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The present state of the theory of low energy N scattering is reviewed. It is’ shown that the use of a
nonlinear SU(2) X SU(2) chiral invariant Lagrangian in the exponential parametrization, the

superpropagator method of regularizing the scattering amplitude,

and the Padé approximation enables one

to obtain a dynamical description of low energy a N scattering without the introduction of any arbitrary
parameters. From the first two nonvanishing terms in the perturbation series, analytic expressions are

obtained in the diagonal (1,1) Padé approximation for the s and p partial-wave amplitudes. The energy
dependence and position of the s- and t-channel singularities of the o N scattering amplitude are in very

satisfactory agreement with the experimental data.
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" INTRODUCTION

In a great many recent investigations, unitary quan-

" tum field theory with nonpolynomial Lagrangians has
been applied to the description of strong, weak, and
electromagnetic interactions of elementary particles.
One of the fruitful methods in this direction is the super-
propagator method introduced for the first time by
Volkov.t1 This method was successfully applied to the
description of both low energy am scattering and the
electromagnetic properties of 7 and K mesons and also
some weak decay processes. The interesting review
of Volkov and Pervushin® presents the results obtained,
which show that this method can be successfully ap-
plied to the description of strong interactions. How-
ever, besides mm scattering it would be interesting to
obtain quantitative data for other strong interaction pro-
cesses, in particular 7N scattering.

The process of TN scattering has always been re-
garded as one of the most fundamental processes in the
strong interactions of elementary particles. Therefore,
the problem of theoretical interpretation of 7N scatter-
ing has always been in the center of attention. Impres-
sive progress in this direction in the region of low en-
ergies was achieved by the use of dispersion relations.
Important results were obtained at Dubna by Shirkov,
Isaev, Meshcheryakov, and others (see, for example,
Refs. 3 and 4). The basic idea of this approach was to
use backward dispersion relations. It was shown that
the influence of the crossed annihilation cut is mani-
fested most strongly in precisely these dispersion re-
lations. The influence of the w7 interaction on TN scat-
tering was determined, and it was shown in particular
that for a satisfactory description of the lowest 7N scat-
tering phase shifts it is necessary to take into account
the vector p meson and the scalar ¢ meson. The use
of backward dispersion relations in combination with
forward dispersion relations made it possible to find a
mathematically noncontradictory system of equations
for the partial-wave amplitudes of mr and 7N scattering.
Investigation of the system obtained for ww scattering
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showed that this system has resonance solutions cor-
responding to the p and ¢ mesons, These investigations
were summarized by Shirkov et al. in Ref, 5. The
Dubna approach was also used to find the resonance
solutions of the 7N system, the phase shifts of NN scat-
tering, and the electromagnetic form factors of nu-
cleons. "

However, because of the need to introduce a large
number of variable parameters (such as the coupling
constants, the masses of the bosons, and the parame-
ters of the TN resonances) and also the need to particu-
larize the high energy behavior of the amplitude, the
dispersion approach unfortunately remains at the level
of semi-phenomenological models. In thevarious studies
based on the dispersion approach, the number of arbi-
trary parameters fluctuates between 5 and 10. A dy-
namical description by means of the method of disper-
sion relations has not been realized.

It is well known that a complete dynamical description
can be based on the Lagrangian formalism, In this
case, the number of arbitrary parameters is greatly re-
duced. However, the representation based on the La-
grangian formalism has itself suffered from serious
shortcomings which have until very recently prevented
implementation of the dynamical description. First, the
perturbation series—the only amenable method of cal-
culation—is divergent; second, some important types of
interaction were found to be unrenormalizable, and even
the type of interaction was not known to a sufficient ex-
tent.

Hadron physics of the last decades has been charac-
terized by the conception of Yukawa type interactions as
the basic interactions of pions and nucleons, although as
early as 1960 Sakurai'’! noted that in the framework of
a Lagrangian of the Yukawa type there do not exist sim-
ple schemes in which the pions could be linearly coupled
to the nucleons and that calculations based on these
Lagrangians are devoid of physical value,

Recently, the situation in this field has been radically

© 1978 American Institute of Physics 452



changed, First, Lagrangians (linear and nonlinear)
were proposed'®®! satisfying higher symmetries, and
this was an important step forward compared with La-
grangians of the Yukawa type. Indeed, on the basis of

a nonlinear chiral invariant Lagrangian, Weinbergt® op-

tained the s-wave 77 and TN scattering lengths.

These results were also reproduced on the basis of a
linear chiral Lagrangian (see, for example, Ref, 10).
Thus, two approaches began to take shape: the use of
linear and nonlinear chiral invariant Lagrangians, In-
vestigations are currently being made in both direc -
tions. It is found that the linear and nonlinear models
for mr scattering are identical, However, bearing in
mind the other processes—mN, NN, scattering, etc. —
one cannot ignore the fact that the linear model suffers
from considerable arbitrariness (apart from postulating
the existence of the ¢-meson field, it is here necessary
to introduce interaction of nucleons with p, w, and A,
mesons, deuterons, ete.), In addition, the systematic
development of a renormalizable theory with massive
vector mesons encounters considerable difficulties, (111
In this sense, the nonlinear model is clearly more
economic and promising. One may say that the linear
model gives a semi-phenomenological description like
the one by means of dispersion relations or by means
of the single-boson model, while only the nonlinear
model is capable of leading to a complete dynamical de-
scription.

Initially, chiral Lagrangians were intended to be used
as phenomenological Lagrangians, in the three approxi-
mation, to reproduce the results of chiral algebra. To
go beyond the threshold of the scattering process, i, e
to describe the energy dependence of the scattering am-
plitude, it would be necessary to know how to calculate
loop diagrams. Linear Lagrangians without vector me-
sons lead to renormalizable theories, and in this case
fundamental difficulties did not arise. But in the case
of nonlinear Lagrangians horrendous divergences due to
the nonpolynomial nature of the chiral Lagrangian
seemed to present insuperable difficulties., However,
Efimov and Fradkin!!? sycceeded in solving successfully
the problem of renormalizability of certain nonpoly -
nomial interactions, and this opened up the possibility
of using chiral Lagrangians for the above purposes,

The method for calculating the higher approximations
of the scattering amplitudes in theories with nonpoly-
nomial Lagrangians that is the most consistent and ap-
propriate for practical use is the superpropagator meth-
od of regularization proposed by M. K. Volkov''l; it is
a method of analytic continuation of the amplitude as a
function of certain coefficients C(n), which characterize
the extent to which the Lagrangian is nonpolynomial, to
the complex x plane,

The known mathematical methods of approximate
summation of divergent series can be successfully used
to recover the scattering amplitude from the renormal-
ized perturbation series. One of these methods is the
method of Padé approximations, which, in conjunction
with the simplest linear models, was used to describe
strong interaction processes by Bessis et al, 131 Thus,

453 Sov. J. Part. Nucl. 8(5), Sept.-Oct. 1977

one of the ways of avoiding the well known difficulties in-
herent in the perturbation method had been indicated,
The method of Padé approximations can be regarded as
one of the methods for extracting the physical informa-
tion contained in the coefficients of the perturbation
series when the Lagrangian formalism is used in the
theory of strong interactions, It is therefore of un-
doubted interest to apply these methods to the descrip-
tion of low energy wN scattering—a process with phys-
ically richer experimental information,

1. USE OF LINEAR LAGRANGIANS

Mignaco, Pusterla, and Remiddit!¥! and also Gammel,
Mentzel, and Kubis'!® were the first to apply the method
of Padé approximation to the problem of 7N scattering,
They used a simple Lagrangian of the Yukawa type:

% (2) = —igh (=) 757 (2) 7 (2) — A (0 (2) m (). )

The results they obtained are an illustration of the in-
adequacy mentioned above of Yukawa-type Lagrangians;
the partial waves with isospin I=1/2 completely con-
tradict the experimental data. No great improvement
resulted from the use of the ¢ modelt161.

£ (2)=g¥ () (0 (2) +ivsen (2)) p (x)
— & (0% (2) + 7% (2))%/4 -+ co (2). (2)

Here, it also proved impossible to find the scattering
length and a whole series of partial waves, Various
authors ascribed the failure to the circumstance that the
Lagrangian (2) yields an incorrect relationship between
the masses of the o meson and the nucleon: Me>m

(Ref. 17). It should be emphasized that the disaster
does not derive from this alone, As Shirkov and
Serebryakov noted, (197 the Lagrangian (2) in this case
must be augmented by terms responsible for exchange
of the p meson. Allowance for just these terms can
lead to the correct value of the isotopically odd scat-
tering length and, therefore, to the correct behavior of
the corresponding phase shifts. In addition, it is im-
portant to make additional allowance for the short-wave-
length interaction.

Considered as a whole, this means that the number of
parameters used in the approach based on a linear La-
grangian is rather large. Inclusion in the interaction of
couplings to vector mesons catastrophically increases
the number of invariants.

Nevertheless, the results obtained, together with the
results on 77 scattering, demonstrated comvincingly
that in principle the method of Padé approximation (pro-
vided the interaction Lagrangian is correctly chosen)
can become the long sought for tool for investigating
strong interactions, And indeed, much better numerical
results were obtained by Fil’kov and Palyushev, £ who
proceeded from “bare” Born terms in the =N scattering
amplitudes:

Re A* (s, t, u) = o+ Pt/(m2 —1); Red (s, ¢, u)=0;
Re B* (s, t. u) = g2 [1/(m?—s) T 1/(m? — u))

(3)

(here a and § are adjustable parameters determined ex-
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perimentally) which nearly coincide with the first ap-
proximation of the nonlinear Lagrangian (see Ref. 10;
see also Eq. (9) of the present paper). The coincidence
would have been even more complete if they had included
in B the additional constant corresponding to contact
interaction or p-meson exchange in the linear approach.
Nonlinearity was introduced into the Fil’kov—Palyushev
model by means of the unitarity condition for calculating
the amplitudes in higher order in the coupling constant.
They obtained very reasonable agreement of the phase
shifts calculated in the (1, 1) diagonal Padeé approxima-
tion with experiment, although, it seems to us, the wave
byy requires special treatment since it is here necessary
to find simultaneously a negative scattering “length” and
approach of the phase shift to resonance, which is dif-
ficult on the basis of direct use of the (1, 1) Padé ap-
proximation. :

However, the use of the arbitrary adjustable parame-
ters @ and B greatly reduces the value of the Fil’kov—
Palyushev model. In addition, the use of dispersion re-
lations in this model also requires particularization of
the high energy behavior of the invariant amplitudes.

Thus, the approach based on the use of linear La-
grangians in fact reduces to the single-boson model since
it requires the introduction of fields corresponding to
each interacting particle, including an exchange particle.
At the present time, the number of such particles is
large and continues to grow as experimental information
is accumulated. It is clear that the introduction of an
ever greater number of fields contradicts quantum field
theory. ,

As pointed out above, a different approach based on the
use of nonpolynomial Lagrangians is more attractive.
This is equivalent to assuming that the number of funda-
mental particles is bounded and that all the remaining
particles must be bound states or resonances of them,
i,e., they must have a dynamical origin, It is just such
a dynamical description of the strong interactions of
elementary particles that now occupies a number of in-
vestigators.

The results obtained by Lehmann, Volkov, Pervushin,
and otherst1%2 for low energy wm scattering and the
electromagnetic properties of pions and K mesons by
using nonpolynomial Lagrangians and the superpropaga-
tor method of regularization indicate that a dynamical
description of these processes is obtained and clearly
suggest that it is this approach which will make it pos-
gible to advance further in our understanding of the in-
teraction processes, in particular, the strong interac-
tions of elementary particles.

Below, we set forth the application of this method to
the description of low energy 7N scattering in the frame-
work of a nonlinear SU(2)x SU(2) chiral invariant La-
grangian using the Padé approximation.

The systematic use of the superpropagator method of
regularization is an important step forward since this
method makes it possible to obtain a theoretical descrip-
tion without the introduction of arbitrary parameters.
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2. USE OF NONLINEAR LAGRANGIANS

Obviously, great interest attaches to the use of a La-
grangian by means of which one can, for the same pa-
rameter values, describe all processes in strong in-
teractions. Therefore, on the basis of the fact that the
description of 77 scattering and the electromagnetic
properties of mesons was obtained in Refs. 19 and 20 by
means of a nonlinear Lagrangian in Giirsey’s parame-
trization, we shall also choose here this variant of
SU(2) X SU(2) chiral invariant Lagrangiant®!:

£ () = g5 () Bur; (z) 3%y (2)/2 +iN (3) 'v,:t;;N (2)/2
—mN () U (m) N () - ig'N (z) y,U* () 8*U () N (2)/2, (4)

where g,,(7) is the metric tensor of the curved isotopic
space with constant curvature, which for the exponential
parametrization has the form

gis () = 2 (a?) 85— [f2 (n%) — 4] 7 () 1t (@) /oe® (2); } (5)
f@®) =sinZ/Z; Z=V = @)/Fi U (m)=exp (iv;iw (@)/Fa);
here F, is the weak decay constant of the 7 meson (F,
~92 MeV).

In this model, the pion fields are a nonlinear realiza-
tion of the SU(2)x SU(2) chiral group, and the nucleon
fields transform linearly with respect to transformations
of the given group. As was noted by Lehmann and
Trute, ''* this parametrization has the advantage that it
leads to a localizable theory in the sense of Meiman
and Jaffe.

In order to eliminate pseudovector coupling, we sub-
ject the nucleon field to a Foldy—Dyson transformation:

N (2) = exp (iays (z) )¢ (2). (6)

Choosing the constant a appropriately, we obtain the fol-
lowing form of the Lagrangians that contribute to the

TN scattering amplitude in the approximation in which we
are interested:

Lint(2) = Lo (2) + L4 (2) + Lo () + L4 (2), (7

where
Lo () = [/2 (%) — 1] {9 (2) 3" (2) — [ (x) A (2) 1" (2)}/2;
£y (&) = — (imga/F =) § () V57 (2) 7 () sin Zy/Zy;
Lo () = m () ¥ (2) (1 — cos Zy);
Lo (2) = (1/2) $ (2) yuop (2) ¢ (2) 28" ()
% [(g4— 1) sin? Zy— (g4 -+ 1) sin® Zy )/ (z);
Z, ﬁvm- Zy= VWM;
Zy=V{ga— 1) o?f4F% ga=1—¢"

The validity of such a chiral quantized Lagrangian was
justified by Pervushin in Ref. 22,

In Refs. 23, calculations were made of the low energy
TN scattering on the basis of a nonlinear chiral La-
grangian of the Weinberg type in the single-loop ap-
proximation. In Refs. 23, the Lagrangian was used only
to calculate the imaginary part of the scattering ampli-
tude. With regard to the real part, it was recovered
by means of one-dimensional dispersion relations for the
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invariant amplitudes 4%(s, ¢, u) and B*(s, t, u). Good
agreement between theory and experiment was obtained,
A shortcoming of this method is the need to introduce

a number of arbitrary parameters as subtraction con-
stants. Therefore, let us consider the contribution to
the total amplitude of TN scattering of tree-type dia-
grams together with single -loop diagrams using a
SU(2)x SU(2) chiral invariant Lagrangian in the exponen-
tial parametrization (7), which can be regularized by
means of the superpropagator method. On the basis of
the results obtained, we recover the amplitude of 7
scattering in the (1, 1) diagonal Padé approximation,

The expression for the S matrix and the rules for or-
dering operators by means of the Hori operator are given
in Ref. 24 and are a generalization to the case of iso-
topic spin of the expressions given in Refs. 25-27.

3. RENORMALIZATION OF THE 7NV SCATTERING
AMPLITUDE. CONTRIBUTIONS OF THE DIAGRAMS
TO THE INVARIANT AMPLITUDES

We shall consider the process m,(q,) + Ny(p,) ~ m,(g,)
+Ny(p,). We shall proceed from the definition of the
scattering amplitude adopted in Ref, 5:

o im &, B " s
(flsqiii)—m'ﬁu(ﬁe)ﬂw”(h)ﬁ (Pt a—pa—gs), (8)
where

T3 = ByuBop [4* (5, 1. 1) = (3 72) B* (s, 4, u)/2]
1ty Tal® 47 (5, £, 0) & @+ Ga) B (s, £, w)12)/2;
$=(PiT 0= (Pa - )% t=(q,—qu)2= (P1— p2)?;
U= (pa—01)% = (py —q2)%

P1, by, 44, and g, are the four-momenta of the nucleons
and mesons, respectively,

In order to obtain the amplitude of TN Scattering in the
first and the second order in the main coupling constant
on the basis of the interaction Lagrangian (7), we must
calculate the contribution of tree diagrams.
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FIG. 1. Diagrams of third and fourth order in the main cou-
pling constant that contribute to the 7N scattering amplitude on
the basis of the Lagrangian (7),
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In the third and fourth order in the main coupling con-
stant, we shall calculate the contribution of the diagrams
shown in Fig. 1. These diagrams (together with the
crossed diagrams and disconnected diagrams) exhaust
the contribution to the 7N scattering amplitude in the
first and second perturbation approximations, The dia-
gram in Fig. la gives a finite contribution, whereas the
remaining diagrams diverge. The divergent diagrams
of Figs. 1b—1le and 1g can be renormalized by means
of renormalizations of the nucleon mass, 6m, and the
meson mass, 6m!, and renormalization of the two
charges. The diagrams in Figs. 1h and 1i cannot be
renormalized in the usual manner, and we shall there-
fore calculate them by means of the superpropagator
method of regularization,

The contribution of the tree-type diagrams can be
written in the form

A* (s, 8, u)= m—ii; b
Fa
B (s, 1, u) = ghm? [1/(m?— 5) — 1/(m? — w))/FL; (9)
A (s, t, u)=0; [
B (s, £, u)= (1 —g4)/2F% + ghm? [1 /(m2— 5) + 1 /(m2— u)]/FZ. l

Since the Lagrangian (4) is invariant under transforma-
tions of the group SU(2)x SU(2), the pion mass is zero.
The consistent introduction of a pion mass into (4),
which entails breaking of the chiral symmetries, has
hitherto remained an open problem, and discussion of
it would go beyond our scope. Lehmannt? notes that
the assumption of a vanishing pion mass does not in-
fluence the numerical calculations of T scattering,
This assumption is all the more justified for 7N scat-
tering, in which the natural parameter of the theory is
the ratio w/m, which is fairly small (w is the cms pion
energy). Therefore, in what follows we shall calculate
the contribution of the higher diagrams under the as-
sumption m,=0. In calculating the diagrams of third
and fourth order in the main coupling constant, we shall
follow Ref. 29,

The contributions of the diagrams in Figs. 1d-1g can
be written as follows:
Ly (2) L4 (y) L2 (3) (see Fig. le)
S 2
A* (s, t, u) = 32fm? [:F ”-s—mz lnm—:‘;—s =+ {s«-»u)];
(10)

+ = opma { M2y _m? ., mE
B* (s, t, u) = + 32f'm { ——1n mz—s+s—-m3

<2 () ~2 0] 6-rm),

where L(x) = [%[In(1 - y)/3] dy is Euler’s dilogarithm;

L1 (2) L1 (4) £4(2) (see Fig. 1g)

A*(s, 1, u) = — 9Bfm? ]/ “E tan™! ]/-Tm—;_—t } (11)
A (s, t,u)=B* (s, ¢, u)=0;

Ly (x) L4 (y) £2(2) (see Fig. 1d)

A% (s, 1, u) = 16pme [ 1nm:‘js+i}”"’j:(s._.u;];

m2 s

+

mi—g ]

} (12)

B* (s, t, u) = 16f4m? [vmz(t#ln * (.s‘-r—ru,):I :
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Z4(2) £1(y) £o(2) (see Fig. 11)
A* (s £ u)_ ’msl/ ;._;mz In k tl'(‘_%z)'f'i .

Vilt—int—1 "
= __16f4m3 s—u Vilt—4m2)+1 |
A (st u) = % i i TR (13)

Vit—4m?) 41

1ﬁj4m"' t—4m?2
B (s, t,u)= 1/ e =k

B* (s, t,u)=0.

In obtaining these expressions, we have approximated
certain Feynman integrals at an average point:

z+V 22—dm? (1—a)%/t
z— |/ 22—4m2 (1 —z)2/t

(z—1)2
5) o V 122 —&m?t (1— =z

b 1 ]/t,f(t-—- 2)4-1
2]/:(:-4.112) Vt;(:—amz).—f

Such an approximation correctly reflects the analytic
properties of the scattering amplitude. At the same
time, numerical calculations of the integral made in the
interval 0 < w<2 indicate that such an approximation
deviates from the exact value by less than 30% for
large w;

£y (%) £4(y) L3 (2) (see Fig. le)
A* (s, t, ) = 32f4m3 (1__15_)
x[L(2) —LW+==1n L )]s
A (5,6, w)=B(s, 1, u}=0; (14)
B* (s, t, u)=32f‘m2(1—g—;-) [ 2m? [L(.m_z —L(i)]

m2—s

mz—-:

_s+m3 2 m2
T z

£1(x) L1 (y) La(z) (see Fig. 1g)

At (s, t,u)=B*(s, ¢, u)=0;
4 .ty =8fm (1—) [ =y l/w_t (15)
B~ (s, t, u) =8f'm? (1—'—) Tf%(::::—it) l’ 4m=—z ;

£4(z) L4 (y) L3 (2) (see Fig. 1d)

A% (s, 2, u) ‘ \
= 16f*m® (1-“;,7) [(f:—ma)z In m:ix+'7;z"'_ (s> u)] 1 ! (18)
B*(s, t, w)=m A7 (s, t, u).

The contributions of the diagrams in Figs. la-1lc can
be written in the form

L1(@) L1 (y) £ (3) L4 (t) (see Fig. 12)

alt(m) 2]

A% (st )= _ 1:3) 48f4m? {

s[4 HR @) +1n g ] = s.,.u)}. -
B (s, t, u) = (35 ) 48/ mi(sie'f; )—2)]
g 22 [ @)+ 10 ]x(mu)

where sin®6=t/4m?; h(9)= 6" [} ¢ ctgt dt;
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L4 (2) L1 (y) L4 (2) £4(2) (see Fig. 16)
a* s, t,wy=32m { 2 [ () —L )]

+ g )

(18)
B* (s, t,u)= —32f'm? { W[L (=)Lt
+:—m‘*1n m2 ] ‘2m:la+ isq:(sq-»u)} 3
£4(x) L4 (y) L1 (2) Z4(2) (see Fi& lc)
A= (s, t, u) = 24f*m® [m =+ ﬂ(::—mg)ln bt G *"’”)} 1 (19)
BE (s, t, u) =m™ A (s, t, u). J

Here, we shall use the natural system of units (i=c
=m,=1) and the Goldberger—Treiman relation f*=g &
167F2 (f2=0.8).

The diagram £,(x)£,(y) (see Fig. 1h) can also be re-
normalized in the usual manner despite its linear diver-
gence. Therefore, calculating it in the usual way, we
obtain

AT (s, t, u) =8f'm? [
A (s, t,u)=B
B* (s, t, u) = 8f'm? [_m H3+

rL(s—mz) (351 m?2) o (s u)] l

- (s, t, u)= (20)

z_,,,a
ln

(s«—-u)]. }

We shall calculate the remaining diagrams using the
super-superpropagator method of regularization.

4. USE OF THE SUPERPROPAGATOR METHOD TO
CALCULATE DIVERGENT DIAGRAMS

Since renormalization of the TN scattering amplitude
by the superpropagator method has not hitherto been
considered by anyone, it would be worthwhile demonstrat-
ing the method of calculation for at least the very simple
example of the diagram £,(x)&,(y) (see Fig. 1i). In the
calculations, we shall follow Volkov’s method, which
has certain advantages over the methods of other au-
thors.[!! We shall proceed from the standard definition
of the S matrix in terms of the interaction Lagrangian.
Pairing with respect to the internal fields in the S ma-
trix by means of the Hori operator (for details see Ref.
24), we obtain for the matrix element

8B = %’(fl S diay d'zapat
¥ (B (23— ) + TGy Loy (T3 — ) (21)
+ gty (2 —z)) | B,

where
I (2 —22) = z d (n) [ —iA° (@ — )",
Iy (@ — ) = 2 Zﬂd (n) [—iAf (@ — )] [ — i° (21— 21"

o . (22)
Iy (23— 22) == 2 d(n) [ —i1AL (7 — )P [ — A" (21— )]

anta

a2nth 9, 19
ST (2n+3) g3

3 (2n+4) FARHE
The finding of the expression (21) is simplified con-

siderably if the tabulated differentiation formulas given
in Ref. 24 are used in the integration,
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Carrying out the necessary commutations of the nu-
cleon and meson operator-valued fields with the opera-
tors of creation and annihilation of these fields and going
over to the new variables X1 —Xy=Hu, % +X,=v, we can
integrate with respect to the variable v, obtaining

m mBay8ps
2 (em2 V lalaleind
X1 (pa) | dwexp (i0u) [20.9:1, ()
F1Qul¥ () + 2L (W) u (p,) 8 (Pi— By); Q= gqa—qy.

GECIDE

(23)

In order to integrate in (23) with respect to u, it is
necessary to go over to Euclidean space. Going over in
(23) to spherical coordinates in Euclidean space and
expressing the results in terms of invariant amplitudes
in accordance with (8), and then integrating with respect
to the angles, we obtain (using the explicit expressions
for the causal functions and their derivativest?4)

. o T
A (Qz—“fh)‘;%sdrz 23-[):n+2
0 n=0
e cind 0 g JRVIEG [ (24)
X[?Qi']gr Ant2__ 4Q,r-in "w;—ér n ‘]— =0
B (s, t, u)=A~(s, t, u)=0,

where Jj(x) is the cylinder function of the first kind,

In order to integrate with respect to # in (24), it is
necessary to use Volkov’s method of analytic regulariza
tion. For this, we write the sums in (24) in the form
of a Mellin-Barnes integral (Sommerfeld—Watson in-
tegral) and deform the contour of integration in the com-
plex z plane in such a way that — 1<Rez< 0. In the com-
plete region of integration we obtain (it is here neces-
sary to introduce a partial regularization, as is usually
donet!?)

@—ioo
m

A (P = — T 5 dzctgnzd (z) (2m) 42
a+iso
I' (—2z) (vﬁ_o'z)h I'(—i—B:)'_'a_ (V'_—Olenz
i [2%"?2 I2(2z--2) Ddz+2 T 213} a0, T
I'(—1—2z = g‘)lnz.
i E‘((22+3] U4 Ql?u J' (25)

where 0<a<1 and I'(z) is the gamma function. The ex-
pression (25) corresponds to summation of a chain of
diagrams (see Fig. 1i) with two, four, etc., internal
lines. In order to obtain the contribution corresponding
to one loop, it is necessary to make a subtraction only
at the point z=0. Thus, we finally obtain

. —_m (g —tgha et
A (5, t, w) = —-SR0E [2lnm+50 7]t

(26)

where C is the Euler-Mascheroni constant,

Similarly, we can obtain the contribution of £4(x)L45(y)
(see Fig. 1i):

. A=At g =i gt
B u=58r[2h o tea ity

+In(gh—1)+ 60— ]. (27)

The calculation of the diagram £,(x)£,(y) (see Fig.
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1h) corresponding to the contribution from the s and u
channels is somewhat complicated by the presence of
the massive nucleon propagators. However, in this
case too the integrals with respect to 7 can be per-
formed and the results of integration can be expressed
in terms of the hypergeometric function.!?! The final
contribution to the invariant amplitudes of 7N scattering
from the diagram of Fig, 1h with the £,(x)L4(y) vertices
has the form

A (s, £, ) =8f'm? (1 —;;i;)

£—ms | (s-—mz}zl m2

s—m?2
sm2 T 52 m2—s

m2 it
B (s, t, u)=8f"m“(1—é)

e ]; e

[ma—s_(sﬁml)zl m?

s 52 mé—g zil s u}] 5

where

C=={BC—7/3+4-ga In[(ga+1)/(ga— 1)]
+1n [(m/4aF )t g% (g% —1)1}/4.

The contributions from the diagram of Fig. 1h with
the £4(x)£4(y) vertices are even smaller because of the
factor (g% -1)?/16. In what follows, we shall not con-
sider them,

5. CALCULATION OF THE PARTIAL-WAVE
AMPLITUDES

To obtain the partial-wave amplitudes, we shall use
the well tested method of separating the partial-wave
amplitudes by combining the invariant amplitudes for
the forward and backward scattering angles. The pro-
cedure for finding the expressions for the partial-wave
amplitudes is set forth in detail in Ref. 5, and also in
Refs. 23 and 24, In what follows, for convenience of
controlling the crossing symmetry properties, we re-
store the pion mass, setting w’=v +1 (w is the pion
energy and v=q° is the square of the cms pion momen-
tum),

In obtaining the partial-wave amplitudes, it is con-
venient to use an expansion in the amplitude in powers
of w/m and restrict oneself to the first terms of the
expansion. Then the invariant amplitudes expressed in
terms of the pion energy have the following crossing
symmetry properties: A*(w) and B~ (w) forward are
symmetric under the substitution G- - & (G = 2w + 2v/
m), w=—w; A"(w) and B*(w) are antisymmetric under
this substitution. These amplitudes have the same

“properties for backward scattering under the substitu-

tion, but w - - w, which enables us to obtain the partial
s and p waves, which also satisfy simple crossing sym-
metry properties under the substitution w -~ - w (see the
Appendix). In order to obtain the expansions of the in-
variant amplitudes in powers of w/m, we use the expan-
sion for the Euler dilogarithm given in Ref. 29:

s [ 2 () — 2] =14 (1) 44 (1—)"+ ...

. 1 2 2
+[i+%(im%)+T(1ﬁ%) —|—...]lllm::s. (29)
To simplify the expressions, we set w’=wr, w?=v,
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G=2w. The explicit form of the total contribution of the
diagrams of the higher orders is given in Ref, 36. Us-
ing the amplitudes (9)-(20) and (26)—(28) we can obtain
expressions for the real parts of the partial s- and p-
wave amplitudes, using the relations'®

s = (0% (+1)+ 9% (— D12 (30)
has (©) = [Ag* — Ag™—2 (AR — AR)I/6v; (31)
s (0) = [Ag* + 289" — 2 (AB* -+ 2AB)1/6v; (32)
Bt (@) = (A + 2Aq~+4 (AB* + 2A87)1/6v; (33)
hyy () = [A@* +2A¢ +4 (AB* -+ 2A8)1/6v, (34)
where
At == (1) — gt (—1); AP = (B (+ 1) +B=(—DVZ:
and
@*:%[A* (@, cos0)+=B* (o, cose)], (35)

p* =§;_m B* (@, cos ).

The partial s waves in the isotopic state + and also the
p-wave amplitudes h;; are related to the scattering
phases as follows:

stﬂ';_[sl+ (_i) S;;] H AS}-—-[BIP (iﬁj) sin&,]fq; (36)
by = [exp (i6,; sin 8;;/g°

(Wi=s, E=Vm’+v is the cms nucleon energy).

Let us first consider the partial s~ wave. Substituting
into (30) the contributions of the tree diagrams (9), we
obtain in the second order

Re st &~ 2f20/gh. (37
Summing the contributions of the fourth-order diagrams
with allowance for (30), we obtain

Resfvws—f [(25——%{,}?) m2e

=0T , 117 B m
+(_-——Efa +g—31‘)w"+(—1+fgi+3—gi)m‘?1ﬂ§a- (38)
It would seem that the presence of the terms linear in
w in (38) violates the well known low energy theorems.
On the other hand, on the basis of analysis of the dis-
persion relations it was established that there are no
terms of order m’w and higher in the s waves.'*! How-
ever, these terms of the type m’w do not occur in the s
wave if

4g3C—4C—3=0. (39)
Using now the expressions for the real parts of the
partial-wave amplitudes s; in the second and fourth per-
trubation order in the main coupling constant f % of the
type

sg=ps+fs +. .o (40)
we can, following Refs. 13 and 17, recover the ampli-
tude in the (1, 1) Padé approximation in accordance with

458 Sov. J. Part. Nucl. 8(5), Sept.-Oct. 1977

the expression

5= UPSTRI(Psl = fhat)- (41)
Then from the expressions (37) and (38) with allowance
for (39) and using the (1, 1) Padé approximation (41), we
obtain an expression for the partial-wave amplitude:

_ 2f2 @
Res™ = o~ T (/=) (18385 — 102+ (85 — 1.6+ 1/3¢%) In (m/20)} (42)
Similarly, for the s wave in the isotopic state + after
accurate allowance for terms of the type n! in the first
nonvanishing approximation, we obtain
sty A — 2f*/m. (43)

In the second nonvanishing approximation, using the ex-
pressions (9) and (30), we find

8f* 1 79
Res{vz% {( _T+——1ﬁg§; )mv

)Lm".q.[ _gg_""_;_;_ (1.5_% Elwa}. (49)

0.56
+(2.35+ =

The condition of absence of terms of order mv in the
s* wave has the form

132g% —205 =0, (45)

if one uses here the numerical approximation vIn(m/2w)
= v(1 — 4w’/m?), which is completely adequate in the
bounded range w=1-3 of values in which we are in-
terested. With allowance for the condition (45) and us-
ing the (1, 1) Padé approximation (41), we obtain from
(43) and (44) the final expression for the s* partial-wave
amplitude:

Rog* ms— 20 h
m 1+ (4f2v/n) [2.86+3.23/¢% + 1.5—9.33/g%) In (m/20)] p

(46)

To make (42) and (46) more perspicuous, we use the
circumstance that in this range of low energies w and
for values g4 ~1.5-2 of the axial constant one can with
good accuracy approximate the square brackets in (42)
and (46) by the expressions 2(g% -1) and 5- 6g7%, re-
spectively. Then (42) and (46) take the simple form

L
Res™ =~ - Tramv (g — i

(42")
(48")

i v
Res™ = 2'{: 1+ (f2v/m) “298',':\_24)4’6'?\] i
It is worth emphasizing that the s waves obtained in this
way contain no arbitrariness since they are determined
by the well known constants f? and g, and they also have
the correct crossing symmetry properties under the
substitution w— — w (see the Appendix).

For the p waves in the first nonvanishing approxima-
tion,

el

_’2

B, hym—ga (47)

4 2 ;
] hsnﬁg%i hyg=hy ~ —5 -5

Taking into account the contributions of the fourth-
order diagrams (26)-(28) in accordance with (31)-(34)
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and applying the (1, 1) Padé approximation (41) to the
resulting expressions, we obtain, having performed a
very simple unitarization, the following expressions
for the p-wave amplitudes of TN scattering:

Rohy ms 30 {1 2or (1086471

2 m
By i g )m

~(e-5) o=+ B 2, (48)
Rkt g {1+ 2L [(Cr & 1 ) m
+o (4.79—-%-;.-3_(1 +"3;;i)1n =1} (49)
Relit o g {1+ 02 (T~ ) m
R L3 ER
O L
Fo(4—+ 5 (2420 me) 1) (51)

The derivation of the expression for the wave hyy re-
quires a special explanation, Use of the expression from
(47) as the first term of the Padé approximation for the
hyy wave leads to a negative phase shift 844, which is in
crass disagreement with experiment, It is well known3"1
that the 11 phase shift becomes positive at w=1.7 and
passes through resonance in the region of w= W= 3. 7.
The second-order term hy; = - 8f%/3w derives from nu-
cleon exchange in the s channel (-97%/3w) and in the u
channel (f?/3w). Only this second, numerically small
term can be regarded as the potential ensuring the nec-
essary attraction for the formation of the positive phase
shift and the resonance. Clearly, the term - 3f%/w
cannot be regarded as the original one for construe ting
the Pade approximation, It follows from dispersion re-
lations'®!) that the main contribution to the attraction in
this wave is due to the exchange (33)—the resonance in
the u channel—and has the form (16/ 9)yas(w + wgy)™,
where y;3=4f%/3, On the basis of these arguments,
we have separated out in the 11 wave the term (16/9)
X¥g3(w + wg)™ and regarded it as the basic one for con-
structing the Padé approximation for this wave. The
p-wave amplitudes also approximately satisfy the cross-
ing symmetry conditions (see the Appendix).

6. COMPARISON WITH EXPERIMENT

Investigation of the transcendental equation (39) shows
that one of the roots is in the range 1.3<g,<1.35,
which is completely acceptable from the physical point
of view. Thus, the superpropagator method does in-
deed lead to amplitudes for which the low energy theo-
rems are satisfied at close to the experimental values
of g,.

It is known that the s~ wave is due principally to ex-
change of a p meson in the ¢ channel, The expression
for the s~ wave calculated by means of a linear p-ex-
change Lagrangian of the Yukawa type has the form
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Re s a Sonngony 20
an ity

(52)
if at the same time one takes into account the universal-
ity hypothesis g,,, = 22un-

The expression (42') for Res™ has the same form as
(52) with the important difference that the parameters
of the p meson are here not introduced from without but
are obtained dynamically, Indeed, comparing the nu-
merators and denominators in (42’) and (52), we obtain
the relations

2gornonn/4n = ar/[gh (g4 —1)]; } (53)

m§ 2 w2f (gh—1)].

If the second of these relations is substituted in the first
and the hypothesis of universality of the interaction of
the p meson with the m-meson and nucleon fields is in-
voked, and also the Goldberger—Treiman relation, we
obtain

Bhan = m,’;f2F:’z,

which is the well known Kawarabayashi—Suzuki—Fay-
yazuddin-Riazuddin relation,

We now consider the s* wave. The condition that
there be no terms of order mv in (45) is satisfied at
values g,~1,25, which is very close to the values of 4
taken from Eq. (39). It is well known that the s* wave
can be described by ¢-meson exchange, and, as was
pointed by Shirkov and Serebryakov,™" an important role
is here played by the allowance for short-wavelength
repulsion. The expression for Res* calculated by means
of a linear ¢-exchange Lagrangian of the Yukawa type
with allowance for short-wavelength repulsion, has the
form!!

Res* z_gﬂﬂﬂgl}l:’dv '4\" ;
4dnmg  mg+4v

(54)
which again has the same form as the expression (46')
for Res’. Comparing (46') and (54), we obtain
Bonalox /4T 22 13122, (55)
which is a kind of analog of the Kawarabayashi—Suzuki—
Fayyazuddin-Riazuddin relation, For the square of the

mass of the ¢ meson we also obtain a fairly simple ap-
proximate relation:

m§ 2 ngd/[* (564 — 6)). (56)
In a number of cases, it is important to know the con-
stants g,,, and g,yy separately. From (55) we can ob-
tain an estimate for g, if, for example, we start with
the relation g,y =g,yy, which follows from the Gell-
Mann-Lévy ¢ model. For Zorr We then find
aen/hm = t3f/16ms, (57)
which for values #, =20 to 34 gives g,,, = 47(0. 4 to 3. 3).
It is interesting to note that if we set t, =50 then Eq.
(57) yields the relation Eore =Zonn =8y 60T, But if we
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FIG. 2. Energy dependence of the phase shift 6,. The con-
tinuous curve represents the theoretical data obtained from the
expressions (42) and (46) for g,=1.4; the open circles (Ref.
30) and the open circles with bars (Ref. 33) are the experi-
mental points,

assume that a specific analog of Sakurai’s universality
hypothesis holds, ™ i.e., oy =&oyn, it then follows
from (55) that

g/l = 1312/2m. (58)
For £,~30, Eq. (58) also yields values of gy for which
a good description is obtained for the low energy nu-
cleon-nucleon and pion-nucleon interactions calculated
on the basis of dispersion relations. ™ The energy de-
pendence of the s-wave phase shifts 6, and b3 calculated
in accordance with (42) and (46) and with allowance for
the relation (30) is shown in Figs. 2 and 3.

It can be seen that the agreement with the experi-
mental data is better at values g, = 1.25-1.4, which is
in agreement with Eqs. (39) and (45). At these values of
g4, the scattering length @ varies in the range @
—0,107 to 0. 08, the square of the mass of the p meson
in the range f,~21 to 35, and g5, /41=2.6 for g,= 1.3
(recall that we use the system h=c=m,=1). The scat-
tering length a* =0, the square of the mass of the o
meson is f,=(20-34)mZ, and Zog, Loyn = (2. 5-6. 5)47.

If we compare with the experimental data not the s-
wave phase shifts 8, and 5; themselves but the isotopic
amplitudes s*, we see that the agreement between the
s~ amplitude and the experimental data is very good,
whereas the s* amplitude agrees with these data some-
what less well, which is reflected in Figs. 2 and 3.
Numerically, this is due to the fact that the residue at

10 4{

|

1
400 E, MeV

1 1 i
0 100 200 300
FIG. 3. Energy dependence of the phase shift ;. The con-
tinuous curve represents the theoretical data obtained from the
expressions (42) and (46) for g4=1.3; the open circles (Ref.

30) and the open circles with bars (Ref. 33) are the experimen-
tal points.
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the ¢ pole obtained from the chiral Lagrangian is under-
estimated in accordance with (55). However, we should
still like to emphasize the very reasonable agreement
between the calculated arbitrary parameters.

Note in this connection that the s waves in the & iso-
topic state are the most suitable for theoretical analysis
since the partial waves are due to the exchange of o and
p mesons in the ¢ channel. It is this circumstance which
indicates that the Padé approximation must be applied
to these amplitudes. The singularities in these ampli-
tudes obtained by means of the Padé approximation have
a clear physical meaning. In contrast, the singularities
of the amplitudes with total isotopic spin I= 1/2 and 3/2
obtained by means of the Padé procedure (as it is usual-
ly done; see, for example, Refs. 16 and 18) do not have
such a clear physical meaning, and they are merely a
certain average with certain weights of the real physical
singularities.

It is interesting to note that whereas the use of a linear
g-exchange Lagrangian requires the additional introduc-
tion of a short-wavelength repulsion, the nonlinear chiral
Lagrangian in the single-loop approximation reproduces
the correct result automatically. The condition of ab-
sence of terms of order m?w and mv in the s and s*
waves is satisfied automatically at slightly different but
still very close values of g,. There is nothing remark-
able about this difference, since in the derivation of
these equations we have used a whole series of approxi-
mations, for example, the approximate separation of
the partial-wave amplitudes, incorrect allowance for the
meson mass, various numerical approximations, etc.

Note one further important circumstance: Not only in
the first but also in the second nonvanishing order of
perturbation theory there is a very strong mutual com-
pensation of the terms of order m® and m™, i.e., the
terms that give the physical results. Moreover, it is
basically the diagrams of fourth and third orders that
are compensated (of the types in Figs. la-1g), and the
main contribution is made by the loop diagrams of second
order (of the types in Figs. 1h and 1i). It is therefore
not remarkable that the results of this paper are very
close to those of Ref. 24, in which allowance was made
for the contributions of only the loop diagrams. In other
words, the situation is such as if the series expansion
by the perturbation method in the nonlinear chiral La-
grangian were made with respect to a constant much
smaller than g2yy.

We now come to consider p waves. The energy depen-
dence of the p-wave phase shifts is shown in Figs. 4-6.
As can be seen from these figures, the calculated curves
are in satisfactory agreement with the experimental data
right up to energies ~ 400 MeV. One could hardly require
better agreement with the experimental phase shifts in
the region of pion kinetic energies above 400 MeV since
we have entirely ignored inelastic effects. This applies
in the first place to the strongly inelastic (1, 1) phase
shift. The investigation of the phase shift 6;; by means
of dispersion relations indicates that satisfactory agree-
ment with the experiment can be obtained with allowance
for the additional inelastic channel. With regard to the
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FIG. 4. Energy dependence of the
o phase shift 63, The continuous
curve represents the theoretical
data obtained from (48) for &a
=1.4; the open circles are the ex~
perimental points taken from Ref,
o 30,
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phase 833, all models lead to one and the same result—
an underestimated value of this phase shift in the region
beyond the resonance (cf. Ref. 17). The low energy
theory is evidently capable of describing the 8y, phase
shift only in the pre-resonance region (it is sufficient to
recall the Chew-Low effective range theory.) The re-
sults obtained correctly reflect the most important and,
at the same time, complicated features of the p-wave
amplitudes: the presence of resonances in the il.1)

and (3, 3) waves, transition of the phase shift §,, through
zero in the neighborhood of w=~1, 5, and the absence of
low energy resonances in the small P13 and pgy ampli-
tudes. In addition, closed expressions are also obtained
for the position of the p-wave resonances in terms of the
fundamental constants, namely

= Ll e AAG (59
s 44f2m (g% —1) * Diras 9.972m (g% —1) ~ Wga. )

From (59) there follow the numerical values We3~2.6
and w,;~ 3 for the positions of the resonances, while

, their experimental values are, respectively, wy3~2 and
wyy=3.7 (Refs. 30 and 33).

From the expressions (48)-(51) taken at the threshold
we obtain the following expressions for the scattering
“lengths”:

33 0.18: a3~ —0.026; ay~—0.032; ay~—0.07, (60)
whereas their experimental values aref3

as; = (204.1 & 4.5) 10°3; ay3=(—26.6 +6.3) 103 } (61)

Oy = (—42.9 £ TA) 10 ayy = (—84.5 4 10.2) 10,

As follows from (60) and (61), the p-wave scattering

Gy

i FIG. 5. Energy dependence of
the phase shift 6;;. The con-
tinuous curve represents the

LA theoretical data obtained from
(61) for g,=1.27; the open circles
are the experimental points taken

G from Ref. 30,

g
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FIG. 6. Energy dependence of the phase shifts 6,3 and &5, The

continuous curves represent the theoretical data obtained from
the expressions (49) and (50) for ga=l.42and g,=1,3, re-

spectively; the experimental points are taken from Refs. 30
and 33.

lengths agree with the experiment to within the limits of
the errors, except for @33. The somewhat too small
length of the (3, 3) wave leads to an underestimated value
of the (3, 3) phase shift, as can be seen in Fig. 4. We
should like to point out that a 30% deviation of this phase
shift from the experimental data is within the range of
our approximations. It can be seen from the expressions
(48) and (51) that the energy dependence of the (3, 8) and
(1, 1) phase shifts is determined to a considerable ex-
tent by the small terms of order w inthe square brackets,
whose accuracy is below the accuracy in the determina-
tion of the principal terms ~m. The positive coefficient
of w in (48) and the smaller (in absolute magnitude) co-
efficient of w in (51) can lead to a very good description
of these waves. At the same time, the small p waves
are determined primarily by the terms of order m and
are not very sensitive to the coefficients of w. Thus,
quantitative description of the p waves seems to require
the inclusion of two additional parameters. This could
be taken as a phenomenological indication of the role of
the following approximations in the perturbation method,

From the expressions (9)—(20) and (26)-(28) for the
invariant amplitudes A*(s, ¢, #) and B*(s, t, u) and their
derivatives with respect to the angle in the (1, 1) Padé
approximation (41), one can also obtain analytic expres-
sions for the partial d waves, Such calculations are
made in Ref, 35. The results obtained are in satisfac-
tory agreement with the experimental data in the energy
range we consider for all the d phase shifts except dy3.

CONCLUSIONS

The results considered in this paper indicate that,
using nonlinear chiral Lagrangians, one can obtain a
dynamical description of low energy 7N scattering, (%1
The essence of the dynamical description of the interac-
tion of elementary particles based on the use of such an
interaction Lagrangian is that all the physical ampli-
tudes are determined by a small number of basic funda-
mental parameters, in our case by the masses of the

_ hucleon and the 7 meson (m, m,) and the coupling con-

stants f2 and &4. No arbitrary parameters whatsoever
are introduced. It is possible to obtain parameter-free
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expressions for the s- and p-wave partial amplitudes
and for the masses of the boson and baryon resonances.
For example, the mass of the p meson, which is re-
covered as the f-channel singularity of the =N scattering
amplitude, can be expressed in terms of these con-
stants by means of the expression (53). An analogous
expression for the p-meson mass was obtained by
Lehmann, 21 who recovered the p meson as a resonance
in the direct 77 channel, It is therefore unnecessary to
introduce fields corresponding to the meson and baryon
resonances. It should be noted that the superpropagator
method leads to an amplitude containing one arbitrary
parameter 7. To eliminate this arbitrariness, itis
necessary to invoke additional physical arguments. The
usually employed conditions lead to the choice n=0 (see,
for example, Refs. 1 and 37). Above, we have followed
this choice. A

With regard to the prospects for applying nonlinear
Lagrangians and these methods to describe other im-
portant processes of strong interactions such as nu-
cleon—nucleon scattering and the electromagnetic nucleon
form factors, it must be pointed out that direct use of
the simplest nonlinear chiral invariant Lagrangians of
the type (4) does not lead to a satisfactory description
of these processes. For example, the Lagrangian (4)
leads to zero nucleon-nucleon scattering lengths, which
clearly contradicts the experimental data. This short-
coming can be eliminated in several ways. One of them
is to leave the mass shell. This way, which leads to the
matrix variant of the Padé approximation, was proposed
by Bessis ef al."**%1 Another way, proposed in Ref.

40, is to employ more complicated chiral invariant
terms (of the four-fermion type) in the interaction La-
grangian.

1t follows from the results that the nonlinear su(2)
% SU(2) chiral invariant Lagrangian enables one, in con-
junction with the superpropagator method of regulariza-
tion, the generalized method of summation of the re-
normalized perturbation series, and the Padé approxi-
mation, to obtain a dynamical description of not only the
o7 interaction and the electromagnetic properties of the
1 and K mesonsti®2% put also of the very important 7N
scattering process. (%9

We are very grateful to D. V. Shirkov, B. N. Valuev,
M. K. Volkov, and V. N. Pervushin for discussions
during the writing of this review, and to D. V. Volkov,
A. V. Efremov, P. S. Isaev, V. A. Meshcheryakov,
V. V. Serebryakov, and L. V. Fil’kov for their interest
in the work.

APPENDIX

The s waves (37), (38) and (43), (44) obtained in the
first and second order of the perturbation method satis-
fy the simple crossing symmetry conditions (Ref. 5)
s*(w) = +s*(— w). It is interesting that the p waves ob-
tained also satisfy the approximation of slightly more
complicated crossing symmetry conditions. Namely,
as is shown in Refs. 4 and 5, the p waves satisfy the
condition
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Dhgy (@) byt (©) =2hay (—©)+hy (—0); (A.1)

has (@) —hyg (@) = —hag (— 0) +-hys (—0);

hay (0)— by (@) = —[hgs (— @) —hy (— )] }
hgg (0) -+ hys (@) = 2hag (—©) + kg (—©).

It follows from this that the constant (w-independent)
terms in the k;; waves must be equal, i.e.,
£3y =~¢43=~¢3§= Ci1- (A. 2)
The terms a,;, which are proportional to w, must satis-
fy the conditions
2a3y= —ay1; 2a33= — a3 (A. 3)
As follows from the relations (36)-(38), the following

equation will be approximately satisfied!™ (with neglect
of AB*):

ma(oy( 2 ) hot @ =tasor+ (2 ) s 0, (A.49)
from which it follows that
2031 = —ay3=2a33= —a44- (A.5)

In the fourth order of the perturbation method, on the
basis of (10)-(20), (26)-(28), and (31)-(34),

Behgx—g%[%ﬁwm(—z“.ﬁgﬁ—%m%”;
Rohyy = 5L ﬂ%m+m(4.79—7.5g;2+%§ln% ]
Ro Ay (“’)=%§ J%;%ﬂm+m(—2,82+3.75gfw%1n ;_;)J
Rehu(w)=%f7:- &:;‘g;ﬂm—a-m(.i—mgf-y%mn%) :

where G=(g% -1)/g4.

As one would expect, the conditions (A. 2) for the con-
stant terms are satisfied exactly. The conditions for the
coefficients a;; of w are not satisfied exactly for all
terms. This is due to the approximate fulfillment of the
condition (A.4). The same applies to the fulfillment of
the conditions for the p waves in the (1, 1) order of the
perturbation method (47). Nevertheless, we see that
the crossing symmetry conditions are approximately
satisfied. If a Padé inversion is made, the crossing
symmetry property is lost.
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