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INTRODUCTION

An important task of nuclear physics is to establish
the form of the nucleon—nucleon potential. The most
consistent method for solving this problem is to obtain
the nucleon—nucleon potential on the basis of the meson
theory of nuclear forces. However, this theory cannot
yet be regarded as completed or noncontradictory.
Therefore, to find the nucleon—nucleon potential wide
use is made of a phenomenological approach based on
experimental data on the nucleon—nucleon interaction,
namely, the phase shifts of elastic scattering of nucle-
ons (up to a laboratory energy E=~400 MeV) and data on
the deuteron. As an example of the “realistic” potentials
obtained in this way, we may mention the Reid poten-
tials, which contain in addition to the OPEP potential,
which is well justified in meson theory, certain com-
ponents that describe phenomenologically the interac-
tions at short distances. In particular, the interaction
at very short distances (» <0.4 F) is simulated by
either a hard core or a strong repulsive potential with
short range.

In the construction of phenomenological potentials,
one of the simplest ways of allowing for the short- range
forces is by the introduction of the boundary-condition
model. In accordance with this model, 2=* the interaction
region is divided into an external (» >¢) and an internal
(r <e) region. In the external region, the interaction is
described by a comparatively simple potential, and the
effect of the short-range forces, which may have a very
complicated nature, is taken into account by introducing
at ¥ =c a boundary condition for the logarithmic deriva-
tive of the wave function. The radius ¢ of the boundary
conditions and the value of the logarithmic derivative f
at ¥ =c are phenomenological parameters of the model
that must be determined from experimental data. Note
that a hard-core potential is a special case of the
boundary-condition model with f=~«, For the interpre-
tation of the nucleon—nucleon interaction a simple
boundary-condition model without external potential? 356
and a boundary condition model with a potential in the
external region™® have been used. In particular, in Ref.
8 the potential in the external region was determined on
the basis of meson theory.

The introduction of phenomenological nucleon—nucle-
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on potentials involves an uncertainty due to the fact that
the experimental data are in principle compatible with
many potentials of different form containing rather a lot
of parameters. An additional criterion for choosing such
potentials is the comparison of experimental and theo -
retical data for a system of three nucleons, The correct
equations for a system of three strongly interacting
particles were obtained by Faddeev.® In the case of
two-particle interactions, the kernels of the three-parti-
cle integral Faddeev equations can be expressed in
terms of the two-particle off-shell T matrices. There-
fore, the problem arises of the correct determination

of the two-particle T matrix for potentials taking into
account short-range forces in accordance with the

‘boundary-condition model since in this case the matrix

cannot be obtained from the ordinary Lippmann—Sch-
winger equation. There exist various ways for circum-
venting this difficulty.

One of the methods for obtaining the 7' matrix in the
boundary-condition model is to introduce a pseudopoten-
tial that reproduces for the wave function the necessary
value of the logarithmic derivative at # =c¢.%1® Another
approach is developed in Ref. 11: An energy-independent
logarithmic derivative of the wave function at # =¢ can
be obtained by means of a certain limiting procedure
applied to a potential of special form acting in the inter-
nal region. In this case, both the on- and off-shell two-
particle wave functions vanish in the internal region.
This last circumstance can be used as the point of de-
parture for obtaining the off-shell T matrix in the
boundary-condition model. The introduction of a bound-
ary condition at ¥ =c for the logarithmic derivative of
the off-shell wave function and the condition of vanish-
ing of this function in the internal region is completely
sufficient to obtain the off-shell 7 and K matrices in the
boundary-condition model, **'* Such an approach can be
regarded in a certain sense as the “pure” boundary con-
dition method since, in complete agreement with the
boundary-condition model, it does not require the intro-
duction of pseudopotentials or the use of limiting pro-
cedures for potentials of special form acting in the in-
ternal region.

The use of the off-shell two-particle T matrices cor-
responding to the boundary-condition model directly in
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the three-particle Faddeev equations leads to certain
difficulties due to the fact that these equations do not
have unique solutions. 1% This last circumstance is
due to the specific properties of the two-particle T
matrices in the boundary-condition model and, on the
basis of these properties, the Faddeev equations can be
modified and reduced to equations that have unique
solutions. ! However, to achieve complete uniqueness
of the modified Faddeev equations, it is necessary to
introduce an arbitrary three-particle parameter, which
has the meaning of energy and for which the channel
functions satisfy the same boundary conditions as the
two-particle wave functions. The introduction of such a
parameter is also needed for the simplest case of the
problem of three identical bosons. '® In the special case
of the boundary-condition model without external poten-
tial, the modified Faddeev equations'®#!® are integral
equations for functions of one vector variable. A dif-
ferent approach to the solution of the three-particle
problem when the two-particle interactions are de-
seribed by means of the boundary-condition model has
been developed in Refs. 17—20. The total three-parti-
cle wave function must satisfy boundary conditions
analogous to the conditions for the off-shell two-particle
wave functions. ™ !® This circumstance enables one in
the general case to reduce the three-particle Schro-
dinger equation for the boundary condition model without
external potential to a system of equations for functions
of one vector variable. In the special case of a system
of three identical bosons with two-particle interactions
only in the s states and for zero total angular momen-
tum, the determination of the three-particle wave func-
tion reduces to the solution of a one-dimensional inte-
gral equation for a single function. !»2’

Concerning the one-dimensional equations of Refs.
19 and 20 it is necessary to make the following re-
marks: First, these equations are obtained directly
from the three-particle Schrddinger equation with al-
lowance for boundary conditions that follow from the
conditions for the off-shell two-particle wave functions
in the boundary condition model (in this respect, their
derivation differs significantly from the derivation of
the one-dimensional modified Faddeev equations'®'?);
second, the equations obtained in Refs. 19 and 20
uniquely determine three-particle characteristics such
as the binding energy E, and the transitions amplitudes.
The problem of nonuniqueness arises only in the deter-
mination of the total wave function, and for systems of
three particles whose wave functions have a definite
type of permutational symmetry, the problem can be
solved without the introduction of additional parameters
if the boundary-condition model is regarded as a limit-
ing case of a potential of special form'!; third, the nu-
merical solution of the one-dimensional equation for a
system of three identical bosons gives the value E;
=17.7 MeV for the binding energy,? which differs strong-
ly from the result E,=12.69 MeV obtained in Ref. 21
from the solution of the Faddegv equations. We note
finally that the structure of the cquations obtained in
Ref. 19 and 20 enables one in a simple manner to take
into account approximately the possible contribution
of three-particle effects, for example, three-particle
forces.
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Below, we shall set forth the main results of Refs.
12, 13, and 17—20, which represent a unified approach
to the solution of two- and three-particle problems in
the boundary condition model based on the use of bound-
ary conditions for the off-shell two-particle wave
functions.

1. OFF-SHELL TWO-PARTICLE T AND K
MATRICES IN THE BOUNDARY CONDITION
MODEL

A. Boundary condition model without potential
in the external region

To obtain some necessary relations, a two-particle
potential V(r) satisfying conditions under which Lipp-
mann—=Schwinger equations hold was considered in
Refs. 12 and 13, In this case, the partial-wave ! com-
ponents of the T and K matrices are defined by

oo

Ty(p, k, 2)=— | Pdriser) V @) (r, 20 (1)
[

o0

Ki(p, ke, B)= — | rdria(pr) V (r) ¥ (r, ), @)
0

where E>0 in (2) and Z =E #de in (1) for E >0, The
components 7'; and K; are normalized by the conditions

T, (k, k, k*+i0)= exp (i6) sin &,/k; (3)
Ki(k, k, k) =1tg Si/k, (4)
where &, is the partial-wave phase shift.
The off-shell wave functions ¥, in (1) and (2) satisfy
the Lippmann—Schwinger equations
Yo (ry Z)=10 (kr)—fﬂdr'gz (ry 'y D)V () 'y 2); (5)
0

Vo (r, B)=Ji(kr)— § e8P (r, 1, EYV () b (), B).- (6)
0
In Egs. (5) and (6) the corresponding Green’s functions
have the form

' Lol i Tulpr) ji (pr1)
Ty Z)_?i‘pzdpp?—:z'
=iVZi(VEr )M (VZrs); (M

-—VEji(VEr)m(VErs), (8)

where j;(x), 2 (x), and n,(x) are, respectively Bessel,
Hankel, and Neumann spherical functions. Note that in
(1) VZ =+ VE for Z=Ezic, E>0, ¢~0, VZ =iy for Z
=-%*<0, and in (8) E>0. From Egs. (5) and (8) and
definitions (1), (2) and (7), (8) it follows directly that for
short-range potentials V(r) the off-shell wave functions
have the asymptotic form

Yur, 2 == i (k) 1V ET(VEZ, k, Z)W (rVE) )

r—>o

Y (e BY 7= i1 k) —VE KVE, &, E)m (rV E), (10)
and the matrices T'; and K; can be expressed in terms of
the Fourier components §;,(p,Z) and P;,(p, E) of the
corresponding off-shell wave functions:
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Tu(p, b, 2)=(p*—2)[Yu (P, D)= 5z 8 (P—H) ] 5 (11)
Ki(p, k, E)=(0*—E) [¥u (p, B)—55 8 (0—H)]. (12)

In the derivation of the last relation (12), the defini-
tion (8) is assumed, as usual, to be equivalent to the
following:

g (r, ¥, E)=(1/2) lirg [Gi(r, ¥, E4ie) -5, (r, ¥, E—ig)).
o5
(13)

Note further two facts, First, from the integral equa-
tions (5) and (6) there follow the differential equations

Tt a2V () ] bt 2)=(Z— 8, ) (14)

r a2 2 d I(l--1)
L dr2 +-}_Tr— re

+E=V () | Yu (r, E) = (E—k) j, (k)
(15)

respectively, with the boundary conditions (9) and (10)
as ¥ — =, Second, from Eqs. (5) and (6) and the defini-
tions (1), (2) and (7), (8) one can obtain a connection be-
tween the matrices T; and K; (Ref. 22):

K (p, k, s)=T(p, k, s*4i0)
: Tulp, s, s2-1-i0) Ty (s, k, s24-i0)
—is T isTy (s, 8, $2+-10) : (16)

The relations given above are completely adequate to
find the correct expressions for the off-shell T and K
matrices in the boundary-condition model. For this we
shall assume in accordance with Refs, 12 and 13 that
the following two propositions hold:

1) for the model off-shell wave functions w}g’ and the
model T{® and K{® matrices the relations (9)—(12),
which do not contain a potential explicitly, hold;

2) the model off-shell functions i<’ satisfy the bound-
ary conditions

PR =0, r<e 1

of o], =filrtilme,, (18)

where ¢, =c +€, €—0; ¢, the boundary condition radius,
may depend on /; f; is a real model parameter, and ¢
and f; do not depend on the energy. The limit f,—«
corresponds to a model of a hard core of radius ¢. Such
an approach is very simple and logical and accords
completely with the spirit of the boundary-condition
model, in the framework of which one should not con-
sider the specific form of the interaction in the internal
region » <c. From this point of view, it differs funda-
mentally from the method developed in Ref. 11 on the
basis of the use of equations (5), (6) and (14), (15) for a
potential of special form acting in the region  <c.

In this model, there is no potential in the external
region, and therefore Eqs. (9) and (10) determine the
form of the off-shell wave functions for 7 > ¢:

ViR (r, Zy=ji(kr) IV ETE(VZ, &k, 2)1 (rV Z); (19)
W (r, B)=ji(kr)—VEKP (VE, &, E)nm (rVE), (20)

whence, with allowance for the boundary condition (18),
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there follow directly expressions for the half-on-shell
matrices T!® and K!:

TEVE, b, 2) =y il (21)

EP(VE, b, B)=rp R O (22)
where

gz, i) =i (@) — (4 ) 1 (@) (23)

D (2, fi) =zhil), (2) — (14 ) WP (2); (24)

Dy(z, fi)=amy(2)—(I+fi) m (2). (25)

The off-shell elements of the matrices T{® and K¢ can
be found from the expressions (11) and (12), respective-
ly. With allowance for the conditions (17), the Fourier
components $i¢'(,Z) and 3{2(p, E) will have the form

W (2, 2)= [ P ariy (or) ¥R (r, 2); (26)
ViR (p, E)= | rdriy (pr) 41 (v, E), @21)

e

where the off-shell functions ;bgﬁ' are determined by the
expressions (19) and (20). To calculate (26), it is con-
venient to represent the spherical Hankel function

RV (rVZ) in (19) for 7 > ¢ by means of (7) as follows:

WV g)=—gp Ral, (28)

and to find the Fourier component 3§ (p,Z) (26) it is
necessary to calculate the integral

1(2)— j r2dri, (pr) 9, (r, ¢, Z),

which, as follows from (7), has the form

I(Z):%-ip’fﬂ (0, VE)Wo (c VE), (29)
where
Fy(p, )= | rdrju(pr) fu (kr). (30)

0

For positive energies (E > 0) the Fourier component
Uie(p, E) in (12) has a singularity at p2=E, and one
therefore needs definite rules for calculating some of
the integrals when ¥;{(p, E) (27) is found. By analogy
with the foregoing, we represent the Neumann function
n;(rVE) in (20) by means of (8) for » > ¢ in the form

= 1 50 (rc B)
n[(rVE)f—ﬁm. (31)

Thus, to determine the Fourier component (27), it is
necessary to find the integral

oo

I (B) = f rdrj, (pr) 50 (r, ¢, E).

c

Taking into account the relation (13), we can regard
this integral as the following limiting expression:

Iy (B)=+ lim (7 (E-ie)+ 1 (E—ie).
Using the expression (29) for I(Z) and noting that
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Exic=+VE(E—0), b (-2)=(-1)'1i"(x), 1i"(x)
— 18 (x) = 2in,(x), we can readily find the final result:

Iy (B) = ji (pe)(p*— E) -V EF (p, VE) m (cVE). (32)

From these expressions and Eqs. (11) and (12) the
off-shell matrices T} and Ki® can be readily deter-
mined. Thus, it follows from (26), (19), and (29) that

TP (p, k, Z)= —(p*—2Z) Fi (p, k)
+ IEUZ L8 1, o)1V Z (5 —2 Fulp, VIV (VD)) (83)
and Egs. (27), (20), and (32) lead fo the result

E? (VE, k, E)
jile V'E)
% [71 (pe) + VE (22— E) Fi (p. VE)n (cV E)],

K (p, k, E)=—(p*—E)F,(p, ¥)+

(34)

where the half-on-shell values of the matrices T(" and
K3 and F,(p, k) are given by (21), (22), and (30). It is
easy to see that the expressions (33) and (34) for e
and K‘“’ are symmetric with respect to the momenta p
and % and that the matrix T{® in (33) satisfies the uni-
tarity condition, and for positive energies the relation
(16) is satisfied. For negative energies Z =— E, that
are solutions of the equation

ic YV Eoh{" (ic V Eo) — (I+ ) hi® (ic V By) =0,

the T matrix (33) has in accordance with (24) a pole.
For the triplet s state of a proton and neutron, the ener-
gy E, must be set equal to the deuteron binding energy
e,=a%, Eq. (35) in this case takes the form

(35)

fot-oc=0, (36)

and in the region » > ¢ the deuteron wave function is
=V 2aexp [—a (r—e)l/r. (37

If there is only one bound s state, then the appropriately
normalized on-shell wave functions (19) and the wave
function (37) in the region 7 > ¢ for constant f; and ¢ form
a complete orthogonal system. '?

Qa(r) =

As was pointed out above, the expression (33) for the
T matrix was obtained in Ref. 11 by a limiting pro-
cedure applied to a potential of special form acting in
the region v <¢

(38)

where 8(x)=1, x>0; 8(x)=0, x <0, For such a poten-
tial, one can readily find in analytic form the off-shell
wave functions ¥;,(#,Z) and the T mafrix, Subsequent
passage to the limit Vj— <, V;— < with fulfillment of
the condition ¢(VV,— cV;)=f;, where f; is a constant,
shows that the limiting value T (p, k,Z) of the T matrix
is determined by the expression (33), and the limit wave
functions ${¢(r,Z) satisfy the conditions (17) and (18).

V(r) =V (c—r)—cVib (r—o),

B. Boundary condition model with potential in the
external region

In the more general and more realistic case when a
potential V(r) acts in the region outside the boundary
condition radius (r >c¢), we shall assume that the oif-
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shell wave functions ¥, satisfy boundary conditions
analogous to (17) and (18) (Refs. 12 and 13):

V=0, r<e; (39)

d
c [ﬂ"‘i’mjha

and the off-shell T, and K; matrices are determined,
respectively, by (11) and (12). Further, we represent
the wave functions #;; in the form

=f [ LTy P, (40)

i = ViR + Puns (41)

where !¢’ are the off-shell wave functions (19) and (20)
in the boundary condition model without external poten-
tial and they satisfy the conditions (17) and (18). It
follows from the definition (41) that in the region » >¢
the functions ¢,, satisfy in accordance with (14) and (15)
the differential equations

(22 104 2] out, 2=V (¥l 2 (42)
[+ 22—t Bty B)=V () ¥n(r B) (43)

with potential V(r) that is nonzero only for » > ¢, satisfy
the boundary conditions (39) and (40), and as 7 — = have
in accordance with (9) and (10) the asymptotic behavior

o (r 2)~ b (rV'E); (44)
9 (r, E)~n(rVE). (45)

The differential equations (42) and (43) can be repre-
sented in accordance with (41) as integral equations for
the functions ¥, by introducing the Green’s functions
H, and H{® of the equations

Y (rs Z) =i (r, 2 5 rrdrHy(r, v, D)V () b (s Z); (46)

Va7, E) =48 (r, B) — { PEAHP (r, ¢ BV () bu (7 E).(47)

The Green’s functions in these equations are defined
only in the region 7,7’ >¢, and they can be readily found
under the assumption that the boundary-condition model
imitates an interaction in the region » <c that does not
lead to the formation of a bound state for E <0, and for
E >0 one considers an energy region that does not con-
tain resonances associated with this interaction. In this
case, the Green’s functions can be constructed by
means of the two linearly independent solutions of the
corresponding homogeneous equations (42) and (43).
With allowance for the asymptotic behavior (44) and (45)
of the functions ¢;,, the final expressions for the
Green’s functions have the form

(48)

Hi(r, ', D=iVI5;50< DM (rVZ)

H® (r, ', (49)

== _V—'E‘ ‘l”[czl/ﬁ (T<! E) ny (?‘> V"E)'

Note that in accordance with the condition (17) in the
region ¥ <¢, #'>c the Green’s functions (48) and (49)
are identically zero.

Alternative expressions for the Green’s functions can
be obtained by substituting (19) and (20) into (48) and
(49), which leads to the result
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Hyr, r, 2)=8(, 1, Z) o
—zTP(VZ, VI, Z)h (r VE) 1 (¢ VZ); (50)

HP (r, Y, E)ﬂ g (r, . E)
+EKE (VE, VE, E)ym(rVE)m (¥ VE), (51)
where 4, and §{ are determined by (7) and (8), re-
spectively. The expression of the Green’s functions in
the form (50) and (51) enables us, using the relations
(28), (31) and (29), (32), to obtain the following integral
representations for the region 7,7’ >c:

oo

j S, Z
He, v, 2)=1 | paptIE 02, (52)
0
; 2 ¢ LR, B)
HO(r, ¥, B)=2 § pdp (53)

by means of which, in accordance with (11), (12) and
(46), (47), one can readily show that the off-shell T
and K matrices have the form

Ty(p, ¥, Z)=TP(p, &, 2)+ T (p, k, Z); (54)
Ki(p, k, EYy=KP(p, k, Ey+K{"(p, k, E), (55)

where T1% and K!® are, respectively, the values (33)
and (34) of the T and K matrices for V(»)=0. The parts
T{" and K" of the total T and K matrices associated
with the external potential V(r) are defined in analogy
with (1) and (2) by the expressions

o

1, b, Z)=— | PdryQ(r, 2)V () u (3, 2% (56)
c
EP(p, k, B)=— [ rdry00y BV () vuu(r, B, (57
and they satisfy integral equations of Lippmann—
Schwinger type:
™ (p, k, 2)=V{"(p, k, 2)
2 ¢ o, VP, O @,k 2)
+;'}J prapt oy ; (58)
kP (p, k, B)=V{(p, k, E)
¢ VP, o EYEV (p' k, B
+%§p'zap = (59)

The generalized Fourier components Vi (p,%,Z) of
the potential V() in Eq. (58) have the form

V0, k == Rang e 2V w0, 2% (60)
VP (p, k, 2)=—§ 2y (r, 2)V () (). (61)

The Fourier components Vi¥(p,k, E) in (59) are ob-
tained from (60) and (61) by formal replacement of the
variable Z by E.

Note that the expressions (54)—(61) hold not only for
the boundary-condition model but also when a certain
potential V() acts in the internal region » <¢. In this
case, the expression (54) for the total T matrix and
Eq. (58) are well known from the theory for two non-
overlapping potentials.?® Because of the nonlinear con-
nection (16) between the K and T matrices, the relation
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TABLE I. Values of f; and the parameters V;; and § of the
potential (62) for the s state of two nucleons as a function of ¢
and also the values of the scattering lengths a, the effective
range 7y, and X%,

¢, F fa L ol T - a,F re, F 29 y2
Triplet state
0.2 1090.54 | 6,108 1,734 5,407 1.781 217.51
0.4 1100.31 | 10,528 2,406 5,396 1.762 8,97
0.6 5431 7.176 2,486 5,393 1.7 2,37
0.7 17.87 | 23.008 4177 5,426 1,726 61,41
0.8 23.22 ] 48,972 6.356 5.435 1.606 84.49
Experiment (Ref. 30} | 5,39640.011 {{,726+0.014
Singlet state
0,2 1109.22 | 4.468 1.810 —23.692 2,499 3.1
0.4 4.61 [ 3.039 1.798 —23.668 2.506 2,67
0.6 7,69 | 6.151 2,460 —23,620 2,527 38.45
0.7 6,57 | 7.631 2,876 —33.33%4 2,480 66,89
0.8 20,08 | 18.906 4.028 —23,722 2.512 106,4
Experiment (Ref. 30) —23.678+0.028] 2.51+40.11

(55) and Eq. (59) do not appear completely obvious.
Strictly speaking, Eq. (59) was obtained only for a po-
tential V,(») that does not lead to resonances in the
considered energy range E >0, This restriction is not
fundamental, but otherwise one would need a more
accurate construction of the Green’s function (49). In
the special case of s-wave scattering on a potential V(r)
with hard core (f) — =) we obtain from the above rela-
tions for the K matrix

...i _t 1 1 f-gﬁv
Eotk, &, ¥)=3188=5 (b + o i)

A
=18 B+ 8y),

i.e., we obtain the well known result of Ref, 24: =4,
+8y. where 5 is the total s-wave phase shift; §,=- kc
is the phase shift for scattering on a hard core of radius
¢; by is the phase shift for scattering on the shifted po-
tential V{r +¢).

As a concrete example, in Ref, 13 a study was made
of nucleon—nucleon s-wave interaction with a potential
of exponential form in the external region:

V(i)=—Vyexp[—PB(r—c)], r>c. (62)

The potential (62) is based on the consideration that as

7 — = it is damped exponentially and for I =0 the scatter-
ing problem for such a potential has an exact analytic
solution®; the potential (62) with hard core (f,—~ ©) was
considered in Refs. 26—28.

Allowance for short-range forces by means of a more
general boundary-condition model enables one to intro-
duce into the expressions for the s-wave phase shifts an
additional parameter f, not present in the hard-core
case, which enables one, with given functional form of
the potential in the region » > ¢, to vary the value of ¢
without significantly worsening the agreement between
the theoretical and the experimental phase shifts. In
Table I, we give the values of the parameters f;, and the
parameters of the potential (62) obtained in Ref. 13 for
some values of ¢ for the triplet and singlet states of two
nucleons, respectively. The parameters were deter-
mined by the least-squares method using the exact ex-
pressions for the s-wave phase shifts and the experi-
mental values® of the %S and 'S, phase shifts up to a
laboratory energy 360 MeV, which corresponds to the
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apppearance of the first resonance associated with the
parameters f; and c. Use was also made of the experi-
mental values of the scattering length @ and the effective
range ¥, (Ref. 30). Table I gives the values of y%, which
was calculated from 29 points and whose minimum was
used to choose the parameters. In Ref. 13, the adequa-
cy of the relations (55) and (57) and Eq. (47) was tested.
On the one hand, we obtained an analytic expression for
the s-wave component of the total off-shell T matrix for
the potential (62) with allowance for the boundary condi-
tions (39) and (40) and, using Eq. (16), we found the
exact value of the off-shell K matrix. On the other hand,
we developed an effective method of approximate solu-
tion of Eq. (47) based on the method of moments. *! The
good agreement between the exact values and the approx-
imate values of the K matrix obtained by means of (55)
and (57) indicates the correctness of these relations and
of Eq. (47), and therefore also of (59).

2. THREE-PARTICLE EQUATIONS IN THE
BOUNDARY CONDITION MODEL

C. Schrodinger and Faddeev equations for a system
of three identical particles

In Refs. 17—20, we considered the simplest variant
of the three-particle problem with two-particle inter-
actions: a bound state of three spinless identical parti-
cles. This restriction is not fundamental and at the
same time, without superfluous algebraic complica-
tions, enables one to demonstrate the method for ob-
taining three-particle one-dimensional equations when
the interactions are described by the boundary-condi-
tion model without external potential. As in the case of
two particles, we consider first the problem under the
assumption that the two-particle interactions are deter-
mined by potentials T?(r) for which two-particle Lipp-
mann—Schwinger equations and three-particle Faddeev
equations hold. The expression of the potentials in the
form V(r) presupposes a dependence of the interactions
on the relative orbital angular momentum of a pair of
particles.

In the center-of-mass system, we introduce Jacobi
coordinates:

r=R,—Ry pr= —R; 4+ (R;+Ry)/2, (63)

where R, is the radius vector of particle i. Besides the
coordinates (63), in what follows we shall use the co-
ordinates ry, p; and r3, p3, Which can be obtained from
(63) by cyclic permutations of the indices. The wave
function of a system of three identical bosons ¥(ry, p;)
is symmetric with respect to any permutations of the
particles:

W(ry, p) =Y (—ry, p)="¥ (rz p2) =¥ (rs, ps) (64)
and can be expressed in terms of the channel function
U(r, p) (in the given case a single one) as follows:

W (ry, o) =0 (r. @1) V(T2 p2)+V(rs pa). (65)

In the momentum representation, the channel function
#(k, q) satisfies the integral Faddeev equation

ot 0= (53 £ ) o [1( 1, s, 2-3)
x¥(—a—4a, ) +7 (k 49—, E—¢?)
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x¥ e+ 74, )] (66)
where E <0 is the total energy of the system (binding
energy); T(k,p,Z) is the two-particle off-shell T matrix,
which in accordance with (11) is related to the Fourier
component §,(k, Z) of the two-particle off-shell wave
function y(r,Z):

T (k, p, Z)=(1/4m) (*—Z) [yp (k, Z)— (228 (p—Lk)]. (67)

Substitution of (67) into (66) leads to the relation!™1®
¥(r, ) =g | P00 (r E— )
’ . .
[ol-trde —r—ta) ev(—do—dur-a)]
(68)

which relates the r dependence of the Fourier component
¥(r, q) with respect to the variable p of the three-parti-
cle wave function (65) to the r dependence of the two-
particle off-shell function iy(r, E — 3¢%/4).

Further, for simplicity, we shall assume, as in Refs.
19 and 20, that the particles interact only in s states and
that the total orbital angular momentum of the three-
particle wave function ¥(r, p) depends only on 7, p and on
the angle between r and p and has the form

W(ry, p)=1( p1)+P(ra p2)-+9(rs pa)s (69)
and the result of applying V(r) to ¥(r,p) is determined
by the relation

VY@ 9=V | ¥ @ 0=V )%, o) (70)

The channel function (r, p) in (69) is related to
V{r)¥y(r, p) by

o o

v p)= | r2ar { 02dp'Satr, 03 7', 05 BYV () W, o), (T)
[ 0

where
Go(r, o3 ¥, ¢'s E)

e _iz 5 12 dk S Fdg o (kr) jo (kr") jo (ap) Jo (gp") y (72)

- o ) k2 4-3q2/4—E

o

Thus, it follows from (69) and (71) that the channel func-
tion ¥(7, p) and the total three-particle function ¥(r, p)
are uniquely determined if the product V{r)¥y(r, p) is
known. This is very important for obtaining one-dimen-
sional three-particle equations in the boundary-condition
model without external potential, 1%:20

The equation for the s-wave component ¥y(, p) of the
wave function ¥(r, p) follows directly from the three-
particle Schrodinger equation and with allowance for the
symmetry (64) and Eq. (70) has the form

1 e 3 &
T (7;,1?-!- Tt E) 0¥ (ry, p1)

=V (r) Yolrs, o)+ [ 49 1V (1) Yo (s, 02)+V (9) Yo lrs. o).
(73)
It follows from this equation that for the Fourier com-

ponent ¥y (r, g) with respect to the variable p of ¥(v,p)
we have the equation

: [dd_;"*‘Eq—V (?’1)] r ¥ (ry, @) =3S (@, 9 (74)

ry

V.N. Efimov and H. Schulz 354



where

E.=E—3¢"4 (75)

S (ri, 9) =% S dQr, dpy exp [—igp,]
KV (ra) Yo (ra, p2) 4V (rs) Yo (rs, pa)l- (76)

The solution of Eq. (74) by means of the Green’s func-
tion H(»,7’, E) can be written formally in the form
Yo (rs @)= ‘. r'2dr'H (r, ', E)S (r's q)- (77)
0

The Green’s function has the form

—iVEp g E)o(r, E), r<rh

—iVEg(, E)Ypy g, E), r>r, (78)

Hr, ', E)={

if it assumed that we know two linearly independent
solutions of the homogeneous equation (74), {,z(r, E) and

@(r, E), with the following asymptotic behavior as »
— 0c0¢

Vyg(r, E)~ i (rVE)+iVET(VE, VE, E)p(rVF); (79)
¢ (r. F)~nr®(rVE),

where T(VE,VE,E) is the s-wave component of the two-
particle T matrix (1) on the mass shell,

For potentials V(») with finite range ¢ (V(r) =0 for v
>¢) it follows from the expressions (77)—(79) that the
product V(#)¥,(,q) needed to determine the three-par-
ticle wave function can be represented in a form that
does not explicitly contain the potential V(r):

oo

V(1) ¥olr, ) =g(r, EQY (@)+0(c—1) | pdplu(ap) D(r,p), (80)
0

where 6(x)=1, x>0; 6(x) =0, x<0;

Y (@) =iV E, | 2k -V E)S (r, o (81)
g0 B)==2 | prapja (e T (p, VE, E). (82)
)

D. Boundary-condition model in three-particle
problem

The relations (80)—(82) serve as the basis for ob-
taining three-particle equations in the boundary-condi-
tion model without external potential. Indeed, in the
boundary-condition model the half-on-shell two-particle
T matrix in (82) has, with allowance for the symmetry
condition T'9(p, VE, E) =T'*(VE,p, E), the completely
definite value (21). In addition, we shall assume!®2? that
the relation (80) also holds in the case when the two-
particle interactions of the particles are described by
the boundary-condition model, Thus, the problem of
finding the three-particle wave function in the boundary-
condition model reduces to determining the two-dimen-
sional function D(r, p) and the one-dimensional function
Y(g) in (80). Equations for these functions can be ob-

D1n (78) and (79) we have for simplicity omitted the index 7=0,
which characterizes the orbital angular momentum of two
particles, In what follows, we shall also omit it throughout,
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tained on the basis of the relation (68) and the boundary
conditions (17) and (18) for the s-wave component of the
off-shell two-particle wave function, in accordance with
which we have for the s-wave component of the three-
particle wave function

Yo(r, =0, < (83)

e[5r¥er 9] =1(EDr%(r a)lee. (84)

A possible dependence of the logarithmic derivative fon
the energy E, (75) is indicated explicitly in the condition
(84). In principle, the parameter f in the condition (18)
for two particles can be assumed to depend on the ener-
gy E. However, it is readily seen in this case that the
on-shell wave functions (E =% corresponding to physi-
cal states of two nucleons at different energies will be
nonorthogonal if the condition (17) is preserved. Never-
theless, for energies E <—¢; (¢, is the deuteron binding
energy) f can certainly be regarded as an arbitrary
function of E because the on-shell wave functions in

this case are not related to real states of two nucleons
and the violation of the orthogonality condition for them
does not have any particular physical meaning. The
possibility of introducing a dependence of f on E for E
<= ¢4 will be discussed below in more detail in connec-
tion with approximate allowance for three-particle
effects.

The condition (83) can be written down in the coordi-
nate representation, and then in the region 7y <c we
shall have

V (ry) Yo (1, Pa)‘l'jﬂ,; 5 Ry, [V (rg) Yo (ra, p2) +V (ra) Wo (r3, pa)] = 0.

(85)

If the condition (85) is satisfied for 7| <¢, this means
that ¥y(ry, p;) =0 in the region ; <¢, since a nontrivial
solution of the homogeneous equation (73) that is finite
as p;— 0 is incompatible with the boundary condition as
pi1— . The first equation for the functions D(r, p) and
Y(g) follows from (85) if V(»)¥,(r, p) is expressed by
means of (80) and use is made of the explicit expression
for g(r,E), which, in accordance with (82) and (21), has
the form

s, B=—3 2B VA myse—g e r—ol.  (86)

Finally, we arrive at the equation

0(c—r0) D(ryy p0)+8(c—ri) 4 | 42,18 (c—r2) D(ra, po)

+0(c—rg) D(rs, psN=—0(c—r) F(ry, p1), (87)
where N
F(ry, py)= ﬁ S A<y 5 ¢*dq (g (rzy Eq) fo(a02)
0
48 (ray £4) Jo(a03)1 ¥ (g)- (88)

In deriving (87), we have used the relation 8(c
—7)g(r, E)=0, which follows from the fact that in the
boundary-condition model it is necessary, in accordance
with (82), (21), and (18), to regard ¢ in the expression
(86) for g(v, E) as c,=c +¢, e— 0. Note also that in the
derivation of (87) and (84) there is no question at all of
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introducing a definite form of the potential V(#) in

the region 7 <c; rather, one uses only the boundary con-
ditions (17) and (18) for the off-shell two-particle wave
functions.

The second equation for D(r, p) and Y(g) is obtained
from the boundary condition (84) if the total wave func-
tion is expresséd in terms of the channel function in
accordance with (69). In accordance with (80), it follows
from the expressions (71) and (72) that in the momentum
representation the channel function (%, g) has the form

47e co8 ke— f (Eq) jo (kc)
k, q) = L
¥ 9 kz+%qa_g flEQ—ic )/ Eq

x exp(—ic VEg) Y (g)
1

———————— | drdpexp (ikr+igp) 8 (e—r) D(r, p). (89)
an (B4 2— )

The use of (69) and (89) and the condition (84) leads to
the equation

exp(—icVE,) Y (9 —2 j g2dg'Ty (g, ¢Yexp(—icV Eg) Y (q)

1
o L (Eq) [f (Eg—ic V/ Eg) {c [? gl Q)]rsq

— 1 (Eq) "4 (7, gllp—e, } =0, (90)
where
Lo = pap e ;T,l [ (Eg)—icVE ]
% j': a5 [cos pie—f (E ) ;i :m;)ll:(;q f:;c:g,r (Eg) jo (P20)] ; 1)

=g +q*4—qd'z; py=q4+q*—qq'w
L(E)= [1/(21.:]/’E)] [/ (BE)+ieV E1/1f (E)—ic V El—exp (2icV E));
Y (0, )= — g | B dpiKa(ry T Eq) o(ap)
X [0 (c—r) D(ry, p)+8(c—rz) D(ry, ps)+8(c—r3) D(rs, p3)]i
(92)

K r, =2 j 2 dk o (kr) Jo (k') (12 — E)].
[1]

An alternative second equation for the functions
D(r,p) and Y(g) can be obtained from (81) if, as before,
V{r)¥,(r, p) is expressed by means of (80) and (76) is
used for S(r, ¢). This equation has the form

exp(—ic VE) Y @—2 | 284 Ta 0. ) exn (—icVE) Y ()
0

I: L
== 1(]4{1}2 exp(—ic V'E,) 5 drydp,0 (ry—e) i (ry V Eq) jo (q04)

K [8(c—rg) D (rs, pa)+90(c—rs) D(rs, 03)l, (93)
where
T2 (g, ¢')= *—~—m eV,
+
[cos pyc— f (Ey) fo (p1e)] [cos pac—ic I/Eqru(p»c)l
& Sl % q2--g't—qq'z—E (94)

E. One-dimensional equation

Equations (90) and (93) contain the unknown two-dimen-
sional function D(r, p), which, in its turn, satisfies Eq.
Dec. 1976
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(87). In Ref. 32% it was shown that in the case of a hard
core one can find an exact solution in analytic form of
this equation, Using the method proposed in Ref. 32,
one can solve Eq. (87) analytically as well for the more
general case of the boundary-condition model. !* This
circumstance in conjunction with the expression (88)
enables one to reduce, without any approximation, the
two-dimensional equations (90) and (93) to one-dimen-
sional equations for the single function ¥(g), which is a
characteristic feature of the three-particle problem in
the case of two-particle interactions described by
means of the boundary-condition model, =16

In accordance with (86) and (88), the right-hand side
of Eq. (87) has the form

0 (c—ry) F(ry, p))=—0(c—r) g (R)(rp1)
— [e/(rip)) O (e —ry) [8 (ry/2 4 py—€) — 8 (| r/2—py | —e)] @ (R), (95)

where
L(R) =4 { dgY (@)b(Eq) Fo(a. R); (96)
&
@ (R) =% S *dqY (q) b (Eq) jo(gpo)s 97)
0
b (E) = exp( —ic VE)/If (E)—ic VEL;
Fu(g, R)=71(Eq)Jo{gpo) —(3qc*/4p0) j1 (7po)i (98)

RE= rl :491’,3 pu S(Rz_ 2)"‘4

and the function F(g,R) is nonzero only in the region
(99)

In Refs. 19 and 20 it is shown that, in accordance with
(95), the solution of Eq. (87) can be represented in the
form

[r/2—py | <e<<ry2+ py

8(c—r)D(r, p)::-ﬁ(r:—r)r—{pA(r, 0)

+0(e—1) 75 B (r/2+p—)—8(|r2—p|—c] 9 (R), (100)

where the function A(7, p) in the region # <c¢ satisfies
the integral equation

r/24+p

Afr, p)+2 “PL 0(c—r) A(F. ') =7 (R)—2cq (R) 5 (r, 0);
lrj2—pl (101)
r/24p 5
gro)= | L 0e—r) B R+p —0)—8(r2—p|—k
Ir/2-pl
R2=r244p%3; p'2=3(RE—1r'%)/4, (102)

which will be one-dimensional if R is regarded as a
fixed parameter. If new variables @ and @’ are intro-
duced in accordance with the definitions

r=Rsina, p=(}3/2) Reoso; } (103)

r=Rsina', p'=(}/3/2) Rcosa',

Eq. (101) and the expression (102) take the form

DThe author of Ref. 32, V. Efimov (Institute of Nuclear Phys-
ics, Leningrad), is a namesake of one of the authors
(V.N.E,) of the present paper.
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, min (W3+a, 20/3-a)

A(R, o)+ —= da'0 (c—Rsina') 4 (R, a')

Va |/3-a|
=% (R)—2cq (R) & (R, a); (104)
min (/3 +a, 2a/3-a)
Y(R, 0)= % da'8 (c— R sin &) {6 [R6 (n/6 — )

In/3-al
X sin (@' 4 n/3) + RO (&' — x/6) sin (2n/3 — &) —e]

—O8 [Rsin|n/3—a'|—¢]}. (105)

Depending on the value of the parameter R, the region

7 <c is divided in accordance with (103) and (99) into
the series of regions shown in Fig. 1, in which the
limits of integration in (104) and the function § (R, a)
(105) have different values. The explicit form of the
integral equations for A(R, @) in the regions 1—6 shown
in Fig. 1 is given in Ref. 19, These equations differ
from those of Ref. 32 only by the right-hand sides, and
for their solution one can definitely use the method
proposed in Ref. 32, which leads to the following solu-
tions of Eq. (104) for the regions 1—5 (see Fig. 1):

Aj(R, @)=0; Ay (R, )= B(R)sin (y— n/4);
A3 (R, @) =C (R) sin (y—m/4); } (106)
Ay (R, a)=A5 (R, a)=D (R)sin4a,
where
B(R)= —y (R)/sin (vo -+ a1/4);
1 3 4e i
cm)=2_‘%m[x(m sin ity e @ (R) cos ot | 5
D(R)=—1’;30(R) [x(ﬂ)smwuo mq:(ﬂ)cosv_ o] 5
_sin(44+-4/V3) % sin (4—4/1/3) 4 .
Rys= 4+4/V3 4—4/1/3

o= (4V'3) (g —/8);
%o = T, 2 — Olg.

v=(4//3) (& —n/6);

ag = arcsin (¢/R);

In region 6 the solution A4(R, @) of Eq. (104) has the
form

Ag (R, o) =F (R)sin4a, (107)

where F(R) is an arbitrary function of R, This arbitrari-
ness corresponds to the fact noted in Refs. 15 and 16
that in the boundary-condition model the three-particle
wave function is not determined uniquely. In the very
simple case of the three-particle system considered
here—three identical bosons—it follows from the condi-
tion (64) of symmetry of the total wave function that, in
accordance with Ref. 32, it is necessary to set F(R)

=0 in (107) if it is assumed that the boundary-condition
model corresponds to the limiting form of the potential
(38). Thus, in contrast to Ref. 16, in which use is made
of the equations obtained in Ref. 15, Egs. (90) and (93)
in conjunction with (89) uniquely determine the wave
function (69) of the system of three identical bosons
without the introduction of any additional condition con-
taining an arbitrary three-particle parameter. Similar
considerations also apply to a system of three nucleons,
for which the components of the wave function in the
case of charge invariance of the nuclear forces have a
definite permutational symmetry.

The nonuniqueness mentioned above of the solution
(107) in the region 6 is quite unimportant if the binding
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FIG. 1. Domain of definition of the function A(R, a).

energy is calculated by means of the alternative equa-
tion (93), since this region does not occur in the inte-
gral of the expression (81), from which Eq. (93) is ob-
tained. A similar situation also exists in the calculation
of transition amplitudes, since they are determined by
integrals of the type (81). The nonuniqueness must be
eliminated only if (69) and (89) are used to find the
three-particle wave function. Note, finally, that Egs.
(90) and (93) can be expressed by means of (92) and
(100) and the expressions (106) for the function A(R, a)
in the explicit one-dimensional form

V(@)% § ¢2dg' 1,0, )+ Vil N0 0) =0;
0

(108)

YO —= | 2d0 (7200, )+ Valg, ¥ () =0,
0
where #(q) =exp(- icVE )Y (q); Ty(g,q’) and Ty(q,q’) are
determined, respectively, by (91) and (94). We do not
give the expressions for V,(g, ¢’) and V,(g,q’), which
are cumbersome, but merely point out that they can be
found in Ref. 20.

(109)

F. Results for the energy-independent parameters £
and ¢

In Ref. 20, Eqgs. (108) and (109) were solved for con-
stant parameters f and ¢ corresponding to the triplet s
state of two nucleons. In this case, f and ¢ are deter-
mined from the deuteron binding energy €;=2.225 MeV
in accordance with the relation (36) and from the triplet
scattering length a; =5.41 F, and they have the values

(110)

The numerical solution of Egs. (108) and (109) entails
definite mathematical difficulties due to the oscillatory
nature and slow decrease of the kernels Vi(g,q’) and
V,(g,q’) of these equations, whose dependence on ¢’ is
determined by the expressions (96)—(98). This behavior
of the kernels prevents one solving Egs. (108) and (109)
by the standard method of transformation of the infinite
interval of integration into a finite one with subsequent
use of Gaussian nodes. In Ref. 20, Eqgs. (108) and (109)
were solved by means of two different methods. The
first method is based on an expansion of j,(gp,) and
71(gpy) in (97) and (98) in series with respect to a com-
plete system of orthogonal functions ¢t (p,) (I=0,1).
The parameter p, varies in the range 0 <p,<a, a=23c/
2, and therefore, to obtain the necessary expansions,
it is necessary to introduce functions cp,‘,”(p) satisfying
the orthogonality and normalization condition

f=—0.253, ¢=1.095F.

(D (0

p*dpn’ () Pn? () = .

St——pn

(111)
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Such functions, which form complete systems, can al-
ways be constructed if they are chosen in the form of
polynomials. In particular, functions ¢! (p) and ¢ (p)
satisfying the condition (111) and taking into account the
parity and behavior of j,(gp) and j;(gp) as p— 0 can be
expressed in terms of Jacobi polynomials and deter-
mined as follows:

it LHTRaRE v-3
o e =L R e® (L), a=t,2,8 0 (112)
v=i
; Gk D2y p 2yt
W)= D @R ()7, a=t,2,3 ..., (113)
v=1
where
(I v (2n4-2v—3)!! 5
oe = (— )" =T e =D =T ¥
(2r+2v— !

o= (— 1"

v+ (v—DI (n—w) "

The expansions of jy(gp) and j;(gp), respectively, with
respect to the functions (112) and (113) have the form

Jolge) =2 CP (@) o% (o)
% (114)

ji(ge) =2 P (q) 9 (o),

where
0 (g) =(—1)"a** YV En—1 %]’zn—s ()

& (@ =(—)"™a* Va1 L oy (2); 2=ga.

The use of the expansions (114) with a finite number N
of terms in (96)—(98) enables one to reduce the kernels
Vi(g,q’) and V,(g,q’) of Eqs. (108) and (109) to a degen-
erate form (2N separable terms). For such kernels,
one can readily find resolvents, and, as a result, one
can replace the original equations (108) and (109) by
new equations with renormalized kernels, to which the
ordinary method using Gaussian nodes for a finite in-
tegration interval can be applied.

The second method of solving (108) and (109) is based
on a splitting of the infinite interval of integration into
two subintervals (0,q,) and (g, ©) and the introduction of
a new variable x =¢" - g% and formal weight exp(- ax),
as a result of which (108) and (109) take the form

o
T¥(q) =7.2,— _\ qq'dq' [T (g, &)+ V (g, ¢')1 9" (q")
0

+o- | aexp (—a2)dz (7 (0, )4V (0. N 0¥ ().
0

(115)

For finite ¢, to solve (115) one can use the standard
method using Gaussian nodes [in the second integral,
using nodes for the weight exp(- ax)], and the solutions
(108) and (109) will correspond to the approximately de-
termined limit of solutions of equations of the type
(115) as a— 0.

The two above methods were used in Ref. 20 to solve
Egs. (108) and (109), the latter being solved by the first
method and the former by the second. The equations
were solved with the parameters f and ¢ (110), and for
the binding energy of three identical bosons we obtained
the value E;="7.70 MeV, which differs strongly from the
value E()=12.69 MeV found in Ref. 21 for the same
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model problem from the Faddeev equation for the same
values of the parameters f and ¢. As was noted in Ref.
20, it is an important fact that the two alternative Egs.
(108) and (109) lead to one and the same value of E, when
two different methods of solution are used. Actually,
there is a spread AE =+0,15 MeV, which is attributed
to the inadequate accuracy of the calculations associ-
ated with the use of a bounded number of terms (N <8)
in the expressions (114) and the bounded values of (o
=0.01) in (115). The agreement of the results to within
this spread may serve as an indication of the adequacy
of (108) and (109) and the numerical methods employed
for their solution.

Of Eqs. (108) and (109), the latter is of particular
interest for two reasons. The first is that when this
equation is used to calculate the binding energy E, there
is no need at all to consider region 6 (see Fig. 1),
which, in accordance with (107), is the only region that
introduces a nonuniqueness which can be eliminated only
by additional arguments., The second reason is this. If
in the s-wave component of the two-particle T matrix
corresponding to the boundary-condition model and deter-
mined in accordance with (33) by the expression

Tk po 2)=T(p, k 2)= —(p*—2) | r2drio (pr) jo kr)
0

= cos ke— fo (ke) [cos pc—ic szu (P(_')],

f—ic)/Z (116)

the first term is ignored, we obtain a certain factorized
approximation:

T (k, p, Z)=c |[cos ke— ffs (ke)]/(f—icV/ Z)]

X [cos pe—ic V' Zjy (pe)]. (117)

For the approximate T matrix (117), the relations
from which the nonuniqueness of the Faddeev equations
follows'* do not hold. Direct substitution of (117) into
the Faddeev equation for a system of three identical
bosons reduces it to a one-dimensional integral equa-
tion with the kernel (94), i.e., in fact to (109) with
V,y(q,q’)=0. The kernel Ty(g,q’) (94) has a very simple
structure and decreases fairly rapidly with respect to
g and g, so that the solution of the resulting integral
equation is trivial and leads to the value E;=13.21 MeV,
Knowing the two-particle T matrix, we can in accor-
dance with (11) determine the wave functions corre-
sponding to the approximate expression (117). Thus,
for the on-shell wave function, we have

WPy (r, k*4i0)=0, r<e;
Vo (ry K2-4-10) = jo (kr) + T (k, k, kK*+i0)exp (ikr)/r, T >0}

(118)

where T(k, k, k* +10) is defined in accordance with (21),
whereas in the region ¥ <c the off-shell function is non-
zero and has the form
¥ (r, Z)=jo(kr) —exp (ic V'Z) [cos ke—ic V Zjo (ke)) jo (r V' Z).
(119)

Thus, the transition from the exact T matrix (116)
to the approximate (117) corresponds to the transition
from the limit form of the potential (38) to some quasi-
potential of the type considered in Ref. 6, which in ac-
cordance with (118), reproduces the same scattering
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TABLE II. Dependence of the binding energies E; and E; ob-
tained from (109), respectively, without V,(g,q’) and with
allowance for V,{g, ¢’} on the parameters f and ¢, which satis-
fy the condition f=—cve, (36).

1 oF Ey, MeV | Ey, MeV i o F E,, MeV | £,, Mev
—0,253| 1.095 | 13.21 7.70 || —0.473 | 0.7489 | 17.96 | 10.61
—0.213| 09221 | 15.60 | 9.48 | —0.133 | 0.5757 | 24.8 17.20

amplitude as the boundary condition model but does not
contain a repulsive core in the region ¥ <¢, which fol-
lows from the expressions (119) and (17). Therefore,
the transition from the solution of Eq. (109) with only
T,(q,q’") to the solution of this equation with allowance
for Ty(g,q’) and V,(g,q") will correspond to the transi-
tion from the quasipotential without core to the limit
form of the potential (38) with infinite repulsive core
for » <c. Obviously, such a procedure can only reduce
the binding energy E;, which is confirmed by the result
obtained in Ref. 20, Note that Ey=7.7T MeV also differs
significantly from the E;=18.4 MeV of Ref. 16. This
may be explained by the fact that the one-dimensional
equations (108) and (109) are very different from the
equation of Ref. 16. In particular, it follows from the
derivation of the equation of Ref. 16 that the total wave
function ¥(r, p) in the region ¥ <c vanishes, whereas
(108) and (109) were derived under the condition [see
(83)] of vanishing for # <c of only the s-wave component
of the three-particle wave function ¥(r,p). Thus, in ac-
cordance with (68), the equation of Ref. 16 corresponds
to two-particle interactions with hard core acting in all
the partial-wave components, In contrast to this, (108)
and (109) have been obtained under the assumption that
there are interactions including a hard core in only the
relative two-particle s-wave states.

With regard to Ref. 16, in which the equations ob-
tained in Ref. 15 were used, one can make the following
additional remark. As was pointed out above, to achieve
uniqueness of these equations it is necessary to intro-
duce an arbitrary three-particle parameter W, which is
a particular value of the energy at which boundary condi-
tions analogous to the conditions (17) and (18) for the
two-particle wave functions in the boundary value model
are imposed independently on the channel functions.
These additional, essentially three-particle conditions
do not follow from the nature of the two-particle inter-
actions and have the consequence that the equations of
Ref. 15 are in fact model equations. In contrast, the
one-dimensional equations (108) and (109) are not model
equations at the three-particle level since their deriva-
tion uses only the boundary conditions (17) and (18) for
the two-particle wave functions. Therefore, the results
of Refs. 16 and 33 cannot be assumed to correspond to
the “vacuum?” two-particle interactions described by
the boundary-condition model without external potential.
The parameter W; determines the form of the kernels
of the integral equations of Ref. 15 and 16 by means of
the function D(g) obtained from (24) for =0 and x
=cVW;,— 3q274, whose dependence on ¢ is given by

D (q)=—iaD{ (z, )= [f—icV W,—3¢%4] exp [icV/ W,—3¢%/4],
(120)
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where f satisfies Eq. (36). It follows from (120) that the
nature of the function D(g) will depend strongly on the
choice of W, In the region W, <—¢,;, D(g) will be real
and of constant sign; in the region - ¢, <W; <0 it will be
real but of variable sign. The choice W; <0 certainly
ensures fulfilment of the unitarity condition for the
three-particle T matrix, !* but in Ref. 16 an investiga-
tion was made of only the region W;<-¢; and it was
shown that there is a weak dependence of the binding
energy E; of three bosons on the parameter W,, where-
as for completeness it would also be necessary to con-
sider the region - ¢, <W; <0,

From these explicit expressions for the kernels
Ty(q,q’) (94) and V,(q,q’) (Ref. 20) of Eq. (109) it can
be seen that Ty(g,q°)~c’ and V,(g,q")~¢c?. Thus, the
relative contribution to the binding energy E; associated
with the allowance in (109) for V,(g, ¢’) must be reduced
with decreasing ¢ if ¢ <1 F. In Table II, we give the
results of calculations of E; for a number of ¢ values;
the value of f was varied and ¢ determined by the condi-
tion ¢ ==f/0.231 F, which, in accordance with (36),
guaranteed, for different sets of f and ¢ values, con-
stancy of the deuteron binding energy €,=2,225 MeV.

In Table II, we also give the values of E; obtained with
allowance in (109) for only the kernel T,(g,4’). It can be
seen that for all values of f and ¢ the value of E; is less
than E,, i.e., allowance for V,(g,¢’) in (109) always, as
we have pointed out above, reduces the binding energy,
and the relative correction is significantly smaller for
¢=0.6 F (last row of Table II) than for c=1 F (first row
of Table II), Note that the values of E; given in Table II
are very close to the results of Ref. 21.

G. Results for a parameter f(£) that depends on the
energy £

The three-particle equations (90) and (93) were ob-
tained with the use of the condition (84) and the expres-
sion (86), which contain the parameter f in the two-
particle condition (18). As we have already pointed out,
if the condition (17) is preserved, one cannot assume
that f in (18) depends on the energy E, since this leads
to violation of the orthogonality of the wave functions
for states of two nucleons of different energies. How-
ever, for “unphysical” energies E,<-¢,, where E, is
determined by Eq. (75), f in (84) and (86) can be as-
sumed to depend on the energy E,, which should be re-
garded as a certain approximate method of allowing for
three-particle effects such as, for example, three-
particle forces. Indeed, if three-particle forces are
important in a system of three particles (in this con-
nection, see Ref. 34), then not only the Schrodinger
equation (73) but also the Faddeev equation (66) must
be modified to take into account these forces. In this
case, one can no longer obtain on the basis of (17) and
(18) boundary conditions of the type (83) and (84) for
the three-particle wave function. The use of these con-
ditions with constant f and in the same way as in (18)
corresponds to complete neglect of the three-particle
forces. Therefore, the introduction for E <-¢, of a de-
pendence of f on E which does not violate the orthogon-
ality of the wave functions of real states of two nucleons
can be regarded as approximate allowance for three-
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TABLE III, Dependence of the binding energy E; on the behavior
of f(E) defined by the expression (121) for E<—¢,.

ey ey c3 Ey, MeV cy oy c3 E,, MeV
—0,506 0,253 0.3 4.30 0 —0,253 0.1 10,34
—0.506 0.253 0,2 5,16 0 —0.253 0,2 15.64
—0.506 0,253 0.1 6,50 0 —0.253 0,3 26,77
0 —0.253 0 7,70

particle forces in the language of two-particle interac-
tions. Such an approach is similar to the method used
in the theory of finite Fermi systems, for which two
types of constants: vacuum constants and interaction
constant in a medium, * are introduce for two-particle
interactions.

The dependence of f on E for E <-¢; was chosen in
Ref. 20 in the form

1 (B) =1+ s (— Ejeg)™. (121)

In Table III, we give the values of the binding energy E,
of three identical bosons for the parameter f(E). It can
be seen that the values of E; depend strongly on the be-
havior of f(E) for E <—¢,. Thus, if f(E)— -+« as E

— — o, the resulting E; is less than the E; correspond-
ing to f= const, and, conversely, if f(E)—~==as E

— — o the corresponding E, values are larger than those
for f= const. The values of E, given in Table III were
obtained for one and the same ¢=1.095 F.

H. Energy-dependent two-particle potential

The large difference found in Ref. 20 between the
binding energy of three bosons (E,=17.70 MeV) and the
result of Ref. 21 (E;=12.69 MeV) obtained from the
Faddeev equation for the same values (110) of the param-
eters of the boundary-condition model, together with the
assertion made above relating to the model nature of the
equations of Refs. 15 and 16, prompts one to look for an
independent method of verification of the above facts.
Such a possibility arises, in our opinion, if one intro-
duces a boundary-condition model without external po-
tential with logarithmic derivative f that depends on the
energy E in the whole range of its variation. However,
if this assumption is made and the condition (17) pre-
served, this leads, as we have pointed out above, to
nonorthogonality of the on-shell wave functions corre-
sponding to different physical states of two particles.
Indeed, we introduce on-shell wave functions that in ac-
cordance with (19) have in the region » > ¢ the form (Z
=Ei0, E=¢%):%

Wi () = o (kr) + 1V ZFE (k) b (r V Z),

and satisfying the conditions (17) and (18) with energy-
dependent f:

(122)

P (=0, r<e (123)

e[ 22 0], =B ¥ (Hrere (124)

YAs above, we shall consider below only the s-wave state and
omit the subscript I=0 throughout.
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An expression for the scattering amplitude F*(%) fol-
lows from (122) and (124):

F (k) =T (k, k, 1 10) ==FEE LA (cos ke —7 (B) jo ()] (125)

and satisfies the unitarity condition
FB () — FO) (k) = 2ikF P (k) F© (k).

As is well known, the wave functions ¥i*’(») must
satisfy the orthogonality relation
5 72 eyl (1) S () = (u/2K2) exp [2i6 (k)] 8 (k— &),
0

(126)

where 6(k) is the s-wave phase shift, determined in ac-

cordance with (125) by the expression
ketgd (k) =k [f (E) + ke tg kel ke — f (E) te k).

Substitution into (126) of the expressions (122) for
d)f,*’(r) with allowance for (123) and (125) leads to the
result

(127)

J = [ r2drg () Wi (r) = 575 exp (2i6 ()] 8 (k— ')

c exp [—ike—ik'e] [f (E) —f (E")]}
S (k2—K'2) [f (E)—ike] [f (E")—ik'c] ©

(128)

Thus, the conditions (123) and (124) are incompatible
with the condition (126) of orthogonality of the on-shell
wave functions, for the fulfillment of which one must as-
sume that zﬁag*’('r) in the region » <c¢ are nonzero and can
be represented as follows:

P () = A (B) % (7), (129)

Then in accordance with (128) the condition (126) has the
form

r<_c.

§ rearei™ () 6P () = 4% (0) 4, () B+ 7
[1]

(130)

B= 5 r2dry?(r).

[}

(131)

The choice of the actual dependence of f on E in the
form

[ (B)=f(0)—vcE (132)

with arbitrary parameter ¥ = 0 ensures fulfillment of the
condition 3f/8E <0, which follows from the causality
principle,? and enables one, with allowance for (128)
and (130), to determine A,(k) in (129) in such a way that
the orthogonality condition (126) is satisfied:

Ay (k) = (ve¥/B)"'* exp [F ikel/[f (E) F ike]. (133)

For the wave function @,(r) of the deuteron with binding
energy €;=a? we shall have in analogy with (122) and
(129)

Qa(r)=A(@)X(r), r<e (134)

Qa(r)=Nexp(—ar)ir, r>c¢, (135)
here for f(E) (132) the choice of A() in the form

A (@) =N exp(—ac) (ye/B)'> (136)
leads to the condition

{ rarea 2 =0, (137)

[\]
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and it follows from (36) and (132) that
£(0) 4+ yeta? 4 e =0. (138)

The expressions for A,(k) (133) and A(a) (136), which
ensure the fulfillment of the orthogonality conditions
(126) and (137), contain two arbitrary parameters ¥ and
B, which are related, respectively, to the dependence
(132) of f on E and the behavior x(7) of the wave func-
tions in the region v <c¢. In the last case, the simplest
variant is the choice of x(7) in the form

x(#) = sinhgr/7. (139)

The off-shell T matrix can be found by means of the
method described in Sec. 1. However, in this case, for
the off-shell wave functions ¢,(r, Z) in the boundary
condition (18) and in the condition analogous to (129), f
and A must be regarded as functions of two variables
k and Z, whose form must be chosen in such a way that
the on-shell wave functions are orthogonal and the off-
shell T matrix is an analytic function in the plane of the
complex variable Z and satisfies the symmetry and uni-
tarity conditions. This way seems to us rather compli-
cated, and we therefore choose here a different method
of construction of the T matrix based on the introduction
on the real axis Z =F of a certain potential, for which
the on-shell wave functions satisfy the boundary condi-
tion (124) with f(E) (132) and the orthogonality condi-
tions (126) and (137), and have the form, respectively,
of (122) and (135) for #> ¢ and (129) and (134) with y(»)
(139) for » <c. Such a potential is the potential (38),
which depends on the energy E:

V(r, Ey=Vy(E)0(c—r)—cV, (E)b (r—c), (140)
where

Vo (E) =P+ E; (141)

2V, (E) = fic cth fe— f (0) 4 ye2E. (142)

In order to determine the off-shell T matrix T(p,k,Z),
it is necessary to introduce a continuation of the poten-
tial (140) into the complex plane Z =E +ie, for which we
choose the relation

V(r, Z)=V(r, ReZ) =V (r, E). (143)

Such a continuation is not analytic (nevertheless, the

T matrix satisfies the Lippmann—Schwinger equation
since in it the variable Z is regarded as a parameter, 3'5)
but it will define the T matrix as a nonanalytic function
of Z, which is due to the definition (143) of the potential
(140) in the complex Z plane. Therefore, this model is
not suitable for describing effects or deriving relations
for which analyticity of the T' matrix as a function of Z
is important. However, in what follows, we shall use
the obtained T matrix only in the solution of the Faddeev
equations, whose derivation does not use analyticity of
the T matrix, and in which one needs the value of the T
matrix on the negative real half-axis £ =FE <0 and on
the upper and lower sides Z =E +i0 of the cut along the
real positive half-axis Z =E > 0. This condition (143)
and the form of the potential (140) ensure fulfillment of
some important relations for the T matrix.

For the potential (140)—(143), the off-shell wave
functions ¥,(r, Z) have the form!! (Z =E %i0):
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a1y 2) = s To(hr) + A, Z)Lshpr, r<c (144)

Yo(r 2)=Jokr) +iVET(VZ, &k, 2) 05 (rVZ), r>c, (145)
where
¢ p2LE e AV T g
Ak, zJ:shacms)_;cVz|{rsﬂ+k2 [cos ke —ic V' Z jg (ke)]

+ 6V (B) fo (ko) e } (146)
Z _cexpl—icVZ]
STk fE)—ieV 2

X { g:ifz [cos ke — Pe cth ejp (ke)] -+ c2Vy (E) jo (Fec) } ? (147)

The explicit expressions (144) and (145) for the off-
shell wave functions enables one to determine the T
matrix by means of the relation (11):

T'(p, k, Z)=—(p*—1Z)

sh Be
B2+ p2

+exp lic VZ [cos pe—ic VZ jo (p) T (VZ, k, Z),

B,

[cos pc — Be eth Bejo (pe)] A (k, Z)

—(p*—2)

(148)

where Z =E +i0, and F(p, k) is determined by the ex-
pression (30) for I =0. It follows from (146) that

Ak, k*'+i0) = [c exp (F ikc)l/{shPe [f (E) = ike]},

which, when (144) is combined with (129), (139), and
(133) and allowance is made for (131), leads to a rela-
tion between the parameters @ and #:

v=(sinh2B8e/2Bc — 1)/2 sinh®Bc. (149)

This ensures orthogonality of (126) and (137) for the on-
shell wave functions. However, the symmetry and uni-
tarity of the T matrix (148) remain an open question.
These properties of the T' matrix are a consequence of
two properties of the resolvent R(Z)=(H - Z)!, where
H is the two-particle Hamiltonian®:
R*(Z)=R (2*); (150)
(151)

and the last relation is known as the Hilbert identity.

R(Z,)— R(Z,) = (2,— Z,) R (Z,) R (Z,),

Since the potential (140) is real, it follows from (143)
that (150) is satisfied automatically. The Hilbert identity
will not be satisfied for E{#E,. However, in Ref. 36,
for the proof of the unitarity of the T matrix, the rela-
tion (151) is used with Z, =E +i¢, Z,=E—ie, ¢~ 0. In
this case, for our model (140) and (143) the Hilbert
identity (151) is valid. Thus, the T matrix (148) is sym-
metric with respect to p and %2 and satisfies the uni-
tarity condition

T(p, k, E+i0)—T (p, k, E—i0)
=2V ET(p, VE, E5-i0)T(VE, k, E—i0),

a special case of which is the unitarity of the scattering
amplitude F® (k) (125).

We shall regard the introduction of the model (140)
and (143) as a certain auxiliary procedure that enables
one to obtain in a simple and perspicuous manner the
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TABLE 1V. Values of the parameters of the potential (140) for
a neutron and proton matched to the deuteron binding energy
€;=2.225 MeV, the triplet scattering length a,=5.41 F, the
singlet scattering length a;=—23.72 F, and the singlet effective
range #;=2,76 F (Ref. 37). The values are also given for the
tr;ip[et effective range 7y, (the experimental value if vy =1.75
F).

8, #,
v &F iA(U] | MeV | fors F ¥ ¢, F fo) MeV | r, F
Triplet state Singlet state
0 1,0965]—0.2540] oo |1,7788} O 1.3061| 0.0522 o0 —
0.03 [1,1301 |—0,26389019 |1.,7788 0.03 |1.3464| 0.0537 | 6354 —
0,06 [1.1653|—0,2743 12124 |1.7788) 0,06 |1.3894| 0.0553 |1491.7) —
0,09 [1,2020/—0,2854| 885.8|1,7788) 0,09 |1.4354| 0.0571 | 621.2] —
0.12 [1.2403|—0.2972| 464,6|1.7788) 0.12 |1.4845| 0,0589 | 324.3] —
0,15 [1,2803|—0,3097 | 272,3|4.7789) 0.15 |1.5373| 0,0609 | 188.9| —

limiting case when the interaction is described by the
boundary-condition model. Indeed, if y—0, it follows
from (132) and (149), respectively, that f(E) — const
and Bc — . Under these conditions, in accordance with
(141) and (142), the potential (140) is equal to the limit
form of the potential (38), the expressions (147) and
(148) for the T matrices go over, respectively, into the
expressions (21) and (33) for [ =0, and the off-shell
functions (144) and (145) satisfy the boundary conditions
(17) and (18). Thus, the case y =0 completely corre-
sponds to the boundary-condition model without external
potential with constant logarithmic derivative. The
energy-dependent potential (140) contains four param-
eters: ¢, f(0), B, and y. It is convenient to regard the
parameter ¥ as arbitrary, and this, in accorance with
(132), leads to a different dependence on the energy E
of the logarithmic derivative f(E). The remaining
parameters can be determined from the relations (138)
(when a bound state is present), (149), and from the ex-
pressions for the scattering length @ and the effective
range ¥, that follow from (127). In the case of a system
consisting of a neutron and a proton, to determine the
parameters of the potential (140) one can use the exper-
imental values of the deuteron binding energy ¢, =2. 225
MeV and the scattering length a,=5. 41 F for the triplet
state, and for the singlet state the experimental scat-
tering length a,=— 23. 72 F and the effective range 7,
=2.76 F (Ref. 37).

In Table IV, we give for different ¥ values the param-
eters of the potential (140) for the triplet and singlet
states of a neutron and a proton; for the triplet state in
the last column, we give the values obtained from (127)
for the effective range vy;, which can be compared with
the experimental value 7y, =1.75 F. It can be seen from
Table IV that the collection of potentials (140) corre-
sponding to different values ¥#0, and also the boundary-
condition model without external potential with constant
logarithmic derivative (¥ =0) describe in the same
manner the s-wave phase shift of np scattering in the
range of energies for which the effective-range approxi-
mation is valid. For the parameters of the potential
(140) given in Table IV, the triplet T matrix (148) has
only one pole at the negative energy E =—¢;, whereas
the singlet T matrix does not have any poles for E <0.
In the complex plane of k=VE the triplet scattering
amplitude F* (%) (125) has a pole on the positive imagi-
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nary half-axis corresponding to the deuteron binding
energy €;,=2.225 MeV, and the singlet amplitude has a
pole on the negative imaginary half-axis corresponding
to a virtual state of the deuteron with binding energy ¢,
==0.066 MeV, which agrees with the experimental
value. 3® In accordance with (132), the triplet and singlet
amplitudes (k) have second poles. These are on the
negative imaginary half-axis, but for the values y#0
given in Table IV they are a large distance from the
real axis (from 5 to 30 F*!),

The wave functions (144) in the region » <c¢ for ¥#0
do not vanish, i.e., in this case the necessary condi-
tions!* that lead to nonuniqueness of the Faddeev equa-
tions are not satisfied, and the equations can be solved
directly. Then the result corresponding to two-particle
interactions described by the boundary-condition model
can naturally be regarded as the result of extrapolation
to the point ¥ =0 of the values obtained for y#0 from
the solution of the Faddeev equations. Of course, it is
at the same time assumed that these values, because of
the simple dependence on ¥ of the T matrix (148), are
sufficiently smooth functions of ¥. The Faddeev equa-
tions can be solved by the usual method of approximate
factorization of the two-particle T matrix, which with
allowance for the finite number of particle-wave com-
ponents reduces them to a finite system of one-dimen-
sional integral equations.?® The unfactorized term in the
T matrix (148) corresponding to the potential (140),
(143) contains the function Fy(p, %), which can be con-
veniently factorized by means of the Bubnov—Galerkin
method considered in Refs. 40 and 41. For this, it is
necessary to introduce a complete system of orthonor-
mal functions @,(») defined in the interval (0, c¢), for
which one can take ¢,(7) in the form of polynomials of
degree n. In this case, @,(r), like the functions (112)
and (113), can be expressed in terms of Jacobi poly-
nomials, and they take the form

o g L

b (n--v)! r\v-1
o ()= 22 felios

=vIwvE(v—Di\e

n=1,2,3, ...,

=1

and for Fy(p, k) we have the following satisfactorily con-
vergent expansion®!

FD(Ps k) = Z 'Mrn (P) M, (k)l (1 52)

where

My ()= | Pdro (kr) 9 (1)-
0

TABLE V. Dependence of the binding energy E, of three iden-
tical bosons and the triton binding energy E; on the values of
v in (132). For E, the results correspond to the triplet poten—
tial (140) with allowance for N terms in (152) and the neglect
in (148) of the term with Fy(k, p) (N=0). The values for y=0
were obtained by means of a parabolic extrapolation.

E,, MeV E -, MeV, E,, MeV E7, MeV
o T 0 T

N=0| N=t N=2| N=1 N—:ﬂ’f\':iiN:Z N=1

8.96 | 0,06 | 19,70 | 12,05 | 11.95
0.1 — 7.49 | 0,03 | 16,09 | 10,53 | 10.42
0.09 | 25,26 | 13.69 | 13.67 | 5,93 || O 14,45 | 9,12 | 9.07

o w1
G
F%,L:*‘-
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In Table V, for a number of values ¥# 0, we give the
binding energy E; of three identical bosons and the
triton binding energy Er obtained from the Faddeev
equations. For E, we give the values obtained for the
triplet potential (140) with allowance for N terms in the
expansion (152) (N =1, 2). It can be seen that allowance
for the second term in (150) (N =2) gives only a small
correction to the results with N=1, i.e., the single-
term factorization of Fy(p, k) in (148) by the Bubnov—
Galerkin method is already a fairly good approxima-
tion. The results given in Table V for y =0 were ob-
tained by parabolic extrapolation of the corresponding
quantities for ¥#0, and it is of course natural that one
must consider the error associated with this procedure.
To estimate this error for ¥#0, we solved the Faddeev
equation for three bosons with the approximate T matrix
obtained from (148) by neglecting the unfactorized term
with Fy(p,%) (N=0). Comparison of the corresponding
extrapolated value 14. 45 MeV with the value E,=13, 21
MeV (see above) obtained for the approximate T matrix
(117) leads to AE =1.24 MeV, which can be regarded as
the error of the extrapolation. With regard to the calcu-
lation by means of the Faddeev equations given in Table
V, it is necessary to make the following remark. The
Faddeev equations contain the energy E,=E — 3¢/4,
and therefore, to guarantee convergence of some inte-
grals, we did not in fact use the T matrix (148) corre-
sponding to f(E) (132) and V(r, E) (140), but assumed
that f(E) and V,(E) for E < - # take the values f(E)
=£(0) +vc’A? and V,(E) =0, respectively.

The results given in Tables IV and V are interesting
in two respects. First, for the neutron and proton
there exists the family of potentials (140), which for the
parameter values given in Table IV correspond to the
experimental values of the scattering lengths and the
effective ranges, and also the deuteron binding energy.
For these potentials, the off-shell behavior of the T
matrices (148) is different, and this circumstance leads
to significantly different binding energies of three
bosons, Ej, and the triton binding energy E, (see Table
V). Note that for ¥ =0.18 we obtained E,=20. 73 MeV
for three bosons and found a second level E; =2, 266
MeV, which agrees very well with the results of Ref.

42 (E,=20.64 MeV, E;=2,293 MeV) for a static poten-
tial of rectangular form. Second, the value E,=9.07
MeV (y=0, N=2) with allowance for the extrapolation
error AE =1,24 MeV agrees with the value Ej="1. 70
MeV obtained from the solution directly of the one-di-
mensional equations (108) and (109), which confirms
both the adequacy of these equations and the conclusion
drawn above about the three-particle model nature of
the equations of Ref. 15. If it is assumed that the ex-
trapolation error for the triton is of the same order as
for three bosons (AE~1 MeV), then the value E=3. 83
MeV (y=0; see Table V) contradicts the result E,
=1T.05 MeV of Ref. 33.

In connection with what we have said above, it is
necessary to consider in more detail the large differ-
ence between the value E,=17.70 MeV obtained in Ref. 20
from the solution of Eqs. (108) and (109) and the result
E;=12,69 MeV of Ref, 21, since in the latter the same
problem was solved: namely, the calculation of the bind-
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ing energy E; of a system of three identical bosons with
zero total angular momentum interacting only in rela-
tive s states in accordance with the boundary-condition
model. The value of E; was determined in Ref. 21 from
the Faddeev equation (66) with allowance for only the s-
wave component (116) of the two-particle T matrix with
parameters f and ¢ (110). Unfortunately, we cannot in
detail explain the reasons for the strong discrepancy be-
tween the results of Ref. 20 and Ref. 21; we can only
point out two circumstances that may lead to the
difference.

The first is associated with the use in Ref. 21 of the
important assumption that for the boundary condition
model the Faddeev equation has the same form (66) as
for “normal” potentials. Regarding the boundary con-
dition model as a limiting form of the potential (38),
we see that such an assumption will be valid if in (66)
the limit of T,y (@ and B are different channels) is
equal to the product of the limits of T, and {jz. In our
opinion, such an assertion requires a more detailed
justification. The second circumstance which we wish
to point out is this. In Ref. 21, using an approximate
method, Kim and Tubis solve the two-dimensional
Faddeev equation by reducing it to a matrix equation.

It should be noted that the matrix method is rigorously
justified only for integral equations whose kernels

have finite norm. However, in the boundary condition
model the kernels of the Faddeev equations taken in the
form (66) have an infinite norm even when allowance is
made for only the s-wave component of the two-particle
T matrix, * and this is also true of potentials with hard
core. Thus, even if the assumption is true that in the
boundary condition model the Faddeev equations have the
same form (66) as for ordinary potentials, it is neces-
sary to make a special check whether the matrix method
is valid. In Ref. 21, both assumptions were justified by
reference to the results of Ref. 44, in which for two-
particle potentials of rectangular form with hard core
the triton binding energy E; was determined as the limit
as V,— = of the E; values obtained from the Faddeev
equations for the same potentials with a core of finite
height V. However, it seems to us that in the case of
an infinite norm of the kernels any numerical procedure
for solving integral equations whose validity is proved
in general form only for kernels with finite norm must
be justified in each particular case in which it is ap-
plied. It would be very helpful to determine the limiting
value of the binding energy E, of three identical bosons
by using the potential (38) for a number of large but
finite values of V; and V;. The limiting value of E, given
above for the potential (140) and (142) as ¥~ 0 seems to
confirm the result of Ref. 20 rather than Ref. 21.

CONCLUSIONS

In Refs. 12, 13, and 17—20, a unified method was
proposed for solving two- and three-particle problems
in the boundary condition model. The method is based
on the use of the boundary conditions (17) and (18) for
the off-shell two-particle wave functions and the rela-
tions (9)—(12) and (68), which follow from the Lipp-
mann—Schwinger and Faddeev equations and do not con-
tain potentials explicitly. For two particles, such an ap-
proach in the case of the boundary-condition model with-
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out external potential is a kind of no-potential parametri-
zation of the experimental phase shifts, and the relations
(21), (22) and (33), (34) determine the off-shell 7 and K
matrices. The first of these two circumstances is not
surprising since direct verification shows that in accor-
dance with (21) and (22) the boundary-condition model
without external potential gives a good description of the
experimental s-wave phase shifts of nucleon—nucleon
scattering up to energies of order 40 MeV in the labora-
tory system, i.e., in fact in the energy region for which
one can satisfactorily justify the effective-range approxi-
mation with no dependence on the shape of the potential.
The method considered above can be readily generalized
to the case of a tensor interaction, and in its framework
the calculation of the off-shell T and K matrices will be
considerably simpler than when use is made of the limit-
ing form of a tensor potential of the form (38) (Ref. 43).
In the more realistic case of the boundary-condition
model with a potential in the external region, the exam-
ple of the potential (62) with a simple exponential shape
has shown that the experimental nucleon—nucleon s-
wave phase shifts up to laboratory energies of 400 MeV
can be described on the average equally well by a com-
plete family of such potentials with different values of
the boundary condition radius ¢. For ¢ =0.4 F, the
boundary condition model with the external potential

(62) describes the experimental s-wave phase shifts
much better than the potential (62) with a hard core of
radius ¢, *6-28

In the special case of the three-particle problem
(system of three identical bosons interacting in s states
with zero total angular momentum) we have shown that
the solution of the Schrddinger equations can be reduced
exactly to the solution of the one-dimensional integral
equation (108) or (109), which is model-independent at
the three-particle level, provided the two-particle in-
teractions are described by the boundary-condition mod-
el without external potential. A particular feature of
Egs. (108) and (109) is their uniqueness, whereas to ob-
tain unique three-particle equations in the boundary-
condition model that are a modification of the Faddeev
equr::.tions15 it is necessary to introduce an additional
three-particle condition and an arbitrary three-particle
parameter, and this means that these equations are
essentially model-dependent. The restriction above to
a special case of the three-particle problem was made
only for the sake of simplicity; the method can also be
used for more realistic systems. The solution of Egs.
(108) and (109) gave for the binding energy of three
bosons the value Ej="17.70 MeV, which differs strongly
from the result E;=12.69 MeV obtained in Ref. 21 on
the basis of the Faddeev equations. The structure of
Eqgs. (108) and (109) enables one to take into account in
a simple approximate manner the influence of three-
particle effects on the binding energy E, by the intro-
duction of a dependence of the parameter f on the energy
(121), Of great interest in this connection may be cal-
culations of the triton binding gnergy in order to deter-
mine the parameters in (121) and then a subsequent
calculation with these parameters of the np scattering
phase shifts. The introduction of an energy dependence
in the np potential (140) confirmed the value E;="17.70
MeV obtained from the solution of Eqgs. (108) and (109)
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and the conclusion that the equations of Ref. 15 are
model dependent and do not correspond to the “vacuum?”
interaction of two particles described by the boundary-
condition model without external potential.

In the more realistic case of the boundary-condition
model with local external potential, the method present-
ed here does not lead to one-dimensional equations of
the form (108) and (109). However, use of the well de-
veloped methods of factorization of the two-particle T
matrix enables one to replace in a good approximation
the local potential by a finite sum of nonlocal separable
potentials, and in this case the solution of the three-
particle problem reduces to the solution of a system of
one-dimensional integral equations. It is of particular
interest to use these equations for the family of poten-
tials (62) to calculate three-particle parameters: the
triton binding energy, the nd doublet scattering length,
the momentum-transfer dependence of the triton form
factor, ete. This is because the model calculations of
Ref. 21 indicate a strong dependence of some of these
quantities on the boundary condition radius, The method
of solution of the three-particle problem in the boundary-
condition model considered here may serve as the basis
for correct allowance for a repulsive core when pheno-
menological potentials with hard core are used in three-
nucleon problems.

We are very grateful to V.B. Belyaev, R. Van
Wageningen, Yu.A. Simonov, and J. A. Tjon for very
helpful and fruitful discussions and also I.1. Shelontsev
and N, Yu, Shirikovaya for assistance in the numerical
calculations.
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Barrier penetration theory in more than one dimension

Peter Ring,? John O. Rasmussen, and Herbert Massmann®

Lawrence Berkeley Laboratory, University of California Berkeley, California 94720
Fiz. Elem. Chastits At. Yadra 7, 916-951 (October-December 1976)

Quantum-mechanical tunneling theory in more than one dimension is reviewed. Several systems from
nuclear and molecular science are considered specifically, such as, alpha decay of spheroidal nuclei,
spontaneous fission, and reactive collinear collisions of hydrogen atoms with hydrogen molecules. The
ranges of validity of various approximations that reduce to one-dimensional path integrals or Froman-
Nosov matrices are examined, testing where possible against fully quantum-mechanical coupled-channel
solutions. The classical-equations-of-motion methods using complex variables (uniform semiclassical
approximation) are explored for nonseparable fission-like model systems. Effects of variable valley widths,

curving valleys, and of variable inertial tensors are delineated.

PACS numbers: 03.65.Ge, 24.10.Dp, 24.80.+y, 23.60.+¢

INTRODUCTION

The problem of quantum-mechanical penetration of
a two or more dimensional barrier occurs in a number
of interesting physical situations, In this article we
will review only a few situations, namely the ones which
display the barrier penetration in the simplest and most
explicit way.

The a-particle penetration problem is considered and
several approaches are discussed. In addition we will
deal with the barrier penetration in the spontaneous-
fission problem. The various approximate treatments
that have been used for this problem are described,
including a recent barrier- model system for which a
comparison of several of these methods is made, In the
realm of molecular reactions, only the electron and the
hydrogen nucleus have sufficiently low mass to undergo
significant tunneling and we consider one of these prob-
lems, the collinear collision of a proton on a hydrogen
molecule, This problem has been of much interest to
molecular theorists, In all these examples we will, how-
ever, only consider the cases where the energy of the
system is not too close to the top of the barrier,

Another place in nuclear physics where a tunneling
process is involved is the tunneling of a nucleon or a
few nucleons in stripping and pickup reactions, In the
old semiclassical transfer theory of Breit and Ebel, !
tunneling is displayed rather explicitly, but the more
sophisticated modern versions of semiclassical transfer
theory (K, Alder et al, ?? and R, Broglia and Aa.
Winther®)) don’t show the tunneling in a simple way and
we will therefore not discuss it in this paper. Electron
tunneling which enters in a rather complicated way
in the electron capture and loss problems from ions
moving through matter also is not considered here, A
review of the early quantum-mechanical treatments of
this subject by Oppenheimer™! and Brinkman and
Kramers® has been given by Raisbeck and Yiou,

The main object of this paper will be to present the
various methods used in solving the multidimensional
barrier-tunneling problem. The coordinates orthogonal
to the barrier-penetration codrdinate and the effect of a

2 present address: Physics Department, Technische Universitit
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b present address: Faculty of Science, University of Chile,
Santiago, Chile.
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coordinate-dependent inertial tensor will be considered
and an attempt will be made to isolate these different
components of the problem,

1. MULTIDIMENSIONAL BARRIER
PENETRATION IN ALPHA DECAY

Examination of detailed methods for two-dimensional
barrier problems. We now consider in more detail the
penetrability problem for anisotropic barriers in alpha
decay. Beyond the range of nuclear forces we have the
simple Hamiltonian for a spin-zero system

h2

52 27, 2
H= _EvzfﬁJ§i+—r“”-+ 2;3“ P, (cosy), 1)

where the v? Laplacian operates on the coordinates of
the alpha in the lab-fixed system 6, #, with » the center-
to-center separation distance, p the reduced mass
Mm o/M+mg, 3 the nuclear moment of inertia, J3, the
square of the nuclear rotational-angular-momentum
operator operating on the Eulerian angles 6; defining
the nuclear symmetry axes in the lab frame, Z is the
charge and @, the intrinsic quadrupole moment of the
daughter nucleus, and y is the angle between the alpha
direction (6, ¢) and the nuclear symmetry axis (9;, 65).
The problem reduces to a two-dimensional one in ¥ and
v when transformed to the body-fixed coordinate system
(see Rasmussen and Segall”™)), The wave equation is
transformed to a set of coupled-channel second-order
radial equations by expanding the wave function as
follows:

¥= 5 O g -m|00¥in(®¥) AL q,

Toven
(2)
Left-multiplying the wave equation (H— E)¥ =0 by the
complex conjugate of an angular function

+ ’
0t = m | 00)YFie(6, ) 21 DLaia(@)

and integrating over all angular space ¢, ¥, and ¢; gives
the set of coupled-channel equations.
iz d2up 2 h2 2\ wop v
— g+ (gtag) L 0=B
+9;°-;f Z w (', 0] Py(eosy)|il, 0)=0, (3)
1

In the total-spin-zero case (as for even-even ground-
state alpha decay) the matrix elements in (3) have the
simple form first given by Racah'®!
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