Microscopic theory of nuclear quadrupole excitations
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The method of boson representations of fermion operators is used to obtain a closed expression for the
collective quadrupole Hamiltonian of a nucleus. Some solutions of the Schrodinger equation with this
collective Hamiltonian are investigated and it is shown that, in principle, the Hamiltonian describes
spherical nuclei with their vibrational multiplets and deformed nuclei with rotational bands based on the
vibrational states. The properties of the collective quadrupole states of a number of spherical and

transition nuclei are analyzed.

PACS numbers: 21.10.Re, 21.60.Ev

1. BOSON REPRESENTATIONS OF FERMION
OPERATORS

The experimental data on low-lying nuclear states in-
dicate that the division of nuclei into spherical and de-
formed nuclei with characteristic corresponding collec-
tive excitations is frequently arbitrary. However, one
can always identify a sequence of collective states of a
given nucleus that differ only through the values of cer-
tain quartum numbers and are coupled by large matrix
elements of the quadrupole moment operator.® If one is
interested in only their energies, quadrupole moments,
and E2 transitions, these collective quadrupole excita-
tions can be described by five collective coordinates
a,,(uL=0, £1, £2). The problem is that the microscopic
Hamiltonian of a nucleus used to describe low-lying
states depends on a large number of dynamical variables,
among which the collective quadrupole variables are in
no way distinguished. One can attempt to distinguish
them in the microscopic Hamiltonian in a number of
ways.®™ Here, we consider only methods in which fer-
mion operators are represented in terms of boson op-
erators, and we consider only even—even nuclei, in
which states with an even number of quasiparticles are
realized. We shall therefore be concerned with only the
algebraic properties of the binary fermion operators:
@yap, d.as aza,, which in the given configuration space
form the Lie algebra Ry;n. For our purposes, it is more
convenient to go over to the operators

Thr= 3 g8 (4 (@) + (= 1)~ A,y (ab));
a, b (1)

Phy=—5 3 Pt [z (b)—=(—=1)""" AF_y (a, B)),
a, b

where
Fo s KT JA - :
A= m—.-'; CJﬂmuJ'hmbﬂamnag;nh-
a"'b

The tensor operators §y and p}y are characterized
by the angular momentum J, its third component M, and
the additional index ». The amplitudes g% and pJ sat-
isfy the following orthogonality relations:
0P =bume, D 1l = 5 Bacboa— (— s+ 05,0. ()
a, b n

Using these relations, we can calculate the commutator

138 Sov. J. Part. Nucl. 8(2), Mar.-Apr. 1977

0090-4759/77/0802 -0138$02.80

ja Ip L} 3)

[y BYogp ) = i85 8araprbe —i ) r7 .

a, b, e, L, K
X CElpr_ape (— 1) (14 (—1)a* Rt B, (0, B),

nJ pn’J*
quc pbc

where

5

mgmy,

ip=m LK +
B (ab)= 1)y:6™"h Cjnmnib—mbﬂamﬂabmb-

If we ignore the second term in (3), as is done in the
RPA, the operators §}y and pf, satisfy the commutation
relations for coordinates and momenta.

The operators (1) are only part of the Lie algebra
mentioned above. To close the algebra, we must add to
the generalized coordinates §7, and momenta pj, all
their linearly independent commutators, i.e., [B}u,
p3ow), [@3u, @], and [y, pToy]. Using the orthog-
onality relations (2), we can readily show?® that the set
of operators that consists of the generalized coordinates
and momenta and their linearly independent commuta-
tors are completely equivalent to the set of binary op-
erators a,a;, a,a@s, @sa,. Therefore, one can express
the Hamiltonian of the nucleus and all the single-parti-
cle operators in terms of §%y, Htu, and their commuta-
tors.

To illustrate our method, we assume that there is a
single collective variable, which is weakly coupled to
the other degrees of freedom. For example, suppose
this is a variable describing p vibrations of nuclei. In
this case, we can separate out from the set (2) the gen-
eralized coordinate g, and the momentum $;. Our alge-
bra contains the operators gg, g, and [Gg, Po]. The
double commutators have the form

130, Pols Go) = — Lpg— SDL,JJ,,; [Gor Po)s Pol =Ko+ X Kyn;
n

= n=0

L=4 3 qhrbodagh; K=4 %  ¢ephblapl.

a,b,e. d a, b,ed

Thus, strictly speaking, the algebra of the operators
@0, Do, [do» Po] is not closed. But note, first, that the
coefficients L, and K, in contrast to L and X, do not

contain coherent parts, and are therefore small. Sec-

ond, if we are interested in only those matrix elements

of the double commutators that couple collective states,
the contribution of the noncollective operators ¢, and

Pn can be ignored. In this approximation, the operators
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@0, Do, [do, Do) form a closed algebra, which is identical
with the algebra of SU(2).

We now consider the case of two collective variables,
for example, p and y vibrations., We introduce the two
collective coordinates g, and gs, the two momenta 130
and p,, and also the commutators [§y, 3a), [Bo, Pa), (22,
Bzl 90 Do), (@0, 2], and [z, 7). Among these operators,
eight are linearly independent, and these form the alge-
bra of SU(3).

We now consider all five quadrupole degrees of free-

-dom, including 8 and y vibrations as well as rotations.

To this end, we study the generalized coordinates and
momenta with angular momentum J=2;

g5l == 3 gt 43y (ab) L (=" Aoy, (ab)];

goll = — - ) PR [y (@) — (— 1)* AE-u (ah)].
a. b

In the same approximation as we discussed above,
the operators g5o'!, pso'! and their commutators form a

closed algebra, which is identical with the algebra of SU(6)

[ Purl = (— D" [qo . Pyl

[P Pl =(— 1" [gor goels

Ugw Purly qurd =280 (— DY poyir— By (— )™ por
— B (_'l)nl;—u;

“&u- F’u’l- 1;311”] = Qﬁuu' ( e 1)"[”';41" "'ﬁwu" ( = l)w ‘l;u
féuu"(—i)u'f}‘—w:

([gus Twls Tl = 8o (— DM G — B yr (— 1)* gurs

”'J"m Q'Au"]‘ IBM] :‘Su‘u" ( '—1)”‘ ﬁ-ﬂ_ﬁﬂu" (‘— l)uﬁ—u'i

s Puds [@ues Pumd] = O (— D*H 2" [0y, g ] )
L8 (— DM e o] = 8o pon (— D [y Qo]
=+ 6!J-'jl" [qﬂ— W (I:ul;

(g Puels [Gues quoll =8 e (— 1)* [quey pye]

=B (— 1)¥ [y Pur) - B (— D" (s P}
—Oprpr (— l)u” [’;'u- f’-n"]:

(s Tud 19w Turl) =8 (— D™ (s qum)

+ 8 (— )™ [G0s ) =B (— 1)* [gurs qun]

— 6w (— DM (s Guels

2t —12.42
o*—10.52
2t —10.04
ot —8.46
22— 7247
0t—>6.76
o P e
ot — 546 Fr—508 g
£r 258 *— 465
01=—=3.97
5::%{5 T8 4 gy ¥ — 002
A AL $#——ggr ¥—2E :
#—p22 ¥—237
21 271 e T T el
it—0 ot 7 2—y 0t—0 gt o—0
NS Mnax=F Mmax=7  ¥max™f  Nmax™? Va0
FIG. 1, Eigenvalues of the collective Hamiltonian containing

terms to fourth order in powers of the boson operators as func-
tions of the dimension of the space of collective states: k;=1.0,

hg =—3.6, h3=0.9, h4L'=0’
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where g, =3*"/VL and p, =p" VK.

Thus, g and y vibrations can be described in our ap-
proach by the Lie algebra of SU(3), while the inclusion
of rotational degrees of freedom leads us to the algebra
of SU(6). This extension of the algebra is analogous to
the situation in elementary-particle physics. The in-
ternal degrees of freedom (in our case, § and y vibra-
tions) are associated with ST/(3). The combination of
this group with SU(2), which deseribes the ordinary
spin, leads to SU(6).

For the operators 4, and p, and their commutators
the following representation holds in terms of the op-
erators of quadrupole phonons b,, and by,

+ .
2pr b:u-

Gu=/ N— 2 bisbas (— 1) b b8 ) N — < bibass
v v

ﬁu =] [( — bi-u'l/' N— .?_ bivbay— ]‘1' N— ; bibay bﬂu] H (5)

1 [qu Pl = biubapr =+ (— )" b3 wobasy
=z 6»»' (N—' ..\_ bﬁvbz\-);
-

(9w guel = (— D" biubay —(—1)" bipeday..

This is a boson representation of the same type as the
one proposed for the algebra of SU(2) by Holstein and
Primakoff, ° Here, N is a positive integer that restricts
the maximal number of boson states in the wave func-
tions. From the point of view of group theory, the rep-
resentation (5) realizes a completely symmetric repre-
sentation of SU(6), and N is an eigenvalue of the Casimir
operator for this group.

As can be seen from (5), in the approach presented
above, the fermion operators are represented by infi-
nite series if they are expanded in powers of the operators
bzu and by,. In (5), these series have been summed.

In Eqs. (5), in each order in b3, and b,,, we have taken
into account not all the existing terms, ¢ put only those
whose coefficients are coherent sums over the single-
particle quantum numbers. The following question
arises: Is it necessary to sum the infinite series in
powers of the phonon operators if by no means all terms
are taken into account in each order? The answer to this
question is as follows. If all terms are taken into ac-
count in the expansion of the fermion operators in pow-
ers of the collective phonons, the procedure becomes

so complicated that in practice one must restrict the
treatment to a finite number of terms.? As a result,
one obtains a collective Hamiltonian whose degree in the
operators by, and by, is finite. Usually, we restrict
ourselves to terms to fourth order. In calculations
based on such Hamiltonians with the properties of col-
lective states, convergence is achieved (if nuclei with

-appreciable anharmonic effects are considered) at un-

physically large values of the phonon numbers. As an

‘example, Fig. 1 gives the results of calculation of the

spectra of low-lying collective states in %Fe. The cal-
culation was made with a collective Hamiltonian contain-
ing terms to fourth order in powers of b3, and by,. The
parameters of the collective Hamiltonian are chosen in
such a way as to describe approximately the S6pe spec-
trum when the Hamiltonian is diagonalized in the space
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FIG. 2. The same as in Fig. 1, but with #,=1.0, ky,=0,59,
h3=0,12.

of phonon states with maximal number of phonons N=5,
(In 5sFe, there are two pairs of nucleons above the 8Ni
core and eight pairs of nucleons above the *’Ca core. )
The space is then extended to N=6,7,8,...,12. As can
be seen from Fig. 1, convergence is not achieved even
for N=12, Analogous results for ***Pd are given in
Fig. 2.

Since the treatment is restricted to the collective op-
erators g, and p,, to construct a collective Hamiltonian
in terms of the operators of the quadrupole phonons by,
and b,, it is first of all necessary to express the fer-
mion Hamiltonian approximately in terms of the opera-
tors g, and 13,;. This can be done by means of the follow-
ing prescription:

a*a—giq, pl;
a*atatat — g (7—ip)%;
a‘a*a*a— g, (7—ip) (g, P);
a*a*aa— g9, P119, P1-+ 8412, 4114, 91+ g5 (3—iP) (3+ip). )

(6)

To find the coefficients g;, it is necessary to calcu-
late the matrix elements of both sides of Eq. (6) be-
tween the collective states and a small number of quasi-
particles (or phonons). After this, to construct the
collective Hamiltonian, one can use the relations (5).
We then obtain the collective Hamiltonian

Hoon =ho— N —hy ‘:_ =

x (bibi_o )/ (N—N) (N —1—N)+hec.)

+hg X (—1)" (b8 [b3halyy } ' N—N +hec.)
v

()

51

e e
L=i 2,

M

" Fp [B305) L3y (Daba)pag,

where N=73, bp.bs,. The square brackets denote vector
coupling. The constants kg, &y, ks, kg, 7y, are expressed
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in terms of the single-particle energies and the matrix
elements of the interaction. The exact expressions for
them are given in Ref. 2. One can obtain a similar ex-
pression for the operator of the quadrupole moment Qa,:

Qu=Wy (b8} N =N +)/ N =N (—1)* buy) 1, [bibelae (8)

2. CONSTRUCTION OF COLLECTIVE
HAMILTONIAN AND ANALYSIS OF SOME
SOLUTIONS OF IT

The Hamiltonian (7) and @,, are constructed from the
operators

. N—B, VN—Nby, bibs (@)

and are combinations of linear and quadratic terms in
these operators. In their turn, the 35 operators (9) are
a boson realization of the algebra of SU(6) for the com-
pletely symmetric representation characterized by the
quantum number N. Thus, the Hamiltonian (7) is diag-
onalized in the space of states that realize the repre-
sentation of the SU(6) algegra with quantum number N,

Let us consider a number of special solutions’ of the
Schrodinger equation with the Hamiltonian (7), If k=l
=0 in (7), then the Hamiltonian commutes with N, and
and its eigenfunctions are characterized by a definite
number of quadrupole phonons. The spectrum of eigen-
values of the Hamiltonian has the form

E(I, n,t)=ayn+an* -+ ag 0+ 3) +- a1 (I + 1),

where [ is the total angular momentum; # is the number
of phonons and v is the seniority;

ay == hy— 0.6, —4 V5 hys/35 — 12h,,/35;
ay=0.20+2 V5 hyp/35 - By, /35;
ay= — 0.2+ 2V 5 hyo/35 + hy/35;
ay = hy/21 —hy/TV'5.

To classify states with more than five phonons, an ad-
ditional quantum number is required, If a@;, a;, and a,
are small compared with @;, we obtain the spectrum of
a weakly anharmonic five-dimensional oscillator (Fig.
3). If the coefficient W,=0 in the operator @,,, then for
the probabilities of E2 transitions we obtain to within
corrections ~1/N the same relations as in the model of
harmonic quadrupole vibrations.

If the coefficients in (7) are specified by
hy=06p-+(4.254+-2N)a; hy= —ay
ha=VTa; hy=a/b—0p;
hyp=(19/8)a — 3V 5p; hy=1.52+128,

where @ and g are arbitrary constants, the Hamiltonian
(7) can be written in the form

Hooy = _% (—1)vbzxéi-v
+B S (—0 LI (10)
In this expression
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of a weakly anharmonic five-dimensional
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(11)

One can show that the eight operators (11) form the
algebra of SU(3), and the Hamiltonian (10) is a linear
combination of a Casimir operator of SU(3) and the
square of the angular momentum operator 3, (- 1)'I,L,.
The spectrum of eigenvalues of the Hamiltonian (10) has
the form

E(I, h, n)
= —o(A+u+Au--3h+ )2 BL3a8) I (1), (12)
Here, X and L are positive integers that characterize
the irreducible representations of SU(3). It must be
borne in mind that not all irreducible representations of
SU(3) are realized as eigenfunctions of the Hamiltonian
(10), but only those that belong to completely symmetric
representations of SU(6) characterized by given N. Such
representations of SU(3) can be found by means of the
method described in Ref. 8. The representations (A, )
belonging to symmetric SU(6) representations for N=15
are given in Table I. It can be seen, for example, that
representations with odd A or p are absent. This is the
main difference between the SU(3) scheme introduced
by Elliot to describe rotational excitations of nuclei,
and the solutions of the Schrddinger equation with Ham-
iltonian (7) that we considered above. In Elliot’s
scheme, all the representations (A, 1) of SU(3) are re-
alized, although it is known experimentally that 2 num-
ber of rotational bands of this scheme do not occur in
even-even nuclei.

As can be seen from (12), the spectrum of eigenvalues
of the Hamiltonian (10) is a collection of rotational
bands with equal moments of inertia based on different
internal states. Each band is characterized by the
quantum numbers (A, 4, K). Here, K is an additional
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TABLE I, SU(3) representations belonging to symmetric
representations of SU(6) for N=15,

n; i 1 E) 4 t 4

(R ) | (Bu,pt | (26,2)1 | (24,001 (22,4) 1| (18,6) 1 (20,2) 1| (14,8)1 (16,4)1

(18,0)1

(10,1M 1 (12,6)*

(14,2)2

(8,8)1 (10,4)2 J‘ (6,601 (8,2)2 (4.4)1

(12,0) 2 { (6,0) 2 (2,2)0 (U, !t

(R w)n

*n, is the number of internal phonons.

qguantum number equal to the minimal spin of the band
that takes the values u, p-2,...(Ref. 8). For N= 10,
the band with the lowest energy has the quantum num-
bers (A, p, K)= (2N, 0,0). The next two bands are degen-
erate and have the quantum numbers (A, p, K)= (2N
—4,2,0) and (2N -4, 2,2). Then follows a group of four
bands with quantum numbers (A, i, K)= (2N - 8, 4, 0),
(2N -8,4,2), (2N-8,4, 4) and (2N -6, 0, 0) (Fig. 4). I
N is a sufficiently large number, then the ratio of the
energies of the bases of the second and the first group
of bands is approximately equal to 2, and the spectrum
in Fig. 4 can be interpreted in the framework of a tra-
ditional picture of collective excitations of strongly de-
formed nuclei. The band with lowest energy is based on
the ground state. The band (A=2N-4, p=2, K=0)is
based on the 8 vibrational state, and the band (A=2N
-4, p=2, K=2)on the y vibrational state. The ener-
gies of the quanta of both vibrations are approximately
equal and wg=w,=6aN. A second group of bands is
based on two-phonon states. These are either two 8
phonons (K=0) or two ¥ phonons (K=0, 4) or one g phonon
and one y phonon (K=2). In the general case, one can
show that if N> n,, where », is the total number of g8
and y phonons, the spectrum of eigenvalues of the Ham-
iltonian (10) coincides with the spectrum
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FIG. 4, Classification of collective states by means of SU(3)
quantum numbers,
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E (ng, no I)=6aN (ng-n.) — (B + 3e/3) [ (T -+ 1),
where #; and #, are the number of 3 and y phonons, re-
spectively.

If it is assumed that the operator of the electric qua-
drupole moment is proportional to Qa,, the probability
of E2 transitions between bands with different (A, ) is
zero. The probabilities of transitions between bands
with the same (, i) but different K remain undetermined,
since these bands are degenerate. For transitions with-
in one band, the following expression is obtained®;

B(EZ; I—»I')-é(é\"‘#ﬁ.\'-;pS)
x Iy (1— — I+ )+ 1"+ 11),

1
% a\‘-Lb\

where Cjody is a Clebsch-Gordan coefficient. For P
A3 4N2, this expression gives Alga’s rules for the prob-
abilities of E, transitions.

Thus, we have shown that the Hamiltonian (7) contains
solutions corresponding to the model of harmonic qua-
drupole vibrations and the model of an axisymmetric
rotator executing small vibrations about its equilibrium
shape.

3. ALLOWANCE FOR THE PAULI PRINCIPLE IN
THE CONSTRUCTION OF BOSON
REPRESENTATIONS OF FERMION OPERATORS

The Hamiltonian (7) obtained above differs from the
Hamiltonian found by the method of boson expansion of
fermion operators (Ref. 2) by the presence of the factor
VN - N, which takes into account approximately the in-
fluence of the Pauli principle. That this factor depends
only on the number of phonons is due to the approxima-
tion. Below, we shall develop a method that enables
one to take into account the dependence of this factor
on not only the number of phonons but also the seniority
and the spin.

In Ref. 2c, a connection was established between the
method of the coordinate generator and the method of
boson representation of fermion operators. This con-
nection will be used below in order to find more accu-
rately than in (5) the factors that take into account the
influence of the Pauli principle. °

The nuclear wave function used in the coordinate gen-
erator method has in the general case the form

W= | [[ deiF @) exp {3 juntenazai} |0 (13)
= a. b ;

where a, |0)=0.

The equation for F is obtained from the variational
principle

SV|H—E|¥)=0, (14)

If the number of parameters x; is equal to the number
of two-quasiparticle states, i.e., all the coefficients
fap are independent, then the solution of Eq. (14) is
equivalent to exact solution of the Schriédinger equation.
If the number of parameters x; is appreciably less, and

142 Sov. J. Part. Nucl. 8(2), Mar.-Apr. 1977

only the variables g and ¥, for example, are uSed, then
the solution (14) is equivalent to diagonalizing H in the
space of internal collective states.

To describe spherical and transition nuclei, it is
necessary to use generator wave functions that depend
on five parameters, B, 7, and the three Eulerian angles,
or, equivalently, the five components of the quadrupole
deformation tensor ¢&,,. Then the wave function can be
written in the form

¥ \ day ... dasF (@)exp {2‘: aﬁu.ﬁu} 103, (15)
w

where Az, = T, 0805 Clamgs pmyGamy Toms-

The fact that the amplitudes &,, do not depend on o,,
means we have assumed constancy of the microscopic
structure of the collective branch of excitations and its
independence of the vibration amplitude. If

Dgp=(1 V'5)a |2, 1) (uqvy — upra) (Eq - Eu),

and the parameters a,u are fixed such that oz, @¢=5,
then exp{J, «%.43.} is equal to the Nilsson wave function
for small values of the deformation parameter 6. If the
Tamm-Dancoff method is used to determine the struc-
ture of the collective variable, then the amplitudes are
Qo =(1 V3)a r2Yy b (s —upta) (Eq - En— ),

where w is the frequency of the collective vibrations in
the Tamm-Dancoff approximation.

The expression of the nuclear wave function in the
form (15) means that we shall diagonalize the Hamilto-
nian, notin the complete space of fermion states, but in
the space construcied by means of only the operators
A,. Since this space acquires importance in the meth-
od developed below, we shall study it in more detail.
But let us first consider the properties of the space of
states constructed by means of the operators b, of
quadrupole bosons:

[Das B2 )= Bgpers Uhany Dage] = [b3y, b3y =0.
Each boson state is uniquely determined by five quantum
numbers, for which the eigenvalues of the following op-
erators are usually employed in nuclear physics:

Np= 2 bubu; Ty =10 2 (= )" (Uibalyn b3balicn
Up)z= 1 T (b2
Tp=2 i_:_ (— D" [b3bs]ay [bba)ay (16)

S G § Lo U Y PR 1 R IR
m

Q= DN C NS (GIANTA NI RCZA RS

The physical meaning of the operators ﬁB, I3 2, and

(IB)z is well known. The eigenvalues of the operator

T2 can be written in the form v(v+3), where visa
positive integer, called the seniority. The operator T
commutes with the Bohr -Mottelson Hamiltonian if the
potential energy and the mass coefficients do not depend
on 7. The operator §i; is needed for complete classifi-
cation of the boson states. Thus, the states constructed
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by means of the operator b, can be written as follows:
| NeQIM ). 1)

In the basis (17), the matrix elements (NoQIM| b3, | N
-1, v'2I'M') can be found analytically, 8

We now consider the space of states constructed by
means of the quadrupole fermion operators 4;,: |0),

2.10), Az, A3,,10).... Since all the five operators A3,
commute with one another and all five are independent,
like the phonon operators, it is in Prmciple possible to
define uniquely the operators Nm, Tph, Dh, (In)z, and
Q,h by the requirement that they act on the fermion
states |y ... u=A3, ... A, |0) in the same way as
the operators (16) on the boson states b3, ... b3, 0.
Thus, the set of fermion states | yy. .., is equivalent
to the set [NvQIM}. The correspondence between the
fermion and boson state vectors has been established.
However, there is an important difference between the
fermion and boson bases. The number of boson states
is not bounded, whereas the number of fermion states is
if the space of single-particle states is bounded. This
follows from the Pauli principle. With each fermion
state | NoQIM) one can associate a boson state, but the
converse is not true. The boson states with which one
can associate fermion states form the physical subspace
in the complete boson space.

We now turn to the construction of the boson images
of the fermion operators. Equation (14) can be re-
written as follows:

5IIdméﬂ{a|ﬁ—E|u'}F(a')=0, (18)
i

where | @) = exp{%, of,A43,} 0).

_ If it were possible to express (| Hl a') in the form
h(2g,, 8/80y,Xal «'), we should obtain instead of (18)

{h (s Ofdote,)— E} \ Hda’:«l'F (') (2 ]a"y=0.

Thus, we obtain a Schrddinger equation in which k(a,,,
8/8ay,,) is the collective Hamiltonian and II,da| F(a')
x{a| &'y the collective wave function. Before we con-
struct k(og,, 8/8w,,), it is necessary to calculate the
matrix elements

(@] Agu| &) = (0] exp { ¥ ctovday] Aoy | o'y = 8/ 0ty (| a');
-
(| A3y [a'y = (0 |exp {2 dg‘-44n_y} Afy |’y
v
, 1 '
=y (@] )4 +5 2 Qgyiayr (G | [Azys [Aay, ABp)) | ')

‘*(“3" ( 'i'i;-in.r.)"““S1 aa,v_W!-HT

X 2 (— 1)va—=\ue—v(_ b

v

e, B L) @),

where the coefficients K, L, and R are expressed in
terms of the amplitudes ®,,. The following boson repre-
sentations for the operators A4,, and 4;, are obtained:

Agy = 0/00,; (19)
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— 1 S\ {yv=n a
Liksn & () ran g
(A+1) i oo (20)

In what follows, we shall use the substitution
Qay —> bfuv d-"aazu == hﬂ.u (2 1)

which preserves the commutation relations. We denote
the result of substituting (21) into the right-hand side of
(20) by Bj,. The boson representations (19) and (20) are
representations of the Dyson type. They do not preserve
the properties of Hermitian conjugation of the operators
Az, and A;, since by, # B,,. But, as will be shown be-
low, the Hermitian conjugate boson operators 4,, and
45, can be readily obtained.

Since

[A5y A2] = 0, (22)
we require

(B3, Biyw]=0. (23)

In (20), we retain in addition to the first four terms only
those needed to satisfy the condition [43, A4;.]=0.

If K~ and R~ = the simplest solution for Bj;, satis-
fying the condition (23) is Bj,=b3,(1-N/L). If only R
—~©, then the condition (23) can be satisfied by means of
a finite number of terms in (20):

Biw=ttu— (T+757

s\ { VR
) ¥ — gy 2 (=0 b
v

1 Ve
T & (1) b
z

=B, (L, K).

| 1 bE N2

TR ED 22w o (=1 by

If all three coefficients K, L, and R are finite, the con-
dition (23) cannot be satisfied if (20) is a finite series.
However, it is easy to see that this condition can be
satisfied by writing B3, in the form

Bi,=F~(I* R) B, (K., L) F (I*/R) F~' (6/R),

where F is an arbitrary function. The factor F*(6/R)
is substituted in order to leave the coefficient of b3,
equal to unity.

The operator B, (K, L) can be represented in the form
B;, (K, L)=&"b;,®, where & is an Hermitian operator
diagonal in the basis | N¢QIM), Its matrix elements
depend only on N and v:

@ (N, )/ (N +1, v 1) = [ —(N +1)2K] (1 — N/L); (24)
OV, 1)/ (N1, r— 1) =1 — (N 4 r—3)/2K] (1 — N/L). }

Thus, we have obtained the following boson representa-
tion for the operators A,, and A},:

Aoy = bay; (25)
Asy — F'D1p3,OF,

As we noted above (25) does not preserve the proper-
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ti§s of Hermitian conjugation of the operators A,, and
A,.. The requirement of Hermitian conjugation can be
satisfied by means of the boson representation

Aoy —> P12 @1y,
P LY oE R P (26)
As=ppIEID
§ q‘i,iFi_’v'l.

Analytic expressions for the matrix elements of the op-
erators (26) are given in Appendix 1. It can be seen
from them that the boundaries of the physical region in
the complete boson space are determined by means of
the constants K and L. In Fig. 5, the boundaries of the
physical region are shown for the cases L<<K(a), K<L
<2K(b), and L= 2K(c).

To construct the collective Hamiltonian, one can use
the method formulated at the end of Sec. 1 of this paper,
except now itis necessary to find approximate expres-
sions for the fermion operators, not in terms of g, and
Doy, but of Ay, and A,,. As an example of the use of the
boson representation (26), we give the eigenvalue spec-
trum of the Hamiltonian

H"’* €y : [Azu: Agpl s }.‘ A,
n w

@7

If K, L, R—, then E=5cy+cyN. If only R—=, then

Sk e SRR T 6 N(NLH—vEsd
Ly {” N =T A L{Kk=1) ° LK+ 1) }
ind c LK—SL—5K—35 ya K+L—3 1 V(Ni3—v(ptd
€2 {‘\ TR=h S LK 1) } (28)

The Hamiltonian (27) is an approximate expression in
terms of A3, and 4;, of the Hamiltonian used in the
Tamm-Dancoff approximation. It can be seen from (28)
that the deviations from equal spacing are due to the in-
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fluence of the Pauli principle, especially in the lighter
nuclei (for example, A~ 70), where L= 5-8.

Thus, the method developed in this section has made
it possible to find comparatively easily the dependence
of the factors that determine the influence of the Pauli
principle, i.e., ®(N, v) and F(I), on not only the phonon
number N but also the seniority v and spin I,

We shall show below how one can calculate the matrix
elements of the operators A,, and 43, and construct a
collective Hamiltonian without introducing explicitly the
phonon operators by, and b, or using the approximate
expression for the microscopic Hamiltonian in terms of
A, and A, as an intermediate stage.

4. COLLECTIVE HAMILTONIAN WITHOUT
COLLECTIVE VARIABLES

We shall use here the same basis of collective fermion

states as in See. 3:

| NeQIM) = N385 (47 ..o Aflveorar |0, (29)
where Ny,q; is a normalization factor that must be cal-
culated. We illustrate the method of calculating the
matrix elements of the microscopic Hamiltonian between
the states (29) by calculating the matrix elements of Hyg,
the part of the total Hamiltonian containing terms of the
form a'a’a’a’:

(N =2, QUM | Hy | Ne QI
=N5aai N =2, QI (45 . ASlveorst Hio | 0)
e N L2 (D QT [AT .. ATy | K) (k] Hyp | 03

(30)

Here, |k) is a complete set of four-quasiparticle states
with zero angular momentum, these also including the
collective state (1/V2)NapiE[As4:]ol0). The approxima-
tion will be to retain in the sum over % only the collec-
tive state that gives the largest contribution on account
of the coherent effect:

(N =2, ¢'QUIM | Hyo| NeQIM) 2 N532 1}: Wy SN

X (NoQI; 0,2 N =2, v T) x Ny 2y, v (0] (A4l 0100, (31)

Here, (NvQI; 0.2]|}N+2, »'Ql is a fractional-percentage
coefficient.

Thus, the problem of calculating the matrix element
of H,, reduces to calculating the normalization factors
Ny,ar and the matrix element of H,, between states with
few quasiparticles, (0[A4,4;]p0H4!0), which can be readi-
ly done. The matrix elements of the remaining terms
of the microscopic Hamiltonian are calculated similarly.
A certain care must be used to calculate the matrix
elements of Hy, ~a'a'a’a, which do not contain coherent
parts. The expression (31) is such that only the sim-
plest matrix element, (20000| H,,l 0), can be calculated
exactly; all the remainder must be calculated approxi-
mately. The approximate expression for the matrix
element (31021 Hygl 1102p), found from (31) can be
compared with the one calculated exactly for **Ba. The
discrepancy is a fraction of a percent. ® The exact and
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TABLE II, Comparison of exact and approximate values of
the matrix element M= (3112 | Hy | 1112p) for Se isotopes.

]
Isotopes | Mexact | Mapprox | 2ar " H Isotopes | Mexact | Mapprox| *ar o

28 —3.277

—3.181
"ge | —3.387

—2.868

—3.556 | 8.8 g | —3.082
—8444 | 1.7 | mse | —2le3l

o
[=J1 ]

approximate matrix elements for lighter nuclei are com-
pared in Table II.

Equations of the type (31) can be improved by calcu-
lating not one, but several of the simplest matrix ele-
ments exactly., We now turn to the calculation of the
normalization factors Ny,q;. This can be done in the
same approximation as in the calculation of the matrix
elements of the microscopic Hamiltonian:

\\rgu_\\lofhri\l IU’)
= z (N=1, QT 2] NoQIEN Ny, w00, 10

vl

f N—1
+ 3=t s 1, s 2 Vo)

X (N =2, v'Q"I"; J, 2} NoQl) CHp0,Citeim
X CIMe (O] [4a . .. Aolv-y, varrap

b 1. T A3)v_2, vramrma- | e} (kl [[A2p-, A5],

31| 0D,

Here, |k) is a complete set of two-quasiparticle states,
among which we shall in the future retain only the col-
lective state A;,10), which separates out the coherent
effects. As a result, we obtain

Nyar= =~ (N—1,0'Q1I"; 2} NuQI)?
Navar H,.@.l‘( 3 [} Nvar)

X Ny- o —(N—1) X (N—1, 0'Q'T'; 2|} Vo) (32)
X (N—=2, v'QT"; T, 2|} NoQl) (N —2, v"Q'T" 2} N —1,
VQI)VR2 W) | 2.2 (I') X INCsN %1, eraeres

where [22()11 2. 2I'' (I')] is a Racah coefficient; ¢, =1
- <01 [A4,];4[A7 A3];410). The recursion relation
(32) can be used to calculate the normalization factors.®™
These calculations have shown that as N and v increase
the coefficients Ny,q; gradually decrease and, above
certain values of N and v which depend on the amplitudes
&, become zero, so that in actual calculations the
space of collective fermion states in which the micro-
scopic Hamiltonian is diagonalized is finite. Clearly,
this is a result of the approximation made in the deriva-
tion of (32), if, of course, no restriction is made on the
space of single-particle states in the calculation of the
amplitudes ¢,,. The approximation made in deriving
(32) becomes unsatisfactory when Ny,q; < 1.

To get an idea of the behavior of Ny,q, at large N and
v, we analyze the following model. Suppose the space
of collective states is constructed by means of a single
operator: A*=% s>wsasa-s, To03=1. Then the space of
collective states will include only the following vectors:
|m) =N} 24" 0); N,=(01A"A™|0). We calculate the
normalization factor N,. For this, we consider

{0]exp [Aexp (it)] exp (4%) | 0y = exp[ > In (1 exp (if) §2) ]

M8

1 5 r
e exp (int) N,.

Il

n=>0
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It follows that the normalization factor in which we are
interested is given by

n
Np= "é;" \ pxp(-—int}exp[zln(l exp (it) ¢3)).

-

To obtain an analytic expression for N,, it is convenient
to go over from summation over s to integration:

iy (”f_

a at—- I'

\1]. {r)der=1;

Z —r -\ dz; S In (1 —exp (if) §3) — J drln (L —exp (it) {2 (x))

s [ §
=:la(] /l—‘—?;‘%e.\'p (it)y— l)
and

-
Np= m ) —— exp (-—z1a) \ dt exp (—int)

X exp (:Ia ],-’ 1 +__[—a exp (if) —1 ) &
The final expression has the form

e, S (n-—k—1!
Np=nl 3} K (n—k— 11 —2xa)* *
k=0

For example,

o =21 (1 —1,71a); Ny=3!(1—3/aa-+ 3,a%3);
N,=4! (1 —6/ma + 15/n%a>*— 15,7%a%).

The results of calculations for ra=6 are the following:

Ny=1, N;=0.833, N;=0.583, N,=0.347, N;=0.178,

Ng=0.080, N;=0.032, N;=0.011. They agree fairly

well with calculations in accordance with the recursion

relation

Np=Np [+ (n—1)/9Q] (33)

for @=5: Ny=1, Np=0.833, N,;=0.595 N,=0.372, N,
=0.206, Ny=0.103, N;=0.047, Ng=0.020.

Thus, for small » one can certainly use the expres-
sions obtained above for the normalization factors, and
for large n expressions of the type (33).

5. TRANSITION FROM SPHERICAL TO DEFORMED
NUCLEI

We consider here the question of the types of transi-
tions from spherical to deformed nuclei that can be de-
scribed by means of the Hamiltonian (7), To simplify
the treatment, we set iy =0, and investigate the spec-
trum of collective excitations as a function of #; and &g,
Setting #;=0 and increasing |k, (i, is here negative),
we obtain the spectrum of collective excitations shown
in Fig., 6. It is identical'with the spectrum of collective
excitations in the Jean-Wilets model. With increasing
| hyl, the ratio E(47)/E(2;) increases. This means that
| ;| plays the role of the parameter B, and the latter
increases with the former.

Setting ki, =0, and increasing h;, we obtain the spec-
trum of collective excitations shown in Fig. 7, from
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which it can be seen that the 0; state sinks with increas-
ing s, So that in the transition region it is near the 2]
state. With a further increase of k3, this state becomes
the ground state, and we obtain the excitation spectrum
characteristic of deformed nuclei. But among the ex-
cited states there appears a spherical 0" state, A situ-
ation of this kind is realized in the isotopes *%100:102)54
It can be seen from this example that /3 plays the same
role in the Hamiltonian (7) as the parameter y., in the
phenomenological collective model of the nucleus.

If iy and 73 increase simultaneously, there is a
smooth transition from the typical vibrational spectrum
of collective excitations to a typical rotational spec-
trum, This transition is described in Ref. 10.

6. E2 TRANSITIONS BETWEEN LEVELS OF A
TWO-PHONON TRIPLET

Interesting experimental data on the E2 transition 4]
- 2; were obtained in Ref. 11, in which the lower bound
B(E2; 4~ 2;)/B(E2; 4;~ 23)> 80 was found for '%pd,
This result characterizes a strong prohibition on E2
transitions between the levels 2; and 4; of the two-
phonon triplet. It is very hard to explain it and simul-
taneously the large quadrupole moment of the 2{ and the
small value of B(E2; 2;-0;)/B(E2; 2;~0;), if one stays
within the framework of a model that takes into account
only mixing of components with few phonons. This can
be seen from the following arguments. =

1. The data on the inelastic scattering of protons on
spherical nuclei and the quadrupole moments @(2;) of
2; states can be explained'® by assuming that the 2] and
2; states are a mixture of a one- and a two-phonon com-
ponent. However, under this assumption the theoretical
B(E2; 2,-0})/B(EZ2; 2; - 0}) values are several times
larger than the experimental. Large probabilities of
E2 transitions between the triplet levels 03, 25, 4; are
also obtained.

2. Allowance in the Hamiltonian for both types of
third-order anharmonic terms:

(S (42h3)aybey—h.c.} and
m

‘ } (V2b5)ay (— 1)* b3, — h. c.}
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enables one to explain'* the small value of B(E2; 2;
-0;)/B(E2; 2j-0;)and the large quadrupole moment

of the 2; state. But then the branching ratio B(E2; 0;
~27)/B(E2; 2;-0}) is found to be 2-3 times larger
than the experimental. The predictions for the prob-
abilities of E2 transitions between the terms 03, 25, 4; of
the triplet are too large.

3. In Ref. 15, it was shown to be possible to explain
simultaneously and correctly the data on @(2;) and B(EZ2;
2;* 0;)/B(E2; 21~ 0) without losing the agreement with
experiments for the other quantities; it was shown that,
besides the collective part of the quadrupole moment
operator @,,, it is also necessary to take into account
its single-particle part, i.e., the part that does not
change the number of quasiparticles. Both terms @;,
make a coherent contribution if one calculates matrix
elements between states whose energy difference is less
than the energy E(2;) of the state 2j, which is the case
when @(2]) is calculated. The contributions of these
terms to @,, have opposite signs and compensate each
other in the calculation of the matrix elements between
states whose energy difference is greater than E(2]),
as in the calculation of B(E2; 2~ 0;). Unfortunately,
in Refs. 15 results are not given for the E2 transitions
between the levels of the triplet 03, 25, 4;. The ratio
B(E2; 4;—27)/B(E2; 4;— 2;) is calculated in a model
that allows for mixing of one-, two-, and three-phonon
states and the one-particle and collective parts of &;,
are taken into account. The branching ratio was found
to be of the order 25-30, which is much lower than the
experimental value,

4. If one takes into account not only the anharmonic
terms of third order but also those of fourth order, !®
satisfactory agreement with experiment can be achieved
for many quantities. But B(E2; 4;- 2})/B(E2; 4 - 25)
is found to be of the order of 10, which is much smaller
than the experimental value.

5. For "Cd, a calculation has been made!” in the
framework of a model that takes into account not only
collective excitations but also states of a noncollective
nature; it proved possible to reconcile the values for
Q(27) and B(E2; 25~ 07)/B(E2; 2] -0}) with the experi-
mental values and obtain for the ratio B(E2; 4]~ 27)/
B(E2; 4j-2;) the value 85, which corresponds to the
strong prohibition of the transition between the 4; and
2; levels. But in this model one can consider only nuclei
in which the protons or neutrons have only two particles

+
0 a2

FIG. 7. The same as in Fig. 6, but for k, =h,; =0.
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TABLE II. Energies of collective states, probabilities of
E2 transitions, and quadrupole moment of the 2} state in
106

Pd.

Parameter Theory Experiment
E(23)E (27) 2,18 215
E (03)/E (2}) 2.41 2.43
E(&)E (2 2,22 2.415
B(E2; 4t — 2{)'B(E2; 2 —0F) 1.52 1.840.2

1.3%0.3
B(E2; 25 —2}) B(E2; 2§ —07) 1.09 1.6£0.4
B (E2; 03 —27)/B(E2; 2§ —07) 0.68 0.9+40.2
B(E2; 28 —~07)/B(E2; 2{ —0F) 0,008 0.022
B({E2; 4 —21)/'B(E2; 4 —2f 121 >80
B (E2; 28 —0})/B(E2; 27 —0}) 6-10—4 < 6-10-8
@ Qan2nset | el 09 —0.68 —0.940.1:
1 | —0,55+0,08
B(E2; 05 — 2{)/B(E2; 0 —23) i —
|

or two holes above the closed shell.
the nucleus %Pd in this model.

We cannot consider

6. For completeness, we note that in the Davydov-
Chaban phenomenological model'® with values of the
parameters i and 7y typical of spherical nuclei (1=0. 6,
¥=20° - 25°) the branching ratio B(E2; 4] 2y)/B(E2;
4, - 2;) takes a value approximately equal to 30, which
is much smaller than the one found for %*Pd.

It remains to assume that allowance for mixing of only
one-, two-, and three-phonon states is inadequate in the
case of *®Pd, A method without this restriction is de-
veloped in Ref. 2g. Using this method, we calculate
the energy, the probability of E2 transitions involving
the 2] state and the triplet levels 03, 2;, 4;, and also the
quadrupole moment of the 2; state. The calculations
show that: a) the nucleus **Pd cannot be treated in the
framework of a model that takes into account the mixing
of only one-, two-, and three-phonon states, since ad-
mixtures of states with a large number of phonons are
important; b) the potential energy of the quadrupole
vibrations, which one can separate out from the total
collective Hamiltonian (as is shown in Ref, 24), has at
p=0 a minimum, and not a maximum, Therefore, it is
in principle impossible to treat '®Pd in the framework
of RPA., The minimum of the potential energy occurs at
p#0. Its depth is much less than the energy of the zero-
point vibrations, and therefore the properties of %°Pd
are very different from those of deformed nuclei.

The resulis of the calculation are given in Table III.
All the calculated quantities agree satisfactorily with
the experimental quantities.'® Note that allowance for
the contribution of the single-particle part of @;, is
important for the calculation of the quadrupole moment
of the 2} state. The ratio B(E2; 4i~2})/B(E2; 4~ 2;)
is also sensitive to the contribution of this part of @,,.
A small change of the parameters, without significantly
worsening the agreement with experiment for the re-
maining quantities, can increase B(E2; 4;~2)/B(E2;
4;~2;) from 10° to 10°,

Experimentally, the ratio B(E2; 0~ 2;)/B(E2; 0;
~2;) as yet remains unknown., In calculations, it has
been found to be appreciably smaller than B(E2; 4;
~2;)/B(E2; 4;—~2;), which indicates a weak forbidden-
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ness for the transition 03~ 2. To test the theory, it is
very important to obtain experimental information about
this ratio. An analogous result for the ratio B(E2; 0
~2y)/B(E2; 0j~ 2;) was obtained in Ref. 20 for ®Se and
in Ref. 16 for a number of spherical nuclei, but on the

basis of a collective Hamiltonian with a form different
from (7).

The above results can be understood by considering
the structure of the wave functions of the 1%Ppd collective
states found in these calculations (Fig. 8). The graphs
are very similar for the 0], 2j, and 4] states. They are
merely shifted relative to one another along the abscissa
by AN=1. Since the principal part of the quadrupole
moment operator changes the number of phonons by unity,
this explains why the E2 transitions 4; ~ 2} and 2}~ 0}
are distinguished. The structure of the 2; state is the
same as that of the 4; state. In both cases, the two-
and four-phonon components are the principal ones,
making up 85% of the state norm. Since the principal
part of the quadrupole moment operator changes the
number of phonons by unity, the transition 4;~2; is
forbidden.

We now consider the 0; state, In it, none of the com-
ponents make a contribution of more than 30% to the
norm. The contributions of the no-phonon, two-,
three-, and four-phonon components are very notice-
able. In this, the 0, state differs strongly from the
other two-phonon states.

7. COLLECTIVE STATES OF TRANSITION ISOTOPES
OF Sm AND Gd (Ref. 21)

The properties of the collective states of the isotopes
of many elements vary smoothly with varying number
of nucleons from typical vibrational to typical rotational
states. One could explain, qualitatively at least, the
main properties of transition nuclei by interpolating be-
tween the vibrational and the rotational limits, How-

m%

W%
ot
5ot
40t
k718
20}
0}

0

W%
0
40t
0}
20}
0}

it i T T o e TR

FIG. 8. Contributions W of N-phonon components to the 0f, 2,
4, 04, 2 wave functions of ®Pd,
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TABLE IV. Ratio of reduced probabilities of E2 transitions in "**!®Sm and 'Gd (Rot are the
predictions of the rotational model; Vib, of the vibrational model).

152Gd 13951 1528 m
B(E2 1+ 1) Ref. | Ref. Ref. | pot | vin
BELT=17 | Experiment E‘; Experiment | Theory 129] | (28] | Experiment ::‘:’ [29]
23 52+5 |48 1241 42 0.7 | 05| 6.240.9 | 3.7 |91 [1.43]
25 —0f =
E%-—rér 2.040.3 | 2.2| 8.840.5 3.2 45 86 2.740.9 | 6.3 |49 1.8 |0
3y ot =
B0l i1l |1t | 284 | 197 8 |65 - s e | b
25— 2f
= et 2,05 | 200 2.3 57 | 60 jio7 - S I
25 —A-U“
427 =2 al 0.002 0.001 | 0.28 0.104+0.03 | 0.22 |0.08 | 1.1 |0
Py
dEviin G800 | 8.9 5.9+0.8 | 179 | 5.4 418 {103 &t — |11
43 —~ 47 oy
43 -2 - p 4404 5.007% | 4.10-3 0.002 0.004] 0.0002] — |0
43 2%
_r-;; =* ‘E 0,140,010 | v.36) 0.23=0.08 | 0.33 0.8 | 0.06 0.3940.03 | 0.10 | 0.43 |0.78 | —
&3 = ey
B S 3 — | 0.6x0.2 | 001 0.27 | 0.01] 0.09+0.01 | 0.02 | 0.05 |0.05 | =
25— 27 =
21 Qail2 — - |40z | —15 | — - - - —- | = |0
RN IUS
ever, a number of facts do not fit into this scheme. One tional model, agree well with our calculations. At the

such example is provided by the properties of the low-
lying states in the isotopes 1%95m and **Gd. In these
isotopes the energies of the 0; and 4; states are close

to the predictions of the vibrational model, whereas the
ratio E(2])/E(2;) = 2.7-3. 0 strongly contradicts this
model, In '%Gd, the ratio B(E2; 2;—4])/B(E2; 2;—2})
=2, 0 agrees well with the prediction 1. 8 of the rotation-
al model, But the ratio B(E2"; 2; - 2])/B(E2; 23— 0})
=52 is typical of spherical nuclei.

Let us analyze these experimental data on the basis
of the collective Hamiltonian (7). To simplify the anal-
ysis, we assume that 2,;=0. We fix the remaining
parameters in such a way as to describe the experimen-
tal situation in ¥*®'!%%Sm and '**Gd. Since *°Sm and **?Gd
have similar properties taking N the same for these nu-
clei and equal to (7) (somewhat less than the number of
nucleon pairs in open shells), In '*3Sm, we fix N=9,
since this nucleus has similar properties to deformed
nuclei, and nucleons of closed shells can contribute to
the collective quadrupole motion, Small changes of N
do not significantly affect the theoretical results. The
experimental and calculated energies of the collective
states of 1%%1%2Sm and '"2Gd are given in Fig. 9. The
general agreement between the theoretical and experi-
mental results is good. Not only can one correctly de-
scribe the energies of the 0} and 4; states in *°Sm and
152Gt.*., which are close to the predictions of the vibra-
tional model, but also those of the 2; states of the same
nuclei, which have values very different from the ones
predicted by this model.

The results of calculating the probabilities of E2
transitions are given inTable IV, together with the ex-
perimental and theoretical results taken from Refs. 22
and 23. The following results are interesting. The ex-
perimental values of B(E2; 25— 4;)/B(E2; 2~27)in .
1593m and !*3Gd, which are, respectively, 3.8+0.5 and
2,0£0. 3 and close to the values predicted by the rota-
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same time, we have succeeded in explaining the large
experimental values of the ratio B(E2; 23— 27)/B(E2; 2;
-0;) in *¥°Sm and **Gd which are, respectively, equal
to 12+1 and 52+ 5. For this ratio, the rotational model
predicts the value 1. 43.

Thus, it is possible to explain the fact that in one and
the same transition nucleus the values of certain quan-
tities are close to the ones obtained from the rotational
model, while the values of others are typical of spheri-
cal nuclei. As follows from our calculations, the rea-
son for this is as follows. The wave functions of the
ground states of **°Sm and **Gd consist to 75-90% of
the no-phonon component. At the same time, the wave
functions of the excited states have a more complicated
structure. In them, none of the components makes a
contribution greater than 50%. And, as a rule, three
or four components make an appreciable contribution
to the wave functions. One can therefore say that the
ground states of **’Sm and **Gd are spherical, whereas
the structure of the excited states corresponds to an
intermediate position between spherical and deformed.
The ratio B(E2; 2;~ 4;)/B(E2; 2;~- 2}) depends only on
the structure of the excited states and is therefore close
to the value predicted by the rotational model. The
ratio B(E2; 2;- 2;)/B(E2; 2;-0]) depends on the struc-
ture of the ground state, and its value is typical of
spherical nuclei.

It is well known that in strongly deformed nuclei the
spectrum of collective states consists of rotational bands
based on states with different internal structures. The
E2 transitions between levels of one band are much
stronger than those between levels of different rotation-
al bands. The reason for this is well known and is due
to the fact that in strongly deformed nuclei the rotation-
al motion is decoupled from the internal (at least for
small spins).

In the transitional nuclei, the rotational motion is not
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decoupled from the internal. However, even for these
nuclei, the experimental data show that the levels can
be grouped into quasirotational bands, '° for which the
probabilities of E2 transitions within them are appreci-
ably greater than those of E2 transitions between levels
of different quasirotational bands. What is the explana-
tion of this phenomenon?

The phonon structures of the levels of different quasi-
rotational bands in *®*2Sm are shown in Fig, 10. It
can be seen that the phonon structures of the levels of a
given quasirotational band are similar to one another
and can be described approximately by the same curve,
which is merely shifted along the phonon number scale
by unity on the transition from one level of any quasi-
rotational band to the neighboring level, which explains
the large probability of E2 transitions between the levels
of the quasirotational band. If the phonon structures of
the levels of different quasirotational bands are com-
pared, they are found to differ strongly. This explains
the relative smallness of the E2 transition probabilities
between levels of different bands.

In the qualitative consideration of collective quadru-
pole excitations in transition nuclei, it is frequently
very convenient to represent these excitations as a
superposition of spherical and deformed components.
Such a model enables one to understand in outline the
behavior of the energies and probabilities of E2 transi-
tions between collective states. The computational
scheme is very simple. It is desirable to find argu-
ments supporting this model based on a more micro-
scopic treatment, in which one initially assumes only
that the collective degrees of freedom are weakly mixed
with the noncollective, at least at low excitation ener-
gies.

Such calculations were made in Ref. 21 for the transi-
tion isotopes Sm and Gd. Information on the structure
of the wave functions is given in Ref. 21 in the form of
graphs, in which the phonon number N is plotted along
the abscissa and the contributions of the corresponding
N-phonon components to the norm of the wave function
along the ordinate, It is clear that a purely spherical
state with fixed number of phonons will be represented
by a vertical line in such a graph. Deformed states are
represented by the principal curves. The ground state
is the curve with maximum at N=Ny#0, and a B vibra-
tional state is a curve with two maxima and one point of
inflection. Analysis shows that if the large spherical
components (for example, the no-phonon component of

TABLE V. Probabilities of E2 transitions between states of
the ground and B-quasirotational bands in %Sm.

b
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FIG. 12. Spectrum of collective excitations of *Gd.

the 0f state and the no-phonon and two-phonon compo-
nents of the 0; state) are subtracted from the wave func-
tions (Fig. 11), the remaining components can be repre-
sented in the form of a superposition of curves charac-
teristic of deformed states. Thus, the wave functions
can be represented as superpositions of spherical and
deformed components. Below, we give the results of
this treatment for the wave functions of *%Sm:

|07) =0.8610y+0.5|def, k=0, n; =0, /=0);

[27. 0 =0.7463, |0} —0.67 {def, k=0, ng=0, =2, p);

. [babsls . - o & ;
| 41. Au,‘:u.b%i(') —0.8]|def, k=0, ng=0, I=4, uy;

103} = 0.46 (|o>—ﬂf7b§£|m)—u.7ﬁ|def, k=0, np=0, I=0y
| 250 = 0.5363,] 0) — 0.30 l"%ﬂ_ 10)—0.62 | def, k=0, ng
=0, =2, w—=0.45| def, k=0. np=1, =2, u)
| 450 ﬁn_asii‘:—?__f‘—“_u.ﬂ def, k=0, ng=0, =4, 0

—L—O.T:)Idef’ k=0, np= 1, I= 4, .

The results obtained with these model wave functions
under a very crude assumption about the orthogonality
of the spherical and deformed components are given in
Table V. Tt can be seen that the model reproduces the
experimental situation in its broad features.

To conclude this section, we give the results of a
calculation of the energies of collective states with high
spins. We took the nucleus **Gd as an example. The
results of caleulation of the energies of collective states
of 1%*Gd with spin values up to =18 are shown in Fig.
12. The agreement between the theoretical and experi-
mental results is satisfactory, especially for states of
the ground quasirotational band.

8. SPHERICAL STATES IN TRANSITION NUCLEI

In Ref. 24, the spectra of collective excitations of
the isotopes !%'1%:1%pt were investigated in (o, xn) re-
actions. Of the results obtained in Ref. 24, the most
interesting are the following:
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1) at spin I=12 in '®¥2pt apg 1=10 in Pt the
smooth growth with inereasing I of the difference be-
tween the energies E(I+2) - E(I) of the levels of the
ground quasirotational band breaks down;

2) the E2 transitions 12"~ 10" in ' 192pt anq the E2
transition 10"~ 8" in !™Ppt are hindered compared with
the purely collective transitions. In the case of **pt
the effect is appreciable;

3) in '®1%pt gaveral levels that have I'= 10° and are
nearly degenerate with respect to the energy are found
near the 12" state.

Let us analyze this situation on the basis of the col-
lective model of the nucleus. We consider the collective
quadrupole Hamiltonian containing terms to fourth order
in powers of the phonon operators. We require the se-
niority v to be a good quantum number, This means
that the collective Hamiltonian must not contain anhar-
monic terms of third order:

}Icull =0 SMI“E!IF'EM - Ca ::u (= 1)u (D505 _y
e = cur (X (— 1) B X (—1)"03,55 (34)
+hee) + e (M (= 105,05, N bibay+h. c.)

+ XL:-H. 2, 464y ([B3D5] [Babaly)oo-

Using a linear canonical transformation of the opera-
tors by, and by,, we can transform the Hamiltonian in
such a way that in terms of the new phonon operators
the term 3, (- 1)*3,b;.,3,(~ 1)"b3,b3-, + h. c. is absent.
Therefore, without loss of generality, we can set cy
=0.

The eigenstates of the Hamiltonian (34) are character-
ized by the following quantum numbers: I and M, the
angular momentum and its projection; v, the seniority;
€2, an additional quantum number. The spectrum is de-
generate with respect to £, and the multiplicity of de-
generacy is®

ko= (20— 1 =320 ) | [L o142 ] 41— 80 0

where [A] is the integral part of the number A,

In the general case, the eigenstates of the Hamiltonian
(34) are a superposition of states with different phonon
numbers n. But for definite values of the coefficients
¢z and ¢y, the eigenstates include some with fixed
phonon number #g:

|n=ny, v=n, Q, IA. (35)

We now show that the states (35) are eigenstates of (34).
In the Hamiltonian (34), the phonon number is changed
by the following terms:

g (X (— 1)*53ubty -+ X (—1)"ba_ybay)

" . 36
+ i ( 2 (= 1)"08,5_, Ybibay+h. c.). ®6)

Since 7y is the minimal number of phonons for a state
with v=n,, the result of applying the operator (36) to
the state vector (35) can be written as follows:

(€2 4 cigno) 2 (— 1)*b5,b5 | n = no, v=n,, Q, IM).
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If ng=~ cy/cy, then (35) is an eigenvector of the Hamil-
tonian with eigenvalue

B, 1= (C’+ 7 : : F“_':Ti"“) "n-:‘(

1
i T

4 o
EeTT )
qg)l(fﬁ}i).

The ratio c,/cys need not be an integer, and if it is not,
the state |ng, v=mng, Q, IM) acquires admixtures of com-
ponents with other phonon numbers. But they are small
because of the factor (ng+cp/cqg) <1,

In nuclei in which the potential energy of quadrupole
vibrations has a maximum at f=0 and minimum at g#0,
the coefficient ¢, is negative, and cy positive, If in
these nuclei the potential energy does not depend on v,
then states of the type (35) can be realized in them.
These are purely spherical states with fixed phonon
number. There is a complete set of such states with
different values of I. The deeper the minimum at s#0,
the larger is the value of #y at which these states ap-
pear. Thus, there is an entire band of spherical states,
in contrast o the majority of other eigenstates of (34),
whose wave functions are concentrated in the region of
the minimum at B#0. As can be seen from (37), the
energies of the states of the spherical band depend on I
in the same way as the energies of the states of a de-
formed rotational band. If the coefficient (/21
- c42/7V5) is sufficiently small, the spherical band inter-
sects the ground-state quasirotational band, and back-
bending will be observed. If the value of the seniority
for the spherical band is appreciably larger than for
the ground-state band at the point of intersection, the
seniority selection rule for E2 transitions will result
in a state with a greater lifetime, i.e., an isomeric
state. In addition, for sufficiently large n; and I, the
states of the spherical band are degenerate with multi-

plicity kq.

To calculate the energies of collective quadrupole ex-
citations in the isotopes '*'1%:1%pt e yge the Hamil-
tonians (7). As was pointed in Ref. 24, the maximal
phonon number N can be taken to be approximately equal
to the number of nucleon pairs in open shells, For
10pt, we obtain N=9. In what follows, we shall use this
value in calculations for **''%pt A test showed that
small changes do not essentially alter the results of the
calculations. The numerical values of the coefficients
Iy, Iz, by, hyr were fixed in such a way as to minimize the
deviations of the theoretical values of the energies from
the experimental values for the first six low-lying
states 2], 27, 43, 4;, 31, 03 (Table VI). It can be seen
from Table VI that the coefficient kg is appreciably
smaller than %, and its influence can therefore be ig-
nored. If, in addition, in (7) we ignore 1/N=1/9 in the

TABLE VI, Allowed values of the spin and degeneracy of
states of the spherical band with N =2 =9,

ITLov | 3% 4|6+ | 7| 8] 9v | 100 11| 12+ | 13+ | 14+ 15+ ] 16+ | 18+

kst bttty dihatn bt ot eoul cqilmnle galiaq il it 1
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square root compared with the unity, Eq. (7) can be
rewritten as

Heon: =ho+1 3 Blbsy = he { 3 (—1)*0505
}:\- b3 vbay v e
X(1—-=F) +ho e} + 3 o ((0803) (babelide. (38)
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FIG. 13. Theoretical and experimental energies of the collec-
tive states of 190+192,19p¢
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TABLE VII. Values of the coef-
ficients hy, hy, hy, hy (keV) and

8 (gt _Ei 2
x= /5 Eom= L) iE;
(B’

in the isotopes 19019213 pg

Nucleus| - 199Pt 192pt 194Pt

Iy 14.3] —73.3| 123.0
ko  |—1505.9 |—1828.4 [—1682.7
iy —23.3| —47| —1.56
kg 57.7 97.7 | —146.9
B | —121.6 | —103.2 | —122.1
hyy 39.1| —10.3 | —22.3
M 0.11 0.26 0.32

This expression is equivalent to the Hamiltonian (43),
and the spherical band with 75=9 is an eigenstate of the
Hamiltonian (34) with energy

E;=9 (n,._.%num% )81 (ﬁ‘?: B s

5 hﬂ)I(I-T‘l).

'J'-(L hy— )

] e 7l

The multiplicities of degeneracy of the states of the
spherical band are given in Table VI.

To find out whether the spherical band intersects the
ground-state band for the isotopes *%+1%:1%pt we found
the eigenvalues of the Hamiltonian (7) for states with
large spin. The values of the coefficients were taken
from Table VII, The results of the calculation are
shown in Fig. 13, in which we give only those states of

g W
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oy

I i s S Sl Gaa- LSl SRR Rl Bus
175" g}
w0 /\/\/\
[
II=4'W 7 2 J 4 F [3 7 3 SN
a5

x W é N
I 3 I‘}'.FL~\/\/\_/\
U=t

[ ;

T W
[0 51
V=0

4 7 2 g 4 ¥ £ 7 8 N

FIG. 14. Phonon structure of wave functions of collective states
of the ground quasirotational band, N is the number of phonons
and W the relative contribution to the norm of the wave function,
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the spherical band that belong to the yrast line. Fig. 14
shows the wave functions of the states belonging to the
yrast line in the isotope ®Pt. It can be seen that up to
spin I"= 10" the yrast line is based on states of the
ground quasirotational band, but that from the spin I"
=12 a spherical band begins. Because of the large dif-
ference in the seniority values between the states I* = 10
and I"=12°, the E2 transition 12°~ 10" is hindered,
However, if Nj is not an integer, the spherical state
‘acquires admixtures of states with smaller seniority
value and the factor prohibiting the E2 transition is re-
duced. In'®Pt, the experimental factor is 2~3. It is
interesting that *®Pt also exhibits two almost degenerate
10" states. The energies of these states are practically
equal to the energies of the corresponding states of the
spherical band. Experimentally, an 11" state of the
spherical band has also been discovered,

Similar results are obtained for the isotopes !%:1%pt,
The theory explains the appearance of additional states
with I"=10%, 12" in *®*Pt and the abrupt change in the
variation of the energy difference [E(I+2) - E(I)] with in-
creasing I in the ground-state quasirotational band.

From the result for states with small values of the
angular momentum, it follows that in these nuclei the
correspondence rule proposed in Ref, 9 for describing
quasirotational bands in transition nuclei breaks down.
The state which forms the base of the g8 vibrational band
has seniority v=3, and not v=0 as predicted in Ref. 10.
The large value of the seniority of the states of the g8
vibrational band leads to a strong reduction of the prob-
abilities of E2 transitions from this band to the ground-
state band. This effect is observed experimentally.
The ratio B(E2; 23— 0j)/B(E2; 23— 03) in the isotopes
190:1%pt i5 2.10™, whereas in transition nuclei like
150gm, 1%2Gd, and Mo it may be 0. 4-0, 5.

APPENDIX |

(-2, U1, Nf A |AR | IUNY={T +2, U414, N+ 1| b3y | IUN)
XV =N/ [\— (N =C),2k] (1 —2I/R};
U1, U, NS AR ITN) =(I 1, U+ 1 N1 | b | IUN)
R Y A=NL) [(I—(N=T) 2F [1— 2] — 1 2R];

(I, U+1, N1| AL | IUN)
=, U+, N1 IV I=N D 1= =02k

T—1, U1, N[ Ap | IT N

=T —1, U+14, N+ |bp | IGNY Y (T—N L) [I— (N —0), 2k] [L—(2I — 3),2R};
(I—2,U4+1, N+1]| 4| IUN)Y

=(I—2, U1, N4 |bp | JUN) |/ (T=N L) I—(N—C) 2] [I— (@I —4)/A[;

(L2, U—1, N4 | A | IUN) ={T+2, U—1, N1 | b | IUN)
XV U—=NL[I—(N—C—3) 24] (1—2L Ry,
(I, U—1, N1 |4u | IUN)
=(I, U—1, N+1 |0 | TUN YV (T=N, LY [1—(~> —C —3) 2&];

(T—1,U—1, N1 AR | IUN)= (T —1, U—1. N+1|bp | TUN;
XV (T—=N/L)[I— (¥ —U—3)/2k] [1—(21 —3) B];

(F—2,U—14, N1 A5 | ICN)=(I —2, U —1, N-1|bj | IUN)
XV U=NLD[I—(N=U—=32k [1—(2T—4) R].
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