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INTRODUCTION

It is well known that symmetry groups are very im-
portant in quantum theory. Invariance of a theory under
a group is reflected in the existence of certain conserved
quantities, selection rules, restrictions on the form of
the Lagrangian and scattering amplitudes, etc. Symme-
try principles give a method for classifying elementary
particles (unitary symmetry) and are used to construct
diverse field models (models with spontaneous symme-
try breaking).

In connection with the wide use of group methods in
quantum field theory, it is of interest to establish what
symmetry groups quite generally are possible; in other
words, what groups can be regarded as symmetry
groups. The discussion of these possibilities is the
main aim of the present review. We shall see that in-
variance of quantum field theory under the Poincaré
group imposes strong restrictions on the structure of
the possible symmetry groups.

In the review, we shall consider spacetime symmetry
groups and internal symmetry. Among the spacetime
groups, we devote particular attention to the conformal
group. The Lorentz and Poincaré groups are considered
very briefly. We shall discuss the structure of possible
Lie groups of transformations in Minkowski space. We
shall show that the possible finite groups of spacetime
symmetries compatible with relativistic invariance are
exhausted by the Lorentz, Poincaré, Weyl, and con-
formal groups. A large part of the review is devoted to
supersymmetry groups—groups of internal symmetry
with spinor parameters. Supersymmetry groups have
been widely discussed recently in connection with a
number of possibilities they offer. In the review, we
consider the possible form of the algebra of supersym-
metry groups and realization of symmetry groups as
groups of transformations of superspaces.

1. LORENTZ AND POINCARE GROUPS

Since the Lorentz and Poincaré groups are so well
known, we shall consider them only briefly. We denote
the coordinates of Minkowski space by x,, where u =0,
1, 2, 3.

The Lorentz group is the group of continuous, homo-
geneous coordinate transformations

Ty = 2 = Ay, (1)
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that leave the Lorentz square x2=x, v, =x3-x-x2
-x$% invariant. The Lorentz group, which is the group
of rotations of four-dimensional pseudo-Euclidean space
has six continuous parameters and, accordingly, six
generators ¥, (¥,,=-¥,,). The generators ¥, satis-
fy the well-known commutation relations

[Yuv, Yp!] =1 (gusY v+ gvpYpz—- EupY vz — ngYup); (2)

where g,,=diag(l,~1,-1,-1). The Casimir operators
of the Lorentz group have the form

Cy= Yuvyu.v; Cy= EuypzY pyY px. (3)

Thus, the irreducible representations of the Lorentz
group are classified by the values of two numbers. We
shall be interested in irreducible finite-row represen-
tations. We denote these representations by D(j, k); j
and % takethevalues0, 1/2, 1, 3/2,.... The dimension
of the representation D(j, k) is (2§ +1)(2k+ 1) (Refs. 1
and 2).

All Lorentz covariant fields that transform in accor-
dance withparticular representations of the Lorentz
group can be divided into two classes: tensor fields,
with j + & integral, and spinor fields, with j +% half-in-
tegral. This division of the fields arises because the
fields of the first kind transform in accordance with
single-valued representations, while those of the second
transform in accordance with two-valued representations
of the Lorentz group. In addition, for the quantization
of the former fields, it is necessary to consider the
commutator, and for the latter, the anticommutator (the
theorem on the connection between spin and statistics®).
All possible types of fields can be expressed in a unified
manner using spinor notation. For this, one introduces
two types of indices, with and without dots, which each
take two values. An entity that transforms in accor-
dance withthe irreducible representation D(j, %) of the
Lorentz group has the form of a spin tensor
T AyesedzyBye.. o that is completely symmetric in each
type of index (A;=1,2; B;=1,2). The antisymmetric
tensors €,5 and 53 (e,5=~ £5, and €535 =— g5 }) play the
role of an invariant metric in the space of the spin ten-
sors. The spin tensor formalism is convenient for
considering a number of questions, and is used below.

The Poincaré group contains, besides the Lorentz
transformations (1), the displacements

Ty = Zy=2x,4a, s (4)

Copyright @ 1977 American Institute of Physics 57



and leaves invariant the cone (¥ ~y)?=0. The Poincaré
group is a ten-parameter group, and its generators ¥ ,,,
P, satisfy the commutation relations [in addition to the
relations (2)]

[Yiuvs Pol =1(gupPv— 8vpP1)s

[Py, Py]=0. } &

The Poincaré group has two Casimir operators:

Cy=P% Co=7Y, Y P2 —Y ;Y cP Py (6)
In irreducible representations with P 2=M?>0, C,
=M?3s(s +1), where s is the spin (s=0, 1/2, 1, 3/2,...).
Thus, for M%>0 the irreducible representations of the
Poincaré group are classified by the mass M and the
spin s. In representations with M =0, the second Casi-
mir operator is the helicity A (A=0, £1/2, =1, +3/2,
...). Note that in representations with M?> 0 there is
an additional invariant sgnpg=po/1 Pol.

By virtue of relativistic invariance, vectors of the
state space of quantum field theory transform in accor-
dance with unitary representations of the Poincaré group.
Accordingly, the quantum fields that describe elemen-
tary particles transform in accordance with irreducible
unitary representations of the Poincaré group and,
therefore are classified by their mass M and spin s (for
M =0 by the helicity).

However, in many cases (for example, in the con-
struction of Lagrangians) it is convenient to use fields
that transform in accordance with reducible representa-
tions of the Poincaré group, namely, fields y*? with
mass M transforming in accordance with the represen-
tations D(j, k) of the Lorentz group. Since the repre-
senation D(j, k) of the Lorentz group is the direct sum
(DG, E)=342;-0/® Dsoca(m)] of the group of three-rota-
tions, the field ¥ for M*>0 transforms in accordance
with the direct sum of irreducible representations of the
Poincaré group with the spin spectrum j+k&, j+k-1,
«eey |j—FEl|. The best known examples of fields of this
type are the vector field V,(D(1/2, 1/2) and symmetric
tensor field %, (D(1,1)). The presence of different spin
values of the fields of the type 32 leads to a number of
problems associated with the elimination of redundant
components.

In the massless case, the correspondence between
the pair (7, %) and the helicity is established by Wein-
berg’s theorem (Ref. 4): Under the assumption of posi-
tivity of the metric, the field zp,‘}:&” describes a massless
particle with helicity A=% —j and, conversely, a mass-
less particle with helicity A can be described only by the
field 2P with k-j=\. In what follows, we shall be
concerned with irreducible and reducible (»3'®) quan-
tum fields.

In conclusion, we give the commutation relations of a
Poincaré covariant quantum field with the generators of
the Poincaré group, i.e., the infinitesimal expression
of the transformation properties of the field 5.

(¥ o ¥ (2] =i (2 — v 2 W1 P @5 |
- (1)

[Puo Wi (2 =1 2 ¥ P (@), J
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Thus, the requirement of relativistic invariance of
the theory severely restricts the possible types of
fields, and also their properties. However, there still
remains a great freedom, and this is where the other
symmetries, related in some way or other with dynam-
ics, come in. The coordinates of Minkowski space
and the Lorentz covariant fields ({*?) are the elements
of the space on which these groups act.

2. CONFORMAL GROUP

The Lorentz and Poincaré groups are exact symme-
try groups of quantum field theory, while the majority
of the remaining symmetry groups are approximate and
become exact only under certain limiting conditions.
We shall be interested here in the basic possibility of
the existence of a particular symmetry group, and we
shall therefore discuss the limiting conditions very
briefly.

We begin with the spacetime groups. Since quantum
field theory must be relativistically invariant, any
spacetime symmetry group of quantum field theory (ap-
proximate or not) must contain the Poincaré group as a
subgroup. Let us consider the possible groups of trans-
formations in Minkowski space that are extensions of
the Poincaré group.

The possible structure of such groups is suggested by
the properties of the equations that describe massless
fields. Namely, the equations for massless fields are
invariant under transformations that form the so-called
Weyl group and the conformal group. The conformal
group contains®

1) the Poincaré subgroup
Iy = Tp = A+ @45

2) the special conformal transformations
>z = (1, —,2%) /(1 — 2ex + ¢*a®);

3) the dilation
Ty = Ty = hay,

where ¢, and A are parameters of the corresponding
transformations. The Poincaré group and the dilation
form the Weyl group, which, in its turn, is a subgroup
of the conformal group. We shall consider the confor-
mal group, statingtheresultsfor the Weyl group at the
same time,

The transformations of the 15-parameter conformal
group leave invariant the light cone (x —y)®=0 and the
angles between world lines. For transformations of
the Poincaré group and the dilation this is obvious, and
for a special conformal transformation this property
follows from the formula for the transformation of
(x—y)% -

(x — = (2" — y')P2 = (z — PUI(1 — 202 + %Y
X (1 — 2cy + ¢yl

It follows from this that a special conformal transfor-
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mation can change the sign of (x-y)® and x,—y,. The
difficulties that then arise with causality in Minkowski
space can be eliminated by the transition to the infinite-
ly-sheeted covering space,’8

Above, we have considered continuous conformal
transformations. The most important discrete confor-
mal transformation is the inversion R with respect to the
unit hypersphere;

- = 2= Ray = a,/22. (8)

Using the R transformation, the special conformal
transformation K can be represented in the compact
form

. = xy= Kz, = RPRa,,

where P is the shift x, ~x}, =x, +c, . Because of the

complicated form of the nonlinear special conformal

transformation it is frequently much more convenient
to work with the R transformation.

Let us consider the algebra of the conformal group.
The generators of Lorentz transformations Y,,, shifts
P,, special conformal transformations K »» and the di-
lation D satisfy the following commutation relations®:

[Yiws Ypx] =i (HuEYTp 4+ g Y puz— BupY vz — &vzY o); ]
[)'"“ PD] =i (guﬂp"_g\'ﬁpuJ;
[¥ s Kp] =i(gupky— gvpky);

[P',n P-v.] = 0; [K“, Kvl =0; (9)
[Py, Ky =2i (D + Yn);
[1.““ D) =0; [P|,u D) =iPy; Ky D)= —iKll'

Note that the conformal algebra contains two subalgebras
isomorphic to the Poincaré algebra: the subalgebra
with basis elements ¥,, and P, and the subalgebra S,
andK,. ¥ RY, R=Y,,, RP,R=K,, these subalgebras
are related by the R transformation.

The conformal group has three Casimir operators

Co=Y Y un/24 K, P, —&iD— D2

Ca= (W, Kyt K W,) /b — 8uupsDY Y 2/8;
Co={E K P Py— 4K, Y Y Py — 4K, Y 1 P (D + 6i)
+3 (VX )4 + (B ¥ p2)¥/16

YoV o (D2 - 81D — ¢ — 22) — Dt — 16iD8 - 80D?
+ 1281D 4 36c, — 16icsD — 2e,D2)/4,

(10)

where W,=¢,,, . P,Y,; /2. Thus, irreducible repre-
sentations of the conformal group are specified by three
numbers.

The classification of the irreducible representations
of the conformal group is a fairly complicated problem,
Of particular assistance here is the local isomorphism
between the conformal group and the group SO(2, 4).°
One can see that this isomorphism exists by going over
from Y,,, P,, K, D to the combinations L =T
L5H=(PM+KM)/2; Lﬂl#:(PH_Kﬂ)/z; L55=D. From the
relations (9) we find that the operators L, (a,b=0, 1, 2,
3, 5, 6) satisfy the commutation relations of the algebra
02, 4): [LapyLogl=1(8as Loc+8be Lot —LeLog = &paLac),
where g, =diag(l,-1,-1, -1 -1, 4+ 1), which proves the
local isomorphism of the groups.

The local isomorphism between the conformal group
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and 'SO(2, 4) enables one, first, to construct a 6-model
of Minkowski space (the Dirac model®), in which the
nonlinear conformal transformations become linear
homogeneous transformations and, second, and this is
more important, enables one to use for the classifica-
tion of the irreducible representations of the conformal
group the methods developed for the pseudo-orthogonal
and pseudounitarity groups [SQ(2, 4) is locally isomorph-
ic to SU(2, 2)].

The irreducible representations of the conformal
group were classified in Refs. 10-14. Physically, the
most interesting are the representations in which p %= 0,
Since p #= A" 2 under the dilation, all representations
with p #> 0 divide into two classes: massless repre-
sentations (p %=0) and representations with a continuous

, mass spectrum (p ? is any positive number).

The irreducible unitary massless representations
are the simplest unitary representations of the confor-
mal group. Inthem, the Casimir operators can be ex-
pressed in terms of the single number g (Ref. 12);

Co =3(" —1); C3 = & q (g —1); Ci= =3 (¢* — 1)%4, (11)

where g takes the values 0, 1/2, 1, 3/2,.... In the
massless representations, the sign of the energy €,
=Po/| pol is an invariant. Therefore, for each value of
q there exist four inequivalent representations [combi-
nations of the sign of p, and the sign of C4 in (11)].

The unitary irreducible massless representations of
the conformal group coincide with the irreducible uni-
tary massless representations of the Poincaré group
with helicity A=+¢ (Ref. 15). It is for this reason that
the equations describing massless particles are con-
formally invariant.

Let us now consider irreducible representations with
p*>0. Inthese representations, the sign of Po is also
an invariant, and the Casimir operators'? are

Co=Am (At 4+ 2V (Vi + 1) + 2 (Ko 1);
Co= = (Am+2) (¥m— Kn) (Y + K- 1);

Co= (Am 4+ D¥4— (Ap L 22

— A2 Vo (V1) + Ko (K 1))

LAYy (Yt ) K (Ko 1),

(12)

In the unitary irreducible representations ¥, K, = 0,
1/2, 1, 3/2,..., and A, can take real values bounded

by the inequalities (Ref. 16) A, <— (¥ +Kp+ 2) for Y K
#0 (the so called nondegenerate representations) and A,
<-(1+Y,+Kp,)for ¥,K,=0 (degenerate representa-
tions). Note that the representations with A, =1/n (I

and n are integers) are n-valued, and representations
with irrational A, are infinite-valued. Thus, the uni-
versal covering of the conformal group is infinitely
sheeted,8+5+~8

We now turn to quantum fields that transform in ac-
cordance with irreducible unitary representations of the
conformal group. The general procedure for construct-
ing arbitrary conformally covariant fields has been set
forth in Refs. 5 and 17, We consider the class of con-
formal fields defined by

B. G. Konopel'chenko 59



% g a 8 2 5
[V P9 =i (“’n?" Sy <t zp\v) i ¢ )

(P, ‘p{:ix. igd (z)] =i a_ii ]p(jl. ja)d (2);
[Kys ¢Ul' i (z)] (13)
=i [(.ﬂ'guv— 2z,7y) Eg—; —2z,d+ 2-11,\‘2“‘!-1] O i (4,

(D, lp(j‘_ 2 G =1 (d+ I"‘?iv) ‘l'.u':.:'m (2).

The superscripts (j;,j,) mean that the field Plri2d(y)
transforms in accordance with the representation D(j,,
j») of the Lorentz group; Z,, is the corresponding spin
matrix. The real number d is the so called scale di-
mension of the conformal field y*11/2¢,

Equations (13) mean that the transformation properties
of the conformal field are given by the three numbers
j1,s j2, andd. Whereas the meaning of the numbers j,
and j, is obvious, the scale dimension d is a new quan-
tum number characterizing conformally covariant fields.

What values can be taken by the scale dimension d and
j, and j, for fields that are of physical interest, i.e.,
for fields that transform in accordance with unitary ir-
reducible representations of the conformal group with
p*=0? To answer this question, it is necessary to con-
sider the correspondence between the triplets of num-
bers jy, ja, d, and Yy, Kp, Am (and g for p?=0).

We calculate the values of the Casimir operators for
single-particle states of the field Ui (x), i.e.,
CQYri24x)|0); ca¥ri??0); cg¥ri2ix)|0), where
|0) is the invariant vacuum. Using Egs. (10) and (13)
and the translational invariance of C;, Cs, Cy, we find®

Co=(d—2)2— 4+ 2, 2/2;
Cy=1i(d—2) uvyxZpZpz/8;
Cy=(d—2)%4—(d—2)*+ (S Zu)?/16
1 (Epvps S Zon)® 64— (d—2)° 2Bl 4,

(14)

where on the left- and right-hand sides of the equations
application to the vectors §“1'2’4(x)| 0) is understood.
Since for the spin matrix

zuvzu\':lkh (ji+1) +4j (}'2 +1);
epvp!zjwzpzz 8i [jl (h T 1)_j3 “1'?” 1)]!
we finally obtain'®**®
Co=(d— 22— 4+ 2j; (i1 +1) +2f2 (fa-+-1)5
Cy= —(@—2) iy (}1+1)— j2 (1= + 1)
Co= (d—2)"/4— (d—2)2 —(d—2)2 [j1 (js -+ 1) + Ja (12 +1)]
+4jy (j+1) ja (f241)-

(15)

Let us consider first representations with continuous
spectrum p?. Comparing (12) and (15), we find j;=¥n,
jo=Km, d==Ayn. As aresult, in the unitarity irreduci-
ble representations of the conformal group with con-
tinuous mass spectrum we have:

1) nondegenerate representations
b =402, 4,802, o5 d=2++ ] jatps o >0

2) degenerate representations
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jl:01 j2:j=0, 1]‘2, 1, e
or d=1+j+p', p'>0.
j2=0, j=j=0, 1/2, 1, ...

For the massless representations, it follows from
comparison of (11) and (15) that there are the following
possibilities:

J1=0, jo=j=0, 1/2, 1, ... (h=p=1])

or }dzl-{—j.
j2=0, i=j=0, 1/2, 1, ... (h=—p=—))

Thus, only those massless fields that transform in
accordance with the representations D(j, 0) and D(0, )
of the Lorentz group are conformal covariants [of course,
under the assumption of the transformation laws (13)].
This result can also be obtained by analyzing the equa~-
tions for massless fields.?® The dimensiond=1+j of
the free massless fields is called the canonical dimen-
sion and is equal to the physical dimension of the fields,

Scale dimensions of fields that differ from the canoni-
cal dimensions and satisfy, in theories with positive
metric, the inequalities d(j)>1+j are called anomalous
dimensions. As can be seen from the foregoing, fields
with anomalous dimensions transform in accordance
with degenerate and nondegenerate infinite-valued rep-
resentations of the conformal group with continuous p?
spectrum (0< p?<e«). Conformally covariant conserved
tensors transforming in accordance with the representa-
tions D(n/2,n/2) of the Lorentz group, of the type of the
current J, and the energy—momentum tensor with di-
mension d = 2+n, transform in accordance with nonde-
generate representations.

Note that the irreducible unitary representations of
the conformal group listed above are also irreducible
unitary representations of the Weyl group. The con-
formal group also has infinite- component nondecompos-
able representations, which have been considered in
Refs. 21 and 22.

We now formulate briefly the main properties of quan-
tum conformal fields. Free conformal fields can be
constructed by a method analogous to that in the con-
struction of free Poincaré covariant fields as proposed
by Weinberg.2** The free massless conformal fields
simply coincide with the corresponding free massless
Poincaré covariant fields. The free conformal fields
%4 92%(x) with continuous p* spectrum are generalized
free fields, and they can be represented in the form?!®1®

jttiy @
¢(n. ind (@)= 2 S dm? (mz)td—wz ‘;.t';‘i‘s:z) (2),

s=lj1—jz| 0

where $1729(x) is the free relativistic field with mass
m and spin s (Ref. 24). The explicit form of the con-
formal fields $*#2%(x) is given in Refs. 16, 18, and
25,

Interacting conformal fields exhibit a number of in-
teresting features. The main difference from ordinary
relativistically invariant theory is the following. In the
theory of interacting relativistic fields ¥p,,(x), the vec-
tors ¥y, ,(x)|0) necessarily (by virtue of the Lehmann
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representation) contain, besides the mass m, a certain
spectrum of masses, i.e., they transform in accor-
dance witha reducible representation of the Poincaré
group. But in the theory of interacting conformal fields
P1092¢ the vectors PY1¥2%(x)|0) form the space of an
irreducible representation of the conformal group (with
dimension d).'**!® It is important that this is a purely
kinematic result. Thus, in a conformally invariant
theory the properties of single-particle states are com-
pletely fixed and do not depend on the particular dynam-
ics.

With this circumstance is associated the fact that the
requirement of conformal invariance completely fixes
the form of the two- and three-point Green’s functions
(except for arbitrary constants).?®*®" This property of
conformally invariant theory enables one to formulate a
bootstrap program for calculating anomalous dimen-
sions.*”™ A discussion of bootstrap equations and also
other applications of conformal invariance in quantum
field theory would go outside the scope of this review
(see, for example, Refs. 31 and 32). We merely men-
tion here that the requirement of conformal invariance
of a theory fixes a considerable part of the dynamics.

In real theories, conformal invariance is approximate
because the physical particle masses are finite, and it
becomes exact only in the limit when one can ignore the
characteristic masses.

3. STRUCTURE OF TRANSFORMATION GROUPS
IN MINKOWSKI SPACE

In the preceding section, we have seen that invariance
under the conformal group imposes much stronger re-
strictions on quantum theory than invariance under just
the Poincaré group, which is a subgroup of the confor-
mal group. Itwouldbeattractive to find a group of trans-
formations in Minkowski space that, in its turn, would
contain the conformal group as a subgroup and fix even
more of the dynamics. Independently of this, the follow-
ing question is of interest: What spacetime symmetry
groups higher than the conformal exist? (We emphasize
that we have in mind finite continuous groups of trans-
formations.) The answer to this question is negative.
Namely, there do not exist finite Lie groups of trans-
formation in Minkowski space that contain the conformal
group as a subgroup; thus, there do not exist finite Lie
groups of spacetime symmetries that are higher than
the conformal group.®

Let us prove this. It is well known that the generators
of an arbitrary Lie group of transformations of the co-
ordinates of Minkowski space have the form

s a
Li@=ifu(@—7 @=0,1,2,3), (16)
where the functions f;, (x) are determined by the law of
transformation of the coordinates; the subscript i takes
the values 1, 2,..., N (N is the number of parameters of
the group). In particular, for the conformal group

Yyv=1(2,0/02" — x.,0/0z");
K, =i (2%, — 22,2,) 8/02Y;

Pu:iafa:c”‘; } (17)

D =ix,8/dz0.
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We show that in Minkowski space it is impossible to
realize an algegra of a finite Lie group that has genera-
tors of the form (16) and contains the conformal group
as a subgroup.

Suppose otherwise. For clarity, we shall consider a
special case. Suppose that in Minkowski space there
exists a group of transformations that is locally iso-
morphic to SO(p,q) (p+9>6, p=2, g =4). The gener-
ators %,5 (4,B=0,1,2,3,5,6,7,...,p+q) of SO(p,q)
satisfy the standard commutation relations

[Zaps Lepl =1 (ganlpe+ gscLap—gacLlpp— genlac), (18)

where g 55 =diag(l,-1,-1,-1,-1,1,...,). The alge-
bra SO(p, q) contains the subalgebra SO(2, 4) (isomorphic
to the conformal algebra) with generators Lg= %, (a,b
=0,1,2,3,56). The correspondence between the gen-
erators L, and the generators of the conformal group
has been given above.

By virtue of the relations (18), the generators £,,
always include at least one generator A (for example,
Lg;) that commutes simultaneously with L, and Ly, ,
which form the algebra SO(1, 4). Let us find the form
of this generator. From the condition [ A, L,]=[4,Y,,]
=0 it follows that

A(z) = iD(22)z,(8/02"), (19)
where &(x %) is an arbitrary scalar function of ¥2, Fur-
ther, from the condition [A, Ls,]=[A, P, +K,]/2=0, tak-
ing into account (17) and (19), we obtain the equation

(1 —22) gup® (2?) 4 2z, [(1 — 2°) dD (22)/02% + D (27)] =0, (20)
o p=0, 1, 2, 3.

The only nonsingular solution of the system of equations
(20) is, as we readily see, ®=0.

Thus, Alx)=0, i.e., in Minkowski space there does
not exist an operator of the form (16) that commutes
simultaneously with L ,,=Y,, and Ls, = (P, +K,)/2.
Therefore, the group SO(p,q) with (p+¢>6, p=2, g=4)
cannot be realized as a group of transformations of Min-
kowski space. Similarly, one can show that the group
SU(p,q) with (p+q >4, p =2, g >4) cannot be realized
as a group of transformations of Minkowski space. For
this it is necessary to note that the algebra S0 (2, 4) is
isomorphic to the algebra SU(2, 2), and the algebra
S0(1, 4), which is formed by the generators Y,, and
(p,+K,)/2, isisomorphic to the unitary symplectic group
Usy(2, 2).

The proof given above can be generalized to an arbi-
trary finite Lie group containing the conformal sub-
group. For any finite Lie group is locally isomorphic
to some linear group.** But for linear groups one can
show that there always exists at least one generator that
does not belong to the subalgebra SO(2, 4) [~SU(2, 2)] and
commutes with the generators L, and L, of the sub-
group SO(1, 4) [~ U,,(2, 2)], where SO(1,4) S0(2,4). But,
as we have seen, such a generator cannot be realized
in Minkowski space, and therefore such a group cannot
be realized as a group of transformations of Minkowski
space.
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Thus, in Minkowski space there do not exist finite Lie
groups of transformations of coordinates containing the
conformal group as a subgroup. Thus, spacetime sym-
metries higher than the conformal symmetry do not
exist. We emphasize that an important role in the deri-
vation of this assertion is played by the requirement of
invariance under Lorentz transformations.

Besides the conformal group, there exists one further
group in Minkowski space that contains the Poincaré
group as subgroup. This is the group of all linear trans-
formations of the coordinates (the affine group):

(21)

,
Yy = Ty = ATy + by

The 20-parameter affine group is a semidirect product
of the group L (4, E) and the group of displacements. The
algebra of the affine group consists of the generators
Y,, of Lorentz transformations, the generators R,
(R,,=R,,, RJ,H =0) of properly-linear [Russian: Sob-
stvenno-lineinye] transformations, the dilation gener-
ator D, and the generators P, of displacements. The
generators ¥,,, P,, and D satisfy the commutation re-
lations of the Weyl algebra (see Sec. 2). The remaining
commutation relations have the form

[Byv, Rosl=i(guzYvp+ BwpYpz+ gupy\rz + gvzY up)s
[Huw D] - 0;

{pr 'RpZ] =i (gupRv2+ gszvp— gvauSL" gvXRu,pJ;
[Ryuv, Ppl=1 (guoPv + &Py — GuvPol2).

(22)

Note that the Lorentz transformations and the properly-
linear transformations form the special linear group
SL (4, E), which is locally isomorphic to SO(3, 3).

The affine and the conformal group, which act on the
same space (Minkowski space), have the same sub-
groups—the Weyl group. But here their similarity
apparently stops. The conformal group contains, be-
sides the Weyl group, the nonlinear special conformal
transformations, and the affine group contains the linear
properly-linear transformations. This difference leads
to an important difference when one is considering these
groups as symmetry groups. Whereas the conformal
group has representations with fixed mass (M*=P?=0),
the affine group, by virtue of the relation [R,, P?]
=4i(P, P,-g,, P?/4), has representations only with con-
tinuous mass spectrum. Whereas conformal symmetry,
which is approximate for real particles, becomes exact
in the limit, i.e., one can ignore the characteristic
masses, affine symmetry (symmetry with respect to
properly-linear transformations) remains approximate
for all relationships between the characteristic momenta
and masses. Any finite Lie group of transformations in
Minkowski space containing the affine group as a sub-
group has the same property.

Thus, summarizing the results of the above, we see
that the number of possible exact finite Lie groups of
symmetries in Minkowski space is limited and exhausted
by the Poincaré, Weyl, and conformal groups® (in Ref.
35, this fact is proved in a different way). It follows

DAnalogous results also hold for spacetime of arbitrary dimen-
sion (22).
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from this in particular that the number of globally con-
served quantities having a spacetime origin is finite.

All the above finite continuous transformation groups
in Minkowski space are subgroups of the infinite group
of general coordinate transformations

Ty = zp = fu (20, 245 T2 x3),

where f,(x) are arbitrary functions of the coordinates.
The physical meaning of the group of general coordinate
transformations appears in the general theory of rela-
tivity, which is based on this group.

1t is well known that there is a profound difference be-
tween finite and infinite symmetry groups. However, as
we shall see below, the infinite group of general coordi-
nate transformations reduces in a certain sense to its
two finite subgroups—the affine and the conformal.

The group of general coordinate transformations has
infinitely many parameters. The parameters of this
group can be regarded as coefficients of the expansions
of the functions f,(x) in infinite series in powers of the
coordinates. The algebra of the group of general co-
ordinate transformations contains infinitely many gen-
erators of the form

no . Ny

Lﬂv ng, i, N2, 713= ‘llu i iad

I?’ML,,(n:"u-Fﬂi'i'”:‘l‘”a)- (23)
The algebra of the generators L' """ contains two
closed subalgebras: the algebra of the conformal group
with the generators ¥,,, P,, Kr, D (17) and the algebra
of the affine group with the generators ¥,,, R,,, P,, D,
where the generator R, of properly-linear transforma-
tions has the form
; 5 I [l

Ruv=l(%i—;%—l‘wm—u—gguv(%m))- (24)
The algebra of the affine and conformal groups have
common Subalgebras—the Weyl algebra; the remaining
generators differ from one another. As a result, the
affine and the conformal algebra do not commute with
one another.

Let us consider the minimal algebra containing the
affine and the conformal algebra as subalgebras. Such
an algebra must contain, besides the generators Y ,,,
R,,, P,, Kg, and D, all possible commutators of these
generators with one another, and all possible repeated
commutators, It can be shown that the required algebra
is infinite and coincides with the algebra of the group of
general coordinate transformations. In other words,
any generator L*"0"™*"2'"3 of the group of general coor-
dinate transformations can be represented as a linear
combination of repeated commutators of the generators
of the affine and the conformal group.3®

To prove this theorem, it is necessary to show that
the repeated commutators of the generators and their
linear combinations exhaust all generators of the form
(23). We consider successively generators L} *** with
n=0,1,2,.... The generators of the displacements
P, =i(8/8x") give all the generators L} *** with n=0.
Further, the generators of the Lorentz transformations
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Y,,=i(x, (8/05")~x,(8/0x")), the properly-linear trans-
formations R,,=1(x, (8/8x")+x,(8/8x"*)~g,,/2[ x,(8/
9x°)]), and the dilation generator D=1x,(8/8x") exhaust
all the L, withn=1. The generators of the special con-
formal transformations K, =1(x%,, - 2x, %,)(8/ 82*) be-
long to Li‘ ***. We show that all generators L,’:“" with
n=2 are contained in the closing algebra. Consider the
commutator of R, with K, (i #v):

[Ruus Kyl = — 2a}, (9/027).

We have obtained the generator ix%(8/8x") (1 #v). Fur-
ther

I By, i2d ?z-;] ={2~‘E;.Iv-é%— &5 a;i“ (25)
Comparing (25) with K, , we see that the closing algebra
contains the generators ix, x,(8/8x") (u #v) and ix2(s/
8x*). Finally, the generator ix,x,(8/8x%)(u#v+Z)
arises in the commutator

R sy |ttty
o otz | =ty

Thus, all generators L% *** with # = 2 have been exhausted.

Commuting the generators of the form Li’"’ with one

another, we arrive at the generators ij'", for ex-
ample,

[izf. Ez? , 12 ;E-\TJ = —2rjir,
Successive commutation of the repeated commutators
leads to generators Li*** with ever higher n. There-
fore, the assertion of the theorem becomes natural. A
rigorous proof can be given by the method of mathemati-
cal induction.?

Thus, the algebra of the group of general coordinate
transformations is the closure of the algebra of the af-
fine and the conformal group. Thus, any theory that is
simultaneously invariant under the affine and the con-
formal group is also invariant under the group of general
coordinate transformations. Since the transformation
properties of any entity with respect to the infinite gen-
erally covariant group are determined by its transfor-
mation properties with respect to the much simpler
finite-dimensional affine and conformal groups, one can
construct Einstein’s theory of gravitation on the basis
of joint nonlinear realizations of these groups. =

We note the intimate connection between this theorem
and the result contained above, at the start of the sec-
tion, about the nonexistence of a finite group of trans-
formation of Minkowski space containing the conformal
subalgebra. The point is that the addition to the con-
formal algebra of any generator of the form (23) dif-
ferent from v¥,,, P,, K,, D necessarily leads to the
infinite algebra of the group of general coordinate trans-
formations. It follows from this that the structure of
the infinite-dimensional group of general coordinate
transformations differs essentially from the structure
of Lie groups [for example, SO(p,q), SU(p,q)] in the
formal limit of infinitely many parameters (p,q ).

4. INTERNAL SYMMETRY GROUPS

A considerable enlargement of the class of possible
symmetry groups arises when one considers groups of
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transformations that do not affect the coordinates of
Minkowski space—groups of internal symmetries. The
simplest example of a group of internal symmetry is the
group of gauge transformations:

@ () > ¢} (z) = exp (ie) @ (), (26)
where ¢(x) is a complex field and o an arbitrary con-
stant. The group of gauge transformations is the single-
parameter unitary group U(1) and the field ¢(x) in (26)
transforms in accordance with a unitary (single-row)
representation of this group. More complicated internal
symmetry groups are SU(2) and SU(3). In these cases,
the field transforms in accordance with an n-row irre-
ducible representation of these groups:

9i () = @i (2) = Uiy gp (2),

where the subscript i takes the values 1,...,n; Uy is
an n-row unitary matrix.

In the general case, any continuous group can be an
internal symmetry group. The quantum fields then
transform in accordance with some representation of
the group G:

Pa (2) > 94 () = Sappp ().

The main restriction imposed on internal symmetry
groups in the framework of the usual axioms of quantum
field theory® is positivity of the metric of the state
space. As a result, one can consider only unitary rep-
resentations. In conjunction with the requirement that
the number of fields (particles) in multiplets be finite,
we conclude that internal symmetry groups must be
compact.? Thus, the class of symmetry groups is aug-
mented with compact Lie groups.

There is an important difference between spacetime
symmetry groups and internal symmetry groups:
Whereas the latter must be compact, all the former
that we have considered are noncompact, although in
both cases we are concerned with fields with finitely
many components. This difference is due to the fact
that in the case of the spacetime groups the coordinates
of Minkowski space, on which the field depends, are ad-
ditional indices that label the vectors of the represen-
tation space, and this makes it possible to realize in-
finite-dimensional unitary representations by fields with
finitely many components.

We have seen in the preceding section that the dimen-
sion (number of parameters) of the spacetime symme-
try groups is bounded. For internal symmetry groups,
no such bounds arise. The point is that the internal
symmetry groups [for example, SU(z)] are groups of
transformations of abstract spaces (z-dimensional
complex space in the case of SU(n)). The coordinates
of these spaces are in no way related to the coordinates
of Minkowski space, and the number of these coordi-
nates is not restricted by any physical arguments. As

2’Only compact groups have nontrivial finite-dimensional unitars
representations (see, for example, Fronsdal's paper in Ref.
38).
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a result, arbitrary (compact) transformation groups
are allowed.” But the structure of Minkowski space is
completely fixed, and this leads to the above restric-
tions. We emphasize that the abstract spaces (and their
coordinates) considered above are completely fictitious.
Only the coordinates of Minkowski space and quantum
fields that transform in accordance with certain repre-
sentations of the various groups are observable (physi-
cal).

We shall not here consider the various groups of in-
ternal symmetry (the most popular among them are the
unitary groups SU/(3), SU(4), and SU/(6)), nor their
applications, in particular in hadron physics, since
detailed reviews and monographs on these questions
exist.®*™0 We merely point out that the majority of in-
ternal symmetry groups are broken.

The internal symmetry groups lead to a classification
of the elementary particles in accordance with internal
quantum numbers of the type of charge, isospin, strange-
ness, unitary spin. On the other hand, the very impor-
tant characteristic mass, for example, of particles re-
mains completely outside the scope of internal symme-
try groups. It would therefore be good if one could find
a symmetry group that simultaneously classifies parti-
cles with respect to internal quantum numbers and mass-
es. Since the concept of mass of particles in the frame-
work of quantum field theory is related to the invariant
p? of the Poincaré group, such a group must be a non-
trivial union of the internal symmetry groups and the
Poincaré group. Such a group would be simultaneously
a nontrivial relativization of internal symmetry groups.
The trivial solution—the direct product of the internal
symmetry groups and the Poincaré group—gives equal
masses of particles in the multiplets of the internal
symmetry groups. The solution of this problem is given
by O’Raifeartaigh’s theorem.®

Let G be the algebra of an arbitrary finite Lie group
that contains the Poincaré algebra as a subalgebra and
a set of generators of, for example, an internal symme-
try group. Then if the operator p?= b, b, of the square
of the momentum and any power of it are self-adjoint
operators in the Hilbert space H of a representation of
G and if the spectrum of the operator p? in H contains
a discrete point m2, then the eigenspace H,, correspond-
ing to the eigenvalue m? is closed and invariant with re-
spect to the operators that represent the algebra G in
H. We shall not prove this theorem, but turn directly
to its consequences.

It follows from O'Raifeartaigh’s theorem that, under
the assumption that the required Lie group is finite, the
metric is positive (the state space is a Hilbert space),
the eigenvalues of p* corresponding to the particle mass-
es are discrete, and p? is an observable (p? is self-
adjoint), the mass spectrum within multiplets of inter-
nal symmetry groups either consists of a single point or
is continuous. Thus, no finite Lie symmetry group can

$However, if one fixes the number of fields in the theory, re-
strictions on the possible symmetry groups then arise. For
example, in the case of three fields, the maximal symmetry
group is U(3).
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explain the observed mass spectrum of the particles.

Further, if one requires that the mass takes only a
finite number of values in multiplets of the internal
symmetry groups, the required group reduces to the
direct product of the Poincaré group and the internal
symmetry group. Various dynamical assumptions* lead
to the same result.

We emphasize that in the proof of O’Raifeartaigh’s
theorem the requirement of relativistic invariance plays
a very important role. It is the structure of the Poin-
caré algebra that leads to the theorem.

Thus, the attempt to combine internal symmetry
groups with spacetime symmetry groups does not lead
to a new type of group. The internal symmetry groups
and the spacetime groups act completely independently:
The spaces on which these groups act are not coupled—
a transformation in one of them does not induce trans-
formation in the other; the quantum fields transform in
accordance with a direct product of the representations
of the internal symmetry groups and the spacetime
groups, It is important to note that we restrict our-
selves to finite Lie groups. X we consider infinite
groups or groups that are not Lie groups, then new
possibilities arise.

One of the best known classes of infinite Lie groups is
the class of local internal symmetry groups. In the in-
ternal symmetry groups considered above, the group
parameters are the same at all points of Minkowski
space. But in local groups, which realize the idea of a
short interaction range in field theory, the group param-
eters are functions of the coordinates (see, for example,
Refs. 43 and 44). In the same way, one can consider
local spacetime groups.?® %

In local groups, there arises a definite connection
between Minkowski space and the space on which the
considered group acts. This is described by the con-
cept of a fiber bundle, which leads to a beautiful geo-
metrical interpretation of local groups (see, for exam-
ple, Ref. 44). An extensive literature (see, for exam-
ple, Refs. 43-50), to which we refer the reader, has
been devoted to local gauge groups and theories invari-
ant under these groups.

5. GROUPS OF TRANSFORMATIONS WITH SPINOR
GENERATORS

All the transformation groups considered in the pre-
vious sections have been Lie groups and the correspond-
ing algebras are Lie algebras, i.e., the binary opera-
tion in the algebras is the commutator of two operators.
This is due to the fact that the parameters of Lie groups
are commuting numbers. With respect to the Lorentz
group, the parameters of Lie groups have a tensor
nature, i.e., they may be scalars, vectors, tensors,
etc. As a result, the multiplets of symmetry groups
contain either fields with one and the same spin value
or fields with the same statistics, i.e., fields with in-
tegral or half-integral spin values.

It is readily noted that we have not used the possibility
in which the parameters transform in accordance with
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spinor representations of the Lorentz group. However,
in this case there is an important difference between the
Lie groups and algebras. The point is that the genera-
tors of transformations with spinor parameters are
spinors with respect to the Lorentz group.

Therefore, to preserve the correct connection be-
tween spin and statistics, the corresponding algebra
must contain the anticommutators of the spinor gener-
ators with one another, and this means that we must go
beyond the framework of Lie algebras.

1t is obvious that transformations with spinor parame-
ters cannot be transformations of coordinates of Min-
kowski space.
of quantum fields and in this respect are similar to the
transformations of the internal symmetry groups. Fur-
ther, since 6@~ gy in the case of an infinitesimal trans-
formation with spinor parameter g, the fields ¢ and ¢
are described by different statistics. Thus, irreduci-
ble representations of groups that include transforma-
tions with spinor parameters contain fields with inte-
gral and half-integral spins. Thus, groups of transfor-
mations with spinor parameters (generators) lead to
new possibilities.

We consider a group containing the Poincaré subgroup
and a transformation with parameter that is the simplest
Lorentz spinor. The algebra of such a group consists
of the generators of Lorentz transformations, displace-
ments, and the spinor generator @, i.e., the algebra is
the extension of the Poincaré algebra by the spinor gen-
erator Q.

Let us find the form of the simplest possible spinor
extensions of the Poincaré algebra; for this, it is con-
venient to use the spinor notation considered in Sec. 1.
In this notation, the generators of Lorentz transfor-
mations are expressed in the form of two symmetric
spin tensors ¥, and ¥4 , which transform, respec-
tively, in accordance with the representations D(1,0)
and D(0, 1) of the Lorentz group; the generator of dis-
placements is expressed in the form P, [the represen-
tation D(1/2, 0)], and the spinor generators in the form
of a pair of two-component spinors, the spinor @,,
which transforms in accordance with D(1/2, 1/2), and the
adjoint spinor @ [the representation D(0,1/2)]. We
choose the basis in the representatlon space in such a
way that Yﬁ Y4y and Q3=(Q,)", where the symbol +
denotes Hermitian conjugation. The correspondence
between the tensor and spinor forms of expression is
given by the following formulas:

for the generators of Lorentz transformations

Yyv={(oy) S (Uv) } ABT (Uu) - (o) - }/4;

-LD éD

Yas=(0) 2 (crv)BE- Y2y (27
Yoo =00 5 (0% S P

for the generators of displacements
Py=(0,) ;P /% P =0 ;Pu (28)

where 0, = (05, 0;) are Paull matrices. The usual Ein=
stein summatlon is performed over repeated vector in-
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These transformations act on the “space”

dices and over repeated spinor indices (here and below)
the spinor summation £,1,=£, €, N =&, M2 271 .

Thus, we consider the structure of the algebra %/,
which contains the generators ¥z, Pans Paks Qs and
Q3. The generators ¥ .5, Y&y, and P,p satisfy the
ordinary commutation relations of the Poincaré algebra
written in spinor form. The commutation relations of
the spinor generators @, and @3 with the generators of
Lorentz transformations are uniquely fixed by the trans-
formation properties of @ and @ with respect to the
Lorentz group and have the form

[Yp Qcl=1(eacUs+escQa)s
¥ 350 Q=i e;0,; 2550

(Yan Qgl=0; [V, Qel=0.

(29)

Thus, it remains to find the commutation relations of
the generator P of displacements with @ and @ and of
the spinor generators with one another. To preserve
the correct connection between spin and statistics, it
is necessary to consider, as already noted, anticom-
mutators of spinor generators.

The possible form of these commutation relations can
be written down on the basis of Lorentz invariance. The
use of the spinor form of expression makes it possible
to do this almost automatically, and this is the main ad-
vantage of spinor notation. For the required commuta-
tion relations,

[P‘_u;.?_cl=a18_;c@§3 (30)
[P_“;. Qgl= 0251;50_4
and
a0+ 0,04 =bP 51
QaQp+0p0a=0:Y a3 (31)

Q._].. l\JI; -+ OEQ.{ =¢y) b

where a,, a., b, c;, ¢, are arbitrary constants.

Further restrictions on the form of the algebras (30)
and (31), i.e., on the possible values of the constants
a,,a,, b, cy, c;, are given by the generalized Jacobi
identities that the generators ¥, ¥, P, @, and Q@ must
satisfy. The generalized Jacobi identities are a modi-
fication of the ordinary Jacobi identities to the case of
algebra containing anticommutators, and they have the
form®

(— 1)FID (3 (g, 23]+ (— DFD5D (20, [23, 2]
- (— 158D (2, [y, 23]] =0, @2
where x,, %,, x5 are any three generators of the algebra
(21, %3] =2y 25— (= )5S0 %, 5,5 g(x)=0 (g(¥, P)=0) for
tensor generators x; g(x)=1 for spinor generators x

(2@, Q)=1).

We consider the identities (32) for all possible trip-
lets of the generators ¥, Y, P, Q, and @. The gener-
ators ¥, ¥, and P of the Poincaré group naturally satis-
fy these identities. Restrictions ona;, @;, b, ¢1, ¢,
can arise only in the identities (32) for triplets contain-
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ing spinor generators. It is easy to show that the iden-
tities (32) for the triplets (¥, ¥, Q(@)), (¥; P, @@)),

(v, (¥), @), Q@)), and (Q@), Q@), Q(Q)) are satisfied
identically and do not lead to restrictions.? From the
generalized Jacobi identities for p, P, and Q@ @), we
find a,a,=0. Further, from the identities (32) for the
triplets (P, @, @) and (P, @, @) we obtain, respectively,
c,;=a,b and cy;=a,b. Finally, for the generators P, @,
and @ the identities (32) give @,c,=0 and a;¢,=0. These
relations exhaust the restrictions on the constants a,,
as, b, ¢y, ¢ that follow from group considerations.

Thus, there exist two types of $*/? algebra:

LIP . Qr:l:“%caé; 2,z Uél =0; (33)
{04, Q -}=bP 3 {Qa- OR}:abYAB: {O g (_)B'}:Uv
IL [P s Qcl=05 [P, ]fﬂ8 a4

- - (34)
{OA1 QB'}—:bPA);' {QA:QD}=0| {Q;Qﬁ}=ab}d~g,

where a and b are arbitrary numbers.

We emphasize that the commutation relations (33)
and (34) in conjunction with the relations (29) and the
commutation relations for ¥,5, Y35, and P,z give the
form of all possible extensions of the Poincaré algebra
by the spinor generators @, and Q3. Algebras of the
type (33) and (34) are called supersymmetry algebras
and were considered for the first time in Refs. 51-55.

Supersymmetry algebras are not Lie algebras since

they contain anticommutators as well as commutators.
"However, they can be regarded as a generalization of
Lie algebras in which the groups have as parameters,
not ordinary commuting numbers, but elements of a
Grassman algebra.’”® The parameters of transforma-
tions with tensor generators are commuting quantities
(even elements of the Grassman algebra) and the param-
eters of transformations with spinor generators are
completely anticommuting (odd elements of the Grass-
man algebra). The general theory of algebras of this
type has been considered in Refs. 50 and 57.

An interesting feature of supersymmetry algebras is
that the generators of shifts (momentum) and Lorentz
transformations (angular momenta) are bilinear com-
binations of spinor generators.

Not all algebras of the form (33) and (34) have the
same physical interest: First, the S{!{? algebras for
a #+0 are not invariant under Hermltlan con]ugatlon
(5{1/2 ~53/2); this is because Q4 — @5, Yan~ Y13,
Y33~ Y4s. Thus, the algebras S{!/? for a+0 do not
ha.ve Hermitian representations, and therefore the cor-
responding groups do not have unitary representations,.
Second, since [p% Q,]=aP,3Q3/2, for the algebra
Ly and (2%, Qé] aP o3 Qc. /2 for the algebra §‘1/2, the
spectrum of the operator p® for a #0 is continuous in ir-
reducible representations of these algebras. Thus, only
algebra S*/? for a=0, which has Hermitian represen-

“)The generalized Jacobi identities containing the generators
of Lorentz transformations do not lead to restrictions for an
obvious reason—all transformations associated with Lorentz
invariance have already been taken into account in Eqs.
(29)—(31).
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tations and in which the operator p® is an invariant, can
be regarded as a symmetry algebra of theories describ-
ing the interaction of particles.

Field-theory maodels that are invariant with respect
to a group with the algebra $/? (a=0) have been stud-
ied in Refs. 51, 53, 58-62. The most interesting fea-
tures of these models are the existence of a large num-
ber of cancellations of divergences and the appearance
of spinor gauge fields®®™® (see also the reviews Refs.
63-66).

6. GENERAL STRUCTURE OF SPINOR EXTENSIONS
OF THE POINCARE ALGEBRA

In Sec. 5, we found the general form of extensions of
the Poincaré algebra with spinor generators transform-
ing in accordance with the two-row representations of
the Lorentz group [D(1/2, 0) and D(0, 1/2)].

We consider here possible nontrivial extensions of
the Poincaré algebra by means of arbitrary spinor gen-
erators, i.e., S algebras consisting of the generators
of Lorentz transformations ¥,,, ¥33, displacements
P,3, and spinor generators Qf;.’f‘, Apghpeeshpe transform-
ing in accordance with the irreducible representations
D(j, k) of the Lorentz group (j +% is half-integral). We
shall say that the extension of the Poincaré algebra is
nontrivial if at least one of the commutators [ P, @] or
anticommutators {Q, @} is nonzero.

The generators Y,,, Y33, and P,3 form the Poincaré
algebra with the standard commutation relations. The
commutation relations of the spinor generator @ ¥*® with
Y and ¥ are fixed by the transformation properties

k) 3 G, )
[¥Yacs Q s J=1 BSym 84,0 TR
ApeeiAggBy o By, Agyiregdyy 1 CdgoniygBy - By

[F.., Q90 G, k)

‘AZ}'CBQ' "Bzh

B¢’ .41....42]151...&2,!] BB, A,..
where Sym denotes symmetrization with respect to the
corresponding indices.

To find the form of the commutators [ P, @] and the
anticommutators {Q, @} we use, as in the previous sec-
tion, the transformation properties of the generators,
Y, ¥, P, and @ and the generalized Jacobi identities
(32).

We consider the S algebra containing the single spinor
generator Q*?, From the formulas for the decomposi-
tion of tensor products of representations of the Lorentz
group, namely D(1/2, 1/2)@D(j,k)=%.,-®D(j+1/2,k
+1/2) and D(j,k)®D(j,k)=D(2j,2k)®---®D(0,0), it
follows that the commutator [ P, QY*®] is zero and the
anticommutator {Q, Q} can be proportional only to the
generator ¥. However, it follows from the identities
(32) for P, Q, @ that the corresponding coefficient of
proportionality is zero. Thus, there do not exist non-
trivial S algebras containing a single spinor generator.

The S algebra containing the two spinor generators
Q“® and Q"f"‘ has been studied. It follows from the
decompositions D(1/2, 1/2)®D(j,k)=73,,.®D(j £1/2, &
+1/2) and D(j, k)@ D(7,k)=D(j +j,k+k)® .- @D(If-7]l,
|k —R|) that there are two possibilities, The first is
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j=7=0, |[k-k|=1(or |j=f|=1, k=%=0). Then[P,Q]
=0, [p @]=0 and the anticommutators {9, e}, {4,48},
{Q @} are proportional to the generators Y(Y) However,
by virtue of the generalized Jacobi identities for B,

Q(@), (@), the corresponding coefficients ofproportmn-
ality are zero, and this possibility therefore corresponds
to a trivial S algebra. The second possibility is [j -7
=1/2, |k-k|=1/2, Inthis case, the following commu-
tation relations are possible:

Q. {Q.y~P
(0. 0}~y (7.

P.Q1=0. [P, Q] ~
{0. Y~ Y (1),

All § algebras of this type can be divided into two
classes; In the first, we put the S”"" algebra contain-
ing the spinor generators Q'® and QU-1/2#1/2 (5
equivalently, @*® and §¥**/2¥1/2). i, the second, the
Si'® algebra containing the spinor generators Q”"" and
Q”'” 2k1/2  These two classes exhaust the nontrivial
S algebras containing two spinor generators. From the
properties of the S; and S;; algebras we note that in the
general case they are not invariant with respect to spa-
tial reflection.

For physical applications, the greatest interest at-
taches to Hermitian representations of algebras (uni-
tary representations of the groups). Since the repre-
sentation D(j, k) of the Lorentz group goes over into the
representation D(k, j) under Hermitian conjugation, an
S algebra can have Hermitian representations only if it
contains both the generator @*® and §®?. It is readi-
ly seen that this requirement is satisfied only by the
algebra S{'® withj —k=1/2 (the casej—k=—-1/2 is

equivalent to it and corresponds to the pair Q“*® and
QUi /a2,

Let us find the commutation relations for the algebra
§W=gU+1/2 for j>1/2, (The case j=1/2 was consid-
ered in the previous section.) The requirement of
Lorentz invariance fixes the form of these commutation
relations to within arbitrary constants;

(j, i-1/2) A-1/2, 7
[P . Q s . |=a Sym EAAQ aren s
ARYSANL AR By Ay Sy AZIBB --Hyy g
Q(J 1/2,3) ]__ 4. Svm G, f-1/2) v
=a, S o TR
Apeeidyi By By, By BB AR . gy By To)
{Q(ﬁ. i-1/2) > nd-1/2, » .
E : 5
ceodgnln B e ey DL Dy
=b SXIII EA(:...EA C. e s ...E. . P - Ly
S o 2j-1 Coj-175,5, By yDygy AgyDyy
{ (1 i-1/2) U, i-1/2) }
’
Ay BBy " 0 Gyl Doy g
) L O o g
Al 2% B,5, ByjaDajoa  BajogDajy
+d; Bym eie, .- 84, 0.y Bae w--Be . Yaopo
i 424 8j-1"2j-t " B,D, Byi qDgjq U
{(_)(5—11'2. b Ai-1/2,3)
v b L
gy By Byl YU, Cop gDy By
=¢ Sym 240 ...84,, €.\ Brs cc-Bs e
A 2j-1C2-1" 8,5, e Do Tl
+ds Sym LBACy e By Cora B s Bp Y—‘u—x"e}-l‘
A,B,¢. D L Lo

The generalized Jacobi identities (32) yield restric-
tions on the possible values of a,, a,, b, ¢, dy, C3, dj,
namely (j>1/2): @1a,=0, ab=0, a3b=0, c,=d;=cy=d,
=0, Thus, one can have the three following types of
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algebra S for j>1/2 (for j=1/2 see (33) and (34) (Ref.
87)):

I. [P o Q(}'.J’—l.’ZJ Tt ] 3

Aoy By Bag g
=G-1,2, 5 - 35
=a D]. 13
Sy 44 Q B o (35)

A ey

=0; {Q, Q=0; {QQ}=0; (@, F}=0. J

Ali-1/2, H 3

8 Sl g oy

=a_Sym SBB,Qg; "'””_ Tk B (38)
Bi""'BE_f

0; {0, Gy=0; {0. Q}=0; {Q, Gy=0.

(P, Q)=
IL [P,

12, Q=

1L [P, Q=0; [P, §1=0; {Q, Q}="0; {0, P}=0; )
{Qt’.‘ i-1/2) 5 o ov-vEa ]
Ay ApiBy.. . Byj o c,...cﬁf.‘,nl...u,_,j 3 (37)
=b Sym esc
A, B.C,D

L TR R A Eﬁu_gp'ﬁ_,P Ay

Note that whereas P 3 and ¥, %(¥33) are bilinear com-
binations of spinor generators for j=1/2 (@+0), in the
case j >1/2 only the translation generators P, have

the form of bilinear combinations of spinor generators
(the algebra S;;). This difference is due to the appear-
ance when j>1/2 in the anticommutators {@, @} and

{@, @} of terms with coefficients d, and d,, which leads
by virtue of the identity (32) for Q(@), @(@), and Q@) to

the vanishing of C,, C, and dy,d,.

From the general properties of the algebras $'”, we
note that S and §{ are not invariant with respect to
spatial reflection. Indeed, under spatial reflection S\
—5{{. Thus, in theories that are invaria.nt with re-
spect to groups with the algebras S¥};, parities are not
conserved. It is more important that S{’ and §¥ are
not invariant with respect to Hermitian conjugation
(under which S{? ~=8%), and, therefore, they do not
have Hermitian representatmns (the corresponding
groups do not have unitary representations). In addi-
tion, for S{” and S’ the operator p? is not an invariant
and it has a continuous spectrum of values. Thus, only
the algebras Sy (S“/? (@=0)) are of interest as symme-
try algebras of theories describing the interaction of
particles.

Similarly, one can consider S algebras containing
more than two spinor generators, and also algebras
containing spinor generators that transform in accor-
dance with irreducible representations of the Lorentz
group (for example, the representations (D(1/2,1/2)"
®D(1/2,0)). Note that algebras containing an odd num-
ber of spinor generators do not have Hermitian repre-
sentations.

Finally we draw attention to an error in Ref. 35.
Considering extensions of the Poincaré algebra by the
spinor generators @ and @, Haag, Lopuszafiski, and
Sohnius concluded that the algebra S“/? (a=0) is the
only possible spinor extension of the Poincaré algebra.
The source of this error is the incorrect assertion in
Sec. 3 of Ref, 35 that the anticommutator

rj=1/2 Sti=1/2:1) S(4=1/29)
(QAI---AZ‘Eﬁ ...gz,_l QG 1ese CaguBieeeBay+ @Cope» CagutBiose Bay
XY gL is completely symmetric with respect

Aqves Bl"' 1
to the ingices of every type.
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7. SPINOR EXTENSIONS OF THE WEYL ALGEBRA
AND THE CONFORMAL ALGEBRA

The method of finding spinor extensions used in Sec.
6 can be applied to all spacetime groups.

Weyl gvoup. We consider separately extensions of
the Weyl algebra with spinor generators that transform:
1) in accordance with the representations D(1/2, 0) and
D(0,1/2) of the Lorentz group, and 2) in accordance
with arbitrary spinor representations.

1. The generators ¥ ,p, Yis, Pag, and D of the -
Weyl algebra satisfy the standard commutation relations.
The commutation relations of the spinor generators "
and Q3 with the generators Y5, Y33, Psp are given by
(29) and (30), and the anticommutators of the spinor
generators with one another by (31). Finally, the com-
mutation relations of the dilation generator D and the
spinor generators have the form

D, Qul=1iQ4; D, 0 1=10 ;. (38)

where f, and f, are arbitrary constants.

The generalized Jacobi identities give a number of
restrictions on the constants a,, a,, b, ¢1, €z, f1, fa-
From the identities (32) for the generators Y, Y,P,Q
and §@ we naturally obtain (33) and (34). In order to ob-
tain restrictions on f; and f,, we must, taking into ac-
count (33) and (34), consider the identities (32) for trip-
lets of generators containing D and Q(Q). It is readily
verified that the identities (32) for the triplets of gener-
ators [D, Y (¥), Q(@)] and [D, D, Q(Q)] do not give any re-
strictions on f, and f,. For the triplets (D, P, Q) and
(D, Q, Q) in the case (33) the generalized Jacobi identities
are satisfied identically, while in the cases (34) they
give, respectively, a(f;-f,—1)=0 and f,ab=0. Further,
for the triplets (D, P,Q) and (D, @, @), the identities (32)
in the case (33) give a(f;—f,—i)=0 and f,ab=0, while
in the cases (34) no restrictions arise. Finally, the
generalized Jacobi identities for D, @, @ give b(f +f>—1)
=0 in both cases.

As a result, we obtain the six following types of ex-
tensions of the Weyl algebra by the generators @, and
@3 [we shall not write out the commutation relations
for v, ¥, P, D and the relations (32), which are the
same in all cases]:

1) 1P, Qcl=aeacly 12 5 0 =0;
{Qar T} =bP 33 {Qas Qa} = abY uni @, O} =05
(D, Qa1=0; [D, Q;1=iQ;.
2) [P,; Qcl=0; [P,;, Q) =ae;:04
{Qar O} =bP ;i {0ar Qn)=0; {0, Qp} =ab¥ ;5
(D, Qal=iQu; [D, Q51 =0.
3) [P,; Qcl=aeacly (P, Q1=0;

{0, 0}=0; {0, Q}=0; (0. O} =0;
D, Qal=ifQai (D, Q;1=1(1+1 ;.

4)7 [P, Q1=05 [Pdév Q_&]=a8}3&@A;

{0, (5}‘= 0; {Q, @}=0; { ,_@}= 0;
D, Qal =i (1+ 1) Qus [D, Q1 =10
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5) (P, Q1=0; [P, Q=0
{04 0 =bP i (@ =05 @, Q) =0;
[D, Qa1 =ifQu; D, @;1=i(1—NT;.
6) (P, Q1=0; [P, Q1=0;
Q. V=0 {Q Q=0 {0, }=0;
(D, Qal=ifQa; (D, Q;1=1dQ;,

where a, b, f, and d are arbitrary numbers. Note that
only algebras of the fifth type for f=1/2 and the sixth
type for f=d are invariant under Hermitian conjugation
and therefore have Hermitian representations.

2. One can consider similarly extensions of the Weyl
algebra by means of arbitrary spinor generators. In
this case, there are four types of algebras:

1) the commutation relations (35) and

(3, §-1/2) yBs sl ey ;
2 o.i[...AgJél.--.sz_ll_ foﬂ:--.:igjﬂl—“Bz_i—l'
=(i-1/2, 3) _r =0-1/2, 5
D, oAg. . Agj-1B1...Baj =i(l+) QA:. ..Agj-1B1...Baj’

2) the relations (36) and

[0, Q% VB =it ORI,
(D, Q912 = 1 QU= 12 D,
3) the commutation relations (37) and

D, Q¥ 3~V =ijQ 112,
(D, QO P =i (=,
4) [P, 0(3’. i- 112)] = 0; [P, (_)(i— 1,2, j)] =0;
(0, B}=0; {0, Q}=0; {0, T}=0;
(D, @1=if¢; (D, Q1 =idQ,

where f and d are arbitrary constants, Algebras of

the type 3—6 for j=1/2 are special cases of the alge-
bras 1-4 for arbitraryj. As in the case of j=1/2, only
algebras of the third (f=1/2) and fourth (f=d) type have
Hermitian representations.

These algebras exhaust the nontrivial extensions of
the Weyl algebra by a pair of arbitrary spinor genera-
tors that transform in accordance with conjugate repre-
sentations of the Lorentz group.

Conformal group. The algebra of the conformal
group consists of the generators Y p, Yip, Paz, D
and the generator of the special conformal transforma-
tion K, 3; these satisfy the commutation relations (10).
Let us consider extension of the algebra (10) by means
of the spinor generators @, and @g. The general form
of the commutation relations of the spinor generators
with ¥, 5, Y45, Pap, and D follows from Lorentz in-
variance and is given by (29), (30), and (38). From the
same considerations there follows the form of the com-
mutators of K ,3 with @ and 6:

[KM;! Qcl :gle.&c(—)ﬁ,; [K.-u':-’ Oél:ngbécm (39)
and the anticommutators of the spinor generators with
one another:

{QAv QB}E’-HYAB; {6? 6§}=Cz}7‘3ﬁ;

Ta= 0
(Qar Ugh=bP 340K W)
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whereg,, g,, ¢1, ¢, b, p are arbitrary constants.

As in the previous sections, we now use the general-
ized Jacobi identities, We find the possible values of
the constants b and p. Taking into account the relations
[D,P,3]=1P,3 and [D,K,3]=~1K,3, we obtain from the
identities (32) for D, @, @ the system of equations b(f,

fa=1)=0 and p(f; +f,+%)=0, Thus, there are three
possibilities: 1)b#0, p=0, fi+f.=i; 2)b=0, p#0, f,
+fs==—1; and 3) b=p=0 (f; and f, are arbitrary num-
bers).

Further, from the identities (32) for P,3, K,3, and
Q,wefind f,+f,=0; ga,-4+8if,=0; a,g,-4-8if,=0.
It is readily seen that these equations are compatible
with only the possibility 3). Finally, since the gener-
ators y, y, and K form the Poincaré algebra, the ex-
tension of the algebra y, ¥, K by means of the genera-
tors @ and @ has the same form as the extensions of
the algebra y, ¥, P. In particular, g,g,=0.

As a result, we find that there are two possibilities:

L[ . Wel= “t..\(? [, ¢l =
K, Q1=0; [K ,Q]—S? a8
D, Qal= —IQA 2; [D, ()élgxué,Q,

(Q, G} =0; {0, Q}=0; {@, Ty=0.
2. P 01=0; [P 4 (7&]=aebéQA;

(K g Qe =8eacU; a5 (K, Q1=0;
(D, Qal=iQa 2; (D, Uy1= —iQy/2;
{©, @) =0; (U, O} =0; {T, G}=0.

There are also two possibilities, completely analo-
gous to those given here, when the conformal algebra
is extended by two arbitrary spinor generators, namely,
QU2 and @Y/ However, it is readily seen that
these algebras are not invariant under Hermitian con-
jugations and therefore do not have Hermitian represen-
tations.

The extensions of the conformal algebra by two pairs
of spinor generators Q{*#"1/2 g1/ jnq gliit/2
Q3 /#P hayve Hermitian representations. The general
form of these extensions of the conformal algebra can
be readily obtained by using the results of the previous
sections. In the simplest case j=1/2 we have®

5 QF1=0; 1P 5, Q¥1=0;
lP , 08 =2184CQ(U; [P ; Q""]AZIE Qm
Aé,Qaq:?ie.m@g': K 5 Q1 =2ie 03
K 5 OF1=0; (K ;, D21 =0;

D, Q4 :-]__lom 2: (D, Qu:], e i@;/?;

(D, Q1 =iQP/2; (D, () =iQP/2;
{ed, g;} P {09, Q)Y =0; (0%, 09)}=0;
{0, 7?"’}= i, CE}=0; {Q Qm} 0.
{0, QF) =eanD — Y an; {o"’ Uy =e;;0—Y ;51 {04, 0P} =0
together with the relations (32) and the commutation re-
lations of the generators of the conformal group.

In order to obtain this and other spinor extensions of
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the conformal algebra it is convenient to use conformal
spinor analysis, which enables one to take into account
the requirements of conformal invariance almost auto-
matically.

Since the Poincaré, Weyl, and conformal groups ex-
haust the possible spacetime symmetry groups (Sec. 3),
in Secs. 5-7 we have considered all possible supersym-
metry algebras.

8. UNION OF SUPERSYMMETRY AND INTERNAL
SYMMETRY GROUPS

The method used many times above can be employed
to study as well symmetry groups that contain not only
spacetime transformation and supertransformations
(transformations with spinor generators) but also trans-
formations of internal symmetry groups. The corre-
sponding algebras for the case of the Poincaré and con-
formal groups and spinor generators that transform in
accordance with the representations D(1/2, 0) and
D(0, 1/2) of the Lorentz group have been considered in

Ref. 35. In the case of Poincaré group and arbitrary
spinor generators, the required algebra has the form
L
(J; 1/2)e . =0; P i Av-1/2, e - S
B O < AgjBy.. Bai-l] [ Q . AzjtBy. . B J'] G
G, j- 1,'2)a . V aﬁ (J i-u2)p
[f.? 8 o SR St
c.AgBy.. . Bajog © ..AzjBy.. . Bajy
=12, he 2 el Saﬁ Ali-1/2,0) B =
Q L AgjuBy.. BzI-B’] e Q cedpfa Bi...B 25"
(i, i— 1.'2)11 —EJ—!IZ ne
{Q Az;Bl 82;‘-1' Cy.. .ng_lD.h : .152]}
= §oB
5 AS}}yg\bBA.cl “BAnjCojuiyp o B i Pagbes
{o(J.J -ihe U',J'—UZ}P

.
Az_rﬂ: sz-1’ Cy...CoiDy. . . Dyjy

=2% Sem e - N T
- B g 440y S2le2 g0, BEJ‘-IDej_l'

L A2,

{Qu 172, hHa . U (-1 J)B )
s deladue . .CpjetDy. . . Dpj
=2Z* 3ym ¢ e B Al 3
o Ay 2jCoj-t B D g 2 3
AL A, { 3 1') 1Dy 2jDaj
[P o Bill=0; [Yap, Bi=0; [V, Bil=0;
<
[Bi, By = T CiniB1,

where B; are the generators of the internal symmetry
group; the spinor generators @ and § transform in ac-
cordance with an arbitrary (n-row) representation of the
internal symmetry group, i.e., the index o takes the
values a=1,,,.,n; S¥® are the matrices of the n-row
Hermitian representation of the internal symmetry
group; C;, are the structure constants of this group;

~ Z°*® commutes with all the generators of this group.

9. REALIZATION OF SUPERSYMMETRY GROUPS
AS GROUPS OF TRANSFORMATIONS OF
SUPERSPACES

The commutation relations considered above for the
generators of supersymmetry groups are completely
sufficient for the construction of irreducible represen-
tations and their classification, the construction of
quantum fields that are covariant with respect to the
supersymmetry groups, ete. As always, the study of
a symmetry group is simplified and all expressions be-
come much more apparent if the symmetry group can
be represented as a group of transformations of a space.
In the case of supersymmetiry groups, only the space=-
time subgroups (Poincaré, Weyl, and conformal) are
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groups of transformations (the coordinates of Minkow-
ski space), while the supertransformations are trans-
formations of quantum fields that do not affect the co-
ordinates. Thus it is necessary to find an extension of
Minkowski space that would enable one to represent
supertransformations also as transformations of cer-
tain coordinates.

The role of such an extension of Minkowski space is
played by superspace, which is a space some of whose
coordinates are the coordinates of Minkowski space
while the remaining coordinates are completely anti-
commuting spinors. We emphasize that only some of
the coordinates of superspace, the coordinates of Min-
kowski space, have a physical meaning; the remaining
coordinates arefictitious and none of the physical quan-
tities depend on them.

To be specific, we consider the algebra S'/2 (2=0),
the extension of the Poincaré algebra by the spinor gen-
erators @, and @3 (b=2):

., . - (41)
{Qa, Qé}=2pm'3v {Qm Qp}=0; {Q,i' QI}}=U

[P, 5 Qcl=0; [P, (7,5] =05 }
together with the relations (32) and the commutation re-
lations for the generators of the Poincaré group.

The corresponding superspace is an eight-dimensional
space with coordinates x,3, and 8,, 63, where 243
=(0,)43%, are the coordinates of Minkowski space and
¢ and @ are constant, completely anticommuting two-
component spinors.®* The algebra (41) is the algebra
of the group of transformations of superspace, and it
contains

1) the Lorentz transformations

. 2y a
Ty > Tp= Ay 00— 04 =SUE 0, 6.

g 0,172
—0.=8.."0.
A A SAB 4

B

where $%/%® and $'»!'/2 are two-row representations
of the Lorentz group;

2) the displacements

. . L - W A a .
zy—ap=1yta,; 0,—04=04 Bj—b-B:{ =ﬂi,

3) the supertransformations
O,—>0a=0,+8a; 8, >0, =0, +E;

T .2 =1 . —iEsB. L i0,E..
AB Aog i i a8y

The corresponding generators have the form

a i a
Ty —'3-;,7)—*‘?9.4 [0y O+lan F
a

a
Y, zi(_r =it
w=l\T o

5 = 2 )
-_Tﬂi [0, GV]‘ié_aﬁé H (42)
o o ___5_”_“.— i B B s
Pu—lﬁ—u-.‘oﬂgm‘& 191}836, Qj— o lBBaBA'

where 8,3=(5,),5(8/8x"). It is not difficult to see that
the generators ¥, P,, @4, @3, defined by (42) do
indeed satisfy the commutation relations (41).

We emphasize the important difference between super-
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transformations and transformations of the internal sym-
metry groups. Whereas the latter do not involve the
spacetime coordinates, the supertransformations are
simultaneous transformations of the unphysical spinor
coordinates 6 and 6 and the coordinates of Minkowski
space.

Note that transformations of this supersymmetry
group leave the differential form (dx, +i60,dd
—-i6o, d6)? invariant, The formalism of superspace en-
ables one to express compactly quantities that are co-
variant with respect to the supersymmetry group. For
this, we introduce the concept of the superfield ¥(x, 6, 8),
which is an operator-valued function of the coordinates
%,, 8, and O (Refs. 68-70). The law of transformation
of the superfield with respect to the supersymmetry
group is given by analogy with the ordinary fields:

Ut (2, 0, ) Ut=1' (z, 0, B) =1 (, 0, &), (43)

The superfield §(x, 6, ) can also have Lorentz (spinor or
tensor) indices, and then a corresponding matrix arises
on the right-hand side of (43) as a result of Lorentz
transformations. Since the supertransformations do not
affect the Lorentz indices, for a superfield with any in-
dices we have under supertransformations

UEW.. (2,0, 80U B =1 ... (1ap—i0;+i0,E;,

8a+Ea, B, +E)). (44)
Under infinitesimal supertransformations
... (x,0,0)=E, (-égd:*iﬁéa_ié) V... (z, 6,0
+E,i(go‘{+iﬁnaﬂi)¢---(1"19-5)- (45)

It is easy to see that the derivatives 8/86 and 8/88 are
noncovariant with respect to supertransformations. It
follows from (45) that the covariant derivatives have
the form

VLA Bgia v s [
Dy=—r+i00, Déw_faﬁé 0,0 .

The commutation relations for D, and Dj coincide with
the commutation relations for @, and @3 to within a com-
mon sign. The concept of covariant derivative is very
helpful when one is considering irreducible superfields,

the construction of supersymmetric Lagrangians,
ete. 68=72

A superfield is equivalent to a certain multiplet of
ordinary fields. Let us show this for the example of a
superfield }(x, §) that does not depend on the coordinate
?. Expanding ¥(x, 8) in a power series in § and remem-
bering that the square of each component of the spinor 8
vanishes since 6,05+ 6;6,=0, we obtain for the scalar
superfield

Y (x, 0) =" (2) 049 (2) + 0484050 (2). (46)
Thus, the scalar superfield is equivalent to a multiplet
consisting of two ordinary scalar fields [¢” (x) and
9*®(x)] and one ordinary spinor field [¢$? (¥)]. For the

B. G. Konopel'chenko 70



superfield y{2%, ,, (x, 6) transforming in accordance with
the representation D(j, 0) of the Lorentz group, we find

Wy, @ 0 =44, @) 00,8, (2)

+ 0408k, .y, (2) +OpencBeyt). ., (2)- (47)
Therefore, the superfield w‘f,’l'.?., 453 (x, 6) is equivalent to
the multiplet of ordinary fields consisting of the fields
»™ and $*?, which transform in accordance with the
representations D(j, 0) of the Lorentz group, and the
fields 9® and ‘®, which transform in accordance with
the representations D(j — 1/2,0) and D(j +1/2, 0), re-
spectively.

Similarly, the superfield §*# (x, @), which transforms
in accordance with the representation D(0,7) of the Lo-
rentz group, is a multiplet of ordinary fields that trans-
form in accordance with the representations D(0,j - 1/2)
D(0,7), and D(0,7+1/2). One can show that the super-
fields $#® (v, ) and $®# (x, 8) form a complete set of
irreducible superfields. The irreducible superfields are
classified in accordance with the values of ¥=j, the
superspin, which can take the values 0, 1/2, 1,...
(Refs. 73 and 64). The ordinary spin is not an invari-
ant characteristic of the superfield and it takes for the
superfield with superspin ¥, as can be seen from (47),
the values

Y—127,Y + 172

The formalism of superspace and superfields can also
be constructed for extensions of the Poincaré algebra
by arbitrary spinor generators (the algebra S{fy).™ In
this case, superspace is an 4+ 4j(2j + 1)-dimensional
space with coordinates xjp and_9A1"'Az:51"'§a:-1 oy
Bcyees cpjyDyeeenyy s Where 6 and 6 are( ,completely anti-
commuting spinors. The algebra Sf; can be realized
as the algebra of the group of superspace transforma-
tions containing the Poincaré subgroup and the super-
transformations

00 =0+8 80 =0+E
I e e A

i
+ A

. . 0 . . .
g e oAgiBy. . Byy g Ay Ay BBy By

et £d s
Ag.. AgiBy. . Byj "Ag. .. AgBBy. . By o

As in the case j=1/2, one can introduce superfields
and show that they are equivalent to multiplets of ordi-
nary fields. Also as in the case j=1/2, the superfields
P72 (x, 6) and y@? (x, B) are irreducible. Expanding
the superfields 7' ? (x, 8) and ‘¥ (x, 6) into polynomi-
als of degree 2j(2j +1) in powers of § and 9, respective-
ly, we see that these superfields are equivalent to a set
of ordinary fields with spin spectrum™

Y = j A =AY, Vo =2 B — AR YT
+ 472, ..., ¥V L (&G—1)—1/2, ¥ + j (4i—1).

Finally, for the groups considered in Sec. 8, the cor-
responding spinor coordinates have, besides the Lorentz
indices, indices a corresponding to an internal symme-
try group. The irreducible superfields with superspin
Y are equivalent to a set of ordinary fields with different
internal quantum numbers and spin spectrum:

71 Sov. J. Part. Nucl., Vol. 8, No. 1, Jan.—Feb. 1977

n(Y—j (4j—1)), n(Y —j (4j—1) + 1/2, ..., ¥ — 12, ¥,
Y+ 12, n (Y L (4—1) — 1/2, n (¥ + j (4—1)),

where z is the dimension of the representation of the
internal symmetry group with respect to which the spin-
or generators @ and @ transform. Thus, spinor ex-
tensions of the Weyl and conformal groups can also be
represented in the form of groups of transformations of
corresponding superspaces.

10. EXTENSIONS OF THE POINCARE ALGEBRA BY
MEANS OF TENSOR GENERATORS

The transformations of ordinary internal symmetry
groups are transformations with scalar (with respect to
the Lorentz group) parameters. Supertransformations
can be regarded as internal symmetry transformations
with spinor parameters. In the framework of such an
approach, it is natural to consider also internal sym-
metry transformations with vector and tensor parame-
ters, i.e., extensions of the Poincaré algebra by gen-
erators that are tensors of various ranks.

We begin by considering extensions of the Poincaré
algebra by means of the vector generator Y, 3=(0,)43Y .
By Lorentz invariance,

[P, :y F d=ditsef go-ltr Yol

AB €D BD ' BD

Wi Ves) =0 (eacY 5525 Vac),

where a and b are arbitrary constants. Using the Jacobi
identities for P, P, and V, we find ¢=0, and from the
Jacobi identities for P, V, and V we obtain b=0.

Thus, the extension of the Poincaré algebra by the
vector generator is trivial. It is readily seen that ex-
tensions of the Poincaré algebra by arbitrary tensor
generators are also trivial. However, if one considers
extensions of the Poincaré algebra by vector and scalar
generators and by tensor T,, (T,,=T,,, T,,=0) and
scalar generators, nontrivial algebras are obtained: in
the first case an algebra isomorphic to the conformal
algebra and in the second an algebra isomorphic to the
affine algebra. Thus, the properties of these extensions
are intimately related to the structure of the conformal
and affine groups. In particular, the multiplets have
infinitely many components. These algebras exhaust
the possible extensions of the Poincaré algebra by
tensor generators,*

CONCLUSIONS

Thus, there exist only a limited number of different
types of symmetry. In conclusion, I should like to
emphasize the fact that the main reason for the existence
of the restrictions is the relativistic invariance of quan-
tum field theory.

I am very grateful to Yu. B. Rumer for numerous
discussions of this paper.
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