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The aim of the review is to compare the method of K harmonics (hyperspherical harmonics) and the
translationally invariant shell model. Only nuclei with 4> 4 will be considered. For them, as will be seen,
many results of the method of K harmonics are very similar to the corresponding results of shell
calculations. This similarity is due to the fact that the wave functions of the method of K harmonics and
the translationally invariant shell model have much in common. The structure of the wave functions of the
two methods is considered, their connection with one another is analyzed, and then the results of
calculations of various nuclear properties obtained by these methods are compared.

PACS numbers: 21.60.Cs

INTRODUCTION

In recent years, a new interesting method—the meth-
od of K harmonics proposed by Simonov‘! —has been
developed in the theory of light nuclei. Originally, it
was applied mainly to nuclei of three and four nucleons
and was very effective. ® However, the method can be
readily generalized to an arbitrary number of nucle-
ons. B! In the literature, there are now descriptions of
a number of calculations in the main approximation of
the method of K harmonics for a number of light nuclei
with A>4 made under the direction of Blaz’.™ For the
same nuclei, the shell model, the Hartree—Fock meth-
od, and other methods have also been successfully
used. It is therefore of interest to compare the results
obtained in the framework of the new method with the
results of the older traditional approaches. This would
make it possible to clarify the advantages and disadvan-
tages of the various methods, the extent to which they
are equivalent, and to understand which additional de-
grees of freedom are taken into account in the various
particular methods. The main aim of the present re-
view is to compare the method of K harmonics and the
shell model, or, more precisely, the translationally
invariant shell model, whose wave functions correctly
describe the center-of -mass motion of the nucleus.
However, we shall also briefly touch on other methods
in the theory of light nuclei, for example, the method
of generator coordinates. We shall be concerned only
with nuclei with A>4, for which, as we shall see,
many results of the method of K harmonics are very
similar to the corresponding results of calculations in
the shell model. This is not fortuitous but due to the
fact that the structure of the wave functions in the two
methods has much in common. Below, we shall brief-
ly recall the structure of the wave functions in the two
methods, we shall analyze the connection between the
two, and we shall then compare the results of calcula-
tions of certain properties of nuclei obtained by these
methods.

1. STRUCTURE OF THE WAVE FUNCTIONS OF A
TRANSLATIONALLY INVARIANT OSCILLATOR BASIS

Coordinates and Jacobi “Trees”. The wave function
¥ of a nucleus consisting of A nucleons must be trans-
lationally invariant, and its arguments are therefore
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usually taken to be the Jacobi coordinates R0,
X 4i- Each of these coordinates X, is the distance be-
tween the centers of mass of two groups of nucleons,
one of which contains p; nucleons and the other g; nu-
cleons (p;, q;>1). Such a coordinate X; can be put in
correspondence with reduced mass y;= 1’;,-:;,:%/(1!:i +q;)s
where m is the nucleon mass. It is convenient to intro-
duce “normalized” Jacobi coordinates ¥; =X ;v /M.
We separate the standard set of Jacobi coordinates
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Here, 7, are the coordinates of nucleon i; each coordi-
nate ¥; of the standard set determines the distance be-
tween nucleon i+ 1 and the center of mass of the group
of nucleons with the numbers 1, 2,..., é. We shall say
that other sets of Jacobi coordinates are nonstandard..
In particular, if a permutation of the nucleon coordi-
nates 7; is made in the set (1), a nonstandard set of
Jacobi coordinates is obtained. The choice of the
Jacobi coordinates can be illustrated graphically in the
form of a Jacobi “tree”:

(1)

The free ends of this graph correspond to the coor-
dinates 7 of the nucleons; each internal line denotes
the coordinates of the centers of mass of the group of
p nucleons whose numbers are designated at the free
ends that “grow” from this internal line. The mass
pm is associated with the internal line and the mass m
with the free end. To each node there corresponds a
definite Jacobi coordinate composed of the coordinates
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of the centers of mass of the two groups of p and ¢ nu-
cleons corresponding to the lines going upward out of
this node. If a line goes to the left, then the coordinate
corresponding to it is taken with plus sign; if to the
right, with minus sign. The difference of the coordi-
nates of the two centers of mass must be multiplied by
[pa/(p+ ¢)]'/2. To the standard set of Jacobi coordi-
nates (1) there corresponds the Jacobi tree given
above. The “nonstandard Jacobi tree” shown in the
graph

(m)

describes the following set of Jacobi coordinates:

;z =(1n‘"V§_( (’—’3_—;0_; i
Z3=(1/2) (ry+Ta—T3—1y).

oy =(1/V'2) (ry—ra);
} (2)

Geneval Properties of “Treelike” Graphs. In what
follows, we shall encounter other treelike graphs, and
we shall therefore consider some general properties
of such graphs. First of all, we establish what is the
total number of trees with A free ends. It is clear
that if there is one tree of a certain type, for example,
the one shown in (I), then one can obtain A] trees of
the same structure by permuting the numbers of the
free ends in all possible ways. Therefore, we must
consider how many different trees there are if one dis-
counts permutations of the numbers of the free ends.
Treelike graphs for which the number of the free ends
have been omitted will be called skeleton graphs. We
denote the number of skeleton graphs for A free ends
by K(A); then for this number we can write down the
recursion relationt®?

K@)~ 3 K(4)K(4). (3)

The numerical values of K(A) for A=2-6 are given in
Table I, and the corresponding skeleton graphs for A
=2=5 have the form

VY

As2 A=Y

P -

In Ref. 6, Kuznetsov and Smorodinski} obtain the gen-
eral formula K(A)=(24 -2)!1/[(A-1)!1A!], It can be
seen from the graph given above that skeleton graphs
can be combined into pairs related by mirror reflection
with respect to the trunk of the tree. If we separate the
graphs that cannot be obtained from one another by mir-
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TABLE I. Number of skeleton graphs as a function of the
number A of nucleons.

A 2 3 4 5 6
£ (4) 1 2 5 14 49
M (4) 1 1 2 3 6

Total number 2 12 120 1680 35280

ror reflection, we arrive at essentially different trees.
We denote their number by M(A), and for it we again
obtain a recursion relation of the type (3):

M (4) ;AEA,M (Ay) M (4,). (4)

Ar+-Az

The values of M(A) for A <6 are given in Table I, and
the essentially different trees for A <5 are illustrated

by the graph
(Al

A2 A3 A%

Note that M (A4), K(A), and the total number of trees,
which is equal to K(A)A!=[(24 -2)11]/[(A=-1)1], in-
crease very rapidly with increasing A.

(1v)

Operations on Trees. Let us consider transitions
from one tree to another. The set of all transforma-
tions from one tree to another is called the groupoid
of rearrangements (vecouplings). ™ This set differs
from a group in that a product is not defined for all its
elements and multiplication is not associative for all
products. Details about the structure of the groupoids
for different A and their representations are given in
Ref. 5. Here, we only mention that the number of ele-
ments of the groupoid also increases extremely rapidly
with increasing A. However, any arbitrarily compli-
cated transformation of trees can be reduced to a suc-
cussion of a certain number of elementary transforma- -
tions. These elementary operations on trees are the
following (we use the terminology of Ref. 6):

V

ab (V)
a C be ab

abe ey abe

1) the reflection P,, in the fork ab of the tree from
which branches a and b grow; the structure of the
crown Whose base is branch g and the structure of the
crown above branch b do not change, the crowns being
merely moved into a new position; 2) the swapping
(transplating) C,,,, of one branch b at the fork abe from
the left to the right or vice versa. Here, as in the case
of reflection, the structures of the crowns above the
branches a, b, and ¢ are not changed. In what follows,
we shall consider only those cases when the matrices
of the transformation C,,,, are unitary and real, i.e. ’

a 0]
ab

pab

a ¢
Capje

I

abe
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the two swappings shown in the graph will be character-
ized by the same transformation coefficients, and we
shall therefore denote such mutually invertible trans-
itions by the single symbol C,)c-

Thus, any rearrangement of trees can be reduced to
a sequence of the elementary operations P and C, in
each stage only one branch being taken from one side
of the fork to the other. As an example, we represent
the transition between two trees with four free ends as
follows:

Here, all the intermediate transformations are shown.
The resulting transformation G has the form

G =Ci304P13.2C2 03P 12C2 e (5)

This representation of G in terms of the operations C
and P is not unique; for example, one can write

G =Cy @ auP2uiCswmsPulimu et (6)

However, the expressions (5) and (6) are minimal in
the sense that G cannot be reduced to a smaller number
of operations P and C.

Wigner Tree and Decomposition of Tree Rearrange-
ment Operations into Elementary Operations. We have
considered operations on trees of a general Kind, with-
out considering what particular meaning attaches to the
free ends and other lines of these trees. If the free
ends denote the coordinates of individual nucleons and
the internal lines the coordinates of the centers of
mass of the nucleon groups, we have a Jacobi tree. If
the free ends denote a certain set of added angular mo-
menta [, L... l,, the corresponding tree (we shall call
it a Wigner tree) describes the scheme of coupling of
these angular momenta; the internal lines denote the
intermediate angular momenta (sums of individual
groups of angular momenta from the numbers Iy, Iy, ...,
1,); and the trunk of the tree is the total angular momen-
tum L=T;+Tp+... +1,.

If at any fork the lefi-hand angular momentum is /,,
and the right-hand is [ ;, it is assumed that they are
added by means of the Clebsch—-Gordan coeificients
(z;m,1,m,/1;;m;,. The transition from one Wigner tree
to another means a certain change in the scheme of
coupling of the angular momenta implemented by means
of a definite 3%j symbol. The diagram of the corre-
sponding 3nj symbol can be obtained from the graphs
of the two trees between which the transition is made
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by combining the corresponding free branches with
equal numbers and combining the two trunks into one
common line, The elementary operations on Wigner
trees are the following: a) Pj, j, denotes the simple
change of phase ( = 171*%2=%15; b) the coefficient of the
transition Cj, (j,)j; reduces to the Racah coefficient:

Ciy (jo) ja=U (jifaiss Jrfas)-

Therefore, the decomposition of a complex transforma-
tion G over trees into elementary operations P and C of
the type (5)=(6) is equivalent to decomposition of the
complex 3nj symbol corresponding to the transforma-
tion G into 6j symbols. This can be done by cutting the
diagram of the 3»j symbol into simpler diagrams by

the methods described in Ref. 7. An algorithm for
cutting a 3xj symbol in diagrams into 6j symbols is
developed in Ref. 8. The expression (5) for Wigner

.. trees means that the 9j symbol is reduced to a sum of

pro’duct‘s of three Racah coefficients:

J1da i
(@it +1) (243 + 1) Rfis+ 1) 2+ 11 0 s Ju s
Jrafaifres
== 2 U (Jy2ialszaadas Jazais) (— 1)jl+j.=—j”

7123

X U (jajyjieais; Jaafia) (— 1)".‘3%124‘“[] (J1alai1aaniss f1asian)- (7)

Transitions from One Jacobi Tree to Another in
Harmonic Oscillator Basis. In the translationally in-
variant shell model, we shall be dealing with products
of oscillator functions of Jacobi coordinates: ¥
=123 ¥n,lm, (%;), where n, I, m are the number of
quanta, the orbital angular momentum, and its projec-
tion for the corresponding oscillator state. It is help-
ful to add the angular momenta /;.../,.; in some man-
ner into the total angular momentum L; we denote the
wave function obtained as a result by

|Uils ... Ly—g s LMDywDy), (8

where @, denotes the Jacobi tree that defines the
structure of the employed Jacobi coordinates x;%,....
%413 Dy is the Wigner tree which specifies the scheme
of adding the angular momenta of the motion with re-
spect to the individual Jacobi coordinates 1;l,...7,.; into
the total angular momentum L. In what follows, we
shall need to transform the functions (8) to other sets
of Jacobi coordinates. Therefore, we obtain the ma-
trices of the elementary transformations P and C in the
basis (8). The reflection operation P at a node of a
Jacobi tree changes the sign of the Jacobi coordinate

%, corresponding to this node. As a result, the func-
tion (8) is simply multiplied by the phase ( =1)%,

Let us consider the branch swapping operation Cpg,:

VII)
Coigypg (

“pgyr Xp,qr

Here, the free ends are the coordinates R,, R,, R, of
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the centers of mass of the three nucleon groups with
masses p, ¢, and v, respectively. The nodes corre-
spond to the two pairs of Jacobi coordinates

Ty = ]/Bi-_qé(ﬂp_Rq); ZTpg, r ]

r 1 1
= ]/m [PRp+qRy—(p+9) R:);

(9)

s
Lgr = m(["q—ﬂr); Tp, gr

- [ I
=V e D By —ahy ey, |

These two sets of Jacobi coordinates are related by the
following orthogonal transformation:

W o e T T e
_af pr 9 9(p+a+r) -
o=V Grpaen et ]/(1'+q}tq-‘rrl Frai ‘

P AT TR 08 _]/ pr 5 l (10)
L (r+a)g+n P07 (p+q)(g+r) “P

which can be regarded as a kinematic rotation through

the angle

@=tan™! VW

We separate the part of the function (8) related to the
Jacobi coordinates x,,, %,,,. Then in accordance with
Refs. 10 and 11,

| Rily (Tpq, £}y Nala (2pg) : AM)
= f (nglgnaly t A | prig(p+aq-+7r) | nilinjl;: A

¢ [t
'rnlilrn,“'tg

X | L (. or) 0 L (2gr) + AMY, (11)

where (mlinylyt A | py/ 1y | mf I nd B: A) are generalized
Talmi-Moshinsky coefficients. 2! Thus,

(naly (Tpg) Rols (Zpgs 7) : AM | Cpq.r Inil (zpg) ny by (Tpg, r) 1 A)
= (nalanyly : A | prig (p+q+r) | myling 1] :A). (12)

Note that if the oscillator states |n,Zm,), | n5lymy) in
(11) are not simply added vectorially but a combination
is formed from them with definite symmetry (Ay) under
SU(3), i.e.

[ rymg s () LA = 20 A0 10| LY | ngdymaly 2 LMY, (13)
i

iz

where (71°7320| L*) are the Clebsch—Gordan coeffi-
cients for SU(3) in the reduction SU/(3) D SO (3) (Ref.
13), then the matrix element of the swapping Cpayr CAN
be expressed even more simply!*4:151;

(rang : (M) LM | Cp qr v | mi my 2 (Mp) LM) = a2 (), (14)

where on the right-hand side we have an ordinary
Wigner D function™® [functions of a symmetric top with
m=(ny =n,)/2, m'=(n{ -n$)/2], and ¢ is the angle of
kinematic rotation. Using Egs. (11) and (12), we can
express the matrix of any transition from one Jacobi
tree to another in the oscillator basis (8) as a sum of
products of several generalized Talmi-Moshinsky co-
efficients. It must be borne in mind that before the
matrix element of any operation C is calculated the an-
gular momenta must be regrouped in such a way that
the angular momenta corresponding to Jacobi coordi-
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nates involved in the transformation C are added as in
(12). Therefore, the general expression will contain,
besides Talmi~-Moshinsky coefficients and phase fac-
tors, the requisite number of 3nj symbols as well.

Thus, we have seen how the oscillator functions (8)
transform under rearrangement of Jacobi trees. Such
operations must be performed to construct a wave func-
tion with given permutational symmetry. However,
this question will be discussed below, and we now turn
to describing the structure of the wave functions in the
method of K harmonics.

2. STRUCTURE AND PROPERTIES OF
HYPERSPHERICAL HARMONICS

Hyperspherical Coovdinates and Trees. The distin-
guishing feature of the method of X harmonics is that
spherical coordinates are introduced into the 3(4 - 1)-
dimensional space of Jacobi coordinates: the hyper-
radius p and hyperspherical angles (3 4 -4 of them);
the wave function ¥ of the nucleus is expanded with re-
spect to standard functions of these angles—hyperspher-
ical harmonics. Since for what follows it is important
to know the properties of these harmonics, we recall
the structure of these functions, which was investigated
in detail in Refs. 17 and 18,

Suppose give Cartesian coordinates in an n-dimen-
sional space x;, %;,..., %,. The hyperspherical angles
Oy, 6;,..., O, can be chosen in such a way that the
Cartesian coordinates are related to the hyperspherical
by

Zy=psinOp ... sinO,sin0;,, 0<p<oo;
Ty =psin®p_(...sinByc050,, 0<LO; < 2n;

Zn—y = psin O cos On_y; H (15)
T, =P cosO,;
p2= 2 4.

i={

A set of hyperspherical coordinates satisfying the re-
lations (15) can be represented graphically in the form
of the canonical hyperspherical tree:

(vim)’

Other choices of the hyperspherical angles can be
made. Each can be represented by its own hyperspher-
ical tree. In the general case, the free branches of the
hyperspherical tree correspond to the Cartesian coor-
dinates of the point in the #-dimensional space. The
nodes correspond to the hyperspherical angles ©;. The
internal lines can be interpreted as the hyper-radius in
the subspace spanned by the axes x; whose humbers ap-
pear at the free ends “growing” out of this internal line.
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In order to write down the expression for the Cartesian
coordinate x; in terms of the hyperspherical angles, it
is necessary to follow the path from the lowest node of
the hyperspherical tree to the branch x; and if, as one
moves from a certain node ©,, it is necessary to go to
the left then the factor sin©, is added to the expression
relating x; and p; but if one must go to the right, the
factor cos @, is added. If two branches come out of ©,
upward, then the angle ©, varies in the range 0<©,
<2q; if two internal lines come out of it, then 0<0©,

< 7/2; if one of the lines is internal and the other free,
0<©,s<7. Thus, the tree

(IX)

stands for a set of hyperspherical angles ©;...0; in
which the Cartesian coordinates are related to the hy-
perspherical by

Zy=psin By sin B, sin B;; )
2, =p sin Oy sin ©; cos Oy; l
z3=psin O3 cos B,;
x, = pcos O, sin O;sin B;; (16)
x5 =pcos Oysin O;c080,; ]
5 = p cos ©3cos O;,
005 8,<2m; 0Oy By 0O <</2.

We now turn to the canonical set of hyperspherical an-
gles defined by the relations (15). The set of all rota-
tions in the space &, with coordinates x;, %5,..., X,
forms the group of n-dimensional rotations O(n). If we
restrict ourselves to rotations in the subspace &,.; with
coordinates xy,..., X,, We go over to the subgroup
O(n —1). The transition from &, to ,.; entails making
the angle ©,., in (15) equal to zero. The vector parallel
to the n-th axis has coordinate ©,, =0. It is invariant
under the group O(z —1). In this connection, the canon-
ical hyperspherical tree (VIII) can be given a definite
group-theoretical meaning: This tree corresponds to
reduction of the group O(n) in accordance with the fol-
lowing chain of successively embedded subgroups:
0(n)>0m—1)>...03)20(2), (17
which is called the canonical Gel'fand-Tsetlin reduc-
tion. In(17), each group O({) acts in the subspace Z;
with coordinates x;, %,,..., % and the transition from
#,to Z,; is made by setting the angles ©,,0,1,..., Op
equal to zero,

Similarly, a certain chain of subgroups can be put in-
to correspondence with a hyperspherical tree of general
form. To select this chain, it is only necessary to
bear in mind that the vanishing of the angle ©, corre-
sponding to the node at which two internal lines con-
verge from which grow m and » free £ branches, re-
spectively, corresponds to a transition from the space
@ ... Of m® n dimensions to the space that is the direct
sum of subspaces %,® ¥, Therefore, the vanishing of
the angle ©, leads to the reduction O,,, 30,x0,. This
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remark makes it clear that the tree in (V) corresponds
to the reduction

0(6)=0(3)x0(3)
b i (18)
0@ 0@
where the first group 0(3) acts in the subspace with
coordinates x;, ¥, %3, and the second in the subspace
with coordinates x,, %5, ¥g. The angle ©, connects the
radius vectors p, and p, in these subspaces to the hy-
per-radius p:

Py =psin B, p.=pcosBO;, 0 0y n/2; (19)
the remaining angles. @,, ©,, ©;, ©, are ordinary
spherical angles in the given three-dimensional sub-
spaces.

Volume Element and the Laplacian (Canonical Tree).
If one uses the canonical set of hyperspherical coordi-
nates (15), the volume element dV in the n-dimensional
space has the form

dV = day dzs . . . dzy, =pn~1 dpdQ,

(20)
where the element of solid angle d & is equal to
dQ = sin™20,_, sin"?6,, ... sin 0,d0,_,dO,_, ... dO,. (21)

The total solid angle can be readily calculated by inte-

" grating (21) over all angles ©; within the limits given

in (15). This yields

Q= 5 dQ = 27T (n/2). (22)
The Laplacian is defined by
3 Lnngit g (o5 0 1
A=l =t 'a?(‘ﬂ 3 6—p') "9'?2'159.., (23)

n

where the angular part of the n-dimensional Laplacian
satisfies the recursion relation

1

= 2 {ginn-e a 1
Bg, = 8in"-28,_ 00, (bm On-1 #Bn_1 )+

sin2 0,

IAﬂn-l' (24)

Hypersphevical Harmonics (Canonical Tree). Hyper-
spherical harmonics are eigenfunctions of the angular
part Ag of the Laplacian that are regular on the n-di-
mensional sphere. The eigenvalues of the Laplacian
are equal to—I,(l,+n—2), where [, are integral non-
negative numbers, and they are highly degenerate. To
distinguish degenerate hyperspherical harmonics with
the same n-dimensional “hyper angular momentum” [,
from one another, one must require that these functions
be eigenfunctions of all the Laplacians Ag, (i=25.00y B
—1) in the spaces ; of lower dimension with coordi-
nates x;, Xa,..., %;. Then the hyperspherical harmon-
jes will be characterized by not only the hyper angular
momentum /, but also by the hyper angular momenta
Iyy.. . Lp in the spaces of lower dimensions. We de-
note such a hyperspherical harmonic by the symbol
Yiu(©4y..., ©,y), where L=1,, and M replaces the set
of hyper angular momenta /,.;...J. We then obtained
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AonY 13 (Bg) = —ln (ln+n—2) Yy (8g);
By Y1ar (8g) = —by (i 2) Yuar (B (25)
=4 76;_3 Yiar (Og) = LY 15 (©).

The set of hyper angular momenta M is sufficient for
complete and unambiguous labeling of degenerate hyper-
spherical harmonics. The following values are al-
lowed:

hZzhaZhe=... 2L=|bL]; (26)
I, may be negative and takes integral values satisfying

—bL<L< . (27)

The corresponding hyperspherical function has the an-
alytic form

—2)/2 4+ A
Yia (Bg) = NCLZRET™ (cos Bpoy) sin™ 0,
3)/2+n- i
< iR DiEttn-z (6458, ) sin'n-2 8, ,— ...

exp (i,9), 1, >0

C};ETTI:I (cos 62) Sin“zleﬂ { (— 1)11 exp (“261)| 3: <0‘

where
N2
n=Bg2nefutdn=d=b g (o2l —2) rz(."_"_z.;_tn o ,)
I:E Flh-j+iln-jy+n—j—2)n *
Jum
(28)
aml (p+ ml (p+m—1—k)! 2
ch o =20 z (— - (20)

(m—Zk)l 22hk| (p+m—1)!

In Eq. (29) for the Gegenbauer polynomials C%(t) the
symbol [m/2] denotes the integral part of the number
m/2. Inthe case n=3, Eq. (28) goes over rigorously
into the well known expression for the ordinary spher-
ical functions

e (I—m)! (21+-1)
Yim (O, ¢) = I+ m)! 4
21 —2s— 1)1 Q)l-m-2s . 5
X 2 (—1y = isss! (:).15:0_5.23}1 " sin ™8 exp (img), m=0. (30)

s=0

The harmonics (28) are orthonormal:

j dQY 11 (0g) Yiar (8g) =8rr-8urners Sanee=8y,_g7 ... 8z (31)

It follows from the relations (25) that the hyper angular
momentum /, characterizes the irreducible representa-
tion Z;, O(n) with respect to which the hyperspherical
function ¥;,(©,) transforms. This representation be-
longs to the so-called irreducible representations of
class I with respect to the subgroup O(n - 1).

The hyper angular momenta ,(i=2,..., n= 1) char-
acterize irreducible representations of the subgroups
O(7) in the chain (17) to which the corresponding hyper-
spherical harmonics belong. The hyperspherical har-
monics Y, form the canonical Gel'fand-Tsetlin basis
for the irreducible representation '™ of class I of
O(n) (Ref. 19). According to Ref. 15, it is designated
by the signature (,0,..., O) (there must be altogether
[#/2] numbers in the parentheses). Therefore, the ma-
trix elements of operators of infinitesimally small ro-
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tations must be found from the functions (28) in accor-
dance with the Gel’fand-Tsetlin formulas, 1%20 Hoy-
ever, we shall not require them in what follows and we
shall not calculate them. We mention only certain
properties of hyperspherical harmonics similar to
those of ordinary spherical harmonics.

Some Properties of Hyperspherical Harmonics. In
(28), we set ©,.,=0. Then Y, (©,,=0) is nonvanish-
ing only for /,.; =0 and does not depend on the remain-
ing hyperspherical angles. At the same time, in ac- "
cordance with (26), we have 7, ,=1,3=...=,=0 and
Y. (8, =0) does not depend on the angles ©,.,, O,

» ©2, 04, which can also be assumed equal to zero.
As a result, we obtain the relation
)r(n+zn_.2) (@ly+n—2)

PPy = 6‘“"/ 2221, 1T (n—1)

Spr0="81n_41081n.30 - + - Brg, (32)

H

which is the analog of the well known property of three-
dimensional spherical functions expressed by

Yim (0, 0) =80V 21+ D). (33)
The vanishing of [.,, lpp,..., L for 6., =0 is perfect-
ly natural since, going over to ©,,=0, we obtain a
function that depends only on the Cartesian variable
x, and is invariant with respect to the subgroups O(n
-1), 0(n-2),..., O(2) of the chain (17), i.e., corre-
sponds to zero hyper angular momenta in the spaces
2, with coordinates %;, %,..., % (i=1, 2,..., n=1).

It is also easy to prove the relation

Yoo (0) Yo, (0)
Li4-La
= X (LMLyMy| LM) (LOLO| LO) Y 15 (6)
L=|Li-Ls|

5 ‘/r(%) T (n4Ly—2) T (ntLy—2) 2Ly +n—2) (2Lo+n—2) LI

- ,  (34)
202 Ly| LT (n—1) 2L +n—2) T (n+L—2)

which enables one to decompose the product of two hy-
perspherical harmonics of the same arguments with
respect to hyperspherical harmonics of the same ar-
guments. In (34), (L,M,L,|IM) are Clebsch~Gordan
coefficients for the groups 0,.!’ Note that the direct
product D1 x’z of irreducible representations of 0,
contains not only the irreducible representations 2% of
class I but also more general representations. How-
ever, the presence of the coefficient (L,0L,0]Z0) en-
sures that the sum on the right-hand side of (34) in
fact contains only the irreducible representations 2%
of class I and, in addition, as in the analogous rela-

UThe formulas for calculating these coefficients were obtained
in Ref. 21,

©'We recall that an irreducible representation of a group G is
said to be a representation of the class I with respect to the
subgroup H if the space of the representation D has a vector
invariant under H. It can be seen from the meaning of the
coefficient (L;0L,0/L0) that the irreducible representation
2% must be such that it contains a vector with M =0, i.e.,a
vector invariant with respect to O(z —1). Therefore, the
given Clebsch—Gordan coefficient is nonzero only for repre~
sentations ¥ ¥ of class I with respect to the subgroup O(z —1).

Yu. F. Smirnov and K. V. Shitikova 349



tion for ordinary spherical functions, we must have
Ly+ Ly+ L= even number, (35)

which can be readily understood by comparing the pari-
ties of the two sides of (34). The parity of the hyper-
spherical harmonic ¥, is (~1)*. This last fact be-
comes ohvious if, instead of hyperspherical harmonics,
one considers the harmonic polynomials J, (%,%. . . x,)
=p*¥,,(8,), Itis easy to see that Jy,(x,...x,) are
homogeneous polynomials of degree L which are solu-
tions of Laplace's equation.

Hyperspherical Harmonics (Noncanonical Trees).
We now formulate rules for writing down hyperspher-
jical harmonics for an arbitrary hyperspherical tree.
In order to specify hyperspherical harmonics graphi-
cally, it is necessary to associate each internal branch
of the hyperspherical tree with a certain hyper angular
momentum [;, which labels an irreducible representa-
tion of the subgroup of rotations in the space of varia-
bles x;, %,,..., X, corresponding to the free branches
growing out of branch /;. A general n-dimensional hy-
perspherical function is a product of » -1 factors, each
of which depends on one of the hyperspherical angles.
Since a node of the hyperspherical tree corresponds to
each hyperspherical angle, it is sufficient to say which
expressions must be associated with each type of node.
In a hyperspherical tree general form, one can find
four types of node or fork, which are represented in
the following graphs:

(7] @
a
(b:9]
m 1
a b

Let us consider each type separately. “"%

1. Node with two free ends (a). An angle 0 <@ <27
is associated with such a node. This fork makes a con-
tribution dQ,=dg to the expression for the element dQ
of the total solid angle. The dependence of the hyper-
spherical harmonic on this angle has the form

To(9)=(1/V 2n)exp (imp), m=0, =1, £2, ..., (36)

whére m specifies the irreducible representation of
50 (2) that acts on the space of variables x;, x; corre-
sponding to the two free ends coming out of the node.

We may mention here, for reasons which will be-
come clear later, that we shall sometimes find it more
convenient to use, not the complex quantities (36), but
the real expressions

(1/V =) cos mg, (1/V n)sinmg, m=0,1, 2, ... (36a)
A diagram of the form (Xa) is associated with these ex-
pressions, but the plus sign is placed next to the node
for cosine dependence and the minus sign for sine de-
pendence.

2. Node with one free end (b and ¢). To it, there
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corresponds the angle 0<® <7 (0<®’'<7). To the ele-
ment of total solid angle, this angle makes the contri-
bution d§2,=sin”? & d®, and in the hyperspherical har-
monic the dependence on this angle has a form analog-
gous to (28):

JH (@) = NP, €522+ o5 @ sin* @, (37

where

o 228474 (1 _ )1 21+ p—2) T2 (A (p—2)/2) 71/2
s al (74 p—2) ;

Here, p is the number of free branches connected to
the node under consideration. The index [/ specifies
the irreducible representation of SO(p) which acts in
the space of variables corresponding to the free lines
connected to the given node. The index A=1, -1, 1
-2, 1, or 0 labels the irreducible representation of
S0(p = 1) acting on the space of variables corresponding
to the free lines connected to the internal line A. Using
the connection between the Gegenbauer and Jacobi poly-
nomials, ?*!we can rewrite (37) in the form®®

(38)

T3, () =T}, sin™ © p{e-312-Ae- N2 o5 B
fie =[ T(I4hdp—2) @+p—2) (=M /2
7 Laz® =T 0+ (p—1)2T u+(p—n_rz;]

The transition from the fork of graph b to graph c is
obviously made by the trivial substitution &’=7/2 - &,

" However, for completeness, we give the resulting ex-~

pression:

T4 (@) = N3y cos* @ (— 1)F - CHHP= 272 (sin @), (39)
In (38) and below, we use the standard definition of the
Jacobi polynomialstt-23);

—1k - _g dt i
7P @) =S (- 2yt 1+ 2) P (- 2 (4 2P

_Tledatd) ot 2oz g g 28
=t L=k Etatpit, ettt 257)

—1)RT (k+B+1) o i ALE
= O Y P (— ket 41, £E). (40)
3. Node without free branches (d). To it corre-
sponds the angle © (0 <©< 7/2). This angle makes a
contribution to the element of total solid angle equal to
dQI=sin®! 8 cos" @dO, where p is the number of free

" branches connected to the line A, and ¢ is the number

connected to A,. The corresponding part of the hyper-
spherical harmonic has the form
I e et

J}-MM (@) = Nipae sin*t © cos*2 E‘)Pl
5 (-M=-h2)

(cos20), (41)

where

v _(2&‘ P+a—2T ( 3.,+}.g+t;-p+q—2 ) ( l—';\-xz—?@ )1 4]
Nigpe= = ( t+1,—2?.,+p) I ( I-szh—i—q ) d

The allowed values of Ay 2=0, 1, 2,.,.. for fized'!
are determined by the relation

Il — Ay — Ay = even numbers. (42)

As an illustration, let us give the explicit expression

Yu. F. Smirnov and K. V. Shitikova 350



for the hyperspherical harmonic corresponding to the
tree represented by the graph (IX):

Y“!mllzmz(eiez S 85)

TR Ltk FlT+a
%]// @i+o (4=t )1 p (AEREEEY)
e I+l —1,43 I+l—1i+3
r ( 1 - 2 ) l‘( Ttg 7 1 )!
X (sin Og)" (cos 0,)" Pft‘f;’,"_zf,’;fizi 2 (cos 284) Yym, (0,0,)
X Yim; (850,),

(43)

where Yim, (0,0,) are ordinary three-dimensional
spherical harmonies. We call a function of the form
(43), which is made up of a product of ordinary spher-
ical functions, a polyspherical function. In what fol-
lows, we shall have to deal with spaces of dimension
3A -3, and it will therefore be convenient to use hy-
perspherical trees in which all the free branches are
combined into triplets (these will be three Cartesian
components of the corresponding Jacobi coordinates).
The corresponding hyperspherical harmonic will be a
polyspherical function because it is made up like (27)
from ordinary spherical harmonics corresponding to
each Jacobi coordinate. We shall say that trees of such
structure are polyspherical. Thus, on the transition
from one set of Jacobi coordinates to another, we must
deal with a transformation of one polyspherical tree
into another. However, we shall not restrict ourselves
to this case but consider in general form the question
of transformation of hyperspherical harmonics for an
arbitrary hyperspherical tree on the transition to any
other tree.

“Timber” Coefficients. Suppose there is an n-di-
mensional hyperspherical harmonic
Tuits - bna (01 - Ony) g, (44)

that corresponds to some hyperspherical tree 27 and

in which % is the total hyper angular momentum and

kyRy. . . R, are the hyper angular momenta in the sub-
spaces of the n-dimensional space with basis ¥y, xy, ...,
%,. We consider the transition G from the tree %" to a
different hyperspherical tree ™", Then the hyperspher-
ical functions for the two trees are related to one an-
other as follows:

Tuning ... g (O T,
3 k... ko KT KR .
-2

kikg ... kn.

k. k™)

X Jhﬂtkl ees Bn-g (eg)zr- (45)

The coefficients of the transition from one set of har-
monics to the other:

ik ... oncg s kDe (i, . K kDT (46)
will be called “timber” coefficients. The operation of
this transition G reduces to a product of the elementary
transformations P and C. Therefore, the matrix of the

transition (46) will also be a produect of the matrices of
the individual transitions C and P.

Let us consider the action of the reflection P on the
function (44). If the reflection takes place at a node at
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which two free branches converge (see (Xa)), the opera-
tion P corresponds to the substitution ¢ - 7/2 — @:
Pl (@) =T () = exp (imn/2) T, (g). (47)

A node of the type (Xb) goes over under the reflection
P into a node of type (Xc) and vice versa:

PI}, (@)= V5, () = (—1)~* T} (@); (48)

P (@) = 75, (®) = (— 1)~ I, (@), (49)
Finally, for the case (Xd)

PJ iy (8) =J§an(8) = (— 1) MM s (@), (50)

Thus, the coefficients of transformation of the hyper-
spherical harmonics under tree rearrangements of the
type of reflections P can be found trivially. Using the
explicit form of the hyperspherical harmonics, we can
also obtain the coefficients for the operations of branch
swapping C,,.- This was done in Ref.: 22 for all vari-
ants of swappings. However, subsequent analysis
showed™*#*1that these coefficients are identical to the
6j symbols for the noncompact group SU(1,1). There-
fore, in this review we shall consider only this later
elegant treatment of the timber coefficients (see Sec.
4).

For exposition of this approach, it is necessary to
know the connection between oscillator functions in
Jacobi coordinates and the same functions in multidi-
mensional spherical coordinates,

3. OSCILLATOR FUNCTIONS IN JACOBI
COORDINATES AND IN HYPERSPHERICAL
COORDINATES

Solution of the Schridinger Equation for an n-Dimen-
sional Oscillator in Hyperspherical Coordinates. The
Hamiltonian of the translationally invariant shell model
for A particles in Jacobi coordinates has the form

A-1
g="> [-%Ax!+"—;wﬂx?],

i=1

(51)

and its eigenfunctions are products of three-dimension-
al oscillator functions of the individual Jacobi coordi-
nates x;. In the (34 - 3)-dimensional space of Jacobi
coordinates, one can introduce hyperspherical coordi-
nates: the hyper-radius

A-1 A
=3 ot = 3 (- Bp
Za=2

(7, are the coordinates of individual nucleons; R is the
center of mass of the nucleus) and the hyperspherical
angles ©,(j=1,..., 34 —4). Then the Hamiltonian
(51) is rewritten as follows:

2 1 a -y O 1 1
H:—?n— F‘T{Ff’h(p ‘*a;') +FA31]—}-?mm2p2, (51a)

where n=34 -3, and Ag, is the angular part of the
Laplacian. The energy eigenvalues are gh_ren by

Ex=(2%+K+n/2) ho (52)
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(21 + K =N is the total number of quanta), and the eigen-
functions have the form
W¥vgy=Rux (@) Yo (ei)jz}r- (53)
where Y,,(©,) is some hyperspherical harmonic with
total hyper angular momentum K corresponding to the
chosen hyperspherical tree Zp; v is the set of the re-

maining hyper angular momenta that characterize the
state:

2n! —-(1/2)p2 K+(1/2)(n-2
oA EEIHUB =R,

T (x+ K+ n/2) o

RNK (P) =

Here, p is given in units of 73 =7%/mw and the associ-
ated Laguerre polynomials are defined in the usual
manner®1;

ot < 5 (n+a)! R
Ly@) =2 (=1 Gy ® -

k=0

(55)

It is well known'® that a set of oscillator functions
with fixed number N of quanta forms the basis of a sym-
metric irreducible representation with Young tableau
[N] of the group U(n)=U(3A - 3) whose generators are
the operators

Ajaptibing e fmd B . A, o Bz, 3w, (56)
where a}, and a;, are the operators of creation and an-
nihilation of quanta with respect to the a-th Cartesian
component of the Jacobi coordinate x;. It is clear that
wave functions of the form (53) with fixed NK and all
possible v belong to the irreducible representation of
50(n) = SO(3 A — 3) with hyper angular momentum K.

Therefore, the set of functions (53) corresponds to
the reduction SU(3A -3) DS0O(3A —-3). We shall be in-
terested in the following question: How are the functions
(53) and the oscillator functions in the Jacobi coordi-
nates (8) related? To answer this question, we solve
an auxiliary problem. We split the space with basis
Xy, Xy, X, into two subspaces of dimension #; and
n, (ny +n, =n) with bases x%,...x, and X, ...%,, Te-
pectively. We introduce hyperspherical coordinates
p,©} and p,©?2 in these subspaces and construct oscillator
functions ¥y, k.5 Yayiye, Of the type (53) in each of these
subspaces. We express the functions (53) of p and © in
terms of functions of 0,0} and p,0j:

Yigv= NEN (NyK(NoKy | NK) ¥y vekovas (57)
1i¥g

Here, it is assumed that the spherical functions Y, on
the left-hand side is chosen in accordance with the re-
duction SO(n) D SO(n,) xSO(n —ny), i.e., it coincides with
the function (43). Therefore, the coefficients of the
transition (57) do not depend on the quantum numbers

¥, vy, V¥, and

D NK N | NKY By, (p1) Ravarca (02)

N+ Ne=N
2 K K Kidny/2- =
= Byg (p) Nk, sin™* © cos™ QP Frigvia ) Hetne/2=1) (005 28),

(58)

where
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pp=pcos®, py=psin®.

It can be shown that the expansion coefficients in (57)
can be related to the Clebsch—Gordan coefficients for
the group Sp(2, R) or its locally isomorphic group su(1,
1) (Refs. 25 and 26). As a result, the “timber” coeffi-
cients are proportional to the 3nj symbols for this
group, which will contain moments that are multiples
of 1/4. This connection between corresponding quanti-
ties for the two different groups SO(n) and Sp(2, R) is
based on the fact that these two groups are complemen-
tary in the sense of the definition proposed by Moshinsky
and Quesne, "

Complementary Groups. Suppose there is a direct
product H, X H, of two groups H, and H, and we are given
a linear space ¥ in which a representation (in general,
reducible) of H, xH, is realized. We shall say that H,
and H, are complementary groups within the space £
if there exists a one-to-one correspondence between
all irreducible representations of the groups H; and H,
contained in D, i.e., in the direct sum

T E Di,;.i (59)
every irreducible representation D’i of H, is encoun-
tered in combination with only one definite irreducible
representation D of H, (and vice versa) and every such ’
combination D’i, DM is encountered in the decomposi-

_ tion of D not more than once.

It is known that the noninvariance group of a system
of p particles in a g-dimensional oscillator is the group
Sp(2pq; R) of canonical transformations whose genera-
tors are the operators aj, ajs, (1/2) (af, ajs+asaia)s
ajatp (i=1,2,..., p; @=1,2,..., q). The set of all
states with even number of quanta N=0, 2,..., ©
forms a basis of an infinite-dimensional representation
with lowest weight [1/4 1/4 ... 1/4]=[1/4%] of this
noncompact group. All odd states of the oscillator
occur in a different representation with weight [3/4
1/4 ... 1/4]=[3/4 1/4*"*]. Moshinsky and Quesne'*"
showed that within the spaces of these representations
Sp(2¢, R) and O(p) are complementary groups. In what
follows, we shall be interested in the case Sp(2n, R)
~5p(2, R)x0(n). For this case, the case I represen-
tation D¥ of O(n) with global angular momentum K com-
bines with a definite representation D7 of the group
sp(2, R), which is locally isomorphic to the group
SU(1,1). If K is odd, then the “angular momentum” J
in the notation adopted for SU(1,1) is related as follows
to the global angular momentum K

J =(1/2) (K +n/2)—1. (60)

This means that the oscillator function for a state
with number N of quanta and global angular momentum
K having the form (52) belongs to an irreducible repre-
sentation of Sp(2, R) with angular momentum J=(1/2)

% (K -2)+n/4 and is characterized by its projection M
=(1/2) N+n/4. Thus, in this problem we encounter
two-valued unitary irreducible representations of
SU(1,1) from the positive discrete series. ™"’ Note that
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with every function of an orthogonal scheme and, there-
fore, with the corresponding hyperspherical harmonic,
one can naturally associate an angular momentum which
is a multiple of [1/4]. Ultimately, this has the conse-
quence that the “timber” coefficients are proportional
to nj symbols with quarter-integral angular momenta.

“Timber” Coefficients and j Symbols for the Sp(2, R).
Let us consider an n-dimensional harmonic oscillator
in a space with basis %, x,,..., x,. Its Hamiltonian
is equal to the sum of the oscillator Hamiltonians for
each of these variables, and the wave function is con-
structed from products of wave functions of # one-di-
mensional oscillators. We recall that in accordance
with Ref. 27 all eigenfunctions of a one dimensional
oscillator of positive parity belong to a single irreduc-
ible representation of the group Sp(2, R) of canonical
transformations with angular momentum j = -3/4, and
the set of functions of negative parity form the basis of
another irreducible representation of this group with
angular momentum j=-1/4. The group Sp(2, R) is lo-
cally isomorphic to SU(1, 1) and is specified by the gen-
erators

Ji=a'a*, J_= —a'a’; Jo=(1/2) (a*a +4-aa™), (61)

which satisfy the usual commutation relations for an-
gular momentum operators;

[Toy Jed = Jy; [ J]=2J,, (62)

but have different properties under Hermitian conjuga-
tion:

Gor=Jo ()= —Js. (63)

We shall be interested in the positive discrete series
of unitary irreducible representations of this group.
These representations are specified by the positive
number j [the eigenvalue of the operator J%=JJ.+J 2
—Jp is j (j+1)]. The basis vectors ¥,, of the repre-
sentation D’ are labeled by the projections m of j, and
m=j+1, j+2,... . The lowest vector with minimal
projection satisfies the condition

V5, R, (64)
I W= (7 +1) Wypua. (65)

Since the minimal value of the projection m for even
states of a one-dimensional oscillator is 1/4, we have
j==3/4; for odd states, m,,,=3/4 and j=-1/4. We
may mention that, having in mind mirror symmetry
j==j=1(Ref. 7), we may assume that even states are
also characterized by angular momentum j=-1/4’. We
have added the prime to distinguish it from the inequiv-
alent representation having odd states as basis.

We now take the products of oscillator functions de-
pending on the variables x; and x, and form the vector
composition of the corresponding angular momenta 1
and j, equal to =3/4 or =1/4, respectively:

| Jtin: jrams)

= 53] X (Fsmfams | Juammys) | fymy (z4)) | fama (22)). (66)

Mi+me=m
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We recall that the rule of vector addition for the angu-
lar momenta considered gives the following allowed
values for the total angular momentum:

Je=ji+lh+1, j+i+2... (67)
The function (66) describes the state of a two-dimen-
sional oscillator with 2m,, = 1 quanta. In addition, in
accordance with the fact that Sp(2, R) and 0(2) are com-
plementary, it belongs to a definite representation p*
of 0(2). The quantum number A specifies the modulus
of the rotational angular momentum in the plane xx,. . ..
Therefore, the function (66) can be put in correspon-
dence with the wave function of two-dimensional oscil-
lator in cylindrical coordinates:

P =2y 423 tanQ=1/z5; (68)
| Jada s Jramua) S| ny A)s = ﬁ R a(p) { :i’j::::l
Here, n, =2my, —1; A=2jy,+1; j;=—3/4 and j, = -3/4
correspond to even values of A and an angular function
of the type cosA¢ (subscript +); j; ==3/4 and j, = -1/4
correspond to odd A and an angular function of the type
sinAg; for j; =-1/4 and j, = —3/4 we have odd A and a
dependence of the type cosAg on the angle ¢; finally,
the case j; =~1/4, j,=-1/4, leads to even A and an an-
gular function of the type sinA¢. By virtue of this cor-
respondence, we can regard (66) as a decomposition of
the wave function of a two-dimensional oscillator in
cylindrical coordinates in terms of functions in
Cartesian coordinates:

[ g @) | p (22) > | 7y A) s

= +§ (A | ngg) | ry (20)) | 1y ().
nl i=“J.

(89)

If we use for the radial oscillator function the standard
expression

Bun(p)=V 22+ A2) (n 2—AJ2)!
1
x b (—)z0-140
b=|ALL A2, .0y

exp (—p*/2)

% gt
BE— ARG AR (n, B3

then for the matrix of the transition from cylindrical to
Cartesian coordinates we obtain the expression

(ny A |ngng)
(—1)"L2, if n, is even;

if n, is odd. -

} (70)

= (Jymyjamy | jm) {(_ fyrare-1rz

The connection between the parameters on the two sides
of this equation was given above.

Adding the angular momentum j1z to the angular mo-
mentum j, = ~3/4 or —1/4 corresponding to the coordi-
nate x;, we obtain the wave function | j; 7, (1), 73 2128
Myp3) Which corresponds to solution of the Schrédinger
equation for a three-dimensional oscillator in spherical
coordinates: [nIA),=R,, (7) Y4 (©,¢). The number of
quanta is 7 =2(my,; = 3/4), 1=2j,,5+1/2. Note that here
and in what follows we use real spherical harmonics:
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Y2 (8, )= {(1/1/ 2)[Y1a (8, @) (— )"+ Yu-4 (6, :pn}
’ (1/V2) (Y14 (8, 9) (—1)"—Yi,_ (8, )]

1 cos Ag;
=— G
n 'A(e)[ sin Ag,

(71)_

where Y’1*“ are the ordinary spherida[ harmonics.

Adding to jp3 successively jg, j55... ju» We Obtain
a function of the form

”Jz (e)s Jalises)s Jaw oo Jn-1(pz~-- Jn-1)s Jn IMy,

which corresponds to solution of the oscillator
Hamiltonian in n-dimensional spherical coordinates:

]j’jz (F12)s Ja v v - jn: "M)EWI\'KV=RNK (p) Yy (elez o Bpy), (72)
where p?=x2+x2+... +x%; ¥y, is the hyperspherical

“harmonic corresponding to the tree™®+261ghown in the
following graph.

(x1)

-7

n
[

K

v is the set of hyper angular momenta ,, L,..., I, in

spaces of dimension 2, 3,..., #—=1. These hyper an-
gular momenta are indicated next to the nodes of the
tree, and K is the global angular momentum in the n-
dimensional space. Note that, in contrast to Refs. 22
and 26, we use real spherical harmonics. Therefore,
at the tree fork with two free ends shown in the graph

@
+

A

S~

cosly
(x1)

ot 2o
—ﬁ.!'m;l;a

it is necessary to specify the sign + or —.

The tree in graph (XI) can be regarded from two
points of view: On the one hand, it characterizes a
selection of hyperspherical angles; on the other hand,
it specifies the scheme for adding angular momenta of
the type =3/4, —1/4. If one does not use sequential
addition but some other scheme, it will correspond to
a different choice of hyperspherical angles. It is clear
from this that the scalar product of two n-dimensional
oscillator functions ¥y, and ¥y,  with fixed N and K
for two variants ¥ and v’ of the choice of the hyper-
spherical coordinates coincides with a certain j symbol
for the group Sp(2, R), this corresponding to the transi-
tion from the scheme v for coupling the angular mo-
menta j; j-. . - j, to the coupling scheme v":
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(Yyrol Trrew) = (Yiv| Yiewd = ((faz . - « Jadn)oWiafz « « « Judvd: (73)

Thus, we have shown that the “timber” coefficient
{Ygy| Yg,.) characterizing the unitary transformation of
the hyperspherical harmonics on the transition from
one tree to another is equal to the j symbol for the
group Sp(2, R) containing angular momenta that are mul-
tiples of 1/4.

One can show that these j symbols are analytic con-
tinuations of the ordinary j symbols known in the quan-
tum theory of angular momentum. In particular, the
Clebsch-Gordan coefficients can be calculated in ac-
cordance with the formula

(iymyfamg | JM)

=(— 1)-"""1 S RIANT (i +m DT Ge+me+ DT (T —j1—Ja)
14 TUF M0 =) T =70

x l// I'(J+ja—j1— 1D T (mg—7)
P(/+iy—je+ 1) T (J+is+is+2)

x 3 (—4y T (r= )T (M-I —7)
T T =M T s —my b T o=+ M =) T (M —r =1 —jz—1) "

(74)

If the resulting expression is compared with the ex-
pression for the Clebsch~Gordan coefficients of SU(2)
given in Ref. 28, it can be seen that (74) is obtained
from the latter by the replacement of each j by -j -1
and m by —=m, i.e.,

r=M-J-1

(Famyfamy | J M)sg @y = (jamyfama | TM) sp 2, my)s (75)

i h—hi—i —ha— T =T —4;

my——my; my—>—my; M—>—M,

The transition from the Clebsch—Gordan coefficients of
SU(2) to the corresponding quantities for Sp(2, R) is
similar to the operation of reflection in the theory of
ordinary angular momentum (Ref. 24).%

The Clebsch—=Gordan coefficients of the group Sp(2, R)
satisfy the following symmetry relation:

(Fymafaina | T My = (— 1)1 o jom, | J31). (78)

The numerical values of the Racah coefficients can be
found by means of the formula?*]

U (juiad jsi Tl ) = (— 1) 2747+
© ‘/ T(Jo—Jat+i1+1) Dot Jo+2) D(Jos +fo—Js+1) X —
— XD (Js+ja+is+2)
(2T19+1) (27 93+1) 'V —Ja3—jt) T (Gs+/—Jo3+1) T o+ 1a—is+1)
+ X T e —71—Ja)
T(J T2~ g+ T (J+Taa+a2) T (+Tea—fs-+1) T (F+Ta—112)

$Note that although the expressions for the Clebsch—Gordan
coefficients of SU(2) and Sp(2, R) are similar, it must be
borne in mind that these coefficients contain completely dif-
ferent angular momenta jj, jo, Jy, since these triplets of angu-
lar momenta in the case of the groups SU(2) and Sp(2, R)
satisfy absolutely different rules of vector composition [see
(65)], But one can still say that the Clebsch—Gordan coeffi-
cients for Sp(2, R) containing only integral and half-integral
angular momenta have values numerically equal to certain
coefficients of SU(2). Explicit relations of this kind are ob-
tained in Ref. 29,
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XV T is+I =T ot T[T —T o= ) T (Jas—Ja—1T3) T(js—Jjo+Ja+1)
3 (=) T @ —r+1)

r={
O N 1} 7 v o o s S+ 1—nT{—jz—Jin—r1) -,
+ KT (Jog—Jjat-2+T4a+1) T (F—Jgg—js—r) T (Jag—jp—J+Jsg+1-41)

(17)

which can again be obtained from the general expres-
sion for the Racah coefficient of SU(2) if all j are re-
placed by —j =1 in Eq. (77).

4. TRANSFORMATION OF OSCILLATOR FUNCTIONS
IN HYPERSPHERICAL COORDINATES ON THE
TRANSITION FROM ONE SET OF JACOBI
COORDINATES TO ANOTHER

Above, we have considered the transformation of os-
cillator functions on the transition from one set of
Jacobi coordinates to another. An analogous problem
also arises in the method of K harmonies. To solve
it, we must operate with oscillator functions in multi-
dimensional spherical coordinates. We shall use poly-
spherical coordinates chosen 1n such a way that the to-
toal hyperspherical function le ,2.'3 i e is construct-
ed from spherical functions with angular momenta J;,
Lyy..., 14y for the individual Jacobi coordinates x,
Xz3++ .4y ¥4 In accordance with the rules formulated in
Sec. 2. The symbol 2 specifies the shape of the hy-
perspherical tree that defines the construction of the
hyperspherical harmonics; » ; are the intermediate hy-
per angular momenta of the given tree. It is expedient
to add the angular momenta [;, ,,..., [,.; in some way
to form the total angular momenta L. In this connec-
tion, we consider the Wigner tree 2, which specifies
the scheme for adding the angular momenta and the in-
termediate angular momenta ;. We denute the hyper-
spherical function obtained at the end by Yxfyiﬂz ey
Then the oscillator function with N quanta in these hy-
perspherical coordinates has the form

VIS v Uy - D B At NKLM)
e Jr”.ztv’
=R.x(p)Y e e (78)

KLM, Ii'
In the preceding section, we have noted that the con-
struction of the oscillator function in multidimensional
spherical coordinates from a given hyperspherical tree
Zr can be regarded as addition of A — 1 angular mo-
menta of the form j; =(; = 1/2)/2 by means of the
Clebsch—~Gordan coefficients for Sp(2,R) or SU(1,1) to
the total angular momentum [K+(3A = 7)/2]/2 with in-
termediate angular momenta j; whose values are de-
termined by the intermediate hyper angular momenta
;. For brevity, we shall call this operation simply
addition of the angular momenta [,, L,..., I,., to the
total angular momentum K in the sense of the group
Sp(2, R) with intermediate angular momenta »;. Fur-
ther, to be specific we shall assume that the scheme
for adding the angular momenta /; in the sense of
Sp(2, R) is the same as for the ordinary rotation group,
i.e., the trees Z and &, have the same structure.
We denote a function (78) of this type by

| Wz ... Lawy; o} : NKLM). (79)
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Such a function can be readily expressed in terms of
the wave functions of a three-dimensional oscillator
for each of the Jacobi coordinates. For example, if

A=4 and the trees Z, and .9 shown in the following

graph are chosen,

then the function (79) has the form

| Ulals; 8 NKLM)

= M§m2 (nalingly | N agrty) (Lamylyma | Lignigs)
mlmﬁ”[ﬂma“l
X AN uriangly | NK) (Lpmolymg | L) | rydymy (z,))

X | nalamny () | nalsms (x3)). (80)

The functions for more complicated systems are con-
structed similarly: There is a parallelism between
addition of the angular momenta 1;, L,..., L4 with
respect to the rotation group and with respect to
Sp(2, R).

We now discuss the transition from certain Jacobi
coordinates %;, %p,..., %4y to others x{ ,..., %44 in
the functions (79). The operation of reflection P of a
coordinate x, is performed trivially:

P=(—1) (81)

Let us consider the elementary kinematic rotation (10)
through the angle ¢; it relates the two Jacobi coordi-
nates shown in (VII):

| hiz; NELM (Zpg, Tpq, )}

=21, (| L™ | 51y : NELM (2, 2p, ). (82)

12

The coefficients of the transformation (82) were intro-
duced in Ref. 30, and are called Raynal-Revai coeffi-
cients. Since the radius vector

P = [xp+2q,r1'/

does not change under the transformation (10), the
transformation (82) essentially affects only the angular
parts of the oscillator functions—the hyperspherical
harmonics:

Yiuerant (Tpg, Tpg, r) = 2.14, iz Iilé)gﬁfqzéng {Zare Eaanyes ! 1(88)
12
Using the relations (82) and (11), we can readily find
the connection between the Raynal—-Revai coefficients

and the Talmi-Moshinsky coefficients (12):
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((AATHA

= X (ndmals| KA) (nylingly | KA)
"1+"z“K
n£+n§:K
X (ﬂjllnzlz tA I ,PP'J'Q' (P+q +71) 1”’;'!; ’ "’;I; : A}
= X (jungjamg| jm) (Jym; Jimy | jm)

my-fmg=m

m{+m§=m'
X (naingly: A prig (p+q+7) |nil, myly: A), (84)

where j, =(I, -1/2)/2, j=(K+1)/2. Incidentally, in the
sum over ny, n, and n{, n§ the restriction ny +n, =n{ +n}
= K need not be made; the result is not changed by tak-
ing ny+ 7 =n{+nf =N with any N=K, K+2, .. . Rela-
tions of the type (84) were obtained by Efros. " The
matrices of the transformation of the hyperspherical
functions on the transition from one set of Jacobi coor-
dinates to another are in the general case sums of
products of certain Raynal-Revai coefficients. These
matrices can also be related to the Talmi coeffi-
cients® or simple Raynal-Revai coefficients.

It now becomes clear how we must obtain the ma-
trices for transforming the hyperspherical harmonics
on the transition from one set of Jacobi coordinates to
another if we know the expression for the matrix of the
transformation of oscillator functions depending on the
same Jacobi coordinates. It is as follows: In the ex-
pression known it is necessary to replace all the Talmi
coefficients by the corresponding Raynal—-Revai coeffi-
cients and every Racah coefficient or higher symbol for
angular momenta /;7,... must be doubled with the cor- -
responding »j symbol for Sp(2R) and to each phase
(= 1)"%4*1*4 it is necessary to add the phase
(= 1)74s4i45*1 Below, we shall use this rule to obtain
the coefficients of fractional parentage in the method of
K harmonics,

5. RECURSIVE METHOD FOR ANTISYMMETRIZING
K HARMONICS

Fractional-Parentage Coefficients in the Method of
K Harmonics. In the preceding sections, we have con-
sidered how we can construct hyperspherical harmonics
with given orbital angular momentum L and hyper an-
gular momentum K for a particular set of Jacobi coor-
dinates. We must now find out how to combine these
harmonics with spin—isospin wave functions into a com-
plete antisymmetric wave function. For this, it is first
of all necessary to construct hyperspherical harmonics
Y, rutricr) that have definite permutational symmetry,
i.e., transforms in accordance with the irreducible
representation 2! with the Young tableau [f] of the
group of permutations S, of A particles in accordance
with the row (») of this representation ((») is a
Yamanouchi symbol; see, for example, Ref. 33). If
this is done, then the total antisymmetric function ¥ is
constructed from Y, ;s 2nd the spin-—isospin func-
tions xsri7:;, With the conjugate Young tableau and
Yamanouchi symbol in accordance with the well-known
formula

(85)

356 Sov. J. Part. Nucl. 8(4), July-Aug. 1977

where #, is the dimension of the irreducible represen-
tation #t/1 of S,. In their turn, harmonics with definite
permutational symmetry can be constructed from har-
monics of the type » by means of the Young
operators

!1!2...IA 1KL

Chen=" E A M PIIA () P, (86)

where the sum is over all permutations P of S,; {{f](»)
| P1[)(#)) is the matrix element of P in the standard
orthogonal irreducible Young—Yamanouchi representa-
tion, '3

The Young operator has the property that, applied to
an arbitrary function @, it transforms it into a function
with the permutational symmetry [f](+):

Y100 =5 C @, (87)
with a normalization coefficient given by

N = (@[ C | D). (88)

Rewriting this formula for hyperspherical harmonics,
we obtain

1 A1 - ZpZwh .
Yrruse= 5 Coxen¥ 0 U1 xrar (29)

Here, the index & distinguishes different harmonics

" with identical sets of quantum numbers KLM[f](r). The

concrete form of the harmonic (89) depends on the
choice of the auxiliary Yamanouchi symbol () and the
quantum numbers L, L, ..., L1, ;Zy}; of the “un-
renormalized” harmonic on the right-hand side of (89).
If the harmonics (89) are decomposed with respect to
the harmonics Y, ik i‘z-iﬂ’”’ we find that

YKLM[)’](r)e:% 2 Wl . - Laopeini: KL Cho s
1 iy t (90)
. 2’ i ZWh{
I "l e 12'_”_ KL} ‘nl gA:iKLM'

The expansion coefficients in (90) reduce to the ma-
trix elements of permutations of the particles, i.e., to
the matrix elements of operations of transition from one
set of Jacobi coordinates to another. The calculation
of these quantities was considered in the previous sec-
tion. Therefore, Eq. (90) in principle solves the prob-
lem of constructing hyperspherical harmonics with def-
inite symmetry. However, from the practical point of
view these calculations are rather cumbersome for
large values of A and K. It is more convenient to have
a recursive procedure to construct harmonics with giv-
en permutational symmetry. The problem is formulat-
ed as follows: Suppose we know hyperspherical har-
monics with permutational symmetry Ypepsyorseyrner for
A -1 particles and they must be combined with spheri-

cal harmonics Y‘A—ﬂ" e for the degree of freedom

A-1
2o = VA=A (ra — 753 ©)
i=1

to make a total hyperspherical harmonic with fixed per-
mutational symmetry.
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We now form products of the oscillator function
IN'K' LM (] (#')e") for A -1 particles and the oscilla-
tor function for the last Jacobi coordinate x 4-1 and apply
a Young operator to it. As a result, we obtain a cer-
tain oscillator function of A particles with given permu-
tational symmetry: :

| NKLM [f|(r) &)

= Cllloy 3V (N'K'nl |[NRY | N'K'L'e! (') (), nl: LM,
Nn

(91)

To make the total function correspond to hyper angular
momentum X, we have added the angular momenta with
respect to the group Sp(2R). ¥

We decompose the function (91) with respect to prod-
ucts of the functions of A -1 particles and the function
of the motion of the last particle with respect to the
center of mass of the group of A =1 particles:

JANKLM [fi(e)= 3 (AK[flLe| A—1K"[{"| L"¢", I')
N“K™n'l'e"L"

X (N"K'n'U | NK)|N"KE"L", & [f') (r'), n'l' : LM}). (92)

The expansion coefficients on the right-hand side of
(92) are called fractional -parentage coefficients for
separating one particle in the orthogonal sum, %% 1f
they are known, then the problem of constructing sym-
metrized functions for A particles from symmetrized
functions of A — 1 particles can be completely solved.
To calculate these coefficients, we can use the formu-
las obtained in the translationally invariant shell model,
modifying them slightly in accordance with the method
set forth in the preceding section, Namely, Egs.
(7.23)-(7. 25) of Ref. 10, in which the fractional-par-
entage coefficients (A|A - 1) are expressed in terms of
(A-1]lA-2), are rewritten as Tollows:

(AK[f) Le| A —1K,(f] L13114>=,,+1 ]/"—)::!- % {thm-lﬁuvfimx'ﬁuzg

MNgs
+A=1) 3 A Pacg al 1PV
KL
131 LoKo i
(AP (e Ly L L) U (L L L)
X (A— 1K, [fs) Lyes| A— 2K; [7;) Lie;; i) X
X (A— 1K (P18 | A—2K; [f{) Lie}, L) U [T} 73T js; ToJ o)
XU W35 s 7Tl (ali 1 11367 } 5

Ny,
E=14+A—1) 3 LA Pacal 11D
Ke[fL7e; ti
t Lol € 1
13i7Loxo
X{A—1K"[f1L'e | A— 2K [fi1Lie;, 1)
X (A— 1K' (') L'e'| A= 2K 1) Lis 1)
X (— ) (= YR g L Ly L) U (L0 Ly L'Ly)
X O I j3 T ja; J'T\ U Wi Tias I'Tg) {aly | 1ol )6, (94)
It 1 1 34—7 14 .
(P=tan"]/'m+2m; fi=75 (I.-—?) ; J=-§-(K+ 3 : ),
Simd (i g8 s gmd (4

V=g (K 2T T= LK 1); (95)

x (= )i

(93)

91t should be noted that functions (91) with the same quantum
numbers NKLMIf] obtained by symmetrizing states with dif-
ferent values of [f’], (#’), &' are not necessarily orthogonal
to each other and they are not even all linearly independent.
Therefore, to find a complete set of states one must con-
struct from the functions (91) the requisite number of linearly
independent and orthonormalized states. This rearrangement
of the functions (91) leads to a corresponding change in the
coefficients of fractional parentage (92)—(96).
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7y is the dimension of the irreducible representation
(7] of Sx5 (AIANIP ey, 4l [71[7]> " is the matrix ele-
ment of the standard irreducible representation of the
same group.

Note that (4=2| (A-1)=1)=1, Therefore, using the
recursion relations (93)-(95), we can successively cal-
culate all the necessary fractional-parentage coeffi-
cients. They symbol U[ ... ]is used to denote the
Racah coefficients for Sp(2, R); the symbol U(...) de-
notes the ordinary Racah coefficients. If only the an-
gular parts of the functions are separated in (92), then,
using (58), we can rewrite the decomposition of the hy-
perspherical harmonics for A particles with permuta-
tional symmetry with respect to the same harmonics
for A — 1 particles:

YKLB{[!](I’)&
= 3 (AK[flLe| A —1K"[{'1L", I') (L"M"V'm’ | LM)
K"L“l’e”
M*m*

X Y gresrgpeY tome N g sink” @ cos’” @
X PEAGAZOZ-6UH12 (000 05 (96)

the fractional-parentage coefficients for the method of
K harmonics were introduced in Refs. 34 and 35.

Coefficients of fractional parentage for separating
two or more particles can be introduced similarly. In
particular, the two-particle coefficients are defined as
follows:

Y grmisine = 2 A ) 1f2 (ra)s [foD)

[fo)LeE2Ks
LK ALoM* MopMs
X (AK [f) Le | 4 — 2K, (f;) Lz, A (L'K"Y; Lo) (L'M' LMo | LM)
X (LeMoAp | L'M") Y gyramsatsagiraresY an (Ra-z— Ro)
X Yroro (Fa-t—Ta) NxxerroNV g g20 5in™3 O, costo 8,
X sin¥z 0, cosd O, PREHIA-PRA-1 A2 (0409,
X PEABATS/2-1i Lobt/2 (55099 ),

- (97)

The following scheme is proposed for adding the angu-
lar momenta in accordance with the rotation group and
the group Sp(2, R):

Li+A=L; L'+L=L; J+J,=F; ¥4J,=1J:
—— : o) TiNeo e 34—17 .
Iamg -1y Jo=g(L—3); =% (k+2 ),1 (98)
1A, 134—10 Y | 1 34—13
V=7 (K+252); h=g(L+252), |

Here, L, is the angular momentum of the relative mo-
tion of the pair of nucleons A - 1 and A [of the degree
of freedom x4y = (74 = 74.,)/¥2Z], and A is the angular
momentum of this pair with respect to the remaining
A -2 particles (the degree of freedom x4, =[(1/2) (74,
+74) =(1/A = 2)3{E 7, ]xV2(A - 2)/A). The two-parti-
cle coefficients of fractional parentage can be ex-
pressed in terms of the one-particle coefficients as fol-
lows®’:

(AK [f] Le| A— 2K, [f3] Logy, A{L'K"}; Ly)

=(/1() | [f2l (r2), 1o ()
X N (AK ) Le] A—1K, [fi] Ly, L)

E1eiLylilahn N
XA - 1K [fu) Lyey| A—2Kq [fo) Loga, Iy (— 1)1
) (= g g b LT T T

X (Ula | ALoYg" U (LyALLy; L'WY U (Tod ad Jo; T, (99)

Yp=tan'VA=2/4, the tableau [f], and the corresponding
Yamanouchi symbols (»;) and () are chosen in an arbitrary
but fixed manner (see Eq. (2.43) in the book Ref. 10)).
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The fractional-parentage decompositions (98) and (97)
are convenient for calculating the matrix elements of
operators in the method K harmonics.

6. CALCULATION OF MATRIX ELEMENTS OF
OPERATORS IN THE METHOD OF K HARMONICS

Let us consider the calculation of matrix elements of
the Hamiltonian in the method of K harmonics. We de-
note the antisymmetrized combinations of hy% rspheri-
cal harmonices with spin—isospin functions X_sy }MT by
means of the symbol

| AK [f]1eLSTM MsMz) = 1/— Z YxLMu]rr)exg,]‘}:TMT (100)

Here, [f](#) are the Young tableau and Yamanouchi
symbol conjugate to [f](+); %, is the dimension of the
irreducible representation D) of the symmetric group
Sa.

We introduce the total two-particle coefficients of
fractional parentage for the K harmonics (100):
| AK [f1eLSTM MM )
%s,m (AK (/) eLST | A—21f) e2LaS:Ts, A (L'K"); LoSoTo)

Kz[fs
“SoMTp
% (L'M'LyMy| LM) (S:M,SoMs, | SM's) (TeMr,T oM, | TMz)
% Ngge sink’ @, cosLo 0, PE 441~ (cos 260,)
% | A— 2 [fe) 2282TsLo Ky, A(L'K') M'M&Mm | LM oSoM 5,ToM 1.
(101)

Here, the last factor depends on the angular variables
of the relative motion of particles A-1 and A, and the
penultimate factor includes the angular variables of
the relative motion of the A — 2 particles, and also the
coordinates of the radius vector joining the centers of
mass of the A — 2 particles and the separated pair of
nucleons; 7., 4=p c0sOy.

The total coefficient of fractional parentage is con-
structed from the orbital and spin—isospin coefficients
of fractional parentage:

(AK [f1eLST | A —2 K, [fs) eaL2SaTs, A (L'K"); LoSoTo
—V nping (AK [fleL|A—2 K [fz) eaLa, A(L'K"); Lo)
X ((sty (FIST | sty "2 [£18°1", (st)? SoT o). (102)

By virtue of the antisymmetry of the functions (100),
the matrix element of the potential energy of the inter-
action between the nucleons:

i
V=3V (ru)and V (ry) =1 (ri)) Wor (103)

can be written in the form
(AK [f) eLSTM MM .|V | AR [f) eLSTM  MsM 1)
=AU AR [1eLST|V (ran, ) | AK (LS

Ad—1
itz ) El

Kol fo]eaLa
8eT2LoSeTo
ALK’

% egLo8aTay A(LK'); LoSyTo)
% (AK (f)eLST| A—2 K [fs] e:LsSsTa, A (L'K"); LeSoT o)
X (SoTo| Wae| SoTo) REF 1, (0). (104)

(AK [f]eLST | A—2 K;[f2]

Here
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R, ()= 5 d@, (sin 0,47 (cos 0,)2 N1V g, f (p €05 ©))
% (sin 91)21{' (cos ei)_Ln PK +(3A 6)/“ 1, Lot1/2 (cos 20,)

x PRl e o200 (105)

(SoTo! W, | STy is the spin—isospin part of the matrix
element of the interaction. For simplicity, we have
taken only central forces. Equation (104) can be readi-
ly generalized to the case of tensor and vector forces,
and also forces that depend on velocity.

If we use the fact that for N =N, the wave function
of the translationally invariant shell model is, on the
one hand, related in a very simple way to the K har-
monics (K M)

| AN ine ) LSTY = Ry xe, (0) |AK [A1eLSTY;  (1086)

=V s PR e (— 2 ()" PR, (107)
and, on the other, can be related simply to a shell
wave function, we can considerably simplify the calcu-
lation of the matrix elements (106). For example, for
nuclei of the p shell, the shell function | s*p*"*[f] LST)
can be expressed in terms of the function of the trans-
lationally invariant shell model as follows:

| s*pA=* [f] LST) = Voo (Ra) | AN o [116LST), (108)

where ¥y (R,) is the wave function of the zero-point
vibrations of the center of mass. It is obvious that

(s*pA-4 [f1eLST |V | s*pi=* (Fle8T)

= (AN i [F'V 6LST | V| AN min [71 eLST}. (109)

A matrix element between shell wave functions can
be reduced by the ususal methods'%** to two-particle
matrix elements of the type {(nl| V(74 4)n'I’) and ulti-
mately to Talmi integrals of the form

T 5 exp (r/r2) rE+2V (1) drfLAN 17} eLST | V | AN min [f1eLST)

=2 Il (110)

If on the left-hand side of this equation we integrate,
not with respect to all variables, but only with respect
to the hyperspherical angles, then, taking into account
(107), we obtain

(AK [f1eLST | V] AK[f] ELST)=§II¢(9) Qs (111)

where
1
ho=H| U272 pyaz  (112)
0
Ny=T(K-+3/2, A—3/2)T(KE—Fk+3/2)T (k4 3/2);
Paa=psin®; 14, 4=pcos®; Z=cos*®; 1 — Z =sin?0.

Thus, to calculate the matrix elements of the poten-
tial energy with respect to K harmonics with the lowest
attainable hyper angular momentum K,  for given A we
can use shell results, in which it is necessary to re-
place the ordinary Talmi integrals I (110) by the func-
tions I(p) (112). This result was obtained in Ref. 35,
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In the same way, one can obtain the matrix elements
of not only the potential energy but also the other op-
erators. The result (111) can also be found from Eq.
(104) by writing out explicitly the Jacobi polynomial in
(105) in terms of trigonometric functions of ©.

Above, we have considered the calculation of the ma-
trix elements of the potential energy of nucleons. Let
us say a few words about the role they play in the
method of K harmonics. In this method, the wave
function.of nucleus 4 is sought in the form of an expan-
sion with respect to X harmonics |AK[f]eLST):

M ng GEUILST (0) | AK [f]eLST), (113)
where

5 9% (p) p34-bdp=1.
The Hamiltonian of the nucleus has the form

A st o (42 L) — Ao 4. (114)

m pid-i ap ap )~ Zmpt
If we substitute the function (1183) into the Schrédinger
equation and multiply the result from the left by (AK[f]

xgLST|; we obtain a system of equations of the form

B2 3 | KLy (Lg+1)

2m gp? ' 2mp? 3t E} x§5[!]LST p)

: Kel[ILST
=k 2 I'nggnz.sr (P) ¥z7yerer = O-

(115)

Here, L,=K+(3A4A=6)/2, x,=p®4/20,(p); the number
of equations in this system and the number of terms in
the sum (115) is equal to the number of terms included
in the expansion (113).

The potentials Wﬁ(p) are, as it happens, the very
matrix elements that we discussed above:

WERIESE () = (AK (f1eLST | V| AR (71 63T, (118)
Note the extremely strong “centrifugal potential” L (L,
+1)/p* which occurs in these equations and is a conse-
quence of the Pauli principle since the large values of
L, are due to the fact that the values K, compatible
with the Pauli principle are already large.

We have shown above that the methods developed in
the shell model can be fairly readily transferred and
generalized to the method of K harmonics. The shell
approach is especially effective for approximate calcu-
lations of the potentials WX (p) in accordance with the
Baz'~Zhukov—Surdov method. ¥ This is an asymptotic
method and can give accurate results only for fairly
large mass numbers A. Its essence is as follows.
Using Egs. (106), (107), (109), and (116), we arrive
at the result

(s'pA=4 [f1eLST | V | s*pA~4 (7] eLST) = VIEEEE (ro)

= const 5 dppia=4+2K gyp (%3 Wﬁfﬂ;‘?g (0). (117)

We represent the integral on the right=hand side of
this equation in the form
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j dpWK{eEST () exp (34 —4 +2K) ( In p/ry— m%m)

and calculate it by Laplace’s method. ®" Restricting
ourselves to the lowest term in powers of (34 - 4
+2K)™, we find that

TIZLST K(TIELET 34—4
VIREESE (o) = WEIREE (o) B+ 385) .

(118)

Thus, to obtain the approximate values of the potential
W at the point p, it is sufficient to calculate the shell
matrix element (117) with the following value of the
shell parameter:

p

I —
T VETEA—R

7. COMPARISON OF THE RESULTS OF
CALCULATIONS IN THE TRANSLATIONALLY
INVARIANT SHELL MODEL AND BY THE METHOD
OF K HARMONICS FOR NUCLEI OF THE 1p SHELL

In the overall study of nuclear structure, the method
of K harmonics has been mainly used to describe sys=
tems of three or four nucleons; for heavier nuclei, only
magic nuclei have been considered. True, a calcula-
tion has been made®®® for the nucleus mC, but the com-
putational scheme used in it also corresponds to a nu-
cleus with closed shells in jj coupling. In Ref. 39, a
broader investigation was made of the method of K har-
monics in a minimal approximation in the case of non-
magic nuclei of the p shell and with the use of a single
nucleon-nucleon potential.

In the same paper, a first attempt was made to study
the spectra of the lowest excited states of nonmagic nu-
clei in the method of K harmonics. The computational
method was an approximate variant of the Baz'~
Zhukov—-Surkov method deseribed in the previous sec-
tion. All the calculations of Ref. 39 were made in the
minimal approximation when only a single term with
K=Ky, is taken into account in the expansion (113), ®
In this approximation, the system (115) reduces to the
equation

G~ = B WO } 1 () =0. (110)

This equation with the potential found from (118) was"
solved numerically on a computer; the binding ener-
gies, wave functions, and other physical quantities
such as the ground and excited states of 1p-shell nu-
clei of positive and negative parity for various forms
of the nucleon-nucleon potential were calculated, "1

Results of Calculations for Ground States of 1p-
Shell Nuclei. Figure 1 shows the results of calcula-
tions of the binding energy of p-shell nuclei in the

In the literature, there are calculations which are more ex-
act, taking into account states with global angular momentum
Konin and Ky, + 2 (Ref. 40), but such calculations are fairly
complicated and have been made so far only for the single
nucleus €0,
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method of K harmonics and compares them with the
results of the shell calculations of Ref. 42 and also
the experimental*®! binding energies of these nuclei.

As can be seen in Fig. 1, the binding energy of these
nuclei for the chosen potential (variant No. 1 of the
Volkov potential) are appreciably lower than the exper-
imental values , except for '®0. This result is not un-
expected, since the calculation was made in the ap-
proximation K=K, and allowance for the following
harmonics raises the binding energy. In addition, the
absolute value of binding energy depends strongly on
the choice of the nucleon—nucleon potential, as was
shown in Ref. 44; this can also be seen Table II.
Therefore, the discrepancy between theory and experi-
ment may be due not only to the inadequacy of the B
approximation but also to poor choice of the nucleon—
nucleon potential. The shape of the calculated binding-
energy curve as a function of the mass number repro-
duces the shape of the experimental curve, so that the
anomalous increase in the binding energy for nuclei
having an a-particle structure is well reproduced in the
K-harmonic calculation, as in the shell-model calcula-
tions. In Fig. 2, we show the change in the distances
between neighboring levels of excitation with respect to
the collective variable p with increasing A (for func-
tions with one, two, and three nodes, respectively).

It can be seen that, with increasing A, the intervals

TABLE II. Dependence of binding energy of p-
shell nuclei on the choice of the nucleon-nucleon
potential.

Variant of
Nucleus Etier MeV | potential Ef®, MeV
‘He 23,46 1 (Ref. 5)
25.79 6 (Ref. 5) 28.3
26,05 3 (Ref. 5)
L i} 16.98 1 (Ref. 5)
20.86 6 (Ref. 5) 31.99
13.03 1 (Ref. 6)
"Li 26.1 1 (Ref. 5)
13.675 1 (Ref. 6) 39.25
lég 142.4 1 (Ref. 5)
158. 4 2 (Ref. 5) | 127.62
151. 4 3 (Ref. 5)

360 Sov. J. Part. Nucl. 8(4), July-Aug. 1977

AE, MeV

p-shell nuclei: 1) shell-model

values; 3) calculations in low-
est approximation of the meth-

20

5

/]

A1, I v VA T SV T A [
F4S5ET89MNEZTH A

FIG. 2. Distance AE between monopole excitations in p-shell
nuclei calculated by the method of K harmonics: 1) interval
between ground state and first excited state, Eyg-Eyg 2) dif-
ference of energies between first and second excited states,
E,x—E;; 3) difference of energies between second and third
excited states, EQK_EZK'

between the excitations exhibit the same periodicity in
fours as the binding energy. It can also be seen in Fig.
2 that the levels excited with respect to the collective
variable p and which are equidistant in the oscillator
model are significantly bunched in the K harmonic ap-
proach.

Table III gives the results of calculations of the rms
radii of p-shell nuclei derived from the functions to

~ which the binding energies in Fig. 1 correspond. It

can be seen that the theoretical rms radii are higher
than the experimental. This may be attributed to the
variant of the Volkov potential investigated. A deeper
potential gives larger binding energies and decreases
the width of the well, so that the rms radius also de-
creases.

Description of Excited States of Nuclei inthe Method
of K Harmonics. The description of excited states of
nuclei imposes greater requirements on the accuracy
of the calculation, We shall discuss some results of
spectroscopic calculations by the method of K harmon-~
ics for light nuclei. Figure 3 shows the spectra of the
lowest excited states of the nuclei °Li and "Li in the
K harmonics approach for two types of central po-
tential, those of Volkov'!!! and of Eikemeier and
Hakenbroich, ***? and it also compares them with the
experimental spectra of these nuclei. Since the calcu-
lation was made with central forces and no allowance

TABLE III. Comparison of
calculated rms radii of ground
states of p~shell nuclei and the
experimental values.

e N
<] - Q &
A |g2 | b A |28 |y
o = | %
O I Y s | 1E
4 1.81 | 1,708} 11 2.87 | 2.25
5 2,31 — 12 2.94 | 2,496
6 | 2.74| 2.535) 13 2.92| —
7 2,65 “14 2.85 | 2.48
8 2.1 e 15 2.80 —_
9 2.84 | 2.26 16 2,75 | 2.741
10 2.72 e
|
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FIG. 3. Spectra of lowest levels of nuclei for °Li (a) and TLi
(b): I) experimental spectrum; II) results of calculation with
variant 1 of the Volkov forces; III) the same for Volkov’s vari-
ant 6 (a); IV) the same for Eikemeier and Hakenbroich forces.

for spin-orbit decoupling, in the nucleus °Li one must
compare the relative position of the levels LST-010
and LST-210 with the experimental value of the center
of gravity of the lowest levels J"=1*, 2*, 3*, T=0, As
can be seen in Fig. 3, the relative position of the lev-
els for these three potentials varies from 1 to 3.5
MeV, whereas the experimental value of the center of
gravity of the levels is 3.74 MeV. However, in all
cases the order in which the levels follow one another
is preserved. One also finds a first excited state with
respect to the collective variable with J*=1*, T=0,
this lying in the region 15=17 MeV for several variants
of the potential. Experimentally, this nucleus has a
level at 15.6 MeV with J"=1*, These results suggest
that the relative position in the spectra of the levels is
less sensitive to the choice of the parameters of the
potential than the absolute value of the binding energy.
Similar conclusions can be drawn from the calculations
of the spectra of the lowest excited states in "Li. The
order in which the levels follow and their relative po-
sition is reproduced sensibly for different variants of
the nucleon-nucleon potential.

States of Anomalous Farity of the Nucleus %0 in the
Method of K Harmonics. Excited states of anomalous
parity, which have parity opposite to the ground
state's, cannot be obtained in the approximation X
=K. Inthis case, the expansion of the wave function
in the method of K harmonics begins with the approxi-
mation K=K, +1.

In Ref. 44, Zhukov ef al. calculated the ground state
of *°0 and also excited dipole states with J* =17, T=1.
They also estimated the probabilities of dipole transi-
tions from the ground state to the J*=1", T=1 excited
states. To describe dipole states in the nucleus %O in
the method of K harmonics, it is necessary to take into
account at least two components in the expansion (113),
one of which corresphonds to transition of a nucleon
from the 1p to the 2s shell, and the other to a 1p - 1d
transition. The corresponding angular and radial func-
tions and the potentials are labeled by the indices 2s
and 1d.

Thus, the wave function was written in the form

1

W {8) = Dts (P) Yimt3,26+ %12 (p) szis,zdlw— (120)
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Figure 4 shows the matrix elements W (p) and
W3 (o) that occur in this system for the first set of
Volkov potentials, “1?

To estimate the probabilities of dipole transitions
and the density of the nucleon distribution in the nu-
cleus, it is necessary to know the matrix elements of
the density operator and the dipole-transition operator.

The matrix element of the dipole-transition operator
from the ground state J"=0*, T=0 of '°0 to the excited
state J*=1", T=1 takes the following form after all the
intermediate integrations have been performed:

5 3.691!
(¥ exe |d|¢8nd)=23_5.3%e ( 5 %o (P) %25 (P) p dp

0

+V'5 [ 210 (6) taa (p) p o, (121)
0

where e is the proton charge; y,(p) is the radial func-
tion of the ground state. The density of nucleons n(7)
in the state ¥ of nucleus A is found after calculation of
the expectation value of the operator

A
() == 3 8(—71)
i=1

ie.,

n(r)=(¥|n(r)|¥. (122)

Here, the density »n(#) is normalized to one particle in
the volume. The mean square radius is

2= fr“n (r)dr. (123)
0

The results of the calculations are shown in Figs. 5
and 6 and in Table IV. The density of the nucleon dis-
tribution in °0 for J=1", T=1 states is shown in Figs.
7a, Tb, and Tc.

The investigation enables one to draw a number of
conclusions.

1. The absolute values of the binding energies of
levels in both the K, and the K,,,,+ 1 approximation
changes by 10-17 MeV for different variants of the po-
tential, so that the change at the same time of the ex-
citation energy AE,,, K, . +1 is slight—by about 3

E, MeV

| FIG, 4, Matrix elements

ZI"” W{E(p)+L(L +1)/p? (continuous
40 curve) and W5(p) (dashed
e curve) for first set of Volkov’s
!r potential.
J'[' 80|
wle
12H20
]
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FIG. 5. Binding energies and wave functions of the first few
levels for the first set of Volkov’s potential. The dashed
eurves are the wave function of the 0 ground state in the Kpy,
approximation; a) and b) are the positions of the levels and the
wave functions for the potentials W3(p) and Wij(p) for Wwi(p)

= 0, respectively; c) the same with allowance for 2s—1d state
mixing.

MeV. At the same time, the interval between the
1d-2s states remains constant and is about 3 MeV.

Allowance for the Coulomb energy raises the abso-
lute position of the binding energies of the levels by
16-17 MeV in both the K, and the Ky, +1 approxima- g
tion; at the same time, the relative energies AEK,,,
K.+ 1 and AE,,., do not change. Therefore, all the
results of the calculation are given without allowance

for Coulomb corrections.

2. Allowance for mixing of 1d-2s states leads to
additional splitting of the levels by ~1 MeV. This ef-
fect is virtually independent of the chosen potential and
changes little with increasing excitation energy. As
can be seen in Fig. 4, the matrix element for 1d-2s
state coupling is small.

3. As can be seen from the table, the rms radius
of the nucleus in excited states changes by 10% as the
excitation energy increases.

4. In Ref. 46, Komar et al. found from measure-
ments of the cross sections of total absorption of ¥
rays by the nucleus '°0 that about half the integrated

5%

70

50

Jor

10+ ]

7 17 i B ey it I |
w0 40 50 60 BEy ku

FIG. 6. Strengths of J=1", T=1 dipole transitions of 160 nu-
cleus in percentages for the first set of Volkov’s potential: a)
and b) are the strengths of the dipole transitions for wi=0
and W =10, respectively.
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TABLE IV. Calculations for J=17, T=1 state of O nu-
cleus in the K, + 1 approximation.

Set I of Volkov’s potential Set II of Volkov’s potential

be /2 be
E, +1 2, 9 (6 +1 dz,
Kmin g, % F EKmin o

25 28 25 _ 728 25 _ 23 25 28 _
W= | WiS#0 | Wig=0| Wign0| Wiz=0 Wii=0| Wig#0 [ Wiz=0a, %

2; | 100.5 [ 110.3 | 13.4 9.2 | 2.26 | 120.9 | 121.5 | 14.2 [21.5
id | 107.2 | 106.7 | 66.3 67.8 | 2.28 | 118.4 | 118.1 | 71.2 |57.9
2s 86.6 7.2 3,0 4.5 2.56 99.3 | 99.6 2.3 | 4.7
12| 83.5| 83.3| 14,2 15.7 2.70 96.9 96,1 | 11.4 |[14.5
2s 66.4 | 66.8 0,5 — 2,817 80.1 80.5 0.1 | 0.4
1d | 63.7| 63.5 2.2 2.7 2.92 71.6| 71.3 0,7 | n.8
2s 48,9 | 49.1 0.1 — 3.15 63.0 | 63.3 — 0,01
1d | 46.6 46.2 0.5 0.1 3.15 60.8 | 60.4 — 0.06

Note. EP® is the total binding energy; d? is the square of the di-"
pole transition operator matrix element; r* is the mean square ra-
dius for four states with different number of nodes with respect
to the collective variable p. All results are given for two variants
of the Volkov potential both with and without allowance for ld-
2s state mixing.

cross section determined by the dipole sum rule occurs
in the region of energies of the giant dipole resonance
(more than half of the integrated cross section of photo-
absorption is at the region of higher y-ray energies,

An attempt to explain this phenomenon was made in Ref.
47, in which it was shown that, if one adds to the giant
dipole resonance three-particle—~three-hole (3p-3n)
states, than about 18% of the total dipole sum is in the
region of energies above the giant resonance. This ef-
fect is to a large extent taken into account in the method
of K harmonics; in the K, approximation, allowance is
made for an infinite number of |npnk) monopole shell

0.3
225
22p
015

01

0.05

0.05

7

FIG. 7. Density of nucleon distribution in '°0 nucleus for the
first four J=1", ‘T=1 states with the first set of Volkov’s po-
tentials: a) when particle in 1d shell is excited; b) when par-
ticles in 2s shell are excited; c¢) with allowance for 1d-2s
state mixing.
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. FIG. 8. Results of calculation of longitudinal (a) and trans-
verse (b) form factors of inelastic electron scattering on 18
nucleus with execitation of J=17, T=1 dipole states in the meth-
od of K harmonics (continuous curves) and in the shell model
(dashed curves) (sic).

configurations. As a result, 20 % of the strength of
the dipole transitions corresponds to a state having one
node with respect to the variable p and 5% to states
with two nodes with respect to this variable. In the
language of particle~hole excitations, this corre-
sponds to the fact that admixture of both | 3p—3%) and
|5p~5h) states is important in the dipole resonance.
It is be hoped that this result is not changed qualita-
tively when the nucleon—nucleon potentials are chosen
in such a way as to give the correct binding energies
of the ground state and excited states of %0 and also
when following terms in the K-harmonic series are
added.

In Ref. 48, Goncharova ef al. caleulated the form
factors of inelastic scattering of electrons on %0 with
excitation of =17, T=1 dipole states. The results
are shown in Figs. 8a and 8b, in which the continuous
curves are the form factors calculated by the method
of K harmonics, and the dashed curves are the form
factors obtained in the shell model [translator’s note:
Figs. 8a and 8b contain no dashed curves]. It can be
seen from Figs. 8a and 8b that the inelastic electron
form factors found by the method of X harmonics do not
have the deep diffraction minimum characteristic of
shell model calculations. The minimum is filled by the
contribution of the monopole excitations taken into ac-
count in the method of K harmonics. The results of the
method of K harmonics and the shell model are strongly
different in the region of laree momentum transfers.

Compavison of Results of the Method of K Haymonics
with the Results of the Tvanslationally Invariant Shell
Model fov p-Shell Nuclei. The results of Refs. 39 en-
able us to make a quantitative comparison of the meth-
od of K harmonics in the lowest approximation with the
translationally invariant shell model. To this end, the
values of the binding energy E,, for all p-shell nuclei
were calculated by means of the wave functions of the
translationally invariant shell model for a number of
quanta N=K_,.. In addition, the wave functions of the
method of K harmonics were expanded with respect to
functions of the translationally invariant shell model,
These calculations were made in accordance with (53)-
(55), from which it can be seen that the expansion of the
functions of the method of K harmonics with respect to
functions of the translationally invariant shell model re-
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duces to expansion of x,,(p) with respect to the radial
wave functions of a (3A - 3)-dimensional harmonic os-
cillator:

1% (0) =2 Clxc R (0), (124)
and the expansion coefficients are given by
Clac (0)= [ 7k (0) R (0) p34-4 dp. (125)

The results of calculations by the method of K har-
monics in the lowest approximation and in the transia-
tionally invariant shell model are compared in Table v,
which gives the values of the binding energy calculated
by the method of K harmonics and in the translationally
invariant shell model, the oscillator frequency 7w at
which the maximum of the lowest oscillator function
Ry (p) coincides with the maximum, and also the coef-
ficients of the expansions of the bound-state functions
of the method of K harmonics with respect to functions
of the translationally invariant shell model with the
above frequency:

Yy (p) = CoRox (p)

+CiRig (p)+ CoRog (p) - ... (126)

Since only some of the expansion coefficients are
given, it is not necessary for them to satisfy the ortho-
normality relations, in particular for states excited
with respect to p. Examination of Table V shows that
the binding energies for all p-shell nuclei obtained for
the Volkov potential (variant 1) in the lowest approxima-
tion of the method of K harmonics and in the transla-
tionally invariant shell model with allowance for only
the lowest configuration differ from one another by not
more than 0.5 MeV. This close correspondence be-

TABLE V. Results of calculations by the method of X har- |
monics and the translationally invariant shell model (TISM).

A |v| Exy [Ersm| o e c: o Ko K
5He 0 | —15.55| —14.01| 0.980] 0.093 0.173| 16,84 —_ —_
8Lj 0| —16.98) —15.43] 0,984(—0.061| 0.158 13,87 | 24,77 —
1{ —1.568] 11.7 0.4123( 0.863|—0.361

Li 0 )—26.11f —25.31| 0.988(—-0.071| 0.133) 16,17 | 26,33 | —
1] —9.64 —1.89 0.171| 0,671]|—0.375

8Be 0 [—40.09] —39.45 0.984|—0.071 0.142| 16.44 | 38.45 | 16.16
1 |—20.67| —15.22| 0.119] 0.830(—0.352
2| —8.08]  8.31|—0,034| 0.497| 0,257

9Be 0 [—39.16| —38.42| 0,983(—0,083| 0.146 15.76 | 37,38 | 16.23
1[—20.8 | —15,74| 0.123| 0.818|—0.337
2| —8,7 6,86(—0,052| 0.469| 0,264

10B 0 | —43.99) —43,31] 0.989|—0.055| 0.148 15.6 38.77 | 21.33
11—25.8 | —21.05 0.083]| 0,853 —0.307
2 |—12.3 0,78/—0.075| 0.463| 0.404

11 0| —57.8 | —57,34] 0,988 (—0,064 0,140 16.44 | 44.22 | 27.02
1 [—38,1 | —33.45| 0,119] 0.897|—0.300
2 [—22,7| —9,98/—0.066| 0,486| 0,456

12¢ 0 |—88.6 | —87.71] 0,987 |—0,085 0,1321 16,01 | 66.68 | 44.38
1|—65.3 | —63.91| 0.143| 0.900|—0.298
2 | —46,0 | —40,61/]—0.073| 0,531 0,453

3¢ 0 |—70,63| —70,13| 0,986 |—0.092] 0.115]| 16.58 48,57 | 32,34
1 [—50.35 —46.08| 0.108| 0.910|—0.205
2 |—33.8 | —22.43(—0,103( 0.519| 0.470

14C 01—96.5 | —95.75 0.993(—0.082| 0.061| 18,2 | 56,6 | 38.07
1|—73.7 | —68.76] 0.187| 0.913| 0.294
2 |—55.0 | —42.21|—0.016]| 0.486 0,504

15N 0 |—115.6 [—115.13| 0,994(—0.042| 0.093| 18.5 | 61.05 | 48,94
1|—91.7 | —87.61] 0.105| 0.907|—0.268
2 |—70.3 | —60.49[—0.077| 0.298| o0.621

160 0 |—142.4 |—141.8 | 0.995|—0.034| 0.112]| 19.39 | 88.22 | 55.5
1 (—113.4 |—110,5 | 0,098 0,902 (—0.264
2 |—90.4 | —85.74]—0.050| 0.370| 0.653
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FIG. 9. Results of calculation of effective potential W(p) with
inclusion of “centrifugal” term L g(Lx+1)/p’ in the method of

K harmonics for the ®Be nucleus, the wave functions of the
ground state and first excited state in this potential, and also
the lowest oscillator functions Ry and Ry g and the oscillator
potential (also including the “centrifugal” term and with the
choice of the frequency %w described in the text). The origin
for the oscillator potential (dashed curve) is chosen to make the
energies of the ground states in the two wells equal.

tween the lowest states of the shell model and the meth-
od of K harmonics holds for all nuclei of the 1p shell. 73
The reason for this similarity is evident in Fig. 9,
which shows the effective potential W(p) (with inclusion
of the “centrifugal” term L,(L,+ 1)/p%) of the method
of K harmonics for the nucleus °Bd, the wave functions’
of the ground state and the first excited state in this
potential, and also the lowest oscillator function Rogx
and R, and the oscillator potential (also with inclusion
of the “centrifugal” term and the choice of the fre -
quency 7w described above). The origin of the calcu-
lation for the oscillator potential, which is shown by
the dashed curve, is chosen in such a way as to make
the ground-state energies in the two wells equal. It
can be seen from Fig. 9 that the oscillator potential is
close to the K-harmonic potential near the bottom of
the well, is somewhat narrower near the first nodeless
solution, and differs strongly in the region of states
with respect to the collective variable p. It is there-
fore natural that the ground-state energies in the two
potentials should be similar. It can also be seen that
the wave functions of the ground states differ little ex-
cept in the asymptotic region. But in the two methods
there are great difference between the energies and the
wave functions of p-excited states. These conclusions
are valid not only for the nucleus ®Be, which is chosen
as a typical example, but also for the remaining 1p-
shell nuclei (see Table V). In Table V, it is striking
that the integral of overlapping of the K-harmonic func-
tion of the ground state, ¥xq(p), with the lowest oscil-
lator function is 98%. At the same time, the contribu-
tion to xkq (p) of the two-quantum oscillator excitation
is exceptionally small. The very small values of the

D This fact was first established for the example of the nucleus
180 in Ref. 49.
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. energy 47w and higher energies.

coefficient C, are not fortuitous but conform to rule
completely.

Dubovoy and Flores™" have proved a theorem which,
when applied to our problem, can be formulated as fol-
lows: If the oscillator frequency fiw is chosen to make
the integral of overlapping of the lowest oscillator
function Ry (p) and the function ygg (p) maximal, then
the integral of overlapping of the function y, (p) with
the following oscillator function R,y (p) is strictly zero.
Note that this theorem was proved in Ref. 50 only for
a three-dimensional oscillator, but it can be readily
generalized to the radial functions of an oscillator of

any dimension, !

As we have already noted, in choosing 7w we did not
achieve maximal value of the integral of overlapping of
the lowest function of the translationally invariant shell
model and the wave function of the method of K har-
monics, but assured only coincidence of the maxima
of these functions. However, if such a condition is
satisfied, the overlap integral of the functions is fairly
near the masimum, and the coefficients C; are very
small, although nonvanishing. This circumstance casts
light on the origin of the close agreement between the
results of the translationally invariant shell model and
the method of K harmonics for the ground state. Since
the function Ry, cannot be mixed with the wave func-
tion Ry, the shell function in the method of K harmon-
ics is improved by admixture of states with oscillator
Because of the large
difference between the energies of these states and the
ground state the admixture is small. With regard to
the p-excited states, their structure is much more
complicated and their wave functions do not reduce to
any one shell function. It is therefore to be expected
that the method of K harmonics will give a much better
description of the properties of giant monopole reso-
nances than the shell model in the simplest single-con-
figuration approximation. L

Method of K Harmonics and Monopole Excitations of
Light Nuclei. Monopole excitations correspond to vi-
brations of the density of nuclear matter and can con-
tribute to different effects. It was shown above that
these states have a strong influence on the probabilities
of dipole transitions. The new interest in these
“breathing modes” arose recently in connection with
the discovery in inelastic scattering of electrons and
hadrons on a number of nuclei”®’of giant resonances of
collective type that can apparently be identified with
EQ and E2 transitions, In Refs. 49 and 53 it was
shown that the results of a phenomenological hydro-
dynamic model for the 0° breathing modes arise nat-
urally from the microscopic method of X harmonics
with K=Ky, The numerical calculations showed that
the hydrodynamic model of monopole vibrations is a
consequence of the microscopic method of K harmonics
in the limit of large values of the mass number. The
connection between the rigidity parameters of the hy-
drodynamic model and the method of hyperspherical
functions was traced in these papers. It was shown
that the two models give similar results in the region
A>16 and that strong discrepancies are observed in
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TABLE VI. Results of calculations in the method of X har-
monics of the compressibility parameter K, for the ground
state and the first excited state (K;) of p-shell nuclei.

Nucleus SLi [ 7Li | 8Be | ®Be | 10B | 11B | 12C | 18C | 14C 18N 160
Epo. Moy [16.98(26.11140.00139 16144  [57.8 88,6 [70.63(96.5 [115.6 |142.4
7 bey 2.12f 2.05( 2.1 | 2.19) 2,25 2.22) 227 2126 2.17] 2.15 2.43
AF. Mev |15.42|16.47(19.42(18.36/18.2 |10.7 (23,3 [20.28|22.8 | 23.0 | 29
ab' Moy | — | — [|12:50/12.1 1135 |15.4 (19.3 |16.55|18.7 | 21.4 | 23
K. Mev  [24.77|26.33138.45(37.38(38. 7744. 22166, 68/48.57( 56.6 | 61.05| 88.22
K Mev | — | — |16.16|16.23[21.33]27 02144.38(32.34| 38.07| 48.94| 55.5
L — | — | 0.43 c.43( 0.55] 0.61| 0.69{ 0.66| 0.67 0.8 | 0.63

the region of nuclei A<16. It became clear that the
behavior of the rigidity parameter K of the nucleus as
a function of the number of nucleons (in the region of
light nuclei), the excitation energy of the nucleus, and
of the quantum numbers of the levels (JLST) warrants
special study. In Ref. 54, a calculation was made of
the nuclear compressibility for all p-shell nuclei in
the framework of a single nucleon-nucleon potential.
States of both K, and K,,+ 1 type were studied. The
compressibility parameter K was estimated in accor-
dance with the expression of the hydrodynamic model,
which for the method of K harmonics can be written in
the form"??

K = (m/R3) r3 (AEY; ro=p/V/ 4, (127)
where 7, is the ground-state radius of the nucleus; AE
is the difference between the excitation energies of the
neighboring monopole states. Note that Eq. (127) uses
the radius 7, corresponding to the ground state of the
nucleus in the excitation band with given quantum num-
bers irrespective of the excited state considered. Nat-
urally, when 7, is chosen in this way, the estimate for
K is better for the lower excited states. The corre-
sponding values of the compressibility parameter for
high excited states can pretend only to a qualitative
description of this parameter as a function of the ex-
citation energy. The results of the calculation are giv-
en in Table VI, which shows the values of the compres-
sibility parameter for the ground state, K;, and also
the compressibility parameter for the first excited

- state, K;. It can be seen from this table that the com-
pressibility parameter increases with increasing num-
ber A within the p shell by about a factor 3.5. With
increasing excitation energy for a given nucleus, the
compressibility parameter decreases in a number of
cases very considerably, and, moreover, differently
for different A. In a-cluster nuclei, this parameter
exhibits an anomalous increase compared with the val-
ues for neighboring nuclei. The dependence of the com-
pressibility parameter on the excitation energy, the
quantum numbers of the states, and the potentials is
demonstrated for the example of '°0, in Table VII,
which shows that the rigidity depends on the quantum
numbers of the states even when the energies of these
states are almost equal. One observes a certain de-
pendence of the nuclear compressibility on the choice
of the parameters of the nucleon-nucleon interaction,
but the difference between the results for different vari-
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ants of the interaction decreases with increasing excita-
tion energy.

A further question has direct bearing on the subject
of this review: the connection between the method of
K harmonics and the method of generator coordinates.
It is interesting in connection with the fact that, as
shown in Ref. 55, generator coordinates can be used
to formulate an approach that, on the one hand, is com-
pletely equivalent to the method of K harmonics and, on
the other, is convenient in that calculations are made
in it entirely by means of the standard computational
mathematical formalism of the shell model: At no -
stage in the calculation it is necessary to use multidi-
mensional spherical coordinates.

8. CONNECTION BETWEEN THE METHOD OF K
HARMONICS AND THE METHOD OF GENERATOR
COORDINATES

Generator Formulation of the Method K Harmonics.
We write the function (113) of the method of X harmon-
ics in generator form, using as generator coordinate
the parameter « (or, which is the same thing, the os-
cillator radius 7p):

o

Wy (Tive . Ly O5T) = S dafyy (@) | AKEW),.
0

(128)

This equation means that we have expanded the wave
function of the method of K harmonics in an integral
with respect to oscillator shell functions with different
radii or frequencies. What is the meaning of the ex-
pression (128) and when is it possible? Using the ex-
plicit form of the wave function ¥, in the method of K
harmonics (113), we obtain an expression for the radial
part of the wave function:

Prv(p)= j frv (o) exp (— ap?) p¥ da, (129)

i.e., the transition to the generator form of the wave
function simple means representation of the function
@k, 0" in the form of a Laplace integral. If we consid-
er ground states and if the function @, (p) decreases

at infinity, then such a representation is possible. It

TABLE VII. Dependence of the results of
calculating the compressibility parameter
in the method of K harmonics on the excita-
tion energy, the quantum numbers of the
state, and the choice of the potential for
the example of the nucleus 0.

J7=0%, JT=17, JT=1",

poten-— poten-— poten-
Parameter tial 1 tial 1 tial 2
Ep,, MeV 142.4 110.3 121.5
7y, F 2.13 2,31 2,26
AE,, MeV 29 23.1 21.9
AEy, MeV 23 20.4 19.1
AEg, MeV | 20 1737 17412
K,, MeV 88.22 65.83 56,64
K;, MeV 55.5 51,34 43,08
K,, MeV 41,96 38.65 34.9
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is clear from this that the generator procedure is
equivalent to the method of K harmonics (at least, for
bound states) and the essence of the procedure consists
of replacing the unknown radial functions of the method
of K harmonics by their Laplacian originals f,(a).

For these new unknown functions, one can write down
an equation of motion that follows from the Schrédinger
equation for the function (113). This will be an ordinary
system of coupled integral equations of Hill-Wheeler
type of the method of generator coordinates™’:

3 | dafice (@) v, xo @'y @) =B, xeorlis (0 @) E1 =0, (130)

Kv

where

Hgoyr gy (@, @) = (AN =K'K'V' | H| AN = KKV)q+q (131)
is the matrix-element of the Hamiltonian H between
shell wave functions with different oscillator radii #3
=v2/a’ (on the left-hand side of the matrix element)
and 7,=V2/a (on the right-hand side of the element).
The overlap integral

Iy (@, @) = (AN’ = KKv| AN = KKv)gea (132)
is different from zero and unity since the shell functions
with different 7y are not orthogonal to one another. On-
ly when o’ = a does Iy, (@, @)=1. Thus, the expressions
(128) and (129) can be regarded as an expansion of the
radial wave function of the method of K harmonics with
respect to a system of nonorthogonal wave functions of -
Gaussian type or as expansion of a complete harmonic
with fixed values of K and v with respect to shell func-
tions with the same Kv and different radii 7.

Instead of the system of differential equations for
@, (p), we obtain the system of integral equations
(130). It is striking that these equations do not contain
multidimensional spherical coordinates at all but only
the matrix elements (131) and (132) between shell wave
functions. It is true that the price for this convenience
is the use of the nonorthogonal system of functions. It
was shown in Ref. 55 that this does not introduce seri-
ous difficulties; working formulas were derived for cal-
culation of the integrals Iy, (@, ') and Hg. ., g,(@,a’)
for p-shell nuclei in the K, approximation. Note also
that the wave functions (128) and (130) coincide literally
with the corresponding expressions of Ref. 56, in which
monopole vibrations in !°0 were considered. In these
investigations, the nuclear wave function was approxi-
mated by a single function (128), corresponding to the
lowest shell configuration s*p'?, i.e., this calculation
corresponded to the K, approximation of the method
of K harmonics.

Interesting approximate methods of solving equations
of the type (130) for the case when the overlap integral
can be represented to a good approximation in the form
of the Gaussian function I (e, a’)~ exp [E (@ - a)?] have
been developed in the literature. ®*®*"1 In Ref. 56 a
somewhat different choice was made of the monopole
generator coordinate and it was shown that in this case
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the Gaussian approximation of the overlap integral is
valid to a high accuracy. Thus there are good grounds
for investigating the methods of solution proposed in
Refs. 56 and 57. Moreover, the examination of this
question is of great interest since, as is shown in Ref.
57, Gaussian approximation of the overlap integral
leads naturally to the random-phase approximation.
Therefore, the possibility is opened up of following the
connection between the large number of varied methods
in modern nuclear theory.

However, we shall not consider here this interesting
possibility, but we shall instead use the standard pro-
cedure of solving integral equations in which the inte-
gral with respect to the variable « is replaced by a fi-
nite sum over discrete values of @; (or 7y;):

Wiy (ry ..

Tas O4T5) = 1_;1 Crev (i) Dy (@) (133)

Then the values of the coefficients Cg, (i) at these points
can be found from the system of algebriac equations

2 Call) i, xo (@, @) = Iieo (@, @) E1 =0, (134)
where j=1, 2,..., n. For simplicity, we have re-
stricted ourselves in (134) to inclusion of only one val-
ue of Kv in (128).

For generalization to the case of several sets of Kv,
we must obviously introduce for each set of quantum
numbers a corresponding n, this being the number of
the terms taken into account in the quadrature formula
(133) for these values of Kv, and write down a system
of equations for the coefficients Cg,(#), which will also
contain Kv-nondiagonal matrix elements of the
Hamiltonian H. The ground-state energy Eg" is deter-
mined by the lowest root of the secular equation

det | Hky, kv (%5, o) — El gy (o, @)] = 0.

Lty D oo (135)

It is known from the theory of Fredholm integral equa-
tions that with increasing » the lowest root of this equa-
tion converges uniformly to the exact eigenvalue of Eq.
(130) and the approximate wave function (133) converges
to the true eigenfunction of the ground state. The only
problem is the rate of convergence. This depends
strongly on the values of the parameters @;.

To determine the optimal values of the parameters
@;, one can use a variational principle and determine
the parameters o...a, by minimizing the eigenvalue
of the determinant (135).

Thus, the computational procedure is as follows:

1. The shell wave functions | ANK, ), with oscillator
parameter o are constructed.

2. The matrix elements Hy.,r g(@’, @) and Iy, (a’, @)
are calculated from these functions with different oscil-
lator parameters @ and @',

3. The numbers # in Eq. (133) are specified for each
of K, sets taken into account, and the matrix of the sec-
ular equation (135) is calculated.

Yu. F. Smirnov and K. V. Shitikova 366



TABLE VIII. Results of calculation of the binding energy
of °H, the wave functions, and the rms radii of the ground
state of this nucleus.

Number of Number of
functions | rg; | Oy | Ey, | G | fumetions | r | Cpy | By, | T
K=0| K=2 K=0 | K=2
1| — 1.36 | 1 —3.96G] 1.85 1 1 1.36
1.17 | 0.59 T I it
2| — —7.33] 2.35 1,16 | 0.61
2,11 ]0.49 2 1 2.08 | 0,46 |—8.12| 2.60
1,121 0.51 1.75 | 0.15
3| - 1.78 | 0.47 |—7.38] 2.53 1.16 | 0.62
2.86 | 0.18 5 2 2 2,08 | 0.46 |—8.19| 2,70
4 | — — - |=7.39 — 1.48 | 0.10
2.62 | 0.10

4. The lowest solution of this secular equation is
found and it is minimized with respect to the parame-
ter a;.

5. Once the optimal parameters @; have been found
and the roots of the secular equation determined, one
can find the coefficients Cy, (i), and with them the ap-
proximation wave functions (133).

The convergence with respect to # of the expansion
(133) has been studied in detail in quantum chemistry
problems for the expansion of Slater or Hartree-Fock
atomic orbitals with respect to gaussoids. %59 Expe-
rience with the calculations shows that it is sufficient to
take into account between three and six gaussoids in or-
der to achieve good accuracy for different quantities.

It is reasonable to think that in nuclear problems the
convergence will be no worse than in atomic calcula-
tions. With regard to the convergence with respect to
the quantum numbers K and v, the situation is the same
here as in the ordinary method of X harmonics.

6. The calculations are repeated with increasing
number of included terms, etc., until a stable value of
the energy of the ground state (or excitated state in
which we are interested) has been reached and there
is no effective change of the wave function, which can
then be used to calculate different properties of nuclei.

Quantitative Vevification of the Genevator Version
of the Method of K Harmonics. For practical verifica-
tion of the efficacv of the above approach, the calcula-
tion of Simonov and Badalyan'®! for the *H nucleus with
nucleon—nucleon forces in the form of a rectangular
well was repeated. The calculations were made with
allowance in the wave function for only terms with K
=0 and 2, which, according to Ref. 2, make the main
contribution to the solution. The parameters of the po-
tential were taken to be the same as in Refs. 62: V|
==13.639 MeV, R,=2.583 F, V;=-35. 3038 MeV, R,
=2.043 F. Interaction in odd states was ignored. The
wave functions of the translationally invariant shell
model were used; namely, the value K=0 was taken to
correspond to a function of the translationally invariant
shell model of the form | A=3, N=0 (Ref. 3), L=y, §
=1/2, T=1/2), and for K=2 the function | A = 3, N=2
(Ref. 21), L=0, S=1/2, T=1/2) was taken; the coef-
ficients of fractional parentage for them are given in
Refs. 10, 33, and 60.

The nonorthogonality of the wave functions introduces
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only minimal changes into the technique of calculations
in the translationally invariant shell model. For exam-
ple, the matrix elements of central forces V=3, V,,
are calculated in accordance with the formula

(A=3 N'[f'| LST| 2 V;;|A=3 N[f] LST)u-a
=3 X  (A=3 N'[f'|LST|A=2 v'AS,T,, n'ly

wW Annr'I8pTo
% (A=3 N[fILST|A=2 vAS,Ty, nl) I%. (o' o)
X VT (o', &) By,

(136)

where

Lun (@ @)= [ Rt (/1) Ry (rirg) P ar (137)
is the overlap integral of the wave functions of a three-
dimensional oscillator with different radii #§ and #;

V;}:?O\Tn ! 5 Ry (rig) ViaRyy (ryp) r2dr (1 38)

is the two-particle matrix element of the interaction;
Bsofﬂ are the ordinary spin-isospin factors. The over-
lap integral I(a’, @) is calculated in accordance with
(136) (it must be borne in mind that it is diagonal with
respect to X), in which it is necessary to replace the
factor V25070 (a’a) by I3, (¢, ).

In order to gauge the convergence of the expansion
with respect to gaussoids, calculations were made for 1
several values of 7, (the number of included functions
with K=0) and n, (the number of gaussoids in the ex-
pansion of the component with K=2), The results of
calculation of the binding energy of *H, the functions,
and the mean square radii of the ground state of this
nucleus are given in Table VIII. In the third column
of this table, instead of the parameters c\tf of the gauss-
oids found by minimization, we have given the oscil-
lator radii 7; =V2/@¥ ., which are equivalent to them.

If we recall that exact calculation by the method of
K harmonics with allowance for only the harmonic with
K=0 gives the binding energy E,,=-7.375 to - 7. 5
MeV and E,,=—8.094 to — 8. 125 MeV with allowance
for the harmonic with K=2, the convergence of the ex-
pansion with respect to the gaussoids is fairly good. A
value of the binding energy equal to that of the exact
calculation to the second figure after the decimal point
is obtained already when one takes into account two or
three gaussoids for each value of X. One can clearly
follow the rapid saturation of the binding energy when
#y and 7, are increased. Good accuracy is also
achieved for the mean square radius of the nucleus (the
last result should be compared with the result 2. 11 F
=(73) in Ref. 2, and not with the charge radius of the
nucleus *H, which also includes the radius of the charge
distribution in the proton).

It can be seen from Figs. 10a and 10b that the tran-
sition from 7y =1 to #y =2 considerably changes the wave
function xg, (p) = p ¢, (p) with K=0. A further increase
in 7y hardly changes the shape of the wave function but
improves its asymptotic behavior. Our function xy (p)
agrees well with the result of the exact calculation in
Ref. 1.
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FIG. 10. Wave functions of the nucleus *H in the method of
generator coordinates: a) the function ¥g.(p). The curves are
obtained with allowance for one, two, and three terms, re-
spectively, in the expansion (39). The state with K=2 is not
taken into account; b) the functions Xx.o(p) and xg(p). Curves
1a) and 1b) obtained with allowance for two terms with K=0
and two terms with K= 2.

Less accurate is the function Xg_,(p), whose maximum
is displaced somewhat to the right of the function in Ref.
1. Transition from n,=1 to #,=2 improves the function
Xz-2(p), but still does not lead to complete agreement
with the exact result. However, this is natural since
Xx-2(p) is a small correction to the *H wave function and,
therefore, the relative error with which it is calculated
must be lower than for the function ¥, in the same ap-
proximation, However, these defects of the function X,
have little influence, as we shall see, on the values of

E,, and {#*), which are virtually equal to the exact
values,

Thus, the results show that the convergence of the
expansion with respect to the gaussoids (136) of the ra-
dial functions of the method of K harmonics is good.
These functions can be approximated with sufficiently
high accuracy by three to four gaussoids for each value
If it is recalled that to obtain the same
binding energy from expansion of the *H functions with
respect to a set of orthogonal oscillator functions it was
necessary to take into account six to eight compo-
nents™instead of our four, we see that our method
takes, as regards the number of terms in the expansion
that play a main role in the nuclear wave function, an
intermediate position between the method of X harmon-
ics and an expansion with respect to an orthogonal os-
cillator basis. The convenience of the approach de-
rives from from the fact that, using it, one can com-
pletely eliminate from the calculation multidimensional
spherical coordinates and, at the same time, there is
no need to construct a large number of wave functions
of an orthogonal set, the number and complexity of
which rapidly increase with increasing number N of
quanta. The expansion (139) contains functions of ab-
solutely identical structure, differing only in the oscil-
lator radius. The nonorthogonality of these functions
does not cause any difficulties. Such an approach is
particularly convenient for making calculations in the
approximation that takes into account only harmonics
with K= K,,,. Recently, the method of expanding the
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wave function with respect to gaussoids was successful-
ly applied to three- and four-body problems. ! The
good correspondence of the results obtained by the
method of K harmonics and the method of generator co-
ordinates was confirmed for the example of the nuclei
180 and *’Ca in Ref. 64.

Thus, we have considered above a number of ques-
tions relating to the method of K harmonics as com-
pared with the shell model and other methods of nuclear
theory. This comparison makes it possible to establish
the place of this method among the other microscopic
approaches in nuclear theory. It is clear that the meth-
od of K harmonics is in principle more flexible and
more accurate than the simple shell model since the
construction of the shell function is rigid and essential-
ly contains only one variable parameter—the oscillator
energy lw. Inthe method of K harmonics, one of the
degrees of freedom—the hyper-radius p— is “unfro-
zen” and the wave function for this degree of freedom
is found from the Schrédinger equation, i.e., it corre-
sponds to an absolute minimum of the energy with re-
spect to this degree of freedom, which makes is possi-
ble to obtain better results than in the shell model.
True, as estimates show, this gain in the energy for the
ground state is quantitatively small and the results are
similar to those of the shell model. However, for ex-
cited states the situation in different and in the region
of giant monopole resonances the quality of the method
of K harmonics must be appreciably better than the

shell model. When speaking of the advantages of the
method of K harmonics, we must also mention the ap-

plication of the method in the region of the continuum,
where it has proved very valuable in, for example,
study of many-particle resonances, "*in the formula-
tion of asymptotic boundary conditions for nuclear re-
actions with production of three or more particles, 1661
and also in the development of an interpolation approach
to the theory of nuclear reactions with the participation
of clusters. ™™ As a whole, the tendency to “unfreeze”
individual nuclear degrees of freedom exhibited by the
transition from the shell model to the method of K har-
monics is opportune and progressive. It has been fur-
ther developed in the method of generalized hyperspher-
ical functions. '®® In this last, three collective degrees
of freedom (p, B, and y vibrations) are freed. A full
exposition and analysis of this method can be found in
the reviews Ref. 69.

We thank V. V. Vanagas, I N. Mikhailov, V. G.
Neudachin, Ya. A. Smorodinskii, G. F. Filippov, and
) B Efros for numerous discussions that were of
great assistance in our writing of the present review,
and also V. M. Zhukov and V. A, Knyr, who collabo-
rated in some of the work that led to results contained
in this review.

Note Added in Proof. As an addition to Sec. 6, we
may mention one further interesting posmblhty of ob-

_taining exact expressions for the potentials wEr(o);

this is described in Refs. 70 and 71. By means of an
inverse Laplace transformation, the calculation of
these integrals is reduced to finding integrals of the
Talmi type
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