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INTRODUCTION

In this review, we consider the properties and meth-
ods for determination of the nuclear vertex constants.
Apart from kinematic factors, these are equal to the
amplitudes of virtual or real decay (or fusion) of a nu-
cleus a into two fragments b and ¢ (a= b +¢) on the mass
shell. The concept of nuclear vertex constants has taken
a firm hold in theoretical nuclear physics during the
last decade as this field has been penetrated by disper-
sion-theoretical methods based on the principles of
unitarity and analyticity. These methods, which were
first developed in particle physics, are now widely used
to describe nuclear reactions, especially direct reac-
tions and reactions in few-nucleon systems. In disper-
sion theory, a nuclear reaction is described as a se-
quence of certain intermediate virtual processes, an
important role among these being played by the decay of
nuclei into two fragments and the fusion of these frag-
ments into the final reaction products.

The nuclear vertex constants are fundamental, model-
independent quantities; in their physical meaning, they
are analogous to the renormalized coupling constants in
particle physics, and they have the same status as other
primary characteristics of nuclei such as mass, spin,
parity, and electromagnetic moments. To describe the
properties of, say, a nucleon we require not only its
mass, spin, parity, electric charge, and magnetic mo-
ment but also the constants of its coupling to mesons,
which characterize the virtual emission of mesons by a
nucleon. Similarly, a nucleus in a definite state is
characterized by not only its mass, spin, etc., but also
by nuclear vertex constants (one or several, depending
on the spin kinematics of the decay).

In the framework of the traditional approach which
regards the nucleus as a system of interacting nucleons
described by a wave function that is a solution of a non-
relativistic Schrodinger equation, the nuclear vertex
constant for the decay a— b+ ¢ is proportional to the
coefficient in the asymptotic behavior of the relative-
motion wave function of fragments b and c. Therefore,
the nuclear vertex constant can be calculated in the
framework of different nuclear models. On the other
hand, there are now many methods available for esti-
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mating nuclear vertex constants on the basis of experi-
mental data on elastic nuclear scattering and nuclear
reactions. Comparison of the empirical and theoretical
values of the nuclear vertex constants can give valuable
information about the nuclear models employed, in par-
ticular about the form of nucleon—nucleon forces.

In the first section of the review, we discuss general
properties of the amplitudes of virtual decays and the
nuclear vertex constants and we establish the connection
between the latter and other quantities that can be de-
duced from data on nuclear reactions, and we also es-
tablish the connection between the vertex constants and
the nuclear wave functions. The discussion is based on
the nonrelativistic formalism, which makes it possible
to obtain general expressions that hold for arbitrary
spins of the particles. The second section is devoted to
describing different methods for finding the nuclear ver-
tex constants. Finally, in the third section we gather
together the available information about the constants,
mainly for few-nucleon systems.

1. NUCLEAR VERTEX PARTS IN NONRELATIVISTIC
THEORY

General properties of nuclear veviex parts and con-
stants. In this subsection, we discuss the general prop-
erties of the three-leg vertex parts—the amplitudes of
real or virtual decays of a nucleus into two nuclei—and
we define the nuclear vertex constants. Our discussion
is based on the nonrelativistic formalism, and we em-
ploy only the general principles of nonrelativistic in-
variance and the conservation laws. However, we as-
sume that all particles interact through nuclear forces
of finite range. The necessary modification of some of
our assertions and expressions when allowance is made
for the long-range Coulomb forces is discussed at the
end of the section.

In what follows, we use this notation: my;, P, Ej J4s
M;, and r; are the mass, momentum, kinetic energy,
spin, spin projection, and radius vector of the center of
mass of nucleus 7;
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Mij =M —+My; Wij=mmz/m;;

el =mjtmy —m; = (%42 205m3

@iy = (s — map)imig; Vi; = qQijigis

Eiy=Ei+ Ey— (0 -+ 0)*2mis; 0, = E; — pif2my; Jm 27 +1;

(1)

9;; and E;; are the momentum and kinetic energy of the
relative motion of particles 7 and j. The quantities a;;
Ey;, and o; are invariants of the Galileo transforma-
tions. For real particles (on the mass shell) 0;=0 and
By =q5,/2uy;.

The state vector |pM) of a free particle with momen-
tum p and spin projection M is normalized by the con-
dition

(0 M’ | pM)y = (2)3 6 (1 — p) Bagons. (2)

The amplitude o ;; of any process i~ f is related to the
element S;; of the $ matrix between states normalized
in accordance with (2) by

Spi= 8y — 1 (2)* o u8 (P~ 51) 6 (8 — & —Q), (3)

where 7; and ¢, (respectively, T, and ¥;) are the sums
of the momenta and kinetic energies of the initial (re-
spectively, final) particles; @ is the difference between
the masses of the initial and final particles. Apart
from individual expressions in which 7 and c are in-
serted explicitly, i=c=1 everywhere.

We consider a decay (real or virtual) that takes place
as a result of strong interactions:

@ (@ oM a) b (o] M) ¢ (@ed M), (4)

where @, are the additional quantum numbers needed for
the complete specification of the state of nucleus {. On
the basis of the principles of nonrelativistie invariance,
the general expression for the decay amplitude can be
written in the form

i, = VIR 3 Guse 155 03, 05, 0,) (msm, | JoMa)
mym,
X (JodMod M| sm,) Vi, (vee). (5)

Here, (jymyjym,ljgms) is a Clebsch—-Gordan coefficient;
Y;,, is a normalized spherical function satisfying the
condition ¥, (v) = (- ™Y, . (v); Gy.lls;o0;) are invari-
ant amplitudes—the nuclear vertex form factors, whose
dependence on the quantum numbers «,J; is not specified
explicitly. By virtue of the invariance of the S matrix
in nonrelativistic theory under Galileo transformations,
rotations, and inversion of the spatial coordinates, the
nuclear vertex form factors depend only on the invariant
combinations of the energies and momenta of particles
a, b, and ¢. If all three particles are off the mass
shell, then the form factors depend on three invariants,
which we have taken to be O Oy, and o,

The summation in (5) is extended to the values of the
Spin s and the orbital angular momentum / of the decay
channel restricted by the laws of conservation of angular
momentum and spatial parity:

486 Sov. J. Part. Nucl, 8(6), Nov.-Dec. 1977

(8)

[Jo—s|<ISTo+s;

lfa—fc!szsgiwh:}
E(""l)t=§abcs

where £, =£,£,¢ . and &, is the intrinsic parity of par-
ticle i. Counting (see, for example, Ref. 1) the number
of s and [ values satisfying the conditions (6), we find
the number N of independent nuclear vertex form factors
Gapolls;o;) in (5):

YoV (Jolule)  for even N (JoT4J);
N= {1/2 IV (JoT o) +Eape (— 1) 704 ey (n
for odd N (Jod o)),
where
RLaA- ) Jo T o — [Ty~ T | +1)
for Jo<|Jo—J.|;
N el o) =S A T Ty T, 12 (T FTod Tl ) (8)

—(Ji+Ji+4JE) for [Jo=del<Ta<<Tp+ T
(2Jb+1) (2J.41) for T+ T < T,

If particles b and ¢ are identical, then the amplitude (5)
must be symmetric or antisymmetric under permuta-
tions of these particles if they are bosons or fermions,
respectively. This requirement leads to the additional
restriction

(— 1)3 =&, (9)
which, in general, reduces the number of independent
form factors compared with the number given by (7).

Using the relation
(DM, Im [P6M, peM = 7l 1)Ja+i‘i'n+Jb+Mb+Jc+Mc
X(‘—pb""lwlh ""Pn:_‘wc[@ﬂl_]]n"'ﬂ{a), (10)

which follows from the invariance of the S matrix under
time inversion, ' for the amplitude of the fusion process

b (T 8M) + ¢ (@l oM o) — a (ol o M ) (11)
we obtain from (5) the expression
a#x:M“= V 4n Z' Gabe (Is; 04, o, a.)
ls:mtma
X (Imysm, | FaMy) (JoMyJ M, | smg) Y?‘mr (vae), (12)

which differs from (5) only in the replacement of
Y!ml(vbc) by Y:‘mt(vbc)'

Sometimes, for example when the exchange pole dia-
gram is considered (Fig, 3), it is more convenient to
use for the decay amplitude (4) the expression

M p—— -
g, = Va3 Gupe (If; 0a, 08, G.) (jmyd oMy | J M)
be lJmtmj

X (Im,Jc!({L. [jmj) ngi (vbs)! (13)

which differs from (5) by the scheme for coupling the
angular momenta. The form factors Ge(ls;0;) and
Gas(lj;0,) are related by
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Gae (I} 01) = 2 WeGabs (15} T4);
s } (14)

Gubc US; Ui) - E wstcbc U]u Gi);
i
in which

wey=(— 1) G )W (ToT T li 57 (15)

Wis a Racah coefficient. From (14) and (15),

3 (Gape (185 0212 = 2} (Gave (13 0:) 1%
4 : } (16)

2 ]anc (133 Gi) ‘3 o 2 lGubc (l]; Ui) Iz'
8 2

If the effects that break the isotopic invariance of the
nuclear forces are ignored, we can introduce ex-
plicitly in (5) the isospin Clebsch—Gordan coefficient
(TyM g, T My, | T, M r,), Where T, and Mp, are the isospin
of particle i and its projection.

In their physical meaning, the on-shell values of the
nuclear vertex form factors
Gape (I8) = Goabe (I8} Oay Oby ac) lﬂ“=‘7b-=°,;=3 (]_7)
are equivalent to the renormalized coupling constants
of the “fields” a, b, and c.™* We shall therefore call
the Gub,_.(ls) the nuclear vertex constants. They have di-

mensions of (length)!’? and will be measured in units
of B2,

Using the general principles of the S-matrix theory of
strong interactions™ * and assuming that in the neigh-
borhood of the pole on the physical sheet corresponding
to a single-particle intermediate state all the scattering
or reaction amplitudes are analytic and univalent (i.e.,
the pole is not on a cut), we can show that for the virtual
decay of the nuclear-stable particle a into two nuclear-
stable particles b and c the phase of the nuclear vertex
constant is determined by the relation

Gape (1s) = = i'| Gae (I5) |- (18)
In what follows, we shall say that the “normal” case
holds if (18) is satisfied.

Connection between the nuclear vertex constants and
othey quantities deduced from data on nuclear reactions.
In Sec. 2, we shall consider various dispersion methods
for finding the nuclear vertex constants from experi-
mental data on elastic nuclear scattering and nuclear
reactions. These methods are based on the fact that the
amplitudes and differential cross sections have poles
with respect to the energy and the cosine of the scatter-
ing angle corresponding to single-particle intermediate
states in the direct or cross channel. For unity and
convenience of the exposition, we obtain here expres-
sions in terms of the nuclear vertex constants for quan-
tities determined from experiments by means of differ-
ent dispersion methods. Note that the derivation of
these expressions does not use any model assumptions
about the reaction mechanism or the structure of the
nuclei. The only restriction is that the nonrelativistic
formalism is used.
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First, we give some general expressions and defini-
tions. The differential cross section of the reaction 1
+92-3+4 for nonpolarized particles in the center-of-
mass system can be expressed as follows in terms of
the amplitude o# normalized in accordance with (3):

dojdQ=o (E, 2) = (sapion/4n?) (gs/gse) To 5 (19)
ot = (fifa)”l M| eMarrasant, (@i, aa) [* (20)
MiMsMsMy
where
E = Ep = qiy/2taa; 2==0080==Yi3-Vas; (21)

E and @ are the kinetic energy of the colliding particles
and the scattering angle in the center-of-mass system
(6 is the angle between the momenta of particles 1 and
3). In particular, for elastic scattering 1+2—~1+2,

do/dQ = (ukyhe®) [ [ (22)
and the amplitude o# and the scattering amplitude f¢ in
the center-of-mass system in the ordinary normaliza-
tion are connected by

frrspag sz, @) = — (1e/270) A nsaaeanaipng (Tsz qia)s (23)

where gy, and q{, are the relative momenta before and
after scattering.

The amplitudes of forward scattering in the center-of-
mass system, f € and in the laboratory system Lj, in
which particle 1 with momentum py strikes the target
particle 2 at rest, (this amplitude is denoted by fL) are
related by

r
Fitarsng (0o B2 log=s,

(24)

c
= (ma/ms) firoraagny (i Gia) o=,

where pj is the momentum of particle 1 after the scat-
tering.

We introduce the amplitudes of forward elastic scat-
tering in the center-of-mass system and the system L,
averaged over the spin projections; these occur in the
dispersion relations for the forward scattering ampli-
tudes'® (see Sec. 2):

fon(Ew) = (fljZ)—tM%‘h farinaprants (9120912)3 (25a)
fa(E)= (T 2 firaraanns (s P (25b)
MiM2
where
E = (my/my) Eya = p}/2my (26)

is the kinetic energy of particle 1 in the system Lp. The
spin-averaged amplitudes f L(E,) and f {,(Ey,) are also
related by Eq. (24). From (23), (24), and (25b) we ob-
tain an expression for f{(E,) in terms of the amplitude
o in the center-of-mass system:

fa(Eq)=— (my/2nJ(Js) “2:;“ ofl ppypratnts (Gazs az)- (27
My

From the condition of unitarity of the S matrix the well
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known optical theorem follows:

Im £ () = (pythn) oy (B, (28)
where 3,(E,) is the total cross section for the interac-
tion of particles 1 and 2 at the energy E;.

We now turn to the derivation of expressions for the
residues of the scattering amplitudes ST at the direct
and the exchange poles. We consider the process of
elastic scattering b+ c~ b +¢ (b is the projectile and ¢
the target), and we assume that the forward scattering
amplitude averaged over the spins in the system L
i.e., f3.(E,), has a “direct” pole in the E, plane corre-
sponding to the Feynman bole diagram (Fig. 1), This
diagram describes scattering through the intermediate
state @, which is a bound nuclear-stable state of the
system b +c. Obviously, to find the residue of the am-
plitude f§(E,) at the direct pole it is sufficient to caleu-
late the contribution to this amplitude from only the pole
diagram, In accordance with the general rulest%# for
expressing the amplitudes of nonrelativistic Feynman
diagrams, the amplitude o/ of the diagram shown in Fig.
1 has the following form in the center-of-mass system:

ﬂ'l{MchMS,Mé {qbcs Upe)

S MM, O
:% ﬂ‘.ﬂf},[c (Uu+16) GEME,M;’ 6—>+0,
a

(29)

where o, is defined in (1), and .z e and wﬁgﬂé are the
amplitudes of the virtual processes b + ¢— aand a— b’
+c¢’ (b'=b, c’'=c) at the vertices of the diagram given
by Egs. (12) and (5), in which we must set 0y =0,= 0y,
=0, =0 since the initial and final particles are on the
mass shell. We can express 0, in terms of the kinetic
energy E, of the incident barticle b in the system L,

Oa = (me/my) (Ey— ES™), (30)
where
5 = — (ma/mc) €5 (31)

is the position of the direct pole of the amplitude f7.(E,)
in the E; plane. Determining the residue at the direct
pole by the usual relation

(32)

Tae = lim (Ey— ES™) 1L (E,)
Eo“Eg“
and using Egs. (29), (30), (12), (5), (27), and the or-
thogonality relations of the Clebsch~Gordan coefficients,
we obtain

dir Mgty J,
Tabe = —

(33)

E G?!bc (LS'):

a
2nm, 7y 7 -

where the summation is over ! and s values restricted

FIG. 1.
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by the conditions (6). In the normal case, the sign of
the residue is determined in accordance with (6) and
(18) by the intrinsic parities of particles a, b, and c-

sign rdl — sign E,5,. (3 4)

We now consider the elastic scattering process b+ ¢4
=b+a (b is the projectile and g the target) and find the
residue of the spin-averaged amplitude of forward scat-
tering f {;G(E,,) in the system L, at the exchange pole cor-
responding to the Feynman pole diagram in Fig. 2. This
diagram describes the scattering of particles b and a by
the exchange of the nuclear-stable particle ¢. In the
center-of-mass system, the amplitude « of the diagram
in Fig. 2 has the form

, 5 2J » con g MM
ol ML My M, (qoa, Tba) = (— 1) bg} 2 I;:;Mc (o4 i6) lﬂ'ﬁmz % (3 5)
€

where o ﬂgﬁc and . ﬁg”c are given as before by Eqs. (5)
and (12). Compared with the amplitude of the nonex-
change pole diagram (see Fig. 1) the amplitude of the
exchange diagram (see Fig. 2) contains the additional
phase factor (- 1)2’5, which arises because the particles
are identical. The presence of this factor can be proved
in different ways, for example, by using the standard
formalism of multiparticle scattering theory®! with ex-
plicit allowance for the indistinguishability of the ny-
cleons (see, for example, Ref. 10 and also Ref, 11,
which gives the final working expressions for taking into
account these effects) or by regarding first the exchange
pole as a direct pole in the cross channel b+ ag-7F +4
and noting that the intringic parities of particle b and itg
antiparticle b are the same (respectively opposite) if &
1s a boson (respectively fermion), (12! For forward scat-
tering, o, in (35) can be expressed in terms of the ki-
netic energy E, of particle b in the system L ;

Oc = — (mq/ine) (Ep— £, (3 6)
where
EF" = — (mo/myg) e, (37

is the position of the exchange pole of the amplitude
Foa(E,) in the E, plane. Determining the residue of
() by

(Bv—B*™) f5, (Ey) (38)

= | Yim
Ey»E{XR

and using Egs. (35), (36), (5), (12), and (27), we obtain
et = (— 1)2"";*;% 3, Gans (1) (39)

where the summation is over the [ and s values re-
stricted by the conditions (6). In the normal case (18),
(40)

: " 27
sign r23°h sign [(—1)"%,s,].
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Note that by virtue of (16) the right-hand sides of Eqs.
(33) and (39) can be expressed in terms of the nuclear
vertex constants G,,.(Ij). From (33) and (39), we obtain
the ratio of the residues »33" and 737 of the spin-aver-
aged amplitudes f£,(E,) and f£(E,) of forward elastic ba
and bc scattering:

roairdin = (— )" maf ma .

(41)

This ratio is determined by purely kinematic factors.

The residues pl}% and pi" of the spin-averaged ampli-

tudes fC.(E,,) and 2 (E,,) of forward elastic bc and ba
scattering in the center-of-mass systems at the direct
pole (see Fig. 1) and the exchange pole (see Fig. 2),
respectively, which are defined by

dir : diry (C dir
Pabe = hmdl (Bve — Ebe) foc (Eve), Epe' = —ebe;
r
Ep,+Eye

exch

PEM = lim  (Epa— E5™) fo0 (Eba); (42)
Eba*Egiuh ‘
bzch R lmc/mba), E:c.

can be expressed by means of (24) and (26) in terms of
the residues of the corresponding amplitudes in the L
systems:

dir dir |
Pabe = (mc!'mbc)z Tabes }

exch exch
Pabe = (Mea/Ma) ro5e -

(43)

We find an expression in terms of the nuclear vertex
constants for

RE™® gy =lim (z—3,)*0 (E, 3), (44)
et

where o(E, z) is the differential cross section of the re-
action a+ B—- b+ A in the center-of-mass system and

z =2, is the position of the exchange pole of the reaction
amplitude with respect to the variable z =cosf, which
corresponds to the mechanism of transfer of particle ¢
from nucleus a to nucleus B. This mechanism is de-
scribed by the pole diagram shown in Fig. 3. The quan-
tity (44) can be determined from experimental data on
o(E, z) in the method of analytic continuation to the
polet® 141 and in the singularity-subtraction method®
(see Sec. 2).

Besides the pole term corresponding to the diagram
in Fig. 3, the reaction amplitude contains a “back-
ground” term, which is finite at z =2z, and does not con-
tribute to (44). Therefore, to find RS 5, it is suffi-
cient to find the cross section ¢?°'®(E, z) corresponding
to only the pole reaction amplitude. Here, it is more
convenient to use expressions of the type (13), and not
(5), for the three-leg vertex parts a—b+cand B+¢
—~ A, a more compact expression being obtained (the ex-

Laa
¢ FIG. 3.

q =—> - ——
z&':’ﬂ

489 Sov, J., Part. Nucl. 8(6), Nov.-Dec. 1977

pression for 0®°(E, z) in the Is coupling scheme at the
vertices is obtained in Ref. 16). The amplitude of the
diagram in Fig. 3 has the form

oM pt pa 3,01, (Gaps Goa)

M
= ZoMaifar, (aoc) (Gc+ i8) a2 (ape),
c

(45)

where o ﬁ: u, 18 given by Eq. (13) and arlﬂi"“ by a simi-
lar expression, and o, can be expressed in terms of the
cosine z =cos@ of the scattering angle:

Oc = QapTba (Z _zp)l'm:- (46)

The position of the exchange pole in the z plane is
given by

z2p=[(14-¢?%) E+ef.— g%0)/2¢ V EE', 47
where
g2‘~’= mymp/mai,; E = qgﬂleinﬂ;
E' = qfal2pps=E4+Q; Q=ma+my—my—my = e —efe. (48)
From (45), (46), (19), and (20), we obtain
" Y. apa J 1
grole (B, z) = O EE ﬁﬁ i
"max
X S (goc) Shne (2ne) Pr (Zas)- (49)
n=0
Here
Sme(gr) = ) (— 1) (ala) V2 (14000 n0)
I“!,_‘:i‘z
X W (lalod oJ o3 nfa) Gave (lafai que) Ghre (lufat goe); (50)

8% sclas,) is given by the expression obtained from (50)
by the index interchange a—~ A, b— B;

g(E+EYV—(+e) VEE 5
2% VEE Vag—sVia—s '
_ gE+E | E+gE |
o 2g‘|ffET R Eg]/ﬁ i

(51)

zaA = Vﬁc"sc =

P,(z,,) is a Legendre polynomial; the summation over
n in (49) is with respect to even values from n=0 to
N=MNpay, Where

Nmax = min {207°%; 205%%; 27, — [1 — (—1)*°)/2}; (52)

I7** and I9** are the maximal values of the orbital angu-
lar momenta 7, and 7, at the vertices a~b+c and B+¢
—A allowed by the conditions (6).

Since the particles a, b and A, B are on the mass shell
in the diagram of Fig. 3, the nuclear vertex form fac-
tors which occur in (45) depend only on the single vari-
able o.. By virtue of the identities

0o = — g2 /21— el = — ¢5,/2Mnc — 3, (53)
the nuclear vertex form factors of the vertices a= b +¢

and B +c—A can be assumed to be functions of the rela-
tive momenta ¢,, and g5, respectively, as is assumed
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in (50). We can represent G,,(1,j,;qs.) in the form®7
Gape (Iaia; th) = (qbaﬁugc][u Sabe ('lnfd; qf’,,) Gubc (Iafu); (54)

where the factor (g,./ix3.)'s takes into account the
threshold behavior of the form factor as ¢,,~ 0, and
“reduced” nuclear vertex form factor Zavelladnial) is
analytic in the qgc plane with cut along the negative real
half-axis from g;,= - (¢J,)* to g%, =— = and, by defini-
tion, is equal to 1 at g,,=iu?, (on the mass shell), The
nuclear vertex form factor for the vertex B+c-A can
be represented in similar form, By virtue of (46) and
(53) for fixed value of the energy E in the physical re-
gion the form factors G,,c(1,7,305.) and G,p,(l474;q5,) are
analytic functions of z. However, the expression for
o™*(E, z) given by (49)-(51) is not an analytic function
of z because it contains complex-conjugate nuclear ver-
tex form factors. If in (50) we make the substitutions

e (Fafa; Toc) > Cle (lafa; a8.): (55)
G pe (lAjA; E’nc) — Ghpe (l.q.f.{; Q‘Ec)f

then the resulting expression 5°°'*(E, z) becomes an
analytic function of z, coinciding for physical values of
z (=1<z=<1) with the function 0®**(E, z). In the meth-
ods of analytic continuation to the pole and the singu-
larity-subtraction method mentioned above, it is as-
sumed that the experimentally measured values of the
differential cross section o(E, z) in the physical region
are equal to the values of some analytic functions;
therefore, to calculate (44) one should use, not o8 (E,
z), but *°*°(E, z). Assuming that the reduced nuclear
vertex form factor g,,.(1,7,;q%,) is a real-definite ana-
lytic function on the first sheet of the g7, plane (larg qz.|
<m), i.e., that

Lo (Lafos (9)*) = gae (Laiai ake), (56)
we obtain from (54)
Ge (ladei aBe) |y, iag, = (—1)'0 Gbe (Lafa), (57)

and similarly for the vertex B+c—~A. Finally, from
(44), (49)-(51), (55), and (57) we find

Hrexsg.hABc == lim (z—zp)* gpole (E, 3)

x‘*zp
d i "max
e 15,122*5' ﬁ"'}j Eavan 2 SascSincPr (20) 4 (58)
n=0

where £, ,5 =£,£,E, £ is the product of the intrinsic
parities of the initial and final particles:

" n e 1Ve=da(F fris2 "
Subc = Eachubc (qu) lqbc='”gc Sy [aéq ("_ 1) g {Iﬂ lﬂ) (IQOIGO [ )20)
X W (lﬂI;J,;J,,; n'ja) Gabe (lnfu) G;hc (l:aja); (59)

Shzc is given by a similar expression;

(1—g?) E+ef.+g%2,
2% )/ edel.

Because of the symmetry properties of the Clebsch—
Gordan and Racah coefficients, S7,, and STipc are real,

(60)

20 =204 |rmz, =
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It follows from (52) that if the spin of the exchange par-
ticle is J,=0 or Z, then #,,,=0. In this case, the ex-

pression (58) simplifies for a purely kinematic reason,

and it takes the form

exch e mg qh 4,
Rate, 43e = gmipmr gug 7o Gabas
X 3| Gato Uaa) S | Gane (bafa) Py Jo==0 o 172, (61)
o Laig

Equation (58) takes the same form for J,=1 as well if
for any dynamical reason related to the structure of the
nuclear states a nuclear vertex constant with zero or-
bital angular momentum of the decay channel is pre-
dominant at either the vertex a—~b+c or B + c—~A, i.e.,
if one can assume 7,=0 or I, =0, and the contribution
from the terms with 7,#0 or 7,#0 to Sgpc Or 5% 5. can be
ignored. In the normal case (18), the expression (61)
can be written in the form

exch ‘mE gpa T
Ra;:, ABc= 16ntEET qz—: f;}';
X X Glbe Uada) D) Glie (baja)y Je=0 or 1/2. (62)
lalg laia
From (58) for the reaction a+B—~b+A we find an ex-
pression for the exchange elastic scattering a+b—-b+a

(see Fig. 2) by the substitution B~b, A~ a, 0-71-6;

-~ ™max
wy .F
nggh = Rggg,habu - 16:1:.5'3 f: 2 (SEbCJEPn (zﬂ)v (63)
n=0

where now

2= [(1+8%) -+ (1 — g?) (E/eg.))/2; (64)

zp=—[(1 +£%) + (1 — g% (ebo/ E))/2¢; }
g = mo/ma; E = Epg; 5=cos;

here @ is the angle between the momenta of particle b in

the center-of-mass system before and after the scatter-

ing.

We further consider scattering in the normal case
(18). Then

(Sase)* = (42 (Fo)pdede) (ris), (65)

where 735" is determined by (38) and (39), and from
(63) and (65) we obtain

R = (o o/ AT o) (matmo BV (r5e") 11 4 Sftsz'aefszbc)z P (z)l.  (66)

It follows from (66) that if the spin in the exchange
elastic scattering of the exchanged particle satisfies d,
=0 0r £ (fy,, =0), then the combinations of nuclear ver-
tex constants in » ;2" and R3:" are the same. But if J,
=1, then these combinations are in general different,
i.e., the value of RS gives additional information
about the nuclear vertex constants as compared with the
value of only 732" [or »3j, see (33)]. Since the Legen-
dre polynomials P,(z,) for n=2, 4, ... change rapidly
with the energy E, by determining RS for n_, /2 +1
different energies we can obtain n,, /2 +1 different
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combinations of the nuclear vertex constants 15},.1, »
::0,2, ooy Mpaxe

As examples, let us consider the processes of elastic
scattering of a neutron on a triton and of a deuteron on
an a particle. These will be discussed in what follows.
In both cases, the scattering amplitudes contain con-
tributions from the exchange diagrams shown in Fig. 4
(deuteron exchange). At both vertices t=d+n and a=d
" J the kinematically allowed values are (Z,j)=(0,1) and
(2,1). By means of Egs. (39) and (63), in which we
must set a=¢, b=n, and c=d, we obtain for nt scat-
tering

roh . (Baky)” (Gho+ Gl (67)
g 2 *
REs =18 (2e)® iy [1 440 (2) P, (88)

where Xy =/i/myc=0.2103 F is the Compton wavelength
of the nucleon; 7ic=197.3 MeV - F;

Go=Gna(l=0, j=1); G="GCua =2, j=1);

0y = G1/Grgi 50="5/3+ Enleln; 2o =6,2575 MeV; (69)

E, is the laboratory energy of the incident neutrons in
MeV; G, is measured in fermis.
For da scattering, we obtain similarly

exch

P (Bnky) " (Ghao +Glaz); (70)

= 1V8\2
R =& () (ehy® [+ 40k (- 125";53’3) P ], (T1)

where

Gaay=Goaa (1=0,j=1); Gasz=Gada (1=2,i=1)

Pad = Gddzf‘G(Id(l; Zg= 5,’4—-}- Edl2s';¢: Sﬁg =23,847 MeV; (72)

E, is the laboratory energy of the incident deuterons in
MeV.

It can be seen from (68) and (71) that simultaneous
knowledge of »** and R™" or knowledge of the energy
dependence of R®*h anables us to estimate the ratio p,
i.e., to obtain information about the admixture of the
D wave at the vertex. Itis important that even a small
D-wave admixture can strongly change the values of
Rt For example, in the case of ni scattering at E,
—10 MeV, the value of Riq" increases by about 6, 30,
and 60% as a result of a D-wave admixture correspond-
ing to p2=10", 5- 107, and 1072, respectively, although

the change in » 3" can be ignored.

We have dwelt in such detail on the connections be-
tween »®%, ¥*® and R**" with one another and with the
nuclear vertex constants not only on account of their
importance but also because this question has not been
investigated systematically in any of the theoretical
studies devoted to the determination of these quantities
from experiments. This seems to explain why some

FIG. 4.
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papers contain incorrect general assertions or incorrect
interpretations of the analyses of experimental data.
For example, Dubnifka and Dumbraist® in fact assert
in their review that %, »**, and R®*" contain the
gsame combinations of nuclear vertex constants (see
Egs. (5.15), (5.18) and the text on p, 164 of Ref. 18).
On p. 164 of Ref. 18 it is agserted categorically without
any justification that “... the vertex constants G* are
not related uniquely to these fundamental quantities [by
which Dubni¢ka and Dumbrais mean quantities of the type
y8r po%8 or R*"] and depend on specific assumptions
and models.” The incorrectness of these assertions is
obvious in the light of what we have said above. In Ref.
14, which is devoted to the analysis of nt scattering data
by the method of continuation of the differential cross
section to the deuteron exchange pole, the results are
incorrectly interpreted. First, the actually deduced
quantity (2)(E,/fic)’ R is identified with (r$%M?, which
is strictly true only for p,=0. Second, r$" is errone-
ously identified with »$;, Wwhich is determined in Ref.
19 from analysis of nd scattering data by means of the
dispersion relation for the forward scattering amplitude
fL(E,), although in this case roi = (). Therefore,
the coincidence of the numerical value reh~0,38 found
in Ref. 14 (with allowance for the correction of the er-
ror in Ref. 20) and the value 4y =0.382 in Ref. 19 in
fact indicates that the result of Ref. 14 is false since it
differs by about 1.5 times from all other reliable esti-
mates of the nuclear vertex constant Gi, (see Sec. 3 of
this review). Note also that the residues ¥ given in
Refs. 14, 20, and 21 have incorrect signs that disagree
with the rule (40) in a number of cases.

The cause of such errors in Refs. 14, 18, 20, 21is
that the derivation in them of the relations between quan-
tities of the type r**® and R**" was based on the follow-
ing rather arbitrary procedure. For the vertex a=b
+¢, a certain relativistic effective Lagrangian was con-
structed and used to find the corresponding Feynman
amplitudes and quantities of the type 70 and R, In
the effective Lagrangian, allowance was made for some
one type of coupling of the field operators corresponding
to the particles a, b, ¢ and only one vertex coupling
constant was accordingly introduced. Other possible
types of couplings allowed by the laws of conservation
of parity, angular momentum, etc., and the require-
ments of relativistic invariance were not considered,
although in relativistic theory the number of possible
types of field couplings and coupling constants corre-
sponding to them is in general actually larger than in
nonrelativistic theory. Thus, the relativistic amplitude
of the virtual decay d— p +n contains four invariant
form factors, ©?%! of which only two, corresponding to
the S and D deuteron states, survive in the nonrelativis-
tic limit. In some cases, the effective Lagrangian em-
ployed had a definitely relativistic nature and did not
correspond to any possible type of coupling in the non-
relativistic limit (see, for example, Ref. 21), since in
this limit the Lagrangian was of order ~(v/ c)z, for ex-
ample, ~(e2,/m,). Quite generally, the use of the rela-
tivistic formalism to describe nonrelativistic nuclear
processes is unjustified since, on the one hand, the cal-
culations are made much more complicated by the com-
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plicated relativistic kinematics and the complexity of
the relativistic description of processes in which par-
ticles with large spins participate and, on the other, the
final expressions are too cumbersome because they con-
tain in addition to terms ~1 numerous negligibly small
terms ~(v/c)’. It was for these reasons that the disper-
sion theory of direct nuclear reactions®%24 g de-
veloped from the very start with a nonrelativistic dia-
gram formalism, 52" yith subsequent consideration in
a number of investigations of the theory of nonrelativis-
tic vertex parts, nonrelativistic methods of calculation

of the contributions from different singularities,
ete. [8:28,29]

Finally, we give the expressions that relate the nu-
clear vertex constant to the residue of the partial-wave
amplitude of the S matrix of elastic scattering of par-
ticles b and ¢ at the pole corresponding to the bound
state g of the system b+ ¢, and to the decay width of the
resonance state.

We define the partial-wave amplitude of the S matrix
for elastic bc scattering by the relation!

(V5" 18" (g5} | 15) = 8y1Bur = (/1) Gpettn U's" | olt" (gue) | I8}, (73)

where s and [ are the spin and orbital angular momen-
tum of the channel; I is the total angular momentum,
The partial-wave amplitudes of the -# matrix are deter-
mined by the expansion

RISV I )

=4n (Vmis'my | IM) (Jo M3 T M| s'ms) Fiems (vic)

\)
th's"
.
M"‘:’“x’";’”,

XS |ot" (que) | Is) (musm, | M) (JuM o M, |sme) Y, (voe).  (7T4)

The differential scattering cross section can be ex-
pressed in terms of the amplitude o# by means of Egs.
(22) and (20). The partial-wave amplitudes with I =,
have a pole at Gpc =11y, and the residue at this pole is
equal to

res(l's'| 8'a (gec) | 1s) |"ac=""gc

= lim (gso—ixf) (s’ | % (gue) | Is)
Ty ixo

= = (i/n) (Roce/h)? Gave (I's") Gape (Is). (75)

Equation (75) follows directly from Egs. (29), (5), (74),
and (73). In the normal case (18), for the residue of the
diagonal matrix element we obtain from (75)

res (s | S7e (g,.) | Is) lay =g, = (— 1V (/) (oce/)?| Cape us) 2. (76)

If the decay a—~ b + ¢ is energetically possible, i.e. 4
a is a resonance state with mass Ma=m, +m,+E,
-iT/2, then the nuclear vertex constant G,,(Is) can be
related to the partial width Tyy.(1s) of the decay of the
resonance through the channel (bels). For a narrow
resonance (I' «<E,), we hayefl”

—_—_——

Dror spinless particles, (I IS'((; )Il)y=g§,= exp(2i6;), where
be 1 I
6; is the phase shift,
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IGabc “S) Iz ~ (-[/gbc!ibccz) Pub: (ls), o = (ZpbcED) 1"’/&. (77)

Relationship of the nuclear vevtex constants and vey-
tex foym factors to the nuclear wave functions. In non-
relativistic theory, in which a complex nucleus is re-
garded as a bound state of a system of nucleons, the
nuclear vertex form factors for the decay of a stable
nucleus g into the stable nuclei b and ¢ can be expressed
in terms of the wave functions of the nuclei a, b, and ¢,
The corresponding expressions can be most readily ob-
tained by calculating the residue of the amplitude of
elastic bc scattering off the mass shell with respect to
the energy at the pole corresponding to the nuclear-
stable particle @. This residue is equal to the product
of the amplitudes of the virtual processes b+ ¢~ g and
a=-b+c:

res of =%E Ao gt (78)
In accordance with Refs. 10 and 11, the amplitude ./
of elastic bc scattering has the form?’

(q'V'e’ | ol (E) | qbe)
= QY | VoePoc [1 - (E— H + i8) Vi) | qbe), 8—+0. (79)

Here, H=H,+H,_+ Tye+ Vyo; Hy and H, are the Hamilto-
nians of the nuclei b and ¢; 7, = - VZ/2y is the operator
of the relative kinetic energy of b and ¢; r=r,~-r; Vie
is the operator of the interaction of » and ¢; Py, is the
operator of antisymmetrization with respect to the vari-
ables of the nucleons in the different nuclei b and ¢; | b)
=loydy M1 = a,J, M) and | o =la J M)
=la,J,M}) are the antisymmetric normalized internal
wave functions of the nuclei b and c;

Holby=—ey|b), H.|c)= —ec]c), (80)

€, and €, are the total binding energies of the nuclei »
and ¢; Iq) and |q’) are the plane waves that describe the
relative motion of b and ¢ before and after scattering,
normalized in accordance with (2), In (79),

E=—es—ect Eoe, Epe=g¥2+ 040 =2+ 0y L 0. (81)

Ifq'#q, E,#q%/2,, E,.#q"/2p, Eq. (79) gives the
most general expression for the scattering amplitude
off the mass shell in the nonrelativistic Schridinger
formalism,

In the isospin formalism®!! we have
Pye=1—3 Prs+ 3 Pt Pis—~ ey (82)
ipte 5y
‘ch

where Pibi‘2 is the transposition operator that inter-
changes the spatial and spin-isospin coordinateg of nu-
cleon 4, in b and nucleon i;in c. The total number of
transposition operators on the right-hand side of (82) is

In this and the following subsections, we have throughout
A=Coes T=Ipe, U=py,, E=gh, x=xl

Blokhintsev et af, 492



Ny = (Ao + Ac) !/ 45! Acl, (83a)

where A, and A, are the mass numbers of the nuclei b
and ¢. For antisymmetrization separately with respect
to the protons and the neutrons, the operator Py, is
equal to the product of two operators of the type (82)
acting on the proton and neutron variables, respectively.
In this case,

Naoo= (Zo-+Ze)! (No-+NUZy! ZI Nol Nel, (83h)
where Z,, Z, and N;, N,are the numbers of protons and
neutrons in the nuclei b and c, respectively.

Using the identity Py, Pyc/Nyo= Py We Write (79) in
the form

qb'c' | ot (E) | qbe) = (q'b'c’ | VocPuc| qbe)
+ D Qe | VocPoeNoe " | an) (E— Ean+18)™

% {@n | Nie " PyoVoe| gbe), . (84)

where lay =10, J, M,) is 2 complete system of anti-
symmetric and normalized eigenfunctions of the Hamil-
tonian H: Hlay=E, |ay.

It can be seen from (84) that the scattering amplitude
has a pole at E=E,=—¢,, where la)=1a,J,M, is a
bound state of the system b+ c. Comparing the residue
at this pole with (78), we find the amplitude of the vir-
tual decay a—~b+c:

oHiey, (a) = (abe | VacPraNic' | ) (85)
Since Pyl @) =Nyl @),
Ay (0) =N (ool oM aotcd Mo | Vie | oo oM )
=N 5 exp (—iqer) ¥* (@l oMoy T) ¥°, (@l eMe; Te)
% Ve (To, Tos ) W (@ad aMoj oy Tey T) dT5 0% dr, (86)

where T, and 7, are the sets of internal coordinates (in-
cluding the spin or spin—-isospin coordinates) of the nu-
clei b and ¢.® From (86) and (5) we find an expression
for the nuclear vertex form factor:

o

Gase (I3 @) = (4N )2 | Ju(gr) r2dr
0

Y S W (g pttod o5 oM ai Toy ey n) Ve (To, Tes T)

X ¥ (&tad M a3 Tos Tes r) drp dtc dQn, n=r/T, (87)

where j; is 2 spherical Bessel function;

¥ (Otb]ba.gfclsfﬂf”g; T, Tey l‘l)
— 3 (lmsm,|JaMo) (JeMueMc|sms)

mimsMch
X Y 1y (0) ¥ (e sM o3 o) ¥ (@ Mo ). (88)

Substituting V,,=H - Hy = H. = Tj. in (86) and taking into

3t is assumed that all the internal wave functions of the nuclei
are translationally invariant, i.e., the wave function of a
nucleus containing A nucleons depends on 3(4 — 1) relative
spatial coordinates.
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account (80), we find a second expression for the decay
amplitude:

oHotey, (@) = =i (?—545) (qesd M ted M| oad oM )

= NI (o) § exp (—ian) Looe ) A, (89)
where
Tabo (1) = | ¥* (oM o5 1) ¥* (@l Mo; )
% W (atad aM o} Tty Toy T) 70 ATe (90)

ijs the integral of the overlapping of the internal wave
functions of the nuclei a, b, and c, which can be repre-
sented in the form

Tpolr)= 3 (masm, 1 aMo)

lsmymg
X (ToMpJeMe| smg) VY im, (n) Tate (183 1) (91)
The summation with respect to 7 and s in (91) is over
the values restricted by the conditions (6). From (89)
and (91) we obtain the expression (5) for the decay am-
plitude, in which

Cd

Gave 153 ) = — (Vs -t (@242 § 1 (ar) Lave (153 1) r2ar. (92)

[}

In (92), 0,=E,,+€=0 by definition, and the invariant ¢
is related to the invariants o, and o, by
= — %2 =2 (05 +00)- (93)

The radial parts of the overlap integrals Iy.(ls;7) are
solutions of a system of equations (see, for example,
Refs. 30, 31) that are obtained by the standard method
from the Schrédinger equation for ¥(a,J, M,;7,) by sub-
gtitution into it of the expansion

¥ (ot oMo} Ta) :bZeLIm (Is; 1) ¥ (oo st elsT alM a5 Ton Tey 1) (94)

with respect to the complete system of orthonormal
functions (88), where 3, denotes summation over all
states of the subsystems b and ¢ for which the transi-
tion a— b + ¢ is allowed by the selection rules for the
strong interactions.

By virtue of the invariance of the nuclear Hamilto-
nians under spatial rotations and time reversal, the ra-
dial functions I, (Is;7) can always be chosen to be real
(see, for example, Sec. 2, of Ch. 1 and Appendix 2 in
the monograph Ref. 32). We shall assume, as usual
(see, for example, Ref. 30) that the asymptotic behavior
of the function I, (Is;7) at large 7 is completely deter-
mined by the binding energy &:

Tape (183 1) = Cabe (Is) riexp (—ur), r—-o0,

(95)

where C,(ls) is a real constant.

It should be said that this assumption, which is ob~-
vious for the virtual decay of a two-nucleon nucleus, re-
quires a special proof in the case of decay of a many-
nucleon nucleus into two fragments. So far as we know,
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no rigorous proof of the relation (95) has been given in
the literature, Moreover, there are indications that in
individual cases the asymptotic behavior may differ
from (95), namely, the damping at large # may be
weaker than predicted by Eq. (95) (see Ref, 33). This
conclusion follows, for example, from investigation of
the singularities of the triangle vertex Feynman dia-
grams—of the type shown in Fig. 5—with respect to the
variable o, at 0, =0, =0 or with respect to the variable
0y at 0,=0,=0. Insome cases, for example, for the
vertices 0~ 13y (13¢) 43y (*He) or *Ne~1Tp (*"0)

+°H (*He), the singularity of the triangle diagram (the
anomalous threshold) ¢° = - g5 (g5 >0) of the reduced nu-
clear vertex form factor Zuwcls;q®) [see (54)] on the
physical sheet of the q° plane is to the right of the point
q2= - u? corresponding to the mass shell: ga<n, Since
in accordance with (92)

SR . 2 d
ave {11371 = —~ 20 NGt [ 1, a1y Gone 1 ) 0, (06)
0

it follows that for g <* the anomalous threshold makes
a contribution to the asymptotic behavior of the form¥

Ioye (Is; 1) e r2exp (—gar), r— oo, (97)

which decreases more slowly than a term of the form
(95) which results from the pole denominator (g% + «2),
For a definitive conclusion about the possibility of
anomalous asymptotic behavior of the type (97), we un-
doubtedly need a more complete analysis of the equa-
tions for the functions I, (Is;).

In the case of the normal asymptotic behavior, we ob-
tain from (95) and (92) an expression for the nuclear
vertex constant in terms of the asymptotic normalization
constant:

Gave (Is) = Yim Gape (I5; g) = — 1 (ANpe) /2 (/) Cape (Is).  (98)
g-ix
The phase of the vertex constant agrees with (18). Note
that the problem of determining the nuclear vertex con-
stant and its phase in the case of anomalous asymptotic
behavior requires further investigation,

Substituting (98) into (75), we find an expression for
the residue of the S matrix of elastic scattering in terms
of the asymptotic normalization constants?:

res('s"| 8% (g) | 18) |pmpy = — i N0 (IS') Care (ls).  (99)

For practical calculations of the nuclear vertex con-

YFor the single-chamnel spinless case, Eq. (99) was obtained
for the first time in Refs, 34 and 35. For the many-channel
spinless case, this equation is derived in the hook Ref. 36.
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stants on the basis of model nuclear wave functions Eq.
(87) may be helpful; here for thig burpose one must set
g=i%. By virtue of (98), Eq. (87) for g=1ix gives an
integral expression for the asymptotic normalization
constant C,,.(Is). Such an expression for the asymptotic
normalization of the overlap integral of the triton and
deuteron wave functions was derived recently by Leh-
man and Gibson'®*" who note its convenience for practi-
cal calculation, especially when wave functions in the
momentum representation are used,

To analyze data on direct nuclear reactions in the
framework of traditional theories that use 3 Schrodinger
formalism of wave functions and interparticle interac-
tion potentials (Butler’s theory, (%87 {he distorted-wave
Born approximation, 9 etc.), information about nuclear
structure is usually extracted in the form of reduced
widths and Spectroscopic factors, We give the expres-
sions that relate thesge quantities to the nuclear vertex
constants, We define a generalized spectroscopic fac-
tor S,;.(Is) by

Sate (18) = Nyc Zase (Is), (100)
where
Zase (18) = | Tise (1s; r) r2ar. (101)
0

From the condition of normalization of ¥(a,J,M,;7,) and
(94) it follows that

2 Zabo (Is) =1. (102)
If the states of nuclei are described by the shell model,
then for the virtual decay a- b+ N (Nis a nucleon)
Summed over the spin of channel s the generalized spec-
troscopic factor is equal to the Spectroscopic factor
S(7) defined by Eq. (I.15) of Ref. 40, We introduce the
normalized radial function

Rabe (I5; 1) = Zoytf® (Is) Tage (Is; r). (103)
Remembering that for sufficiently large »> ¥y (7, is the
channel radius)

Rape (1s; ) & Rape (Is; ro) b (im')/kip (izrg), (104)
where 2{"(x) is a spherical Hankel function of the first
kind, and determining the partial reduced width 62, (1s)
by the relation®

B2be (1) =73 R2yc (Is; ry)/3, (105)
we find from (95), (98), (100), and (103)-(105) the re-
quired expression:

Gt (Is) = (30/ro) " (/pc) S (15) Bage (1s) [serghl® (ixr))17". (106)

) For the virtual emission of a nucleon (a—p —N), Giw(ls) is
equal to the single-particle reduced width HE given by

Eq. (II.14) in Ref. 40.
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The reduced widths 67,.(ls) depend exponentially on the
channel radius 7. In contrast, the nuclear vertex con-
stants calculated in accordance with (106) do not depend
on 7, to the aceuracy with which Eq. (104) holds. Of
course, this remark is of a purely practical nature since
theoretically the nuclear vertex constants do not depend
on 7, at all.

Coulomb effects at the three-leg verlices. Hitherto,
it has been assumed that the virtual decay a—b+c is
due to strong interactions. If particles b and ¢ are
charged, then they can also have a Coulomb interaction.
Allowance for this interaction leads to qualitatively new
effects. In particular, the analytic properties of the
reduced nuclear vertex form factors Zapells;q’) in the q
plane are changed. In the presence of only strong inter-
actions, the function gabc(ls;qz) is analytic in the g° plane
with cut (- ¢, —<), and in the normal case® the point
¢’ = - ¢} is always to the left of the point ¢°=— »* (Fig.
6a). The situation changes when the electromagnetic
interaction (in particular, the Coulomb interaction) be-
tween the particles becomes important. This is evident
already from examination of the simplest vertex graph
(Fig. T) describing the elastic interaction of band ¢
through the exchange of a photon (in the static limit for
spinless particles, this graph describes the Coulomb
interaction of b and ¢ in the first order).

To the graph in Fig. 7 there corresponds the branch
point (Ref. 41) =~ ga=- ?, at which the “elastic”
Coulomb cut begins (Fig. 6b). This additional cut is
important in the case when the Coulomb parameter 7 for
the bound state a=Db + ¢ defined by Eq. (109) is suffi-
ciently large.

For a rigorous estimate of the Coulomb effects in the
nonrelativistic nuclear vertex form factors it is neces-
sary to solve the system of coupled equations for the
radial parts of the overlap integrals I ; Als;y). Since
this problem has not hitherto been considered in the
literature, we use the results of the examination of the
influence of Coulomb effects on the nuclear vertex con-
stants and form factors in the two-particle potential
model (Refs. 42 and 43). This approach makes it pos-
sible to separate fairly accurately the contribution to
the vertex form factors from the “elastic” Coulomb cut.

In accordance with Ref. 43, we represent the radial

part of the overlap integral in the form

Tave (Is3 T) =16 (Is; 1) + I ey r), (107)

-_

6)1t is assumed below that the normal asymptotic behavior (95)
of the overlap integrals holds.
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where

1o (s 1) =Cape U)W __ 1 (2xr); (108)
C,pclls) is a real constant;
10 = pZpZee?/i (109)

is the Coulomb parameter for the bound state a=b +¢;
Z,e is the charge of particle & Wy, 14172(2%7) i the Whit-
taker function.™* In the limit v—°,

I%c (Is; 7) = Cabe (15) riexp [ —xr—nln (2xr)]; } (110)
I (Is; 1) ~ exp[— (2 +V) T

where ¥ >0, and in the two-particle potential model it
determines the falloff of the tail of the nuclear potential:
V¥(#) ~exp(—y7). In accordance with (107), the nuclear
vertex form factor given by (92) can be written in the
form™¥

Gae Uls; 9) = (@/i%)" gave (155 0%) Gave (15) (111)
where
e (I5) = —exp [is1 (L 4-1)/2) (aVbe) /* (R/prc) Cate (5) (112)

is the so-called renormalized nuclear vertex constant,
and the reduced nuclear vertex form factor is a sum of
two terms—the purely Coulomb term and the nuclear—
Coulomb term:

gave ls; 0% =85, (1 ¢8) + 8%, (Is; %), (113)
with
€, (1; ) =exp (— i) (g® 4= (/)
X f Il w s (2ur) 7 dr, (114)

A -1, Mg

and gfbc(ls;qz) is given by an analogous expression in
which the Whittaker function is replaced by the function
c (1s)r12,(is;7). The spectral representation for the
Coulomb reduced nuclear vertex form factor has the
form[d.S]

g6, (L g) = g6, (s 1) =exp (— iz/2) [+ YT U140 )t

=

x | ety TFe) k0™ Hdn t= 1) (115)
[}
In the limit ¢*— = %,
G (I %) = exp (—imny2) T (1 —) (/4" 11 +0 ()); } (116)
ENc (Is; g9 =0 (1)
For n=0,
b
by
a iz FIG. 7.

o
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Bone (13 %) fymo = 1. (117)
The function g§ (1;4°) has a branch point of power type
at ¢’ = - «? and takes into account fully the contribution
to the reduced vertex form factor (113) from the elastic
Coulomb cut (~+?, ~«), The nearest singularity of the
function g2, (Is;¢?) is at ¢?= — (» +¥%), and at the point
¢*=-x’it is regular.

It can be seen from (111), (113), and (116) that in the
presence of a repulsive Coulomb interaction the defini-
tion of the nuclear vertex constants as the values of the
nuclear vertex form factors on the mags shell [see (17)]
becomes meaningless since Gave(15;9) | 1i =0 (in the case
of an attractive Coulomb interaction (n<0) this definition
is also meaningless since then Gape(l8;q)| 4oy =), One
can, however, introduce a renormalized nuclear vertex
constant, defining it by

Glve \ls) == Lim [ TGoue (Is; q) /g5 (1; 7)1, (118)
q-rin
where $°G,, (Is;q) is the principal term in the expansion
of the irregular part of Gasells;q) in the neighborhood of
the singular point q=1in on the physical sheet. If n<l1,
then (118) contains not PCapells;q) but simply G, (Is;q).”

The residue of the partial-wave S-matrix element of
elastic be scattering at the pole g =ix can be expressed
in terms of the renormalized nuclear vertex constant
by means of the expression

res (U's" | 8" (q) | Is) Jyise = — (i/70) (uef)? Gine (I'') Gage (1s),  (119)

which is analogous to Eq. (75) in the absence of the
Coulomb interaction. From (119) and (112) we obtain
an expression for this residue in terms of the asymp-
totic normalization constants:

res (I's’| §%a (@) [ 18) fymire = — 1" oxp (imm) Cape (I's") Cape (1s), (120)
which for the single-channel spinless case coincides
with the well known result of Refs. 36 and 47,

Note finally that Eqs. (104)-(106), which relate the
spectroscopic factor and the reduced partial width to
the nuclear vertex constant, are modified in an obvious
manner when allowance is made for the Coulomb inter-
action: The nuclear vertex constant goes over into the
renormalized nuclear vertex constant, and the func-
tion nrh,(”(iwr) must be replaced by the function
=Wy aa(20).

2. METHODS OF DETERMINING THE NUCLEAR
VERTEX CONSTANTS

Pevipheral model. The peripheral model for deserib-
ing direct two-body nuclear reactions was proposed in
Ref. 48 (see also Ref. 49), The model is based on the
fairly reliably established fact that a direct reaction is
predominantly a peripheral, surface brocess that takes
place for large relative orbital angular momenta [ and

—_——

DFor the physical meaning of the renormalization procedure,
see Refs. 43, 45, and 46,
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I' of the initial and final particles. The main role in
such a process is Played by the long-range effective in-
teraction generated by one or a small numper of the
singularities of the reaction amplitude nearest to the
physical region with respect to the cosine z =cosf of

the scattering angle in the center-of-masg system,
These singularities make the dominant contribution to
the peripheral partial-wave amplitudes with =L and
I'"=L’, which can either be calculated fairly accurately
Or expressed in a simple form in terms of known fac-
tors and a small numper of parameters that have a clear
physical meaning (for example, in terms of the nuclear
vertex constants in the cage of the pole mechanism; see
below). In contrast, the lower partial-wave amplitudes
(small 7 and 7’) are determined by many singularities,
both near and far, of the amplitude with respect to z and
E (E is the relative kinetic energy of the colliding par-
ticles), and an accurate calculation or simple parame-
trization of them is in practice impossible, It is as-
Sumed, however, that their total contribution to the
cross section at small or large angles (depending on
the reaction mechanism) is small because of destructive
interference, and also because of their relative suppres-
sion when there is a large number of open reaction chan-
nels. (This assumption is confirmed by calculations
made in a three-body model™’ and the coupled-channel
method. ™)) Therefore, in a calculation of the differ-
ential cross section in the peripheral model allowance
is made for only the peripheral partial-wave amplitudes,
and for their calculation one allows for the contribution
of one or a few of the nearest singularities in z, these
corresponding to the simplest Feynman diagrams,

In the part relating to the calculation of the peripheral
partial-wave amplitudes, the peripheral model makes
essential use of a theorem which states that the asymp-
totic behavior of the coefficients f, in the expansion of
the analytic function f(z) with respect to the Legendre
polynomials P,(z) is completely determined in the limit
I - by the position and type of the singularity of £(z)
nearest to the physical region [- 1,1] (Refs, 5 and 52).
In particular, if f(z) is the amplitude of 2 Feynman dia-
gram with # internal lines and » vertices, then in the
neighborhood of the singularity z=gz; of this dia-
gram?U4l 531

v=+0, 1, 2, ...;
—(2g—2)¥ In (2, —3), v=0,1,2,...,

f(zch{ (—a)t, (121)

where y = (3n - 4v + 3) /2 and, in accordance with Ref,
52, the contribution to J; from this singularity as 1 -«
is given by

1o € (m/2)" y(sinh g2 1704912 exy [, (24 1/2)],

UT (=), v+%0,1,2,...;
{ (_1)\1,], -\;:0| '1, 2. “eay

(122)

where z,=coshg; >0 (we assume that 29> 1; if zy< <1,
then zy =~ coshg,).

Of course, this theorem cannot guarantee that the

asymptotic regime that commences in the limit of very
large [ is preserved down to the physically interesting
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“gurface” values [Z kR that make the main contribution
to the reaction cross section. The particular situation
depends on both the position of the singularities and their
strengths, Whereas the former can be established by
investigating the singularities of the Feynman dia-
grams, 2572554 with regard to the latter little is known
a priovi. Therefore, the assumptions of the peripheral
model are willy-nilly hypothetical and must be tested
experimentally. This has now been donetl% 4% 45, 55631
for direct transfer reactions Bla, b)A, for which the
nearest singularity is the pole 2=z, [see (47)] corre-
sponding to the diagram in Fig. 3. These reactions
usually include (d, p) and {, d) stripping reactions and the
inverse reactions, and also a number of other reactions
involying the transfer of a nucleon or a cluster, Com-
parison with experiment showed that for good quantita-
tive description of the cross sections of the stripping
reactions at small angles it is sufficient to take into ac-
count the contribution from only the pole z =z, and the
effects of elastic rescattering of the particles in the
entrance and exit channels, ¢! while the contribution
from the other more distant singularities in z, in par-
ticular the singularities due to the dependence of the re-
duced nuclear vertex form factors [see (54)] on the mo-
mentum transfer, can be ignored. ®!!

Reactions of “pole” type are especially convenient
for obtaining information about the nuclear vertex con-
stants. In the general case, the differential cross sec-
tions of such reactions in the peripheral model have the
formtl% 4 6

o(E, z)= EI * E Gave U'afa) Gape(lala)

JgiadM LGl
s W lajabaia; JoJ) Tore (lalad M; E, 2) [, (123)
where G, and G,p, are the nuclear vertex constants
for the vertices a—b+c and B+c—~A; Trp is a known
function of E and 8 which depends on the orbital angular
momenta [, and 1, at the vertices of the pole diagram in
Fig. 3, the angular momentum J transferred in the re-
action, its projection M(=J <M <J), and the cutoff pa-
rameters L and L' for the orbital angular momenta I
and 1’ of the entrance and exit channels ({l=E,1"=L).
With allowance for the effects of elastic rescattering in
the diffraction approximation, [661 gach pole partial-wave
amplitude M,;.(E) in the expansion of Ty with respect
to the partial waves is additionally multiplied by the
factor expli(5; + ¢,.)], where 5, and g, are the phase
shifts of elastic aB and bA scattering. (601 The summa-
tion over j,, I, and j,, I, in (123) is extended to values
restricted by conditions of the type (6). The structure
of Eq. (123) simplifies in important special cases. For
example, if the spin of the transferred particle is J,=0
or %, then to each value of jali,) there corresponds only
one value of 1,(1,) and Eq. (123) takes the form

o(E, z) - E &Gabc (I'cjn) G ape ”AjA) IzUJ’.L' (fajA; E, z). (124)

Jala

If 1,=0, then

a(E, 2)=|Gaue (n.h)iz;‘(_\_}iclmc(f_,f,\) ) o (Las £, 2). (125)
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Thus, the combination in the peripheral model of the
idea of the dominant role of the nearest singularities in
2 (Refs. 23, 24, and 67) and the idea of a peripheral
nature of the direct processes in the I space leads to a
simple parametrization of the cross sections of reac-
tions involving transfer of a nucleon or a cluster in
terms of the nuclear vertex constants. Fitting the cross
sections calculated in accordance with Eqs. (123)-(125)
to the experimental cross sections at small angles [for
reactions of the type (d, p)] or large angles (for exchange
elastic scattering), we can find the nuclear vertex con-
stants. This method was used in Refs. 56 and 57 to ob-
tain for the first time an estimate of the iHe ~ He +n,
t—d+n, and 3He -~ d + p nuclear vertex constants, these
agreeing with their modern estimates. Subsequently,
the peripheral model was used to estimate the nuclear
vertex constants for tHe—-d+d (Ref. 62), ‘Li~a+d
(Ref. 68), and other reactions and also to make numer-
ous estimates of the vertex constants for the virtual or
real (from a resonance state) emission of a nucleon by
a complex nucleus, 1% ¥ 85 51601

Dispersion K-matvix approach. The idea that the
nearest singularities in z play an important role in di-
rect reactions is also used in the dispersion K-matrix
approach, ¥¥=™ in which it is combined with the unitarity
principle for the S matrix. It uses the formalism of the
reaction K matrix, which is related to the S and T ma-
trices by

S (1—iK/2) (1K) T =K (14 iK/2)t, (126)
with §=1—iT, i.e., T=(2n)%#, where o/ is the matrix
defined in (3). In the dispersion K-matrix approach,
the elements K,.,(E, z) of the K matrix are regarded as
analytic functions of z and it is assumed that the nearest
singularities in z make the main contribution to them.
In the z plane, the matrix elements K4(E, z) have only
those singularities of T,,(E, z) that are intrinsic singu-
larities of the irreducible Feynman diagrams for the
process i—~f (Refs. 70 and 71). Diagrams are said to
be irreducible or reducible, respectively, if they can-
not or if they can be represented in the form of two or
more blocks which are joined by internal lines and are
such that each block describes a physical process per-
mitted at the given energy. It follows from this in par-
ticular that if T;(E, z) has a pole at the point z =z, then
so does Kﬁ(E, z) have a pole with respect to z at the
same point and with the same residue. Similarly, if
TH(E, z) has an anomalous logarithmic singularity in the
z plane, then so does Kﬁ(E, z) have this singularity, and
the discontinuities of Tj; and K;; across the correspond-
ing cuts are equal.

Accordingly, to describe direct reactions in the dis-
persion K-matrix approach one takes K,,(E, z) as the
sum of the simplest Feynman diagrams—pole, triangle,
ete. At the same time, inthe T matrix one takes into
account an infinite chain of these diagrams joined by
lines corresponding to particles on the mass shell, The
main advantage of the dispersion K-matrix approach is
that the S matrix is unitary for any approximate but
Hermitian K matrix.
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The dispersion K-matrix approach has been used on a
number of occasions to analyze experimental differential
cross sections of elastic scattering processes in which
the pole mechanisms of nucleon or cluster exchange cor-
responding to the diagram in Fig. 2 play an important
role at large scattering angles . The corresponding
nuclear vertex constants can be found by analyzing these
processes.

In Refs. 69 and 70, the approach was used to analyze
elastic Na Scattering through large angles at energies
below the threshold for the disintegration of o particles.
The amplitude of the pole diagram corresponding to
triton or *He exchange (for bo and na scattering, re-
spectively) was taken as the Kk matrix, and it proved
possible to give a good description of the measured
€ross section in the backward hemisphere and to find
the @ ~ ¢+ and o - *He + 5 nuclear vertex constants,
However, the s-wave phase shifts, for which the con-
tribution from more distant singularities is the most
important, had to be regarded as a disposable param-
eter, It was also shown that the contribution of double
triton or *He exchange to the X matrix hardly affects
the results, However, inclusion in the K matrix of the
triangle diagram describing Scattering of the incident
nucleon on one of the nucleons of the @ particle made it
possible to describe the experiment satisfactorily in the
complete range of scattering angles.

In Ref. 72, the approach was used to analyze elastic
@ scattering at £,=8.25 MeV. As in Refs. 69 and 70,
the s-wave phase shift was fitted. Besides the purely
pole approximation for the X matrix (proton exchange),
allowance was also made (by solving the corresponding
integral equation) for the contribution to the K matrix
from multiple proton exchange, which was found to be
important, noticeably improving the agreement between
theory and experiment. We should like to take the op-
portunity of saying that the sign of the pole contribution
to the K matrix in Ref., 72 should be reversed. This
does not affect the value G%,,=10.0 F for the o — t+p
nuclear vertex constant extracted in the purely pole ap-
proximation for the K matrix, but the value of G, ob-
tained in the calculations with the integral equation
should be changed from 12_2 to 7.1 F.

In Ref. 73, finally, the dispersion K-matrix approach
in the pole approximation (deuteron exchange) was used
to analyze large-angle elastic o °Lj scattering at E,
=3.0 MeV, and the °Li~ a +d nuclear vertex constant
was estimated.

The calculations made in this approach showed that
when the K matrix is parametrized in terms of the
nearest singularities in z the differential cross sections
of elastic scattering can be described in a wider range
of angles than by the analogous parametrization of the
T matrix in conjunction with the purely peripheral ap-
proximation based on the peripheral model. This is be-
cause the unitarization of the contributions from the
nearest singularities in the dispersion K-matrix ap-
broach makes it possible to approximate the partial-
wave scattering amplitudes in a range of [ values which
is extended by the inclusion of smaller 7. I was found,
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however, that allowance for only the nearest exchange
pole singularity or even the set of singularities corre-
sponding to the infinite series of K-matrix ladder dia-
grams'™! does not yet ensure a good description of the
lowest partial-wave amplitudes—in the cases consid-
ered, the s-wave scattering phase shifts. Compared
with the peripheral model, the calculations by the ap-
proach are more sensitive to the values of the vertex
constants because these oceur nonlinearly in the uni-
tarized partial-wave amplitudes of the T matrix. But
at the same time the values of the vertex constants ob-
tained from the few cases when the scattering cross sec-
tion has been analyzed in the region of the exchange
peak (6 ~180°) in the framework of the peripheral model
and in the dispersion K. -matrix approach with allowance
for the same singularities in z have differed little,

Hitherto, the dispersion K-matrix approach has been
used to estimate the vertex constants from elastic seat-
tering data in cases when all the inelastic channels have
been closed or almost closed. As the inelastic channels
are opened, the analysis is of course complicated by the
rapid increase in the number of elements of the X ma-
trix which must be parametrized in terms of the nearest
singularities in the z plane. This restricts the practical
application of the approach, at least at the present stage
of development of the dispersion theory of direct reac-
tions,

Distorted-wave Born approximation (DWBA). The
DWBA is the most widely used method for analyzing data
on direct reactions in which a nucleon or a cluster is
transferred (see, for example, Ref. 39). The frame-
work is the traditional formalism of wave functions and
interparticle interaction potentials., In prineciple, the
DWBA is suitable for obtaining information about the
nuclear vertex constants, but the parametrization of the
reaction amplitude usually employed in this method is
inconvenient for such a purpose,

As an example, let us consider the classical deuteron
stripping reaction B(d, p)A at energies above the Cou-
lomb barrier (see Fig. 3). Inthis case, the differential
cross section in the DWBA is represented in the form ¥

O(E, 2) =845, (I/)}sDWBA(E, z), (127)
where S, (I7), the Spectroscopic factor for separation
of a neutron, is determined by Egs. (100) and (101), and
oP¥BA is the so-called reduced, or single-particle,
cross section (for simplicity, we assume that 1 and j
each take one value). To calculate ¢PW¥BA it ig neces-
sary to find the radial part of the overlap integral
R 4 5n(lj;7) [see (103)], which is normalized to unity and
occurs in the corresponding reaction amplitude . PVBA,
this radial part is usually approximated by the single-
particle wave function ¥1;(r) calculated for the Woods—
Saxon potential with fixed geometrical parameters 7o
(the radius) and a (the diffuseness) and a well depth
fitted by means of the experimental neutron-separation
energy, ¥ so that

8 foreign literature, this is called the well-depth procedure,
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Wy (1) m —itbywiD (inr), 7> R, (128)
where R is of the order of the radius of the nucleus.
The spectroscopic factor S,p,(lj) is estimated from the
ratio of o(E, z) to cP¥PA(E, z) in the region of the main
peak of the angular distribution at small angles.

It was pointed out in Refs. 60 and 74 that this method
of parametrization and calculation of a nucleon-trans-
fer-reaction cross section in the separate terms S gl
and i;;(») does not adequately match the physical picture
of a surface reaction. First, the low (I<ER) partial-
wave reaction amplitudes in o°"®* cannot be accurately
calculated in the DWBA since to do this one must take
into account explicitly the coupling between the different
reaction channels. ™1 Second, in the surface reaction
in the region of the main peak of the angular distribution
the most important contribution is made by the periph-
eral partial-wave amplitudes (12kR), for whose calcu-
lation one can use the approximation (128), so that the
absolute magnitude of these amplitudes is determined by
the product SY2,(Ij)b,;. Third, the b;; are extremely
sensitive to the values of the geometrical parameters
v, and a (see, for example, Ref. 75), and no single well
justified prescription exists a priovi for their choice.
For example, microscopic calculations of the overlap
integrals!™ indicate that the geometrical parameters
of the equivalent Woods—Saxon potential for which the
function i, ,-(fr) approximates best the microscopically
calculated function R ,p,(7j;7) depend strongly on the
state and are very different from the usually employed
“standard” values 7,~1.25 F and =~0.6 F. This does
not occasion surprise since the equivalent single-par-
ticle potential must take into account not only the influ-
ence of the average field but also the effects of the re-
sidual interactions between the nucleons in the nucleus.
For this reason, the empirical values of S Apnlli) ob-
tained in the framework of the DWBA are in practice
model-dependent. They depend strongly not only on the
values of the geometrical parameters used in the well-
depth procedure but also on the parameters of the opti-
cal potentials if the region within the nucleus (1<RR)
makes a large contribution to the cross section gRTeE,
If it does not, for example, if the contribution of the re-
gion within the nucleus is suppressed by the natural
damping of the distorted waves and the oscillations of
the integrand (for sufficiently heavy nuclei) or by the in-
troduction of a cutoff to the radial integrals at the lower
limit (as is frequently done in the case of light nuclei
to match the calculated angular distributions to the mea-
sured distributions), then the absolute value of the cross
section is in fact determined, not by S,p,(%j), but by the
product S 4na(E5) b:,‘j. It is this product that can be esti-
mated in practice in a model-independent manner on the
basis of the experimental data. But it follows from Egs.
(128), (95), (98), (100), (101), and (103) that this prod-
uct is directly related to the A— B +» vertex constant:

|G asn (£7) iz: a (‘ﬁﬂ'}‘mac}z Sapa (1) b?,-- (1 29)
Therefore, if the DWBA is appropriately modified by
eliminating the incorrectly calculated low partial-wave
amplitudes, it can be used to estimate the nuclear ver-
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tex constants. It was shown in Refs. 60 and 74 for the
example of the (d, p) reaction at E,=12 MeV on 1p-shell
nuclei (from 614 to “N) that the vertex constants for neu-
tron separation from the final nucleus obtained by the
peripheral model and by the modified DWBA with cutoff
of the radial integrals at R=4 F (such a cutoff was in-
troduced in the original investigation, Ref. 77, in which
the cross sections of these reactions were measured and
then analyzed by the DWBA), and also by the singularity-
subtraction method (see the following subsection), agree
well with one another (see Sec. 3).

What we have said above applies not only to the (d, p)
reaction at energies above the Coulomb barrier but also
to the reactions (d, p) and (f, d) and the analogous reac-
tions at energies below the Coulomb barrier, and also to
nucleon transfer reactions initiated by heavy ions at any
energies. In all these reactions, either because of the
strong Coulomb repulsion or because of the combined
influence of Coulomb repulsion and strong absorption
(for heavy ions) the transfer process takes place at
large distances. Therefore, making a DWBA analysis
of the data, one can deduce Sb® or the product (Sb%),(Sb),
of such quantities in the case of a reaction between com-
plex nuclei. This circumstance and also the fact that
the combination Sb° depends weakly on the model param-
eters have been noted on several occasions. [78=-821 put
on none of these occasions was a clear physical inter-
pretation of sp? as a nuclear vertex constant given. In-
deed, it was even asserted in Ref. 80 that Sb” does not
carry new physical information and its introduction is
merely an attempt to find a less model-dependent quan-
tity than S.

Continuation to the pole and singularily sublvaction.
Conceptually, the methods based on these procedures
derive from Chew’s paper Ref. 83, in which he pointed
out for the first time the possibility of determining the
pion—nucleon coupling constants by extrapolating the
differential cross section of nucleon—nucleon scattering
to the exchange pion pole in the z plane. The possibility
was actually realized in Refs. 84 and other papers. Sub-
sequently, 8% % there were developed the more effective
mathematical methods of polynomial extrapolation of the
cross section to the unphysical region based on the
technique of optimal conformal mappings. These meth-
ods are reviewed with a detailed bibliography in Refs.
87 and 88.

The method of continuation to the exchange pole in the
z plane was applied to the problem of determining the
nuclear vertex constants from measured differential
cross sections of elastic nuclear scattering in Ref. 13
(see also (Ref. 89), and it was then used for this pur-
pose in Refs. 14, 20, 21, and 90. The singularity-
subtraction method for determining vertex constants
from measured differential cross sections of elastic
scattering and nucleon or cluster transfer reactions
was proposed in Ref. 15 and then used in Refs. 63, 91,
and 92. As proposed in Ref. 15, this method is similar
to the one used in Ref. 85, but differs from it in explic-
itly eschewing model arguments in the determination of
the strength of the subtracted singularity and in using a
different technical procedure. We shall outline the gist
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of these two methods, without going into the technical
details related to problems of optimal polynomial ap-
proximation, error estimation, etc., which have been
discussed fairly fully in the cited reviews and the origi-
nal papers.

We begin with the singularity-subtraction method. In
it, as in the continuation method, it is assumed that the
differential cross section o(E, ) of the reaction B(a, b)A
in the center-of-massg system is an analytic function of
z=cosf. Suppose the pole z=z, corresponding to the
diagram in Fig. 3 is the singularity of the reaction am-
Plitude nearest to the physical region [-1,1]. Then, in
accordance with what we have said in Sec. 1, o(E, z) can
be written in the form

0(E, z) = Rexely(z, 2y Pllap—z) 0, (F, 2). (130)
Here, z, is given by Eq. (47); Re*eh= pxeh . is deter-
mined by Eqs. (58) and (59) in the general case and by
Egs. (61) and (62) in special cases; P is a constant; the
function oy(E, z) is regular for z =2, and, by hypothesis,
its nearest singularity z =2 is further from the physical
region than the pole z =z, (more precisely, the point z
=zy lies outside the ellipse E’(z,,,) which passes through
the point z2=2z,, with foci at the points z =+ 1, and semi-
major axis (lz,+ 1] + lz,-11)/2). We expand the func-
tions (z, - z)o(E, z) and (2, - 2)*0(E, z) in series in Le-
gendre polynomials P,(z) which converge within the
ellipses &(z,) and &(z,) respectively:

nexch

(zp—3z)a (B, z) =m=a T P+{s—a 0 (E, )] (131)
= Rexvh;; 10 (2,) P, (;)+£§; TaP(z)  (132)
=;9 4P, (2), (133)
(e =20 (E, 2)=RexN 4 [(z,—2) Py (s, — 220y (E, 2)]  (134)
:rg’ 1BP, (2), (135)

where @,(z,) is a Legendre function of the second
kind“!!; g, is the coefficient in the expansion of the
“background” term in the square brackets in (131), In
accordance with (132) and (133), A; can be represented
as the sum of the contributions from the pole term Af
and the background term a;:

Ay=Aptay AP =RexbQ;(z,), (136)

and A} satisfy the well known recursion relation %

Sp AP — (2L -+ A)H (1Ap_ |+ (1 4-1) A 1=0. (137)

I
Using the recursion relation for P,(z), from (133) and
(135)=(137) we find the connection between B, and the
background coefficients a;:

Br==2pa1— (20 + 1) [lar, + (14 1) apey]. (138)
In accordance with (122), in the limit [—
Ap ~exp (—Bul), a;~ exp (—B,1), (139)

where g, >B8,>0, Therefore, for sufficiently large /= Iy
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in (136) we can ignore a, compared with A% and deter-
mine B** by means of the relations
Rexel o -'hf(’z (Z_,.l. i > [0_ (140)
The main problem is to estimate 7;, For this, we can
use the coefficients B, in the expansion (135); for it fol-
lows from the asymptotic theorem formulated in the

first subsection of this section, and also directly from
(138) and (139), that

Br=(en—2) (140 (1| 2 — 5 [ )], 1> co. (141)
Therefore, the relation (140) is certainly valid for
I=1[y>1, for which

| Bil(zp—20) | € A, (142)

Hitherto we have assumed that the cross section
o(E, z) is defined in the complete interval [-1,1], But
experimentally ¢(E, z) is known only at individual points
of this interval and with errors. Therefore, for the
functions (131) and (134) one can find only polynomial
approximations in the form of finite sums over P,(z).
In other words, only finite numbers N4 and Nj of the
statistically significant coefficients A, and B, are known,
Suppose the background coefficients a; do not satisfy the
recursion relation (137). Then in accordance with (138)
the nonsignificance of B, for 1= Ny entails the nonsignifi-
cance of a, for I> Ny -1, If N4> Ny, then from N=N,
— N +1 coefficients A; with I=Ny -1, Niys v o yNy—=1
one can find R**" by means of (140). We obtain the most
reliable result when N= 3 since then the fulfillment of
the recursion relation (137) can be verified. For N= 2,
a control is provided by the self-consistency of the two
values of R**" found from A; with 1=Ng -1 and N,.

In practice, Re" jg estimated in the singularity-sub-
traction method by the following procedure, which gives
the method its name. One introduces the function

H —
ap—z)

4

(2p—2) 0 (E, z)— Iby (R) P, (z), (143)

itzs

where R is an adjustable parameter (the unknown
strength of the pole in the cross section), and the coef-
ficients b,(R) depend linearly on R:

by (R) = (Ro"d — B) Q, (3,) - a,. (144)

For any two values of R, for example, R=0 and R+ 0,
one finds all the significant coefficients b,[R). IR
#R®*" then there are Ny such significant coefficients,
One then determines the number Ny of the significant
coefficients B;. For N, =N,, one can find R®*" from the
N=N, - Ny +1 coefficients b,(0) and b,(R) with 12Ny -1
in accordance with the formula
Rexet— Ry (0)/[y (0) — by (R)1. (145)

In the continuation method, R**" is estimated by con-
tinuation to z= z, of the polynomial approximation of the
experimental values of the function (134), i.e., for the
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estimate one uses the expression

Ng-1
Resoh— lim (2, — 20 (B, D) & ) 1B,P (z5)- (146)

] 1=0

Mathematically, the singularity-subtraction method
and the continuation method are equivalent, i.e., they
must give consistent values of R®*", put in the former
control on the authenticity of the Re*=! yalues can be car-
ried out more readily and perspicuously.

In actual calculations by both methods, two important
improvements are introduced into the above scheme.
First, a conformal mapping w= w(z) of the original z
plane is made. Usuallym' 81 this is made onto the in-
terior of the ellipse with foci at the points w=+1, Un-
der the mapping the interval —1sz<s1lis mapped to the
interval —1<w=<1, the pole w,=w(z,) remains inside
the ellipse, and all the remaining singularities, includ-
ing the cuts from the pbranch points, are mapped onto
the ellipse. This accelerates the asymptotic conver-
gence of the polynomial approximations for the function
(134), or rather for the function (w, - w)? o(E, z(w))
(Refs. 87 and 88), since now the holomorphicity domain
and the domain of convergence of the polynomial series
coincide. One can therefore ensure better polynomial
approximation of the function in the physical region with
fewer adjustable parameters (expansion coefficients of
the type B,), which is important in view of the finite
accuracy of the experiment. It is clear from relations
of the type (138) or (141) that one simultaneously
achieves a more rapid suppression of the packground
effects in the expansion coefficients of the function
(w, - w) o(E, z(w)), which leads to a more accurate de-
termination of Re*" from relations of the type (140) or
(145).

Second, in a number of papers'*%1 polynomials or-
thonormalized on the set of experimental points by the
weighting procedure of the least-squares method"®®
were used, The coefficients of the expansions with re-
spect to such polynomials are uncorrelated, and their
standard deviations are equal to 1. This simplifies the
calculation of the errors and makes the estimates of
R®*! gbtained in the singularity -subtraction method from
different coefficients statistically independent (if, of
course, the experimental errors are purely statistical).
All the arguments adduced above remain in force; it is
only necessary to replace the recursion relations for the
Legendre polynomials by the well known Forsyth recur-
sion relations'®’ and modify Eqs. (137), (138), etc.
accordingly.

In connection with the use of optimal conformal map-
pings, we note that rigorous theorems relating to the
acceleration of the convergence apply to the asymptotic
region, i.e., they hold for polynomial approximations
of degree n— (Ref. 87). In practice, because of the
restricted experimental accuracy, one must deal with
finite n, for example, n= 3, 4. However, the experience
gained in particle physics shows that even for small n
the expansions in the w plane converge more rapidly and
are less sensitive to the influence of the background sin-
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gularities, which are shifted to the boundary of the con-
vergence ellipse. For all that, it is difficult to concur
with the opinion which is sometimes expressed*# % to
the effect that the results of calculations based on the
conformal mapping technique are completely model-in-
dependent. Such calculations have a cryptomodellity in
that, first, different conformal mappings take into ac-
count the analytic structure of the amplitude to different
degrees and, second, the assertions of the asymptotic
theorems are applied to polynomial approximations of
finite order, We can find confirmation of this example
in the results of Ref. 94, in which the pion—nucleon
coupling constant i 2 ywas deduced from elastic np scat-
tering data, Three different conformal mappings were
used, each giving an equally good approximation of the
function (w, - w)? o(E, z(w)) in the physical region for the
game degree n=4 of the approximating polynomials,
Nevertheless, the estimates of f 2 obtained by continuing
the different approximations to the exchange pion pole
differ appreciably (up to 15%) because the various con-
formal mappings reflect the analytic structure of the np
scattering amplitude differently.

One can count on success when using either the con-
tinuation method or the singularity -subtraction method
only if the exchange peak corresponding to the pole
mechanism in Fig, 3 is manifested sufficiently clearly
in the experimental angular distribution. From this
point of view, the physical condition of applicability of
methods for analyzing experimental data such as the
peripheral model, the DWBA, the continuation method,
and the singularity-subtraction method is essentially
the same, This was demonstrated in Refs. 60, 63, and
74, which show that the first two and the fourth of these
methods give similar estimates for the vertex constants
in those cases when the first two approaches give good
descriptions of the angular distributions. Attempts to
apply the continuation method to analyze elastic scat-
tering data for which the exchange peak is not clearly
manifested have little success and lead to unstable val-
ues of the vertex constants, these fluctuating strongly
with the energy.'®®? In this connection, we mention
Ref. 95, in which it is pointed out that the method is
unsuitable for analyzing data on reactions exhibiting
resonances in the energy E, confirming from this point
of view the doubt relating to the estimates of the vertex
constants obtained in Refs. 20 and 21.

Finally, we mention Ref. 96, with its suggestion that
pational functions rather than polynomial approximations
should be used in the continuation method, and also Ref.
97, in which an attempt is made to take into account
approximately in the continuation method the effects of
the Coulomb distortions in the entrance and exit channels
that lead to a modification of the pole singularity z2=2,
(the pole is transformed into a branch point).”

9We should like to take the opportunity to point out that the
method proposed in Ref. 91 for taking into account Coulomb
effects at the vertices of the pole diagram in Fig. 3 is incor-
rect since in this method the Coulomb effects eliminated from
the pole term arise in the background terms. In addition, in
Eq. (4) of Ref. 91 the exponents 7, and N must be replaced by
2n, and 21p.
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Dispersion relation Jfor the forward scatteving ampl;-
tude. A dispersion relation for the amplitude of forward

regularly used to determine vertex constants, We shall
briefly outline this method of analyzing data, referring
the reader to Ref, 6 and the original papers cited below
for theoretical and practical details,

We consider elastic Scattering 1+2—~1+ 9, Let 7 (E,)
be the relativistic forward scattering amplitude in the
system L, averaged over the spin projections of the par-
ticles; it depends on the relativistic kinetic energy

Ey= (m} 4 p}) 112 —m, (147)

of the projectile 1 in the system Ly,. Inthe nonrelativis-
tic limit, the amplitude f(Ey) is equal to the amplitude
Fi2(Ey) determined by Eqs. (25b), (27), and (28). In the
relativistic case, Eq. (28), which determines the nor-
malization and phase of f(Ey), stands, but the connection
between E| and the momentum p, is given by Eq. (147)
and not (26). In accordance with Ref. 6, the once-sub-
tracted forward dispersion relation for the amplitude
f(E;) at E;=0 can be written in the form
. i ([ o0 (E]) dp;
Ref(£)=f(0)+£ # 0\ i
Etl:ul.
s Imj (E]) dEy
o (E{—Ey) E]

—2m

l ro kg £y
a8 i (£, —Em) Ea + n
o

(148)

ol e
R IUl(E“—'Gl‘(ﬁ;H » g
Gn? jm‘;ﬁ ) (B By -1 Sy P1 9B
(1]

Here, 0,(E;) and g, (Ey) are the total cross sections for
the interaction of particle 1 ang its antiparticle T with
the target particle 2 at energy E,, The symbol # de-
notes the principal value of the integral, The sum over
a includes contributions from the direct and exchange
poles of the amplitude F(Ey), the residues ¥, at these
poles in the nonrelativistic limit being expressed in
terms of the nuclear vertex constants by means of equa-
tions of the type (32), (33), (38), and (39). (Note that
the 7, in (148) have the opposite sign to the correspond-
ing 75 in Eq. (59) of Ref, 6, in which the residue of the
amplitude f(E;) at the pole Ey=EY{ is defined as - #3.)

The problem of determining the nuclear vertex con-
stants in the method using forward dispersion relations
reduces to determining the residues »,. Since the posi-
tions of the poles E} are known (they are given by the
masses of the particles), it follows that ¥ can be found
by calculating all the remaining terms in Eq, (148). We
can express Ref(E;) and £(0) and the integral over the
physical region [the second term on the right-hand side
of (148)] in terms of measured quantities —the phase
shifts and the total eross section 0:."” However, direct
calculation of the fourth and fifth terms on the right-

—_—

"%e can also find ReflEy) by analyzing the Coulomb-nuclear
interference at small angles (for the scattering of charged
particles) or from the differential forward-scattering cross
Section using the valueg of Imf(E,) given by the optical
theorem (for neutra] particles), 6181
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hand side of Eq. (148), which include a contribution from
the “unphysical” cut — ©<Ey < Ef* (Ef"t<0) entails diffi-
culties due to the absence of reliable information on Im
7 (E1) on a segment of the unphysical cut (- 2my, Ef"t) and
the absence or incompleteness of the experimental data
on the cross section 0;. According to the estimates of
Ref. 6, the contribution of the fifth term is small at not
too large Ey, Thus, for nucleon scattering on the ‘He
nucleus at E;~100 MeV the absolute magnitude of the
fifth term is less than 2% of the absolute magnitude of
the amplitude 7 (Ey). Therefore, in practical calculations
the fifth term is usually ignored. The contribution of the
fourth term either is ignored, if the start of the cut E,

= E{t ig relatively far from the low-energy part of the
physical region compared with the positions of the poles
ET (Ref. 19), or this contribution is parametrized in one
way or another, for example, by means of g small num-
ber of effective poles (with each such pole, there are
associated two parameters—the position of the pole and
the residue at jt),t% 1001

In practical calculations, one usually introduces the
difference function

A B (B 1 (0) =ik [ S,
0

(149)

which is calculated on the basis of the experimental data
in a certain range of physical E; values, In the most
favorable situation, when the contributions of the fourth
and fifth terms to the right-hand side of (148) are unim-
portant in this interval,

A(E)m J) —Teb1 (150)

& (Ej“-E{l) E?
and the residues 7, can be found by fitting (150) to the
calculated values of A(E,), This method was used, for
example, to analyze nd scattering data in Ref, 19, in
which the vertex constants [or rather combinations of
them, see (33) and (39)] were found for the t=d+yn and
d—~p+nvertices, A similar method but with the intro-

of the unphysical cuts Wwas used to analyze ng scattering
in Refs. 6 and 100, in which the g - *He + n vertex con-
stant was estimated. It was found that the empirieal
values of this vertex constant depend strongly on the
number of effective poles used (1 or 2 poles), The pro-
cedure of approximating the unphysical cuts by a set of
effective poles wag criticized on account of its lack of
uniqueness in Ref, 101, in which a different method
was proposed for finding the ¥o On the basis of an ex-
pansion of the residue function

R(E,):A%")II (By— E2) En (151)
o
in a series in powers of Ey and extrapolation of the trun-
cated power series to the pole Ey = EY, This method was
significantly improved in Ref, 102, in which 3 conformal
mapping of the original Ey plane was made in order to
reduce the influence of the nearest unphysical cuts and
reduce the number of adjustable parameters in the poly-
nomial approximation of the residue function R(E,),
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In conclusion, we mention the important papers Refs.
103—106, in which forward dispersion relations were
extended to the scattering of charged particles. In this
case, one is confronted by a number of specific prob-
lems due to the infinite range of the Coulomb forces.
Allowance for the Coulomb interaction leads to a modi-
fication of the forward dispersion relations them~-
selvest" as well as the methods for finding the resi-
dues, and in particular the residues at the exchange
polest® (strictly speaking, the exchange poles become
pranch points).

Other methods. We here mention some other methods
used to estimate the nuclear vertex constants.

In calculations of the partial-wave scattering ampli-
tudes by the dispersion N/D method, the vertex con-
stants occur as parameters and can be determined by
comparison with measurements. In this way, the {—d
+n (Refs, 107 and 108) and ‘Li~ e +d (Ref. 109) vertex
constants were determined (for the value of the last ver-
tex constant, see Ref, 110).

In Ref. 110, it was pointed out that the values of the
nuclear vertex constants could be deduced from data on
the nuclear charge form factors. In this approach, it
is assumed that the part of the structure form factor
that varies rapidly at small momentum transfers q (the
body form factor in foreign literature) gets its main con-
tribution from the amplitudes of the simplest Feynman
diagrams which have singularities in ¢ nearest the point
qg=0. The upshot is that the vertex constants can be
expressed in terms of the rms charge radii of the nuclei
and known quantities (pinding energies, masses). This
method was used in Refs. 110 and 111 to find the d—~p
+ » and *Li~ o + d vertex constants. In Ref. 112, the
vertex constant G,,, which characterizes the virtual
emission of a proton by nucleus ala~b+p), was esti-
mated by using the fact that the absolute normalization
of the tail of the density p(r) of the charge distribution
(more precisely, the part of it that corresponds to the
structure form factor) is proportional to |G, ? (see
Ref. 110). The density p(r) was constructed on the basis
of data on the charge form factor obtained from elastic
scattering of electrons on the nucleus. This led to a
determination of |G, P for a number of nuclei from ‘He
to ¥°Ca, and also the ELi-— a + d vertex constant. Data
on the charge form factors were also used to estimate
vertex constants in Ref. 113.

The nuclear vertex constants can also be determined
from the reactions (p, 2p), (p,pd), (@, 2a), etc., of
quasielastic knockout of nucleons or clusters from nu-
clei. To analyze such reactions in the region of the
quasielastic scattering peak one usually uses the im-
pulse approximation with plane or distorted waves, and
recently the peripheral model too (for references to the
corresponding theoretical papers, see Refs. 114-1186).
As yet, the accuracy of the estimates deduced from the
knockout reactions is not as good as for the estimates
based on binary reactions. The reasons for this are to
be sought in the imperfection of the theory of three-par-
ticle reactions as well as in the generally inadequate
accuracy of the experimental data (especially at high
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energies, where one can hope for better conditions of
applicability of the impulse approximation or the periph-
eral model).

Theorelical calculations of the nuclear vertex con-
stants. The vertex constants can be found, if one knows
the wave functions of the nuclei participating in a virtual
decay, by using Ed. (98), which relates the vertex con-
stant to the coefficient in the asymptotic behavior of the
radial part of the overlap integral.

For the simplest case of d~p+n virtual decay, the
asymptotic coefficients of the S and D states of the deu-
teron and the vertex constants corresponding to them
were calculated with different nucleon-nucleon poten-
tials (Sec. 3).

For the nucleus 3H (respectively 3He) the vertex con-
stant corresponding to the decay t—d+nto the S state of
the relative motion of the d and the n was calculated in
a number of studiest!™11%1 by solving the three-nucleon
integral Faddeev equation with different NN potentials.
The results of these calculations are summarized in
Sec. 3 and demonstrate the rather strong dependence of
the vertex-constant values on the form of the NN poten-
tial. In Refs. 118 and 119, the vertex constant was also
calculated for the decay of the triton into the singlet
deuteron (a virtual state of the deuteron) and a neutron,
and this was found to depend very strongly on the form
of the NN potential.

For the ‘He nucleus, the vertex constants correspond-
ing to the decays 4He ~ ’He + n and *He ~ d + d were cal-
culated in Ref. 120 by solving the four-nucleon Fadeev—
Yakubovskif integral equation with a separable S-wave
Yamaguchi potential (see Sec. 3).

The vertex constant for the virtual decay blLi-a+d
to the S state of relative motion of the a and the d was
calculated in Ref. 121 in a three-body model (@ +n+p)
and also in various (a+d) cluster models (see Sec. 3).

For heavier nuclei, microscopic calculations of the
vertex constants on the basis of given NN potentials are
as yet unknown.

3. NUCLEAR VERTEX CONSTANTS FOR SPECIFIC
NUCLEI

In this section, we gather together the existing values
of the vertex constants for the lightest nuclei (A < 6); we
also briefly discuss the vertex constants for heavier
nuclei. Information on the vertex constants for the ver-
tices we consider are also contained to some extent in
Refs. 29 and 122-127, For all these vertices, an anom-
alous asymptotic behavior of the form (97) does not hold,
and we shall assume that the phases of the vertex con-
stants are determined by the relation (18).

The d—p+n vertex. For this vertex, the conserva-
tion laws permit two I and s sets: 1=0, s=1[Gy,(01)
=Gyl, and 1=2, s=1 [Gypn(21)=Ggy. The values of
G, and p2= (Gyy/ Gy)® are given in Table I. In the second
column, we indicate the method used to find the given
value. As can be seen in Table I, the theoretical values
of G, and p} calculated in accordance with (98) by solv-
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TABLE I. Nuclear vertex constants for the d—p+n vertex,,

No. Method of determining the vertex constants Eﬁo, F pEx 104 Literature

N SSE*, Hamada—Johnston 0.440 7.24 [128]
2 SSE, modified Hamada~Johnston 0.433 6.99 [128]
3 SSE, Reid with hard core 0.429 6.71 [129]
4 SSE, Reid with soft core 0.426 6.87 [129]
5 SSE, Peltola with hard core 0.432 6.90 [130]
6 SSE Peltola with soft core 0.433 6.93 [130]
7 Forward dispersion relation, nd scattering 0.43+0,01 — [19]
8 Peripheral model, pd scattering 0.40+0,01 — [61]
9 DWBA, below-barrier reaction — 5.40+0,80 [131]

2B Ph(d, p)29Ph with polarized deuterons

10 Forward dispersion relation, pd scattering 0.43 — [105]

11 Continuation method, nd scattering 0.32-0,43 —_ 1 [20]

12 Continuation method, pd scattering 0.399+0.005 - [96]

At B B )

*SSE stands for the solution of the Schrédinger equation for the given potential,

ing the Schrodinger equation for different realistic po-
tentials differ little: G;=(0.43+0.01) F, p}=(6.7-1.2)
*10"". The same value G}y=0.43 F is obtained by using
a forward dispersion relation for nd scattering!91 5pq
bd scattering,%1 qnq 4150 by applying Eq. (76) to the
amplitude of »p scattering in the triplet S state written
in the effective-range approximation:

My (G p) = bk, [%4ign,
= (gl 12175 Gl = 8mse (1 — wryy134,, (152)
where 7, is the triplet effective range. The single phe-
nomenological value p?= (5. 40+ 0, 80)- 10~ (ninth row
of Table I) was obtained by an analysis in the DWBA
framework of data on the tensor analyzing power in the
reaction ?%3 Ph(d, p) 209ppx 4¢ energy 9 MeV of polarized
deuterons,

Note that the values of the vertex constants obtained
by means of forward dispersion relations and the con-
tinuation method (rows 7 and 10-12 in Table I) refer
strictly to the combination Gy + G2y, but because pk
is small we can assume that Gio+ Gly= G,

The value of G}, was also determined in Ref, 132 by
the continuation method from low-energy pd-scattering
data, but the neglect of Coulomb effects and, apparent-
ly, the low accuracy of the data led to a large spread
in the deduced values of G3,, which we do not give here,

Considered as a whole, we can conclude that the d— P
+n vertex constants are known with good accuracy (es-
pecially G,)), and that their values can be used to deduce
vertex constants for more complicated nuclei,

The t~d+nandt~d+p (1= *H, r=9He) vertices,
For these vertices, =0, s=1/2 or 1=2, s=3/2.»)
SIS

DNote that in both cases j=1, where 1=1+J,. Therefore
Cran(hi=12=Granta)% T=t, 1, Nen,p,
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effects that break isotopic invariance are ignored, Gian
(s) =G, (1s) =Gr;. The vertex constants GL., express-
ed in F, are related as follows to C’(H), D*(H), and
¥, which are used in Refs. 117, 123, and 19:

G = 2Tan Tk b (*H)/4=3.10D (°H)/2 (hc)2; } (153)

re= — 1R = (daky) (G, +G32),

where Xy =Fi/myc=0,2108 F; (fic)? = 3.89.10* MeV?. F?,
C*(°*H) and #, are dimensionless; and D*(°H) is expressed
in the units 10* MeV?. F*, Note also that for an arbi-
trary vertex a— b+ ¢ with 70 the vertex constants G,
(0s) can be expressed in terms of the dimensionless
quantity &4 ., of Ref, 122:
Gabe (05) = 20% (/tpec) (Fia)?. (154)
The available information on the G%, values are col-
lected in Table IT; the sparse information available about
P7=Ghy/GL, is given below in the text. The letters ¢
and 7 in the third column of Table II indicate the ver-
tices to which the given value applies. In the first three
rows, which correspond to the analysis of different re-
actions (and at different energies) in the framework of
the peripheral model, averaged values including data on
both vertices are given, The following four rows cor-
respond to the dispersion methods: forward dispersion
relations and the N/D method, In the former case, i
is the quantity actually determined, and the values given
in the table refer to the combination Gy + G, but be-

cause p}. is small (see below) Gho + Ghy= G2,

The value G7;=(1.0420.19) F (eighth row of Table Ir)
corresponds to the mean value D?(H)— (2. 7 £0.5). 104
MeV®* F? given in Ref, 123, which follows from analysis
of the below- and above-barrier (¢, d) reactions on the
nuclei ’C, Mg, 4cg "Zr, and 2°pp in the DWBA,[134

In rows 9-11 of Table IT we give the values of G2, ob-
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TABLE 1I. Nuclear vertex constants for the t—~d+n and T —d+p vertices.

No. Method of determining the vertex constants G4y, F Literature
1 Peripheral model, reactions dld,p)t, T, d)d, T(n,8)p, | 1.11=0. 07(t,T) [58,61,133]
tHp,TIn, T(p, TP
2 Peripheral model, reactions (d,#) and (7,d) on complex | 1.11% 0,07(¢,7) (571
nuclei
3 Combined results of peripheral model 1.11+0.05(¢,7) [57,58,61,133]
4 Forward dispersion relation, nd scattering 1.01+0.11() [19]
5 Forward dispersion relation with conformal mapping 0.92+0.13(8) [102]
with respect to the energy variable, nd scattering
6 N/D method, nd scattering 1.43(t) [107]
7 N/D method, nd scattering 1.06+0.07(¢) [108]
8 DWBA 1.04+0.19(8) [123,134]
9 Continuation method, 7 scattering (without allowance 1.02(7) [90]
for Coulomb interaction)
10 Continuation method, p7 scattering (with allowance for | 1.12+0.03(7) [97]
Coulomb interaction)
11 Continuation method, nt scattering 1.50(t) [14,20]
12 Singularity-subtraction method, reaction d(d,p)t 1.15+0.03(8) [15]
13 Low-energy parametrization of nd scattering amplitude | 1. 05(t) [135]
Solution of Faddeev equation for NN potentials
14 Reid with soft core 1.02+0,01(¢) (1171
15 Separable Yamaguchi 1.9() [118]
16 Malfliet—Tjon 1.6(t) [119]
17 Darewich—Green 1.4(2) [119]
18 Bressel—Kerman—Ruben 1.03(t) [119]
Solution of equations for interpolation wave function with NN potentials
19 Rectangular well 0.6(f) [136]
20 Eikemaier—Hackenbroich 0.4(t) [136]

tained by continuation to the exchange deuteron pole of
the experimental differential cross sections of elastic
pT or nt scattering at different energies E, ,<20 MeV.
The directly determined quantity was RE [see (68) and
(67)]; the values given in Table II were obtained neglect-
ing Goy. InRef. 97 (tenth row of Table II) allowance was
made for the Coulomb interaction between the proton
and the *He nucleus, though the procedure used for this
purpose is not entirely clear; in addition, no allowance
was made for the Coulomb effects at the SHe=d+ p ver-
tex. The value 1.15+0.03 F (row 12) corresponds to
the combination Gk + Gj,. The value G%,=1.05 F (row
13) was obtained in Ref, 135 by a parametrization of the
doublet S phase shift 260 of low-energy nd scattering.

The remaining values of G}, given in Table II were
found from the 3H wave functions obtained by solving
the Faddeev equations or the equations for the interpola-
tion wave functionst¥1%%; in Ref. 117, an analytic ap-
proximation of the solution was used with subsequent
continuation of the nuclear vertex form factor to the
point g, =% n [S€€ (92)], and in Refs. 118 and 119 the
value of Gp, was found directly from the Faddeev equa-
tions by means of integral expressions analogous to the
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expressions (32) and (33) of Ref. 37. The values of Gy
obtained in the framework of the interpolation approach
by means of Eq. (98) (rows 19 and 920 in Table II) are
appreciably lower than the remaining values of G,
which may be due to the use of the lowest approximation
of the method of K harmonics in the actual calculations
in Ref. 136.

With regard to pk, the only information available on it
was obtained in the framework of the peripheral mod-
o] [57:58,61,1331 The first three rows of Table II corre-
spond to the following values of p?.,., respectively: (2.8
£0.9).10°, (6.0+1.0)-10%, and (4.5=0. 8)- 1072,

It can be seen from Table II that the empirical values
of G%, obtained from data on nuclear reactions by means
of different methods agree well with one another (ex-
cept for the results of Refs. 107, 14, and 20!2: Giy

———————

12)A ¢ we have already noted, the claim made in Refs. 14 and 20
that the result obtained there agrees with Locher’s!™®! is in-
correct. In addition, an evaluation by one of us (1. Borbely)
by the same continuation method and of the same data as in

Refs. 14 and 20 gave G}y=2.66 F and not Glr=1-50"F.
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TABLE IIl. Nuclear vertex constants for the a —i+pand @ —71+y vertices,

No. Method of determining the vertex constants Gfp or GE,,, F Literature
1 Peripheral model, reactions Tld,ple, alp,dr, a(p,a)p 7.34£0.4(TN) | [49, 58,62]
2 Forward dispersion relation, no scattering 11.3+1.4(tn) [100]

3 Forward dispersion relation with conformal mapping 14.4+2 8(tn) [102]
with respect to the energy variable, na scattering
4 Forward dispersion relation with allowance for Cou- 13.4+1.1(4p) [101)
lomb interaction, pa and na scattering 10.6+1. 1(Tn)
5 Continuation method, na scattering 8.5+1,3(n) [13]
6 Parametrization of wave function of relative motion of 6. 7(tp) [113]
the ¢ and the p or the 7 and the # in ‘He 7.1(tn)
7 Dispersion K -matrix approach, pa and no scattering 7. 0(tp) [69,70]
8.0-8.5(tn)
8 Dispersion K -matrix approach, fa scattering 7.1-10. 0(tp) [72]
9 Exchange mechanism of ro scattering 17.5(tn) [139]
10 Calculation by means of the Faddeev—Yakubovskii 17.9£1, Y(TN) [120]
equations with separable Yamaguchi NN potential
= SR 1Y

#1.0-1.1 F. At the same time, the spread of the the-
oretical G7, values obtained with different NN potentials
is appreciably greater, It is interesting to note that
potentials with the correct one-pion tail (Reid and
Bressel—Kerman-—Ruben) lead to nearly equal values of
G%, that agree with the empirical values. The value of
pr needs to be made more precise,

The a+t+pand a=7+n (o= ‘He) vertices. For the
decays @=t+pand a=T+7% we have /=0 and s =0 un-
ambiguously; denoting Gyy= G,y (00) and Gy = G,,,(00),
we have in the framework of isotopic invariance G,
==Gr,=Gyy. The vertex constant Gy, expressed in
terms, is related to the dimensionless quantities 7,
Ry, and C? in Refs, 100, 101, and 113:

Gy = (167/3) 1 yry = (167/3) TRy = (32/9)mlyxd c2, (155)
The values of G, found by the different methods are
given in Table III. The letters ¢p and T# in the third
column indicate to which of the two vertices the value
corresponds. The value of GZ,, in the first row was ob-
tained by averaging the results found in the peripheral
model for different reactions and including both vertices,
In rows 2-4 we give the values of G%, found by means of
forward dispersion relations for elastic Ng scattering.
In Ref. 101, in deriving the forward dispersion relation
for pa scattering, Plattner separated out explicitly the
amplitude of purely Rutherford pa scattering, and also
the transmission factors corresponding to the Coulomb
interaction of the P and the « in the initial and final
states for the triton-transfer mechanism; the Coulomb
effects at the ¢ —¢+ b vertex were ignored, Without
going into detail about the remaining values of G:j’.w in
Table III, let us merely mention that the overestimation
of the single theoretical value Giy=17.9+1.7 F (row
10) compared with the empirical values may be due to
appreciable overbinding of the o particle for the NN
potential used in Ref, 120, It follows from Table III that
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the vertex constants G}, and G2, are as yet known with
lower accuracy than Gg.ﬂ. As one would expect, Gf’
=Gk,

The a=d+d vertex, For this vertex, I=s=0or ¢
=S§=2. Data on the vertex constant G140=[Gga(00)]? are
given in Table IV. The value Gisp=0.43 F, which dif-
fers strongly from the remaining values of Table IV,
follows [if G?%,,(22) is ignored] from the mean value Pous
=0.108 given in Ref, 21; to the individual values of Fors
found in Ref, 21 by means of the continuation method at
different energies there correspond values of Gy in the
interval 0,15-0,69 F. Note that this result could not be
reproduced when one of us (I, Borbely) made a similar
analysis in the framework of the continuation method of
the same data; this reanalysis gave G2,,=8-33 F.

The vertex constant Gz is related to the quantity e
used in Ref, 127 by

(158)

Giu = By Cly,.
Apart from the quantity C,,., which differs only by trivi-

al factors from the asymptotic constant Co44(00) [see
(95)], the quantity c— Covs/V Pyy, Where P,, is the prob-

TABLE IV. Nuclear vertex constants for the a —d +d vertex.

Method of determining
No. the vertex constants Gip, F Literature
1 Peripheral model, do scat- 12-30 [62]
tering and reaction (d,a)
on complex nuclei
2 Calculation hy means of 18.1+1.3 | [120]
Faddeev-Yakuhovskif
equations with separable
Yamaguchi NN potential
3 Continuation method, do 0.43 [21]
scattering
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TABLE V. Nuclear vertex constants for the *Li—a +d vertex.

No. Method of determining the vertex constants Gl B Gt F Literature
1 Phenomenological cluster wave functions 0.19 [126]
2 Wave function of three-body model 0.35 [121]
3 Cluster wave function 0.72 [141]
4 Calculation of 61,i charge form factor 0.13-0,20 0.3-0.4 [110,111]
5 Caloulation of charge distribution in SLi 0.27 [112]
6 N/D method, do scattering 0.13 [109]
7 Analysis of elastic do scattering 0.10 [122]
8 Forward dispersion relation, da scattering 0.22+0,01 [142]
9 Molecular wave function method, @®Li scattering 0.58+0.06 [143]
10 Peripheral model, d®Li scattering 0.39+0,09 0.83x0,11 | [68]
11 DWBA, reaction 6Li(p, *He)'He 0,42 [144]
12 Impulse approximation with cutoff, reaction *Li(p, pd)*He | 0.12-0.31 [145]
13 Impulse approximation with cutoff, reaction SLi(p, pd)'He 0.18-0.68 [68]
14 Impulse approximation with distorted waves, reaction 0.27-0.33 [146]
Li(p, pd)*He
15 Impulse approximation, reaction *Li(p, pd)'He 0.096 +0.05 [147]
16 Impulse approximation, reaction S Li(p, pd)‘He 0.114 [148]
17 Pole approximation, reaction 81i(p,pd)*He 0.061 [149]
18 Impulse approximation with cutoff, reaction b1i(d, 2d)*He | 0.37 0.54-1.41 [68,150]
19 Impulse approximation with cutoff, reaction ‘Lila, 20)*H | 0.12 [151]
20 Impulse approximation with cutoff, reaction 61i(c, 2a)*H | 0.028+0.013 [152]
21 Peripheral model, reaction SLi(e, 20)'H 0.3-1.0 0.75-2.5 [115]
22 Impulse approximation with distorted waves, reaction 0.10+£0.04 [153]
SLi(a,20)'H
23 Pole approximation, reaction *Li(e, 20)*H 0.05040.006 [154]
24 Impulse approximation with distorted waves, reactions 0.22-0.23 [155]
$Li(e, ed)'He and ‘Lile, e)’H

ability of the (d+ d) state in ife, was also considered in
Ref. 127; a clear definition of P,, is not given in Ref.
127. In this connection, we note that the value of C,

in contrast to Coys, cannot be found experimentally, and
it is therefore unclear how the empirical values of C*
collected in Ref. 127 were obtained. The meaning of
the theoretical quantities C* given in Ref. 127 with ref-
erence to Ref. 140 is also unclear, because in Ref. 140
there is a calculation of only D}, which occurs in cal-
culations of the reaction cross sections in the DWBA
and which is related to the vertex constant G 044(00; g
—0), and not to the vertex constant Gyzo= Gaaa(00; ¢
=in$,); because of the large binding energy of ‘He, the
values of the vertex constant for g=0 and ¢ =in%; may
be very different. Moreover, in Ref. 140 a Gaussian
wave function was used for “He, and this does not have
the asymptotic behavior (95), so that C for it becomes
meaningless.

Thus, Gl is as yet known only with poor accuracy.
No information is available on the vertex constant
G%,(22). In principle, as we have pointed out above, it
could be determined by means of the continuation method
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from analysis of elastic da scattering at different ener-
gies.

The *Li—~ a + d veriex. In this case =0, s=lor!
_2, s=1., The main information about G%;= Glr,104(00)
is collected in Table V. Because of the low threshold
of disintegration of °Li into a +d (e85 =1. 47 MeV) the
Coulomb parameter 1 for the ®Li—~ a +d vertex is not
small (n=0.30), and the Coulomb effects at the vertex
discussed at the end of Sec. 1 are important. There-
fore, in Table V we give separately the values found
without (G%,) and with [(Gh,,)?] allowance for these ef-
fects.

In the first row of Table V we give the value obtained
in accordance with the formula
G = PaaCliseane (2705 [1aa) (157)
where Cepi-a- i8 the coefficientinthe asymptotic behav-
jor of the *Li wave function in the « + d channel, and

Py characterizes the probability of the o + d state in
61 (Ret. 126); to the value G?,=0.19 F there corre-
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spond the values C%L;-,H- =5.7Tand P,,=0,7 given in
Ref. 126, the value 5.7 being the mean found from vari-
ous (basically cluster) wave functions of 8Li that do not
take into account the Coulomb interaction between the o
and d clusters, In the Second row, we give the value of
G, obtained in accordance with the expressions (95) and
(98) from the *Li waye function found in Ref. 121 by
solving the Schrodinger equation in the model of three
bodies (a, p, n) with separable NN and aN potentials
without allowance for the Coulomb interaction. The val-
ue of (G7,)? in the third row was Obtained from the elus-
ter wave function of Ref. 141; the aq interaction was de-
scribed by the sum of a nuclear potential of Woods -
Saxon type and the Coulomb potential,

In rows 4 and 5 we give the values found from the data
on the °Li charge form factor (see Sec. 1). The values
of G, obtained by analyzing the low-energy elastic do
scattering are given in rows 6-8. Note the value (Gy,)?
=(0.22+ 0.01) F found by a forward dispersion rela-
tion""*! with allowance for the Coulomb interaction of
@ and 4, Tt should, however, be noted that in Ref. 142
allowance was made for only the contribution from the
fLi pole in the direct channel; the pole diagram with
deuteron exchange, whose contribution may be impor-
tant because of the large value of the vertex constant
Glao, Was ignored. The next three rows contain the val-
ues of Gid obtained by analyzing binary processes at
low energies in the framework of various models under
the assumption of the deuteron-exchange mechanism
[@ °Li scattering and the reaction °Li(p, *He) ‘He] or
@-particle exchange (d 61, scattering). In all three
cases, the Coulomb do interaction was taken into ac-
count,

The remaining values of GZ4 given in Table V were
determined by analyzing experimental data on quasielas-
tic knockout of d or « clusters from °Li in the range
10-700 MeV of bombarding-particle energies. The the-
oretical analysis was based on either the impulse ap-
proximation (with plane or distorted waves, with or
without cutoff of the radial integrals) or the pole periph-
eral model of the quasielastic knockout reaction, 681151
The calculations were made for different wave functions
of the relative motion of the & and d clusters in ®Lj
both with and without allowance for the Coulomb inter-
action between the clusters,

It can be seen from Table V that allowance for the
vertex Coulomb effects increases G2, by more than a
factor of 2. Unfortunately, the spread of G%s and (Gr,)?
values is very large, and the different accuracy in the
methods of their determination Prevents one deriving
mean values of G, and (G7,,)?, Therefore, Lim’s con-
clusiont!267 tpa¢ CoLieaa=5.7 (G2, =0.19 F) appears
bremature. The observed Spread in the estimates for
Gi, and (G &)’ call for further efforts to improve the
values of these constants,

In the framework of the peripheral model for back-
ward elastic d°Lj scattering in Ref, 68, not only G2,
and (GZ,)’ were estimated but also the D-state admix-
ture; p2, E[Géhiad(zl)/G;,,Jz, and the value p2,=1,7
<1072 wag obtained; this was found to be virtually unaf-
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fected by the neglect of Coulomb effects at the vertex,
The value of Paq can also be estimated by means of the
analysis made in Ref, 144 Piy=2+10"3, These two
estimates differ by an order of magnitude and are hard-
ly reliable, There is, however, no doubt that pf,,,, <1,
which agrees with the small quadrupole moment of 5L,

Nuclear vertex constants for light nuclei, For a
large number of light nuclei with 4> 6 the vertex con-
stants G%,, corresponding to separation of a nucleon
from the nucleus were found by analyzing data on single-
nucleon transfer reactions [(a,p), (a8, (d, *He), ete.
in the framework of the peripheral mode]t!% 43,48, 55, 57=601 s
both ground and excited states of the nuclei 4 ang B
were considered. The values of G% v were also found
by means of the singularity~subtraction method in Ref,
60 and 63, In Ref, 20, the vertex constants for the
vertices '’C(ground) — "C(ground) +  ang "N (ground)
~ ¥N(ground) + » were obtained in the framework of the
continuation method, As was noted in Sec. 2, if the
DWBA is suitably modified it can be used to determine
We shall not give all the known ver-
tex constants for light nuclei but limit ourselves, as an
illustration, to a few vertices of the type A- B+ n, for

: Peripheral model, singularity-sub-
traction method, and the DWBAI459 (Tap1e VI). All the
vertex constants in Table VI refer to the ground states
of the nuclei 4 and B and correspond to orbital angular
momentum I, =1 at the vertex; they were all obtained by
analyzing (d, p) reactions at 12 MeV. We see that the
vertex constants determined in different ways agree
quite well with one another.

CONCLUSIONS

We now have at our disposal a variety of methods for
estimating nuclear vertex constants on the basis of data
on nuclear reactions. Nope can really pretend to an ex-
ceptional role, though’the continuation, singularity -sub-
traction, and forward-dispersion -relation methods may
turn out to be more accurate. This will be decided not
50 much theoretically as rather by the accumulation of
experience in the application of the various methods
and confrontation of the results they provide. At the
present time, concrete information about the vertex
constants is too sparse and does not permit definitive
conclusions, Only one thing is clear —the prerequisite
for successful application of each method is the fulfill-
ment of definite physical conditions, and in this sense
the possibilities of even powerful methods such as the

TABLE VI. Nuclear vertex
constants G_fm,, for some light
nuclei.

—Ggn, F

% NucleuJNucleu{ 48

A 'B fperaph,l Sing.- ’ DWBA
od.

subt,

1 (19Ba [9Be | 2,0 | 1,2 1,7
2 4B f10g | 37| ;2% 3.3
31128 Jug | 95 | g3 0.2
418C Ju2¢c | o |0 0.6
5 (1C | 13c 3.6 | 4.7 [ 3.2

Blokhintsev et al, 508



three mentioned above in conjunction with the technique
of optimal conformal mappings are limited.

The fact that the vertex constants play an important
role in the theory of nuclear reactions forces one to re-
consider the connection between this theory and the the-
ory of nuclear structure. The point is that structure
calculations must give a characteristic such as the
amplitude of the tail of the overlap integral of nuclear
wave functions. As yet, we have only learnt to solve
this problem sufficiently accurately for the simplest
three - and four -nucleon systems in the case of the two-
particle nucleon —-nucleon interaction. This has shown
that the vertex constants depend rather strongly on the
form of the two-particle potential. The possibility can-
not be precluded that these constants are just as sensi-
tive to the effects of many -particle forces and meson-
exchange effects. We can already assert with con-
fidence that in calculations of the vertex constants for
complex nuclei in the framework of nuclear models (for
example, in the shell model) the constants will be ex-
tremely sensitive to the geometry of the average field
and to configuration mixing.

All this indicates the need for systematic accumula-
tion of empirical information on the vertex constants.
For this, in'particular, one requires precision (with
error ~ 1%) experimental data on the differential cross
sections of scattering and transfer reactions. Unfor -
tunately, such data are as yet exceptionally sparse.
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