequency lies systematically higher. The
angular frequency at which alignment of two neutrons in
the i;5,, subshell is energetically advantageous is very
close to the bend frequency. %81 1t i hard to believe

04fsm 61 Dy Er Yo HF W ® o
03 "BCS. neutrons R Aﬂ:l B
o x—= () projection, protons A “
= +—e () projection, neutrons /()XY\ AT ",
g B —t ™
ol AT \.f\ VI *

L]

i v e N T
0 W %% %0 1089 1z 102 14 N
FIG. 2. Square of critical rotational frequency in nuclei of
rare earth elements. %] The line Ay=12 MeV gives the results
of calculations with reduced intensity of pairing and with allow-
ance for the @ projection. The 443/, line corresponds to com-

plete alignment of two neutrons in the 4y3,; subshell.
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that allowance for conservation of particle number will
strongly change this value since the two-quasiparticle
energies and matrix elements of the Coriolis interaction
are not very sensitive to projection onto a given number
of particles (see Refs. 65 and 19). After the breaking
of the i,4, neutron pair, strong pairing correlations
still remain in the system,'3%%361 1, Fig, 2 we have
also plotted the critical frequency of the transition A -0
in the neutron system in which the spin of two neutrons
in the iy,/, subshell is completely aligned along the ro-
tation axis. This transition frequency is higher than the
frequency obtained in the case when the 4,5, neutrons
rotate together with all the remaining particles. Thus,
the following qualitative picture of the transition a4 -0
in the neutron system takes shape: At a frequency of
order 0.27 MeV the two i3, neutrons become aligned,
this being manifested experimentally as back-bending,
and it is accompanied by a sudden but not very strong
reduction in the energy gap (two levels are blocked).
After the jump, the gap decreases smoothly, as in nu-
clei without levels with large j near the Fermi surface.
In principle, one could expect alignment of the following
pair, accompanied by a new jump of the gap. However,
such phenomena have not yet been reported (see the dis-
cussion in Ref. 76).

If one ignores the irregularities associated with align-
ment, the gap decreases fairly smoothly. Therefore,
the critical frequencies in Fig. 2 can be interpreted as
centers of a fairly wide transition region, and a certain
fraction of pairing correlations must remain higher than
Wy.- This is confirmed by the experimental results of
Ref. 77, which indicate that the moment of inertia at
angular frequency between 0.3 and 0.5 MeV is approxi-
mately 15% smaller than the rigid-body value. (For the
investigated nucleus '®¥h, w, ~0.5 MeV in the proton
system.)

The higher multipoles in the particle-particle channel
may be important in a rotating nucleus, leading to cou-
pled pairs that carry a finite angular momentum. In
Ref. 43, the influence of quadrupole pairing was investi-
gated. At small angular momenta, the quadrupole pair-
ing field increases with the frequency, giving rise to the
increase in the moment of inertia noted above. At large
angular momenta the growth is halted and, in accordance
with the predictions, the quadrupole pairing disappears
together with the monopole part. The quadrupole pair-
ing is only a relatively small correction to the monopole
field. Calculations with effective forces'*”*'1 and with-
out using a multipole expansion lead to the same qualita-
tive conclusions as are obtained in the investigation of
monopole pairing.

3. ELECTRICAL PROPERTIES OF ROTATING NUCLEI

The manifestation of nonadiabatic effects due to rota-
tion in the electrical properties of nuclei requires an
additional theoretical analysis, which we present in this
section.

For the following discussion of the empirical data on
the changes in the shapes of nuclei associated with angu-
lar momentum, it is convenient to introduce a definition
of quadrupole deformation that uses directly measured
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experimental quantities. Thus, we use the following
definition for the components w, of the quadrupole-de-
formation tensor, expressing them in terms of the quad-
rupole moment of (E,, j) of the charge distributiont*!:

ot (Ey, w)=(3/4n) ZeR'a, (35)

where R is a typical radius of the nucleus, for example

R=1.2411 F, (36)
Ze is the total charge of the nucleus and A is its mass
number,

In accordance with the definition (35), the o, are func-
tions of the spatial coordinates of the nucleons, so that
the wave function ¥ of the nucleus can be written down
as a function of these variables and also additional (“in-
ternal”) variables ¢ (see Sec. 1 and Refs. 7-9). The
five components of the tensor @, can be associated with
the three Eulerian angles Q= (¢, v,#), which character-
ize the orientation of the nucleus in space, and the two
rotationally invariant deformation parameters 8 and y by
writing

o = f {cos pDho () +sin y (Dhe (Q) + Dh—2 (R))/V 2},
B=0,0<y <3,

(37)

where D}, (2) =D, (¢, 9, ) are the generalized spherical
functions of Wigner. To one set of tensor components
a, there correspond different sets of Eulerian angles,
which are related to one another by rotations belonging
to the point group D,, under whose action the orientation
of the principal axes of the quadrupole-deformation ten-
sor does not change. The wave function ¥ must obvious-
ly satisfy the conditions
RY=R,Y; RcD,, (38)
in which the operators R, and R; describe the variations
of the function ¥ due to, respectively, the change of the
Eulerian angles and the internal variables under rota-
tions which do not change @,. Accordingly, the nuclear
Hamiltonian # must have the properties
R.HR;'=RH,Ri', ReD,. (39)
In the nonrelativistic approximation, the Hamiltonian
H is a polynomial of second degree in the momentum
operators. Further, it follows from the rotational in-
variance that the Hamiltonian does not depend on the

Eulerian angles explicitly.® In this approximation, we
can write

0t is necessary to bear in mind that the interaction of the

nucleons includes nonlocal terms, ™ which lead to alifting of
the restriction on the degree of the polynomial dependence of
H on the momenta, and, in addition, contains a tensor compo-
nent which is noninvariant under rotations of only the spatial
coordinates. This last circumstance has the consequence that
the Hamiltonian can contain the Eulerian angles or operators
which do not reduce to angular momentum operators and act
in the space of the Eulerian angles.
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H=h+AJ5+ AoT5 + AglS + ByIy + Byl + Byl

+ €y (Ipdy 4 Igl3) +Co (Il y -+ I yI3) - Cy (I I3+ Ioly). (40)

Here, the operators k, A,, B,, C, depend on 8, v, £ and
the generalized momenta canonically conjugate to these
coordinates. Because of the conditions (39), the last
six terms in the expression (40) do not contribute in the
lowest order to the change in the shape, and on the basis
of this we shall ignore them when discussing states with
small angular momenta. Note, however, that these
terms determine the alignment of the internal angular
momenta in the direction of rotation. The sum of the
first four terms can be represented in the form™

H=Hy+ He, (41)
where

Ho b A DI A0 (42)

Ho=ho (I3 +I3) + 2hy (I3 — I3); (43)

A= (As+ As)o/2; (44)

i o= (Ay - As) /2 — 4; (45)

By = (Ay— Ag)/h, (46)

and the expectation value in (44) is with respect to the
ground state of the Hamiltonian &.

The normalized eigenvalues of H, satisfying the con-
ditions (38) are given by the expressions

Yrarxn (2, By v, E) = Vﬁi;xn) {Dhix (Q)

+r(— 1) +EDY, _x(Q)} Oega (B, v, B), K >0, (47)
in which @ 4,(B, v, £) are normalized solutions of the

eigenvalue problem

(bt K245) ®pxen = (Ergcn+ K24) Dpien (48)
with the symmetry properties
ﬁga)mrltn Lo (_ 1)5Dykn;
bgzkprzm =1Dryn. (49)

In Eqs. (49), D® denotes a rotation through the angle
7 about the v axis.

The eigenvalues corresponding to the wave functions
‘Iludr!(n are
Elrxn= ErKn+AI (I"l"i) (50)
Thus, the operator H, has the properties of the Ham-
iltonian of an axial nucleus in the limit of strong binding
of the nucleons to the core. The smallest of the eigen-
values E,, is the start of the ground-state rotational

band, and therefore, for an even-even nucleus it corre-
sponds to the values K=0, »=1. In what follows, we

DThe discussion now following coincides in its broad features
with the discussion in the monograph of Bohr and Mottelson. 14!
Note, however, that the separation of the variables into inter-
nal and rotational variables made here differs somewhat from
the one made in Ref. 4.
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shall use |0) to label the ground-state function &, ., and
| Kn) for the remaining such functions with »=1. We
shall denote the corresponding excitation energies by
Eg,-

Since the strong binding scheme approximately de-
scribes the experimental data in nuclei in the middle of
the region of rare earth elements, the term H, can be
regarded as a weak perturbation and taken into account
by means of perturbation theory. In the first order, we
then obtain the following expressions for the changes in
the parameters g and y due to the rotation:

B — B =1 (I+1)B°X2; (51)

(AAey, =V Tu-nu+2pr. (52)
where

X= —(4/[3“)%} (0] Bo | On) (0| ko | On)/Epn; (53)

= —(V8B) 20|85 12 O g | 20/ Ezn (54)

Bo==Bos v; Bz =Bsiny; B°= Bo. (55)

In the same approximation, let us consider the matrix
elements of the electric-quadrupole tensor. The matrix
elements of transitions within the ground-state band
(“intraband” transitions) can be expressed in terms of
the quantities X and ¥ already introduced:

Uallof (B || To) _ 3
—DTfﬁ—o = ——ZeR%° (1020] 10)
X U+ VY +(XR~VTEV) I+ o
{i) O S 8 5
L = ZeR*" (1020 I —2, 0)
XU+X2+VEEY +(X2+YVE) (I-1) 11. o

For transitions between states of excited bands and
states of the ground-state band (“interband” transitions)
we use the additional simplifying assumptions that were
first introduced by Hansen et al. '™ to analyze transitions
between ay-vibrational band and the ground-state band.
This scheme was developed further in Refs. 80, 81, and
other papers. In accordance with these papers, we
make two assumptions: 1) Significant corrections to the
transition matrix elements in the strong-binding limit
are due solely to mixing of excited bands with the
ground-state band. This assumption is justified by the
fact that the effects of this mixing are determined by the
large diagonal matrix element g% 2) the matrix ele-
ments g°=(0| 8,10} and (Kn|B,| Kn} are equal. Using
these assumptions, we obtain in the first perturbation
order in H:

(I'0|| ot (E2) || 10n)/V 2T +1

= (3/4m) ZeR2 (1020 I'0) (0| By | On) (1 — 2ofo (I, T')); (58)
(I'0|| ot (E2) || I12m)/V 2T+ 1
= (3/4n) ZeR®* (122 (—2) | I'0) (0| Ba | 20) [1 — 2afe (1, T')], (59)
where

gy = —— B0 (O]hejOn)

Son = — STReTOR "~ Eor (60)
e {Olhg|2n) |
==V B o (61)
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foll, P)=T(I+1)—I"(I'+-1); (62)
B, Y= {I+1)—4=1 "+ 112 (63)

As a special case of the relations (58) and (59), we
have

B (E2; 00— 20n) = ((1 —620r) 7= 5 ZeR2(0]Bo| Om)1 (64)

B (E2; 00—~ 22n) =[(1 --zz,.) (65)

7eR3 (0] B2 | 2m)1%
Combining Egs. (53)—(55) and (64), (65), we arrive
at the relations

X=4 S_ ( (Nféolﬁri)) (66)

- 1 2ny \2
b z_gz(ﬂ%_)) y (67)

We also give an expression for the coefficient B in the
expression for the energies of the states of the ground-
state band:

Ep—AI(I+ 1)+ B (I +1)P+ (68)
We have
0] hg | On)2 (0] ho| 2n)2
"Z(lguln )_22 \Eﬁln"ﬁ
== Em ({otbgion \Bul0n) ) i 3 (U202 (69)

The corrections to the limit expressions obtained in
the strong-binding scheme for the energy of the states
[see (68) and (69)] and the matrix elements of the transi-
tions [see (56)—(65)] increase with the angular momen-
tum I. Therefore, for sufficiently large I the perturba-
tion theory described above becomes inapplicable in the
analysis of the Hamiltonian (40). However, for 1>>1 the
states in the neighborhood of the yrast band can be de-
scribed quasiclassically under the assumption that the
angular momentum is oriented sufficiently accurately in
the internal coordinated system.s’ It is natural to in-
clude the kinetic energy that a nucleus would have in the
case of fixed orientation of the angular momentum in the
internal coordinate system in the definition of the inter-
nal energy in the limit of large angular momenta. For-
mally, this can be achieved by averaging the Hamiltonian
(40) over the coherent states described in Ref. 83:

I
e B, & Q= o 3 k(@ §)Dix (@), (70)
KE=-1
where
Cx(ﬁ (P) Dm (‘P, ¥, 0)
= (—1)i-Kexp (—igK)(cos B/2)+¥ sin (§/2)"-X. (71)

For the mean values with respect to the states (70) and
(71), we obtain

8)Bclow, we follow basically the derivation of the quasiclassical
limit for the matrix elements of the miltipole operators given
in Ref. 82, using for this the formalism of Refs. 83 and 84.
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(I)=1Icos ¢ sin ;
(I) =TI sin gsin ¥; } (72)
{I;)=1Icos &
I3y =TI (21 — 1) sin? ¥ cos? 92 4 I/2;
(I8 = I (21 —1) sin® B sin® §/2+ 1/2;
(I3 =1 (21 —1) cos? f}fQ+II2 (73)

a,rz + 11— 1 (21 —1) sin® T sin 29/2;
(I LIy =1 (21 —1) sin 28 cos @2;
(I g+ IoT;) = I (21 —1) sin 28 sin @/2.

As a result of the averaging over the coherent states,
the angular-momentum operators in the Hamiltonian (40)
become C numbers, which depend on the two continuous
parameters J and @ (0s3<7, 0sP < 2m). The functions
1;,(3, 7; Q) do not contain the internal variables g, v, &
or the momenta conjugate to them, and therefore the
averaging with respect to them of the Hamiltonian does
not change the elements of the Hamiltonian that are not
given explicitly in (72) and (73). The operator H, ob-
tained as a result of the averaging has the form

Hny=h+ 4, D+ As U5+ A3 (I + By (10 + Ba (I + B (I

+ Cy{IoIy+ Iada) + Co Iyl y + Tid )+ Co T T + I (74)
and acts only in the space of the internal vanables. It
depends on the angular momentum I and the angles D and
@ as on parameters, and therefore its normalized eigen-
functions &, and energy eigenvalues E, depend on the ab-
solute magmtude and direction of the vector (I). With-
out loss of generality, the angular variables 3 and § can
be chosen in such a way as to minimize the energy of the
ground state for the Hamiltonian H,.

Using (74), we write

il ey 3 H, (75)
where the form of the operator FIC, which depends on all
variables of the system, is determined in an obvious
manner by Eq. (40).

It is convenient to go over to new angular variables
Qqy=(@', o', ¥') of the system, defining them as the
Eulerian angles of a rotation equal to the sum of rota-
tions through the angles €,,=(3, 3, 0) and R=(¢, 9, ¥).
The physical meaning of this transmon is clear if one
considers the mean values of the operators of the pro-
jections of the internal angular momenta transformed
to the new angles. In accordance with the general defi-
nition for the multipole operators of physical observables
in the internal coordinate system, ! we write

oft (Am) =+ z {Dhe @) ol (B, %)

==

+off (K, %) D ()} (76)

Here, «f (m) and «#(A%) are the operators in the labora-
tory and internal systems, respectively. The definition
of the angular variables §;, given above means that

D (Qun)) = @D:,u (@) Dl (9, T, 0), (77)

where 2 =(p, 9, ¢) are the Eulerian angles which deter-
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mine the orientation of the mass quadrupoloid in accor-
dance with (37). On the basis of (72), (76), and (77) one
can show that the Cartesian components of the angular-
momentum operator satisfy the relations

T=Ty=0; Ty=1. (78)
In other words, the angles ,;, describe the orientation

of a system of axes associated with the nucleus with one
of them directed along the angular momentum.

The products [(87%) (21 + 1) V2Dl (2r,) of normalized
Wigner functions and eigenfunctions of the Hamiltonian
H,,, which we denote by &{’(¢), form a complete set
with respect to which an eigenfunction of the Hamiltonian
(40), (75) can be expanded:

LS o (@) Dl 1 (i) DL 3. (79)

nx

|oe; IM)y—

The basis functions in (79) are eigenfunctions for the
operator [, corresponding to the eigenvalues I —x.

It is natural to expect that for > 1 in the states of the
yrast band the angular momentum has a well defined di-
rection in the internal coordinate system of the nucleus.
Since coherent states minimize the uncertainty relation
for the projections of the angular momenta onto the dif-
ferent axes, and the angular parameters 3 and P are
chosen in such a way as to minimize the energy of the
ground state of H;,, it is natural to assume that the
orientation of the angular momentum in the lowest state
of the total Hamiltonian H for I =[(7%)]2 does not differ
strongly from the orientation in the coherent state, i.e.,
that in (79) the only f,, which are strongly nonzero are
those for which

w1, (80)

The last assumption makes it possible to analyze the
dependence on I, 3, % in the matrix elements of the mul-
tipole operator between eigenstates of the total Hamil-
tonian (40) for 1> 1.

Combining (76) and (79), we write

(0adaMy | off (A, p= My— MY e M,

= 3 Flug (0al) fuoes (0aly) (—1)Me=To3 (20, 1) (2L 4 1)42
s (x Fean vty (.’A. ¥y I

[ Mz—l-t—'Mz) % Ix—mkfz%?‘z)

x & @3 &) o (1) L ). (81)

If the inequality (80) is satisfied, and also>> A, then the
3j symbols in the expression (80) can be replaced by

their asymptotic values, using the formula'®*

(M (I—7) (m—-p) | Im) & (— 1)*=% D (0, cos™'smjl, 0).  (82)
As a result, we obtain
{als My | oft (Mp=My— M,) | ot 0, M)
~ D 1,_1,(0, cos’! M1y, 0)
X (aaly |ofl (hy %=Iy—1,)|aly, (83)

where we have introduced the notation for the matrix
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element

(taly | oFF (M) | exyl ) — “%11 § fhaer (%al2)

X Fuae (cal) § DL @ A (3, W DD 1) (84)

The existence of the rotational bands means that there
is approximate coincidence of the internal part of the
wave function (79) for several states with similar values
I belonging to one band. Accordingly, we shall assume
that the functions &'’ and the coefficients £, (af) coin-
cide for several nearly equal values of ] for one @. Then
the internal matrix elements in Eqs. (83) and (84) depend
smoothly on I =(I,+I,)/2 and can be regarded as collec-
tive parameters of the nuclei. In the zeroth approxima-
tion in the operator #_ in (75) the sums over % in (79)
and (84) are absent, which leads to an estimate of the
internal matrix element for a transition within the yrast
band:

1o ()| Iy= [ dEOG 2) (1) O (3), (85)

where &;7°(£) is the wave function of the ground state of
the Hamiltonian H,;, for I =(I, +1,)/2.

Note that for the values of the parameters 5 and ]
which correspond to nonzero mean values in the last six
terms of the sum (74) the invariance of the Hamiltonian
H;, under transformations of the group D, is broken.

In this situation, the direction of the angular momentum
need not coincide with any of the principal axes of the
tensor of the quadrupole moment of the charge of the
nucleus.

The classification of the states "* with respect to the
quantum number » given above [see (47) and (49)] is pre-
served if R($, 3, 0) € O, where O is the symmetry group
of the cube having the same center as the quadrupole
charge and sides perpendicular to the principal axes of
the quadrupole charge, and if the terms B,(I,) in (74)
are negligibly small. In this case, for the intraband
matrix elements of the electric-quadrupole moment we
obtain the well known parametrization'®

T +TM 4ol (B2, )| IM) ¢ — (5/167)1/2 6Q (I) e
sin (/6 —1v) for ©=0;

X (cos’t M/I) { 0(1/1) for t= =+1;

(1/V/2) cos (/6 —9) for t= 42

(86)

(@2, is the nontrivial part of the Wigner function).

The electrical properties of rotating nuclei depend not
only on the distribution of the charge within the nucleus
but also on the orientation of the angular momentum in
the coordinate system associated with the nucleus. To
describe the possible orientations of the angular momen-
tum in a system without breaking of the » symmetry
when Eq. (86) holds, it is convenient to use the diagram
in Fig. 3. The region of physically different ¥ values is
contained in three sectors with opening angle 7/3; the
distance to the center in Fig. 3 determines the internal
quadrupole moment @(I), or the deformation parameter
B. Rotation occurs around the first axis of the mass
quadrupoloid. For y values which are multiples of 7/3,
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,/rfﬁ"‘”mfle”w FIG. 3. Chart of quadrupole
deformations of a body rotat-
ing about the first internal
axis.
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the body has axial symmetry. The axis and the symme-
try type (prolate or oblate) are shown in Fig. 3. Sector
I corresponds to yrast levels in the collective model of
the nucleus with the distribution of the nucleon velocities
and moments of inertia of the hydrodynamic model; sec-
tor II plays the same role for a rigid-body rotor.

As an illustration of what we have said, consider Fig.
4, in which we represent calculations of a two-phase
model of the nucleus with the Hamiltoniant®¥

3
3_3. AP 4V, 4

c B4R,

= (86a)

The model with the Hamiltonian (86a) describes a rotor
that can be in the superfluid phase with moments of in-
ertia that depend on the deformation parameters in ac-
cordance with the expressions of the hydrodynamic
model:

PO L

o 2 gin2
ZAQ” =4Df? sin ('\a

-2T“v)(v:1, 2, 3), (87)
and also in the normal phase with rigid-body moments
of inertia A?’/2. The constant ¢ describes the coupling
of the two phases. The method of approximate diagonal-
ization of the Hamiltonian (86a) used in Ref. 84 has the
same basic features as the procedure described above
for introducing the Hamiltonian H;, in (74). In the vari-
ant of the calculation® given in Fig. 4, the superfluid
component of the wave function is predominant in the
states =0, 2, ..., 10. The parameter y of departure
from axial symmetry increases rapidly in this region of
I, approaching the limit y,=7/6 for the collective mod-
el.'®1 At angular momenta J > 14, the superfluid phase
virtually disappears. The amount of nonaxial shape
rapidly decreases, and the sign of y changes. AtI=12,
the direction of the angular momentum in the internal
coordinate system does not coincide with any of the prin-
cipal axes of the inertia tensors of the superfluid and
normal phases.

To conclude this section, we note that the problem of
studying the dependence of the nuclear shape on the an-
gular momentum has been found to be related to the
problem of determining the dependence on the angular

9 The parameters of the model in Ref. 84 are chosen in such
a way as to describe the yrast band in the isotopes !*Er
(see Fig. 4) and **Er. However, the possibility of such an
interpretation of the spectra of these nuclei, in particular,
the value of the angular momentum which is critical for pair-
ing, has not been established.
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momentum in the distribution of the nucleons with re-
spect to velocities. Unfortunately, direct empirical
data on this last problem are not sufficiently numerous.

4. CHANGE IN THE SHAPE AND SIZES OF NUCLEI
DUE TO ROTATION AT SMALL AND INTERMEDIATE
ANGULAR MOMENTA

Stably deformed nuclei. It follows from (54) that the
measurement of the relative probabilities of transitions
between the lowest states of the ground-state band make
it possible to determine the combination

a=X/2+Y/VE. (88)
The experimental values of the parameter « obtained

from analysis of the factors B(E2; I10~1+2, 0) are given
in column 9 of Table I.

Measurement of the static quadrupole moments, which
could in principle fix the second linear combination of
the parameters X and Y given in (56), cannot at the
present time be made with sufficient accuracy. Less
direct information about nonadiabatic effects can be ob-
tained on the basis of the relations (66) and (67). To
arrive at definite conclusions about X and ¥ using these
relations, it is necessary to assume a predominant con-
tribution to the sum of (66) and (67) from low-lying ex-
cited bands for which z,, and B(E2; 00—~ 2K#%) are known.
This assumption is confirmed by the following facts: 1)
The bands under discussion usually correspond to large
values of the factors B(E2; 00—~ 2Kn), so that for thenr
the ratio {0l B, | Kn)/p° is fairly large; 2) the contribution
of these bands amounts to an appreciable fraction of the
parameter o for the nuclei for which the empirical in-
formation makes it possible to carry out such a compar-
ison.

Data on B(E2; 00— 2Kn) values from Coulomb excita-
tion for the lowest excited bands K =0 and K=2 are very
complete for nuclei of the rare earth elements. Detailed
investigations have also been made to determine the co-
efficients z,,, which describe the deviations from Ala-
ga’s rules in the angular-momentum dependence of the
reduced probabilities of quadrupole transitions. Fairly
often, the simple single-parameter formulas (58) and
(59) do not give a sufficiently accurate description of all
the measured relations between the different B(E2) fac-
tors of the transitions coupling a definite excited band
to the ground-state band. Somewhat more complicated
schemes have been developed for describing such exper-

FIG. 4. Orientation of angu-
lar momentum in the internal
coordinate system in two-
phase model. 34! The arrows
indicate the direction of the
angular momentum, which

is determined by Eqgs. (72)
with appropriate value of the
quantum number I.

b<a<e

™, 16,18, . . .
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TABLE I. Experimental data on the changes in shape of nuclei resulting from rotation at
small angular momenta.

No- | Eg | g | Bln |OVBRIERH yge we | ygssx [1ossy| tosasms [OBXA¥*|-880apysp ~Pexp*®
cleus | oy keV B eV 3%

150Nd | 132 | — — - — — - 4(2) = 5 183
1528m | 122 0 810 | 0.131(6) 46 (7) %6 3.2 = | 2.0(8 25 50 141

2 1084 | 0.164(5) 68 (4) *7 — 10,75 5.0
1545m | 82 | — — — — — | = | 0.6(6) — 15.2 23.5
18464 | 423 0 816 | 0.152 (10) | 47(5)*6 43| — 35 48 144

2 996 | 0.204 (18) | 76(3)*" 1.2 [ 24(7 8,7
156Gd | 89 0 11290 | 0.077(8) 6(5)* 0.44 0,46 (53) 0.2 16,5 29.9

2 1156 | 0.166(4) 39 (4) * — ] 0,44 1.9
158Gd | 80 2 1187 | 0.132(5) 31 (11) *8 — | o.23 - 0.8 9.6 13
156Dy | 138 2 801 | 0.265(27) | 92(4)* — | 2.84 - 18.6 — 196
6opy | 87 2 966 | 0,156 (6) 32 (4)* — 108 - 0.9 12,7 19.6
2py | 84 2 888 | 0.183(9) 52 (8) #10 — o - 3,0 1.4 1.3
158Er | 193 | — — — — — | =1 4® - — -
10Fr | 126 | — — - — — | — |-1.2¢20 — i =
168Er | 84 2 786 | 0.164(2) 57 (10) *#i — |02 = 2.5 14.7 12.8
168Er [ 80 2 821 | 0.159(8) 36 (4) *14 — 10,37 - 1.0 10.0 7.4
10Er |79 2 932 | 0,138(7) 28 (6) *10 — |o0.21 — 0.5 12.3 1.9
160Yh | 243 [ — — —_ - — | =] 1.9(8) - — —
164yh | 122 [ — - - = — | — | 0,32 - — —
166Yh | 102 | — — — — — | = ] 0:2(3) — — —
170Yh | 80 0 1146 | 0.059 (4) |—47(3)*12 —0.88] — - 8.2 9.0 12.4

0 1306 | 0.077 (7) 20 (2) ¥2 0.48) — — 2.9 — -

2 1139 | 0.110(6) 54 (2) *13 — |o.27 — 1.8 — —
1myh( 76 | — = e £id — | = |—l.4(13)%8 — 10.6 6.6
176Yh | 82 | — — = o — | — |~2.4(14) %28 — 9.2 7.4
i1HE | 91 0 901 | 0.123(20) | 24 (1) ™4 1.46) — — 7.0 16.0 24.3
16H{ | 88 0 1226 | 0.079 (4) 13 (5) *16 0.32] — - 1.2 18.0 15.7

2 1341 | 0451 (17) | 82(4) %8 — |0.78 = 8.0 — —
18Hf | 93 0 1276 | 0.021 () 32(3) *1? 0.06] — = 0.5 15.7 16.3

0 1496 | 0.937 —45 (3) *17 | >—0.24] — — 3.9 — —

<0

2 1175 | 0.154 (5) 20 (10) *47 — 0,20 - 0.4 —
182w | 100 0 1257 | 0.024(1) | 121 (3)*8 0.28 - — 9.8 14,5 15,2

2 1221 | 0.097 (2) 20 (4) *18 =2 0.07 — 0.2 =
184w | 111 0 1120 | 0,076(8) 42 (3) *18 0.98 — — 10.3 24.4 22.8

2 904 | 0.094(2) 50 (4) *18 == 0,18 — 0.7 — -

2 1386 0.078(4) 30 (11) *19 — 0,07 — 0.3 — —
186% | 123 0 1284 | 0.057 (2) 23 (8) *20 0.30 — — 2,0 32.8 4,0

2 737 | 0.216(3) 75 (11) *24 - 1.43 — 6,7 o s
18603 | 137 2 767 | 0.282 (18) | 54 (13)*22 — 1,76 — 13 51,3 80.9
18805 | 155 2 633 | 0.347 (19) | 134 (10) *22 - 6.6 — 43 5 139
1800s | 186 2 558 | 0.404 (12) | 250 (8) *23 —  |16.7 — 158 — 265
19208 | 206 2 480 | 0,445 (14) | 322 (11) *28 —  |26,0 242 — 369

*According to the data of Ref. 92.

*2 Empirical data on [B(E2,00-3Kn)/B(E2, 00—2)]'/* with allowance for band mixing in the ap-
proximation in which the parameters z; were determined. The B(£2;00 - 20) values are taken from
Ref. 93; B(E2,00->2Kn) are the weighted means of the data on the Coulomb excitation and inelastic
scattering of deuterons published up to January 1, 1976. The errors indicated in the table include
only the experimental uncertainty in the determination of the corresponding values.

#*3The error includes only the experimental uncertainty in the branching ratios that were used to ob-
tain the estimates. E

*4 Equation (63); Ex,, =E,xn = Eag-

*5The data of Ref. 22 calculated in accordance with the data on E,, and E,, in Ref. 92.

#6 Reference 87; the branching ratios of transitions from the state /=2 were obtained in accordance
with the scheme adopted in Ref. 88.

*7 Reference 94; branching ratio 3—+4/3 > 2.

#8 Reference 89; branching ratio 3+4/3 =2,

*9 Reference 95; branching ratio 3+4/3 =2,

#10 Reference 96; branching ratio 2—+2/2—0.

#11 Reference 97; branching ratio 3—>4/3>2.

#12 Reference 98; the branching ratios of transitions from the state /=2 were obtained in accordance
with the scheme adopted in Ref. 88.

#13 Reference 98; branching ratio 3 >4/3 2.

*14Weighted mean of Refs. 99 and 100.

#15Weighted mean of Refs. 101 and 102,

*16 Reference 102; branching ratio 3—+4/3—>2.

#17 Reference 88.

*18 Reference 90.

*19 Reference 103; branching ratio 2—+4/2—0.

*20 Reference 104; branching ratio 2—>2/2-0.

*21 Weighted mean of Refs. 104 and 105; branching ratio 2—+2/2—+0.

#22 Reference 106; branching ratio 3—>4/3 -2,

*23 Weighted mean of Refs. 104 and 107; branching ratio 2—+2/2—0.

*24 References 108 and 109; weighted mean.

*25 Coulomb excitation.

iments; these schemes take into account the mixing of on the basis of the best description of the experimental
both bands without the use of perturbation theory, and data.'® Common to all such schemes is that, on the
also the effects of mixing with other bands. "*"% In
[89, 901 :
?a)me cas}es, the m?trl_x elements (0| | Km) ano.l 19m such calculations, the parameter A for each of the bands
| Bx| Kn) were used as free parameters for exact diag- is also regarded as an adjustable parameter, and the second

onalization of the Hamiltonian (41)-(46) in the space of term of the expression (62) was included in the expression for
three or four rotational bands, their vaiues being cnosen H,.
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basis of experimental data, they make it possible to
determine the values of the matrix elements (0| 8y | Kn)
and (0l %, | Kn) in addition to the branching rules in the
cases when the factor B(E2; 00— 2Kn) is known.

In Table I we have collected empirical data on (0| By
X |Kn)/p® and 2y, for a number of nuclei. Here, we also
present the corresponding contributions to the expres-
sions (60), (67), and (69). They are denoted, respec-
tively, by 6X, 6Y, and 6By,y. Note that 56X and 6Y are
of the order 1073, This means that when I ~ (20-40)%
appreciable changes are to be expected in the form of
stably deformed nuclei. "’

There is one further interesting feature, namely,
that in virtually all cases the parameters z;,, and with
them 6X and 8Y, are positive. The positive sign of X
means that the deformation of the nuclei increases with
increasing angular momentum. The positive sign of ¥
can be interpreted as the occurrence of nonaxial defor-
mation due to the presence of the collective angular
momentum, whose direction coincides with the direction
of the axis of intermediate length of the mass quadru-
poloid of the nucleus.

A positive sign of both parameters X and Y follows
from the simple model!*®! of an oscillating quadrupoloid
with velocity distribution corresponding to irrotational
motion of an ideal incompressible fluid. In order to
apply this Bohr model to the problem under considera-
tion, it is necessary to assume that the potential energy
and the mass parameters of the motion associated with
the change in the coordinates g; and B, differ from the
predictions of the hydrodynamic theory made in Ref. 13
(see the discussion in Ref. 91). These quantities must
be parametrized in such a way as to reproduce the ex-
perimental values of the equilibrium deformation, the
positions of the - and y-vibrational levels, and also
the values of their corresponding B(E2; 00— 2Kn) fac-
tors. However, in Ref. 13, the formula of the hydro-
dynamic model (87) was used.'’® The Hamiltonian of
the model can be expressed in the form (40)-(46), where
H, is a function of the variables g and y and the canoni-
cally conjugate momenta, and the inertial parameters
A, are determined by (87).

Assuming that the internal motion can be described as
small oscillations about the position with equilibrium
deformation, we obtain

A=12%, (B, 0)=12¥0; (89)

(Ol Ony = — - 210D (0B, | Omy; (90)

O a2 = — - 282D 0. 2m). (01)
From (87) it is easy to conclude that

aF (B, 0)/ap =6D (B >0; (92)

WiNote that it is precisely in this range of angular momenta
that the disappearance of pairing correlations of superconduct-
ing type in nuclei is expected (see Sec. 2), As follows from
the arguments given in Sec. 3, this can have a significant in-
fluence on the shape of nuclei.
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a1 (B° 0)/ay=13D (8> 0. (93)

Therefore, substituting (90) and (91) into (53)-(55), we
obtain positive signs for both X and ¥.

Note that the estimates of the matrix elements (014,
% | 0n) and (0l k,| 2) in accordance with (90) and (91) do
not agree with the empirical data if the numerical value
of the parameter D in (87), (92), and (93) is determined
in such a way that the moment of inertia %, in (89) cor-
rectly describes the position of the first rotational level
2*. This may be an indication that the function ¥;(8,v)
does not act on the states of the lowest bands K=0 and
K =2 in the way that is postulated in the hydrodynamic
model.

Usually, the size of a nucleus is characterized by the
rms radius. Measurement of isomeric shifts in the
energy of gammas emitted by nuclei in different chemi-
cal compounds, which can be observed by means of the
Mossbauer effect, is one of the sources of information
about the variations of the rms radius in different nu-
clear states. Another source of such information is
provided by the spectra of u-mesic atoms, in which one
can also identify nuclear transitions whose energies
differ somewhat from the corresponding values for nor-
mal atoms because of the electromagnetic interaction
of the meson with the nucleus. %1 The experimentally
observed changes in the rms radius in the first excited
state 2* of even-even deformed nuclei from the rms ra-
dius of the ground state are of the order 10, Such
changes can be due to not only a change in the shape of
the nucleus but also of the linear dimensions of the sys-
tem, which are not related to the change in the shape.
For example, for a homogeneous ellipsoid and a nearly
axisymmetric distribution of charge, the following ex-
pression was obtained in Ref. 110:

8(R?)y,
(RZ)

(94)
(95)

The second term on the right-hand side of (94) corre-
sponds to the change in the volume, i.e., the change in
the linear dimensions of the system.

=3 (1-30)x+3 (1-40)
8= (3/2) (5/4m)\/2p".

In individual cases there exists experimental informa-
tion about the parameters X and 6(R2)a+ that makes it
possible to estimate (in a very preliminary way) the in-
fluence of rotation on the linear dimensions of nuclei.
For example, in *8m and "¥*Gd the experimental data
on the parameter o agree well with the value

a=08X/2+8Y/V/8, (96)
calculated in accordance with the data on the z; and z,
values for these nuclei. This is a ground for assuming
that in the expression (53) for X only the term describing
the influence of the lowest excited state of the K=0 band
is important, i.e., that 6X=X. Although such argu-
ments cannot be obtained for other nuclei, it is still in-
structive to use the expression (94) to determine the con-
tribution of the lowest K =0 bands to the change in the
rms radius. In Table II, the experimental values'!'®
of 6(R?),+ are compared with the values calculated in
accordance with the formula
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TABLE II. Comparison of experimental values of 6(R%)y+
with the values found from (94). The values of the parame-
ter X are taken from Table I, and the experimental values
from the review Ref, 110,

Q. B
w& HES & 3%
Nucleus & = & Nucleus [ = %
2 2 2 3
% 2 ! =
1628m 0,230 9.4 | 20 1Hf | 0.233 2,000 —
12 weHE | 0,243 0,50 1,6
154Gd 0,245 14.3 | 25(5) | veHf | 0.226 0.08 0.7
16 (3) (>=0.88
156Gd 0.274 0.57| 3.6 <0
2.0 182y | 0.206 0,33 —0,44
10Yh 0.261 | —2.62| 2.0 W | 0,195 1,040 0.36
1,9 | 1.4 #OW | 0.189 0.30| 0.33
1.5
8 (RHED — (8/3) 82 (1 —26/3) 6X. (97)

If the difference between these quantities is inter-
preted as due to change in the volume of the nucleus, we
arrive at the conclusion that the relative change of the
volume in the 2* rotational state as compared with the
ground state is of the order 6V,/V~10". The ratio of
(6R?)E® to (6R®)E can be regarded as an indication that
the volume of nuclei at the start of the region of rare
earth elements increases as a result of rotation, but
rotation is accompanied by a certain decrease in the
volume for heavier nuclei (‘#2+1%4y),

Turning to a description of calculations of nonadiabatic
effects due to rotation that can be made in the frame-
work of the microscopic theory, we note that on the ba-
sis of Egs. (83) and (86) we can write

s — 8 (&2 (ROYAM) (R
X = (d2(Q20)/ AM2)/(Qs0); (98)
Y =4 (& (Qaa)/dM?)[(Qsq),
where
M=V T{I+1), (99)

and the averaging is with respect to the internal wave
functions. The applicability of the quasiclassical rela-
tions (98) and (99) for small values of I can be justified
in microscopic approaches (see Sec. 1 or Ref. 51). The
microscopic theory leads to analogous expressions with
a many-particle function with respect to which averaging
is performed which depends on all 34 coordinates of the
nucleons in the nucleus and satisfies the variational
equations of the Hartree-Fock—-Bogolyubov theory.
Equations (98), in which the mean value of the single-
particle operator is written in the form
0y = > 045p45 = trop, (100)
1
and the density matrix p is determined by Eq. (7), ap-
proximate the values of the parameters in which we are
interested.

To calculate 5(R%),,, X, and ¥, we must calculate
the first two derivatives of the density matrix p with
respect to the angular momentum M or with respect to
the rotational frequency w=M/¥. Equations that deter-
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mine d?p/dw® and are valid for arbitrary form of the ef-
fective interaction between the nucleons are given, for
example, in Ref. 110. If the interaction is approximated
by factorized quadrupole and pairing forces, the solu-
tion of the equations of the eranking model for dp/dw
and d®p/dw? are known. ' The second derivative of the
single-particle density matrix consists in this case of
parts associated, respectively, with the influence of ro-
tation on the single-particle degrees of freedom and al-
so with the change in the shape parameters (Q,y, (Qs2)
and the parameters A and A (A and A are the gap and the
chemical potential) (the CAP effect). Thus, in a model
with quadrupole and pairing forces, the quantities X and
Y in conjunction with d%A/dM? and d®)\/dM? completely
determine the reaction of the nucleus to rotation in the
second order in M and w.

For I> 1, when the use of the parameters X and Y be-
comes meaningless, one can use the expression of the
microscopic theory!?! that is the analog of Eqs. (83)
and (84):

(Mo (A, p) | IMy = (—1)7-2" (

(2 1) @I 1) 172
T+ +1

" I+I)2 7+
x B+

T
—M’pM)

X trm (A, p'=1'—1)

(101)

Here, ﬁﬁ}’é is the matrix of rotation about the y axis
through angle 7/2. In (101), the notation for the sum
over the two-quasiparticle states introduced in (100) is
used. The density matrix p in (101) is defined in accor-
dance with the rules of the cranking model, so that

tr j o0 =1, (102)
Equation (101) is obtained under the assumption that J,
I' > 1, but it gives reasonable results even for small
values of I comparable with A. In particular, from Egs.
(101) and (102) there follows the exact relation

M=(IM|I,|IM) (103)

for all values of I.

Calculations of 6(R?),+ in the framework of the micro-
scopic model have been made in Refs. 31, 32, 38, and
110. The results of the calculations depend strongly on
the parameters of the microscopic Hamiltonian, in par-
ticular on the form of the residual interaction. The best
description of the experimental data for all deformed
nuclei of rare earth elements was obtained in calcula-
tions using the Migdal interaction. % 1n particular,
these calculations reproduce the reduction in the rms
radii of the nuclei **~'*2Qs, In the isotopes "%vh and
182y, calculations with Migdal forces do not, it is true,
lead to negative values of 6{R?),, but they do show that
a well defined minimum of 5{R2}),+ corresponds to these
isotopes. The calculations also predict a decrease in
the rms radii in the Dy nuclei and the light Er and Yb
isotopes. The agreement between experiments and the
results of calculation of 6(R2), using a pairing and a
quadrupole interaction®"#! (Fig. 5) is somewhat less
good. In particular, in calculations with factorized P
+@ interaction the decrease in the rms radii associated
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FIG. 5. Changes in the rms radius in nuclei of rare earth
clements calculated in Ref, 32 with the Woods—Saxon potential
P +@Q forces. The coupling constants were chosen for each
nucleus in such a way as to reproduce the experimental even—
even mass differences and the energies of the 8- and y-vibra-
tional levels; 1) moment of inertia calculated in accordance
with the cranking model; 2) experimental moment of inertia.

with rotation is not reproduced.

The influence of rotation on the single-particle motion
(see Sec. 2) leads in virtually all cases to a positive
contribution to 8(R?),,. In this respect, nonadiabatic
effects of this kind are similar to those produced by cen-
trifugal forces. Note that the influence of centrifugal
forces on the rms radius in the model of a Fermi gas is
given by

8 (R2)e/(RE) = (54/T) (¥oder) ™. (104)
For nuclei of rare earth elements, an estimate in accor-
dance with this formula gives 6(R?), /AR?)~4- 107,

The CAP effect has a tendency to reduce the rms ra-
dius as the angular momentum increases. This can be
understood by writing down the expression for the change
in the rms radius produced by the CAP effect:

8 (Rcap =3 () 8 (one- (105)
In a system without pairing correlations, the probabm-
ties of population of the single-particle levels vi de-
crease abruptly from 1 to 0 at the Fermi hmlt whereas
in the presence of pairing correlations the v% depend
smoothly on the single-particle energies €;. Thus, the
pairing correlations have the consequence that the levels
below the Fermi surface are only partly occupied, while
the levels above the Fermi surface are not completely
vacant. Since the matrix elements 7%; have a tendency
to increase with increasing single-particle energy &;,
the presence of the pairing correlations leads to an in-
crease in the rms radius as compared with its value in
a state without correlations. The CAP effect leads to a
reduction of the pairing correlations with increasing an-
gular momentum, and this gives rise to a certain de-
crease in the rms radius and volume.

The contribution of nonadiabatic effects associated
with deformation of the seli-consistent field is predomi-
nant in nuclei near the boundary of the deformed region.
In the nuclei ¥*2Sm and *Gd, which are soft with respect
to B deformation, the elongation produced by the rota-
tion gives a large positive contribution to 6(R*),+. As
one moves away from the boundary of the region of sta-

567 Sov. J. Part. Nucl. 8(6), Nov.-Dec. 1977

ble deformation, the importance of changes in the shape
decreases. This has the consequence that the CAP ef-
fect becomes predominant in some nuclei. It should be
noted that the value of 5{R?),+ is determined by a very
small number of single-particle levels situated near the
Fermi surface. Therefore, the tendency for the volume
to decrease as a consequence of the CAP effect is not
always manifested, and the sign of the change in the rms
radius in the nuclei of rare earth elements depends in
practice on the position of the proton levels (7/2)" [523]
and the neutron levels (11/2)7[505].

The shape parameters of nuclei in the microscopic
model were calculated in Refs. 31-33, in which pairing
and quadrupole interaction forces were used, and also
in the second of the papers in Ref. 38, in which Migdal
forces were used. Here too there is a strong depen-
dence of the results of the calculations on the input pa-
rameters. The results of the calculation of & and ¥
made in Ref. 32 with pairing and quadrupole interaction
forces are given in Fig. 6. The existing data on ¢ are
too sparse to draw reliable conclusions on the basis of
a comparison with theory (in Fig. 6, we show the exist-
ing experimental material for the parameter a). One
can still see that the main tendencies of the experimental
data are correctly reproduced by the theoretical esti-
mates. This applies equally to calculations with both
types of interaction. Incidentally, the calculation made
with pairing and quadrupole interaction forces does not
enable us to explain the negative values of the parameter
o observed, with large error, in '"**"Yb. In this re-
spect, the microscopic model with factorized forces ex-
hibits features that make it similar to the phenomeno-
logical model considered above, in which allowance is
made for the coupling between the ground-state band
and the B- and y-vibrational bands. It seems that the
nonadiabatic effects associated with the mixing of these
bands are taken into account correctly in the model with
pairing and gquadrupole forces (this is confirmed by the
calculations of z, and z,), but the other nonadiabatic ef-
fects are underestimated.

The microscopic calculations of ¥, like the estimates
based on the mixing of the ground-state and the y-vibra-
tional bands, lead to positive values of this quantity.
The possibility of relating the sign of ¥ and certain sim-
ilarities in the properties of nuclei to the properties of
a superfluid liquid drop were investigated in Ref. 32.
Since the superfluid properties are due to pairing corre-
lations of superconducting type, it is natural to expect

10} i e — = -———q'pﬁ
62  Z=b4 2:68 2=68 =70

ra
T
—
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FIG. 6. Values of ¢ calculated in Ref. 32 (dashed lines) and
the experimental values; values of y calculated in Ref. 32 (con-
tinuous lines).
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that the disappearance of the correlation properties will
lead to a change in the sign of ¥ if the connection really
does exist. The calculation made in the last of the pa-
pers of Ref. 32 for several nuclei of the rare earth
elements showed that a decrease in the gap really is
accompanied by a decrease in the parameter Y, and
also of the parameter X. In ®Er, the value of ¥ be-
comes negative when the gap disappears. 12’

In Refs. 22 and 62, the deformability of nuclei was
calculated by means of the shell-correction method, the
calculations leading in the whole region of the rare earth
elements to values much lower than the experimental.
However, it must be borne in mind that the relative
change in the deformation is of order 10", i.e., in the
experiments the deformation energy was investigated in
a very small neighborhood of the equilibrium point. The
aim of the approach based on the calculation of the shell
correction is to describe the behavior of the deformation
energy over a much wider range of variation of the de-
formation. "4} 1y particular, when one is calculating
the liquid-drop part of the deformation energy, it is rea-
sonable to assume that for comparatively large varia-
tions of the deformation the nucleus is deformed like an
incompressible drop. For a change in the deformation
of order 0.1%, this assumption may be invalid. Other
degrees of freedom, for example, a change in the radial
distribution of the nucleons, may also make a contribu-
tion of the same order to the increase in the quadrupole
tensor.

As was noted in Sec. 2, the calculated value of d%/dw?
for comparatively soft nuclei of rare earth elements is
much lower than the experimental value, whereas for
stably deformed nuclei the two quantities agree well.
Since the shell-correction method was used in these cal-
culations, the deviations are related to the very small
value of X predicted by this method. In Table I we give
separately the contribution 5B to the coefficient B that
is the result of the CAP effect and the influence of rota-
tion on the single-particle motion. It can be seen that
for stably deformed nuclei this contribution is sufficient
to explain the complete experimental value of B, For

21 other nuclei, the calculations had to be stopped before the
complete disappearance of the gap since the frequency of the
B~ and (or) y-vibrational excitations found in the random-
phase approximation vanished and then became imaginary at
A =0 when the pairing was reduced.
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soft nuclei, the sum of B,,,,. and the contribution 8By, y

from the change in the shape obtained on the basis of the
experimental value of B(E2) is smaller than the experi-

mental value of the coefficient B.

o

We conclude this subsection with a brief discussion
of the results of the numerical solution of the equations
of the cranking model without an expansion in powers of
the rotational frequency. Such calculations for ¥2Er and
'**Yb in a model with a Hamiltonian containing pairing
and quadrupole interaction and a spherical potential of
the shell model were made in Ref. 29. The calculations
took into account only nucleons above the closed shells
Z =40, N=70. Figure 7 shows the quadrupole moments
of these nuclei as functions of the angular frequency. At
small w, the calculations lead to the already familiar
results: Rotation leads to the lenghening of the nuclei
and the nonaxial shape characteristic of the hydrodynam-
ic model. However, the lengthening is replaced by the
opposite tendency for w= 0.2 MeV. At these values of
the rotational frequency there are also irregularities
in the w dependence of the parameter @ (or the angle y
of departure from axial shape). The resulting picture
cannot be interpreted in either the hydrodynamic model
or the model of a rigid rotor. Similar results have been
obtained in Ref. 72. The changes in the shape of the
nuclei found in these calculations at sufficiently high
frequencies are to be attributed to shell effects, which
are described in Sec. 5.

Coexistence of shapes in nuclei of the trvansition
region. It is natural that in soft transition nuclei the
degrees of freedom describing the change in shape are
the ones most strongly coupled to rotation. It is there-
fore sensible to solve the Hartree-Fock-Bogolyubov
equations with constraints, restricting oneself to only
the nonadiabatic effects associated with the change in
the shape (see the classification in Sec. 2). In the
framework of such an approximation, the total energy is

Er(e) = Eofe) 4+ T (T+1)/2¥ (e), (1086)
where £ is the set of parameters that fix the (axisym-
metric) shape of the nucleus; #(¢) is the moment of in-
ertia in the cranking model; E,(e) is the deformation
energy of the nonrotating nucleus. The shape of the nu-
cleus for spin [ is obtained by minimizing E, () with re-
specttoe.

In such an approach, an investigation was made in
Ref. 115 of the shape of the lightest mercury isotopes
accessible to experimental invest&gation. The energy
Ey(e) was calculated by Strutinskii’s shell-correction
method. The energy was found to have two minima, one
of them corresponding to a spherical shell in the proton
system, and the other to a deformed neutron shell. The
deformation energy of the nucleus **Hg, which is slight-
ly oblate in the ground state, £ = - 0. 12, in accordance
with the almost closed proton shell (Z =80), is shown in
Fig. 8. Ate=0.23, one can see a second minimum,
which lies 0.29 MeV above the ground state and arises
because the neutron component in Egy(e) has a deep mini-
mum for N=104 at this deformation, as is well known
from the study of stably deformed nuclei of rare earth
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FIG. 8. Difference AE; of energies in the oblate and prolate
minima in mercury isotopes (without rotation). a) Energy of
“‘"Hg nucleus as function of the deformation parameter ¢ (both
curves are taken from Ref, 115).

elements. The other isotopes of mercury in the region
181 < A <189 have deformation energy of similar kind.
The difference of the energies between the two minima,
AE,, in these nuclei is shown in Fig. 8. Similar re-
sults for the deformation energy were obtained in Refs.
116-120, in some of which the Hartree—Fock method
with constraints and various functionals of the energy
density in finite nuclei was used instead of the shell-cor-
rection method. It can be seen from Fig. 8 that the odd
isotopes in the ground state are oblate for A = 187 and
prolate for A <185. This transition with decreasing
number of neutrons from a slight oblate deformation to
a large prolate deformation explains the experimentally
observed abrupt increase in the rms radius between
*"Hg and '®Hg (see, for example, Ref. 116 and the ref-
erences quoted there).

All the even isotopes in this region are oblate in the
ground state (see Fig. 8; the reasons for the different
values of AE in odd and even isotopes are explained in
Ref. 115). The moment of inertia ¥(g) in the “oblate”
minimum is smaller than in the “prolate” minimum,
this being due to the different deformations. This is
" illustrated in Fig. 9, which shows the sequence of rota-
tional levels at the two minima (the slope of the curves
is #/2). It can be seen that the oblate form is preferable
at high spins. In the case of ™'8Hg the yrast states
0" and 2 are oblate, whereas the yrast states with high-
er spin are prolate. In **®Hg, the transition occurs be-
tween 4" and 6*, in agreement with the large value of
AEj. The transition with the change in the shape leads
to a very specific change in the distances between the
levels of the yrast band, and this is observed experi-
mentally and is reproduced in Fig. 9. The experimental
lifetimes against E2 transitions, which are a direct
measure of the quadrupole moment [see Eq. (52)], also
confirm the large deformation of the prolate branch of
the yrast band (see, for example, Refs. 121 and 122).

Of very great interest is the behavior of the deforma-
tion energy in the case of nonaxial forms (y#0), through
which a smooth transition may possibly be made from
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one axial minimum to another. In accordance with Ref.
117, there is a broad and flat barrier separating the two
minima. The hypothesis of a separation of two minima
found support in the experiment of Refs. 123-126, in
which 84188188y nyclei were observed to have states
with small spin belonging to the prolate minimum, and
also two states with large spin belonging to the oblate
minimum. These states are shown in Fig. 9 on the con-
tinuation of the two branches of the yrast line. The en-
ergies of these non-yrast states are well reproduced in
static caleulations, "7 in which only a single parameter
(the pairing constant) is varied in a very small range.
The discrepancy in the energy of the higher terms of the
oblate band is evidence of nonadiabatic effects of other
types (see the classification in Sec. 2) not taken into
account in the approach adopted here.

As we have already pointed out, the B(E2) values in
18418Hg in the transitions 2*~ 0* and 6*~ 4* can be under-
stood if one bears in mind the different deformations of
the corresponding bands. In the transition 4*~ 2*, B(E2)
has an intermediate value, which shows that this transi-
tion is not forbidden and, therefore, that there is a cou-
pling between the oblate and prolate states. On the other
hand, the branching ratio of the E2 transitions in **Hg
(Ref. 123) and the energies of the bands clearly indicate
a rather good separation of these states. In Ref. 119,
the E2 transitions in "**'®Hg are interpreted in the
framework of a simple phenomenological model. The
prolate states are idealized as the rotational states of a
rigid rotor, and the weakly deformed oblate states as the
states of an harmonic vibrator of spherical shape. The
parameters are chosen on the basis of energy relations.
In addition, a mixing of states is introduced by adding
an interaction between the rotor and the vibrator in the
2" and 4" states. Two matrix elements of the interaction
are selected by reproducing the B(E2) value in the yrast
transitions. Once the parameters have been fixed, the
branching ratio of the transitions from the prolate states
to the prolate and oblate states are calculated, and these
do not contradict the experimental estimates, 124!

Ep, MeV 1"‘Hg ) ung oy,
o—o experiment.
+—-—4+ theory
d / . oo s
/ [
L ; L L
1+ A f:
Wi ;
Eal
A 1 1 L 1 1 1 1 1 1
¢ 20 40 60 20 40 60 20 49 61I(1+7)

FIG. 9. Energy of rotational bands belonging to mercury iso-
topes of two different shapes. The experimental points are
taken from Refs. 123-125. The theoretical values correspond
to two different minima of the deformation energy[!!®] [see Eq.
(101)]. The rotational states corresponding to one and the same
minimum are joined by segments of a straight line, The 0*
state in the oblate minimum corresponds to the ground state
and is taken as the origin. The prolate band begins at a finite
energy.
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‘The mixing of states gives rise to a certain deviation
of the energies from the unperturbed values, but the
structure of the bands remains typical of a rotational
band in the region of crossing of the bands. The mixed
states (2', 4°) always “repel” one another. For *°*Hg,
the experimental energies have the predicted property,
whereas in ®*Hg the model requires improvement since
the 4* level lies above the unperturbed state.

A development of the phenomenological approach to
coupling betweenbands thatbelongto two minima of differ-
ent deformations is presented in Ref. 120, in which the
nonaxial degree of freedom is treated dynamically. The
dependence of the deformation energy on y is approxi-
mated by a curve composed of parts of two parabolas
whose point of intersection corresponds to the apex of
the barrier separating the two minima. The parameters
of the model are the mass coefficients in the y degree
of freedom, the two moments of inertia at the two min-
ima, the curvature of the parabolas, and the distance
between their minima, i.e., the quantity AE, defined
above. Choosing these parameters, one can reproduce
the spectrum of the nuclei well. The wave functions of
the states are fairly well localized in one of the minima,
except for the immediate region near the point of cross-
ing of the bands, at which the wave functions contain
components of both minima. Unfortunately, the quadru-
pole matrix elements were not calculated.

Estimates based on the overlap integrals give for the
branching ratio the value B(E2, 4}{— 23)/B(E2, 4{-2;)
2 0.01, which does not contradict the experimental esti-
mate = 0.03 of Ref. 123. The model in Ref. 119 leads to
the value 0.003, which also does not contradict the ex-
periment. With regard to the energies, the experimen-
tal deviations from the uncoupled bands, i.e., from
straight lines, are reproduced in this model. In particu-
lar, the shift upward of the 4* yrast level in ®*Hg is cor-
rectly reproduced.

The region around the light isotopes of mercury was
investigated in Ref. 127 by means of static calculations,
which were discussed above. '**? The deformation en-
ergy in platinum isotopes was found to be such that AE,
is small, the deformations of both minima similar, and
the coexistence phenomena to be not so clearly expressed
as in the mercury isotopes, which agrees with the avail-
able experimental data. An interesting situation is pre-
dicted in the neutron-deficient isotopes of lead at A val-
ues in the region of 190. As is shown in Fig. 10, a
spherical ground state is expected in *Pb, this being
due to the magic number of protons. The neutrons are
responsible for deformed minima for both oblate and
prolate deformations. Although there is no information
on whether these minima are joined to one another in
the y plane or separated by a barrier, one can neverthe-
less predict that the characteristic rotational states of
the deformed band must belong to an yrast band for |
=47, In'®1%ph, the states of the deformed bands have
a prolate shape with a high probability since the prolate
minimum has a lower energy. In ®2Pb, in contrast, the
oblate minimum lies lower. A preliminary interpreta-
tion of the **Pb spectrum in terms of the coexistence of
spherical and deformed shapes is given in Ref. 127.
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FIG, 10. Deformation energy (BCS) of the lowest rotational
states in '*8Pb as a function of the parameter €. The hexadeca-
pole deformation is zero for £<0 and - 0. 01 for £ >0, which

is close to the equilibrium values. The results obtained by
means of @ projection are close to the results shown in the
figure, the deviation not exceeding 0.1 MeV.

The coexistence phenomenon considered in this sub-
section is characterized by a difference of deformations
of a comparatively small amount, so that the expected
accuracy of the determination by the shell-correction
method of the relative position of the minima of the de-
formation energy is equal to several hundred keV. In
the calculation of the deformation of the mercury iso-
topes, (1151 the difference of the energies at the two min-
ima could be varied in a certain range by varying the
strength of the pairing interaction in the proton system.
An increase in the corresponding proton parameter by
10% made it possible to explain successfully a large
number of experimental data on the even—even and odd
mercury isotopes.

5. DESCRIPTION OF RAPIDLY ROTATING NUCLEI

As we have already noted in Sec. 2, with increasing
rotational frequency the role of pairing decreases, and
at a certain critical angular momentum the energy gap
becomes zero. In this section, we describe rapidly ro-
tating nuclei in which the influence of pairing can be ig-
nored.

In the case of rapid rotation, the nonadiabatic effects
in the single-particle motion are large, and perturbation
theory cannot be used to describe them. The change in
the shape of the nucleus (see the classification of the ef-
fects in Sec. 2) plays the main role and is so great that
one must have recourse to the methods developed in the
theory of fission to describe it. The connection between
the description of rapidly rotating nuclei and fission
theory is dictated by the very nature of the phenomenon
since the limit to the acceleration of the rotation of nu-
clei is largely imposed by their fission.

For general orientation about the processes that take
place in a nucleus when the rotation is speeded up to the
maximal amount possible it is helpful in a first approxi-
mation to ignore the quantum nature of the motion of the
individual nucleons and consider a model in which the nu-
cleus is represented as a classical rotating charged liq-
uid drop. In the next approximation one introduces cor-
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FIG. 11. Deformation energy of the nucleus **Dy in the liquid
drop model at angular momentum /=80 as a function of the
parameters § and ¥ of ellipsoidal deformation.!!*JThe constant-
level contours are drawn every 1 MeV. The energy of the non-
rotating sphere is taken as the origin.

rections associated with the quantum nature of the sin-
gle-particle motion (called the shell corrections), which
are extremely important for obtaining quantitative re-
sults.

Rotation of nuclei in the liquid drop model. We con-
sider a system of charged particles of uniform density
in a finite volume. We shall describe the effects of the
change in the shape of the nucleus by introducing a sur-
face energy proportional to the surface area. We re-
strict ourselves to considering the rotation of such a
system as a whole, ignoring the change in the density
due to the centrifugal distension. The moment of inertia
in such an approximation is equal to the moment of in-
ertia of a rigid body of the same shape and mass. We
shall study the total energy of such a system as a func-
tional of the shape of the surface; in particular, we shall
consider its extremal points. The absolute minimum of
the total energy corresponds to the ground state of the
system. The difference between the energies at the ex-
tremal points at the absolute minimum and at the saddle
point gives the value of the fission barrier.

There is an intimate connection between this problem
and the astrophysical problem of the shape of gravitating
uniform masses, this being based on the fact that the
Newtonian potential of gravitational attraction has the
same spatial dependence as the repulsive Coulomb po-
tential. The efforts of many eminent mathematicians
have been directed toward the solution of the astrophysi-
cal problem (see, for example, the review, Ref. 128).

The problem of the form of a charged liquid drop,
which has, as we said above, a direct bearing on nuclear
physics, was considered in Refs. 128-138. A detailed
review of the evolution of the stationary shapes when the
angular momentum of the drop is varied was given in
Ref. 128. We mention here the results that will be im-
portant in what follows in the discussion of the extremal
shapes calculated with allowance for the quantum correc
tions.

Without rotation, the absolute minimum is attained
for a spherical shape. As the rotation is speeded up,
an ever more oblate axisymmetric shape becomes ener-
getically advantageous, this continuing until the angular
momentum reaches the first critical value (of order 80%
in the nuelei of the rare earths), at which the axial sym-
metry is lost. At the same time, the classical energy
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begins to depend weakly on the total lengthening of the
nucleus and on the departure of its shape from axial
form in a certain fairly large range of variation of the
parameters that characterize the shape (as compared
with the characteristic interval in which the quantum
correction changes appreciably). In other words, there
is a comparatively large range of nuclear shapes for
which approximate equilibrium of the classical Coulomb,
surface, and centrifugal forces is attained. We shall
refer to this as the pre-barrier region since a slight in-
crease of the angular momentum above the first critical
value results in an appreciable displacement of the abso-
lute minimum, this corresponding to a change of the
equilibrium shape from oblate through nonaxial to a
nearly prolate form. Simultaneously, the position of the
absolute minimum approaches the saddle point.

When the absolute minimum and the saddle point
merge, which occurs at the second critical value of the
angular momentum, the nucleus becomes (“classically”)
unstable against fission into two fragments. At larger
values of the angular momentum, there are no equilib-
rium forms. The heaviest nuclei (A > 230) become
“classically” unstable against fission already when the
first critical angular momentum is reached.

Note that the shapes for which stable equilibrium is
attained are, in contrast to the shapes corresponding to
the saddle point, nearly ellipsoidal (except for the light-
est rapidly rotating nuclei), which justifies the study of
the role of the quantum corrections made in Refs. 113,
114, 139, and 140 under a restriction to ellipsoid shapes
(see below). In the same papers, examples are given
that illustrate the sequence of equilibrium shapes in the
liquid drop model (Fig. 11). Figure 11 shows the energy
surface for ellipsoidal deformations characterized by the
parameters B and y at an angular momentum near the
first critical value. One can easily see the broad region
of smooth variation of the deformation energy along the
straight line joining the points with the coordinates (8, ¥)
=(0.45, —60°) and (0.9, 0°).

Estimates for the first and second critical values of
the angular momentum for nuclei along the valley of g
stability are given in the review, Ref. 128. The second
critical value attains its largest value, 977, in nuclei
with A ~130. We give more detailed information for the
nucleus **"La, in which the first critical value is 687,
and the second 85%#. The rotational energy for the sec-
ond critical value and external shape is 60 MeV, which
is not more than 6% of the binding energy of this nucleus.
The corresponding angular frequency of rotation is Zw
=1.4 MeV.

The above pronounced change in the shape of the liq-
uid drop as the angular momentum varies from the first
to the second critical value is well manifested as a giant
back-bending effect™™*” (Fig. 12). It is natural that in
this region any slight change in the energy surface, in
particular corresponding to allowance for the quantum
shell correction, leads to an appreciable change in the
position of the minimum.

Shell effects in rapidly rotating nuclei. It follows
from the estimates made above that even the most rapid
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rotation, almost sufficient to break the nucleus apart,
decreases the total binding energy of the nucleons by
only a few percent. In this sense, rotation only slightly
changes the conditions of existence of nuclear matter.
The large effect of this perturbation expressed in the
strong change in the shape is explained by the fact that
rotation “interferes” with the delicate balance of the
comparatively large Coulomb forces and the surface
tension forces. (In the '2"La nucleus, for which the
above estimates were made, the Coulomb and surface
energies for spherical shape are 456 and 445 MeV, re-
spectively.)

Therefore, if there is a rotation, the local properties
of the nucleus change little and one can assume that the
mean free path of the nucleons and the correlations in
the single-particle motion are not changed so much that
it becomes meaningless to use the concept of an average
field to describe the motion of the nucleons in the rotat-
ing coordinate system. (We are not here referring to
the pairing correlations of superconducting type; the
role of these forces has been discussed above and it has
been shown that they can be ignored in the case of rapid
rotation. )

However, the average field can change not only its
shape, and estimates of the corresponding effects are
given below. Even more important is the direct influ-
ence of the rotation on the single-particle motion, as is
shown by the estimates of wjj; [see Eq. (6) for v;,u
=0]. This quantity can be estimated for the nucleus
¥"L.a for maximally fast rotation using the value fiw
=1.4 MeV and assuming that the matrix elements of the
single-particle angular momentum in this nucleus do not
exceed 6%Z. Then |wji;| S 8.5 MeV, which, on the one
hand, is comparable with the distance between the
shells, and, on the other, is less than the Fermi energy
(~40 MeV). On the basis of the estimates made here,
it must be expected that the shell effects, which are
strongly related to the level density at the Fermi sur-
face, undergo appreciable variation as a result of rapid
rotation of the nuclei, and in this sense the perturbation
introduced by the rotation is not small. However, nu-
merical estimates of such changes can be made in the
same approximations based on the average field concept
that have proved themselves well in the calculation of the
deformation energy of nonrotating nuclei.

To calculate the total energy of a rotating nucleus as
a functlonal of its shape, it is therefore natural to use
Strutinskii’s method, which has been very effective in
the calculation of the energy of a nonrotating nucle-
us. H#1- 1431 The modification of the method due to rota-
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tion is described for slow rotation in Ref. 144, Rapid
rotation has been studied by a group of theoreticians
from Lund and Warsaw'***% (in what follows, we shall
refer to these studies as the LW approach) and a group
from Dubna and Rossendorf'* 4! (DR approach). The
two approaches are compared in detail in Ref. 145.

The problem of finding the minimal eigenvalue of the
many-particle Hamiltonian A for given spin of the nu-
cleus, i.e., the energy of the yrast state, can be solved
by Lagra.nge s method, which leads directly to the oper-
ator R [see the definition (1)], which, by analogy with
the corresponding function in classical mechanics, %’
we shall call the quantum Routh operator, or the Rou-
thian."¥"111 1n a rigorous formulation of the problem,
when the commutativity of T and # is not violated by the
approx1mat1ons which are introduced, R commutes with
H, and therefore has common elgenstates with A. In
such a case, the transition from H to R does not intro-
duce additional approximations.

One of the possible approximate methods of solving
the problem of the minimal eigenvalue of H is to find
the expectation value (I1H1I), where |I)is a many-par-
ticle function corresponding to definite spin I of the nu-
cleus. Varying II), we find the minimal value of
(I'H\I), which we denote by E(I). To avoid construct-
ing functions |I) with definite spin I, we go over to the
1nvest1gatmn of the minimal expectation value R(B, w)
=(B, wIR|5, w) Imia ON a certain class of functions | g, w).
The parameters g determine the shape of the nucleus.
In Refs. 113 and 114 it is noted that if the dependence
of E(8,I) onI=(B, wlilp, w)is convex the functions E(g,I)
and R(B, w) are uniquely related by an equation that fol-
lows from (1):

E@ D) =@ oD|T]|Bo(1)=RE 0)+lo, (107)
where w is determined by the condition

1= —dR/io =1, o). (108)
1t follows from (107) and (108) that

o= 3dE/al. (109)

In what follows, we shall use the word Routhian for both
the operator R and its expectation value R (@, w), which
will not cause confusion.

If the dependence of E(B,I) onI is not convex, no value
of w corresponds to a certain value of I [Eq. (108) has
no solution].

As we have already noted in Sec. 1, the introduction
of the Routhian R(B, w) into the problem of rotation about
an axis which is not a symmetry axis can be interpreted
as a transition to a coordinate system rotating together
with the average field of the nucleus with frequency w.
In other words, the introduction of the Routhian consti-
tutes the essence of the cranking model without pertur-
bation theory. The study of R(, w) is no less justified
in a description of the yrast states with angular momen-
tum directed along the symmetry axis of the field, al-
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though the interpretation of such a state as rotational
may meet objections. Formally, this case differs from
rotation in which the direction of the symmetry axis of
the potential changes with the time, in that for eachI
there is a corresponding configuration in an unchanged
potential. But there are numerous physical arguments
suggesting that one should extend the term rotation to
this case as well, as A. Bohr does. "

In the model of independent particles, the Routhian
R, is equal to the sum of the lowest A (4 is the number
of particles) eigenvalues £ of the single-particle Rou-
thian [see Eqs. (6) and (7) for Vigiryr =0]:

r=i—oj+V (), (110)
where / is the kinetic energy; j is the angular momen-
tum; and V is the average field of the nuclear forces in
the rotating nucleus, this depending, in general, on the
rotational frequency w. This dependence is compara-
tively weak, as was shown in Ref. 114, and in practical
calculations it has not hitherto been taken into account

(see below). Thus,
Ryp (B, @)= 3] e (111)
e?’(lip

The derivative - 8R,,/8w, which is denoted below by
I1,,(B, w), is represented as a sum of A expectation values
of the operator j. These values are calculated from the
eigenfunctions corresponding to &£f:

R0 =1, (B, 0)= > jm
B?'{?-ip

(112)

Here and in the preceding equation, A, is the Fermi
level in the model of independent particles.

For small w, when perturbation theory can be used,
€f and j; have the form

a?’r——-a',-’fm-ﬁlilzwﬁ—*——M:fl_jjf % (113)
Nl 5
§e=lilh—2 3%@- (114)

hei

where £’ and |{) are the eigenvalues and eigenfunctions
of the single-particle Hamiltonian [see the expression
(110) for w=0].

In the case of rotation about a symmetry axis of the
nucleus, which is discussed in detail in Ref. 140, the
sums over k are zero, and the remaining terms repre-
sent an exact solution for all w. In the case of rotation
about an axis perpendicular to the symmetry axis, the
diagonal elements are not present. (The case Q=3 re-
quires special treatment, ) For large @, the corre-
sponding quantities are calculated numerically.

It is known that in the absence of rotation the model
of independent particles is inapplicable for the calcula-
tion of the total deformation energy. In Refs. 113 and
114 it is noted that for the Routhian R(B, w) one can
prove Strutinskii’s energy theorem®] in exactly the
same way as the theorem is proved for the total energy
of a nonrotating nucleus. Therefore, it can be calcu-
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lated by Strutinskii’s method. Essentially, the proof
is based on the stationarity of R(g, w) for a small varia-
tion of the many-particle wave function | 8, w), which is
a Slater determinant constructed from single-particle
wave functions. Since E(B,I) is determined by the con-
dition of stationarity in the presence of the constraint
(wl|Ilw) =I [see Eq. (2)], Strutinskii’s theorem is also
valid for it. The stationarity of E(g,I) for constant I
can be readily deduced directly from the stationarity of
E(B, w) for constant w. Indeed, we obtain the first vari-
ation of E(B,I) for a small variation of | w) on the basis
of Eq. (107):
(8E);= (8R),+dR/d0 -8 +1-8w.
There must be a concomitant change of w if the spin I
is to remain constant when |w) varies. Using (108), we
obtain (ﬁE)1=(6R‘)-‘:,, i.e., if (6R), =0, then (6E);=0.

Thus, we have shown that to within variations of the
density of second order, which are usually not consid-
ered in Strutinskii’s method, one can obtain a splitting
of E(B,I) into a “smooth” classical part and a shell cor-
rection on the basis of the corresponding splitting for
R(B, w) and I(B, w):

R (B, m}'——Rc] (8, o)+ 6R (8, 0);
1(B, @) =Iui(B, w)-+81(B, ®),

(115)
(116)

where R and I, are the classical expressions for a ro-
tating charged liquid drop:

Ra (B, @) =Uro— 5 0¥ (B) 3
j (ﬂ, ©) = —3Ry,/00 = (B) .

(117)
(118)

Here, Uy p is the sum of the classical surface and Cou-
lomb energies of the nucleus in the liquid drop model.
Since the quasiclassical rotational motion of the nucleus
is nearly that of a rigid body, the rigid-body inertia
tensor is usually used for ¥,,.

The shell corrections 3R (B, w) and 6I(8, w) have some-
what different forms in the two approaches mentioned
above. In what follows, we shall adopt the formalism
developed in the Dubna-Rossendorf approach:

SR ‘pl m) =Rip(ﬁl (I))-—-ﬁ(ﬂ, (0);
— 3 (8R (B, 0))/do=Ty (B, 0)—1(B, o),

(119)

8L (f, 0)= (120)

where R(,G, w) is the result of averagmg R,, defined in
the usual manner in Strutinskii’s method.

In the case of slow rotation, the expressions for R,
and I;, are Well known*®! [see also Eq. (2)] and the ex-
pressions for R and T are obtained by smoothing the ex-
pressions (113) and (114) and using approximate expres-
sions for the variation of the smooth quantities in the
case of a small variation of the single-particle spec-
trum. "% Details of the derivation in the case of rota-
tion about an axis perpendicular to the symmetry axis
are given in Ref. 144, and the results have the form

R, 0)=R(B, 0)—(@¥2)¥+
T(ﬁv m):m?l,

(121)
(122)
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Ji—§ Erd =R )

e e [ E1=] Ry % (123)

w and ] are the moduli of the corresponding vectors,
which in the given special case are directed along the
rotation axis. Here, # are smooth population numbers
in Strutinskii’s method. (1437

To obtain the corresponding expressions in the case
of slow rotation around the symmetry axis, it is neces-
sary to use a higher order in the expansion of the
smooth quantities with respect to the perturbation in the
single-particle spectrum. The results have the same
form as the expressions (121) and (122), in which the
moment of inertia is represented by

¥ =23 [kl 1B PS R—ed), (124)
where X is the Fermi level in the smooth system, which
is fixed by specifying a definite number of particles;
S(z) =£(z/v)v; £(x) is the function introduced in the re-
view of Brack ef al.'***? by means of which the single-
particle spectrum is smoothed; y is the averaging inter-
val. Without going into discussion about the possibility
of rotation of a symmetric body about a symmetry axis,
we note that 4" characterizes the energy as a function
of the angular momentum for changes in the configura-
tion of the nucleons that alter the projection of the angu-
lar momentum onto the symmetry axis.

In Ref. 144, by analogy with perturbation theory at
finite temperature, it is noted that the expressions (121)
and (122) can have a wider range of applicability than the
expansion (113) and (114), on which they are formally
based; for in calculations with different poten-
tialgH4 1401141 j¢ has been established that the numerical
estimates of [ (B, w) as a function of w lie on a straight
line with remarkable accuracy.

Thus, the problem of finding the energy E(B,I) of the
nucleus as a function of angular momentum I at defor-
mation 8 reduces to finding the classical quantities (117)
and (118) and the shell corrections (119) and (120), sub-
stituting the resulting expressions in (115) and (116),
and solving the system (107)-(108).

For small w, the rotational energy in the Dubna-Ros-
sendorf approach goes over into the expression given in
Ref. 144:

Epr(B, I)— Epr (B, 0)

= (0%2) [(Fip—F) + Farl = P2 [(¥F1p—F) + Farls (125)

whereas the same limiting case in the Lund-Warsaw
approach has the form

ErwB, 1) —Epw(B, 0) = [(1/¥p— (/7)) +1/%al/2, (126)

i.e., it is not the moment of inertia but its reciprocal
that is renormalized.

The expressions (125) and (126) coincide in two cases:
when there is no “renormalization” (#=%,,) and when the
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shell correction is zero (g, =%); the second case is an
exception rather than the rule. [14

Shape of the nucleus at lavge angular momenta.
Basic theoretical predictions. Actual calculations of
the change in the shape of a nucleus under the influence
of rapid rotation on the basis of the theoretical assump-
tions discussed above were made in Refs. 113, 114 and
Refs. 139, 140 using the Nilsson single-particle poten-
tial and in Ref. 145 using the Woods—-Saxon potential.
The total energy of the nucleus was calculated as a func-
tion of the parameters that determine the shape of the
nucleus [see Eqs. (107), (108)and (115), (116)]. In these
investigations, only ellipsoidal shapes were considered
in the study of the shell corrections. An absolute mini-
mum on the energy surface corresponds to an yrast
state, i.e., to a retating “ground” state, whereas local
minima, if such exisf, are responsible for shape iso-
mers. The calculations show that both the classical
component in the total energy as well as the shell cor-
rection are important for determining the shape of the
nucleus. The classical part describes the general be-
havior of the energy surface that was characterized
above (see Fig. 11).

The local behavior of the energy surface is determined
by the shell correction, which is particularly important
in the region of smooth variation of the classical energy
surface, i.e., for small deformations (ground states of
nuclei in the absence of rotation) and in the pre-barrier
region. As an example of the modulation of the classi-
cal energy by the shell correction, Fig. 13 shows the
total deformation energy of the same nucleus in the same
range of variation of the deformation parameters and
for the same angular momentum as the classical energy
in Fig. 11.

Let us first discuss the change in the shape of the
ground state. Deformed nuclei in the middle of the re-
gion of the rare earths have energy in the “prolate”
minimum which is 2-3 MeV lower than the stationary
energy for “oblate” deformation.**"? Calculations show
that even rapid rotation cannot significantly alter this
relation. ') However, there is a change in the posi-
tion of the absolute minimum. It is shifted in the ma-
jority of well deformed nuclei of the rare earths (except
for some nuclei in the very middle of the region such as,
for example, ™Hf and Y™Hf) in the direction of smaller
deformation 8 and, in some cases,. in the direction of
positive values of the parameter y of the nonaxial shape.
It should be noted that the results obtained in Ref. 29,
with allowance for the pairing forces, at the largest
angular momenta considered in Ref. 29 exhibit many

FIG. 13. Deformation energy
with allowance for the shell
correction. The notation is
the same as in Fig. 11.
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FIG. 14. Position of the minimum in the total deformation
energy of the nucleus Er in the (8,7) plane for different total
angular momenta. The points are joined by arrows that indi-
cate the direction of the change in the shape of the nucleus when
a cascade of gamma rays is emitted. *4

features in common with those found in Ref. 114. With
increasing spin, the importance of the classical forces
increases, y takes a negative value, and 8 increases.
As a result, the position of the minimum in some nu-
clei (especially in nuclei with N =98 and 102) describes
a spiral-like figure. ¥ As an example, Figs. 14

and 15 show the positions of the minima in the total de-
formation energy in the nuclei **Er and ®'W. For large
angular momenta, for which points are not shown in the
figures, the nuclei undergo fission.

The changes in the single-particle level scheme that
are responsible for this behavior of the total energy are
discussed in detail in Ref. 140.

The situation is quite different in neutron-deficient
nuclei and in nuclei in the transition region, in which,
as is well known from calculations without allowance
for rotation, the potential energy surface has two min-
ima, oblate and prolate, at approximately the same de-
formation 8 (Ref. 148). In such nuclei, rotation deepens
the oblate minimum, which remains the ground state for
I up to approximately (50-60)%, changing its position
slightly. Oblate rotating nuclei are of particular inter-
est from the experimental point of view, since y transi-
tions in the case of rotation about a symmetry axis do
not have collective enhancement because the charge
density does not change in such transitions to within A™,
and it is therefore theoretically possible to have rapidly
rotating metastable states; these are the so-called yrast
traps, [149:1401

The study of possible traps in oblate nuclei rotating
around the symmetry axis is facilitated by the obvious
circumstance that the projection of the single-particle
angular momentum onto the rotation axis commutes with
the single-particle Hamiltonian and the eigenvalues of
the single-particle Routhian (110) can be obtained di-
rectly on the basis of the eigenvalues for w=0. Of par-

FIG. 15. The same as in Fig.
13 for the nucleus *'w.
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9, |

@i. FIG. 16. Section of surface repre-
a gl | senting the deformation energy taken
/™| approximately along the “fission

@ valley” for three different angular

¥~ | momenta, The dashed curves are the
. classical deformation energy.113

ticular interest are the sections in which the dependence
of E(B,I) on[ is not convex. In Ref. 140 it is noted that
the state with lowest energy for given ] may be attained,
not for the configuration in which all the lowest eigen-
values of the Routhian (110) are occupied, but in a cer-
tain configuration with a vacant state below the Fermi
level and a filled one above it (a particle-hole state).
One then sometimes has a situation in which states with
spins I —1 and I — 2 have greater energy than the original
state with spinI. In such a case, y decay must take
place with Ar> 2, which, generally speaking, causes it
to be hindered. In addition, hindrance is also possible
in the case when the transition to the lower state is ac-
companied by a change in the state of more than one
particle. All such cases have been investigated in detail
in the nuclei *°Gd and *®*Yb in Ref. 140. But traps are
predicted in a very small number of cases.

In Ref. 150 it is noted that residual (for example,
quadrupole-quadrupole) forces may facilitate the align-
ment of the spins of the nucleons and, therefore, the
formation of metastable states with very high spin.

In the pre-barrier region, as we have already noted
above, the range of smooth variation of the classical
energy is not small compared with the characteristic
interval over which the shell correction varies appre-
ciably (see, for example, Figs. 11 and 13). Therefore,
in this region there is a high probability of finding a
minimum of the shell correction and, hence, of the to-
tal deformation energy, which leads to an increase in
the limiting angular momentum which a nucleus can have
without fissioning. Indeed, it is shown in Ref. 114 by a
numerical calculation that the raising of the limiting
angular momentum may be as much as (30-40)%. It
should be noted that it is assumed in the calculations
that the nucleus is in the yrast band, i.e., it is “cold.”
An internal excitation (a raising of the temperature)
smooths the irregularities associated with the shell
structure, and the classical description becomes more
and more exact.

A particularly deep minimum in the case of a large
prolate deformation arises according to the calculations
of Ref. 114 in the nucleus **Dy (“deformed shell” in
Strutinskii’s terminology'**1*]), this becoming absolute
at angular momentum near the limiting value. A simi-
lar prediction is made for the neighboring isotope **Dy,
as can be seen in Fig. 16.

In nuclei of rare earth elements, one also encounters
a local minimum at a large oblate deformation, and this
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sometimes becomes absolute, but, according to the cal-
culations of Ref. 114, this can occur only at a very large
angular momentum,

Calculations with the Woods—Saxon potential®*? large-
ly confirm the results obtained above for the position of
the extrema of the energy surface. However, the depth
of the minima may be changed, which in some nuclei
leads at certain angular momenta to an appreciable
change in the shape corresponding to the yrast state.

In Ref. 114 it is noted that the changes in the shape
of a rapidly rotating nucleus described above have im-
portant consequences for the development of a cascade
of gamma rays.

The application of Strutinskii’s method to the rotation
of a light nucleus such as *Ne is discussed in Ref. 151.

It should be noted that the deformation energy of rap-
idly rotating nuclei has also been calculated in a simpli-
fied model'®®* %% in an approach of the Hartree-Fock—
Bogolyubov type. However, as the authors of this in-
vestigation themselves point out, the restricted single-
particle space and schematic treatment of the nucleon—
nucleon interactions used in the calculations must cast
doubt on the adequacy of the model for the problem
posed.

Reaction to votation of nucleay chavaclevistics
besides the shape and the superfluidity. Historically,
it so happened that the degrees of freedom associated
with the shape and superfluidity were at the center of
interest in the discussion of the reaction of nuclei to
rotation. Accordingly, in the present review we have
hitherto dealt almost exclusively with these properties.
It must be borne in mind that the shape and superfluidity
are not the only characteristics of a nuclear system
which are affected by a finite angular momentum im-
parted to the system. Other properties such as the den-
sity distribution in the internal coordinate system, the
nature of the mass flow produced by the orbital angular
momentum, and also the degree of polarization of the
spins of the nucleons, are of interest.

Correct understanding of such properties of nuclear
rotational motion is particularly important in attempts
to predict the behavior of a nucleus in high-spin yrast
states on the basis of Strutinskii’s method of shell cor-
rections, since this determines the choice of the classi-
cal Routhian and the single-particle potential as func-
tions of the rotational frequency w, these being used as
a substitution instead of the corresponding smoothed
quantities (see above).

Unfortunately, the empirical data so far accumulated
give almost no help for the solution of this problem, in
stark contrast to the situation for zero angular velocity,
in which the freedom in the choice of the mean energy
and the single-particle potential is strongly restricted
by a large number of empirical data such as the mass,
the lifetimes for spontaneous fission, the spectra of odd
nuclei, etc.

A theoretical treatment of the problem is given in
Ref. 114, in which a study is made of the averaged den-
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sity matrix p, which is assumed to satisfy the condition
of self-consistency “on the average” formulated by

Strutinskii** 141,

~ o~ "8, thing” ~
p—)-V—)-PmME-)p, (127)

or, to put it in words: The single-particle potential is
the result of convolution of the density matrix § with the
two-nucleon forces. The matrix §, in its turn, is ob-
tained by smoothing the matrix p,,, which corresponds
to the lowest stationary filled levels in the potential V-
In principle, the density matrix p should also be used

to calculate the average Routhian R. Note that in the
case of rotation the eigenstates of the operator » defined
by Eq. (110) are stationary single-particle states.

Following Ref. 114, we consider the following charac-
teristics of a nucleus at large angular momenta, these
being described by the average density matrix g:

1) the nature of the rotational flow;

2) the density distribution in the internal coordinate
system;

3) the spin polarization;

4) the structure of the spin—orbit potential in the ro-
tating nucleus.

The nature of the rotational flow, Under fairly gen-
eral assumptions, one can show that the average flow
generated by a single-particle Routhian of the form (110)
corresponds to rotation of the system as a rigid body
(see, for example, the discussion in Ref. 4, Vol. II,
pp. 79, 80 of the Russian translation). To understand
how this result is obtained, let us consider as a sim-
plest example a system of spinless “fermions” moving
in a local potential well. In this case, the single-parti-
cle Routhian is given by

r=pY2M 4V (r) — - (r X p) = (p— M (@ X r))¥2M + 7V (r)
— M (@ x r)¥2. (123)

The second form of the expression (128) shows that in
the local approximation the Routhian has a minimum if
at every point r the particles have momenta p distribut-
ed isotropically around the mean value

(Pr=M(aXr), (129)
which, as it happens, corresponds to rotation of the
system as a rigid body.

Migdal has shown'®®*! that the result (129) is also ob-
tained in the case when the convolution of the density
matrix with the two-nucleon forces leads to a velocity-
dependent single-particle potential. This is because,
on account of Galileo invariance of the forces, the po-
tential can depend only on the relative velocity of the
particle under consideration and the surrounding medium.

Certain general information about the conditions under
which rotation of the system as a whole is energetically
disadvantageous can be obtained by studying the effect
of the following transformation of the wave function of
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the system on its physical properties:

: A
|9 =exp { —LL 5 ¢ (x) } luo.

v={

Here, |uy) is a state corresponding to some local ve-
locity distribution uy(r) given by (129); M is the nucleon
mass; ¢(r) is an arbitrary function of the spatial co-
ordinate of the nucleon. The state | ¢) corresponds to
a local velocity distribution u(r) =V¢(r) +u,, i.e., this
transformation of the wave function corresponds to ex-
citation in the system of irrotational motion. It is ob-
vious that such a transformation leaves unchanged all
the characteristics of the charge and mass distribution
of the nucleons and, in particular, does not affect the
volume or multipole moments of the charge. On the
basis of the invariance of ¢(r) under time reversal, one
can also show that the monopole pairing is unaffected
by the transformation. Therefore, the gap parameter
A does not depend on ¢;

A=g($| 2 afat|$) =g (uo| X ajak [uy),

if the state |uy) contains only pairing correlations of
monopole type, when (u,lajajluy #0 for i =j (the states
i and j are conjugate with respect to the time).

Excitation of the irrotational motion increases the
mean kinetic energy compared with the estimate ob-
tained above [see (128)] for the rotation of the system
as a whole. However, the distribution (129) corre-
sponds to the appearance of centrifugal forces which
change the mass distribution in the nuclei, and also
nondiagonal matrix elements of the Routhian (128),
which affect the monopole pairing. If the changes in the
potential energy associated with this are large, then the
irrotational motion is energetically advantageous. At
small angular momenta, pairing plays the dominant
role (see Sec. 2), and the velocity distribution of the
nucleons may be very different from (129). As we shall
show below, the influence of the centrifugal forces is
very small in virtually the entire region of angular mo-
menta for which the nucle1 exist as 4 whole, so that in
the absence of pairing (129) must be satisfied with good
accuracy.

It follows from (129) that the orbital part of L of the
smoothed angular momentum is given by
L=%u, 0, (130)

where ¥.;(p) is the classical inertial tensor, to which
there corresponds the spatial density given by

p(r)=(r ﬁ) | . (131)
This approximation for the classical moment of inertia
has been used hitherto in practical calculations by
Strutinskii’s method.

Experimentally, it has been found 57" that for the
nucleus ***Yb the moment of inertia when I 2 20 is close
to the spherical rigid-body value, although the experi-
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mental errors are large. This is because the spin is
determined by estimating the number of y transitions
that take place from the investigated level.

The density distribution in the internal coordinate

system. The last term in the expression (128):
Vet (r) = — M (0 X 1)%/2 (132)

is the centrifugal potential. We have already discussed

above the importance of the centrifugal forces in the de-
termination of the shape of the nucleus. Within the nu-
clear surface, the centrifugal forces tend to change the
density distribution that would be present in the nucleus

in the absence of rotation, shifting the nucleons to the
side from the rotation axis.

Ignoring Coulomb and surface effects, which compen-
sate one another to a certain extent (see, for example,
Ref. 4, Vol. I, p. 254 of the Russian translation), one
can describe the interior of the nonrotating nucleus by
means of a constant density py equal to the equilibrium
density of nuclear matter.

The equilibrium density p(r) of the nucleus in the field
of the centrifugal forces is given in the first order as

(P (r) —po)/po = (et — Ve (r))/b; (133)

b=K/9,

where K is the compressibility modulus of nuclear mat-
ter; A, is a constant which depends on the boundary
conditions. Assuming for simplicity that the surface is
a sphere of radius R, and assuming as boundary condi-
tions that the generalized forces corresponding to the
coordinate R are zero, we obtain

her = — Mw?R%3, (134)
Thus, the density is decreased on the axis of rotation
and increased on the “equator”. The maximal relative
change in the density occurs on the rotation axis and is
|Xee|/b. The mean density is reduced by the relative
amount % Al /b. (Note that this is due to the increase
in the radius R.)

The relative change of the classical moment of in-
ertia, which is due to the change in the density, can be
readily calculated; the result takes the form

(#rig— (Frigdo)/ ¥ rig = 0.52 | Aot |b. (135)
The constant A, is the change in the Fermi level in the
centrifugal field. Adding all the contributions to this

change in accordance with Eq. (128) and using the
Thomas-Fermi expression for the kinetic energy:

er = ((p— M (0 X 1))¥/2M ) = (p/po)2/eh (136)
(€5~ 38 MeV), we obtain
Aot = % (p;ﬂpn) e+ (V (1) = Vo) + Ver (1), (137)

whence, using (133), we arrive at the result
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V(r)—Fo= (1—%%5‘ ) Crot—Ver (). (138)
For a nucleus with A =170 and I =807, the value of Ayl
is 1 MeV. Taking K =250 MeV, we find that Ix,|/b is
4%. For any reasonable value of K, the value of |V (r)
- V,| determined by (138) does not exceed some frac-
tional part of an MeV. It should also be noted that A,

and V(r) are proportional to I%.

Thus, all the effects of the change of the density in-
duced by the centrifugal forces are relatively small and
they can be ignored in practical calculations. Only the
very largest possible spin values may be an exception.

The spin polarization. Taking into account the spin
of the nucleus, we note that the operator » contains, in
addition to the contribution taken into account in Eq.
(128), the term

V' = —a-s. (139)
This term leads to spin polarization. For a free fer-
mion, the polarization vector is given by
(140)

3
(8) == = o.

The corresponding contribution to the moment of inertia
is

Yo JFEm= ot 2 0.684- 230 (B=0). (141)

o
8ef,

Pik-Pichak showed for the first time'*® that the two-
nucleon spin-orbit forces for a nonzero rotor of the ve-
locity field (129) lead to an exchange term in the single-
particle potential of the rotating nucleus. This term has
the same structure as the field V$~, differing by a nu-
merical factort!!*! of order 1.2. As a result, the ex-
pression (141) for the moment of inertia must be multi-
plied by a factor of order 2. 2.

One further correction to the result (141) arises when
allowance is made for the following term in the two-nu-
cleon forces:

—B(s1°82). (142)
Taking into account both these terms and the spin-orbit
interaction, we obtain

Fo e 2,287 #/(1 4+ 3B/8¢h). (143)
The value of the constant 8, which must be substituted
in (143), is very uncertain. In Ref. 114, the result
Y= 3. 3’;{5'315 given, this being based on the value of g
taken from Skyrme’s effective interactionst™®" (variant
II). However, the estimates made in Ref. 114 are
strongly simplified since they do not take into account
the Pauli principle. If it is properly taken into account
and B is estimated on the basis of the widely used two-
nucleon interactions, we obtain for %/#I ¢ a value in
the range

0.4< ¥o/hie< 2, (144)
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The contribution to the spin-orbit potential from the
two-nucleon spin-orbit and spin-spin interactions can
be represented as

oV, = — (#4705 —1) 0-s. (145)
In connection with the result (142), it should be said
that if a quasiclassical approximation of higher order
is used for the density p of a noninteracting Fermi gas,
then one can obtain a correction to the rigid-body mo-
ment of inertia that has a similar functional form, but
with a different numerical factor:

[158]

Haa= — A/(2eh) = —0.94-2/5%,,, (3 =0). (146)
This contribution is analogoust*®*® to the diamagnetic
susceptibility of an electron gas introduced by Lan-
dau’'®7 and is due to the curving of the classical orbits
in the magnetic field. Since the correction term g4,
arises as a result of the orbital part of the motion of
the nucleons, the spin-dependent part of the two-nucleon
forces does not affect the estimate of it.

The structure of the spin-orbit potential in the rotat-
ing nucleus. Repeating the usual derivations of the sin-
gle-particle spin—orbit potential on the basis of the two-
nucleon spin—orbit forces, but taking into account the
finiteness of the mean flow of nucleons given by (129),
and also the spin polarization

{s) =¥0/4, (147)
we can readily conclude that the ordinary expression

for the spin—orbit potential in a spherical nucleus must
be transformed to

Vo=l (+250) A —r % (p)e) (5150, (148)

where k is the ordinary coefficient of the spin—orbit po-
tential.

To obtain a general impression of the relative im-
portance of the different correction terms that appear
in (148), we note that on the equator of the nucleus we
can give an estimate for the quantity

Lrx (p)e|=(5/2) I/A4, (149)
which has a numerical value of order 1% for A =170 and
I=80%. For the same values of A and I and for ¥
~yE® we have |(s)| ~ 10"%. Since the potential (148)
vanishes after averaging over the local Fermi sphere,
it does not contribute to the moment of inertia.

The investigations made above make it possible to
estimate the accuracy of the results. Unfortunately,
the experiments are still in a state in which it is too
early to speak of a direct verification of the calculated
corrections.

CONCLUSIONS

The theoretical estimates and also the few available
experimental data (see Sec. 5) make it possible to de-
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termine the limiting values of the angular momentum
that quasistationary nuclear states can have. The criti-
cal angular momenta in the most strongly bound nuclei
reach about I, ~ 10%, and the exact values of I, are
determined by quantum effects. Study of the reaction

of nuclei to rotation in the region of angular momenta
from zero to I, reveals very varied phenomena: In nu-
clei, the correlations of superconducting type disappear
when the angular momentum of the state reaches certain
values which are critical for pairing and approximately
equal to (20-30)% (see Sec. 2). The spherical symmetry
in the density distribution in the nuclei in which it is
present for I =0 is lost at values of I which are suffi-
ciently large to reduce the kinetic energy (see Secs. 4
and 5), and the same happens to axial symmetry (see
Sec. 5). However, in some nuclei axial symmetry can
appear once more when even larger angular momenta
are reached, and it is possible that the collective rota-
tion in such a case takes place around the axis of axial
symmetry, and not perpendicular to it, as is the case
at small angular momenta (see Sec. 5). Predictions of
this kind are related to a further characteristic feature
of rotating bodies: Their energy depends on not only
the shape and the distribution of the mass over the vol-
ume, but also on the velocity distribution of the matter
within the body. Judging from the results of theoretical
investigations (see Secs. 3 and 5), the orientation of the
angular momentum in the internal coordinate system of
rotating nuclei is changed in a very complicated manner
in the states of the yrast band when the angular momen-
tum is varied. Experimental information on this ques-
tion is very scanty, and theory too has made only the
first steps toward studying the velocity distribution of
the nucleons in rotating nuclei.

Rotation also influences the size of nuclei. Although
in this respect the experimental information is extreme-
ly scanty, both theory and experiment indicate the exis-
tence of interesting effects associated with a change in
the nuclear volume as a result of rotation: Nuclei with
strong pairing correlations can decrease their volume
as the angular momentum is increased from zero to the
values critical for pairing, and then expand with a fur-
ther increase inI (see Sec. 4).

A new form of nuclear isomerism and phase transi-
tions with change of shape is associated with rotation.
Centrifugal forces make states with large deformation
advantageous since the moment of inertia increases
with the deformation. Detailed calculations and numer-
ous experimental investigations give a consistent picture
indicating that in one and the same nucleus, properties
of objects having different shapes coexist. Examples of
such coexistence of shapes are fairly numerous in the
region of small and intermediate spins (see Sec. 4).
With regard to states with large angular momenta, the
problem of nuclear isomerism still remains virtually
uninvestigated by the experimentalists, while the theo-
retical predictions in this field are still not yet very
definite (see Sec. 5).

An important feature of the theoretical calculations
relating to all these effects is that they are based on
models which are virtually free of adjustable param-

579 Sov. J, Part. Nucl, 8(6), Nov.-Dec. 1977

eters other than the ones used to analyze the internal
excitations of nuclei. As a whole, the conclusions: of
theory and experiment about the reaction of nuclei to
rotation are in agreement, and this a good confirmation
that the existing nuclear models are valid. Certain
“fine” details in the large body of experimental informa-
tion relating to rotation of nuclei do not agree with the
theoretical estimates. Further investigation of these
details is very helpful for extracting additional informa-
tion about the residual interaction of nucleons.

It is conceivable that in the near future it will become
possible to make a much more detailed comparison of
theory and the experimental data on nuclear rotation, in
particular in the region of large angular momenta. We
hope that the material in this review will be helpful for
such a comparison.

This collective work was carried out through the
broad international collaboration realized at the Joint
Institute for Nuclear Research at Dubna. All authors
of the present review would like to put on record their
appreciation of the excellent conditions for scientific
work created by the administration of the Laboratory
of Theoretical Physics.
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