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INTRODUCTION

In this paper, we shall interpret the kinematic aspects
of the results of Refs. 1—3, which were presented in
the review Ref. 4. The papers Refs. 1—3 infroduced a
microscopic analog of the Bohr—Mottelson model of
collective variables, making it possible to formulate
correctly in the coordinate representation the problem
of separating out the collective degrees of freedom of
the nucleus. We shall also describe partly the results
obtained in Refs. 5—8, in which the theory of the micro-
scopic analog of the Bohr—Mottelson collective model
was proposed and described in some detail; in addition,
a computational technique for it was developed and for
the first time a kinematic justification given for the
microscopic theory of the nucleus by means of three
simple requirements, two of which follow in an obvious
manner from the properties of the nuclear Hamiltonian.
The plan of the present review is laid out in accordance
with these results: The exposition of the material be-
gins with the most general formulations and ends with
their successive particularization.

The microscopic approach to nuclear theory pre-
sented here rests essentially on the theory of induced
representations of Lie groups, and we must therefore
consider some aspects of this theory. So as not to make
this review difficult to understand for readers acquainted
with the fundamentals of group theory for only the rota-
tion group and the symmetric group, we shall as far
as possible avoid explicit use of the algebraic formalism
of induced representations.

Let us now briefly describe the premises that enable
us to pose and solve problems associated with the
kinematic foundations of microscopic nuclear theory. If
it is assumed that protons and neutrons are particles
of the same kind i.e., if one uses the isospin concept,
then the nucleus can be regarded as an isolated system
of identical Fermi particles. Such a system has prop-
erties that distinguish it advantageously from the other
mixed quantum systems existing in nature, in which
fermions coexist with particles of a different type.
Examples of mixed systems are well known: free
atoms, molecules, or crystals. In mixed systems, the
presence of particles of various kinds leads to the
appearance of spatial structure, and hence, distin-
guished points of three-dimensional space. In the
atom, such a point is the nucleus, which ensures the
existence of the atom as a stable quantum system and
largely determines the behavior of the electrons by
binding them to the natural force center produced by
the nucleus. In its turn, the force center enables one
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to introduce electron configurations, i.e., classify
states by means of irreducible representations of the
three-dimensional rotation group.

The spatial structure is revealed even more clearly
in molecules and crystals. It is reasonable for the spa-
tial symmetry, the existence of which is an experimen-
tal fact that cannot be proved by considering the general
form of the Hamiltonian of such systems. Nuclei with
inert electron shells arranged appropriately in mole-
cules and crystals generate external (in a certain sense)
fields, in which the electrons move—as a Fermi system
of identical particles. The presence of spatial structure
leads to the appearance of spatial symmetry and there-
fore the corresponding groups whose irreducible repre-
sentations classify the states of this Fermi system in
the zeroth approximation.

In nuclei, there are no distinguished force points of
three-dimensional space, but paradoxically this cir-
cumstance can provide the point of departure for the
clarification of the kinematic aspects of nuclear struc-
ture. In the description of the bound states of such a
Fermi system of identical particles by means of non-
relativistic quantum mechanics, the three-dimensional
space is not, in contrast to the above examples, dis-
tinguished a priori over the multidimensional space
determined by the number of spatial degrees of freedom
of the nucleus. If the three unimportant degrees of free-
dom associated with the center of mass motion of the
nucleus are excluded, the z-nucleon nucleus is de-
scribed by 3(z — 1) spatial degrees of freedom. It is
therefore natural at the beginning to regard the spatial
wave function of the nucleus as a function of the point
in the 3(n — 1)-dimensional space, and then project “our”
three-dimensional space from this multidimensional
space.

This program is implemented in practice by the
choice of special variables of the nuclear wave function
that enable one to induce transformations of the multi-
dimensional space and, using these transformations,
effectively sort the nuclear wave functions according
to definite criteria determined by the general kinematic
requirements imposed on the nuclear wave function.
Group theory does not appear here in its traditional
role. As a rule, the groups considered here are not
symmetry groups of the nuclear Hamiltonian. The
irreducible spaces of such groups provide a concrete
realization of the abstract multidimensional Hilbert
space, and we show that this realization is optimal and
uniquely determined as far as the kinematics is con-
cerned. Moreover, it is not necessary to know the par-
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ticular form of either the Hamiltonian or the nucleon—
nucleon interaction potential. It is not essential to
assume pairing nuclear forces or other experimentally
established facts such as the short range and saturation
property of nuclear forces, ete. The only important
thing is that the Hamiltonian satisfies the general kine-
matic requirements of quantum mechanics; with this,
we begin the next section of the review.

1. DETERMINATION OF THE
KINEMATICALLY CORRECT NUCLEAR
WAVE FUNCTIONS AND CRITICAL REVIEW
OF EXTREME NUCLEAR MODELS

In a choice of definite variables of the wave function,
it is convenient to start with a discussion of the collec-
tive and internal variables of the nucleus. The collec-
tive degrees of freedom of the nucleus have been studied
in many papers, which have differed by the problems
posed and the mathematical formalisms used. A certain
clarity can be achieved by classifying these studies
according to the mathematical formalism used; in parti-
cular, one can distinguish investigations based on the
method of second quantization from those that use wave
functions defined in the coordinate representation. Since
we are concerned with problems that can be solved in
the framework of nonrelativistic quantum mechanics,
these two methods of description are in principle
equivalent, although it is very difficult or, for certain
reasons, even impossible in practice to trace the con-
nection between the two methods.

These remarks have been made to underline the fact
that here we shall use only the second method of de-
scription, i.e., we shall use nuclear wave functions
defined in the coordinate representation. This restricts
the class of questions considered. Nevertheless, the
number and variety of investigations in this second
direction still remain so extensive that one cannot
review them satisfactorily. But this is unnecessary
because the problem of separating the collective and
internal degrees of freedom is treated here from a
definite point of view, which can be formulated on the
basis of simple and natural conditions imposed on an
arbitrary nuclear wave function.

Let us now formulate these conditions.

1. Micvocausalily. If it is supposed that the observ-
able properties of nuclei can be described by a wave
function which is a solution of the Schriddinger equa-
tion, then the wave function must be microscopice, i.e.,
it must depend on all the variables of the nucleus. These
variables consist of 3n spatial coordinates, say, the 3n
components of the vectors ry,...,r,, which are speci-
fied in the original coordinate system and, in addition,
we have the spin variables of all the protons and all the
neutrons, if these particles are assumed to be different
(in which case we shall speak of a proton-neutron
nucleus), or the spin-isospin variables of all the nu-
cleons, if it is assumed that protons and neutrons are
two states of particles of the same species—nucleons
(and we shall then speak of a nucleon nucleus).

It is especially important that the number of spatial
variables of the microscopic wave function be exactly
3n; for if there are fewer variables the function is no
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longer completely microscopic and if there are too
many we shall be burdened by redundant variables.

2. Translational invarviance. This requires that the
wave function of a nucleus subject to no external forces
be expressible as the product of the plane wave de-
scribing the center-of-mass motion of the nucleus and
a translationally invariant function describing the inter-
nal properties of the nucleus.

The wave function may be microscopic but not trans-
lationally invariant or, conversely, translationally
invariant but not microscopic. Of course, these two
conditions can be combined and we then have the con-
cept of the microscopic, translationally invariant wave
function of a free nucleus.

3. Microscopic translational invariance. This can be
guaranteed by choosing the 3n spatial variables of the
nucleus in such a way as to distinguish three variables,
for example, the vector p, specifying the position of the
center of mass in the original coordinate system, from
the 3(n — 1) variables, for example, the vectors
Pis .+« Pnay, that determine the remaining translationally
invariant spatial variables of the nucleus. If the spin or
spin—isospin variables are added, the wave function in
these variables automatically satisfies the conditions of
microcausality and translational invariance. In the case
of a free nucleus, the wave function factorizes into the
product ¥,¥, where ¥, is the plane wave describing the
center-of-mass motion and ¥ is any translationally in-
variant wave function, in particular, a solution of the
Schridinger equation for a translationally invariant
Hamiltonian depending arbitrarily on the spatial, spin,
or spin—isospin variables of the nucleus.

4. Exact integrals of the motion. It is well known
that the Hamiltonian of a nucleus conserves to a high
degree of accuracy the total angular momentum J of the
nucleus, its projection M;, spatial parity, the species
and number of particles, and, finally, the permutational
(with respect to all variables) symmetry of the nuclear
wave function. We therefore require that the wave func-
tion of the nucleus be characterized by these five
integrals of the motion. The last requirement can
appear in two forms: either in the form of antisymmetry
with respect to the variables of the protons and neutrons
separately (for proton—neutron nuclei), or antisymmetry
with respect to the variables of all the nucleons (for
nucleon nuclei). Note also that we have included con-
servation of the species and number of particles in the
integrals of the motion. This integral of the motion
makes it possible to fix the number and nature of the
nuclear degrees of freedom.

We now consider what these conditions mean. They
are obviously necessary in the sense that the true wave
function of the nucleus must certainly satisfy them, but
they are insufficient in the sense that by no means all
functions satisfying them are true nuclear wave func-
tions. If one succeeds in constructing functions satisfy-
ing conditions 3 and 4 they will not in general satisfy
the exact Schriodinger equation for the nucleus. How-
ever, they will reflect some properties of this equa-
tion, namely the Kinematic properties of the nuclear
Hamiltonian. To emphasize this, we shall say that any

V.V. Vanagas 119



functions satisfying conditions 3 and 4 (but which are
not necessarily solutions of the exact Schrodinger
equation) are kinematically correct functions. Note also
that the concept of “kinematic properties” is here used
in a generalized sense, embodying not only the usually
understood requirement 4, associated with the integrals
of the motion, but also requirement 3 of microscopic
translational invariance.

We now verify the kinematic correctness of some
model nuclear wave functions defined in the coordinate
representation. To avoid a lengthy examination of all
modifications of different models and in order to get
to the essence of the matter, we shall consider two
extreme models of nuclear structure, one based on the
concept of independent particles and the other which
regards nuclei as self-deforming systems in which the
complex motions of the nucleons are described by a
few collective variables.

The first of these two ideas is realized in the various
forms of the shell model. The wave function of this
model is specified by means of configurations made up
of linear combinations of products of single-nucleon
wave functions depending on the single-nucleon variables
ry,...,r, Condition 1 is already satisfied by the use
of these variables. For functions of shell type, the
condition 4 can also be satisfied comparatively easily,
so that only the problem of translational invariance
remains. The single-particle variables are not trans-
lationally invariant, containing three variables de-
scribing the center-of-mass motion of the nucleus in a
form not corresponding to a plane wave; condition 2
therefore strongly contradicts the shell concept. Strict-
ly speaking, the shell picture can be believed only if
one gives up the undoubtedly correct requirement 2.
The physical reason for this is obvious: The only
distinguished point of space is the center of mass of the
free nucleus, so that one cannot construct correct
variables defined in the laboratory coordinate system.

It should be emphasized that the difficulties which
arise from condition 2 in the construction of functions
of shell type are primarily of principle; in actual cal-
culations, one can frequently determine, exactly or
approximately, the function describing the center-of-
mass motion in one definite state and thus avoid the
appearance of spurious unphysical states of the nucleus.
But this does not eliminate the above objections since
the replacement of free motion of the center of mass by
a bound state is possible only if physical external fields
are present.

In the extreme collective models it is assumed that
because of certain as yet not fully understood reasons
the overwhelming majority of the variables in the nu-
clear wave function are “frozen” and the properties of the
low-lying levels for, at least, selected nuclei are
governed by just a few degrees of freedom of the nu-
cleus. As a direct consequence of such assumptions,
one uses only a few collective variables, introduced
intuitively on the basis of semiclassical arguments,
to construct a model wave function. In the collective
variables, the single-particle variables lose their
meaning, so there can be no talk of satisfying condition
1 or verifying condition 2. The collective variables do
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not contain 2 mechanism for permuting the nucleons,
so that one cannot talk about the Pauli principle, and
condition 4 can at the best be satisfied only partly.
Therefore, the collective models in all their modifica-
tions are, considered kinematically, far less correct
than shell models. Nevertheless, for nuclei in definite
ranges of mass numbers the experimental data fre-
quently favor them and therefore econfirm the opinion
that a number of characteristic properties of atomic
nuclei have been correctly guessed in the collective
models. This may explain the considerable efforts
made during the last decade to justify such models.

We have just described two extreme views of nuclear
structure. Their premises are so contradictory as to
seem mutually exclusive. The experimental data favor-
ing the two approaches are just as contradictory. This
is made all the more strange by the fact that the con-
tradictions even appear in nuclei that have nearly the
same number of nucleons; for example, the nucleus
170, which has a clearly expressed single-particle
spectrum, and the nuclei **Ne and Mg, whose spectra
exhibit series of levels of rotational type. It is hard
to believe that the addition of a few nucleons has such
a drastic effect on the structure of the nuclei that a
completely opposite physical picture is required for its
understanding.

The dilemma can be resolved by assuming that the
contradictions are not so deep as they first appear.
Could it be that the single-particle approach has a pre-
disposition to collective motion or, coming the other
way, the collective models admit microscopic resolu-
tion, i.e., they contain hidden single-particle features?
Does there, perhaps, exist an approach that combines
the single-particle and the collective aspects, these
being manifested in the spectra of particular nuclei
in a pure form only because of fortuitous conjunction
of particular circumstances ? Starting with single-
particle variables, can one demonstrate how collective
degrees of freedom arise?

In connection with the last question, let us consider
briefly the attempts made to give a microscopic justi-
fication of collective motions in nuclei by means of the
following artificial device. One first constructs wave
functions that depend on all the microscopic single-
particle variables ry,...,r, and on a definite number
of collective variables, for example, the variables
&1, ..+, &. Functions of shell type are usually used to
construct functions of such form. Then following a de-
finite procedure (usually by means of certain operators
that depend on the variables ¢,,...,£,) collective vari-
ables are injected. Even without going into the details
of the device, one can see immediately that the very for-
mulation of the problem betrays its superficiality; there
is no mechanism for the formation of the collective
degrees of freedom from the single-particle variables;
the two types of variables exist, as it were, indepen-
dently of each other, so that one is confronted from the
very beginning with the problem of eliminating spurious
variables. It should not therefore occasion surprise that
the successes achieved in this direction are not com-
mensurate with the efforts invested. Looking at this
problem from our point of view, we obviously see that

V.V. Vanagas 120



such functions are not correct in the kinematic sense
for at least two reasons: because there is no transla-
tional invariance, and because of the redundant vari-
ables, whose presence, as we especially emphasized
in formulating condition 1, is more than microcausality
can bear,

To resolve this problem of reconciling two extreme
views of nuclear structure we must seek other ways.
As a start, it is helpful to attempt the answer to some
definite questions. Here they are. How can collective
variables be rigorously defined in the sense of quantum
mechanics ? How many collective variables exist and
what are the remaining variables of the nucleus? Can
one introduce a microscopic analog of variables de-
scribing surface vibrations of quadrupole, octupole,
etc., type and, if yes, then does such a series terminate
at a particular multipolarity or can it be continued as
far as one wishes? Can one find a functional connection
between the collective and single-particle variables?

The results obtained from examining the extreme
models have not given comforting results: They are
incorrect in the kinematic respect. Questions such as
the following arise: How can one construct kinematically
correct nuclear models? Which of these are the sim-
plest and in what direction do they generalize the in-
correct models? Are there models that combine
single-particle, collective, and intermediate aspects of
the motion of nucleons in the nucleus?

2. PARAMETRIZATION OF ORTHOGONAL
GROUPS AND CHANGE OF VARIABLES IN
MULTIDIMENSIONAL SPACES

We are concerned primarily with choosing variables
that automatically satisfy microscopic translational
invariance. These variables are well known—they are
the normalized Jacobi coordinates associated with the
single-particle vectors ry,...,r, by means of the
relations )

1 ’
Pi=1—'ﬁ(2 Tf—“'iﬂ)v (1)

t=1

wherei=1,2,...,n—1. If the spin or spin—isospin
variables are denoted by @, our problem is to study the
class of wave functions

¥(T|p - Pu-ti O (2)
which undoubtedly satisfy condition 3. In (2), T is an
arbitrary but necessarily complete set of quantum num-
bers of the nucleus, and the completeness must here
ensure decomposition of TW(I') in terms of the original
set of functions ¥(T), where T are certain “good”
operators, Below, we give a detailed description of the
operators T, from which it can be seen that they are
indeed “good” operators.

As long as the quantum numbers I" are unspecified,
the set of functions (2) is highly arbitrary. It would
seem at first that for these functions one cannot make
constructive assertions permitting the separation of
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their dependence on the collective variables of the
nucleus. But in reality this is not so: There exists a
mathematical formalism by means of which one can
formulate an effective method of separating the collec-
tive function of the nucleus without any essential addi-
tional assumptions about the form of the function (2).

Above, we have criticized the attempts in which
collective degrees of freedom have been introduced as
redundant variables; their limited success is due to an
incorrect formulation of the problem at the very start.
In a correct approach, one does not use single-particle
and collective degrees of freedom simultaneously;
rather, one must make an ordinary change of the spatial
variables, i.e., take 3(z - 1) functions ff and assume
that

pi =11 Eu -« 0 B3 Qrers - - Tatm-n)s (3)

where pj are the three Cartesian components of the
vector py(s =x,9,2;i=1,2,...,n-1); &,..., £, are k
collective variables and Gp.q, ..., ¢3¢n-1) — 3(n = 1) are
the remaining k variables of the nucleus. For brevity,
we shall frequently denote the sets &,..., &, and

Gpets « s Q3n-1y PY & and g and call them, respectively,
the collective and internal variables of the nucleus.
The first task is to choose the functions (3) sensibly.

To clarify the meaning of the functions (3), we need
to know an appropriate parametrization of the group of
proper rotations of an »-dimensional space. In this
space there are 7(r — 1)/2 planes which can be labeled
by two indices p and { if it is assumed that p =2,3,...,7
and {=1,2,...,p~1. Rotation in the plane {p can be
defined by an operator T,,, which is realized as an -
dimensional real matrix which depends on the parameter
9¢p With matrix elements (T,,);; that differ from the
matrix elements of the unit matrix only by the two
diagonal elements (T',);; = (T,),, =C0s9,, and the two
nondiagonal elements (T';,);, == (Ty,)5; =5in9,. It is
obvious that any rotation can be represented as a pro-
duct of one-parameter rotations 7(9,,). It is important
to note that the order in which these operators are
arranged in their product is essentially unimportant
because the T',,’s form a complete set of different
operators of rotation, i.e., operators that each imple-
ment a rotation in its corresponding plane. This pa-
rametrization of the general rotation of the »-dimen-
sional space—the proper rotation group Oj—is con-
venient in the infinitesimal respect since, using it in the
space of parameters 9,, in the neighborhood of the iden-
tity element, one obtains one-parameter curves to
which the various infinitesimal operators correspond.

However, this parametrization is too cumbersome
for global methods, i.e., methods based on integration
with respect to a group. There is another way of speci-
fying rotation of »-dimensional space by means of
operators that implement a rotation only in planes with
t=p —1. The total number of parameters of the group
must remain the same, and therefore for each plane
p =1, p it is necessary to introduce v parameters,
where v =2,3,...,p; with each of these parameters
there is associated an operator, so that instead of T,,
we have the operators T} , defined by the r-dimension=
al matrices
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g1 p
1 0
S ] 0
Q@ 1
p-1 E(;J 5;‘1
W _
Tp1p= 0 0
P _‘S(pl!l C;;'”
1 0
a 0 ®
0 1
4)

In (4), we have introduced the abbreviated notation
cf? =cos9y?], and sf =sing;?},. All the parameters 9
with p > 2 take values in the range 0< 19;21; <, while
the parameters 9 with p =2 take them in range 0 < 93’

< 2.

Any proper rotation G; of -dimensional space can be
specified by a product of the operators T} ,, though now
their order is important, Indeed, one cannot place
operators with the same p next to one another because
their product contains, not the two parameters 9§},
and 957 ), but only their sum, i.e., one of these param-
eters is lost. It is therefore necessary to determine a
definite correct order of multiplication of the operators
T$%},. The requirement that operators with the same
p’s must not occur next to each other leaves a great
freedom of choice, which can be partly removed by us-
ing a recursive construction. Suppose we have already
chosen a definite order for constructing the operator
Gy, of the proper rotation of the (» — 1)-dimensional
space and we need to make it into the operator G; of a
rotation of r-dimensional space. To be specific, we
shall do this “from the right”, i.e., we set

Gr=Gioygt, (5)

and fix g7 by assuming that
g = Il T2 ®)

To analyze the structure of Eq. (5), let us write down
in the case r=4: G} =T{ T T T TV T, It can
be seen from this example that on the transition from
the (» — 1)-dimensional to the »-dimensional rotation
only one essentially new rotation, T,‘.’_'{,., appears, its
subscript ¥ adding the new dimension. On the left of it,
there are all the rotations of the space of » -1 dimen-
sions; on the right only some. It is now clear that this
parametrization is convenient in the global, integral
respect because the number of essentially new rotations
appearing on the transition from the group O;_; to O}
is minimal. ‘However, if we attempt to use this para-
metrization to find infinitesimal matrices, we face
disappointment since differentiation with respect to the
parameters gives only » — 1 basis infinitesimal opera-
tors Iyy, I3, ... 51, . To determine the remaining
#(r=1)/2 - (r = 1) operators, one must have recourse
to their commutation relations.

The elements of the orthogonal group O;, whose
parametrization we have just obtained, implement a
proper rotation of the #-dimensional space. There is
a weighty reason that calls for the extension of this
group in connection with the Pauli principle. Suppose
that the variables x4,...,%,, the objects to which a
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transformation of the group O; is applied, are the
variables of particles that satisfy a definite statistics.
To guarantee the permutation properties of functions
that depend on these variables it is necessary to use
permutation operators whose matrices have a deter-
minant equal to — 1; but the determinant of matrices of
proper rotations is 1. We conclude that permutations
are exterior operations with regard to proper rotations,
i, e., the permutation operators act outside the frame-
work of the algebraic formalism of the orthogonal groups
O;. It is therefore necessary to extend the group of
orthogonal transformations, including in it not only
operators of proper rotations but also permutation
operators. This extension can be made by using a single
numeral orthogonal matrix with determinant equal to

-1 since its product with the matrices of proper rota-
tions exhaust, because of the group properties of the
latter, all the real orthogonal matrices of improper
rotations as well. We take this matrix to be the diagonal
matrix s, which differs from the unit matrix e, by only
the sign of the #th element of the principal diagonal. We
now introduce a group of reflections o, consisting of

two elements o,= {e,,s,} in the form of v-order matrices
and multiply, for example, these elements from the left
by elements of the group of proper rotations. The ele-
ments G, of the complete orthogonal group O, can now
be specified by means of the matrices G, =G;0,, where
0, are the elements of the reflection group. For what
follows, it is necessary to perform also a recursive
(with respect to #) construction of the elements of G,.
Taking into account (5), we have G, =G}._.g}0,
=G}.10,.,0;}gt0,, and therefore

Gr=Gr-|gr (gr = U;ng:ur)- (7)

In mathematics, a set of elements like the elements
g, of the group O, are usually called a factor space and
denoted symbolically by g,=G,/G,.;. We can write
down the same thing for the group of proper rotations:
g:=G;/G;_,. Above, we have already encountered one
further factor space, ¢,=G,/G;, which arose when O}
was extended to O,.

If we have an arbitrary group G and a subgroup of it
H, then we can introduce the factor space g=G/H.
Under additional conditions, when H is invariant under
inner automorphisms (this means that gHg™! =H for all
g, i.e., H is a normal divisor of G), the factor space
becomes a factor group. In our case, the sets G,/G,_,
or G};/G;_, are only factor spaces, whereas G,/G! is a

factor group.

The concept of a factor space and the convenient
notation for it enable us to write the formulas for the
transition to a spherical coordinate system in the multi-
dimensional space in a compact form. In accordance
with (6) and taking into account the reflection operators,
we obtain for the »-dimensional matrix D %7, which de-
pends on the elements of the factor space G,/G,_,,

DY (g) = a7l ﬂ 7,0, 8)
p=r

The last formula shows that the elements g, of this
factor space are defined by means 7 - 1 continuous vari-

ables 9%, 9%, ...,9,%), and the two discrete variables
0,.; and o,.
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We now give an equation that brings out the algebraic
essence of the transition to the spherical coordinate
system. Let D] be the matrix elements of the last row
of the matrix (8), and xy, ..., x, the Cartesian coordi-
nates of a vector of »-dimensional space., Then the
transition to new angular and discrete variables of the
multidimensional spherical coordinate system is made
by means of the relation

2= pD" (g), 9)

where i=1,2,...,7 and p is the multidimensional
(global) radius p=(J; ¥3)*/2. Direct multiplication in
(8) enables us to prove readily that the last row of the
matrix (8) does not depend on o,.,, so that only the re-
flection group o, participates in the change of variables
(9). For clarity, we give the expanded formula (9) for
v =3. If the operators in (8) are written out in the form
of matrices and they are multiplied, we readily find
Elilitp sin 8 sin $5; By — psin 93 cos 93 x5 = (—1)°%p cos i
(10)
where (- 1)"3=1 for o;=¢; and (- 1)"s=-1 for o, =s,.
We reverse the signs of the two angles 9 in (10), which
is the same as choosing opposite signs of the nondiagon-
al elements of the rotation matrices (4), and we set
0,=¢, in (10). Then this change of variables leads to
the usual formula for the transition to a spherical coor-
dinate system.

In order to understand why we can write the change
of variables in the form (9), we must recall that the
matrix elements of matrices of irreducible representa-
tions of the orthogonal group form a complete system
of functions that depend on #(» —1)/2 continuous vari-
ables. Because of the irreducible properties of the
coordinates x,,...,x,, we can, when choosing the
functions for the transition to the new variables, take
only those matrix elements of D, of the representation
(17), that depend on only 7 — 1 continuous parameters.
In the case of our parametrization, this condition is
satisfied by the functions that form the last row of the
matrix D7), It is they that occur in Eq. (9), in which
the O,-invariant variable p is chosen for obvious rea-
sons as the 7th new variable.

Note also that in the case of an arbitrary group G
and subgroup H of it the formulas for the change of
variable by means of matrix elements of matrices de-
fined on the factor space G/H enable one to penetrate
to the algebraic essence of the connection between the
different coordinate systems used in mathematical
physics. The true meaning of this assertion can be
understood only on the basis of the connection between
the theory of special functions and the algebraic formal-
ism of induced representations.

3. COLLECTIVE AND INTERNAL VARIABLES
OF THE NUCLEUS

Formula (9), which at first glance has nothing re-
markable about it, provides the algebraic tool for
answering the questions posed earlier. We now know
in which class of functions it is necessary to seek the
functions (3) of the transition from the Jacobi coordinates
to new translationally invariant variables of the nucleus:
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We have the product of the variable o and the elements
of the matrices of the irreducible representation D ¢
of the orthogonal group O, for »=3(n - 1).

It would appear that the required formula for the
change of variables (3) can be obtained from (9) for
r=3(n~-1), and that this will give the transition from
p; to the new spatial variables of the nucleus. To see
whether this is true or not, we require constructive
assertions on the meaning of the new variables. What
criteria can one use to sort the microscopic variables
into collective variables and internal variables of the
nucleus? Can one carry out a sorting in the set of
variables p, 93 ™12, 9810, 980aN o . p Which
must be chosen on the basis of the above parametriza-
tion of the factor space g, with ¥=3(n —1), or must one
find a different parametrization more natural for our
purposes? In order to understand what is meant by a
natural parametrization of the group O, ,_;,for the
choice of new variables of the nuclear wave function, we"
must first of all answer the first of these questions.

We begin by determining the collective variables. We
shall say that the collective variables are those selected
variables, constructed from the microscopic variables
of the nucleus, which, generally speaking, can exist
independently of the other variables. This definition,
which is as yet extremely vague, can be given a rigor-
ous meaning by recalling that it is the Pauli principle
that mixes the variables of a quantum system of iden-
tical particles. The requirements of the Pauli principle
can be guaranteed by means of permutation operators,
i.e., by means of elements of the symmetric group S,.
Therefore, variables which “do not feel” the Pauli
principle, i.e., are invariants of the symmetric group
S,, are the only variables which can be independent of
the others. By definition, we shall call them the collec-
tive variables £. We shall say that the remaining vari-
ables g are the internal variables of the nucleus.

In order to stay within a kinematically correct theory,
these rigorous definitions must be used exclusively on
the basis of conditions 3 and 4 formulated earlier. In-
deed, proceeding, for example, from ¥ variables
Xy, ...,%,, We can always construct » functions that are
invariant under transformations of the group S,, and
thus introduce the collective variables of the nucleus
corresponding to them. However, the wave functions
that depend on such variables will necessarily be S, -
invariant functions, so that such a construction pre-
cludes fulfillment of the Pauli principle, and therefore
condition 4. It follows that for given # the number of
collective variables of the nucleus must be strictly
bounded. In other words, the Pauli principle can be
fulfilled only by means of a definite number of internal
variables of the nucleus, and the problem consists of
finding a minimal set of these, minimality being under-
stood here in the sense that a further restriction pre-
cludes fulfillment of the Pauli principle.

To find the minimal set of internal variables of the
nucleus, it is necessary to consider more closely the
significance of the symmetric group for sorting the
variables into collective and internal variables. And to
test the “reaction” of the variables to the action of
operators of the symmetric group S,, it is necessary
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to understand how this group is contained in the ortho-
gonal group Oj,.1,. The operators of the symmetric
group permute the single-nucleon vectors ry,...,Ir,.
Using the expressions (1), one can find the transforma-
tion of the Jacobi coordinates induced by permutation

of the variables r;. The permutations act on the indices
i of the vectors r;, from which it follows that the
elements of the symmetric group S, act only on the sub-
scripts i of the Jacobi vectors p;, generating on the
basis of these vectors an irreducible representation of
S, (see Ref. 9 for details). If transformations of the
orthogonal group O,_; are applied to the vectors

Pis e« Prat, it becomes obvious that any transformation
of the symmetric group can be represented as a product
of proper rotations of (z - 1)-dimensional space and
reflection operations; it was because of this possibility
that the orthogonal group of proper rotations was ex-
tended to the complete orthogonal group. In other words,
the symmetric group S,, which permutes the vectors
ryy..., Iy, is a subgroup of the orthogonal group O,
transforming the vectors py,...,Ps1, Where p; and

r; are related by Eqs. (1). This assertion is written

in abbreviated form as 0,285, i.e., the symmetric
group S, is contained in the orthogonal group O, in
accordance with the reduction 0,.;>85,. Note that the
rank of the orthogonal group is one less than the sym-
metric group’s, so that S, is contained very densely

in On-i'

It is now not difficult to see how the symmetric group
S, is contained in the orthogonal group Oj(,.y); this
is suggested by the indices of the Jacobi coordinates
pi. The presence of the two indices s =x,y,z and
i=1,2,...,n-1 means that the labeling is adapted to
the direct product of the 3 X3 matrix which rotates
“our” three-dimensional space and the (n=1)X(n-1)
matrix which rotates the abstract (z — 1)-dimensional
space of the Jacobi vectors. The direct product of
such matrices corresponds to the direct product of the
groups O3 and O,_, and it is therefore natural to intro-
duce the reduction Og(,.qy 2 05%0,.;, which means that
the elements of the orthogonal group Oj(,.;, are re-
stricted to the direct product of elements of O3 and
0,.1. In this restriction, it is assumed that the matrix

of reflection of the 3(n — 1)-dimensional space is replaced

by the matrix of reflection of the (2 - 1)-dimensional
space; this replacement is justified since to allow for
reflection one need use only a single numerical matrix
with determinant equal to — 1.

Let us now particularize formula (3). We have shown
above that in this formula the factor space cannot be
understood as the factor space g, with » =3 - 1),
which is parametrized by the method described above;
a paramefrization of this kind is suited to the canonical
reduction Oy .4y O34ye1y1 2 * **2 0y, whereas the sym=-

metric group is contained in the densest way possible on-

ly in the physical reduction Og.q,2 03X 0,42 O3%S,. To
find the meaning of formula (3) for such an imbedding,
we write the elements gy(,.1y of the group Ojy(,.qy in the
form gs(,-1, =2G4d,.1, where G} are the parameters of
the rotation group O3 (the Eulerian angles); g,.; are
parameters of the group 0,4, whose meaning we have
yet to clarify, and g are the remaining parameters that
augment the set G3g,.; to a complete set of 3(z—1) -1
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variables. The formula (9) of the change of variables
now takes the form

3 3n—1) ~
Pi = stoi:z(:Qsi H (gG;‘In-I)l (11)

where sy, denotes the last row of the 3(z = 1)-dimension-
al matrix D“S(H-U’; p is the global radius of the nucleus.

To find the meaning of the parameters of the matrix
D'3ts-1)!, we must write it as a product of three matrices
depending, respectively, on g, G;, and ¢,.;, and use the
well known properties of the matrix elements of matri-
ces of irreducible representations. This question is
considered in detail in Ref. 8, and we give here only
the final result. Equation (11) has the expanded form®

pi= 3 o DL (63) DT (gu-1) (12)

where D3’ and D'n-1) are a three-dimensional and an
(n — 1)-dimensional matrix of irreducible representa-
tions of O3 and O,_y;

0 = oDt (). '

In (12), qp.i =8p-38n-28n-1, Which can also be written in
the form gp.; =0;5,8538h.28%5.10,.1, Where the g*’s are
determined by the expression (6). It is not difficult to
show that ¢,.; depends on 3(z — 3) continuous parameters
In accordance with the remark made after Eq. (8), the
factor spaces g.3, £h-s, and g5, are defined by n - 2,
n=3, and n -~ 4 continuous parameters, whose sum
gives 3(n - 3). If we also take into account the three pa-
rameters of the group O3 and the global radius p, then
in the case n > 3 the overall balance of the variables,
3(n-1)-3n-3)-3-1=2, shows that the remaining
factor space g =Gy(,.1,/G}XG,.; is specified by just two
continuous parameters, which we denote by 9; and 9,,
where 0< 9, 9,<—7/2., When n=3, we have the vari-
able p, the three Eulerian angles, and the single pa-
rameter of O,, and the balance of the variables shows
that the factor space g is defined solely by the single
variable 9;. The first.thing which must be noted about
(12) is the correlation between the rows of the matrix
D®n1) and the rows of the matrix D%, this being due to
the properties of the elements of the matrix
D%s3tn-1)’(8), which has the form

x:n-3 |y n-2 .z n-1

si X1 o an
X1 1 a
. 0 2 0
0 1
X n-3 0 Gy Ss 0

y ne a G S G Lz St

Z: el 0 5 8 -5 Cp Gy

(14

In (14) we have introduced the notation ¢, =cos9,,
etc. It can be seen directly from this matrix that its
elements are nonzero only when s’ =¢’, which dictates
the distinctive labeling of the rows of the matrix
DYn-1’; Eq. (12) contains the matrix elements of the last
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three rows of the matrix D'n-1', and for »> 3 its rows

shegt isbeyt dtid. 8=z

correspond to the rows

i'=n-3,i'=n-2, and i'=n-1

of the matrix D'»-1’, If n =3, then in (14) we must set
9, =0, and we then find that the values s’ =9’ and s’
=z" are correlated with the first and the second row of
the matrix D‘'2’ of the representation of 0,.

We have already pointed out that the operations of the
symmetric group are internal operations of the group
0,.;. The variables p‘® and G} are not affected by the
operators of the group O,.;, i.e., all these six vari-
ables are invariants of S,. However, in accordance with
our definition, S,-invariant variables are called collec-
tive variables of the nucleus, and the results presented
above therefore show that for » > 3 there exist at least
5ix collective variables of a nucleus: the three Eulerian
angles and the three variables p'®*(s =x,y,z) of radial
type, which take values in the range 0 <p'® <w; for
n=3, the group O, degenerates into the group O,,
and instead of the three p'® there remains only the two
variables p“’(s =9,z). For completeness, we can also
consider the almost trival case n =2. Then the group
0,.; degenerates into the discrete reflection group O;,
for whose parametrization no continuous variables are
required, in connection with which all the three vari-
ables of the two-nucleon problem (p‘* and the two
Eulerian angles) are collective variables.

Do there exist other collective variables of the
nucleus? We now know that this question is equivalent
to the following: Does there exist a further continuous
group G, that can be inserted between the groups O,
and S,, i.e., does there exist a reduction 0,12 G2,
with nontrivial continuous group G,?

If the answer to this question is affirmative, then
the additional parameters which appear on the extension
of Gy to the group O,.; will be S,-invariant, i.e., collec-
tive variables of the nucleus. One can show that such a
group G, does not exist, Without going into the formal
aspect of this proof, we sketch only the stages. The
group O, is compact, and therefore G; must also be
compact. All compact groups have been classified and
are well known, and therefore this assertion can be
readily verified for small »n, for example, n=2, 3, 4,
and then, by induction, the proof can be found for any
a1

Thus, we have established the maximal possible num-
ber of collective variables of the nucleus. We formulate
the final result in the form of the following theorem.

Theovem 1. Without violating microscopic transla-
tional invariance and antisymmetry of the wave func-
tion of a nucleus consisting of #» nucleons, one can
introduce six collective variables for n> 3, five collec-
tive variables for » =3, and three collective variables
for n=2. The remaining 3(z — 3) continuous variables
with reflection for n >3, the single continuous variable
with reflection for » =3, and the reflection for n =2
are essentially noncollective (internal) variables of the
nucleus.
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It should be noted that in the formulation of the theo-
rem we speak about nucleons, and this, as was agreed
earlier, means that the protons and neutrons are dis-
tinguished by means of the isospin projection. In other
words, the condition of the theorem requires antisym-
metry with respect to all variables of the nucleus, so
that the “watchman” which prevents our finding more

than six collective variables is the symmetric group
S

Let us consider the other variant of the theory in
which protons and neutrons are treated as different
particles, so that there is no need for antisymmetry
under permutation of protons with neutrons. Suppose
the nucleus consists of #; protons and »n, neutrons
and that »; +#n, =n. We introduce the orthogonal groups
0"1_1 and 0,2_1 and using the reductions O,,t_ps,,1 and
0,,-12S,, imbed the symmetric groups Sp, and Sy, in
them to fulfil the Pauli principle for protons and neu-
trons separately. In accordance with Theorem 1, the
proton system is described by 3(n; — 3) internal variables
and the neutron system by 3(zy — 3). The group O,
contains 3(z - 3) variables, some of which, namely
3(ny +ny— 3) = 302y — 3) — 3(n, — 3) =9, now become
collective variables of the nucleus. From this we con-
clude that for the proton—neutron system the following
theorem holds.

Theovem 2. Without violating the requirements of
microscopic translational invariance and antisymmetry
of the wave function of a nucleus consisting of 1, protons
and n, neutrons (z; >3 and n, > 3), one can introduce 15
collective variables.

To avoid excessive pedantry, we have not included
in the formulation of Theorem 2 the cases n;=1,2,3
and #, =1,2,3 and, in addition, we have not mentioned
the number of internal variables of the nucleus. This
theorem does not give recommendations how the collec-
tive variables should be chosen, because their explicit
form depends on the particular physical problem to be
solved. If one needs to separate the degrees of freedom
of the nucleus responsible for the relative motion of the
proton and neutron subsystems, then the collective
variables must be the six S,,l-invariant proton variables,
the six S, -invariant neutron variables, and added to
them the %hree .‘3,,1 X8, -invariant variables specifying

.the relative position of the centers of mass of the two

subsystems. However, from the point of view of kine-
matics, these 15 variables are not optimal since they
do not include the six truly collective S,~invariant
variables that in accordance with Theorem 1 can cer-
tainly be introduced for a nucleon nucleus, and a
Jortiori for a proton—neutron nucleus. Therefore, if
it is necessary to have more than six collective vari-
ables, it is more attractive from the theoretical point
of view to add to the six true variables nine additional
variables that are invariants of only the group S,,IXS,,Z.
The explicit connection between these two different

DIn the search for a rational method of classifying repeated
representations of the symmetric group S,» such a proof was
given in Ref. 10 on the basis of the reduction Oy,.1,>S,.
Here it is sufficient to consider the simpler reduction
0,108,
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sets of 15 collective variables can be established by
means of Eq. (27) of Ref. 5.

The second of these sets enables one to introduce in a
natural manner the concept of approximate collective
variables of a nucleon nucleus, the use of which leads
to breaking of the exact conservation of the nuclear
isospin quantum number. The possibility cannot be ex-
cluded that it is this path which will make it possible to
understand the microscopic meaning of the collective
degrees of freedom of a nucleus of higher multipolari-
ties used in phenomenological theories.

4. GENERAL METHOD OF PROJECTING COLLECTIVE
AND INTERNAL WAVE 'FUNCTIONS OF THE NUCLEUS
To advance further in the study of the collective and
internal degrees of freedom of the nucleus, it is nec-
essary to give a rigorous mathematical meaning to the
concept, frequently used in phenomenological nuclear

theory, of the nuclear (moving) and original (fixed)
coordinate system and, in passing, recall shift opera-
tors on a group. It can be seen from the expression
(12) that the functions by means of which the transition
is made from the Jacobi coordinates to the new vari-
ables of the nucleus depend on parameters that specify
‘the elements of rotation groups. The elements of the
matrix D3 depend on all the parameters of the group

4, whereas the elements of the matrix D''»-1’ depend
only on the parameters of the factor space g,
=G,.1/Gpy. In mathematics, functions of the first type
are usually called functions defined on the group G,
while functions of the second type are said to be func-
tions defined on the factor space g=G/H. When H is the
trivial subgroup consisting of the identity element, the
factor space coincides with the complete group G and
therefore, without loss of generality, one can always
speak of functions defined on the factor spaces g con-
structed for the given group G by means of all possible
subgroups H of G,

Equation (12) contains the matrix elements of matrices
of irreducible representations. TFo clarify the concept
of an induced representation, the property of irreduc-
ibility is not important, and therefore, generalizing
the class of functions considered, we shall speak of
functions defined on the factor space g, these being
elements of the matrix of some (not necessarily
irreducible) representation of G. Such matrix elements
no longer have a superscript, and we therefore denote
them by B;.;(g).

The reaction of these functions to the action of the
rotation operators T(G,) of the orthogonal group O,
[in the general case, the operators T(G) defined on
an arbitrary groupAG] can be tested by giving a meaning
to the expression T(G)B;y(g). In the physics literature
it"is as a rule assumed that application of T to By
yields a function of the new argument G*'g. In mathe-
matics, operators of this type are usually called opera-
tors of a left shift on the group G and are denoted by the
letter L. Decomposing LB in terms of the original set
of functions, we obtain

L(G) Bisi(g)=Bu:(6g) = 2 B (G™) Bi (8).

This last formula shows that the operators of a left
shift transform the rows of elements of the matrix B,
and this transformation does not depend on the number
of the column.

(15)
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. We now give a different meaning to the expression
T(G)By(g). Suppose that by applying T to B;y; we obtain
a function of the new argument gG. We shall say that
operators of this type are operatprs of a right shift on
the group G and denote them by R. Decomposing the
resulting function in terms of the original functions,
we obtain

R (G) Byi ()= Buri (86) = 2] Bivie (g) Biei (G).
It can be seen from (16) that the operators of a right
shift transform the columns of the elements of the
matrix B, and this transformation does not depend on
the number of the row. Using L and R, we can trans-
form the rows and columns of the matrix B, and there-
fore the operators of left and right shifts form a com-
plete set of operators that transform functions defined
on the factor space g.

The operators L and R , which are adapted to the
neighborhood of the identity element for an infinitesimal-
ly small shift in accordance with correctly chosen
single-parameter subgroups of the group G, give left
and right infinitesimal operators. In the formulation
of the kinematics of microscopic nuclear theory one
also requires global (defined on the group) infinitesimal
operators. Frequently encountered examples of the
latter are the projections of the operator of three-dimen-
sional rotation onto the axes of the original and the
moving coordinate system. It is well known that the
commutation relations of the operators in the moving
coordinate system differ by their sign from the commu-
tation relations of the operators in the original coordi-
nate system. This difference between their algebras
reflects the fact that they are either right or left
infinitesimal operators of rotation acting on the left or
right indices of the matrix elements D%, (G?).

(16)

Let us consider the behavior of the variables pf
under the action of the operators of a right shift. By
means of (16), we readily obtain (

" 5 17)

R(G) R (Guy) o=, 09D (6165) DY (g-sGrnm)-
Suppose, in particular, G, is the identity element of
the group 0,_;, and Gy = (G3)™. Then (17) gives

R((GiY) p}= pi= p D (g,,). (18)

What is the meaning of this last formula? Suppose
that in three-dimensional space we have the original
and the moving coordinate system and the moving sys-
tem is specified with respect to the original by the
Eulerian angles of Gj. The operators R((G3)™) define
the rotation from the original to the moving system, and
therefore if pj are variables of the nucleus defined in the
original system, "pf are the variables in the moving
system. To check this assertion once more, let us
compare the symmetric second-rank tensors 115
=3 pipf and [ =3,p{h{, in the two coordinate systems.
Using (12) and (18), we can readily show that f}**'
=08(ss")(p*®)?,i. e., as must be, the transition to the
moving coordinate system reduces I1°* to its principal
axes.

The introduction of collective variables of the nucleus
and the associated reduction to principal axes of the ten-
sor I1*¥, whose components are made up of single-nu-
cleon variables averaged with respect to the single-
particle indices, was considered in Ref. 11. Equation
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(18) in the case of the factor space without reduction,
qby=ghgt ot |, was obtained for the first time ex-

plicitly in Ref. 2 (see also Ref. 4), which was the

starting point for further work in this direction.

The transition to the principal axes of the tensor
1% is instructive in a further respect: It enables one
to understand the mathematical essence of the transi-
tion to the moving coordinate system. Indeed, if one
starts with components of I1° that are functions de-
pending on the parameters Gj of the group O3 (for
further generalizations it is better to say parameters
of the factor space G3/G}{, where G} is a trivial group)
and also the other variables p'®’, then one can obtain
new functions 1["[“‘" defined in the moving coordinate
system. This system, in its turn, is determined by
the factor space G}/G}, and the tensors II* and [
are related by [1*' =R ((G}/G}) ")I1*’. We conclude from
this that the transition to the moving coordinate system
is made by means of the operator of a right shift R
taken at the “point” (G/G1).

It is now clear how, generalizing this example, we
can formulate in group language the rule for the transi-
tion to a “moving” coordinate system in the case of any
group G and a subgroup H of it. Suppose we have a
function F defined on the factor space g, which, perhaps,
also depends on the set of other variables £. Then
the function ¥ in the coordinate system that is “moving”
with respect to the factor space g=G/H is related to
the function F by

FOR=REYFE O=F ). (19)

Let us continue our example. Using the opaerator of a
right shift we can not only obtain the tensor ** from
the tensor I1°, but we can even realize a decomposition
of TI* in terms of {1*’. For this, it is sufficient to
write out the identity II** =RR'TI°**", where R™ is the
operator which is the inverse of B, i.e., B! is R taken
at the “point” G}/G}. Applied to I1*’, the operator R
transforms the components of this tensor in accordance
with (16). Therefore,

R =R (GH I = 3 B

205, 25
308

(G). (20)
Using (12) and the explicit form of II** we can readily
verify that the reducible matrix B is the direct product
DY xDU3) Applying further the operator R to (20),
we project [1%% from II%%, obtaining as a result
"= 3} 1190 D89 (63) D2 (63).
50

080

(21)

In deriving (21), we have also used the diagonality of
the tensor ﬁ“osu.

The generalization of this example for a set of any
functions F, defined on the factor space g leads to the
formula

Py )= RE)RWOF, & 0= Py (@) By @) (22)
It is readily verified that the matrices B form a re-
ducible representation of the group G. The decomposi-
tion (22) is possible only in the case when the set of
functions F, is complete with respect to the operators
of a right shift, i.e., when F, forms a complete basis
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for the matrix representation of the operator ﬁ(G). It
is in this sense that we spoke earlier about completeness
of the class of wave functions (2).

Expansions of the type (22) are encountered in many
branches of theoretical physics. We have, for example,
the expansion of a plane wave in terms of a product of
spherical functions and Bessel functions, expansions
of vector fields in terms of vector spherical harmonics,
expansion of a central potential in terms of Legendre
polynomials, and so forth.

Thus, we have approached closely the problem of
separating the collective and internal components of the
wave function (2). It is solved very simply by means of
the formula (22). We write down the expression (12)
for the variables pj in the coordinate system that is
moving with respect to the factor space ¢,.; =G,.;/

G

0 for i=1,2,...,n—4

p DI (G for i=n—3, n—2, n—1 (23)

R (g2l) pi= {
and use the expansion (22) for the wave function (2). We
obtain

Yo - pess @ =2 ¥ (T10) Brr (g (24)
Here and in what follows, £ stands for the six collective
variables p*'G}, and { is the original wave function, in
which the arguments pj are replaced by their values
given by (23). We now understand the meaning of the
term “good” operators discussed earlier—they are
operators R of the compact and therefore unquestionably
“good” group O,.;. The remark following Eq. (22) also
explains what is meant by completeness of the set of
functions (2).

Equation (24) is unsatisfactory in that the collective
function &: in it depends on the spin—isospin variables
of the nucleus. The formalism of orthogonal groups,
which is well suited to study of spatial variables, in no
way affects the spin coordinates, and therefore they
remain in the final expression (24) in the place they
were from the very start—in the wave function \%
Since we are studying spatial degrees of freedom of
the nucleus, we ought to exclude the variables @ from

. the very start when formulating the problem. Such a

possibility exists because of the supermultiplet scheme
proposed in the thirties by Wigner. 2

Let us briefly recall the essence of the supermultiplet
scheme. Suppose S, is the symmetric group that per-
mutes the spatial variables of the nucleus, and S is
the symmetric group that permutes either the spin
(for a proton—neutron nucleus) or the spin—isospin
(for a nucleon nucleus) variables of the nucleus. To
separate the orbital variables from the spin—isospin
variables, we must assume that the quantum numbers
of the wave functions contain irreducible representa-
tions of the group S, and S}, which are usually called
Young patterns.

We shall assume that the spatial wave function, which
depends on the variables p;, is characterized by the
quantum numbers I'yLMAu, where L and M are the total
orbital angular momentum of the nucleus and its projec-
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tion; X and u are an S, -irreducible representation and
its basis; and I'; is an arbitrary set of the remaining
quantum numbers. Suppose further that the spin—isospin
(or spin) function, which depends on the variables @,

is characterized by the quantum numbers T'gSM g\ 'p1’,
where S and Mg are the spin angular momentum of the
nucleus and its projection; A’ and p’ are an S!-irreduc-
ible representation and its basis; and T, are the re-
maining quantum numbers, It is well known (see, for
example, Ref. 9) what is the meaning of the set 'y and
how one must construct the spin—isospin function, and
therefore there is no need here to go into more detail
about its properties, since in what follows we shall be
concerned solely with orbital functions. From the set
of their quantum numbers I", we require only complete-
ness with respect to an expansion of the type (22). The
quantum numbers of the orbital and the spin—isospin
wave functions necessarily contain the quantum numbers
of the orbital, L, and spin, S, angular momenta and
their projections M and Mg, because only when they are
used can one ensure an exact integral of the motion of
the nucleus—the total angular momentum J and its
‘projection M.

The symmetric groups S, and S} act in spaces that are
independent of each other, in connection with which the
total antisymmetric function of the nucleus can be con-
structed by coupling the representations A and )’ by
means of the Clebsch—Gordan coefficients of the sym-
metric group into a resultant one-dimensional anti-
symmetric representation a. It is well known that under
this coupling A’ and 1’ are uniquely correlated to
and p; to emphasize this, we shall not write 1A'’ but
rather {[l. Using the Clebsch—Gordan coefficient of
the group O3, we also couple L and S into J, and we
obtain the total antisymmetric wave function of the
supermultiplet scheme:

[T,Ty (LS) T M, T LM LsSMs\ 151 _am
- )=%‘.‘P( | 7| Chimgn G2 (25)

In (25), we have deliberately used the Clebsch—Gordan
coefficients of the symmetric group instead of the usu-
ally employed factor (d,)/2, where d, is the dimension
of the S -irreducible representation A; this form of ex-
pression leaves a freedom in the choice of the phases
of these coefficients, which may sometimes be
important.

At a comparatively low price—the introduction of the
approximate integrals of the motion I"'gLS, —we have
succeeded in avoiding the variables @ and transferring
the problem of separating the collective variables to
the spatial function in the expansion (25). The technique
of projecting the collective and internal functions from
it differs in no way from the technique used to derive
Eq. (24). Moreover, as a result of the appearance of
the quantum numbers LM among the quantum numbers
of the orbital function, we obtain the possibility of
separating explicitly the dependence of this function on
the Eulerian angles G;. We now write down the expres-
sion for the variables p§ in the moving coordinate sys-

tem with respect to G; and ¢, _,:
- o 1 00
R((G3)™*) R (gn-1) pi= pi=p® 8 (si), (26)

and then, using the general formula (22), we readily
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find that

(I‘.,LM

Ap (27)

Piy - eey Pn-:) = 2 O (A LM |E) By,, Torp (Tn-1)s
Ag

where B has the same meaning as in (24); the collective
function © depends on the Eulerian angles as follows:

8 (ALM |8 = § Oy (AoLK | p®pWpi)\Dia (G3); (28)
we obtain ©, from the original set of functions ¥ by
means of the formula

B (ALK | pPpWp@) = W (ALK | pi =0, ..., pr_s =0,

PRla=p, pls=0, ..., phy =0, phos=p®). - (29)

In (28), K is the projection of the angular momentum
of the nucleus onto the moving axis z. Expressions of
the type (28) are usually used in phenomenological
collective models of the nucleus for the expansion of
the collective wave function with respect to the elements
of the matrix D*.

Note particularly the summation index in (27), in
which it is denoted by a new letter. This emphasizes
that the labeling of the rows of the matrix B can be
specified by the set of quantum numbers A,, which has
nothing in common with the set T’ \p. In accordance
with (15) and (16), the rows and columns of B trans-
form independently, so that there is no need to correlate
the notation for them. The form of the functions B
determines the dependence of the wave function of the
nucleus on the internal variables, so that these func-
tions can be called internal wave functions of the
nucleus. ®

The expression (24) in the general case and the ex-
pressions (27)—(29) in the case of supermultiplet orbital
functions give the general solution of the problem posed
here of separating the collective and internal functions of
the nucleus. Indeed, the functions § in (24) are known
if the set of original functions ¥ is. In turn, for known
¥’s one can in principle also find the functions B:
Multiplying (24) by 3;*, integrating with respect to &,
and summing over @, we obtain a system of algebraic
equations for determining the matrix elements of B:

3§ ar@ W@ 1) T @)pt. . phoi @)
# (30)
= 3 coreBror (gai)s
P
where the numbers c¢p. . here are calculated in accor-
dance with

e = 3 [ @y (120 ¥ (1 20).
Q
The expression d7(£) was obtained in Refs. 1 and 2,
and the volume element for the variables g,., can be
found in Ref. 13 (see also Refs. 4 and 8), It should be
noted that the collective functions © are not orthogonal
with respect to A;, and therefore the integral (31) is
nonzero for Aj#A,.

(31)

5. THE KINEMATICALLY SIMPLEST ORBITAL
WAVE FUNCTIONS OF A NUCLEUS

Although the formulas given above do in principle
solve the problem of separating the collective and
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internal wave functions, their application in the case

" of a set of arbitrary initial functions ¥(T") or even
orbital functions ¥(T' A uLM) of the supermultiplet
scheme may be a very difficult problem. The extreme
generality of the formulas hides important properties
of the collective and, expecially, internal wave functions
and prevents treating practically important problems
such as, for example, the complete or even partial
separation of the collective and internal degrees of
freedom of the nucleus. It would also be desirable to
clarify the meaning of the set of quantum numbers Ay
in the expansion (27) and write down an orthogonality
condition for the functions B, and also the analog of the
orthogonality relation for the functions ©.

If we retrace our entire path, we see that the results
we have obtained are based solely on the two require-
ments of kinematic correctness formulated in See. 1
and, in addition, on the assumption of a supermultiplet
structure of the nuclear wave function. All the possi-
bilities inherent in the conditions 3 and 4 have already
been exhausted, and we must now formulate a new
requirement in order to open up a way to further parti-
cularization of Eqs. (27) and (29).

There exists an immense set of supermultiplet func-
tions (25) satisfying the requirement of kinematic cor-
rectness. They include eigenfunctions of the part of the
true nuclear Hamiltonian that conserves the orbital
angular momentum and the Young pattern. Until the
solutions of the corresponding Schrodinger equation
have been studied, it is sensible to select the simplest
functions from the set of orbital functions. This prob-
lem will be well posed only when we have specified the
criterion of simplicity. The algebraic formalism en-
ables one to do this readily because irreducibility is a
synonym of simplicity in the theory of group represen-
tations. Indeed, by definition an irreducible quantity
(space, matrix, operator) is the simplest entity that
does not admit further subdivision. Therefore irreduci-
bility is the necessary and sufficient kinematic criterion
for selecting the simplest functions from the class of
orbital functions.

We should point out immediately that the requirement
of kinematic simplicity restricts to a very great extent
the class of Hamiltonians whose eigenfunctions satisfy
this criterion. We here have a secondary restriction of
the Hamiltonian: At the start, we were considering
functions of an arbitrary, possibly exact, nuclear
Hamiltonian, and we now consider only eigenfunctions
of a Hamiltonian that conserves the quantum numbers
dand L. It is as yet too early to say what type of
Hamiltonian comes under the category of the kinemati-
cally simplest, but we do know one thing for certain:
These Hamiltonians will differ strongly from a realis-
tic nuclear Hamiltonian,

Henceforth, supermultiplet functions satisfying
conditions 3 and 4 and the criterion of kinematic
simplicity just formulated will be called the simplest
kinematically correct wave functions; we now proceed
to a further particularization of the results obtained
in Sec. 4.

The criterion of kinematic simplicity can be applied
to the transformations of any group. The form of

129 Sov. J. Part. Nucl., Vol. 7, No. 2, Apr.—Jun. 1976

Eq. (27) suggests that it would be expedient to apply it
in the first place to transformations of the group O,_,.
The point is that the matrix B in (27) gives a matrix
realization of the operator of a right shift of the group
O,.,. This can be seen immediately by applying Eq. (16)
to the function (27). We require that such a representa-
tion be the simplest possible, i.e., irreducible, which
is possible only when the set of quantum numbers I';
contains the quantum numbers of the irreducible repre-
sentations w of the orthogonal group O,_,. The symmetric
group S, is contained in the group O,_, in accordance
with O,_, 55, and for the quantum numbers of the com-
plete basis of this reduction we may require an index

« to distinguish equal A’s contained in w. Therefore, the
criterion of kinematic simplicity applied with respect
to the group O,_, means that in (27) we must replace T,
by the new set I'wa, where I’y is an arbitrary set of
the remaining quantum numbers. We also replace the
set A, by Aw'v°, where 1° is a basis of the O,_-irre-
ducible representation w; A, is again an arbitrary set
of the remaining quantum numbers. Using also the
properties of the matrix elements of the matrices of
irreducible representations that give §(A,I,)6(w’w) in
(27), and also taking into account (28), we obtain

(‘ TLLK

oV’

( T LM

e [Py pn_,) =38

VK
X (d2)"® Ditat (G3) (da) "2 D%, s (gn-)s

p(:)ptv)p(z) )

(32)

where D“ is the matrix of the O,_,-irreducible repre-
sentation w; d, and d, are the dimensions of the repre-
sentations L and w, introduced on account of the normal-
ization. Equations (28) and (29) are modified only slight-
ly: In them, A, must be replaced by I'w?°,

Comparison of (32) with (27) shows that we have been
able to particularize them by virtue of the simplicity
criterion: Instead of undetermined internal functions
B of the nucleus we now have well defined functions—the
matrix elements of the matrix D¥, these depending on
the main set of 3(n — 3) variables of the nucleus. These
functions are characterized by the physical set of
quantum numbers axp, which label the columns of the
matrix D“, and the as yet undetermined set °, which
labels the rows of D; about this set, we know only that
it specifies the basis of the O,_,-irreducible represen-
tation w. Completely undetermined so far is the new set
of quantum numbers I';, which characterizes the collec-
tive function of the nucleus. The criterion of kinematic
simplicity has not yet been applied to this function.

We have now obtained the possibility of proving an
important property of the internal wave functions D“;
in particular, it enables us to say much about the mean- .
ing of the quantum numbers v?. We begin by establishing§
the transformation properties of the variables (12) under
transformations of the group 0,_,. Let G,_, be an
arbitrary element of this group. Then applying to (12)
the left-shift operator L(G,_,), we obtain

L (Gyes) pi= 3} 02D (63) Dt (65 460)
8
. N In2) -1 n—
= ’Z D (G5 ; Dyp-? (G2, Ditp? (gn-1)- (33)

In (33) we now take as element of the group O,_, the
elements G,_, of its subgroup O,_, and recall that in
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(33) s’ denotes only the last three rows of the matrix
D@n-1, These rows do not depend on G,._,, as a result

of which one can take for G,_, the identity element ¢,

But then in (33) 5(s’i’) appears in the summation, and we
obtain L(G,.,)pj=p3. This important property of the var-
iables p$ shows that they are invariant under a left

shift through an arbitrary element of the subgroup

0,.4. One can show (see Ref. 8 for the details) that be-
cause of this left-invariance of the variables pj the
expansion (32) contains only those rows of the matrix

D® that are O,_,-scalar rows. In other words, the

basis 1° is labeled by means of the indices of the irre-
ducible representations of the groups G° of the reduc-
tion 0, , 2 G°> 0O,_,, where G° are arbitrary groups
placed between the groups O,_, and O,_,.

Thus, we have shown that the basis of the reduction
0,..°G*> 0,_, gives the selection rules in the expan-
sion (32)., We now explain why the difference between
the labelings of the rows and columns of the matrix B
was especially emphasized in the discussion of (27).

If we go back to the more particularized formula (32),
we see that the method of labeling the columns of D is,
except for the choice of the repetition index a, deter-
mined by the Pauli principle, whereas the basis of the
reduction just considered serves as an optimal basis
for the rows of this matrix. In what follows we shall
assume that »° in (32) denotes the basis of only the re-
duction O,, DG°> 0,_,, the superscript zero of the

letter v indicating that this basis is O,_,-scalar,

In mathematics, the special functions studied here
on the factor spaces of the orthogonal groups (see,
for example, Ref, 13) are very simple compared with
the functions D“. Therefore, considerable exertions
were made to study them in detail, even as far as the de-
velopment of a recursive method of construction (see
Refs. 6 and 7 for details). The properties of these
functions are now known in such detail that the expan-
sion (32) can be used to investigate the properties of
concrete nuclei.

We shall not present in detail the general theory of
the internal wave functions D*, but discuss only the
simplest of their properties. These functions are ortho-
gonal with respect to the indices r®wanp (see Refs. 6
and 7). The orthogonality of the functions D* gives rise
to the somewhat unusual property of orthogonality of
the collective wave functions © of the nucleus.”*®

The basis v° determines the number of terms in (32);
this number governs the extent to which the internal
and collective motions of the nucleons in the nucleus
are coupled. It was shown above that the intermediate
groups G° can be chosen by discretion. From the mathe-
matical point of view, the simplest groups are G°
—~0,.,20,_;, which lead to the canonical reduction
0412 0,.,20,320,_,, in the case of which it is
convenient to replace v° by the set ww(@ which means
that w, w, and § are irreducible representations of
the groups O,_,, O,.;, and O,_,, respectively. Once the
groups G° have been completely fixed, itis possible
to find the number of terms in the expansion (32). This
is done readily by using the rules of reduction to the
canonical chain of the orthogonal groups and the tables
given in Refs. 9 and 14, in which the states w allowed
by the Pauli principle are listed.
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Analysis of the tables of allowed states of nuclei with
n< 40 nucleons shows® that an expansion (32) with one
term is encountered very seldom. In the overwhelming
majority of cases, even for the simplest kinematically
correct wave functions (32), there is more than one
term, and this means that for kinematical reasons in
the nucleus the internal and collective motions of the
nucleons do not separate.

How many terms are there in the sum (32)? Let us
take, for example, the O, -irreducible state w =(44)
of the *2C nucleus. Calculations show that in this case
the basis 1° consists of 15 components. Is this many or
few? On the one hand, it is enough to make it impossible
to separate the collective and internal motions of the
nucleons. But, on the other hand, it is very few com-
pared with the dimension of the matrix D of the
0,,-irreducible representation (44). It can be shown that
this dimension is 112200. Therefore, the O, ,-scalar
properties of the basis v° are alone sufficient to make
the sum (32) tractable.

If desired, one can use other intermediate groups G°
in (32) and, for example, instead of ww take the basis of
the reduction O,_, > 0, % O,_,;, where { denotes the direct
sum of matrices; O, is the rotation group of the abstract
three-dimensional space spanned by the Jacobi vectors
Pn-ss Pr-zs and p,_;. This group must not be confused with
the rotation group of “our” three-dimensional space.
For the 0, +0,_, reduction it is convenient to denote the
basis +° by the set plv,, where B is the repetition index;
1 is an irreducible representation of O,, and v, is the
representation basis. The index [ takes the values
0, 0%, 1, 1* ..., where the asterisk denotes the con-
jugate representations. If we are not interested in
reflection and making the further reduction 0y2 O,
then [* is equivalent to I, and I becomes the ordinary
angular momentum. This angular momentum is asso-
ciated with the intrinsic rotation of the abstract three-
dimensional space, and it may therefore be called the
quasiangular momentum, ®

We now give simple rules that enable us to list all
possible values of the quasiangular momentum [. In
nuclear theory, one encounters O,_,-irreducible
representations w specified by three positive integers
w; > w, > ws. If we introduce the notation E, =w, ~w,
and E, =w, —w,, then the following assertion holds: In
an O,_,-scalar basis of the O,_,-irreducible representa-
tion w = (w,w,w;) there are exactly the same quasiangular
momenta [ as there are angular momenta L in the SU,;-
irreducible representation [E,E,]. The reduction rules
for the case SU,D O} are well known (see, for example,
Ref. 9), so that we now also know the values of the
quasiangular momentum contained in the representation
(w,w,ws).? If it is necessary to list the representations
of the complete orthogonal group O,, the more compli-
cated rules of Ref. 8 must be used.

This apparently hitherto unnoted isomorphism between
labelings of bases of such a different nature is interesting
from the algebraic point of view. Of course, it can also be
established in the general case of an O, -scalar basis of the

Oypury-irTeducible representation (wy,..%, “’ﬁ)'
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We give here the simple example of the basis of the
reduction O; 4 0,_,. Suppose w = (64); then [ takes the
values 0, 2 (twice), 3%, 4 (twice), 5*, 6,

The quantum numbers of the reduction 0,,20,1.0,_,
are less convenient from the mathematical point of view
than the quantum numbers of the canonical reduction,
but they are more interesting because of the distin=
guished role of the abstract three-dimensional space.
The basis of the v,05-irreducible representation ! can
be fixed in several ways. The first of them is by the
introduction of the ordinary projection m defined by the
reduction O3> O;. But this is not the only possibility.
The basis ¥; for the group O, (but not the group 0j) can,
for example, be specified by means of the reduction
532 §; which here means that the groups S, permute the
vectors p.s, Ppz Pnp., and the groups S, the vectors
Prz and pn—l-

Such a basis makes it possible to sort the collective
and internal functions in accordance with their behavior
under geometrical permutations of the axes of the
three-dimensional subspace of the (7 - 1)-dimensional
space of the Jacobi vectors; the symmetric group S,
is here imbedded in accordance with 0,2 S,, and there-
fore the permutations do not directly permute the single-
nucleon vectors r.

There is one other possibility of choosing the basis
v, by means of a maximally dense imbedding of the
symmetric group S, in the orthogonal group O, in
accordance with 0,2 §,. Then the elements of the group
S;, permuting the variables r,_;, r,,, T,.,, andr,,
induce a transformation of the Jacobi vectors Pii=as
P2 Pp-. Further, the basis of the S,-irreducible
representation is fixed by the reduction §;,28,, and
S; and S,, respectively, permute the vectors r,_,,

Lo i it and s

We have here gone into a detailed description of
the various possibilities of choosing the basis »° since,
although they are equivalent in Eq. (32), they may not be
so if this series is artificially truncated.

It may be that the quantum numbers of one of these
sets are sometimes “good” approximate quantum num-
bers, admitting approximate truncation of the series
(32) and thus an approximate separation of the collec-
tive and internal degrees of freedom of the nucleus, If
we attempt to draw a parallel between the quantum
number K in the expansion (28) and the basis ¥°, we can
say that K is the projection of the angular momentum
L in the intrinsic (with respect to three-dimensional
rotation) coordinate system, whereas v° for any of the
reductions listed above gives the “projection of the angu-
lar momentum” w in the intrinsic [with respect to an
(n - 1)-dimensional rotation] coordinate system. Con-
tinuing this analogy, we also note that Eq. (28) sepa-
rates the dependence of the collective functions on the
Eulerian angles; at the same time, one must use the
complete reserve of irreducible functions on the group
03, whereas Eq. (32) also reveals the dependence of
the microscopic wave function on the internal variables
of the nucleus, it being sufficient for this purpose to
use only a negligible fraction of the reserve of irreduc-
ible functions defined on the group O,_;, namely, the
set of O, ,-scalar (under left shift) functions defined on
the factor space 0,_,/0

n=4°
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6. SCHRODINGER EQUATION FOR COLLECTIVE
FUNCTIONS; THE KINEMATICALLY SIMPLEST
COLLECTIVE FUNCTIONS

Equation (32) gives the orbital wave functions
D;’;MD;‘b' ane that are the kinematically simplest with
respect to transformations of the group 03X 0,_;. It is
important that the quantum numbers of these functions
include the supermultiplet quantum numbers LM and
A, whose presence is necessary and sufficient for
constructing, by means of them, the complete wave
function of the nucleus, It can be seen from (25) that
this function will be characterized by the exact quantum
numbers JM,; and the approximate quantum numbers
Vwar KT g LS,

We now take an arbitrary translationally invariant
Hamiltonian #(p,, ...,p,.; @) of a nucleus and, using
(12), perform a change of variables in it and average
it with respect to the variables G}, ¢q,_,, @ on the
basis of the functions just described. This averaging
gives the following system of differential equations with
respect to the variables p)p® (2,

Y < Wo'a KANTs (L'S) T | H —E | woakATs (LS) T >
vK
=0 (VK |p®) =0,

where € is an eigenvalue of the Hamiltonian of the
nucleus.

(34)

If nuclei do in reality have a tendency to be excited in
the first place with respect to the collective degrees
of freedom, this system of equations will make it possi-
ble to find good collective wave functions @(ps?) of the
nucleus. Equations (34) are characterized by all the
exact integrals of the motion formulated in condition 4,
and they are therefore correct in thekinematic respect.
Such a system of equations is a microscopic generali-
zation of the equations of the Bohr—Mottelson collec-
tive model. It is infinite but “goes” to infinity only
with respect to the single quantum number w. Indeed,
a fixed w determines the sets v° and @A, In turn, each
A defines a finite set of I'g and S, and for given J every
S allows a finite set of orbital angular momenta L.
Therefore, the real problem is the investigation of the
system (34) in an approximation diagonal with respect
to w. The equations can be further simplified if one is
content at first with a Hamiltonian that does not depend
on the spin and isospin variables. The technique of
averaging // with respect to the variables Gig,.,Q is
given in Refs. 15 and 5—7, and in Refs. 16 and 17 ex-
amples are given of such functions (see also Ref, 4)
and their properties are discussed.

In deriving the expansion (32) from the more general
expansion (27) we used the requirement of kinematic
simplicity with respect to the group 0,.;, which made
it possible to go over from the undetermined internal
wave functions B, r,, to the completely determined

A 0t o . st

wave functions Db ... This principle can also be
applied to other groups, in particular to O3(-1y- Using
(13) in the functions (29) we replace p® by pZ and T,
by I'yw1’; we apply to them the operator T(g")T(g)
and, using the expansion (22), applying it to the factor
space g, we obtain

T,LK

e( 3
[O)Y

er) = 6 (A[p) Ba, rorxave (8):
A

(35)
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The matrices B are reducible matrices of a representa-
tion of the group Oy,.;,. As in (27), use of the new nota-
tion A as summation index means that the rows and
columns of the matrix B can be labeled in different
ways. The requirement of kinematic simplicity with
respect to the group O,,.,, means that we consider here
only a class of functions (35) for which B is an O,,_,,
irreducible matrix. This means that the set T'; is re-
placed by I' §26, where £ is an O;,.,,-irreducible repre-
sentation; § is the index of repetition of L and w in §2;
I'y is an arbitrary new set of the remaining quantum
numbers. We label the basis A differently: Instead of it,
we shall write AQ'QE, where Q¢ is an Oy ,4,-irreducible
representation and its basis; A are the remaining quan-
tum numbers. As in Sec. 5, one can show that the vari-
ables p; are invariants under a left shift of the opera-
tors of the group Og,.1,.1. For this reason, in complete
analogy with the selection rules due to the rows of the
matrix D” being O,,-scalar, we obtain here only
Oy (n1,.1-8calar rows of the matrix D%, i.e., 2=0 (see
Ref. 8 for details), as a result of which there remains
in (35) only a single term, and the collective function
© that is kinematically simplest with respect to the
factor space g takes the form

o (“gi:sjﬁ |PE) =0([Q|p) D%, SLEwv® (E)'
The function D?(g) is the microscopic analog of the basis
functions in the Bohr —Mottelson model used to describe
B and y vibrations of the nucleus. Substituting (36) into
(32) and summing over v°K, we obtain

TQ8LM "
( @i |pl: RGO Pu—i) =0 (FDQIP)DEI SLMoohu (g)v (37)

where g=gG}g,.,. The function D® is normalized to d,
where d is the dimension of the representation 2.

(36)

Equation (37) also remains valid if the variables g
are given a different meaning. Going over from the
more general class of functions (32) to the simpler
functions (37), we have given up a solution of the
Schrodinger equation with respect to the collective
variables g and, instead of exact solutions, we have
taken the kinematically simplest functions. It therefore
became unnecessary to know the dependence of the ele-
ments of the matrix D® on the collective and internal
variables. We recall that these variables appeared as a
result of the specially chosen parametrization of the
group Oy,.,,, which itself determined the complicated
structure of the argument of the function D in (11). The
objections against using the parameters of the factor
space Oy,.;y/ 0441y, NOW disappear, and in the change
of variables we can use Eq. (9) with r=3(n-1), this
formula containing the matrix elements of the last row

of the matrix D parametrized in accordance with Eq. (8).

In this interpretation, the functions D? in (37) are
related to multidimensional spherical functions (see,
for example, Ch. 9 of Ref, 13). This is because both
sets of functions are matrix elements of a scalar row
(or column) of matrices of irreducible representations
of the rotation group. However, the multidimensional
spherical functions are much simpler than the functions
D%, which are characterized by the noncanonical basis
of the reduction Og,.,,> 05X 0, , D 03XS§,. This circum-
stance makes their construction very difficult, Never-
theless, there now exists a technique developed in detail

132 Sov. J. Part. Nucl., Vol. 7, No. 2, Apr.—Jun, 1976

for calculation on the basis of such functions and, in
particular, methods of calculation have been developed
based on the idea of a fractional-parentage expansion, '®
Substituting (37) into (25), we obtain the functions of the
so-called method of K harmonics (the method of hyper-
spherical functions).!®?° Averaging the Hamiltonian of
the nucleus with respect to all the angular and spin—
isospin variables on functions of the method of K har-
monics, we obtain a system of differential equations
with respect to the variable p:

(38)

The infinite system of equations (38), which in prin-
ciple enables one to find the collective functions ©(p),
“goes” to infinity with respect to the quantum number
2, and in practical calculations one must therefore
restrict the possible values of © and frequently the
other quantum numbers as well, There have been
numerous investigations of solutions of the truncated
system (38) in the case of few-nucleon systems and
for magic or near-magic nuclei containing several tens
of nucleons. Analysis of these investigations (refer-
ences to many of them can be found in Ref, 21) would
go beyond our present scope. Here, we merely point
out that the comparatively simple averaging technique
developed in the most general algebraic form in Ref. 22
enables one to write out readily the truncated system
of equations (38).

@80’V s (L'S') T | H — | Waxhls (LS) J) © (2] p) = 0.

Thus, we have found that the system of equations
(38) can be obtained from the system (34) if the latter
is additionally averaged with respect to # on the func-
tions D%(%). The functions depending on the variable
p still remain undetermined, and the last thing which
must be done is to impose on them the requirement of
kinematic simplicity with respect to the appropriate
continuous group. As this group, we take the unitary
group Uy,.,,, which is universal among the so-called
compact groups (see, for example, Ref. 23). However,
this universality introduces additional conditions since
in the case of unitary groups it is necessary to define
clearly the object of their transformation, this ulti-
mately giving the concrete form of the functions that
depend on the variable p,

Without going into details,® we here merely point out
that in the case when the objects of transformation of
the group U,y,.,, are operators of creation and annihila-
tion of oscillator quanta,

(da) '*® (EQ] p) = Rga (p), (39)
where R is the radial function of a 3(z — 1)-dimensional

harmonic oscillator and E is the number of oscillator
quanta.

The choice of ©(p) in the form of a radial oscillator
function fundamentally restricts the space of functions to
the space of functions of the discrete spectrum. Indeed,
as has been frequently noted in studies of the method of
K harmonics, the functions (37) give a complete n-
particle basis with respect to the angular variables
suitable for investigating bound states and continuum
states. The variable p always guarantees the possibility
of a nucleon or some nucleon association going to
infinity. Technically, this is realized by means of a
fractional-parentage re-expansion'® that prepares the
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wave function for separation of such a fragment of the
nucleus. The choice of ©(p) in the form (39) closes the
.channels of all processes that require allowance for
the properties of the continuum and, strictly speaking,
leaves one with the possibility of studying only bound
states.

If we restrict ourselves to bound-state problems,
then, substituting (39) into (36) and taking into account
the factors that guarantee normalization to unity, we
obtain the kinematically simplest eollective functions:

8 (EQSLKw | pg) = (da/dr.dw)'"* Rea (p) D 41 0o (B)- (40)

In (40), one can return to the variables p®), p®, p(®,
For these variables, there exists a different and more
natural basis defined by the reduction Ustn-1y 2 Us
XU,.,2 03%X0,,, the transition to this having the form?:

o | EE\E.Eq] yLK
[ Bow

EmL)
p(x)p(wp(z)) = Z" A%{E“:Eﬂﬁ's]‘v. 6
Qb

X 0 (EQSLKww | pepmp), (41)

Here, [E,E,E,] is an irreducible representation of the
group U;, and B and y are the repetition indices for

the reductions U, ;5 0,_, and U,D 0%, In many cases of
practical interest, the matrix A is the identity matrix,
and therefore, having the functions (41), we can readily
obtain the functions (40) by the change of variables (13).
Two methods of constructing the functions (41) can be
found in Refs. 5 and 7.

Before we complete the description of the simplest
kinematically correct wave functions of a nucleus, let
us point out the circumstance that these functions now
become completely definite, and therefore, as in the
case of the function (37), we have once more obtained an
additional freedom in the choice of their variables. If
we do not intend to solve the dynamical problem with
respect to particular variables but only to use simplest
functions, it is no longer necessary to represent these
functions in the form (37), and it is simplest of all to
return in them to the original variables p§. We then have
the complete nuclear wave function (25) constructed by
' means of orbital functions whose quantum numbers are
determined either by the reduction Uy, ;, 2 U,XU,_,

2 03%0,.,2 03XS, or the reduction U,

stn=1) = Ysr-1)
*
Soixo,, S oS,

Wave functions of the first type can be called functions
of the unitary scheme, and those of the second type
functions of the orthogonal scheme. The bases of the
functions of these schemes are related by the trans-
formation (41), and there is therefore no need to dis-
tinguish them, it being convenient to call functions of
both types functions of the U,,.,, scheme.? There exists
a well developed technique of calculation with such
functions®® based on a fractional-parentage expansion
or on the even more economic method of decomposing
a density matrix in terms of group operators. This
technique enables one to average physical operators on
‘the basis of functions of the U,,.,, scheme and thus use
them to study the properties of bound states of nuclei.
On the basis of these methods, a technique is given in
Refs. 5—17 and 22 for deriving Eqs. (34) and (38); this
technique enables one to replace the ingoluble problem
of constructing the basis functions D“ and D® by the
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much simpler problem of calculating the components of
the corresponding density matrices.

CONCLUSIONS

The requirements of kinematic correctness and the
formalism of induced representations have enabled us
to replace arbitrary wave functions of the nucleus (2)
by completely specified internal and collective functions,
or functions of the Uy,.,, scheme. This algebraic for-
malism has in particular enabled us to formulate the
requirement of kinematic simplicity, which, in conjunc-
tion with a technical matter—separation of the spatial
functions from the spin—isospin functions by means of
the supermultiplet scheme—leads to the simplest kine-
matically correct wave functions of the nucleus. Let us
make the last assertion more precise. How do we know
that these functions are the simplest? The theory of Lie
groups guarantees the assertion. We have already
pointed out that kinematic simplicity means irreducibil -
ity with respect to transformations of some continuous
group. The simplest of the Lie groups are the compact
groups. ®* They have been classified: We know a complete
list of them, just as we do for the point or space groups
used in the theory of molecules and crystals. Moreover,
we know reductions that enable one to ascend from a
compact subgroup to a compact group in accordance with
a maximally dense reduction, i.e., a reduction in which
one cannot insert any other continuous groups between
the group itself and its subgroup.

Dense imbedding of the group §, in the group O,_, was
used to prove the theorems formulated above. This
gave us a guarantee that the group O,_, is the simplest,
and it enabled us to find the internal functions of the
nucleus. In the present review, although this was not

. especially emphasized, we also used the property of

the most dense imbedding on the transition from the
subgroup 03X0,_; to the group Oy, ,, and then from
the subgroup O3¢p1y to the group Usgpe1y; here, there is
a certain ambiguity because there is a different path
available —transition from the subgroup 03X 0,, to the
group U;XU,_, and then to the group U,,_,,. However,
this lack of uniqueness is unimportant since the bases
determined by the subgroups of the two reductions are
unitarily equivalent by virtue of the transformation
(41). In fact, we have therefore shown that the functions
of the unitary (or the orthogonal) scheme are indeed
the simplest of all possible functions. We formulate
this assertion as the following theorem.

Theorem. In the class of kinematically correct wave
functions, functions of the Us(p-1) SCheme are the
simplest.

The practical value of this theorem can be readily
recognized by recalling that in seeking solutions of
many types of differential equations, describing diverse
physical processes, one can as a rule select a natural
system of basis functions. For example, for periodic
processes we have exponentials when the reflection
operation is unimportant, or sines or cosines when the
expanded functions have a definite parity; for scattering
problems in a spherically symmetric field we have the
products of Bessel functions and spherical functions;
for the expansion of vector fields, we have vector
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spherical harmonics. All such functions are irreducible
(in our terminology, they are “kinematically the sim-
plest”) bases of the corresponding groups: of the group
0; without reflection or of 0, with reflection in the

case of Fourier series, of the group of motion of three-
dimensional space reduced to its maximal compact
subgroup Oj in the case of the scattering problem and,
finally, it is the irreducible basis formed by means

of the Clebsch—Gordan coefficients from the direct
product of spherical functions and unit vectors for the
expansion of vector fields. Our theorem shows that for
bound states of a translationally invariant Hamiltonian
of a nucleus functions of the Uy,.,, scheme constitute

a natural basis of this kind. As always, the problem of
convergence of an expansion with respect to such bases
remain open.

Because of the high rank of the unitary group, the
basis of the U,.,, scheme is very complicated, with
the result that a satisfactory expansion with respect to
it of solutions of the Schrédinger equation is possible
only for few-nucleon systems. In the case of nuclei
containing several tens of nucleons, the dimension of
this basis increases very rapidly. Whereas for n< 16
and also for » near the mass numbers =16, n=40,
and #=80 the number of components of a function of the
Us(p-1y Scheme is still under control, for n=30, for
example, and even more so for #=60 this number is in
the hundreds or thousands for the simplest value E
=E,_,. allowed by the Pauli principle. There is nothing
surprising about this because expansion with respect
to such a set of functions is equivalent to solution of the
many-particle Schrodinger equation, and it is not diffi-
cult to conceive how hard this problem is.

It is clear from what we have said that practical calcu-
lations can be performed only on a restricted basis,
and this means that the states which terminate the
expansion must be given the meaning of approximate
quantum numbers. If we wish to preserve the algebraic
structure of the irreducible basis of the group Us,.,,,
the first thing to be done is to make a restriction to
one term with respect to E, i.e., in the calculations
ignore the matrix elements that are nondiagonal with
respect to E. Then the matrix of the total Hamiltonian
of the nucleus splits up into blocks and the states are
sorted accordingly with respect to the quantum number
E.

The assumption that E is a quantum number asso-
ciated with experimentally observed states of the nucleus
means that we give up the unrealizable attempt at exact
solution of the nuclear problem of many bodies and go
over to the more modest but realistic problem of
studying the properties of nuclei in a restricted subspace
of the many-particle Hilbert space. Such an approxi-
mation is equivalent to introducing a model of the nu-
cleus: By definition, we shall call the simplified
picture of nuclear structure defined by the basis func-
tions of the Uy,_,,~irreducible representation E a model
of the Uy,.,, scheme. In contrast to the extreme nu-
clear models and their modifications discussed in
Sec. 1, the Uy,.,, scheme gives the simplest kinemati-
cally correct model of the nucleus.

It is valid to ask: How constructive is this result?
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Is not the model trivial? Does it not give a too primi-
tive picture of nuclear structure? What is the picture?

To find the physical meaning of the model of the
Usg(p-1y Scheme, we must realize the orbital functions
in terms of functions of a definite Hamiltonian, which
we shall call the model Hamiltonian of the nucleus. It
is well known that the quantum numbers of irreducible
representations are given by the eigenvalues of the
set of Casimir operators; with respect to the group
Us(pe1y,» the model functions of the nucleus are charac-
terized by the single quantum number E, and therefore,
to determine the explicit form of these functions, we
must solve the eigenvalue equation for the first Casimir
operator of the group Uy,.,,- The form of this operator
depends on thé method of realization of the objects of
transformation of the group Us,.;,. Nor should one
forget that every transformation of the space on which
the unitary group acts induces a transformation of the
dual space associated with it on which the so-called
contragradient representation of this group acts (see,
for example, Ref. 9). This representation, which is
usually denoted as D'%--0=11 = pl-11  jg inequivalent to
the original representation D%+ = pl11 and one must
therefore specify two systems of objects of transforma-
tion: one in the space [1] and the other in the space
[-1]. Suppose that the objects of transformation in the
representation space [1] of the group Us(p1y are the
components of the Jacobi vectors pj, while in the dual
space [-1] they are the momenta gi. It is easy to verify
that the direct product pig; of these objects is given by
(3(n - 1))? operators that are infinitesimal operators of
the group Ug,..,. The first Casimir operator for these
infinitesimal operators obviously has the form
Eis Pfa"-

It can be now seen that we have made an unfortunate
choice of the objects of transformation—the Casimir
operator is too dissimilar to the Hamiltonian, if for
no other reason than that it contains only the first de-
rivatives. Let us attempt to raise the order of the
equation. For this we introduce the Cartan combination
of coordinates and momenta v2¢§=p$ — igs and V2t
=p; +1g;, which give Bose operators of creation and
annihilation, Now suppose that £§ and £$ transform in
accordance with the Uy, _,,-irreducible representations
[1] and [~ 1], respectively. Then the algebra of the
unitary group is given by the infinitesimal operators
£5.£5, to which there corresponds the first Casimir
operator H,=7; £3£5. The operator H, takes the follow-
ing form if we go back to the variables p§ in it:

i 1 a* .
Hyt5n—1)=—5 - ((7;);52-'—(9")2) 3 (42)
This operator is the Hamiltonian of a 3(z — 1)-dimen-
sional isotropic oscillator expressed in dimensionless
units. Its eigenvalue is E. If desired, one can introduce
the parameter of the oscillator frequency in (42).

The realization obtained for the Casimir operator of
the group U,,_,, enables us to conclude that the simplest
wave function of the Uy,.,, scheme can be interpreted
as a function whose spatial part is constructed from
functions of a 3(z — 1)-dimensional isotropic harmonic
oscillator. In other words, the spatial picture of the
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motion of the nucleons is represented by an ensemble
of potentially noninteracting quasiparticles, quasipar-
ticles here meaning nucleon formations described by
Jacobi coordinates.

Independent quasiparticles can also arise in a system
of strongly bound particles. The classical example of
such systems is a crystal: The motion of the localized
atoms fixed to their positions in the ideal crystal
lattice is described in the harmonic approximation by
a system of independent quasiparticles—phonons, By
means of this analogy, we arrive at the conclusion that
the simplest correct model of the nucleus recalls to
a certain extent a “crystal”, albeit a very odd one.
This crystal is isotropic, has a finite size, and a not
necessarily spherically symmetric shape. The real
‘particles of which it is formed—the nucleons—are not
fixed at certain sites, but execute intricate motions
described by the Jacobi variables. In accordance with
this picture, the nucleus is a Bose system with respect
to the quasiparticles, which does not prevent it being
a Fermi system with respect to the nucleons (or
protons and neutrons). The Fermi properties in the
Bose operators are hidden in the structure of the vari-
ables p; formed in accordance with Eq. (1) from the
variables r,.

The “crystal” structure of the nucleus does not
presuppose that there is no interaction in the zeroth
approximation between the nucleons, nor does it assert
that the nucleons move almost independently in the
nucleus. Rather the opposite: Like atoms in a crystal
lattice, the nucleons can interact in the zeroth approxi-
mation, even strongly in the case of a large oscillator
frequency; the only important thing is that the interac-
tion leads to a system of potentially noninteracting
quasiparticles.

We must now explain why, when speaking of the
system described by the zeroth model Hamiltonian H,,
we do not use the generally adopted term “noninteract-
ing quasiparticles” but rather potentially noninteracting
quasiparticles. When we construct the spatial function
of the scheme Uy,.,, from the eigenfunctions of the
Hamiltonian (42) we do indeed proceed from a product
of functions of independent quasiparticles, but then,
because of the need to ensure the integrals of the mo-
tion, we take definite linear combinations of functions
of such a basis. At the end, the function of the complete
system is not a product of functions of the particles
forming the system, and this means that the particles
of the system “feel” each other, i.e., interact with
one another in a certain manner. This kinematic inter-
action is not produced by a potential, and we therefore
speak of potentially noninteracting quasiparticles. One
should not underestimate the importance of the kine-
matic interaction, since one cannot compare theoretical
results and experiments if it is not taken into account.

Returning to a function of the U,,.,, scheme, we can
also say that the above interpretation is not unique,
this being due to the well known fact that the transforma-
tion properties do not uniquely determine the explicit
form of the functions. There is a “degeneracy of inter-
pretation” and this circumstance partly explains the
existence of contradictory views of nuclear structure.
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From this one can also conclude that the transformation
properties of the wave function are more important
than its actual realization.

Is the model of the U,,.,, scheme capable of explaining
the contradiction between the concepts of strongly collec-
tivized and almost free motion of nucleons in the nucle-
us, as discussed in Sec. 1? It is already known that,
using an appropriate expansion in the wave function of
the Uy(,.,, scheme, one can reveal the collective and
the internal structure of the function. It can be shown
that there exists an expansion of a different type,
which enables one to represent this function in a form
that reveals its shell properties. Such an expansion
is obviously possible only in the single-nucleon vari-
ables ry,...,r,, the set of which is equivalent to the
Jacobi vectors p,,...,p,.; if we add to it the variable
Po» Where Vmp,=3,r,, which describes the center-of-
mass motion of the nucleus. Therefore, the first thing
which must be done is to augment the function of the
Us(n-1y Scheme with the variable p,. In order to see how
this must be done, we write the model Hamiltonian H,
in the variables r,,...,r

Hy 43 (n—1) = — = 3 (=)' — (ri— 1y,

ie=q

(43)

where ﬁf are the single-particle momenta. We give this
operator the single-particle form
3 o 1 <o

Hy+ = (n—1) + Hems = — o D) [(P)* — (1), (44)
where H =Y, £3£5 is the oscillator Hamiltonian de-
scribing the center-of-mass motion of the nucleus.
The right-hand side of the last expression is the model
Hamiltonian of the shell model of the nucleus; here we
are referring to oscillator shells. The shell Hamiltonian
is equal to the sum of H;and H_ ., and this means
physically that the shell picture of the nucleus can be
introduced only by placing the nucleus in a well, which
cannot be produced by the nucleon—nucleon interaction.
The common well for the motion of the nucleons de-
scribed by the single-particle variables is a well pro-
duced by external factors, which are meaningless in the
case of a free nucleus. If the free center-of-mass of
the nucleus is replaced by a bound oscillator state, the
translational invariance of the problem is lost, i.e.,
we violate the requirement of kinematic correctness,
and it is only at this price that we can introduce a shell
picture of nuclear structure. From this we conclude
that the shell model of the nucleus is incompatible with
the requirements of kinematic correctness. This means
that the shell representations of nuclear structure are
incorrect, i.e., in the nucleus there cannot exist poten-
tially noninteracting particles, and in the best case one
can only speak of potentially noninteracting quasipar-
ticles. This conclusion follows from the requirement
of translational invariance, and it is therefore universal
and applies in the case of arbitrary functions of the
nucleus.

These problems have frequently been discussed in
the literature, in at least two aspects: One of them is
associated with the problem of eliminating the center-
of-mass motion of the nucleus; it was considered in
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Ref. 25, and then in several other papers. This problem
is usually treated as the problem of overcoming a
mathematical incorrectness that does not preclude the
possible existence in the nucleus of a single-particle
field as a physical reality. In fact, the situation is just
the reverse, and to emphasize this, we formulate the
following theorem.

Theorem. In a kinematically correct theory of the
nucleus one cannot introduce the concept of a single-
particle field.

It follows from this theorem, which may seem ob-
vious to some readers, that even in the zeroth approxi-
mation in nuclear theory one cannot introduce a self-
consistent field of the particles, i.e., strictly speaking
the Hartree—Fock method does not apply to the nucleus,
In this aspect, such a problem has arisen in the litera-
ture in connection with the dependence of the average
field on the properties of the potential of the nucleon—
nucleon interaction. Here, the same conclusion follows
from kinematic requirements, and, therefore, does
not depend on the particular form of the nuclear
Hamiltonian. The physical reason for this lies in the
properties of a fermion system of identical particles,
as discussed in the introduction: Because there are no
force centers, the concept of free motion of nucleons
in the nucleus logically contradicts the very existence
of the nucleus as a stable quantum system.

Does any of the talk about single-particle levels,
outer nucleons, single-particle transitions, and so
forth having anything in common with reality? Has not
the shell picture of nuclear structure disappeared
without trace? From the fundamental point of view, the
answer is yes, but from the computational point of
view one can say the following: There are cases when
the results of calculations on the basis of shell func-
tions and functions of the Uy,.,, scheme agree, and
this explains why the shell picture of nuclear structure
does sometimes become meaningful.

These cases can be found by expanding a function of
the Ug,.,, scheme in terms of shell functions. It was
shown above that one can expand thus a function of the
Us(n-1y Scheme only if it is multiplied by the oscillator
function describing the center-of-mass motion of the
nucleus. Let us fix the simplest, vacuum, state of the
center of mass of the nucleus and write down the
expansion

2=t exp (—py/2) ¥ (Ex|pss - s Po-ts Q)
:gwmir,. s P Q) Cig

(45)
Here, 7T is a basis of the unitary or the orthogonal

scheme; x are all the quantum numbers of the shell
configurations; and ¢ are expansion coefficients. The
actual form of the set of quantum numbers y depends

on the meaning given to the concept of configuration,

One can speak of Oj configurations defined by the
quantum numbers of the orbital angular momenta of the
nucleus, Then the radial functions remain arbitrary and,
in particular, as in the theory of atomic spectra, they
can be found as solutions of the Hartree— Fock equation,
One can also speak of SU; configurations (the Elliott
model), defined by the oscillator energies of the nucleons.
Then the radial functions are oscillator radial functions.
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To be specific, we shall assume that 7 in (45) stands
for quantum numbers of the unitary scheme and y for
quantum numbers of the SU; configurations, and we shall
attempt to establish when there is just one term in
(45). To find the number of terms in (45), it is neces-
sary to list all the SU, configurations with the same
number of quanta E, Let us consider first the case of
the smallest E=E ,, allowed by the Pauli principle.

It can be shown that there is then only one possible
configuration, and therefore there is only one term in
the expansion (45) when E=E_,  for all n. These are
the cases when the motion of the potentially noninter-
acting quasiparticles is rearranged by the external
oscillator well into the motion of potentially noninter-

- acting particles. The SU, configuration can be decom-

posed further in terms of O} configurations. It happens
that in this expansion there is also only one term (this
is always for the case for n < 16) and then, using the
generally adopted terminology, we can say that the
nucleons move in spherical orbits: It is these cases
that correspond to the classical shell model of the
nucleus.

For states E=E_, +1 of the Uy, scheme in the

min
expansion (45) there are two terms; for E=E_,, +2,
there are four,® etc. Therefore, when E>E_,  the

motion of the quasiparticles cannot, as a rule, be re-
arranged into motion of particles. Nevertheless, there
are cases when some of the coefficients of the expan-
sion (45) become, for different reasons, equal to zero
and again there remains only one SU, configuration,
which occasionally degenerates to a single O} configu-
ration. In other words, even in the case E>E_, one
sometimes encounters U,,.,, states that in the common
oscillator well can be rearranged into states of shell
type; an analysis of these states in the case E=E_,,
+1 for 6 <n <16 can be found in Ref. 26.

Summarizing, we can say that the Uy,.,, scheme
admits as an exception states of shell type in the above
sense. However, on the transition from E=E_, to
E>E,,, and also from light to heavier nuclei, such
states are encountered evermore rarely, as a result
of which it is impossible, for many states of the
Usen-1y Scheme, to rearrange the “crystal” structure
of the nucleus into a shell structure by means of an
external potential well,

Let us summarize. From the kinematic properties
of the nuclear Hamiltonian one can obtain in explicit
form all the group characteristics of model functions
and, using them, give a very simple physical picture
of nuclear structure. One cannot assert that this picture
corresponds exactly to reality: The nucleus is too com-
plicated an object for us to understand its structure by
means of simple and lucid representations. However,
one can say that our picture is the simplest of all
possible pictures. The model constructed in this manner
contains, despite its simplicity, single-particle, collec-
tive, and also intermediate aspects of the motion of nu-
cleons in the nucleus, Working with wave functions de-
fined in the coordinate representation, we must begin
to study the properties of nuclei with the model of the
Us(p-1y Scheme; this model can be ramified and there-
fore improved, but it cannot be simplified without
violating general kinematic principles.
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