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The two-center shell model and its application to nuclear fission and heavy-ion collisions is briefly
reviewed. Then, in the theory of fragmentation, the asymmetric two-center shell model is generalized by

the introduction of two new dynamical collective coordinates of mass and charge asymmetry. The results
are given of calculations of the mass and charge distributions of fission fragments, and a study is made of
the mechanisms of formation of a compound nucleus, fusion-fission reactions, and quasifission in heavy-ion

collisions.
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INTRODUCTION

In this paper, the results so far obtained by means
of the two-center shell model and its application to nu-
clear fission and heavy-ion collisions are reviewed.
This model was developed because the ordinary one-
center shell models encountered certain difficulties in
the attempt to explain fission. By one-center models,
we mean shell models with infinite oscillator potential
(Nilsson model)**? and finite-depth potentials (Woods~-
Saxon potential). *>~*! For description of fission at
large deformations, an oscillator potential of Nilsson
type becomes inapplicable as one approaches the region
of separation of configurations. Indeed, this model
leads to equipotential surfaces of a long, elongated,
and cigar-like shape such as is shown in Fig, 1. Al-
though potentials with finite depth are more realistic,
they encounter difficulties in application due to the
presence of states in the continuum and uncertainty in
the choice of parameters'® (see Sec. 2). It is intui-
tively clear that for nuclei whose shape undergoes
large deformations and goes through the stage of for-
mation of a neck it is more realistic to use models of
potentials with two (or more) centers. A two-center
oscillator model of this kind is shown in Fig. 2. Obvi-
ously, the two-center shell model gives the interesting
possibility of a smooth transition from the ground states
of nuclei in the Nilsson model to strongly deformed fis-
sion states and then the separate fragments.

The simplest version of a two-center oscillator can
be found in Merzbacher’s papers, ' but the applications
of this model to problems of nuclear physics were first
made by Cherdantsev and Marshalkin®® and Demeur and
Reidemeister. ! However, a tractable two-center
shell model was in practice first solved in the work of
the Frankfurt school*®™!¥ and was then used by many
other groups. %% This model is described briefly in
Sec. 1.

The first successful applications of the two-center
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shell model to fission were made by Mosel and
Schmitt!™!" and then by Mustafa, Mosel, and

Schmitt, 18 who calculated the potential energy surfaces
for various figsioning nuclei. The calculations were
made on the basis of Strutinskii's method of shell cor-
rections, ¥ which is set forth in Sec. 2, These inves-
tigations clearly demonstrated the advantage of the two-
center shell model, which, in contrast to the one-center
model, enables one to calculate the potential energy
surfaces of the ground state of the compound nucleus
right up to the point of separation of the fission frag-
ments. Later, the two-center shell model was also
used to calculate ion-ion potentials (potentials of elastic
scattering), to study the formation of nuclear molecules
in collisions of identical nuclei, **®=3 and in calculations
of the potential energy surfaces of a pair of superheavy
elements'®!*%1in order to study the possible mechanism
of their fission. The results of these investigations are
summarized in Sec. 3.

However, a merely static approach to the problem
of fission based on calculations of the potential energy
surfaces cannot lead to quantitative comparison between
theory and experiment for, as an example, the distribu-
tions of the yields of reaction products with respect to
masses and charges. For this, one must introduce,
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FIG. 1. Nilsson model for three values of the deformation
(zero, medium, asymptotic): a) surface of the nucleus; b) po-
tential in the z direction; ¢) potential in the p direction. V,

is the potential that defines the surface of the nucleus.

© 1978 American Institute of Physics 289



O &3 00

7 ¥ 4
¥ v,
b {
o L0z, 2 -2, z
v v v
¥ A
Cc
0 P 0 P 0 P

FIG. 2. Two-center oscillator model for three stages of
separation of the centers (zero, medium, and asymptotic):

a) surfaces of the nuclei; b) potential in the z direction; ¢) po-
tential in the p direction.

besides the potential, the so-called mass parameters
(kinetic energy) associated with the collective motion

of the system. This was done in the fragmentation the-
ory developed by generalizing the two-center shell
model by the inclusion of two additional dynamical col-
lective coordinates associated with the mass and charge
fragmentation of the reaction channels. '*=¢" The mass
parameters are discussed in Sec. 4, and the fragmen-
tation theory is given in Sec. 5.

The applications of fragmentation theory to nuclear
fission' ¥4 and heavy-ion collisions!3: 3% 41=461 g piven
Secs. 6 and 7. So far, calculations have here been
made principally for the mass and charge distributions
of the yields of reaction products, these explaining the
basic features of the two processes.

At the present time, attempts are made to develop
fragmentation theory into a completely dynamical the-
ory. The reader can make acquaintance with the first
model of such calculations in Ref. 47. The present re-
view ends with various comments on this approach and
its prospects.

1. TWO-CENTER SHELL MODEL

The two-center shell model was first solved for a
symmetric two-center harmonic oscillator!® (see Fig.
2). Although the solutions obtained may perfectly well
be used as a basis for diagonalizing the additional terms
in the potential (the term 1+ s of spin-orbit coupling and
the I* term), " this original model'®®! encountered two
practical problems. First, analytic solutions of the
problem were obtained only for a symmetric potential
and a semisymmetric potential (in which the half-axes
perpendicular to the line joining the centers of the po-
tentials are equal). Second, the two oscillators did not
have a smooth transition; instead, a peak was formed
at the position in the potential where its two fragments
touched. These problems have now been pvercome in
the more practical asymmetric two-center shell mod-
el, [12:13,18 Other, earlier methods of solution proposed
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by Wong!** and also Adeev et al. ®! destroy the prop-
erty of incompressibility of nuclear matter; in Ref. 20,
Anderson ef al. employ a less widely used potential
predicted by Nix's liquid drop model. 131 As a variant
of this last method, Albrecht!®luses the potential from
Lawrence’s liquid drop model. "® Since the ideas of
the transition from the one-center to the two-center
shell model can be studied better in the symmetric two-
center shell model, we shall consider this early vari-
ant*®='" priefly, and then the improved asymmetric
two-center shell model of Maruhn and Greiner. 3!

This asymmetric model is identical with the one devel-
oped by Mustafa et al. "%

Recently, in Ref. 49, Ong and Scheid proposed a
method of solution for a two-center oscillator potential
with finite depth that may be helpful in the future when
a more realistic (Woods—Saxon) two-center potential is
used.

Symmetric Two-Center Shell Model. The
Hamiltonian for motion of a particle in a two-center
oscillator potential in cylindrical coordinates has the
formfﬂ—lﬂ

H = — (F*/2mg) V2 -+ [myw (2)/2] [0+ (| 2| — 22l +V (L s). (1)

The first part of the potential V(p,z) consists of two
harmonic oscillator potentials with centers at the points
z=+2z, (see Fig. 2), while the second term V(1, s) de-
pends on the angular momentum and has the form

(2l s +pl—N(V43)2)), 2<0;
Vo= —ian e {5 TR T on s, vm0) (@
Here, 1, and L, are the angular momenta of the particle
with respect to the centers z=-z, and z=2;, respec-
tively. The distance Az =2z; between the two centers
can be equated to the relative distance between the two
nuclei and is, therefore, a very important coordinate
in fission and collision problems. It follows from Egs.
(1) and (2) that for z,=0 a transition takes place to the
spherical Nilsson model, and that at large distances
zg between the fragments (greater than the fragment ra-
dii) two identical and well separated potentials of the
same type are formed.

Such a transition from a composite spherical system
(29=0) to two separate spherical nuclei is shown in
Fig. 2, and the single-particle level spectrum corre-
sponding to this transition is given in Fig. 3. It can be
seen that the calculations reproduce the shell models
of the original nucleus A and the two identical frag-
ments A/2, and that the level scheme for small dis-
tances between the fragments (zy $2 F) remains of the
Nilsson type. Note that the details of the spectrum de-
pend on the method used to satisfy the condition of vol-
ume conservation, although it has been shown that the
potential energy surfaces calculated by Strutinskii’s
procedure (see Sec. 2) hardly change when these con-
ditions are chosen in a special way. 1% More details
of this model can be found in Refs. 8-11,

Asymmetric two-center shell model. This gener-
alizes the symmetric model to the case when the frag-
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FIG. 3. Level scheme of symmetric two-center shell model
with spin—orbit and I? terms for 26U (neutrons) (Ref. 11).

ments have different deformations, and it takes into
account the rounding of the barrier between the two
potentials. The potential and the shape of the nucleus
associated with it are given in Fig. 4 and are charac-
terized by the following “natural” parameters!'®!;

1) the distance Az =2z, — 2z, between the fragments.
As noted above, this degree of freedom is the one most
directly related to fission and collision processes;

2) the deformation parameters of the two fragments,
which for the case of symmetry under rotation about
the z axis are defined as g, =a,/b, and 5, =a,/b, or, in
terms of the oscillator frequencies, 8, = “’01/"’:1 and 3,
= Wpp/ Wy

3) the necking-in parameter €, defined as
&= E/E, (3)
where E; is the actual height of the barrier; E’ is the

height of the barrier of the two-center oscillator po-
tential;

E' = my?z2 /2 = myoz? 2 = myo?,22 /2. (4)

This relation means that the barrier has the same po-
sition on the z axis as in the two-center oscillator;

4) the asymmetry parameter
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Q =0y, /0y, =Byo.,/fro;, ®)

which is not directly related to the mass ratio of the
fragments except for the case of zero distance between
the fragments and the case when the separated frag-
ments have purely ellipsoidal shape with ratio of
masses (volumes)

U1/g = @ybf Jasb} = (By/Bs) 0°. (6)

In this limit, @ is directly related to the fundamental

coordinate of fragmentation theory that characterizes

the distribution of the mass of the nucleus between the
fragments (see Sec. 5).

The potential of the asymmetric two-center shell
model has the form

mowl, (22 - Pip2)/2, <z

V(p, z)= fomcmﬁiz‘z (1+c;2" +d;z'2)/2 - mamgiﬁ?pz (1 + giz'®)/2, (7)
i=1and2; z;<<z<<0; 0<<z<<2z,;

mows, (22 4+P3p%/2, 2z, ¢

where

) z—z, 2<<0;
z={z—z=, z2>0.

The coefficients g, and g, are introduced to avoid the
appearance of peaks in the potential, and are deter-
mined by the requirement that the potential and its de-
rivatives be continuous with respect to z at z=0, This
requirement gives Eq. (4) and

81={(1—0%)/(z,Az) and g, = (1— Q*)/(2,A20?). (8)

The factor fy(1+ cz’ +dz'?) takes into account the depen-
dence of the barrier height on the necking-in parameter
€. The dependence of the oscillator frequencies w on
the relative distance Az between the fragments is de-
termined numerically from the condition of volume con-
servation. This condition means that the surface of the
nucleus is an equipotential surface of the potential,

this surface bounding the same volume during each
stage of the separation of the fragments. 101

For practical calculations, it is necessary to add

FIG, 4. Shape of asymmetric
two-center potential along z axis.
and parameters of the model,
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I8 and I? terms, so that the total Hamiltonian of the
model becomes

H=(—122mg)V*+V (p, 2)+V (1, 8). (9)

The eigenvalues of this Hamiltonian are found by di-
agonalization in the basis of states that are completely
analytic solutions of the Schrédinger equation with the
potential (7) for the special case ¢;=d; =0 and Bywg,
=Byw,, (the last is equivalent to =1 and g, =0).

The frequency w, was chosen empirically as the
smallest of the values of w,, and w, . The level
scheme of the one-particle states obtained as a result
of the calculations is shown in Fig, 5 as a function of
the distance between the centers for the nucleus 28y,
For the asymmetry parameter @, the following depen-
dence on Az was chosen: @=1+0.02Az for Az<10 F
and @=1.2 for Az=10 F. The asymptotic value @ =1.2
corresponds to fragments with masses 151 and 87. It
can be seen from Fig. 5 that the level scheme repro-
duces the limiting cases of an initial spherical oscilla-
tor for Az =0 and separation of it into two separate
spherical oscillators corresponding to a heavy and a
light fragment (in the level scheme, H and L are the
indices of the single-particle states for the heavy and
a light fragments, respectively). The form of the dis-
tributions of protons and neutrons moving in the con-
nected single-particle oscillators of the asymmetric
two-center shell model™®! during one of the stages of
separation is shown in Fig, 6. Further details of this
model can be found in Refs. 13 and 18,

2. STRUTINSKII'S METHOD OF SHELL
CORRECTIONS

Myers and Swiatecki®® were the first to understand
that the small but systematic deviations of the empiri-
cal masses of nuclei from their very exact values cal-
culated in the liquid drop model are intimately related
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Distance between centers, F

b

to the shell structure of nuclei, and they introduced
phenomenologically the concept of a “shell correction, ”
Subsequently, Strutinskii proposed a semimicroscopic
method of calculating these corrections by a renormal-
ization of the sum 37, ¢,(B) of single-particle energies
calculated in the framework of the chosen shell model
(which, we may mention in passing, is incapable at
large deformations of giving the correct deformation
energy®") to the corresponding energy Ep, of the lig-
uid drop model, Thus, without introducing any new pa-
rameters, he succeeded in generalizing Myers and
Swiatecki’s shell corrections to the case on any defor-
mations., Very good reviews of Strutinskii’s method
can be found in Refs. 2 and 52. In Ref. 52, Brack dis-
cusses a verification of the method of shell corrections
by comparison with the results of calculations by the
Hartree—Fock method, and he also discusses its con-
nection with the recently developed statistical and semi-
classical approaches. Here, we describe in its basic
features the ordinary Strutinskii procedure®® and only
touch on the new definition of the shell corrections pro-
posed in Ref. 53.
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FIG., 6. Parameters of asymmetrie two-center shell model
for protons and neutrons (from Ref. 39).
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According to Ref. 27, the shell correction 5U depends
on the number of nucleons A and the deformation 8 of
the nucleus and is defined as

A

6U=v§1 e (B—T (4, B). (10)

The smooth p'art U of the enefgy sum can be e:.;pressed
in terms of the average level density Z(E):

. '
74,8)= | B3 (E)aE, (11)

-

where the Fermi energy A is determined by the condi-
tion of normalization to the number of nucleons:

A
A= S 2 (E)dE. (12)

—oo

In its turn, the average level density g(E) is found by
energy averaging of the single-particle spectrum ¢;
with a Gaussian function

= oy S (5] Re (55,

(13)

The smoothing parameter y is of the distance between
the principal shells /iw, and Py(x) is a polynomial of
degree M which corrects the large-scale oscillations
in the level density, the so-called correcting polyno-
mial,

This renormalization procedure recalls the allowance
for the corrections to the shell-model energy from Eq.
(10) due to the pairing energy. The difference between
the BCS energy and the shell-model energy is the
pairing energy P:

A
P=N et —AYG— N, (14)
v v-1

so that the correction for the pairing energy is

§p=P_D. (15)
Here, P is the smooth part of the pairing energy de-
termined from the uniform distribution of the single-
particle states, 27521

With allowance for 56U and 6P for the protons and
neutrons, the total energy of the system is

Eor = Erpm +p2 (8U +8P). (18)

The total correction due to the shell structure and the
pairing energy is sometimes called the shell effect in
the literature.

Strutinski‘i:'s method was widely used to calculate the
deformation energy of nuclei (potential energy sur-
faces) with both harmonic oscillators and finite-depth
potentials used as average field. As we have already
said in the introduction, the calculations with finite-
depth potentials encountered difficulties due to the fact
that the number of bound states above the Fermi sur-
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face is inadequate for carrying out directly the aver-
aging procedure. Inpractice, it is necessary to intro-
duce an arbitrary cutoff in the space of single-particle
states.

Strutinskii and Ivanyuk'*] showed that these compli-
cations arise because Strutinskii's method was explic-
itly formulated for an infinite range of definition of os-
cillating functions such as the level density. It was
proposed in the general case to find the smooth com-
ponent by averaging over a large but finite interval by
least-squares fitting, This new procedure eliminates
the difficulties for finite-depth potentials and contains,
in particular, the case of an infinite averaging interval,
According to Ref. 53, the total energy of the system is
not (16) but

Etoy = Eygp+8U, (17)

where Egp, is the energy in the liquid drop model with
parameters found by least-squares fitting to the ex-
perimental nuclear masses. This leads to a formal
definition of 8 which is such that its average value ov
over the region of the nuclei from which E;g, was de-
termined satisfies

(6U)rsp = 0. (18)

Essentially, the procedure of least-squares fitting
means that the polynomial Py in Eq. (13) is replaced
by the new function

M
KM(y,x)ﬂkgnPh(y)Pn(z}. (19)

The first results of calculations of the shell corrections
in accordance with the new definition are very heart-
ening and for 6U differ somewhat from the values cal-
culated by the old method.

3. CALCULATIONS OF THE POTENTIAL ENERGY
SURFACES

The first calculations of the potential energy sur-
faces for some fissioning nuclei on the basis of the two-
center shell model and the method of shell corrections
were made by Anderson et al.® However, more
complete calculations were made by Mosel and
Schmitt, "8 who calculated the surfaces in the form of
two-dimensional contours as functions of the distance
Az between the fragments and the necking-in parame-
ter ¢ (see Figs. 1-11 in Ref. 16). Only mirror-sym-
metric shape of the fissioning nuclei was allowed in the
investigations, although the two-center potential was
smoothed at the neck. The generalization to the case
of asymmetric-fission was made by Mustafa, Mosel,
and Schmitt, '*# who calculated the potential energy
surfaces as a function of the mass asymmetry parame-
ter @ =A,/A, (the ratio of the volumes of the two frag-
ments) for some values of the parameter ¢ (see Figs.
7-11, 24, and 15 in Ref. 18), and also as two-dimen-
sional contours on the plane of the parameters-€ and @
(see Figs. 2 and 12 in Ref. 18) under the condition of
minimization of the energy of deformation of the frag-
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ments with respect to the two remaining parameters.
On the basis of these calculations of the surfaces, they
predicted, in good agreement with experiment, the
heights of the fission barriers (in the region of A =200),
fission of isomers (in heavy actinides), preferred

yield of symmetric (in the case of 22Pb, 2°po, **°Fm,,
-and ¥ Fm) or asymmetric (in the case of %y, #%Cm,
22pm, and 28Fm) fission products, and transition
from asymmetric fission in the region of the second
saddle point to symmetric fission in the region of scis-
sion (for 2®2Pb and 21°Po), An important result of Ref.
18 used in following calculations (see Sec. 6) is the
assertion that the experimentally observed mass asym-
metry in fission, i.e., the asymmetry in the distribu-
tion of the mass of the fissioning nucleus between the
fragments, is correlated with the calculations of the
potential energy surfaces for values of the intercenter
distance parameter Az in the region of the scission
point.

Calculations of the potential energy surfaces in the
two-center shell model were also made for superheavy
elements (*Z =)?%%112 and 2%°114 for symmetric and
asymmetric fission on the basis of the argument that
these elements, if they were to be obtained, must be
fissile. 1321 For the element %112, the potential en-
ergy surfaces donot have a second minimum, while for
element 2°°114 it is very shallow. Beyond the saddle
point, the potential energy surfaces decrease slowly
with the distance between the centers, For small dis-
tances Az for the element 2?8114, asymmetric fission
obtains, but with increasing distance between the frag-
ments the symmetric form becomes preferred. In both
examples, at large deformations of the fissioning nu-
cleus (in the region of scission) the potential energy
surfaces are close to those predicted by the liquid drop
model. This indicates softness of the expected sym-
metric fission fragments.

In Ref. 29, Mosel, Thomas, and Riesenfeldt extended
the calculations of the potential energy surfaces in the
two-center shell model to heavy-ion collisions. Under
the assumption of adiabaticity with respect to the sin-
gle-particle motion, which was determined by the shell
model, they calculated the elastic scattering potentials
of identical nuclei:'2C +**C, ®0+ %0, and %0+ '%0.
Since the two-center shell model contains naturally a
structure of molecular type for fissioning nuclei, it was
expected that application of it to this problem would be
helpful. It is interesting to note that, in agreement
with optical-model potentials deduced from scattering
experiments, **! the calculations for the system 0
+1%0 gave a relatively shallow potential. Morovi¢ and
Greiner'®! constructed these potentials for a large num-
ber of systems from 2C+ 2C to #**U+2%%U, The calcu-
lations were made both in the impulse approximation
and in the adiabatic approximation with respect to the
collective degrees of freedom (deformation parame-
ters), and for the case of the impulse approximation the
compression energy term was included in the liquid
drop model. Systematic investigation of the potentials
in the impulse approximation showed that the potential
minimal responsible for the formation of the nuclear
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molecules is fairly deep even when very heavy ions are
scattered, The minimum begins to disappear in the re-
gion of the nuclei Nd or Dy. In the adiabatic approxima-
tion, it is necessary to know the complete potential en-
ergy surfaces, and calculations of them for some sys-
tems confirm the general results obtained for poten-
tials in the impulse approximation. As yet, it is not
clear which of these approximations corresponds to

the real reaction mechanism. It may be that the truth
lies between them, probably closer to the adiabatic
case.

In conclusion, it should be pointed out that the poten-
tial energy surfaces calculated by means of (16) are
valid only approximately. Since this energy contains
the kinetic energy of the collective degrees of freedom,
one must subtract from it the kinetic energies of the
centers of mass of the collective degrees of freedom.
One must take into account similarly the accuracy for
the potential energy of the centers of mass of frag-
ments due to the description of the collective modes by
means of the coordinate Az,. The contribution of this
energy to the optential energy surfaces of the two-cen-
ter shell model was recently estimated by Reinhard, %!
For motion of the center of mass of the system as a
whole (in the x, y, and z directions) the contribution of
the kinetic energy of the centers of the fragments is
negligibly small, whereas it grows appreciably for the
rotational (around the x and y axes) and vibrational
(with respect to Az;) degrees of freedom (about 4.5
MeV in the heaviest nuclei and 9 MeV in the lightest)
and depends strongly on the change in the pairing struc-
ture. The contribution of the potential energy of the
centers of the fragments is very small (~0, 2 MeV) for
heavy nuclei but increase considerably (~2 MeV) for the
lightest nuclei. Thus, according to these estimates,
the calculations of the potential energy surfaces for fis-
sion and for collision of heavy ions can be regarded as
fairly accurate.

4. MASS PARAMETERS

Here, we shall briefly discuss the calculation of the
mass parameters. At the present time, the most prac-
tical and general method for calculating the mass pa-
rameters B;; is Inglis’s model of forced rotation or
cranking model®" in the BCS formalism, “*® The ex-
pression for the mass parameters in the original
cranking model®" has the form

B"'i"i = 2h% gﬂ (G| 0/0x; | @n) (G| 8/x; l @)/ (Ern— Eo), (20)

where | @) and | ¢,) are the wave functions of the
ground state and excited states of the system with en-
ergies E, and E,, respectively. The expression (20)
holds if the kinetic energy is a bilinear form in the ve-
locities:

7= (21)

[

2 Bz{..\",xix_j

i

and is small compared with the energy of the internal
motion of the nucleons (adiabatic approximation), In
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Ref. 59 it is shown that if one gives up the adiabatic
approximation then higher powers of the velocity occur,
these being equivalent to the introduction of velocity-
dependent masses. Application of this last method to
practical problems opens up new possibilities for in-
vestigations in fission and heavy-ion collisions.

With allowance for the pairing interaction, Eq. (20)
takes the form™®!

(| 8H [0z | v) (v | 8H 3z | p)

EutE?

Be, =21 3)

[T

(22)

(Vg U, )2+ Py,

where €, and €, are quasiparticle energies; P, is a
small correction term that takes into account the de-
pendence of the Fermi surface and the energy gap on
the deformation. 12

Lichtner et al.'®lused Eq. (22) to study the coordi-
nate dependence of the mass parameters in the sym-
metric two-center shell model for processes of fission
and heavy-ion collisions. They showed that at large
distances between the fragments the mass parameter
By of the motion of the centers of mass of the frag-
ments tends to the reduced mass of the fragments, and
the mass parameter B, of the deformation coordinates
tends to a constant value equal to the two mass parame-
ters of g vibrations in the individual fragments. How-
ever, at short distances between the fragments the
mass parameter Bgy is more than an order of magni-
tude greater than the reduced mass, and both Bz and
Bg, fluctuate strongly.

As was first noted by Belyaev, °* these fluctuations
in Bgp are related to the change in the occupation prob-
abilities v; of the single-particle states. Beyond the
scission point, the occupation probabilities become
constant, the fluctuations in By disappear, and the
small smooth variation of this parameter as it tends to
the reduced mass is determined by the variation of the
single-particle wave functions with the deformation.
As one would expect, the interference mass term Bg,
after the scission point, when the motions with respect
to R and g become uncoupled, tends to zero. Further,
in fragmentation theory, Eq. (22) is used to calculate
the mass parameters by means of the asymmetric two-
center shell model.

5. FRAGMENTATION THEORY

Fragmentation theory describes two-particle reac-
tions in which the compound system decays into two
particles or is formed from them. Therefore, the co-
ordinates of the theory must be chosen in such a way
that their definition in the asymptotic region can be ex-
trapolated into the interaction region and vice versa.

In principle, such extrapolation into the region of inter=
actions (or overlapping of the fragments) would seem to
be arbitrary since the quantities measured experimen-
tally in fission processes and nuclear collisions are the
cross sections, which are determined by the asymptotic
behavior of the wave function. In practice, this is how-
ever not so, because during the process of fission of the
nuclei the mass and charge distributions of the fission
fragments are formed already before the scission of the
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fragments, and in a collision of nuclei the greater part
of the transfer process takes place in the interaction
region. We divide the nuclear system in the interaction
region into two parts (fragments) 1 and 2 by means of a
perpendicular plane through the region of the neck of
the composite system (see Fig. 6). The exact position
of this plane is not of great significance since it passes
through the point at which the fragments touch at the
instant when they separate. In practice, the point is
taken at the neck between the fragments. This division
of the interaction region presupposes that in nuclear
reactions at low energies the nuclear density remains
incompressible and, therefore, to describe the density
distribution of the nucleus it is sufficient to specify
only coordinates of the surface. We discuss here the
collective coordinates chosen to describe both the nu-
clear system and the nucleus—nucleus system, and
then, using these coordinates, we construct the
Hamiltonian and describe the method by which it is es-
timated.

Collective Coordinates. For the consideration of
only two-particle reaction channels, we introduce the
following coordinates for determining the nuclear sys-
tem;

1) the relative distance R between the centers of
mass of the two nuclei, which in the two-center shell
model is approximately equal to the distance Az be-
tween the centers of the two potentials, The region of
overlapping is characterized by the dimensionless pa-
rameter A\=1/2R,, where I=a,+a,+2, - 2, (see Fig. 4);
R, is the radius of the corresponding spherical system;

2) the collective coordinates of surfaces o'’ and
a® of the two nuclei (or fragments). For systems
with axial symmetry around the axis joining the cen-
ters these coordinates reduce to the quadrupole defor-
mation coordinates 8, and B,, respectively. Inthe re-
gion of overlapping, they have already been defined in
Figs. 4 and 6;

3) the necking-in parameter £, which is defined by
Eq. (3). Inthe asymptotic limit, £=1.

In addition to these three ordinary coordinates of the
asymmetric two-center shell model, the following two
new coordinates are used"33"3:37%:39],

4) the fragmentation mass and charge coordinates,
respectively:
1= (As— A)(As+ Ay) and 1, = (Zy— Zo)/(Z1 + Zo). (23)
Similarly, one can define the neutron asymmetry co-
ordinate n,=(N, = N,)/(N, + N,). However, as dynamical
coordinates it is sufficient to take any two of these
three since

n=(Z/A) 0, +(N/4) N, (24)

where A=A, +4,, Z=2,+Z,, and N=N, +N,.

It is convenient to introduce the new coordinates (23)
because 7 and 7, are directly related to experimental
data. Indeed, in nuclear fission and heavy-ion colli-
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sions one measures the yields of the reaction products
and their distribution with respect to the mass and
charge. In addition, the value n=0 corresponds to the
symmetric configuration (two identical fragments), and
n=+1 to complete fusion of the nuclei. Thus, the co-
ordinate n describes in a unified manner fission as well
as few-nucleon, many-nucleon, and cluster transfers,
and incomplete or complete fusion of nuclei in heavy-
ion collisions. At the same time, the coordinate 7,
describes the dispersion of the charge over the frag-
ments.

Obviously, the definition (23) is valid only in the as-
ymptotic limit, characterized as R> R,. Here, R, is
a certain critical distance at which the two nuclei enter
into close contact with one another. In order to make
the definition (23) in the interaction region (R<R,), we
note that the nucleon number does not then remain a
good quantum number since the nucleons can belong
with a definite probability to fragments 1 or 2. We
define the mass asymmetry coordinate (or similarly
n,) in terms of the density p of the nucleus as follows:

n= (.i:pdr,—j pdrg)/j pdr=(i,’A)(5 pdry— “ pdrz), (25)

where p(x) = [T*(x,, ..., x,)0(x)¥(xy, ..., x,) dr, is ex-
pressed in terms of the nucleon density operator in
the nucleon coordinates p=34, 6(x, —x); ¥ is the total
internal many-particle wave function normalized to
“unity.

It follows from (23) and (25) that  and 7, in the as-
ymptotic region have discrete values, and continuous
values in the region of overlapping. This particular
property of n and 7, of having discrete or continuous
values depending on the distance R enables one to study
fission and heavy-ion collisions successively along the
fission or collision trajectory.

For a homogeneous density distribution of nucleons
in the nucleus, the coordinates n and 7, obviously re-
duce to the simpler asymmetry coordinates of the vol-
umes of the fragments £ and £,, Then

11—,.'5:(“‘ dri-—-jdrz)/s dr = (vy— va)(vy +v2) (26)
i

Peonst 2

and in the same way n,- £,. Indeed, £ and &, are
purely geometrical coordinates and they can be readily
calculated for every fixed shape of the nucleus in the
two-center model, whereas n and 7, contain the nuclear
many-particle wave functions. It is clear that the var-
iables 7 and £ are mutually dependent:

(27)

and

N=nEE& R a) or E=E( 1., R, o)
M.=n.(E, R.a;) or }

E=ELm . R a).

During the time of overlapping of the two fragment
nuclei, the internal wave functions ¥, following the
variations of the potential, will have approximately
the same spatial distribution as it. Therefore,

n=E for R<<R.. (28)
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As is shown in Ref. 44, this approximation is fairly
good. Since the total volume occupied by A, Z, or N
is the same, we have similarly

1 & Eand iy ~Ey for E<<R.. (29)

However, in the asymptotic region (R > R,) the connec-
tion between n and £ depends strongly on the procedure
of occupation of the two-center single-particle states
by the nucleons, for it is this that determines the dis-
tribution of the mass between the fragments. The usu-
al procedure is that for every value of £ (or the other
collective parameters) one constructs a Slater deter-
minant with lowest single-particle states filled right up
to the Fermi surface. For completely separated poten-
tials in the asymmetric two-center shell model, the
Fermi surface coincides with the single-particle level
in each well. It is only for identical fragments, be-
cause of the degeneracy of the levels in the two wells,
that the Fermi level will be situated in both potentials.
Such population of the single-particle states automati-
cally leads"***1to a step relationship between £ and 7.

However, as we have already mentioned above, the
dynamics of the fission process can be considered only
up to the scission point (R< R,). On the other hand, for
a heavy-ion collision the use of 7 and 7, instead of £
and £, may lead to some appreciable effects. This
question is worthy of further investigation.

Collective Hamiltonian and Estimate of if. The col-
lective Hamiltonian depends on the coordinates R, a'®?,
a®), 5 and , and their velocities. It can be written
as

H=T (R, a ;R a0 0)+V R a0, (30)

where the kinetic energy term T can be expressed as
follows in terms of the mass parameters B,:

1 B 1 % 1 = 1 s
T' =5 BppR®?+ 5 Baot? +5 Bug? + o By 12
+ BraRa 4 Byt -+ Bgy R,

'!'anf;“'] +Banl'-;f'".']z +B:sz.m.z- (31)

The collective potential V can be found by
Strutinskii’s method [see Eq. (16)] by renormalizing
the sum ¥4, €, of the single-particle energies €,(R, &,
£, €, By, B,) Of the asymmetric two-center shell mod-
el, Myers and Swiatecki’s liquid drop model®?! with
modified surface a symmetry constant'®!being used for
this. In the interaction region (R<R,), the potential is
minimized with respect to £, 8,, and 8,, which presup-
poses adiabaticity with respect to these coordinates.
With this simplification, we avoid a dynamical investi-
gation with respect to these coordinate. The collective
energy, minimized in the e—p space, becomes equal to
(n= ¢ and n,~ &)

E = Bgplt?/y 4 Bykt)s + By 5 By
+BrRE+Bry RE, + By B+ V (R, &, E). (32)

The mass parameters By, are calculated in the frame-
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work of the asymmetric two-center shell model by
means of the cranking formula with allowance for
pairing [see (22)].

In the asymptotic region (R = R,), the potential is
merely the Coulomb interaction plus the sum of the
binding energies of the ground states of the two frag-
ments:

V(Hv N Nz ﬁh ﬁ!);zlzzezlﬁ_B(Ah Zi\ ﬁl)_B (sz sz §2) (33)

The binding energies B(4;, Z,, B;) are taken from
Seeger’s tables of atomic masses, "21 where they are
given for Z = 20 with inclusion of the shell corrections
calculated in the Nilsson model. Since the two-center
shell model at large distances between the fragments
goes over into the Nilsson model for each fragment
(see Sec. 1), the potential has a continuous transition
from the interaction region to the asymptotic region.
The validity of this is confirmed by direct calcula-
tions"**?in accordance with the two-center model in the
asymptotic region. The potential V(R, 7, 7,) is then
found™! by minimizing it for each possible fragmenta-
tion with respect to the mass and the charge. In other
words, the potential V(n,) of the charge dispersion is
calculated for each value of 1, and in this way the min-
imization with respect to the coordinate B is performed
automatically. Note that as R - the potential V in
(33) does not depend on R except through the long-range
Coulomb potential, so that ¥(n, n,) describes the purely
nuclear effects due to the difference between the struc-
tures in the different fragments. The collective energy
is again given by Eq. (32) with the substitution ¢ =g
and £, = Ne-

To determine the asymptotic values of the mass pa-
rameters B,, and B, , , we note that the two-center
shell model is constructed using the concepts of the co-
ordinates £ and £,. Therefore, the expression for the
cranking model (22) gives the masses B, and B, ,
which, using (27), one can transform into the masses
of the n and 7, motions. Thus, one can write'?* %)

$Baf =3B (S B+ L s Ba) (34)
In the first approximation, (34) gives us £(n) and &,
%(n,). For example, one can obtain

Beaéa,'?. = B,m;]ﬂ,rz
together with

By = By (d&/om)? (35)
and similarly

B, =By z, (98:/0m,). (36)
Therefore, the mass parameters nn and 7,7, are de-
termined by Eqs. (27) by means of the factors (a¢/an)?
and (8¢,/8n,). A check calculation was made in Ref.

44. As one expected, ® for the region R> R, the pa=
rameter Bgg approaches the reduced mass of the sys-
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tem, and the mass parameter By, of the coupling be-
comes negligibly small.

Below, we shall consider the application of this the-
ory to fission problems (Sec. 6) and heavy-ion colli-
sions (Sec. 7).

6. NUCLEAR FISSION

The two-center model was first applied to fission
problems by Irvine and Pwu, ! who, using the WKB
approximation to calculate the barrier transmission,
obtained fairly good results for the mass yields of
fragments from spontaneous fission in the region of
the actinides. Pwu and Castel'® developed the dynam-
ical side of the calculation of the fission mass distri-
bution as a function of the excitation energy of the com-
pound nucleus on the basis of systematic two-dimen-
sional calculations of the potential energy surfaces of
the type of the two-center shell model. Introducing a
certain shape of the initial wave packet, they expressed
the total time-dependent wave function of the system
in terms of an expansion with respect to stationary
states. The expression for the mass distribution of
the fission fragments was then found by substituting
the fission lifetime into the final time-dependent wave
function, which for spontaneous fission reduces to an
expression similar to the one obtained from the theory
of the WKB approximation for the barrier transmis-
sion. The results of this approach are also in good
agreement with the experiments at high energies of the
compound nucleus. Fong'®Ialso used calculations of
the potential energy surfaces on the basis of the two-
center shell model of Mustafa et al.™®in his statisti-
cal theory of fission™and made a comparative study
of the dynamical approach under a number of condi-
tions, which also encompassed the approach proposed
by Hasse. ®" He showed that whereas the statistical
theory gives the principal features of asymmetric fis-
sion of 238U, the dynamical theory is still far from this.

This distribution of the charge of the nucleus between
the fission fragments has been calculated in the two-
center shell model only in the framework of fragmen=-
tation theory®® and will be described in detail below.
Various authors'®! have put forward a number of em-
pirical hypotheses such as equality of the charge distri-
bution, nonvariation of the charge density, and maxi-
mum of the potential energy. Holub et al.'® calcula-
ted the potential energy surfaces for charge vibrations
in the **®y nucleus using the two-spheroid liquid drop
model of Nix and Swiatecki'’™ and with allowance for
shell effects calculated in a one-center potential by
Strutinskii’s method. Facchini and Sassi'™! developed
a statistical model of the mechanism of fragment sep-
aration and obtained charge distributions in general
agreement with experiment.

We shall consider below our theory of the mass and
charge distributions of the fission products, using the
Hamiltonian of fragmentation theory. The calculations
of the distributions are in excellent agreement with ex-
periment, %391

Theory of the mass and chavge distvibulions of the
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fission products. As we have already established
above, we need to consider the fission dynamics only up
to the point of fragment separation (R<R,). In this
case, assuming known the collective potential and the
mass parameters, the problem reduces to direct quan-
tization of Eq. (32). Solution of the corresponding
. Schrédinger equation gives the wave function, which
then determines the evolution of the fission process.
In practice, it is too complicated to do this for the case
of all three collective coordinates, and therefore, as a
first solvable problem, we reduce the problem to one
with one collective coordinate, [33:35.301

We assume the adiabatic approximation holds, i.e.,
the motions with respect to coordinates £ and £, are
fast compared with the motion with respect to coordi~
nate R (Ref. 72). This assumption is justified to the
extent that the fragment nuclei emerge along the fission
trajectory immediately after the process of penetration
through the barrier has been completed. After this,
they move rapidly under the influence of Coulomb re-
pulsion, and the calculations of Refs. 18 and 38 show
that the collective potential during this stage of the mo-
tion with respect to the coordinate R is almost indepen-
dent of the asymmetry coordinates, so that the princi-
pal behavior of the mass and charge distributions of
the fragments must be determined by the values of R
at which the tunneling process of the fragments ceases.
This fixes our choice of the values of R (or A). Once
the neck separating the fragments becomes narrow,
the motion with respect to £ and £, is slowed down,
and, finally, is frozen after the point of separation of
the fragments. Thus, assuming complete adiabaticity,
we can regard R (or A) as a time-independent parame-
ter. The coupling between the £ and £, motions is
weak, so that in the first approximation they can be
handled as independent of each other. The mass dis-
tributions are determined in this case as functions of
£ for fixed values of A and £,, and the charge disper-
sion is determined as a function of £, for fixed values
of A and &.

To obtain the mass distribution, we write down the
stationary Schrédinger equation found by quantizing®™’
Eqg. (32), in which the coordinates X and £, occur only
as parameters:

_.ﬁ_ai;.ﬁ_ () — ), (v,
(—s7m & vtV 0 8) W =B 1, @ (37)

For the charge dispersion, we obtain an analogous e-
equationafter the substitution £ = £,. Obviously, in this
we neglect in (32) the terms with the coupling masses
By, (and By, ). The vibrational states ¥} in the poten-
tial V are indicated by the quantum number v =0, 1,
Byivietsu i

In the case of complete adiabaticity and in the case
when the spontaneous fission takes place from the
ground state of the nucleus, the system can only be in
the lowest vibrational state v=0. However, if fission
takes place from excited states or subject to interaction
between the A, £, and £, degrees of freedom, higher
states with respect to £ (or, accordingly, with respect
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to £,) may be excited. Let us consider possible conse-
quences of such excitations, assuming as a first
step® %" 3 Boltzmann distribution for the population
of the excited states:

| ¥ = 3 |V Pexp (— E/0) (38)

where O, the nuclear temperature, is approximately
related to the excitation energy through the semiem-
pirical statistical relationt™

E* =(A/9)02—0, MeV. (39)

In a more complete study of nuclear-temperature ef-
fects, we also use the cranking formula for the mass
parameters generalized to finite temperature, !

The probability of finding a definite mass (or charge)
fragmentation £ (or £,) at the position X on the fission
trajectory is proportional to | ¥,|2. "To calculate the
mass distributions, '*! this probability is compared
with the mass yield ¥ with respect to the mass A, of
one fragment (dé=2/4) (Ref. 75):

Y (A) =| Ya (E(49) PV Bys (4y) [200/(4/2)] (in percentages)  (40)

and for the charge dispersion'®®!this probability is
compared with the yield of the separated charge ¥ with
respect to the charge Z, of one fragment (d¢,=2/2);

Y (Z) =| Yt (& (Z0) BV Big, (20 (2/2). (41)
Below, both these yields are directly compared with
experiment.

We consider further the generalization of these cal-
culations™®’to the case when the time dependence of A
is taken into account. For example, for the mass
asymmetry coordinate we write down the total wave
function as a sum over ¥ with A-dependent coefficients:

. -
= a0 W Qesp [ — 7 [ B at]. (42)
v 0

The expression (42) with A=A(f) is merely an ordinary
solution of the time-dependent Schr8dinger equation;

2
[ = ‘21}_3—“ T:E 7%;—; %4— V] Wi (B) = iﬁ% Wi (B)- (43)

For the motion with respect to the coordinate A, one
can obtain a classical equation. We calculate the aver-
age value of the energy (32) with respect to the wave
function (42) with the kinetic and potential energies of
the motion with respect to the coordinate £ replaced by
the expected value £ of the Hamiltonian from (37). If
the mass parameter B,, of the coupling is ignored, this
gives

(Hyay = (Baa) 2+ 31 | ay (W) P 1, (44)

where the mass parameter averaged with respect to £
has the form
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A=1,8 and 0,0; 0.25, 0.5, and 1,25 for A=1, 85 (Ref., 35).

Bu)= 3 et M) | W@ B, DY @ VBt (45)

V. |

The second term in the expression (44) is the effective
potential of the relative motion. It depends on the prob-
abilities of excitation of high-£ states and, therefore,
on the velocities A. Thus, this potential contains the
effects of excitations during the motion with respect to
the coordinate A, which can be regarded as collective
friction due to fragmentation, in contrast to ordinary
friction due to excitation of single-particle states.

The dependence of the coefficients a,(A) on the time
is found, as usual, by substituting the wave function
(42) into the time-dependent Schrédinger equation (43):

inds= 3 1k (v | 5|1 exp[ 4 [ BV —E®)at]. (46)
:

Equations (44) and (46) completely determine the prob-
lem. In practical calculations, however, the require-
ment of constancy of the total energy H is replaced by

a relation with a parametrized force of friction:

dH!dt — —fi2 (47)

This formalism can be applied in the same way to study
the coupling of A(f) to the ¢, motion. Below, we shall
discuss the results of applying this method to the cal-
culation of the mass yield distributions of the fission
products, in particular, for the 2%*U nucleus.
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Calculations of fission-fragment mass yield dis-
tributions. These were calculated in Ref. 35 for fis-
sion of the nuclei #%Ra, %3y, and #*Fm, which give
typical examples of three-, two-, and one-hump dis-
tributions. Figure 7 shows the calculated potential en-
ergies, the mass parameters, and the mass yields for
the #*®U nucleus for two values of A and different tem-
peratures; these were compared with the experimental
data'™ for ¥y fission initiated by thermal neutrons.
The potential energies are obtained as fairly smooth
functions of the mass number and have the expected
asymmetric minimum, whereas the mass parameters
oscillate rapidly. The crossed mass parameter B,, is
fairly small, so that the assumption B, << B,,B,, is well
satisfied. It can be seen from Fig. 7 that the calcu-
lated distributions are in semiquantitative agreement
with experiment. For fission from the ground state
(©=0), the humps of the distribution are somewhat
narrower, and the valley is too deep compared with
the experimental data. This part of the calculations
was first given in Ref. 33. Agreement was improved
by introduction of excitations'®’into the system. Par-
ticularly pronounced is the raising of the valley with
increasing temperature, and this, and also the simul-
taneous general flattening of the distribution when
higher excitations are taken into account, agrees with
the experimental data. The shape of the fragments
corresponding to the minimum of the energy at the val-
ue A=1.8 is very similar to the shape shown in Fig. 6
for the case £=£,=¢, (for greater detail, see Ref. 33).
Another important result is that the mass distributions
are sensitive to only the total value of the mass param-
eters and depend weakly on the detailed form of their
oscillations., A similar result is obtained in Ref, 35
for the nuclei 22®Ra and ®*®Fm, which give three- and
one-hump distributions, respectively (see Figs. 3 and
4 in Ref. 35). It should be emphasized that these re-
sults were found without any fitting of the parameters
on the basis of the position and height of the peaks in
the experimental distribution.

In Fig. 7 one can also note that for different values
of A the potential energy hardly changes, whereas the
mass parameters have significant variations. Because
of this, in Ref. 40, a study was made of the time de-
pendence of A [Eqs. (44)—(47)] for the case of 2% fig-
sion. The calculations were made for several values
of A from 1.65 to 1. 85 and for several values of the co-
efficient of friction f, which were chosen in such a way
as to encompass the extreme cases of motion with re-
spect to A from unhindered acceleration to very slow
motion (Fig. 8). It is found that an appreciable frac-
tion of the collective behavior depends critically on the
velocity A and, therefore, on the friction, It can be
seen from Fig. 8 that in the absence of friction the cal-
culated yields of the fission products only slightly dif-
fer from one another for different values of A and one
may assume that the fragmentation takes place as be-
fore in the region of the barrier (impulse approxima-
tion). On the other hand, in the case of very strong
friction and slow motion with respect to A, the fission
products yields follow the variations of the potential
energy and the mass parameters during each stage of
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the variation of A (adiabatic variation) and, because of
the increase in the average value of B,;, tend to be-
come very narrow., The intermediate cases with re-
gard to the strength of the friction exhibit a certain os-
cillatory fine structure (shoulders and bumps) of the
final distributions, which arise because of the coherent
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FIG. 9. Potential energy of charge dispersion and the ma=s
parameters (in units of the nucleon mass) for £=+0,195 in
2817 fission with A=1. 8 (Ref. 39). The dashed curve is cal-
culated on the basis of the liquid drop model; the continuous
curve is calculated with allowance for shell effects,
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FIG. 10. Shapes of nuclear system for | £1=0,2 and differ-
ent pairs of £, and £, values satisfying Eq. (24) (Ref. 37).

excitation of high-£ states and, therefore, are very in-
teresting for experimental study.

Calculations of fission-fragment yield distvibu-
tions, The charge distributions were calculated in
Refs. 37 and 39 for two values of the mass fragmenta-
tion parameter: |£]=0.195 and | £| =0. 20, which cor-
responds approximately to the mass chains A, =141,
A;=142 and A, =142, A,=94 in #°U fission. Figure 9
shows the results of calculations of the potential ener-
gy V and the mass parameters R;, for the parameter
values £=+0,195 and A=1.8 of **U fission. The cal-
culations for | £] =0, 2 lead to similar results. *™ An
interesting aspect of these examples is that the poten-
tial energies have a single deep minimum at £,=+0. 195
and £,=+0.2, respectively. Now in accordance with
(24) we have £=£,=£, in the region of the minimum, so
that these examples confirm the conjecture that the
charge distributions do not change arbitrarily, but fol-
low the mass distribution. We recall that in the ap-
proach under consideration the protons and neutrons
move in two separate potentials of the asymmetric two-
center shell model, and one obtains a shape of the sys-
tem with respect to £, and, accordingly, with respect
to £, that does not differ too strongly from the shape
of a system with given asymmetry £, Figure 6 shows
the form of the proton and neutron systems with £,=0.1
and £,=0.256. These results refer to the mass asym-
metry £=0.195, for which the shape of the nuclear sys-
tem, not shown in Fig. 6, lies between the proton and
the neutron surfaces. For given £, the shape of the nu-
clear system will, of course, be different for different
pairs of £, and £, values satisfying Eq. (24), as can
be seen from Fig, 10 for the case |£]|=0,2. The re-
sults of the calculations for the mass parameters in
Fig. 9 have the already known oscillating behavior,
and only a very small region of their values around
the minimum of the potential energy is important in
the calculation of fission-fragment yield charge distri-
butions. In addition, the mass coupling parameter
B, is again small, and the inequality Bﬁ, < BBy,
is well satisfied, so that in (32) we can certamly 1g—
nore the coupling term, which is proportional to By,
just as we did the term proportional to B,, in the cal-
culations of the mass distributions.

Figure 11 shows the experimental and calculated
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FIG. 11. Theoretical curves of charge dispersion for mass

asymmetry | £| =0,195 (mass chains 141 and 95) and | £]=
=0,20 (chains 142 and 94) in U fission, The dispersion
curves are significantly changed for excitations of the system
with E¥*<7 MeV. The experimental points are given only for
the mass chains 141 and 142 (from Ref. 39). The dashed curve
is calculated on the basis of the liquid drop model; the con-
tinuous curve is calculated with allowance for shell effects.

charge dispersions of the fission fragment yields for
the cases | £] =0.195 and | £] =0.20. The calculations
were made for several values of the temperature (E*
<7 MeV), whose influénce on the charge dispersion is
not significant. The experimental data'™ are given
only for the heavy mass chains A, =141 and 142, The
calculated curves of the charge dispersion over the fis-
sion fragments have a Gaussian form irrespective of
the temperature of the nucleus. Both these results
are in agreement with the experiments: It is known
empirically that the experimental data for a given mass
chain can be well represented by the Gaussian function
P(Z)=(cm)™ " exp [—(Z—Zp)*ic), (48)
which is characterized by the most probable charge Z,
and the width ¢ of the distribution and is insensitive to
excitation energies of the compound nucleus less than
40 MeV (see, for example, Ref. 68). The empirical
values of these parameterst”™ for the mass chains 141
and 142 are Z,=54, 37, and Z,=55, 36, respectively,
and the width, which is the same for both chains, is
equal to ¢=0.9+ 0.1. The theoretical curves have
maxima at Z =55 and Z =55. 2, respectively, and a width
of the order their empirical values.

The influence of shell effects on the charge dispersion
over the fission fragments was tested by calculations of
the dispersion curve with allowance-for the potential
energy in the liquid drop model with a value. £=+0.195
(the dashed curve in Fig. 9). The results of such a cal-
culation are shown by the dashed curve in Fig. 11,
which gives somewhat better agreement with experi-
ment, It must, however, be pointed out here that the
experimental data in Fig. 11 refer to **U fission by
thermal neutrons, whereas our calculations were made
for spontaneous fission without allowance for evapora-
tion of neutrons. ™ Calculations that include the effects
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‘are currently in the development stage.

of neutron evaporation and cases when the hypothesis of
an unchanging charge distribution is not well satisfied
Recently, ac-
curate measurements were made of the charge dis-
tributions in light mass chains with a view to estab-
lishing the importance of pairing and odd-even effects.
Application of fragmentation theory to these new data is
a thing of the future.

(79,801

To conclude this section, we recall once more that in
our calculations parameters were not fitted to improve
agreement with the experimental distributions. The
calculations show that both the mass and chrage distri-
butions of the fission fragments are determined pri-
marily by the potential energy surfaces, whereas the
mass parameters are responsible for details of the
distributions such as the relationship between the
humps and valleys, their heights and their widths, and
also other fine structural details.

7. HEAVY-ION COLLISIONS

Heavy-ion collisions lead to more complicated and,
therefore, more interesting mechanisms of nuclear in-
teraction. One can have the most varied processes,
such as, for example, the formation of nuclear mol-
ecules in elastic and inelastic scattering (briefly con-
sidered in Sec. 3); the formation of nuclear systems
with large angular momenta; the formation in central
collisions of heavy composite nuclei, which may pro-
vide a source for obtaining superheavy elements; fu-
sion-fission reactions in which a heavy target nucleus
and the incident particle fuse to form massive excited
nuclei, which rapidly undergo fission and may have
superheavy elements among their fission products; di-
rect reactions involving transfer of one nucleon or a
group of nucleons; deep inelastic reactions or quasi-
fission reactions in which transfer products and fission
fragments are observed; atomic and molecular phe-
nomena associated with heavy ions. It is clear that
some of these processes have particular mechanisms
that are not related to one another. Others, however,
exhibit a clear and smooth transition similar, for ex-
ample, to the transition from the mechanism of one-
and two-nucleon transfer through many-nucleon and
cluster transfer to reactions of incomplete and, finally,
complete fusion of nuclei. Reactions induced by heavy
ions are intimately related to fission phenomena (as the
inverse process). In both cases, the nuclear system
is transformed (breaks up) into certain other nuclear
systems., A difference is that in the case of fission the
compound nucleus already exists, but in nucleus-nu-
cleus collisions it must first be formed as an interme-
diate system, and then, depending on the energy, the
angular momentum, the species of colliding nuclei,
ete., one of the reaction mechanisms listed above is
realized. In view of this commonality of the two phe-
nomena, we shall consider the application of fragmen-
tation theory to three types of reaction mechanism (for-
mation of compound nuclei, fusion-fission, and quasi-
fission) to which heavy-ion collisions lead. Direct
transfer reaction have not hitherto been studied either
experimentally or theoretically.
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FIG. 12, Potential energies as functions of the mass asym-
metry 7 and the relative distance R between the fragments for
the compound systems %104 and ?*°106. The curves for R >R,
are calculated with minimization with respect to the charge
asymmetry 7, except for the parts that are shown by the dashed
curve, The energy scale is different for R<R, and R >R,

(Ref. 41).

Formation of compound nuclei and the problem of
obtaining superheavy elements. An important prob-
lem in the obtaining of superheavy elements via the pre-
liminary formation of compound nuclei is the choice of
an appropriate combination of target nucleus and inci-
dent particle. In their investigations, the group of sci-
entists at Berkeley'®!=%*! bombard heavy deformed tar-
get nuclei with light spherical nuclei, while the group
at Dubna®®=3%" yse spherical or nearly spherical but

relatively heavy incident particles, directing them against

deformed and spherical heavy targets. These two
groups synthesized different isotopes of heavy elements
with Z=102-106. As was shown in Ref. 87, the cross
sections for their production are so sensitive to the
choice of the reaction partners that one cannot avoid
confrontation with an important question: What is the
optimal choice of the reaction partners in order to ob-
tain a particular element? In what follows, we shall
investigate this question on the basis of fragmentation
theory, (411431

The idea of the method consists of making the choice
of the reaction partners in such a way as to form a
compound nucleus with minimal excitation energy. For
cold compound nuclei, the number of emitted neutrons
is not large, and, therefore, the cross section for the
production of nueclei in the ground state must be
large. "7 We shall illustrate our method by taking the
example of the systems #8104 and %%°106, which break
up, say, after the evaporation of two neutrons, into the
isotopes €104 and #%106, respectively. Calculations
were made for the compound nuclei formed in the colli-
sion of incident ions with Z = 20, and these therefore
cannot be related to experiments with lighter particles.

Since one and the same compound system may be
formed for different combinations of incident particles
and target nuclei, we shall calculate the excitation en-
ergy of the compound system for all possible combina-
tions. To do this in the framework of fragmentation
theory, it is necessary to calculate the potential energy
V(R,7n) as a function of the different values of the asym-
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metry parameters. The calculated potential energies
V(R,n) for the compound nuclei 25104 and 28106 are
shown in Fig. 12, In these calculations, as we have
already discussed above in Sec. 5, complete minimiza-
tion with respect to the three parameters &, 8, and Bs
was realized in the region of overlapping of the frag-
ments (R<R,), while in the asymptotic region (R > R)
Eq. (33) was used with minimization of V(R,n,7,) for
each possible fragmentation with respect to the mass
and the charge. Since the three-dimensional minimiza-
tion procedure requires a long time, the calculations
were made for only two values of A for the compound
nucleus #%104. The potential energy curves in Fig. 12
carry the mean value of the distance R, since for a
fixed value of A it changes with changing n. And again,
because of the large amount of computer time needed,
the calculations for R>R,, (two curves) were made with-
out minimization with respect to the coordinates 1,.
The distance R, of closest approach ef the fragments
was estimated by means of the empirical relationt®!

RE=‘H£+RJ,+5I: (49)

where R, and R, are the radii of the target nucleus and
the incident particle; d takes into account nuclear dy-

namical effects and for the heaviest combinations is of
order ~1.7 F.

It can be seen in Fig. 12 that for both compound sys-
tems only a few values of n give a deep minimum in the
potential energy. If the nuclei approach very close (R
<T-8 F) the minima are smoothed out and the potential
energy becomes a more or less flat function of the
mass asymmetry . This is because the neck sepa-
rating the fragments begins to disappear if they over-
lap strongly in the region R=8 F, and the exact posi-
tion of the separation plane, which determines the val-
ue of n, does not have great significance. An inter-
esting feature of these calculations is that the deep
minima in V(R,n) for R=R, are not only stable with
respect to n; in addition, new minima do not appear in
the case of further overlapping of the nuclei with the
formation of a compound system. Therefore, the po=
tential energy V(R=R,,n,n,), which can be readily cal-
culated by means of (33), already gives the positions
of the minima with respect to  and n,. Slight shifts
in the position of the determined minimum V(n) or a
change in its depth for a definite R may be attributed
to the effects of charge dispersion over the fragments.
Obviously, the appearance of the minima in the poten-
tial energy in Fig. 12 is due to the shell structure of
the nuclei; at the same time, at least one of the two
colliding nuclei is spherical. This fact is demon-
strated in Fig. 13, in which we show the static defor-
mations g, and j, as functions of 5 for the value R=R,
(Ref. 62).

Further, to estimate the contribution of dynamical
effects to the energy of the compound system we shall
solve the stationary Schrédinger equation ;

H (R, n, n,, o, o) ¥ =EY (50)
with initial asymptotic state (R — <)
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The wave functions of § type describe the states of
mass and charge fragmentation; the functions e and
Xns reflect the internal states of the nuclei of the ingoing
channel determined by the values of ng and 7,; the sur-
face vibrational states of the fragments are described
by the wave functions a‘*’ and «'®’. Since the static de-
formations B, and g, of the fragments depend strongly
on the fragmentation coordinates n and 7, (see Fig., 13),
in the Hamiltonian of the system there is a strong cou-
pling between the surface vibrations and the mass and
charge fragmentation. This means that in the case of
changes of 7 and n, when nucleons are transferred
through the formation of a compound system the shapes
of the nuclei of the ingoing channel may change, and
this will be accompanied by a strong transfer of energy
to the excitation of surface degrees of freedom.

Thus, it is necessary to distinguish two variants of
the initial fragmentation that lead to different excita-
tions of the compound system: 1) the original frag-
ments (partner nuclei) are outside the minimum of the
potential energy (see Fig. 12), which in accordance
with Fig. 13 corresponds to the case g,;+#0 and B,#0,
and 2) the initial fragments correspond to a minimum
of the potential energy, and in such a case one or both
of the nuclei are spherical.

In the first variant, with increasing overlapping of
the nuclei of the ingoing channel there will be a trans-
fer of a group of nucleons of large mass and charge
with 5 and 5, changing in the direction of the minimum
of the potential V(n,n,). According to classical mech-
anics, the transfer takes place under the influence of
the “forces” —aV/am,. Since the nuclei change their
shape as the system progresses toward the minimum,
a large amount of energy will go into excitation of sur-
face vibrational states. On the other hand, in the sec-
ond variant mass and charge are not transferred when
the nuclei approach one another since the “forces”
-aV/en and —8V/en, are now equal to zero. In this
case, the dependence of the wave functions on 7 is ap-
proximately determined by the zero-point vibrations
around the minimum of the potential energy. Thus,
when the original fragments correspond to a minimum
of V(R,m,n,), the excitation of surface degrees of free-
dom, i.e., of collective states, is significantly sup-
pressed compared with the case when the initial frag-
ments are taken outside the potential energy minimum.
In this subsection we are interested in cases when min-
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imal excitation energy is carried into the compound
system and there is a high probability of fusion of the
initial fragments; the case when nucleons are trans-
ferred will be studied below in the example of quasifis-
sion reactions.

Therefore, we have found that if the target nucleus
and the incident nucleus correspond to a minimum of
the potential energy V(R,n,n,) and, in addition, the en-
ergy of the bombarding particle allows the formation
of a compound nucleus in a central collision, the exci-
tation of the compound system must be minimal.

This method was applied for a large number of nu-
clei with 86 < Z <122 by means of calculations of the
potential energy V(R=R,, 1, n,). In Table I we give the
combinations of the incident particles and target nuclei
that correspond to a minimum of V with respect to i
and 7, and must lead to the synthesis of various new
elements. Since in the general case the transfer of two
protons between the fragments causes, because of
charge dispersion effects, the acquisition or loss of en-
ergy of order 7-8 MeV, the table also contains neigh-
boring combinations with +2 protons (neutrons).

It is interesting to note that the combinations 3JTi
+26ph, 3074 + 28ph and 3 Cr +22°Ph, 34Cr +208Pb pre-
dicted by Table I were used in the experiments at
Dubna®®™81 to synthesize elements with Z =104 and 106,
respectively, and a number of the combinations agree
exactly with the experiments at Berkeley ! proposed
independently of the present calculations. Further, on
the basis of estimates of the fission half-life Bengtsson
et al." proposed the combination }}?Sn +13®Xe to ob-
tain the element Z =104, which also agrees with our
calculations. The fact that two different approaches to
the problem of obtaining the element Z =104 under lab-
oratory conditions indicate the combination of Sn and
Xe strengthens confidence in the validity of our ap-
proach. In Table I we also give the quadrupole defor-
mation parameters. As we have already noted above,
in all combinations at least one of the two nuclei has a
spherical shape. This fact agrees with the successful
experiments at Dubna and Berkeley in which at least
one of the two colliding was spherical.

The calculations we have presented do, however, re-
quire certain improvements. First, the change in the
shape of the nuclei as a function of R in the region of
the minimum of the potential energy will lead to the ex-
citation of a compound system and, thus, rule out some
of the combinations in Table I. Second, it is important
to take into account effects associated with the temper-
ture of the system and its rotation. Mustafa and
Kumar'®Ihave extended the two-center shell model by
including in it effects associated with angular momen-
tum. They showed that the minima of the potential en-
ergy, the fission barriers, and the moments of inertia
are fairly sensitive to the angular momentum. Frag-
mentation theory must still be generalized to this case.

Fusion-fission reactions. If a very heavy incident
particle is scattered by a very heavy target nucleus,
the resulting massive compound nucleus will immedi-
ately undergo fission. It is possible that new elements
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TABLE I. Combinations of nuclei of the incident particle and the target nucleus to obtain isotopes of different elements corre-
sponding to a minimum of the potential energy in the direct neighborhood of the minimum (only combinations in which both part-
ners are stable in nature are given).

Mass of| Incident particle Quadrupole ) ~ E Mass of]| Incident particle Quadrupole - Experimental
com- an e B ormations %
Element com: d target def tions®? Experimental situation Ekmm‘ ;‘le'l?nd and target deformations' situation
2 L e Az P1 pa Pormed | Planned oo | 1y As By B2 er o | planned
102 | 256 | *8ca 208pp a 0 0 Yes® | Yes®? 12 | 286 | 8Ca 288 u 0.136 = =
254 | 4%Ca 208}y 0 0 & = 284 | 48Ca 200 0 0.132 — -
48Ca 206 a 1] 0 Yesh s 282 18(Ca :3:[_1 a 0 0_13§ ey =
i2d5p 130Ta B, 0 0 — - 280 i5Ca 232 a 0 0.123 —_ —
252 | 46Ca 206ph 0 0 - - 278 | "Zn 208ph 0 0 - .

18Cq 204ph a 0 0 Yesb A Ge 202Hg 0.060 | 0 - -

825e 170y Q0 (. 190 — — 823¢ 196 pg u] 0,064 — —_—

1225 130Tpa 0 i = 8611 19205 0 0.109 - —

:g*t‘-n égi’fl)'gﬂ 0 (: — — 136Xe H2Ce 0 - -

250 Ca 0 i - -
0T 200 ) 0,087 =t ==
ae& 16*35 a 0 _}),(1?6 = = 114 | 202 ::ga ;:‘Eu g 852?. = Yeso?
v e N p— ) ) L = =

L 8 et < ) 5 A 58 | sca | mopus | 0 0140 | — =

1245p | 126T¢ 0 |—0.035]| - - 286 ‘;:Ege ﬁzsg: 2 gigg = =

284 | 5Ca | 2pna 0 0.132 7 -

104 260 :i;;n :ggw (: (: - Yes®? ;gge 238}3{1: 3.060 R — —
s 8 [\ ( e = 2GS0 202 — =

258 -"UTie 3‘33["6 a U] 0 Yes®7 — 8oKr 1‘35Ptg 0 —(,035 —_ e

8250 176y} Q 0.186 — — 1245 180Gq a (1] 0.162 = =

t22gy | 138Nea 0 0 = - 131Xe | 130Nd 0 0.124 - —

1245y 134Xpa 0 (4] — - 136X e std a Q 0.099 oy —

1287, 130Tea 0 0 _— - s i . P . i

3 v *Combinations corresponding to a minimum in V(R, n,n;). The cross
” : - sections for this case are comparatively large.
S By ot e 5 e R ! bAdded after completion of the paper (taken from: G. N. Flerov ef al.,

12057 136X p 0 0 — = Preprint JINR D7-9555 [in Russian], Dubna (1976)).

1223 134Xea 0 0 = =

1248 132X 0 0 5 =

234 | 0Ti 204ph & 0 0 2L )
< 68 ] 2. = . . 2 .

i g el P e e = are included among the fission products. Reactions

e M D 2 = 5 with this mechanism were studied in fragmentation the-
ory for the compound systems 322128, #6164, and *"°184

1 130T 136%p a o 92 -
O e | e | e ok 5 b (Refs. 36, 38, and 44). It was of interest to chose pre-
%4 | 18T Xe 0 0 ' ’
N e 2 2 o L ¢ cisely these systems because they include the following
fg}gl :;:E:: 8 3-186 - = combinations, respectively, of incident particles and
target nuclei: *Kr 428y, 208pp 4 20%ph, and 238y 4+ 238y,
weto | moxe 0.0 | 0 e 5, For the reaction ®Kr + %y, the mass distribution was
10Te | 1oxe a b = = measured'®in the range 67 <A < 239, but instead of
260 ;;ﬁl; i 0 VT e discovering new superheavy elements the investigation

e i 2 0 = = of this reaction led to the discovery of a new phenom-

E ;i‘g'e 1?;%; 3 _3.035 8 — — enon, the so-called quasifission. The other two reac-
2 T 2 G — — s + 2

86K p r2yha 0 0.189 ik o tions have not yet been explained in the framework of

888 170 il e . - :

i e 2 il i = existing mechanisms,

1228 1363, 0 0 = ¥

As an example, in Fig. 14 we give the results of cal-
106 | 258 | e | taixe —0.056| o iy culation of the potential energy V(R,n) for the compound
2 a == = .
] Al goBe = = system *"184. The calculations for the other two sys-
tems can be found in Refs. 36 and 38. It can be seen
Ml i nan SRl g g = = from Fig. 14 that the number of deep minima in V(n)
268 ﬁg‘;@r ggl\av : v 8.146 — — related to the shell structure of the nuclei is almost in-
e a —_— J— 3

:gfé&e ﬂ:{w 0 0 - = dependent of the distance R between the fragments.

Xe ACES 0 — —_ s & z
266 | ssFe | =o08ph a s T = The fragments corresponding to minima of the potential

828, 1841y 35 = = | - . .

T el ool o = energy in the three compound systems are given in

L g L o = Table II. It is interesting that superheavy elements

——  appear as fission products in the system #7184 and in
| 2 #5ca ) 0 0.123 = the experimentally unmeasured region of masses of the
27 6N a s e
i ety e . 0 o & system *2128. The compound system *°164 has only
s SN B o Judek = = one minimum of the potential energy at =0 in the in-
s O e . g % i vestigated region || =0.2. Because it is now becoming
270 g;l\x ST{‘[’J g 3 . — - possible to accelerate ever heavier ions, it will be nec-
<r i ( L1355 - = i igssi

T, | g v B e = = essary to make further study of fusion-fission reac-

132N 13835 2 0 = Y &

1:u§:. 136]3:; g 0 Al Yes?? tions.

= R Y k| Z 2
{ o A0 [ i P s o :

i gl 0 ot X Quasifission veactions, Recently, measurements
were made of the mass distributions of the products for
certain reactions induced by heavy ions'®'%1that have

10 | 268 | 13Te | toce 0 0 U = iy =] :

130Xe | 138Bgu 0 0 K. kil become known as quasifission reactions. These mea-

132X, 1383, « = 92 sy . . s

i | e o 0 ol surements gave additional information about reaction
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characteristics known earlier from the measurements

Raj K. Gupta 304



170
160

220

210

200)

240

230

2907

280

270
_ a0
© J00 |-
E,_f-‘?ﬂ Ly i i .24"9
8 450l FIG., 14, Adiabatic poten—
5 440f s L tail energy V(R, n) for the
| wan \ compound system 416184
(=]
Z 480k ; L e (Ref, 44).
3 e

530

520 i Muz

P T 0 W 1)

it et ST prp Tl

610+

600} S me

s40F

£I0

P e O Wi X ¥
8205 e -89

-03-02-01 0 41 0.2 05

of Refs. 97-99: 1) Two product yields are observed
with masses near the masses of the incident nucleus
and target nucleus; 2) the kinetic energies of the frag-
ments (in the center-of-mass system) have values close
in magnitude to the energy of the Coulomb repulsion
between two fragments of an ordinary fission process;
and 3) the angular distributions of the reaction prod-
ucts are narrow and form a peak at an angle that is
slightly less than the classical turning (contact) angle
and thus differ from the angular distributions of reac~
tions involving complete fusion and fission. Here, a
first attempt is made to interpret the observed mass
distribution in the #Kr + 238U reaction on the basis of
fragmentation theory. Preliminary results of this in-
vestigation have already been given in Refs. 45 and 46.

The radiochemical method was used to measure the
yields of 156 nuclei, which were identified only by Z
and A, resulting from the scattering of 605-MeV *Kr
ions on 22%U. The final mass yields were determined
by integration, for each mass number, of the Gaussian
charge-dispersion curves, which were fitted on the
basis of the experimental data. This analysis reveals
the following five components of the mass distribution:

TABLE II. Fragments corresponding to a minimum of the po-
tential energy.

Fragments Fragments
System iynem
b il Y Inl
At | Az At Az
322128 0.130 | $3H[ | 14¢Ba | 410164 0 meph | 5P
0.135 | %W 15aYe | 46184 | 0.110 | 264102 | *EPb
0,202 | @aph | MiPd 0.134 | 270104 | =sHg
0.466 U $*Kr 0.197 | 285112 | 1§iHf
0,702 274108 4Ca 0.234 288414 18yh
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FIG. 15. Potential energy as function of the mass asymmetry
and the relative distance R for the compound system %Kr
42387 322128, The curves for R>R, were calculated with
minimization with respect to the charge asymmetry n,. The
energy scale is different for R >R, and R>R..

Near the masses of the target nucleus and the incident
particle are concentrated products associated with
transfer of nucleons (distribution of rabbit-ear type);
at around A = 85 there is a product yield of quasi-Kr
type; there is a concentration of product yield some-
what lower than the value A =119 corresponding to sym-
metric fission of the (missing) quasi-U component;
around A= 140 there is observed a yield of a heavy
mass branch of products of low-energy fission of nu-
clides with Z=~ 92; there are fragments from the com-
plete fusion-fission reaction (broad extended distribu-
tion of products in the region A=160-180); and a yield
spike at A =195 (sometimes known as the “gold fin-
ger”). Below, to explain this reaction, we propose a
two-step mechanism: fission after transfer of several
nucleons. In this approach, there are no free parame-
ters to be fitted by the experimental data.

The results of calculations of the potential energy
V(R,n) for the compound system *¥128 with original
tragmentation *Kr + %0 determined by the value 7
=0,478 are given in Fig., 15. The potential energies
V(R, m,) of the charge dispersion for the original sys-
tem |7 |=0.478 and neighboring values (| AA | =2)17 |
=0.466 and 0,491 are given in Fig. 16. It should be
noted that all calculations were made with the step
|AA| =|AZ| =2 and, therefore, do not contain any in-
terpolation procedure. It can be seen from Figs. 15
and 16 that the combination *Kr +2%U in the limit R
—co and as the nuclei approach always lies outside the
minimum of the potential energy of the corresponding
compound system. In such a case, the “transfer
forces” —aV/on and —aV/an, are not equal to zero and
nucleons are transferred between the fragments in the
direction of variation of 5 and 7, to the values corre-
sponding to the minimum of the potential energy (as
described above). The fact that transfer takes place
is clearly demonstrated in the application of our theory
of the charge distribution of the fission product yield
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(see Sec. T) to fission of the system 22128 with values
Inl =0.478 and R =12 (Fig. 17). The most probable
values of the charge are here Z,=34 and 94. Since the
highest probability for the transfer process occurs
when R~ R,, analysis of the potential energy V(n,, R
=R,) in Fig. 16 also indicates that the systems in the
potential energy minimum with values 7| =0. 466,
0.478, and 0. 491 arise when there is transfer of re-
spectively two neutrons, two protons, and four protons
and the energy needed for the transfer of two neutrons
is the lowest. Therefore, there will arise products of
the transfer near *Kr and 2°®y, which explain one of
the main features of the quasifission reaction, namely;
observation of products centered on the mass values of
the incident nucleus and the target nucleus (rabbit
ears).

During the transfer process, the shape of the nuclei

0<E"<100

Product yield
S
1S

Zp

w0 i) o 99 )iy
85 50 32 9% 95 96 100 Z,
T 40 38 36 34 32 30 28 2,

FIG. 17. Results of calculations of the charge distribution of
the product yield with mass-asymmetry value | 71| =0,478 for
fission of the system 2128 with the value R =12,0 F and ex-~
citation energies 0< E*<100 MeV.
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FIG. 18. Results of calculation of the mass yield of the

%Kr +28U reaction for R =12, 0 F in the ground state of the
system (dashed curves) and with excitation energies up to

100 MeV (continuous curves). The regions indicated by SF
were obtained from calculations of the subsequent fission of
the hatched component at A~ 184, The calculated yields are
not normalized to experiment since complete allowance is

not made for the yields from the subsequent fission of the pri-
mary components. The experimental data are taken from
Ref. 95,

changes and a certain amount of energy may be ex-
pended on the excitation of surface vibrational states.
This will be elucidated by an analysis of the result of
fission of the compound system formed after the trans-
fer. The assumption that a compound system is formed
is confirmed by the observation noted above of the
characteristic kinetic energies of the reaction products.
This fact suggests the following ideas: The initial ki-
netic energy is almost completely redistributed during
the time of collision of the two original nuclei; there

is formed a composite strongly deformed system (more
deformed than the shape of the system inthe saddle point
in the case of ordinary fission); the strong Coulomb
repulsion between the two parts of the composite sys-
tem tends to tear it apart; a neck is formed in the sys-
tem and, finally, fragments are separated in a shape
similar to the one realized at the point of separation in
the case of ordinary fission. Proceeding from this pic-
ture, we calculate as the second step the mass (and
charge) distributions for fission of the system 322128 in
the same way as we did for normally fissioning nuclei
(see Sec. 7).

The calculated mass yields Y (in percentages) for
fission of the system #2128 for R=12 F from the ground
state (dashed curve) and from states with excitation en-
ergies up to 100 MeV above the Coulomb barrier (con-
tinuous curves) are shown in Fig. 18, The effect of
introducing excitations is obviously large, although the
distribution is hardly changed by variation of the ener-
gy. We have calculated the yields only for R=12 F
since this value corresponds to the configuration at the
time of separation of the fragments. Figure 18 shows
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the experimental data'®for scattering of *Kr ions with
energy 605 MeV (in the laboratory system) on a thick
238y target, obtained by radiochemical analysis. Qur
calculations give the following components of the mass
distribution: sharp peaks of the reaction product yields
at A~114, 120, 128, 132, 138, 184, 190, 194, 202, and
208 and a number of enhancements of the product yield
between A =142 and 180. Obviously, some of these
yields correspond to the experimentally established
components, namely, the following features are pres-
ent: a concentration of the product yield somewhat
lower than the value A=119 from symmetric fission of
the (missing) quasi-U component; a product yield at

A =140, which is a component of the heavy product of
low energy fission of nuclides with Z=92; and a “gold
finger” at A=195. The broad extended distribution of
products observed experimentally in the region A

~ 160-180 is manifested in our calculations as a num-
ber of enhancements in the range A~ 142-180. The
four additional components in our calculations at A

~ 184, 190, 202, and 208 undergo, we must assume,
secondary fission.

We consider in detail the subsequent fission of only
the component at A= 184 (in Fig. 18 shown by the
hatching), which leads to the appearance of a product
yield of A=~80 and 104 (denoted in Fig. 18 as SF). Ob-
viously, these mass yields correspond to the experi-
mental yield of products of quasi-Kr fission and the
light mass branch of low-energy fission of nuclides
with Z =92 (not fitted in the experiment). We also have
calculations of the potential energy surfaces for the fis-
sion of the other two products at A=~ 202 and 208, on
the basis of which one can assume that the fission of
these products gives components at A~ 68, 76, 82, 120,
126, and 134 for A=202 and at A= 74, 82, 126, and 134
for A~208. Some of these components will obviously
augment the primary components analyzed above and
thus improve the agreement between our calculations
of the mass yields and the experimental data. It must,
however, be noted that some of the components ana-
lyzed in the experimental data as a result of subse-
quent fission appear in our calculations as principal
fission products. A more accurate quantitative com-
parison with the existing data is as yet not particularly
. meaningful since: 1) the experimentally measured in-
dependent and cumulative yields are as yet only part of
the total mass yield; 2) the experimental data were
analyzed under the assumption that the charge distribu-
tions have a Gaussian shape whereas our (preliminary)
calculations give two-hump distributions as well for
this reaction; 3) in our calculations it is necessary to
take into account effects associated with R motion,
evaporation of neutrons, charge dispersion, finite
changes in the impact parameter, and so forth. There-
fore, the two-step mechanism of “transfer of several
nucleons and subsequent normal fission” investigated
here is in qualitative agreement with the experimental
picture of the quasifission reaction.

Charge distvibution of products in heavy-ion colli-
sions. Let us consider the application of our theory of
charge dispersion (see Sec. 7) to reactions induced by
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FIG. 19, Results of calcula-
tion of charge distributions of
product yield in fission of the
system %2128 with mass asym-
metry || =0,21 and 0,13 and
excitation energies 0<E*<100
MeV,
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heavy ions. Recently, measurements have been
made!!0%1911 of the charge distributions of the product
yields of several reactions induced by heavy ions that
have become known as quasifission reactions. An in-
teresting result of these measurements is that, besides
the ordinary charge distributions of Gaussian type,
two-hump distributions were also observed. In partic-
ular, in the reactions #Kr + 5Cu ~2°Tb and };*Xe + 33°Bi
- 285137 charge distributions of Gaussian shape were
observed around Z=~ 32 and Z=54 (Refs. 100 and 101).
On the other hand, in the reaction {5Ar +{5°Ag - 15°Tb
the observed charge distribution of products™®!was
split into two groups: one concentrated at Z= 32 corre-
sponding to symmetric fission of the compound nucleus,
and the other centered around Z=18. OQur calculations
of the fission of the compound nucleus 2128 for the
mass chains corresponding to the values |5l =0.478,
0.21, and 0.13 agree with these experimental results.
However, our calculations are only preliminary.

The typical potential energy of the charge dispersion
has already been given in Fig. 16 and agrees com-
pletely with the potential energy shown in Fig. 9 for
normally fissioning nuclei. The calculated charge dis-
tribution of the product yield in the case of fission of
the system 22128 with the value |5l =0.478 (see Fig.
17) has a Gaussian shape with most probable charges
Z,=34 and 94. At the same time, the charge yields
calculated for the values |nl =0.21 and |yl =0.31 for
the same system %2128 give the two-hump distributions
shown in Fig, 19. The peaks are centered at Z= 77
and 78 (51 and 50 for the corresponding light mass
chains) for the value || =0.21 and at Z=71 and 74 (or
57 and 54) for the value |l =0.13. From our calcula-
tions we may conclude that, first, the effects of charge
dispersion in heavy-ion collisions are small and of the
same order as in normal fission and, second, our cal-
culations of the charge distributions for the quasifis-
sioning compound system %2128 are in very good agree-
ment with the observed characteristics in the quasifis-
sion reactions. Verification of these calculations and
conclusions is a matter for the future,

CONCLUSIONS

Thus, we have been able to show that the two-center
shell model and fragmentation theory considered here
give a very successful and unified description of nu-
clear fission and heavy-ion collisions. The mass and
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charge distributions of the reaction products agree
quantitatively with the experimental data. We have
shown that superheavy elements can be obtained in fu-
sion-fission reactions and in processes that proceed
through the formation of a cold compound nucleus. We
have proposed a method for calculating the optimal
choice of the reaction partners in order to obtain new
elements through the formation of compound nuclei and
also for the process of transfer of several nucleons.
The major part of our results is determined primarily
by the potential energy surfaces.

Other interesting applications in the framework of
the two-center shell model are investigations of the
formation of nuclear molecules and the successful de-
scription of the elastic scattering cross sectiont!%?! of
the reaction 0 +!2C,

In view of the success of the first applications of
fragmentation theory it would be worthwhile considering
some of its future prospects. Obviously, the potential
energy must be calculated with allowance for the effects
of the nuclear temperature and rotation. In such a
case, the calculations of the mass parameters must al-
so be generalized to the case of finite temperatures, 2!
Further, it is important to modify fragmentation theory
so as to reflect the detailed differences between fission
processes and heavy-ion collisions. Thus, the surface-
energy term used in the fission problem and taken from
the expression for the energy in the liquid drop model
must be modified to describe the scattering process 103!
The deformation parameters of the fragments must
occur in the theory as dynamical coordinates, since
the shape of the nuclei changes from the shape of the
nuclei on the fission trajectory as they approach one
another. It is also important to take into account the
influence of nonadiabatic effects on the mass parame-
ters. An alternative way of allowing for these effects,
which are called polarization effects, is to use veloc-
ity-dependent potentials that would describe in a dif-
ferent manner the relative motion in the ingoing and
outgoing channels. Finally, it is desirable to have a
complete dynamical theory of fission and heavy-ion
collisions containing a dependence on the time and on
the excitation energy of the system. As we mentioned
in the introduction, first attempts in this direction were
already made in Ref. 47. And, last of all, it is no less
important to take into account the effects of energy dis-
sipation due to friction and viscosity of the nuclear me-
dium, 1041

Direct generalizations of the two-center shell model
to models with three or more centers are considered
in Ref. 105. So far, a three-center shell model has
been used only in the problem of ternary fissiont'%?and
in investigations of the cluster structure of light nu-
clei. " In order to describe three-particle phenome-
na in the concepts of fragmentation theory, it is neces-
sary to introduce into the theory two mass-asymmetry
coordinates and two charge-asymmetry coordinates.

In this case, the scattering theory becomes more com-
plicated since it is necessary to consider two or more
particles in the continuum.
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