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The theory of the passage of ultracold neutrons through matter is reviewed. The methods of the theory of
multiple scattering are used to obtain an expression for an optical potential describing the interaction of
neutrons of this energy range with matter. The influence of inhomogeneity of the scattering medium on
the damping and dispersion law of a coherent neutron wave is considered.
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INTRODUCTION

Investigations of neutrons of very low energies (ultra-
cold neutrons), some unusual properties of which were
first pointed out by Zel’dovich, ! were begun by Shapiro
and his collaborators. * Currently, such investigations
are made at various centers and the number of problems
being studied is very considerable: from measurement of
the electric dipole moment of the neutron to the study of
the structure of matter in the condensed state. 3= The
fundamentals of the theory of the interaction of neutrons
in this energy range with matter!’ were laid by
Shapiro.? To describe the propagation of ultracold neu-
trons in matter, one uses the potential

Uy=Ugo+iUso, (1)
where
Upo= (2ah2/m) pRe b, (2)

b is the length of coherent scattering of neutrons on an
infinitely heavy nucleus; m is the neutron mass; and p

is the number of scattering nuclei in 1 em?® of the irradi-
ated material. For simplicity, we shall restrict the dis-
cussion to interaction of neutrons with nonmagnetic
materials.

A formula analogous to (2) is used to calculate the
imaginary part of the potential

U= (2ah%/m) p Im b. (3)
In accordance with the optical theorem,
Im b= —k [Oas + Oyner] /sty (4)

where k is the wave vector of the incident neutrons:

0. 15 the absorption cross section; 04, is the cross
section of inelastic scattering resulting in the neutron’s
leaving the low-energy region. It is expedient to call the
sum 0, +0;.,; the neutron removal cross section (by
analogy with the term used in reactor physics). Many

DFrank® and Steyerl® have proposed the following more de-
tailed classification of very low energy neutrons: very cold
neutrons (107 eV <E, <10~ eV), and ultracold neutrons
(E,<10"" eV), The justification for this division of the range
of very low energies is the physically different behavior of
the neutrons of these groups in matter: The behavior of very
cold neutrons is characterized hy a wave process in matter,
whereas the wave function of ultracold neutrons is rapidly
damped in the medium (the damping constant is #q~ 10°—=10¢
cem~!), In the present review, we shall for brevity refer to
all neutrons with energy near E,~ 10" eV and above as ultra-
cold, giving additional explanations whenever this term could
lead to confusion.
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authors have attempted to justify the semiphenomeno-
logical expressions (1)—(4) (see, for example, Refs, 7
and 8). An important question in need of careful exam-
ination is the possibility of using the optical theorem in
the form (4) in this case. The point is that in this rela-
tion the scattering amplitude f (f=~ b) is taken on the
“mass” shell, and therefore the optical potential can be
determined only in a restricted range of the variables.
Second, Eq. (4) in the case of zero absorption of neu-
trons relates the imaginary part of the scattering ampli-
tude f on one nucleus to the cross section of inelastic
scattering on a collection of nuclei. This relation is to
a certain extent justified if the inelastic scattering is
treated in the incoherent approximation, i.e., when,
like Imb, 0,,,, describes scattering on one nucleus

(see below). Interference effects cannot be taken into
account in such a scheme. A derivation free of this
inconsistency of an expression for an optical potential
describing the propagation of a coherent neutron wave
through matter was given in Refs, 9 and 10, The point
of departure of this calculation is the well known formu-
las of the theory of multiple scattering. !* We regard
this potential of the optical model (in the same way as is
done in the theory of nuclear reactions!!=!%) as an effec-
tive potential in the Schrodinger equation, which de-
scribes a coherent neutron wave that is equivalent to a
coherent field in the original many-channel problem.
The imaginary part of this potential determines the
attenuation of the coherent wave in the ingoing channel,
Note that for such an interpretation the applicability of
the expressions for the optical potential is not restricted
to the region of very low neutron energies. In addition,
in such an approach there is no need to use the optical
theorem to find ImUj; instead, one can calculate this
quantity directly. Nevertheless, we shall consider in
detail the calculation of ImU; by means of the standard
procedure based on the optical theorem, and we shall
estimate the corrections due to the departure from the
“mass” shell,

The calculation made in the second approximation of
the theory of multiple scattering (see below) shows that
for a coherently scattering system of nuclei the cross
section of inelastic scattering in (4) contains a contri-
bution of interferences inelastic scattering with absorp-
tion of phonons (a model of an harmonic crystal is stud-
ied as scatterer). According to the estimates obtained
by Placzek and Van Hove, Y the correction due to the
interference of the neutron waves scattered by different
nuclei is, in the region of low energies, 10—20% of the
value of 0, calculated in the incoherent approximation,
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The correction of second order in Reb to the real part
of the optical potential is in order to magnitude b/

0. Ia)URO (10'3-—10'4)U , where Ug, is defined by (2);
a is the mean distance between the scattering nuclei.

In the general case, the optical potential is nonlocal
and depends on the neutron energy. Such a result is
familiar in optics and nuclear physics. If one considers
the propagation of neutrons for E,$10" eV, then the
energy dependence and the nonlocality of the optical
potential both have very little influence on the propaga-
tion of the neutron wave in matter.

Inhomogeneity of the medium changes the excitation
spectrum of the scattering system and introduces cor-
rections to the cross section of inelastic scattering.

In the majority of cases of practical interest, these
corrections are small, Exchange of a phonon between
very cold neutrons propagating in a medium leads to a
very slight departure from ideal behavior of the neutron
gas. In the case of ultracold neutrons in a bottle, such
an interaction between the neutrons is even weaker.

In this review, we shall also study the propagation
of neutrons through inhomogeneous media. *!* After the
analysis of weak single scattering on an inhomogeneous
target, for which the Born approximation applies, we
consider the corrections to these results due to strong
scattering on one inhomogeneity and multiple scattering
in a large volume of scattering matter. To describe
multiple scattering in an inhomogeneous medium, we
again use a variant of the “optical” model. In the frame-
work of this model, the coherent neutron field satisfies
a Schrodinger equation with an effective potential that
depends regularly on the spatial coordinates; this is the
analog of the optical potential introduced above to take
into account inelastic processes. ¥ 115 Elastic incoherent
scattering on static inhomogeneities leads to an attenua-
tion of the coherent wave analogous to the removal of
neutrons from the ingoing channel as a result of inelas-
tic scattering. Inhomogeneity of the medium may be due
to either dynamical fluctuations of the density (which
are, for example, strong near critical points) or have a
static nature. An example of an inhomogeneity of this
last type is an inhomogeneity in alloys, ideal polyerys-
tals, and in real erystals with structure defects.

The effective optical potential for an unbounded
scattering medium enables one to find the refractive
index for a neutron wave and then consider the interac-
tion of neutrons with a medium that occupies a bounded
volume, For ultracold neutrons (E,<10” V), which
have a small penetration depth into a bottle wall, one
must carefully examine the influence of the structure of
the surface bounding the scattering medium on the be-
havior of a neutron wave., We discuss the influence of
roughness of the bottle walls on the coefficient of absorp-
tion of ultracold neutrons!®!? and the results of calcula-
tions of the angular distribution of neutrons reflected
from a nonideal surface. 1" !® We also discuss the ab-
sorption of ultracold neutrons in a surface film contam-
inating a bottle wall, !’ and we estimate the mean square
of the fluctuations of the neutron field in an inhomoge-
neous medium and the influence of roughness of the walls
of a neutron guide tube on a neutron wave propagating
along the tube,
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1. DERIVATION OF GENERAL FORMULAS OF THE
OPTICAL MODEL FOR A HOMOGENEOUS
MEDIUM

In the theory of multiple scattering (see, for example,
Ref, 11) it is shown that the expression for the optical
potential U, describing elastic scattering of particles on
a system of N scatterers in the state [4) can be written
in the form of the following expansion:z’

-+ <

Here, the angular brackets (,il--- |9 denote the matrix
element between the wave functions |#) of the scattering
medium, For brevity, we shall not particularize the
representation in which the potential U is expressed
with respect to the variables of the neutron. In Eq. (5),
1/d is the Green’s function of the Schridinger equation
with the interaction between the neutron and the scatter-
ing nuclei switched off, i.e

i

N -~
Up= 3 (, i| Ll
a=1

(5)

d=Ey+in—Kk; (8)
R=EK,+1, (7)

where K, o %./Zm is the operator of the neutron
kinetic energy; H= )_“,” K + U is the Hamiltonian of the
scattering system; K, =~ i v%/2M, is the operator of
the kinetic energy of the ath scattering nucleus; U is
the operator of the potential energy of the interaction of
the nuclei of matter with one another; n is a small posi-
tive number; E,; is the total energy of the system con-
sisting of the neutron and the scatterer in state |i).

Under real conditions, the quantum-mechanical state
of the scatterer is not defined since it is in thermody-
namic equilibrium at temperature T. Therefore, in
order to obtain the final result, the neutron wave func-
tion ¥, satisfying the Schrddinger equation with the opti-
cal potential U, (5) must be averaged over the statistical
distribution of the states |7). We shall assume approxi-
mately that this function is equal to the solution of
the wave equation with optical potential (U) r averaged
over the equilibrium distribution of the states of the
scattering system, In doing this, we ignore the equili-
brium fluctuations of the optical potential. In order to
take into account such fluctuations, it is necessary to
average, not the optical potential U, but the scattering
operator T, corresponding to it. The error introduced
by our approximation is ~{(Uy - (Uyp 7)% 7, where the
symbol (- - -} r denotes averaging over the equilibrium
distribution of the scatterer states. Since the depen-
dence of the optical potential on the scatterer state is
primarily determined by the density p of the scattering
nuclei (p is the number of nuclei in 1 em® of scattering
matter), we have {(Uy= (U~ {(p - {0))*) ;. These fluc-
tuations give rise to scattering analogous to the well
known molecular scattering of light in optics.

Let us return to the discussion of Eq. (5). We denote
by {4 the / matrix of scattering of a neutron on a nucleus

D0ne can have other forms of the optical potential. However,
the differences from (5) appear only in the terms of higher
order, whose treatment goes beyond the accuracy of the pres-
ent calculation,
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bound in the matter. This operator satisfies the
equation'!

fo=VatVal(1— A/dl fe, (8)

where 1 - A; is the projection operator that eliminates
state |4) from the complete set of intermediate states
of the scatterer; V, is the operator of the potential
energy of the interaction of the neutron with the ath
nucleus. We emphasize that 7, is a many-particle
operator (see the definition of 4 above). Such a defini-
tion of the operator £, is convenient for analyzing the
influence of inelastic processes: in the ingoing channel
we have a state corresponding to elastic scattering on
a system of N scatterers. Indeed, for A; =1 we have
f,=Vyand Uy=2¥ f, =24, V,=7. If by the wave
function of the optical model we understand a coherent
wave, then incoherent elastic scattering will also re-
move particles from the ingoing channel. To take into
account this effect, we can again use the expansion (5),
but in Eq, (8) for fa we must omit the projection opera-
tor A,

In the approximation of the Fermi pseudopotential®®=23
we have in the coordinate representation

(Fn | Vo | th) = (200h%/m) by (r, —Ra) 6 (1 —Ry); (9)

where R, and r, are the radius vectors of the ath nu-
cleus and the neutron, respectively., When we find Ref,
by means fo Eq. (8), we can restrict ourselves to a
single iteration, i.e,, assume approximatelys’

Rei, ~ReV, ~ Reb,. (10)
The correction to this result is in order of magnitude

¥ e/ 0. 1@ 1072 (7., is the radius of the nucleus; a is
the mean distance between the nuclei of the scattering
matter (see, for example, Ref. 23).

The quantity Imf,,, contains a contribution from ImV,
proportional to Imb, and therefore to the cross section
of capture of a neutron by the ath nucleus, This cross
section does not depend on the chemical binding of the
absorbing nucleus. In order to take into account the
contribution of inelastic scattering to Imf,,, we make
two iterations of Eq. (8) and obtain as a result

T Vot Vo [(1—Ay)/d] Ve (11)
and accordingly
ImZ, & Im Vo + Im (Ve [(1— A)/d) V). (12)

Let us consider the second term in (12), which is largely
due to inelastic scattering of neutrons. In the approxi-
mation of the pseudopotential (9),

(i Im (fa— V) | 1))

= (2h2b/m)m (, i| 8 (rp— Ra) [(1— A)/d] 8 (0n — Ra) | 8). (13)
In (13), we omit the imaginary part of b since its allow-

ance goes beyond the accuracy of our calculation.

DApplication of perturbation theory with the pseudopotential
(9) as perturbation must, strictly speaking, lead already in
the second order to singular expressions, However, the
averaging over the equilibrium distribution of the scatterer
states effectively spreads out the interaction region and re-
moves the singularity,
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In the momentum representation with respect to the
neutron coordinates, substituting the explicit expression
for the propagator 1/d and introducing a complete set
of intermediate states of the system, we obtain for the
matrix elements f, - V, the expression:

' |ia—Val o= (25)* jc‘g%zulexp[#ma(q'—k)nw

X [Eitei+in—Ey— G- |7 v exp [iRa (a—K)T | . (14)

Here, E; and E, are the scattering energy of the system
in the initial and intermediate states; k; and ¢;
=Hk%/2m are the wave vector and energy of the incident
neutron, Taking into account the well known relation
1/(x +in) = &/x - ind(x) and separating out explicitly the
term corresponding to the intermediate state |7), we
have

Im (q' | fa— V| @ = — 5 {220)

X Y(2n,3{2<¢|exm~ma(q—k)m>6[E.+s. B—%E]
% (vl exp [iRa (a—K01 | 0 — 8 [ 5 —e; ] (1] exp [ — iR (@' —K)I |
% (i]exp [iRy (a—K)] | }. (15)

One can perform the summation over the intermediate
states of the scatterer, As a result, Im{(q’|{,- V,|d)
can be expressed in terms of the time correlation
coefficient?® %

755 (1 ', 4, k) = (i| exp [— iRq (1))(a" — k)] exp [iRp (0) (q—K)] | i),

(16)
namely

Im (' | fa —Va | gy = —n (22)?

x § o {5 j dtexp (iat) 1% (4 ', 4, K)

— 1 8(0)(|exp[—iRa (0 (g’ —W)] |1 (i] exp [iRa (0) (a—K)] [} . (17)
Here
R; (1) == exp [t/ R; (0) exp [ —iH/H]

is the coordinate operator of the jth scattering nucleus
written down in the Heisenberg representation, and

o= hk}/2m— k¥ 2m.

We average (17) over the equilibrium distribution of the
states of the scattering system and obtain

: 2k
(I (q" | fa— Vel ar = —n (Z2p)°
d’k 1 v 5 » r
% j{Tn)?{m 5 dtexp (iot) %5q (£ 4y ¢, k)

— 2 8(0) (] exp [ —iRq (0) (¢’ — k)] |8

X (i|exp [iRa (0) (q—K)] | i), (18)
where
Tap (60", @, k)
= ((i]exp [—iRq (¢) (a' — k)] exp [iRg (0) (q—K)] | D)z (19)
Remembering that (see, for example, Refs. 20 and
21)
lim Tan (6 4’ @5 k) = (i |exp [— iRa (0) (4 —K)] | iNr
x (i | exp [iRg (0) (@—K)] | D)z (20)
A.V. Stepanov 398



we write the expression (18) in the more compact form®
{Im (Q' | fc.f Va | qQ)ir

z:m ‘ {
m . (2:rt)3 2nh

=—a(

x 30 dtexp (iot) [Xaa (& 4> ¢ K)— lim Aaw (6 45 € k)]}- (21)
The function x_g for q' =q =k; and k=k; defines the
double differential cross section of inelastic scattering
of neutrons on a system of N isotopically identical spin-
less nuclei®®?*':

d2o mul h2 kf
[ dQ dey ] = 2ak Ky

X [Xap (& kis k;, ky) film 1ra

2 \ dt exp (iwt)

(t; ki, ki, k)], (22)

Here ¢, =/°k%/2m and k; are the energy and wave

vector of the scattered nucleon, respectively, In the
incoherent approximation (a=g), the total cross section
of inelastic scattering per nucleus has the form

n2

O " =
x (g {p | dtexp o) (a (6 ks i K

— lim %a (1 ki K ). (23)
Setting @ =q' =k; and k=k, in (21), we can readily show
that

(Im (0 | Fa— Ve | @ = — 220 [ 5 ol ea) ™" .

(24)
Thus, the imaginary part of the matrix element

(@’1f, - V,lq) calculated on the “mass” shell, i.e., for
g’ =q=Xk;, is uniquely determined by the total cross
section of inelastic scattering calculated in the incoher-
ent approximation (“optical theorem”), Anticipating
slightly, we note that the transition to a spatially
homogeneous scattering medium imposes a restriction
on the range of variation of the wave vectors in the
matrix elements: q=q’. If we restrict the treatment

to operators that are local in the coordinate representa-
tion with respect to the neutron variables, we can set
q’=q=0 and in the region of very low neutron energies
(k; =0) the condition of calculation of the matrix ele-
ment on the mass shell is automatically satisfied. This
means that if these requirements are fulfilled the opti-
cal theorem in the form (24) holds. Bearing in mind that

W | ImVe|q)=— 2::: fn Oabs
(@ =q=k), (29)
we write this relation in the different form
Im (g’ || @0 = — 222 FL (1ol (6] + oans (£}
(a=q =k). (26)

In the first approximation of the theory of multiple
scattering,

Um- U U |- (27)

Taking into account (9), (10), and (26), we write down
in the coordinate representation

N
| oy | 1) =22 ) B (118 (rp — Ra) |98 (Fa — 7).

(28)

D1n the case of macroscopie systems, when there are no dis-
tinguished degrees of freedom, § IAIz)(; 18 i)y @y rdBYr.
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Here

b= Re by + gz i Im (ki | £a | ki) = Re ba —i S (ol + o). (29)
Thus, the calculation of ImUj in the first approximation
of the theory of multiple scattering takes into account
the contribution of inelastic scattering in the incoherent
approximation. Accordingly, it follows from (28) in the
momentum representation that

(| Vsl = | § v driexp (—ia'xal exp Giara) 0| U [ )

on

N

% S Bu i exp [i (g — ') Ral |- (30)
a=1

For a spatially homogeneous medium, the expressions

(28) and (30) must be averaged over the configurations

of the scattering nuclei. Then

T m

O [Fa) = (20hYm) B (N/V) 8 (5 — o) (31)
and

(@ [Uar [ @) = (2h¥/m) B (N/V) (20)" 8 (4 —1)- (32)
Here, V is the volume of the scattering system, b
=¥ b,/N. The bar denotes averaging, i.e.,

) = { 1 Ra) dRV. (33)

The averaging over the configurations of the scattering
nuclei, i,e., over the equilibrium positions, is an in-
dependent operation only in the case of a crystal, In

the case of a gaseous target or a liquid scatterer, the
calculation of the matrix element {i|+ - |Z) already leads
to expressions that depends only on the difference of the
spatial coordinates, Note that the averaging which we
have performed of the optical potential introduces an
error into the neutron wave function, By the wave func-
tion of the optical model we shall understand a coherent
neutron wave, i,e., a wave function averaged over the
configurations of the scattering nuclei (see, for example,
Ref. 24), This use of the averaged optical potential
obviously means that we neglect its fluctuations due to
the inhomogeneity of the scattering medium and, in
particular, its microscopic structure,

We now turn to the calculation of the correction of
second order to the optical potential. We consider the
second term in (5):

T—hi = [,
to 3 £ tﬁ‘l.>.
s f=1

If the spins of the scattering nuclei are uncorrelated,
then, taking into account Egs, (9), (10), and (29), we
write

N
U(I! = 2

(34)

N

U= (E”T"") W Ea'gﬂ<,i|ﬁ(rn—“n) i ﬁ(rn—Rp)|i.>.(35)
@ Ep=1 g

We shall assume for simplicity that all the scattering

nuclei are the same, i.e., by=bgz=>0, In addition, in

the expression for Uy, we ignore the imaginary part of

b. It is readily seen that allowance for Imb goes beyond

the accuracy of our calculation,

In the momentum representation with respect to the
neutron coordinates,

| Unl 0y = (Z20)* 2 | oas 2<l|exp[—m (@ =01,

x[Eitertin—E, -—]" (7| exp [iRg (q—K)] | .

2m

(36)

A.V. Stepanov 399



Using the above calculations, we can obtain from (36)

N
(Im @ [Unlotr=—= (Z50)" 3 [
=t f=1

X {2“% 5 dt exp (iot) ['){a t; q's q, k)—hm Kuﬁ (tiq,q k)]}. (37)
The function xgg is defined by (19). Setting q' =q =k,
in (37) and lifting the restriction on the summation over
« and 8 (in this way we include in the treatment the
part of ImUj; due to inelastic incoherent scattering),
we have

Im (ke | UG | ke = — (220 0)*
N
dk 1 ~

% 2 S(z_m!s {m=s j dt exp (iot) (125 (1 ky, ky, k)

PN, A 2ah aing! (e:)
—lim 15y (1 Koy ki k)] = —SE N [ gL 220 ] (38)

Here =
ol (e, Sdk! 5t o 5 dtexp (iot)
@, p=1 -0

X [ap (8 kiy ks, Jy)—lim 1 (1 i, Ko, Kl - (39)

Equations (38) and (39) are a generalization of the opti-
cal theorem (24) to the case of a coherently scattering
system of N nuclei, Note that (38) and (39) also hold in
the case of a local optical potential (@’ =q=0) in a
spatially homogeneous medium for neutrons of very low
energies (k; =0) when the condition of calculating the
matrix element on the mass shell is fulfilled: q’ =q =k;,

We consider the case of practical interest of an
harmonic crystal, * In the framework of this model,
using the standard procedure, **% we can represent the
expression for {Im{q’| Uy, |@)  in the form

Eid

N
I @' U | apr = — 5 (225)° 3 {8 expl—iRao (4 K]
@ #fp=1

X exp [iRpo (q— k)] exp [— W (¢ — k)] exp [ — W (q—k)]

X g | dtexp (iof) Ko (4 —k, q—K; ) —1]. (40)
Here
W(g—k) =5 3 (2(n)r+1) | (a—k) S5 |5 (41)
j
lzB (q’—k q—k' t)

= exp {Z. [(ns3 +1) (o' —k) S5) ((a—k) S§) exp (—iayt)
+ (e (0 —K) ) (g — k) S§) exp (it))), (42)
i—*— i ]//r#}zvm.f €j¢ EXP (i)‘;Rma)n (43)

Here R, is the radius vector to the equilibrium position
of the ath nucleus; j is the index of the normal vibra-
tion of the crystal; w;, f;, and e; are, respectively, the
frequency, wave vector, and unit polarization vector
of vibration j; (n;) ={exp([/w,/(ksT)] - 1)}! is the mean

970 be specific, we write down all formulas for the contribution
to the imaginary part of the optical potential of interference
scattering, ImUp, Obviously, if we set & =p in these expres—
sions we must arrive at the result of the calculation in the first
approximation, Lifting the restriction on the summation
over o and §, we obtain Im(Upy + Ug).
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number of phonons of vibration j at temperature T: by

is Boltzmann’s constant; and M is the mass of a scatter-
ing nucleus (it is assumed that all the nuclei are
identical),

Expansion of the exponential function in (42) in a
power series leads to a representation of K, in the
form of a series each of whose terms describes a scat-
tering process with the excitation or absorption of a
definite number of phononhs. We restrict ourselves to

- analyzing the contribution of single-phonon processes,

In this case,
(Im (q'| Uy | a)r = — - (2225)?
X dk
% 5 By OXP [—iRao (¢ —Kk)] exp [iRp (g — k)]
atf=1
x 3 {((a' —k) 8L) (a—K) S&") [(npdr + 116 (0—0y)
i
+ (0 —k) ST) (a—K) 8) (n)r 8 (0 + w;)}

xexp[—W (¢’ —k)—W (q—Kk)].

In the case of a spatially homogeneous medium, it is
not difficult to average this formula over the distribution
Rgy. Taking into account the relation

7 MRoexp [iRoo (@—a)] = [20)(NVV,0)] 6 (a— 1),

where V. is the volume of the unit cell of the crystal,
and using the explicit form of the amplitudes of the
normal vibrations 8% (43), we have

o Eba—g,) b2 (Zn_f:f)a

(Im {q' ,UM I Pz = NV e 2NM m

N
{ dk .

X 3 ) e expli (Rao—Rp) (k—q)]

aff=1
x B A=0F (n) exp [—if; (Rao—Rao)]

i

2 %

X exp[—2W (q— k)18 [ o — 5o+ 0.

(44)
In (44), we have omitted the term that describes pro-
cesses with the emission of a phonon, In the neutron
energy range considered, this term is small, We know

that?% 2!
N N
> 3} exp [ix (Rag—Reg)] = (2"') N 2 8 (x—2n7). (45)
a=1 fi=1
Here, Tis a vector of the reciprocal lattice. Taking
into account this relation, we obtain
{Im (g’ | Uge | @)y = —H%M
b f2aA| 2 1(q—k) e |2
X 57 (T) m)a EM( Ryhr
Mc h
[ 2m ;’::‘ + m,Jer[—2I’V (q—k))
x S [ 916(k—q—f;—2az L (46)
Vae < 1 4 1= (2m)3 J i

Note that the summation over all normal vibrations of
the lattice can be replaced by the operation

N
Sdf....

VueN_
Zl 5 E T
The replacement of the summation over the vectors of
the reciprocal lattice by integration suppresses inter-
ference effects. Indeed, assuming Z,c+«=V  [dT---
we have (Im(q’| Uy @) »=0. This result is a con-
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sequence of our choice of the expansion (5), when the
contribution of inelastic seattering in the incoherent
approximation was included in the optical potential Upie
Omitting the second term in the square brackets in (46),
we arrive at an expression for the imaginary part of the
optical potential {(a’| U$" i@} r, calculated with allowance
for the coherence of the inelastic scattering of the neu-
trons, The presence of the & functions of the wave vec-
tors enables us to integrate over k. Bearing in mind
that in the considered neutron-energy range we can set
k; =0, we obtain

2088 (a—q') Nb2 2:1.&2)2

(Im (g’ | UGS | @)z = e e | <

3
dl  exp[—2W (I42n7)
x5 5 o =5 [, (1)

fi £+ 2nv+-q)2 ]
o (f) !

2m
=1 T

X (0 (0g))r | (F-+ 2n7) g o 47)

Neglect of the nonlocality of ImUG3" in the coordinate
representation corresponds to the approximation g =0
in (47). In this approximation, we have

ol 2:)3 8 (q—q’
(Im (q' | U§S" | @) 1oer = vﬁm(,_qﬁc_q_)
2nh2 2
szi:fw ; Z 2 5 df exp [ — 2W (§ 4- 2n1)] (R (0,))
=i T

| (F-}-2mx) €4 |2 2may (F) "
X T -5[ - ; — ([ +2n1) ]

(48)

Noting that the cross section of coherent inelastic scat-
tering with the absorption of a phonon is given by the

expressionl 2128
3
6533’:4—:?7}7’{‘7 s S dgexp [ —2W (q+ 2n7)]
=i T
s 2 2 2mag

x (0 (o) SO [ (g4 2 — 22 @], (49)
we can readily obtain the following result (see also
(38)):

coh @6 (q—q)  ZunZ KOS
{Im{q' | U2" | @h1ee. 7 = — N N =y 1 k—0. (50)

ue

The cross section 0°°® is for a single nucleus, In the
coordinate representation,

coh
(Im (¢’ | U | ) ey == — 8 (r—r') z“hz(p)%.

(51)

Equations (50) and (51) are the justification for using
the optical theorem to calculate the imaginary part of the
optical potential, We write (51) for 0,,;=0 in the form

25:52 km{;‘:{"’ [ i

coh, ginterf-
(Im (¢ | U310 soo.r = ]
hy=+0

gincoh

(r—r"). (52)

As was noted in the introduction, the interference
correction to the total cross section of inelastic scat-
tering at very low energies does not exceed 10—20% of
the cross section calculated in the incoherent
approximation, 4

Equations (50)—(52) were obtained under the assump-
tion that the imaginary part of the optical potential is a
local operator in the coordinates representation. Gen-
erally speaking, ImUﬁg" can be calculated without re-
course to this assumption but directly by means of
Eq. (47). However, this method of calculation entails
laborious summations over lattice vectors, which
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determine the interference path, depend essentially on
the structure of the crystal, and vary irregularly from
substance to substance. Therefore, taking into account
the relative smallness of the contribution of interfer-
ence scattering to ImU$", we shall restrict ourselves
below to the incoherent approximation when we consider
the influence of nonloeality of the optical potential on
the propagation of a coherent neutron wave through
matter.

Calculations analogous to those made above show that
the contribution to the imaginary part of the optical
potential [due to the second term in Eg. (12)] has the
form

(2n)36(q q) b2 (2::;,2):

(Im (q'| Uinel lanr = NVug @ ZM \ ™

AL [,

We recall that here b is the real part of the coherent
scattering length.

In this formula, we have for simplicity omitted the
factor exp[- 2W], which is valid in the case of small
momentum transfers, In the coordinate representation,
we have accordingly

1 e = ety ;
(Im (x| Uit lr»?‘:@—n)—ﬁ S dq S dq’ exp [iq'r’] exp ( —igr)

% (Im (g’ | U5 | @)y (54)

Let us find this quantity in the Debye approximation for
a crystal of cubic symmetry, when

3 e (o) = | £ (@ a2r @) (55)
i
and the spectrum of frequencies of the normal vibrations

is

INQ2
e Qe Qo
g(sz)={ B (56)
| 0 B 0.
Integrating, we obtain
» 1 rrinel a b2 g 2xk2\2
(Im (e’ | Uy [ e))p == V—ucm( m’ )
3 dv_ s . R
% ﬁg;’uax 5 T wZexp [ix (r—r')]
kmax
1 sink|r' —r| [ hk2 Bk}
T2 i kdk = (e —
n2 - -1
x [ex® [ gy ve -k ] —1] 7
Fitmat ( 2m DU k’)h_ (57)

In the region of relatively low temperatures, when
k2, /(@mkzT)= 1, the integration over k can be ex-
tended to infinity. The integrals which are then obtained
have been tabulated. As a result, we have

(Im (r'lUfﬂel g = l/::m T ( i )",—:12-6"’ (r'—r)J (' —r), (58)
where
e BYE & mhe T 47/2
JiE==x) e T mQE oy [ ﬂi?: J (r'—r)
(r—r) 91/'2:1 h miegT 2 8/2

x _Zl 7 z [ Then "I'T“BT] meE [ Rz J

5 - 1 (r—

X Rg: FTH) OXP[ Jnm ka[J (59)
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In the calculation of (59) we have set k; =0, The error
due to this approximation is ~7#%}/(2mk zT) = ¢,/ (£ ;T)
<1,

In the Schrédinger equation Im(r’| Ui2*!| 1)) , enters
as the kernel of the integral term, i.e,, the equation for
a coherent neutron wave contains the integral
fdar(Im(r’ | U3 | 1)) 7{9(r)}, which corresponds to a non-
local potential. Substitution into this integral of the -
expressions (58) and (59) and integration lead to the
result

i j dr (Im (' | U™ | 00z (e (1))

i B (2::52)2 3V » 1 1 mhgT 15/2
Vue 2M m 4 M max ZnZ[ h2 J

15mkpT o =
X[ B —m =3 3 vt hetrn ]

n=i =]

(60)

The second term in (60) is due to the nonlocality of the
optical potential. It is of order of a fraction #2k2/
(2mkpT) <1 of the first term, In the region of neutron
energies £ > Uy, this correction has the same sign as
the first term, while it is of the opposite sign when

€ <Up. Retaining only the first term in (60), we write

i j dr (T (r' | U5 | ) (e ()
: A6 H kgT (3 2nkgT
= — i e () Y TR

where £(7/2) is the Riemann zeta function,

(61)

Remembering that the cross section for scattering
of a neutron with the absorption of one phonon calcu-
lated in the incoherent approximation has the form?s

2akegT ;  kgT )a
m AQpax 7

(62)

+ 45 bz -
otz = ) 23/

where v; is the velocity of the incident neutrons, we
obtain from (61)

incoh

1 . ‘ in; : ¢
YA 5 ar' (Im (e’ | UB® | o) (e (1)) = — 2‘;‘1 Av,. (83)

This result completes the investigation of the region of
applicability of (4). Note that the spatial scale of the
nonlocality of the imaginary part of the optical potential
due to interference scattering is determined by the
phonon mean free path A, At sufficiently low tempera-
tures, A may be comparable with or even exceed the
wavelength of ultracold neutrons,

As model of a scatterer we have above considered
an ideal harmonic crystal, Let us now consider briefly
how a nonideal nature of the medium affects the excita-
tion spectrum of the scattering system, and through it
the inelastic scattering of neutrons, The effect of weak
anharmonicity of the vibrations of the scattering nuclei
in a lattice can be taken into account approximately by
replacing the & function of the energy (or of w=E/k)
in (44) and the equations derived from it by certain
“smoothed” functions with effective width inversely
proportional to the phonon lifetime. Obviously, this
leads to only small corrections to the cross section of
scattering with the absorption of a phonon and to the
imaginary part of the optical potential: The imaginary
part of the optical potential is determined by an integral
over the frequency spectrum of the vibrations and the
fine details of the frequency-distribution function in this
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case are not important. * The presence in the crystal

of microscopic defects in cases of practical interest
also has no significant influence on the estimate of the
cross section of inelastic scattering and Im(Uy). For
example, the presence in a crystal lattice of dislocations
reduces the number of degrees of freedom associated
with the vibrations of the atoms, Accordingly, the effec-
tive Debye temperature of the crystal is reduced by*6

(64)

where pp is the density of the dislocations and a is the
lattice constant. For p,=10°—10" cm?, 2~10"% c¢m,

ABp &~ — ppa?@p,

| A8p|/8p & 10-7 — 105, (65)
Since®® when k38,5 kT > e, the cross section for
scattering with the absorption of a phonon is

o(Y), ~ 4n (Re b)> (ks T len)' " - (T/ODY, (66)

the reduction of the effective Debye temperature in-
creases the cross section of inelastic scattering and the
imaginary part of the optical potential by

ATm Uo) /T (Uy) & Aafh)joih) < 3-10-°. (67)

A greater change in the inelastic scattering cross
section is due directly to the contribution of the vibra-
tions of the dislocations. Indeed, the dislocation degrees
of freedom increase the phase volume for the low-fre-
quency vibrations of the crystal. I it is assumed that
the energy of a quantum of a dislocation vibration w,

is 10°°—10"* eV (Ref. 26), then the correction due to the
nonideal nature of the crystal to the cross section of
inelastic scattering for 7=300°K, @,=1000°K (250,
>RkpT > lwy>¢,) is

Aofy/o®y = ppa?/3T (772) kaT /(hee)] /2 (Bp/T)? < 1073,

Pp =101 ¢m2,

(68)

With increasing temperature, this correction decreases,
It is small because of the relatively low density of dis-
locations. Dynamical effects of this type of departure
from an ideal crystal lattice can be estimated in this
manner,

Near the surface of the erystal, the density of
dislocations may be higher since the surface is a sink
for different kinds of lattice defects. The surface of the
crystal is itself a two-dimensional defect that distorts
the frequency spectrum of the vibrations of the atoms in
the surface layer of the lattice. The weakening of the
coupling of these atoms can be taken into account in a
very crude approximation by introducing a lower effec-
tive Debye temperature @), satisfying g, > T> ©5. This
slackening of the lattice rigidity and increase in the
amplitude of the atomic vibrations disappears over
<10 atomic layers.?” A simple calculation shows that
an increase of 0™ by 10 times leads to the following
restriction on @5:

@0gcillations of the matter density in an anharmonic crystal
are due not only to the motion of phonons but are also asso-
ciated with fluctuations in the temperature of the scattering
volume; these lead to the appearance of neutrons that are
scattered quasielastically, In the case of a solid reflector,
the ratio of the intensities of the quasielastically and inelas-
tically scattered neutrons is small and of order of magnitude
(cp—cy)/Cye
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(T10p)"2 = (2.25T (1/2)/48) 104 (T'/Bp)*. (69)

Both for ©p > ©5> T and for @, > T'>> @) one can arrive
at unreal values of the amplitudes of the atomic vibra-
tions near the surface,’ One can consider a different
model to estimate the softening of the vibrations of the
atom in the surface layer by assuming that this “soften-
ing” affects only those vibrations that are polarized
along the normal to the surface, In the framework of
this model, the surface layer can be regarded as part
of an anisotropic laminated crystal with two effective
Debye temperatures @ <@p=©p. It is well known
(see, for example, Ref, 28) that for 5> T>> @) the
largest phase volume corresponds to vibrations polar-
ized in the plane parallel to the surface, and the so-
called bending vibrations, The distribution functions of
these groups of vibrations have the form

g, () = (4/3) (0/0d); (70)
0, =kOf/h.

gy (0)=1/30,. (71)

It is not difficult to verify that vibrations of the first
type make the following contribution to the cross sec-
tion of inelastic scattering:

o, = 0.40{D) (8/45) [ho /(ksT)] (kal K fiwoy). (72)

The contribution of the bending vibrations is

o, = 0.10{2 (4/135) (o, /(keT)2P (73)

Here, of., is the total cross section of inelastic scatter-
ing on volume vibrations of the crystal in the Debye
approximation:

oy = o, (m/M) V ksT /ey 3T (7/2) (T/Op);

the factor 0.1 is the relative fraction of the number of
degrees of freedom associated with the atoms in the
surface layer; o,=4rw Rel?,

Thus, these various mechanisms of removal of ultra-
cold neutrons by the inelastic interaction with the atoms
of the crystal lattice do not explain the anomalously
short lifetime of ultracold neutrons in bottles.

There are two corrections to the real part of the
optical potential (2). First, the correction to the pseudo-
potential approximation, which in order of magnitude is
b/0,1a (b is the neutron scattering length and @ is the
mean distance between the scattering nuclei in the
matter). This correction can in particular be obtained by
estimating the real part of the second term in (11),
Second, there is a correction due to interference
inelastic scattering. It is described by the real part of
the second term in Eq. (5). As is readily verified, if

D The expressions (68), (72), and (73) were obtained in the
approximation of single-phonon scattering. Allowance for
the contribution of many-phonon processes for T @, wy/
Ep in the model of an ideal gas does not essentially change
the estimates, The enhancement in the anomaly in the remov-
al of ultracold neutrons with increasing penetration depth
%, as E,— U, also indicates the ineffectiveness of the “soften-
ing” of the vibrations of the atoms near the surface of the
reflector.

403 Sov. J. Part. Nucl., Vol. 7, No. 4, Oct.—Dec. 1976

one does not restrict oneself to caleulating the imaginary
part, then (15)—(21), (37), and (40) can also be used to
analyze the real part of the optical potential if in these
equations (- 1/27)[.dt exp(iwt)- - - is replaced by

(= i/R)[ dt exp (iwt = n)t]- - - . We give the result of these
estimates. 1 In the incoherent approximation, i.e.,

when allowance is made for only the contribution of the
second term in (11),

2mh2
m

(2o +1) |

ARe (' | U™ [ r)r -

”bl"z_n_ noo( g () dQ
AL TH M, A

b % S(r—r')
uc

—1y2

(14)

Thus, the correction to the optical potential Uz, (2) in
the approximation of the Fermi pseudopotential is a
fraction of Ugr; equal to

208 K Sg{Q)dQ

TN Q (anfi)-]“”zwb[zn h '}71,'2

Q)

b = A
~ =10 — 10
Allowance for the correction for inelastic interference
scattering does not change the magnitude of this
estimate,

Above, we have considered the influence of the
phonon field on the propagation of a neutron in matter
in the calculation of the self-energy part of the Green’s
function of the neutron field. In principle, there may be
exchange of a phonon between two neutrons propagating
in the matter. This process leads to a weak attraction
between them, ! Calculation of the amplitude of elastic
scattering of a neutron on a neutron due to the exchange
of a virtual phonon leads to the following estimate for
the potential energy of the interaction between the
neutrons in the matter:

Re { drl g4(r) exp (ixr) = -—%L—z%uc

% (-2”—”21;) exp [—2W (%)]

m

2
anlx ¥ (75)
where 7« is the change in the momentum of one of the
neutrons due to scattering, The ratio of this quantity
to the energy of a neutron confined in a bottle is

z—Re \: drlU g4 (x) exp (iur)/ 5 dr (I go) exp (ixr)

Fise)2/m [(2mh2)/m] b
=3 %—%"“P ~ —3(m/M) (U )/ AR max)? & 1.

(76)

Thus, the intensity of this interaction between the
neutrons is extremely small. In the case of ultracold
neutrons in a bottle, this interaction is even weaker,
Note that the interaction range when allowance is made
for interference scattering is determined by the phonon
mean free path, which under favorable conditions may
be 10-°—10" em (incoherent scattering leads to interac-
tion with an effective range 10°° cm),

Qur treatment refers to the case of an unbounded
medium, The expressions obtained for the optical poten-
tial enable us to calculate the refractive index of the
scattering medium:

n=kylko=V T—{Ug)/en, (717)
where ky=mv/7 is the neutron wave vector in vac-
uum, %%? In the case of a homogeneous medium, we
know that
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tion of a coherent neutron wave, Above, we have already
briefly discussed how inhomogeneity of the medium
changes the nature of the excitations in the scatterer
and thus affects the inelastically scattered wave, In
addition, fluctuations in the density of the Scattering
matter directly interact with the neutron field and give
rise to an elastically scattered neutron wave. An ob-
vious example illustrating this assertion is the boundary
of the scattering medium, First, the presence of the
boundary changes the vibration spectrum of the crystal
and, second, it leads to the appearance of an elastically
reflected neutron wave. Let us now consider processes
of this last type,

We begin the exposition by studying weak single
scattering of a neutron wave by an inhomogeneous
material which occupies the volume V, To calculate
the scattered neutron field §,(r), we restrict ourselves
to the Born approximation of perturbation theory. We
can write

Vo () 2 [ Gy o) 80 () o () .
A4
Here, 6U is the perturbation due to the static inhomo-
geneities of the medium, The volume V within which
8U is nonzero may be in vacuum or surrounded by
homogeneous matter.

(89)

The Green’s function of the wave equation without
perturbation_{ Gy(rlr,), has the form®

Go(rlr“)=_%:%%nﬂ. (90)

The wave number % of a neutron in a homogeneous medi-
um is determined by the energy e, of the neutron and its
potential energy in the unperturbed medium {U):

k= 2m (ea— 0. (91)

In this section, we restrict ourselves to analyzing the
scattering of very cold neutrons, We discuss the propa-
gation of ultracold neutrons below. We shall assume that
the incident wave can be represented in the form

Vo (r) = (r) exp [ik| R—r[], 92)

where R is the point at which the neutron source is
placed. The complex amplitude #,(r) varies appreciably
over distances L =V!/3> 25/p,

We consider the correlation function of the scattered
wave K, (r/| r) =(y¥(r')y,(r)}). The angular brackets
denote averaging with respect to the distribution law of
the inhomogeneities in the medium. The function Ky,
is an important characteristic of the neutron field, For
example, K, (ry|r) is the mean density of scattered
neutrons, {|#s(ry)1%, at the point r;. Taking into
account the well known quantum- mechanieal expression
for the current density:

3 (5) = e 1§ (1) Ve* (1) — * (1) Vi ()], (93)

we can show that

»The use in (87) of more complicated expressions for the
Green’s function Gy(rlr’) and the wave function ¥,(r) corre-
sponding to motion in potentials that vary smoothly in space
leads to the well known results of the theory of scattering
in the distorted-wave Born approximation, 1115
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0 (1) = g (Vs — Vi) Koy (51 |12 fymry (94)

Taking into account the expressions (89)— (92), we can
express the function K, (r;|r,) in terms of the correla-
tion function of the perturbation 6T/ by means of the
relation

Ky (ry | 15) = (m/2ah%)? _u dr' dr” ZR_RIT ] [I_:’k_f:’,rr' B!

exp [ik|ra—r"| | K 1y
Rt A i Sl M My o S
X t2—r"] vr (' 1)

X3 () $o (") exp [ — ik |R—r'| J exp [ik| R —r"| ). (95)
Here,
Kuyy (vy | vy) = (8U (r,) 8U (ra)) (96)

is the correlation function of the perturbation 57,

If the scattering medium is spatially homogeneous
(homogeneous on the average) and the scattering volume
is sufficiently large: L =V'/3>1, (, is the correlation
length of the perturbation 6U, i, e., the distance over
which Ky vanishes), then

(97)

Kyy (v | ;) = Kyy (r;—rs).

It the distances from the scattering volume to the
source R and to the point of observation 7 are large, so
that kI}/7, klZ/R <1, i.e,, when the conditions for
Fraunhofer diffraction are realized, the expression (95)
can be written approximately in the form

2 " T (r') |2 . ,
Ky (ry|rs) = (ﬁ) jd!‘ ]n_l—li?;(jl.)zl_—ﬂexplﬁlk!h—r I
v

X exp [ik]|r,—r'|] 5 dpK yy; (p) exp (ixp), (98)

h
where n=Lk,(r) - k;(r’) is the change in the wave vector
resulting from the scattering. If the volume is sufficient-
ly large, the integral of K,y in (98) is the spectral den-
sity of ®5(q), and

Ko () =z | daexp (—iar) Oy (). (99)
Thus
Ko (@ulr) = (g )" [ ar e BGIE
><exp[uiklr;—r’!];pliklrz—r‘|]cnu(u). (100)
Here
Dy (x) ~ | Koy (p) exp (ixp) dp. (1o1)

Vv
Let us calculate the scattered flux from the infinitesi-
mal volume dV’, Taking into account (100), we differ-
entiate in the expression (94), For klry-1r’'|, klr,
- 1’|>1 we can differentiate only the exponentials, As
a result, we obtain

m , kg () T
W= (o) v L NBEOE g, (102)
The density of the incident flux is
Jo= k; (v')/m] | o (1) 2. (103)

From (102) and (103) we obtain directly the following
expression for the mean differential scattering cross
section:

o) =Ir—x' [y ()| o By = (m/ (232 V' Dy (). (104)

To simplify the expressions, we introduce the new
quantities
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8y (r) = [m/(2nA%) 8U (r) (105)

and

W, () = [m/2ah*)]? Py (»). (106)
Then

(do/dR) = dV'D, (»). (107)

If the scattering volume V is small compared with #®
and R3, then the angular distribution of the neutrons
scattered by the complete volume is given by

v { dpexp (inp) Ky (p)- (108)

Recall that although V>>1} the value of V*/? is small
compared with the mean free path against scattering on
inhomogeneities of the medium, Accordingly, the
cross section per scattering nucleus is

()

For nl; <1 in the case of an isotropic medium, when
K, (0)=K,(lpl), we have

r w2 § dpKyy 2
(i) =~ o] oK [ 1= "——'\;prﬁlf |
The expressions (107)— (110) can be obtained by directly
averaging the well known quantum-mechanical formula
for the scattering cross section in the Born approxima-
tion. * It follows from (107)—(110) that the intensity of
the neutron wave scattered through angle © is deter-
mined by the spectral component of the inhomogeneity
with spatial scale

(da/dQ) =V, (x) =

Nm< = Dy (). (109)

nue

(110)

1(8) = 2at/% = mu/(k sin 0/2) = A/(2 sin 0/2). (111)

Because the scattering volume is finite, neighboring
spectral components (in an interval ~»/V!/3 (Ref, 32))
participate in the scattering through a given angle.

The correlation function K,, (or its first moments
/K,,(p)p"dp) can be recovered from the experimentally
determined angular distribution of scattered neutrons
by Fourier analysis, We estimate the cross section of
fluctuation scattering for a simple model of localized
identical scatterers (we shall call each of these scatter-
ers an impurity), In this case

N
Bv() = X 6o (r—Ry), (112)
where R; is the point at which impurity j is situated;
87, describes the action of one scatterer. Accordingly,
for the correlation function X,,(r - r’) we have

N
Ky (r—2)= 3 (8w (r—R;) 8y (r'—Ry))

i, §'=1

N
=3 1
| @n)®
3, i'=1

x 6o (@) 8% ().

§ § dadq exp—iq r—Ry)1exp i’ (¢ —R3))

(113)
Here

8% () = | drexp (iar) v, ().
If the positions of the scatterers are uncorrelated, the
terms with j #j’ vanish, and the expression for X,,

takes the form

N

Ky (r=1') =7 {2::)3 5 dqexp [—iq (t—r')] | 67 (q) [ (114)
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Accordingly, for the spectral density of such an
inhomogeneous medium we have

Dy () = V j's'\’u ) lz (115)

We substitute (115) into (109). Then for the differential
scattering cross section per nucleus we obtain the
expression

<.m a

The individual scattering centers, each of which con-
tain on the average Nnuc/ N nuclei, scatter incoherently
in our model, If the scatterer is a homogeneous sphere
of radius R;, so that

T o () 2. (116)

o r< Ry;

S~y 1S (117)
then
8% (@) = (4TV/g?) [sin Ry — gRy cos gRol; (1£8)
& (4nRY3) @, gy € 15 (119)
— (4nT9/g?) RocosqRy,  gRu > 1 (120)
and
8 ()T pnRYaR,  qRe &1 | (121)

= (=) 1T P (35) RS qRo> 1. ]

Suppose the perturbation is due to fluctuations of the
matter density p, and Ap; is the amplitude of the fluctua-
tions of this quantity. Then {(ap)® = (Ap,)*N[47R}/ (3 V)].
Since dy=~RebAp (for Imb=0), we obtain for nR; <1

WO NG 2 ((Ap)D) o 4::1?,:: v
<dﬂ >1 g (Re b) {P}z ( ,) -\'nuc

it 5 {(Ap) pre 4nR§ 1
= (Re b) e N W N

The ratio 47R3/(3V) is the fraction of the matter that
scatters coherently, and the appearance of the factor
N2, 4mR}/(3V) has a transparent physical origin, Thus,
we can write finally

<T:—U—> ﬁ(Rab)2< 2 >()4"1.Rﬂ

i <( :m) 4:::3 ; (122)

where v, is the volume per scattering nucleus.

In the approximation we are considering (wR;<<1) the
scattering is isotropic and the total cross section of
fluctuation scattering per scattering nucleus is

on=4m et ((£2)H [ [422t ], (123)

3{:0

The possibility of experimental investigation of the
structure of the inhomogeneities by measuring the
transmission coefficient of very cold neutrons through
matter layers has been discussed by Steyerl, * It follows
from his analysis that such an approach gives the same
information about the structure of the target as a mea-
surement of the angular distribution in the case of scat-
tering through small angles in the region of thermal
energies, Measurement of the total cross section has a
number of methodological advantages over measurement
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FIG. 1, Total macroscopic scattering cross section of neutrons
in Aly_g;Zng g as a function of the velocity*: the open circles
are for material annealed at 250 °C; the crosses are for a
material after 44-hour aging at 110 °C; the straight line is the
1/v' law that holds in a homogeneous medium; »’ is the velo-
city of the neutrons in the material of the target.

of the angular distribution, ! The energy interval for the
incident neutrons is determined by the sizes of the par-
ticles that one intends to investigate [see the discussion
of (111)]. Experimentally, one has observed an appreci-
able deviation of the cross section from the law 1/v,
for the case of passage of neutrons through pyrolytic
graphite, electrographite, and Al gZny,¢s. This result
was interpreted as manifestation of an appreciable con-
tribution of fluctuation scattering on an inhomogeneous
target®® (Figs, 1 and 2). Using (123), let us find the
mean free path I of very cold neutrons in an inhomo-
geneous medium:

ducs ool Ap\\ -2 3w}
*7 dn (Re b)2 <(Tﬁ)> InRy

In the case of ultracold neutrons, the concept of a mean
free path is meaningless, The wave number of the very
cold neutrons acquires an imaginary correction Imk, and
Imk =1/1,, X the source of the neutrons and the region
in which the flux of scattered neutrons is detected are
outside the volume V containing the scattering impuri-
ties, it is necessary to take into account the reflection
and refraction of the neutron wave on the boundary

of this volume, **

(124)

Above, we have considered scattering on a system of
randomly placed inhomogeneities, Strictly speaking,
there are always correlations in the positions of such
scattering centers, and the scattering is partly coher-
ent. Let us consider the contribution of this coherent
scattering, The intensity of the scattered neutron wave
if the volume V contains N identical scatterers is pro-
portional to

N
Ten=r{N+ X explin(®—Rul}, (125)

where f is the amplitude of scattering on an individual
center,

Averaging this expression over the distribution of
the coordinates {R,}, we obtain
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FIG. 2. Total cross section of scattering of neutrons in graph-
ite as a function of the velocity. The black circles are electro-
graphite at 295 °K; the crosses are for pyrolytic graphite at
295°K; the open circles are for the same material at 100°K;
the dashed lines correspond to the law 1/+* (Ref, 5).

Tw=p{N+NN—1) | [ B

¥
X W (R —Ry) exp [ix (R;—Ry)] } . (126)
Here, W(R, - R,)dR,/V is the probability of finding the
scattering element near the point R, if a further im-

purity is already situated at the point Ry, It is conven-
ient to write the expression (126) in the form

T = {N—N(N—1)

x [ § P4 oxp [t (Ry— Rl [ — W (R, —Ry)]
v
+N(N—-1) S exp (ixR;) d—f:’- S exp ( —ixR,) 1%,—"-} ' (127)
v v
The first term describes purely incoherent scattering
on N randomly distributed centers. The second term
takes into account the correlations in the position of
the different inhomogeneities and describes the contri-
bution of the coherent part of the scattered neutron
wave., The last term is nonzero in the region of small
solid angle near the direction of the incident neutron
beam (~A/L). It describes the wave that is coherently
scattered by the complete volume V=L3, In cases of
practical interest, when the volume V is macroscopic,
this term can be omitted,

As an example, let us consider a system of N(N>>1)
spherical scattering particles of radius R, Since these
particles cannot penetrate each other, W(r)=0 for
7 < 2R,, Otherwise, their distribution over the volume
V is arbitrary, i.e., W(r)=1 for »>2R,. In this case,

T(w)=Nf [1—8Ndy, (x)). (128)

The definition of §y,() is given by (118) for I'=1/V,
The fraction of the coherently scattered wave in the in-
tensity I(») decreases with decreasing density N/V of
the scattering centers,

We now consider the interaction of the neutron wave
with an impurity implanted in the target when this inter-
action is fairly strong and the Born approximation does
not apply. Problems of this kind were considered in
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n 1 = — (Vg [0)* [ — 1 (w/ver )]s (78)
where
vg = (24/m)V 7N Re b; u =1 (R/m)vo,, (v) N} Orere= Oavs - Cinel-
(79)

These expressions and formulas, which are analogous
to the well known Fresnel formulas in optics, enable us
to find the coefficient of reflection of neutrons from a
planar boundary of the scattering medium, This reflec-
tion coefficient in the case of neutrons impinging at

angle 6 from the vacuum has the form?% 2% %

R(®)= cnsB—i]/;Tﬂ—i)—cnszﬁ
cos 8+ i)/ —(n2—1)—cos2B
e cosB—iV[vg,,’u)l’a{1wi(Ujvg.}2]—ct)s29

T cos 01 V (oge /02 [ —1i (w/vgr)?] —cost g :

(80)

In the case of scattering of neutrons on small volumes
of matter, the cross section can be found by solving
the Schrddinger equation with an optical potential, The
cross section for the removal of neutrons for this vol-
ume is determined by means of the relation'!

2 = — [2/(7w)) I [(95, Untpp)]- (81)

Here, ¢, is the neutron wave function in the optical po-
tential Uy; » is the velocity of the neutron in vacuum.
We emphasize that the cross section (81) is calculated
for the complete scattering volume. The removal cross
section per nucleus has only an ancillary value in
intermediate calculations, This parameter can be found
by extrapolating the values of the removal cross section
at energies ¢ > (U to the region of very cold and ultra-
cold neutrons,

We express the coefficient of “absorption” of neutrons
in terms of the removal cross section Z m!

W= Enmlsﬂ‘ (82)

where S, is the area of the surface normal to the incident
beam,

In the case when the scattering medium fills the half-
space z <z, the wave function of the optical model has
the form .

¢ (2, 2) = (1 + R (@)] exp [ ikosin 0 —iky 3 yr@—sinhdz’ |. (83)
Assuming vVn? - Sin%f ziv‘ivsj V)2 — cos?f, we obtain from
(81)— (83) the following expression for the coefficient
of absorption of ultracold neutrons®:

W = (/v )* [ 20 cos 0/} v —vFcos?B]. (84)

In the case of propagation of very cold neutrons through
a thick layer of matter, when the damping of the neutron
wave is due to the removal of neutrons, the neutron
density decreases into the reflector in accordance with
the law

|y (2, 2) [F= | 1 -+ R (8) [2 exp [ko (2 — 20) (u/v)*/)/ cos* 0 — (v u/v)*].

(85)
In the case of normal incidence of the neutrons, the
argument of the exponential in (85) is equal to
V0 o @)N (2 — 24)/VVT= 0}, (see also Ref. 6). It is easy
to show that the coefficient of absorption of neutrons
in a thick layer of matter when (85) is satisfied is

2 COS20 — (Vg V)2
W= 4cos2 0 V(‘OS 0—(vgrv)? (86)
{2050+ 1/ 0082 0— (vge /)" cos0
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and in this approximation it does not depend on the re-
moval cross section [cos?0> (vg/v)*]. The correction
~u* arises as a result of the series expansion of 1 +R(6)
and v - sin®6 in (81).

¥ the extinction length d(v) of the neutron wave due
to any cause is less than the damping length due to
removal, the absorption coefficient has the form

o 4cos2 B mu? d(v)
[cos0-+-]/ Cos20—(vge/mE]? Av cosO

(87)

In the cases when a, the target thickness, is short
compared with the absorption length of very cold neu-
trons, las= Vot - ”ng:- vo(v)N, the absorption coefficient
W ., is proportional to 12, This enables one to express
W, in terms of W . For simplicity, we restrict our-
selves to normal incidence of a neutron wave on a
bottle wall, and we obtain in the approximation linear
in ® the result

2vfv
Woen = < o= " sy

(LK fhy) (1 — K k)t —2 cos 2k'a [1—(K"/k)?)2 7
% sin 2k'a Wven.

(14K fleg2 - (1 — K" o2 ——— [1— (k' /ke1)?)

(88)

Here we have adopted the following notation: & =muv/H
is the wave number of the ultracold neutrons in the
bottle; ky=mv,/T and k'=(1/) V2m(E; - U) are the wave
numbers of the very cold neutrons in vacuum and in the
wall of the bottle, respectively; Vg =V 2U,/m. For

43> Uy, We again obtain from (88) Eq, (83). The restric-
tion 1,,, > a presupposes a<<0,1 cm for Ey near V. In
the energy range of very cold neutrons, E;> V;, this
restriction on the target thickness is weakened since
I increases with increasing neutron energy. For E;

~ U, and ,,,/a <1, we have®

Woen ~2V 2 ufvy.

This behavior of W,,, encompasses a larger energy
range near U, the stronger the absorption. This result
is also valid for E; > U, near the angle of total
reflection,

The coefficient W is the probability of absorption of
a neutron in a single collision with the wall; in conjunc-
tion with 7,, the mean number of collisions of a neutron
with the bottle wall in unit time, W determines the neu-
tron lifetime in the bottle’:
T= ["ow =+ ;"decayrl;

Adecay 1073 sec™ |

Here, the motion of the neutron is assumed to satisfy
the laws of classical mechanics. An analogous result
can be obtained by regarding the neutron bottle as a
multiwave resonator (the size of the resonator exceed-
ing the wavelength of the radiation by many times) or by
calculating the relaxation constant of the neutron den-
sity by means of the theory of damping of a quasistation-
ary state of a quantum-mechanical system (see, for
example, Ref. 31).

2. PROPAGATION OF NEUTRONS OF VERY LOW
ENERGIES THROUGH INHOMOGENEOUS
MEDIA

We continue here the examination of the influence of
inhomogeneity of the scattering medium on the propaga-
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Refs, 9, 10, 33, and 34. We write down the expression
for the Green’s function G(r| ;) of the wave equation in
a medium with impurity:

G (r|r) =G (r|r) + 5 dr’ jdr"G,, (r|¥) (' [+) G (" | ). (129)

Here, Gy(riry) is the Green’s function of the wave
equation in the case of a homogeneous medium;

t(r'|r’’) is the ¢ matrix of scattering of the neutron wave
on an impurity written down in the coordinate represen-
tation with respect to the neutron variables, The matrix
t(r|ry) satisfies the Lippmann—Schwinger equation

Lelr) =V (e + [ de’ | aeV @) 6ol [¥) e Ir), (130)

where V(r|r,) is the potential of the interaction of the
neutrons with the impurity, If the impurity contains a
sufficiently large number of scattering nuclei, then
V(rir,) is the optical potential corresponding to the ma-
terial of the impurity, In the cases when the neutron
wavelength is long compared with the size of the impur-
ity (we shall for simplicity assume that the impurity

is a sphere of radius a), to describe s-wave scattering
one can use the following model of the potential V(riry):

(131)

where r, is the radius vector to the center of gravity of
the impurity, For this model, a solution of Eq. (130)
can be found in analytic form:

Vi(r|r) =Ugb (r—rg) 8 (r—ry),

£(r|r) =18 (r—ro) 8 (r—ry), (132)
where
to=Ua/[1 —UyGy (1| ry)]. (133)

We augment the definition of the Green’s function for
coincident arguments as follows:

(134)

If U) is real, i,e., there is no absorption in the im-
purity, we can readily show that

Gy (ry] 1) =Gy (a).

Im ty= |1, ]2 Im G, (ry | xy).

(135)

This relation reflects the content of the optical theorem
for the given case, But if the impurity absorbs neutrons,
l.e., Uy=U;+il,, Eq. (135) takes the form

Tm ty =ty [*{Im Gy (ry | vy) + U/(U3 + U2);
0=t |>U21<& 2 (1386)

We can express f; in terms of the amplitude of scatter-
ing on the impurity:

fo= — (2h%f/m). (137)
The scattering cross section is
O =4n| [ =4x [m/(2nh2)]2 | 1, 2. (138)

I Gy(ry | r) =~ [m/(2ni*){exp[ik T - 11}/ * - r;} and
accordingly

Im Gy (o | 7o) = [— m/(272)] &, (139)
then

k e U, (140

tm =g [1- 22 b ). ;

It is natural to regard [- 02r7%/(mk)|[U,/ (U3 + U2)] as the
cross section of absorption of neutrons in the impurity,

If the absorbing impurity is at a depth in the material
of the target, then in the case of weak absorption of
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neutrons and weak inelastic Scattering in the material
of the target the imaginary part of the Green’s function,
ImGy(ryIry), is small in the case of ultracold neutrons,
and the optical theorem takes the form

Imty =8, PUNU? 4 U3). (141)

Thus, in this case scattering on the impurity does not
contribute to the damping of the coherent neutron wave
(ultracold neutrons), A detailed analysis of Eq, (136) is
contained in Ref. 10. Note that the effect of a large
number of impurities can be taken into account by means
of a wave equation with optical potential (see Sec. 1),
for which the # matrix of an elementary scatterer must
be replaced by the # matrix of the impurity, We shall
consider below this approach and some physical prob--
lems that can be solved by means of it; here we analyze
the interaction of neutrons with a system of scattering
centers whose radius is small compared with the neu-
tron wavelength. It is convenient to consider this ques-
tion by directly applying the formulas of the theory of
multiple scattering. 2 One of the problems of this type
of practical interest is the calculation of the correc-
tions to the optical potential due to the discrete struc-
ture of the scattering medium, 17

For the mean scattering matrix (T ) we have in the
so-called quasicrystal approximation® the relations

(T (r|xe)y = N (Q (x| ro)); (142)

Qe lra) =5 | dRo 4O (x| Rad; (143)

(O (v]ro; Rp))) =t (r| 1y R,) -+ 2 5 5 ' de” 5 dR,,I'> (R, —R,,)

m:n

AE{rjr’ Ra) Go(r' | ") (Q (" | r; R, (144)

Here, I'?(R, - R,)dR,, is the conditional probability that
near the point R, there is scatterer m if at point R,
scattering center n is already present; N is the total
number of scattering centers in the volume V., Equation
(144) is exact in the case of a completely random distri-
bution of the scatterers and for a strictly periodic struc-
ture. By means of a Fourier transformation, this equa-
tion can be reduced to an algebraic one. It is known that
the poles of the Fourier transform T(p) = [ dr(T(r))
Xexp(ipr), as a function of the complex variable p,
determine the dispersion law of the neutron wave in the
scattering medium. One can show that the poles of T(p)
for Imp/Rep <1 can be found by means of the equation
(the dispersion relation)

K (p)=1. (145)
Here
K ()= 555 | dpey® (0—po) < () 50 ), (146)

where % (p), 7(p), and gy(p) are the Fourier transforms
of the functions I'®(r), (#(r)), and G,(r), respectively.

If the inhomogeneity of the medium is due solely to
its microscopic structure, i, e., each scattering center
is an atomic nucleus, then

T(p) = (2nh2/m) b (1)V). (147)
In the case of a completely disordered system of nuclei,

Y2 (p) = [(21)%/V] 6 (p). (148)
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We substitute the expressions (145) and (147) into (148).
As a result, we obtain

1= (N —1) go (p) 2auh*/m) b (1/V) (149)

and

pr=k (1 — (Uyfe) (1 — 1/N)], (150)

where k=v3me/ii and Uy = (2n//m)b(N/V). I the nuclei
form a strictly periodic structure, then

¥ (p) = u—*N’_ T 2' exp [ipp,].
P
The prime of the summation sign over the lattice sites
means that one must exclude the term with p,=0. The
dispersion law in this case can be written in the form

(152)

(151)

1= —b X" exp (ippy) exp (ikp:)/pu-

0

The replacement in (152) of summation by integration
again leads to the result corresponding to the random
distribution of nuclei (150). The correction terms due
to the periodicity in the distribution of the scattering
nuclei are in order of magnitude (d/A.)" ~ 27 Reb/d
$1073, where d is the constant of the crystal lattice.

When the volume occupied by the scattering medium
is sufficiently large (V!/%>1,), multiple scattering be-
comes important, Above, we have already considered
the dispersion relations of a coherent neutron wave for
a system of small impurities (@ <,). We now analyze
the propagation of a coherent neutron wave through a
volume occupied by an inhomogeneous scattering medium
with arbitrary structure. Incoherent scattering giving
rise to damping of a coherent neutron wave can be due
to fluctuations in the density of the scattering matter,
the presence of several isotopes, and a nonvanishing
spin of the scattering nuclei, Let us consider first
the influence of inhomogeneity of the scatterer,

In the theory of propagation of waves in inhomogeneous
media (see, for example, Ref, 32) it is shown that the
coherent wave field () satisfies the Dyson equation

(e (1)) = o () + j S dr' de'G, (r] ) I (' [ 1) (e (7). (153)

Here, M(r'|r’’) is the “mass” operator (the analog of
the optical potential considered in Sec, 1), which takes
into account the contribution of the fluctuations of the
potential:

8U = U (r) — (U) = (2h%/m) b [p () — (p)]; (154)

G,(rir’) is the Green’s function of the Schridinger
equation with the averaged potential (U). In the case of
very cold neutrons propagating in an unbounded
medium

G (r| 1) = — oy SRMHI L (155)
k=V2me—Ul/h. (156)

The mass operator M(r|r’) can be written in the form of
a perturbation series. In the first nonvanishing approxi-
mation in 5U we have the relation!® %%

M (x| vy 2 My (1) = [B22 5] Go (x| ¥) Koo (x| 1) (157)

Here
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Koo (| ') ={[p (1) — (oM [p (') — (0] (158)

is the correlation function of the density fluctuations.
We can express Mj(rir) in terms of the scattering cross
section in the Born approximation [Eq. (108)]:

;lfl(r;r')=("”1_"’)“‘iq‘il,|ﬁ5 i::):, exp [ —ix (r —1')] g%> (159)

m

where % is the change in the wave vector on scattering.

We omit for the time being the imaginary part of the
coherent scattering length b, Then from (157),

2nh2
m

Tm M, (r|¥) = Reb)” Kop (r|¥') Im Gy (x| ). (160)

Remembering that in the case when the volume Vis
large,

o m sink|r—r'| 3 .
ImG, (l‘]l"):! wE  r—r] e>Re(U); (161’
L 0 e<<Re (U, ‘
we obtain from (160)
Im M, (r|r')
v b . K '
___! ~ITB_Lr},'smk[r4r’|Re(U}i‘.(F e>> Re (U); (162)
L 0 e < Re(U).

Allowance for the presence of a boundary means that
ImG,(rir’)#0 when ¢ <Re(U) as well (ultracold neu-
trons), since there is a flux from the source within the
medium along the direction to the boundary with the
vacuum. In this case, ImM,(r|r’) is also nonzero, but
is damped out as one goes into the medium, We shall
discusss this question in more detail below. For ¢

> Re({l)) (very cold neutrons) the fluctuation elastic
scattering makes a contribution to the imaginary part of
the optical potential that does not depend on the spatial
coordinates (within the scattering medium),

If I, the correlation range of the density fluctuations,
is short compared with A,, then in the case of very cold
neutrons the expression (162) takes the form

(163)

For I <2, the correlation range I determines the scale
of the spatial nonlocality of the “mass™ operator
My(rir’), i.e., Im[ My(rir’)dr’ =13 ImM,(rir’).

Im My (r|r') = —kRebRe (U) Ky, (x| r')/{p).

Let us compare the contribution ImM; to the optical
potential with the contribution Im(U) due to inelastic
scattering and absorption of neutrons. As a rule,
Im({U) = o Re(l), where a =10"°—10%, and we obtain

3| Im My |

L = SR RebE () (A0/0)))-

(164)

Il

In the case of equilibrium density fluctuations

{(Apl(p))2 = ksTBr/V (1 65)

where B7 is the isothermal compressibility; %5 is
Boltzmann’s constant; V; ~I%, The characteristic values
of By for metals lie near 107'* em/dyn. Setting T
—300°K, Reb=10"2 cm, k=10° cm™, (p) =103 cm™,
we obtain from (164)

13| Im My =
Wg 10 for &> Re(U).

(166)
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Similarly, one can obtain an estimate for  « A in the
case of weak static density fluctuations (due to the in-
homogeneity of the medium), Indeed, for ((ap/p))»
=10 we have

B3| Tm My |

| Im (U | (167)

<1072

If 12, the estimate of the contribution |ImM,| is
changed, The nonlocality region of My(r|r’) in this case
is determined by the damping of the function Gy(rir’),
For estimates, we shall assume that the characteristic
scale of the spatial nonlocality of My(rir’) is equal to
An. Then from (164) for ¢ > Re(U) we obtain

A3 | Im Mty |

~ M@ = A Rebip) AF)D- (168)

Hence, in the case of equilibrium density fluctuations,
A | Im M, |

W 5 1074, (169)
In the case of static inhomogeneities for ((Ap/p))?
=10 we have
A3 | Im My o (170)

[Tm W) |

Thus, incoherent scattering on large-scale inhomo-
geneities may lead to a singificant damping of a coherent
wave of very cold neutrons, The estimates have been
obtained in the first nonvanishing approximation of
perturbation theory. In order to establish the region of
applicability of the M, approximation, it is necessary
to estimate the following term of the perturbation series
for the mass operator (see, for example, Ref, 32), A
quasiclassical calculation of the propagation of a scalar
wave through an inhomogeneous medium for > A, is
made in Ref, 35,

We now include in the treatment the imaginary part
Imb of the coherent scattering length. This leads to
the appearance of an additional term

AlIm M, (r]r') = 'iierf’l Im () Kﬂn(s;fl")
cosklr—r|  e>Re),
{EXP[—%lr—r'll e << Re (U), 71)
where
%=} 2m[Re (U) —e]/h. 1v2)

The term AImM, takes into account the influence of a
“block effect” in the absorption of the neutrons: The
absorption of neutrons is attenuated when there are
fluctuations of the neutron field due to the inhomogene-
ity of the scattering medium, The possibility of such an
effect was pointed out in Ref, 6, The magnitude of this
correction is small, * Allowance for Im(0) in the calcu-
lation of Gy in the mass operator leads to an additional
correction of the same order,

The expressions (162) and (171) correspond to the
case when the scattering medium fills all Space. We now
estimate the influence of the boundary of the medium,
restricting ourselves for simplicity to a one-dimension-
al problem, The mass operator My in the case of a short
correlation length ! in the medium has the form
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2m A
—((AU)Z}I?Z—E
X [+ 225 exp (—2000) | B(z— ) 2, 200

0; 2, 2,<< 0.

M (2z0) =

(173)

The boundary of the medium is placed in the plane z =0
and AU is the amplitude of the fluctuations in the poten-
tial of the medium, This form of the mass operator
enables one to find a solution of the Dyson equation (153)
in analytic form, namely, for z > 0 in the region occu-
pied by the scattering medium

(e (2)) = CJ 4 (cexp (— %p2)),
where

= {1 — ) [(%o + ko) (o — iky) |3
I is the ucn wave equation in the trap;
5 L Re xg EUATAN = e -2
P=1-=2 () Yt -mar]

3 . 4 Im{U) 1—4e/Re(U) 1
x[1+ig Re () 1—e/Re(0h ]

Using standard boundary conditions on the surface of the
medium (z2=0), we can find the amplitude of the wave
reflected from this surface and the reflection coefficient
R, 1t has the form?

R=8Q,

where
£ J iRt L Re %o e
%4 <(:U))>1—s,nu(u} Re (U)
1 Im{U)  (g/Re{Un /2
X [1'7‘ 2 Ro(0) T1—e/Re)|°7°

and

Im(U) [ e/Re(U) 172
ils 92
Q=1+2 Re (U) [ —ama(w_l

; e Rt
(152 (@)D e )
The factor S—1 is due to the influence of the boundary
of the scattering medium, whereas the correction Q-1
is also present in the approximation (162) and (171), It
can be seen that the two terms are of the same order, It
follows from these results that the influence of inhomo-
geneity of the medium, in the case of a small scale of
the inhomogenéity on the reflection coefficient of the
neutron wave is small, The only possible exception
is in the region of energies ~{Uy, for the investiga-
tion of which one must use other methods since the
corrections are large and perturbation theory does not
apply. In the general case, the coefficient of reflection
(absorption) can be calculated by means of the formulas
of the optical model (81) and (82) if the wave function
() is known,

Finally, we discuss the influence of spin and isotopic
incoherence in the scattering of neutrons of very low
energies, Since spin incoherence is manifested in
scattering on an individual nucleus, this part of the in-
coherent scattering cross section must be included in
the imaginary part of the scattering length b for a single
nucleus. In the considered energy range gineoh < ginel

NThis result was obtained together with A, V. Shelagin.
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since o'™! ig proportional to 1/v,, and o***"=const.
Isotopic incoherence is similar to the static fluctua-
tions in the density of the scattering medium'® con-
sidered above and it can be taken into account by includ-
ing an appropriate term in the mass operator:

isotopic

|r') = M (r]r') = (2ah2/m)2 Ko (r|x') (py2 Go (x| '),

(174)
Here, K,,(r|r’) is the correlation function of the fluctua-
tions of the coherent scattering length b(r). Obviously,
the above result can be used to obtain estimates of
ImMjseto?ie(r|r’), This term can make an appreciable
contribution to the damping of a coherent wave only if
the distribution of the isotopes is correlated and the
correlation length satisfies I 2 A,.

isotopie
(r

M

We now consider the influence of inhomogeneity of
the medium on the dispersion law of a neutron wave:
k=k(:) (k is the neutron wave vector and ¢ the neutron
energy). The inhomogeneity of the medium need not
necessarily be due to thermal fluctuations of the density
or the implantation of random impurities. The calcu-
lation made above enables one to consider the propaga-
tion of a coherent neutron wave through a periodic
structure of thin films, ete. Fourier transforming the
homogeneous Dyson equation (153), we obtain the dis-
persion relation in the form

2 e—(Un—Rem(E, Kk, (175)

where (Ug is defined by (2), and
m (E, k)= | d(r—1r') M (B,r—r') exp [ik r—1)]. (176)
In the M, approximation,

my (E, k)= (—21)7 S dateyy (9)/[E — Un) — (A2/2m) (k —q)? - in],

)
(178)

K, (r) is the correlation function of (277%/m)b(r)p(r). In
the cases when the deviations from homogeneity in the
medium are due to the presence of a periodic structure,
the Fourier transform of the correlation function of the
fluctuations y(r) has the form

where ¥
kyy (@) = 5 d (r—r')exp[ig (r—r')] Kyy (r—1'),

Foyy () = (270 Vie] 214, (5) 8 (q— 2as). (179)
where

A, (5) = g exp [2misr] [y (r) — ()] dr. (180)

Vuc
Accordingly, from (177) we obtain
| 4y () 2
Re m, (E, k) = - 20 !
’ Voo G B (U — s (k2o (181)

If the period I of the structure is small compared with
the neutron wavelength A,, then 27|8|> 27/),=Fk and
| Ay () 2 (1 82)

1 2
B my (bl s a3
uc 8

It follows from (175) and (182) that when I <<}, a periodic
disturbance of the homogeneity of the medium reduces

the potential barrier (or deepens the potential well) of
the scattering substance. This change of the optical

10Here we do not take into account the influence of the isotopic
composition on the frequency spectrum of the normal vibra-
tions of the crystal.
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potential is small and equal in order of magnitude to
{(U{(ay/¥) (B)/1). A more important change in the
dispersion law occurs if the period of the structure is
comparable with the neutron wavelength, i.e., I~ X,
In particular, there is an interesting situation if

(183)

In this case, the treatment of a single wave with a defi-
nite wave vector is insufficient and one must take into
account the interaction of waves with wave vectors k
and k=2w8,. The dispersion law can then be written in
the form 5 :
E—Un = | 4y (30 |2 B— U — (k2| .

. (184)
In particular, it follows from (184) that there are for-
bidden energy bands in the transmission spectrum of

the periodiec structure (see, for example, Refs. 10 and
36).

k2 (k — 2mtsg)* (Laue—Bragg condition).

Solving the dispersion relation with allowance for
multiple scattering of waves on inhomogeneities of the
medium, we can find the effective wave number of a
neutron wave in the medium and the refractive index
of the medium (which is in general complex), Having
these parameters at our disposal, we can calculate
the coefficients of reflection and transmission of the
neutron wave (and the scattering cross section) for
finite volumes of matter, In order to be able to ignore

 the boundedness of the volume in the calculation of the

correlation function K,,, we must have V1/3>1, This is
a comparatively weak restriction in cases of practical
interest, In the case of weak scattering on inhomogene-
ities of the medium one can use the results of the Born
approximation of perturbation theory.

Let us discuss briefly the perturbation of the neutron
field due to roughness of the boundary of the med-
ium, 1°=1%3 We shall assume that the deviation of the
neutron reflecting surface from perfect smoothness
can be described by means of a random function £(x,y),
i, e., the media interface is specified in the form

(185)

For simplicity, we shall assume {{(x,v)) =0. Then a
perfectly smooth boundary obviously coincides with the
plane z =0,

s={{(z, y).

We calculate the absorption coefficient of ultracold
neutrons in a medium bounded by such a rough surface,
We shall assume that the scattering material is itself
homogeneous, By definition, W is the absorption coef-
ficient of ultracold neutrons—the ratio of the flux
J4) =gime 4 (JT#1) to the incident flux JI*, i, e.,

z

W =Ji, (186)

Where (/5% is the mean reflected flux, To be specific,
we assume that the oz axis is directed into the medium,

In the case of small and shallow inhomogeneities of
the boundary, when (| £1™) <A and {IV¢|™ <1, to cal-
culate ¥;(r) of the neutron field in the ith medium we
can use the following expansion in a perturbation series
in ascending powers of |¢| and |V¢| (Ref. 37):

Wi (1) = Y0 (1) 90 (1) + 9D (1) + . .. (187)
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Here 9{* describes the propagation of neutrons in a
bottle (within it and in the walls) with a smooth bound-
ary; ;! is the correction of first order due to the in-
homogeneities, etc, Substituting this expansion into the
standard conditions of continuity of the wave function ¥
and its normal derivative on the boundary of the media,
we obtain a system of equations for finding ¥;(r). The
boundary conditions on the rough surface can be trans-
formed into conditions on a smooth surface containing
surface sources of the neutron field. This procedure
was carried through in Ref. 16 to second order (see
also Refs. 17 and 18). This amount of calculation en-
ables one to find the main contribution to the angular
distribution of the scattered neutrons:

L
L) = (=) e O, — kT, ) (188)

and the correction to the absorption coefficient W,:
W—W,=W, {2}.: ]/(U—:—)z—coszﬂ

5 S dpx dpy“'{,t (px—kx, Py “_ky)

plepdahn

fudc

¢ [ @2
/ k2— p?—p?

X O
(, V824 P2 R [(oge /e —1]

sz—pi—p: cos 0
l/(u“ v)2—cos® 0 )]
1 i
+ I Cull gz | | dped,

=oal
k]/(vg,,'u)zgms!ﬂ ]}

X weg (px— . p—k)[i— LT it i
tt(Px x1 Py Y Vltvnfﬂ)"—”"z':'?i+3’3

Here,
W= (u/vpp)?
=

(189)

2cos
V (vge/)2—cos 0
is the absorption coefficient of ultracold neutrons in a
medium with smooth boundary?; 6 is the angle of inci-
dence of the neutron wave;

(190)

e ks, 340) =5 (18 (o, 20,) (191)
@ is the area of the irradiated underlying surface;
E(“x: Hy) = 55 dxdyexPl_i“x«'ﬂ—i”yylg(x' y). (192)

The velocities v,, and u are defined by Egs. (79). If I,
the correlation length of the inhomogeneities of the
boundary, is small compared with the neutron wave-
length, then to terms linear in!

W= Wyl + (ge/o) (0] 1 — 1 Y2 o o o0 |

4 (193)

The averaging of this expression with respect to an
isotropic angular distribution of neutrons incident on
the wall and with respect to a Maxwellian velocity spec-
trum of ultracold neutrons leads to the result

Wy =W [1+ (k== ) @3]

— SR () () (194)
((Wn)}=g'(;%)2. (195)

Thus, the roughness of the surface of the medium leads
to a certain increase of the absorption coefficient in the
case of a single collision of a neutron with the bottle
wall: For A,=10"° ¢cm and ({2)”2:5. 0X107 cm, we have
(W-W,)/W,=0.1, A calculation of the absorption coef-
ficient of ultracold neutrons in a medium whose boundary
contains a low density of uncorrelated small impurities
was made in Ref. 33. The influence of the reduced
density of matter in the surface layer on the absorption
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of ultracold neutrons was considered in Ref. 17. In
Ref. 19, an investigation was made of the effect of
surface films on the absorption of neutrons in bottle
walls. In particular, it was shown that the film, be-
sides removing ultracold neutrons, screens the material
of the wall: A film that has an attractive potential for
ultracold neutrons increases the removal of ultracold
neutrons while a reflecting one decreases it. An esti-
mate of the absorption of ultracold neutrons in contam-
inating films shows that to explain the experimentally
measured anomalously short lifetime of ultracold neu-
trons in a bottle the film thickness must be too great.

We now consider the correlation function of a neutron
field with allowance for multiple scattering on inhomo-
geneities of the medium: Ky (r;|ry) =(¢*(r)y(r;)). This
function satisfies an equation of the Bethe—Salpeter
typeis. 32, 38:

CP* (1) ¥ (x2)) = (b* (r4)) (P (r2))
+§ - dpudpadr; e © (e 00) (G ey g2

X Byy (P1r 115 P2als ) (* (r1) P (T ). (196)

Here #,,(X;, %; %3, X,) is the kernel of the so-called in-
tensity operator. In the first approximation of pertur-
bation theory,

Fwx x5y, V)= By (x x5y, ¥)

=8(x—x)8(y—y) Kyy(x]y) (197)

‘and the equation for the correlation function of the neu-

tron field in a spatially homogeneous medium takes the
form
(B* (re) b (r2)) = (* (r4)) (P (o))
+ § dey { (@ (r0, DG (R x Ko 0 —15) 08 () (1))
(198)

A solution of this equation in the case of small-scale
inhomogeneities (kI <<1) was obtained in Tatarskil’s
monograph, Ref. 32. We give here the result for the
mean square of the fluctuations of the field ¢(r)
=P(r) - (P(r)h:

(@*@)/| O (0)) 2= | ke |* £213/87 Tm K o (199)

Here, k., is the propagation wave vector of the
coherent neutron wave in the inhomogeneous medium;
e? is the variance of the density fluctuations of the
matter. This approximation can be given the form

(@*@)) (0 > = | k [* e23/(87 Im &’ Mnere/(2n2 —1)], (200)

where 7, is the refractive index of the medium. The
first factor in (200) is the relative value of the mean
square of the fluctuations of the neutron field in the
single-scattering approximation, Multiple scattering,
which is taken into account by the factor n,,,/(2n,,

- 1) £1, weakens the field fluctuations. Equations (199)
and (200) apply for small oscillations of the neutron

field: {o*o)/ I{®) 1% <1,

To make this solution of Eq. (198) more precise with
allowance for the higher perturbation terms we must
first find the average Green’s function of the wave
equation: (G), Note that to analyze the perturbation
series the diagram method of quantum field theory is
effective. 1% The operations discussed above must be
self-consistent since the intensity operator and the
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mass operator M are related to each other by an equa-
tion that follows from the law of conservation of the
number of particles in a nonabsorbing medium (“opti-
cal theorem”®®):

M*(x, y)— M (y, )= | dx' S dy'

X UG (', YN — (G, XM F (' x5 ¥, ¥)- (201)

In the first perturbation order,

M (x, ¥) =My (5, ) =G (%, K (x, ¥} )
Fx Xy, V)= B (5 Xy, Y) ¢ (202)
=0(x—x")8(y—y)K(x,y) J

and the validity of (201) can be directly verified.

In the quasiclassical approximation, the Bethe—
Salpeter equation for the correlation function of the neu-
tron field reduces to a simpler transfer equation®® that
takes into account only integrally the particle balance
but does not take into account interference phenomena,
The transfer equation cannot of course be used to de-
scribe an essentially wave phenomenon such as total
reflection, when the contribution of inhomogeneous
waves is important, nor for processes that take place
in systems of small volume: V/* <10 cm (Ref. 39).
As an example of the use of the transfer equation in
the physics of ultracold neutrons, let us consider the
propagation of them in neutron guide tubes with rough
walls. Usually, this problem is solved in the framework
of classical mechanics by analogy with the flow of a
rarefied gas along tubes. * As in problems of the con-
tainment of ultracold neutrons in bottles, the experi-
mental data on the flow of neutrons along neutron guide
tubes do not agree sufficiently well with the results of
theoretical calculations. It would be interesting to
attempt a different approach to the solution of this
problem, namely, regard the motion of ultracold neu-
trons as propagation of a wave in a multimode wave-
guide, If the waveguide has rough surfaces, we can
again write down for a coherent neutron wave a Dyson
equation® taking into account the damping of the mean
neutron field due to scattering on random inhomogene-
ities of the waveguide walls. Roughness of the waveguide
surface also leads to an interaction between individual
normal modes of the waveguide and changes the wave-
length, group velocity, etc., from the smooth-wave-
guide case. The correction function of the neutron field
satisfies an equation of the Bethe—Salpeter type. Ig-
noring the fine interference structure of the neutron
field, we can restrict the investigation to the more
simple transfer equation for the neutron density. In
the case of large-scale inhomogeneities (/A,>1), this
equation can be reduced to an equation of the diffusion
type describing the transformation of the angular distri-
bution of the moving neutrons: The diffusion takes place
in the “space of the numbers of the normal vibrations of
the neutron field” (Ref. 42), It can be shown that at a
distance x from the waveguide boundary the intensity of
the field is nonzero only in those modes that are sepa-
rated from the initial number 1, (at x =0) by v {An)?,
where (An)*=4Dnx. The value of Dy is determined by
the statistical properties of the waveguide walls, and
it has the meaning of a diffusion coefficient. According-
ly, the field intensity as a function of the mode number
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has the form

I(2)= 2

2 VﬂD ) (203)

exp [— (n—ng)*/(4Dn,2)),

i.e., it depends nonexponentially on the path length in
the waveguide. It is possible that the properties of
propagation of ultracold neutrons along neutron guide
tubes are due to the above transformation of the inten-
sity of the neutron field on the irregularities of the
neutron guide tube walls. We note finally that if the
macroscopic cross section of incoherent scattering on
the inhomogeneities satisfies Z;, > 2.1, then the
yield of very cold neutrons from an inhomogeneous
converter decreases approximately by v z,m;h:m[
times because of the increase in the path length of a
neutron in the matter (see Ref. 2).

CONCLUSIONS

In this paper we have obtained an expression for the
optical potential describing the coherent field of ultra-
cold neutrons in matter, Our point of departure was the
well known formulas of Watson’s theory of multiple
scattering, which take into account the possibility of
excitation of the scattering system. An analogous
“optical” model was proposed in order to take into
account the damping of the coherent neutron wave due
to scattering on inhomogeneities of the medium. The
effective optical potential we have obtained enables one
to find the effective wave number in a medium and cal-
culate the refractive index of the material. This
refractive index, which characterizes the propagation of
a wave in an unbounded medium, can be used to solve
the problem of the scattering of neutrons on bounded
volumes of scattering material. The errors in such an
approach in the case of very cold neutrons (e,> &) are
small if the thickness of the scattering layer is large
compared with the correlation length of the fluctuations,
It should be borne in mind that A%k.,, the error calcu-
lated for the modulus of the wave vector |k, |, imposes
a restriction on the path length x traversed by the wave
in the medium: Ak .x <1, In the case of ultracold neu-
trons, allowance for only volume effects in the effective
potential is insufficient and it is necessary to take into
account the particular properties of the surface layer,
Obviously, this conclusion is also valid for very cold
neutrons when they undergo total reflection from the
boundary of the medium, =% At the same time, it is in
principle possible to study surface vibrational modes
of the medium, which are suppressed in the case of
scattering of very cold neutrons by the contribution of
the volume vibrations. This remark serves as an
illustration of the fact that the investigation of the prop-
agation of low-energy neutrons is of interest not only
in itself (it is sufficient to recall that the anomalous
escape of ultracold neutrons from bottles has not yet
been explained!’) but even more as a method of studying
static and dynamic properties of matter. Of particular
interest are experiments on the interaction of polarized
neutrons with magnetic materials.

I am very grateful to M. V. Kazarnovskii for fruitful
discusssions.
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