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INTRODUCTION

Group-theoretical methods of investigation are an
indispensable tool in modern theoretical physics. The
perspicuity and relative simplicity of the group-theoreti-
cal approach (in the cases when the corresponding
mathematical formalism is sufficiently developed) and,
above all, its fitness for the task distinguish it and
place it ahead of the other methods of investigation. It
is the fundamental laws of the physical processes ex-
pressed in various symmetries that are the basis of
this distinguished role,

Indeed, the theory of group representations, especial-
ly of noncompact groups, has developed largely under
the stimulus of the urgent requirements of physics. The
uses of grouy theory in theoretical physics are very
diverse: solid-state physics, the theory of relativity,
classical electrodynamics, nonrelativistic quantum
mechanics, relativistic quantum field theory, etc (see,
for example, Ref, 1), No less rich is the spectrum of
groups—one to suit each physical system, from the
simplest finite groups to infinite-dimensional groups
whose study has just begun.

Semisimple noncompact Lie groups® have found wide
application in theoretical physics, especially in the
physies of elementary particles. However, effective use
of these groups is complicated by some important
circumstances. First, the representation theory of non-
compact groups has not yet achieved the definitiveness
that is characteristic of compact groups, Second, and
no less important, many of the results already obtained
in this field are formulated in a manner and in terms
that are not always convenient for physical applications.
Methodologically, the study of the mathematical results
of the representation theory of semisimple Lie groups
is made much harder by the fact that different methods
are frequently used in the derivation and actual con-
struction of the fundamental characteristics of the dif-
ferent groups,

The present review is a compact exposition of some
results in the representation theory of semisimple Lie
groups obtained by means of the asymptotic meth-
0d?% 274043 The main idea of the method is borrowed
from physics: A particle of mass zero has the simplest
kinematics, to which infinitely large values of the
hyperbolic angle of rotation correspond from the group
point of view. The Regge behavior of the amplitude of
potential scattering is a consequence of the power (ex-
ponential) asymptotic behavior of the Legendre functions
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(matrix elements of the noncompact group SU(1, 1) with
respect to the energy.® These properties in fact have a
general nature: The asymptotic behavior of the matrix
elements of an arbitrary semisimple Lie group is ex-
ponential in the region of infinitely large values of the
noncompact parameters, and the problem of construct-
ing irreducible representations of these groups can be
related to their asymptotic properties.

In this review we shall attempt to formulate the re-
sults in the most general form, in which, paradoxically,
they take their simplest and most unified form, As the
review is intended for physicists, we prefer simplicity
and perspicuity of exposition to mathematical rigor in
the statements and proofs. Because the irreducible
representations and basic characteristics of semisimple
Lie groups are obtained in the framework of a single
method, it would confuse matters to discuss other ap-
proaches and results obtained with them; these can be
found in numerous reviews and monographs on the sub-
ject (see, for example, Refs. 4—8),

The problems of representation theory most frequent-
ly encountered in physical applications get the main
attention: construction of algebras of irreducible rep-
resentations, the finding of their Casimir operators,
problems in the harmonic analysis on semisimple
groups, the finding of matrix elements of finite trans-
formations in a definite basis, and the finding of global
characteristics of representations.

Let us now mention the branches of theoretical phys-
ics in which these aspects of representation theory find
application. One of the main fields of application of
representation theory in particle physics is spectros-
copy, i.e., the classification of the elementary parti-
cles in accordance with unitary and nonunitary rep-
resentations of some group (see, for example, Refs,

2 and 9), Physical considerations suggest a particular
representation (or a whole class of representations) and
enable one to establish the correspondence between the
parameters of the representation and the potential
candidates to be identified—elementary particles with
definite quantum numbers.

In various branches of theoretical physics, one en-
counters the problem of finding the invariant Casimir
operators constructed from the generators of some
group, which is assumed to fit the physical system.

It suffices to mention their importance in quantum-
mechanical calculations in the classification of many-
particle states, the determination of the energy levels
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of atoms and nuclei, **10 the derivation of mass form-
ulas for elementary particles,z'“ etc. In conjunction
with the quantum numbers of the representations, these
operators form a complete set of commuting operators
corresponding to the observables, Knowledge of the ex-
plicit form of the operators that form the algebra of an
arbitrary operator-irreducible representation of a group
is helpful in concrete realizations of algebraic ap-
proaches in field theory.

Harmonic analysis on a group (or on homogeneous
spaces with a given group of motions®'?) has found
many applications in physics, The problem of expanding
a square-integrable function on a group—the amplitude
of a process is generally the function—requires knowl-
edge of explicit expressions for the Plancherel measure
of the representations of the various principal series
and the matrix elements of finite transformations. In
some problems of quantum mechanics and field theory!?
it is convenient to expand not with respect to matrix
elements but with respect to generating functions, which
often have a clearer analytic structure and simple
properties. In some cases, sufficient information about
individual properties of a physical system is contained
in the formulation of Plancherel’s theorem in terms of
the characters of the representations of the correspond-
ing groups, the dependence on the quantum numbers
being summed in such a formulation,

We should also mention the less simple but interest-
ing analogy between Green’s functions and the charac-
ters of irreducible representations and kernels of
Hermitian operators and intertwining operators, ! It is
evidently not by chance that the characters of the ir-
reducible representations of the Poincaré group have
some formal properties in common with the Green’s
functions of free fields; notably, singular behavior on
the light cone, '°

The technique of projection operators has found wide
application in problems of the classification of atomic
and nuclear levels, ¥ The universal parametrization of
group elements derived in this paper may, we believe,
be helpful in the study of the analytic properties of
physical quantities that contain expansions with respect
to a complete system of intermediate states.

The results obtained in the present review take their
simplest and most compact form in the Cartan—Weyl
basis; this basis is intimately related to the root tech-

nique, which enables one to treat all semisimple groups

from a common point of view. In applications in physics,
the tensor basis, in which it is always necessary to

take into account the specific tensor structure of the
corresponding group, is more usual, The final re-

sults for each type of classical complex group and the
corresponding real forms are given in tables.

1. REALIZATION OF IRREDUCIBLE
REPRESENTATIONS OF THE ALGEBRAS OF
SEMISIMPLE LIE GROUPS. INVARIANT
OPERATORS

Notation and definitions. The most impressive re-
sults of the structure theory of semisimple Lie algebras
and groups are associated with the invariant root form-
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ulation and go back to the classical studies of Killing,
Cartan, and Weyl. The idea that one could achieve a
unified classification and description of the basic prop-
erties and characteristics of all semisimple Lie alge-
bras and groups by a classification of the associated
system of roots and an invariant root form of expres-
sion had a very fruitful influence on the study of these
objects. Without going into an exposition of the main
concepts and results obtained in the theory of semisim-
ple Lie algebras and groups in the invariant root tech-
nique (see, for example, Refs. 4—7), we introduce here
merely the notation and definitions needed later: G is an
arbitrary semisimple Lie group; # is the maximal com-
pact subgroup in G; # is the maximal noncompact t
Agelian subgroup in G; S is the centralizer of # iné;
Wpg is the Weyl group corresponding to the group
B={G,#,85,:-:}; g is the Lie algebra of G; § is the
Cartan subalgebra of g ; #5(£5) is the rank (dimension)
of the group B={G, s, .4, S}; R is the system of roots of
¢ with respect to § ; # is the number of positive roots;
po is the half-sum of the positive roots; X,, are the
elements of the root space of root @, a € R; k; are the
generators of 1, corresponding to the simple roots

T lsisr,

In the Cartan—Weyl basis the elements X,, and %;
satisfy the relations

‘NmﬂXm-Bv C’-*ﬁER-
[Xo, Xplo=19q 0, a+PB=%0, a+BER; |k, hil-=0;

hay o +p=0: (1)
(s, Xpol-==4 a(h;) X.iok

and for compact roots X}, =X_,, hi=h;, where + is the
symbol of Hermitian conjugation (x and T are the com-
plex conjugate and transpose, respectively), The ele-
ments X,, and %;, which form a complete set ¥, u

== a,?, can be normalized by the relations
8p XoXp= 8asp. ot Sp Xoh;=0 (2)

in a definite basis, i.e., SpY , Y"=8&".

Sp kish; = 8;5:

In what follows, in the cases when it is necessary to
distinguish complex groups and their real forms, the
superscripts C and R!, respectively, will be appended
to the symbol of the corresponding group. The real
form G®i of the complex semisimple group G¢ is deter-
mined by specifying the matrix ¢ of the involutary auto-
morphism, and when##° is restricted to# % the ele-
ments X, go over into X, =X, +0X 0,

The main characteristics of semisimple Lie groups
are listed in Table. 1.

Generators of Semisimple Lie Groups., The develop-
ment of a constructive theory of representations of Lie
algebras as an important independent branch of modern
mathematics as well as a powerful tool in the investiga-
tion of group-theoretical problems is based on their
linearization and in the framework of the infinitesimal
approach requires knowledge of the explicit expressions
for the generators of the algebras in some parametriza-
tion. The effectiveness of the infinitesimal approach
and exploitation of its advantages over the global ap-
proach in the derivation of concrete results depend on
the complexity of the parametric dependences of the
generators of the algebras under consideration,
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TABLE I,

| T e a(x) A | b Element T(r) T s s i
Ln, C " x
(rf.i ! 2n 2n2 — U (n) n n2 expT n L, Ue...8u u,) G bl n
& n
L (:;’ R) n n2 o(X)=X* a(n) [i:l M exp T n Za;’&_-;-_i@_fg —_ P,
1 2 3 e
U (2 olX) ) SUR® ..... SU(2)
A‘H") % in? =T, X% | Sp(an) v | ad-a2n (“ET M:”) P el e iy O 3n
Ulp. q) o (X) . Uip—a)®
4 G = S Xt ; . i 2 coshr sinhr 5 "
b 3 2 5” S nlvmeUe| » P (sinh‘r cushr) ¢ [BVN®.-3TW P |(p—a)—q
Pra=n q
0(n, €) 2t = s 0 n n(n—1) _cpsh'r isinh7 n YD ovree ®RU (1) n m
B, D (n:2] | n (n—1) (m) [7] — (-15111]1‘1' cosht ) [E] S [*2“} [7]
SU@® ... ®SU @),
1 k 3k
coshr isinhr 0 0 Ay
" -isinht  coshr 0 0 =5
UB.([ZI:) no [n(2n—1) :J(n {1;—1 U (n) n n? 0 coshr -isinhr [%]
o n g g
: 0 isinhr  coshr SU@®.... Q50 (2) @
5% TR |
@U), n=2k—-1
TABLE L. (continued)
L-ggs‘:*ﬁf e e nded. H T S Element T(r) T 5 g ts
Vo P i i h7 sinhr a0s (—g) (p—g—1)
p+q=n,|[n n— 0 0 n coshr si A SRR Rz 2—q7({p—9) (p—9—
‘193]4' [2 ] e e 3 =V paX* g (M@0 (P [ 3 ] .’ (G’;“ ( sinh7 cosht ) . ! . : 2 ] 2
X U@ {iel U
Sp ‘:ZL{‘- c) 2n [2n(1+=2n) — Sp (2n) n n(1-=2n) (ekg * prﬂ( —U) n _ﬂ_;‘_@;.(i_)/ n n
X 0 Zy® ... Z,
SP@LR) n a2 | o@m=x | T | n nt 0 sgorait) b ot ey | e
Sp(2p, 29) ( coshT sinh7 0 0 Sp(2p—20)® B
P> 4q, i o (X) Sp(2p) ® r(2p+1) sinht coshr 0 0 ol
p—cq;n Bt any ] —IpgX*I,, | ®Sp(29) B +e(de+1) ( 0  coshr sinhr 7@ ‘c?ﬁz_) oL 0 @Sp(2) 2 2 (2P+;:+1)
0  sinh7T cosh7/ g

Note. The following notation is used in the table:

st 0 sbe ol
"M“(ajp 2)“’11"( g {J")" Tpg= :; _;q +2 3 :
~‘q n r

" 0 o 0 -I

The point of departure in the determination of the ex-

plicit expressions for the generators of the group alge-
bra is the choice of a parametrization of the group’s
elements. If the Cartan decomposition is used, it pro-
vides a natural possibility for investigating the basic
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characteristics of noncompact semisimple Lie groups
on the basis of the results known for the compact case;
we shall also see that it brings out a certain uniformity
in the final results for the compact and noncompact
cases,
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We should point out that a parametrization of the non-
compact groups in terms of their maximal compact sub-
groups is not necessary for the general investigation of
representations or for the formulation or use of the
asymptotic method proposed later.

Each element g in G, excluding a set of lower dimen-
sion, is parametrized by the Cartan decomposition:

g=hT(Vhky k€9 T(DEA, ®3)

which is unique under the assumption that the param-
eters of k,(k;) associated with the centralizer are in-
cluded in k(). Then the basic group relation §g =

- F,.goe can be rewritten in the form

T8l - O - T4 = TOkohs Tt = S6€; S = —h7*Foky, (4)

where F. is some tangent infinitesimal operator and b€
is the parameter of this transformation.

The infinitesimal operator of the left regular rep-
resentation corresponding to the tangent transformation
F, is determined by

Fom 3 0 S 00 S Rt 5)

where the derivatives w= k1 kl, Q= kzkz , T= TT-
(6T =Tbe, Bk, q—ki 208, W =-w, Q *=-{) of the group
parameters in (5) are found from the system of equa-
tions (4), By # 8 (#%) we denote the infinitesimal
operators of the r1ght (respectwely, left) regular rep-
resentation of #'; (TTY),, = 6,;7;. Similarly, we define
operators F for the right regular representatxon of G,
which are expressed in terms of # &3 and # §

In the Cartan—Weyl basis for an arbltrary semisim-
ple Lie group one can obtain a unified invariant root

form of expression of the operators of the group algebra.

We begin with the case of a complex semisimple Lie
group G for which the tangent operators F and & (cor-
responding to compact, F, and noncompact, &, genera-
tors, respectively) can be expressed in terms of X,
and %, as follows:

Fom X — (— 1 Xy D=1 Xt (— 0 Xt ]

Fe=ihs O,=hs; e=1. 2. } (6)
Using the decompositions

M= ¥ M={o. @ Sk 1=3 thy
™ i
my=Sp MY"; u={*a. i}

and the relation exp(y; 7,4)X , exp(- 3; Tih;) =X, expa(T),
which follows from Egs., (1) and (2), we rewrite the
system (4) in the form

S (@ Oy exp [2 (1] —Sx) Xa— (u, 0 = S0 ()

2=

The solutions of this last system:

expla (0] ST, —exp[—a (D] Sy ]
2shea(T) A
5Iu=5a (8)

2shaln * I
|

§) 2 0= =—(87—S)2 .

0y = —
0=
= (81~

are a trivial consequence of the relations (2). It should
be noted that all the a(7)’s are nonzero since otherwise
there would exist an element X, that commutes with 5.

The expressions obtained for the generators have a
very complicated analytic dependence on the group
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parameters ky, k;, 7. However, it is easy to see that
Eqgs. (8) simplify appreciably in the asymptotic region
of infinitely large noncompact parameters 7: the Q’s
become zero, and the dependence on the parameters T
in @ disappears. At the same time, there is no func-
tional dependence of the generators F (F,) on the param-
eters ky(ky), and the 7;’s occur in them only in the form
of the trivial derivatives 3/27;. This circumstance
formed the basis of the asymptotic method of construct-
ing representations of semisimple Lie groups; the
essence of the method is to go over from the shift gen-
erators on a noncompact group to the asymptotic values
of the noncompact parameters. In this connection, it is
helpful to mention the interesting analogy between this
method and the theory of potential scattering, It is well
known (see, for example, Ref, 3) that all the necessary
information about the dynamical nature of potential the-
ory is contained in the S matrix, which is the ratio of
Jost functions—the preexponential factors in the asymp-
totic expression for the Schrddinger wave function. In
the theory of representations of noncompact semisimple
Lie groups there is an analogous situation, and the role
of the Jost functions is played by the principal terms in
the asymptotic expansion of the matrix element of the
corresponding representation,

Thus, in the asymptotic region the noncompact in-
finitesimal operators @ of the left regular representa-
tion of the complex semisimple Lie group G° have the
form

B°= S oge
-3

0@= —08(a) ST+

bl (1:6/07%; + oh");
0(—a) 8,

where £% and ' are the generators of the right shifts
on # ¢ corresponding to the compact element X, of the
root space and the generator k; of the subalgebraf ,
respectively. The compact infinitesimal operators F of
G are identical with the generators ¥, of the left shifts
on # irrespective of the limiting procedure and in ac-
cordance with (8) (which, incidentally, is obvious) are
related to the generators of right shifts on # by the
matrix of the adjoint representation:

(9)

Yu=—I sp @iy, kY") 6 (10)

Note that 1f we cons1der the action of the last relation on
the highest vector of weight {I} with respect to the quan-
tities with a tilde, Eq. (10) takes the form

— Y= 2 Sp (k1Y k) 1+ ; Sp (k1Y kX ) e, 11
i @ ;

The infinitesimal operators of the right regular rep-
resentation of G can be expressed by an equation
analogous tg (9) with the obvious replacement of 2, by
ky and X2, k' by X*, h;. Because the operators &/37;
and obvxously commute with all generators of left
shifts on G, they can be replaced by C-number param-
eters p; and s; characterizing representations of the
constructed group algebra. In what follows, we re-
quire the infinitesimal operators F,= (Fz ch)/z for
which there is the simple expression

Pocntl 2 Sp (k1 FRh) 2ESL 15! Sp (K1 FkX 2a) X7 (12)
a>0

We emphaszze that these results for the generators are
valid, as follows from their construction, not only for
the complex classieal series but also for the exceptional
Cartan groups Gy, Fy, Eg, Eq, Eg,
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TABLE II

G Infinitesimal operatars RE
n -
Ln. € @;y=—3 ni*ubaran d;, sgn (1— k) n}*niFki nel (n)
1 3
n L
L(n, R) Oij=—2 n:'n:f)a'rh#? sgn (I—k) nfniFHL neo(n
T
2 k
mii:""z [k. i }.]5.‘01»
U* (2 Sp(2
sl }]+sgn(|z|—|kn[k O L
1R, 121
= nyin}—ngjnt
O =iy — (— 1By p=1, B 1 <2 < ;s
1<j<gq :
U(p, q) g PE L_ (n
pZd Agy=—1/23) p3Rah (2 ovy+ T Hr — Q) qel (g)
1
S E P;ﬂ‘i!;j{m—:‘ S P;k?_!;@hl- Buj=A;j
p2p>iz1 1<h<I=g
: 2 2
2k o, 2a . 0 (n)
0(n, C)| n=2k ®|’=Z[ i j]o‘arm ngo(n)
1
o 2 {[’2ﬂ—1. 21]?,&
57 i B
a>p
;[2_[1; 2a “i] F2B-1, ta-1
i I
_[Zﬁ—i. 23*1‘[ PRt
i )
P—1. 207 708, 2
= afmhee]
TABLE I1. (continued)
G Infinitesimal operators REH
Sp (2n, B)| ©L,=Fik_ Fkt_ : {1. ‘} 8,01 Z [1. .L] nel (n)
1

n
<o T T = T
xrn.‘,z{r k} [ij_z{i. k}FJ‘
i>j i<j
| S [ O | *i wi
[I:' 1]""&”1""& n,
n * n "
: B ! i
®§[=—1Z[k, lef)Ti—-lE{r, A-} Fii
1 1
iy B ey e
DR HEA YIRS R e ¥ )
i>j i<
{;; i}=néni—:—n;;rr;

i = (I Gl o
{I' k }-——-nkn,—-n n;

Sp(2p, 2q;
-pZq

= Dps= —1.4é [f. @ ;J&,az‘
=g
—1‘4% [_u. A : ](.977";—-@5)

-q

q
—14 Nsntlul—v)) [ A} ]
= [

== v 9
x(ﬂ*@h‘):[:h Ao ] = Purty — GunDy,

PESp(2p)
7€ 5p(29)

Note. In the table we give the noncompact operators of left shifts for the classical semi-
simple Lie groups expressed in terms of the operators of the right regular representation of
the maximal compact subgroups (5,2 §) and its matrix elements (n,p,g) in accordance
with Egs. (9) and (13).
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G Infinitesimal operators REZg
TRLy 20 2k
D = @3 V‘{[ ]I:Ji"k
0(n, C) {n=2k--1 ne0(n)
2a—i '>l-~1] Fla, 25— ,} 4
B T
[l .]gninzf—n?n,‘
: 2 1
2k __ 0 - L
0% @2n) | n=2k m”fz[ i _}“"’T“ nel (n)
1
*ﬁ!ad.ﬂa-l_i‘f?a,ia)
i 22, 207 goa-1, 2p-1
-+ 3 {2 B
w>p
;[25‘. 287 F2a-1,2p
o [
_[aaﬂ, 2p—17 72, 2p-1
gy
m[22f1; 2‘5}?“4.25}
¢ I
. 2 2k
R+l _ ke 2%, Trz-1, 2k
n=2k+1] OF =it -3 {[, j]f % RET (n)
k[zq-;i_ 21\----1'-]?32,“_»;}
L i
q
0(p, q) W= — N pigloon,— N phgkgbk PEO(p)
pP=q 1 >R g€0(q)
— N PRl 1<a<p 1<ige
14K<I<q
an
Sp(2n, €) u’ab="12 {c ﬂ.b}ﬂatc—l 'S‘: sgn (d—c) n € Sp(2n)
¢, d=1
,-f{c a: }Fm {c_. a;b}=nmnb “"Iab”u

By a direct calculation similar to the one above we
can readily show that the generators of the real form
G®i of the complex semisimple Lie group G€ can be
obtained from the generators of the latter by restricting
#° tow®, Then, as in the complex case, it is con-
venient to choose as parameters defining the construct-
ed representations of the algebra ¢ ®i the eigenvalues
p; of the operators 3/é7;, 1< i<r, and the weights {s}
of the irreducible representation of the subgroup S. The
generators of the real form obtained in this manner in
the asymptotic region have the form

&%= 3 sp (P o+ Z’ Sp (k4Fkhy) s,
Py 3)
It follows from comparison of (9), (11), and (13) that
the generators of the complex semisimple Lie group
can be obtained from the corresponding generators of
the compact group by simple replacement of the highest
weights 7; by arbitrary complex numbers (p;£5;)/2,
whereas the generators of the real form are obtained by
subsequent restriction to the maximal compact subgroup
of the real form.

Note that until the representations are particularized,
i.e., we require of them pseudounitarity, unitarity,
etc., the parameters {p} are arbitrary complex num-
bers, Imposition of the requirement of pseudounitarity
and unitarity leads to restrictions on the real and
imaginary parts of these parameters, Because the gen-
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erators (9) and (13) are shift operators on the space of
square integrable functions defined on the maximal com-
pact subgroup s of G, the representations of G for which
the set {s} is integral are single-valued. As will be
shown in what follows, the representations are operator-
irreducible and the separation of the topologically ir-
reducible components from them is based on the study

of the analytic properties of the kernels of the inter-
twining operators.

Explicit expressions for the generators of the alge-
bras of all types of classical semisimple Lie groups in
the tensor basis are given in Table 2.

Casimiv opevators of semisimple Lie Groups. The
Casimir operators in the general case of an arbitrary
semisimple Lie algebra g are elements of the center of
its universal enveloping algebra, the center being
isomorphic to the algebra of all polynomials over & that
are invariant under the Weyl group'’; the Casimir opera-
tors can be expressed in terms of the traces of succes-
sive powers of the matrix of generators of the corre-
sponding representation, 18 (For groups in which there is
a completely antisymmetric tensor, the complete sys-
tem of Casimir operators also includes an additional
operator which is a generalization of the Pauli—
Lubanski pseudoscalar for the Lorentz group. The
presence of this operator enables one, for these groups,
to establish a one-to-one connection between the weight
vector, which completely determines the irreducible
representation, and the set of Casimir operators.) For
operator-irreducible representations of g the Casimir
operators reduce to C-number functions of their highest
weights. In the case of the classical series, the cal-
culations can, because of the presence of a matrix real-
ization, be performed in the tensor and the Cartan
basis, whereas for the exceptional Cartan groups the
form of the generators is known only in the Cartan—
Weyl basis, and the first possibility is therefore
eliminated. In Ref, 19, Perelomov and Popov used the
traditional method (application to the highest vector) to
consider the Casimir operators of semisimple Lie
groups that have at least one finite-dimensional non-
degenerate representation (nontrivial), and they cal-
culated explicitly their eigenvalues for compact groups
of the type Ars B,, crs -Dﬂ G2°

The explicit expressions obtained in the previous sec-
tion for the shift operators on a semisimple Lie group
enable one to solve the eigenvalue and eigenfunction
problem for Casimir operators constructed from the
generators for finite values of the parameters {r} and
calculate the eigenvalue spectrum of the Casimir opera-
tors for an arbitrary operator-irreducible representa-
tion of these groups irrespective of whether they are
degenerate or nondegenerate and finite- or infinite-
dimensional. Leaving out the detailed calculations,
which are made in Ref, 20, we list only the main stages
for the complex case, which are not significantly modi-
fied on the transition to the real forms of the complex
groups, By virtue of their commutation properties,
the algebra of the generators F, (12) is the direct sum
of the algebras of the corresponding compact group
#°, Therefore, the system of Casimir operators is
divided into two sets of Casimir operators C; of the cor-
responding compact group constructed with the genera-
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tors ﬁ‘*. The system Y, being complete, the matrix of
generators of the representation, G,=3, (F,).Y,, can
be expressed by

Go= = T (k) duit T (BXaak™) X% dus= (0 £ /2. (14)

‘1
as0
To ecalculate the successive powers of this matrix, it is

convenient to rewrite it in the form (to be specific we
take G,)

G-‘.- =k [E hidi '%“ 2 (Xux-m 4:""th-’w{mo‘)] kﬁl-
i a>0 3

whence
C; = 5p Gy = Sp (kD7k™); D = wfugn X% X (15)
=Mhd L VXX

a>0
We represent the result of commuting the matrices &

and &1 by
Dgp (ke = (k)e Dap -+ ; (k™)a Oab; cas Yab; es =

-2 (Xadas (X -z)ea-
a>0

Since the trace of a product containing an arbitrary
number of elements of the space of positive roots at the
same time as matrices of p is zero,

(16)

Ci= T [Zhdi+ D halap Doy o [2 hitdilape, (17)
ay, by az, ba i a>0 i
where
Day, by: a3, ba= ¥Ya1as0bstz - Oaga; bibos (18)

Realizing the action of the matrix D on a “column” with
two indices, in the general case of an arbitrary com-
plex semisimple Lie group we obtain

Ch=3 [Fbade+ D bl B2 [Dhdlis . )
ik a>0 5

Auy= 23 8p (S:Shn) d (19)

i S [Sp(SlSjX:zX—a) "S]J(XQS!-X,ZS:;)],
@>0

where {S;} is a complete “orthonormal” system of
matrices SpS;$’ = 6 that commute with 5.,

In the case of the classical complex semisimple Lie

groups, the last equation can be rewritten in the form
Cp= :\:a (AP)2 87 Agp= Tap— Oap: ba- (20)

The expression (20) is also valid for finite-dimen-
sional unitary representations (including degenerate
ones) of compact groups, and the eigenvalue spectrum
of the Casimir operators in this case is the same as the
one obtained by a different method (which does not apply
for degenerate representations 7;, X,,) by Perelomov
and Popov, !* Thus, the Casimir operators for infinite-
dimensional representations with weights d,; of complex
semisimple Lie groups are obtained by the formal re-
placement of the integral weights I; by d,; in the
Casimir operators of the corresponding compact groups.

For the real forms of the complex semisimple Lie
groups the difference resides in the restriction of the
matrix of generators X to# ®i, and the trace of the
successive powers of the matrix is determined, as in
the complex case [Eq. (19) in the general case and Eq,
(20) for the classical series], by the sum of the matrix
elements of the numerical matrix A, The explicit form
of the matrix A for each of the classical complex semi-
simple Lie groups and their real forms is given in
Table 3. ;
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TABLE III,

G Matrix A m
L(n. C) My =(pg =+ #4) 2
L(n, R) My=py
Crizy) | Asb=Oapdaa—810. B o (o)) 2, mypey=(pn—mu)2,
RN “““fgzg’,‘f“' 1<ESN
Up. a9 Mg =(pa-+a)i2, 1Ca<ly,
pP>4q mg=1lp g1y, g1 <a < p,
e it Mg = (Pn-gst—¥n-g+1) 2
U\s‘_\]'zi) mE=pituy, moyg=—my, 1<in
Aap= 8abAaa
0* (2n) —8(2, b) (1—0q, an-as1hi| may=(p;—ny) 2. mypg=(p; %) 2,
,,--9;;__.(1) Ajp=m;—n(g;—1) l<i<k .
=R —(i41), I m_g=—my (Myiy=npoq. n=2k-L1)
7{ a, a<n
~\ a—2n—1,an
O(p. 9) mi=py, 1 <i<q m=1lp_jy.
p—q=2k g—=1Lign, mj=m;
p—g=n
O(N. €) | “ab=0apAza—0(a, b) mE=(pit#;) 2. m_oy =my, 1<i<<n.
N=2n—-1 X (1—0q, 2n-a+2)s mg=0
a, a<n
i:{ a—2n—2,
a>n—1
O(p, q i j=p;. L<ILq my=1
et Ajj=mi=-(n—12) mi=pj. e q;. i i-ge
ppi_q:n St (e )= i) grii<(r—12
S i e Agp = babdan— mE=piti;, mog=m;, L <i<n
el 1 s N e ;
djj=m;—(n—1)
Sp(2n, R) e kn:{,giui(f)n._l‘ my=p;, moj=my, 1 <i<n
!7{ a—2n—1, !;)}n;
1, a<b, = (pp—np) 2
Sp(2p, 20) [ Ole. =1 o' , = moa=pa—u)2, |
pP>4. Y, T=0; my=1q map_y=(pr—#r)/2,
p—g=n E;:{ —I: i=<0 mn,,_‘u:[j, 1<ji<<p—1

2. REALIZATION OF IRREDUCIBLE
REPRESENTATIONS OF SEMISIMPLE LIE GROUPS.
CHARACTERS

Some geneval relations and matvix elements of finite
transformation, To obtain representations of a Lie
group G on the basis of its algebra, it is necessary to
integrate the algebra (when possible); in other words,
solve the system of Lie equations. Knowledge of the
transformation law of the group parameters under an
arbitrary element g of G is sufficient to construct im-
portant characteristics of a group representation such
as the matrix elements of finite transformations, the
characters of the representations, the Plancherel
measure, ete.

As we have already said, the representations of the
group constructed in this manner are realized on the
space D'} of functions defined on the subgroup # of G:

TA
e ()= ] (Re(g, W% (B Ry=exp(ti—m), (21)
where % and 7 are obtained from the original k and 7
under the action of the transformation g of G, The rela-
tions connecting the original and the transformed
parameters are found from the solution of the Lie equa- -
tions with the generators (12) and (13).

The representation (21) is reducible since its gen-
erators commute with transformations in the subgroup
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8. To separate out operator-irreducible components,
we decompose functions f of D'*! with respect to matrix
elements of the centralizer. We represent an element
k in # in the form k=k_;-s, where s S, k_ e#/S, In-
variance of T}‘” under the subgroup S means that under
an arbitrary transformation of G the element undergoes
a shift, §=sN(k_,g), where the matrix N S does not
contain the parameters s, Bearing this in mind, we
obtain

T8 i (k)= [ {Ru (s Bl S DI iy (V) fimy (B, (22)
where D[S} (.« is the matrix element of the irreducible
representation of weight {s} of the group S between the
states with the quantum numbers {m} and {m'}. The ex-
pression (22) is an integral form of the realization of
the representation {p, s} of G corresponding to the
algebra constructed earlier with the generators (12) and
(13). The operator irreducibility of the representation
{p, s} defined by (22) will be proved below in connection
with the general investigation of the reducibility prop-
erties on the basis of the study of the kernels of the
interlacing operators. (For infinite-dimensional rep-
resentations, operator irreducibility and the absence
of invariant subspaces in the representation space are
not, in general, equivalent requirements. )

In accordance with the realization (22), the operator
T{#*) can be regarded as an integral operator with
singular kernel:

T
Tt s (s K2 = [ Ry (@, Ba))Pt DI, ey (V) 8 GZF2Y), (28)

where 6(k’, - k1) is the & function on #/ S, and it is de-
fined by

j AR of (KL) B (K g =y = £ (R,

Proceeding from the definition of the character 7'”°(g)
as the trace of the operator of the representation on the
class of generalized functions®?? and from Eq. (23),
we have
g
0.9 (g) = | dle-sd (b2 TT (Re (g, hoa)l®t st (V), (24)
i

where dk_, is the measure on #/. S; il (N) is the charac-
ter of the irreducible representation {s} of the central-
izer S, [The question of the necessity of introducing a
smoothing function in order to define the character cor-
rectly as a generalized function of the eigenvalues of
the matrix g has been rather fully studied in the mathe-
matical literature (see, for example, Ref. 21) and
therefore does not require additional discussion. ]

In accordance with the decomposition (3) of the ele-
ment g of the semisimple group G, it is convenient to
take as basis in the space D'”*! of the representation
the matrix elements D{%}. 5, (k) of the irreducible uni-
tary representations of the subgroup # between the
states with quantum numbers {M} and {N}, which are
eigenvectors of the subgroup S. From (21) there then
follows an integral representation for the matrix ele-
ments D" 5! (g) of the representation {p, s} of G:

oA
L8 S = N7t A (ke P;
D%Y ke (€)= NE SdkliIle (*, 8))
& 15%;'}1. ey (B) D, oy (R). (25)
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where Ny is the dimension of the representation {L} of
the group #; dk=dk_.ds is an invariant measure on
normalized to unity, The number of continuous param-
eters of this discrete basis is exactly equal to the num-
ber of quantum numbers, including the weights of the
representation,

Note that formal calculation of the trace in Eq. (25),

i.e.,
¢
‘_‘}‘- 5 v (),

‘-I-ﬂ

D
~}

leads to the expression (24) for the character of the
representation, although the reversal of the order of
summation and integration requires additional investi-
gation in a correct definition of such operations in the
class of generalized functions,

For the further reduction and particularization of the
expressions we have obtained for the matrix elements
and characters of operator-irreducible representations
of G, we need to know the exp11c1t dependence of the
transformed parameters % and 7 on g, k, and 7. We
begin by considering the complex groups. It follows
from comparison of (11) and (12) that

exp (S Tl) Dy, o (k) = B, (&, ).

(X4EDy = 0. a>0: WEW, =1LEW,)
transforms in accordance with a finite-dimensional
nonunitary representation of G°, i, e,

Efh (k. D= X Dbm, 2 (8) Etmy (k. 0. 26)
Use of the orthogonality condition of the matrix ele-

ments of ¢ leads to the following equations, which are
deduced from (26):

H (Ri (k. @)1t =[ 2| Dim. » (&) 1% D}, 1o (k'R
=D} o (k ’gk):[ |Dc‘r‘r3:.m (gk) 112, (27)

Taking {I} to be the system of fundamental represen-
tations of the corresponding group, we can readily ob-
tain relations connecting the transformed % and 7 to the
original parameters £ and 7. In the asymptotic region of
infinitely large values of the noncompact parameters
€; in g, the right-hand sides of both equations (27) for
g="T(e) € +# simplify considerably and can be expressed
in terms of the highest vectors £} (k) =D} ;, (k) of the
corresponding representations of the group 3'; namely
exp(T;€4;), 1E¥ ()1, and 1£'¥)(k)1, respectively. The
explicit form of the highest vectors £} (k) for compact
semisimple Lie groups in the universal parametriza-
tion is given in the Appendix [Eq. (A, 5)].

In the case of the real forms of the complex groups,
the basic relations (26) and (2'7) keep their form. The
corresponding quantities E{ ,('r k) transform in ac-
cordance with finite-dimensional nonunitary represen-
tations of the real form, k belongs to the restriction of
# € to#®i, and not all the parameters {7} are linearly
independent and nonzero.

The relations we have obtained solve the problem of
integrating the system of Lie equations with the gen-
erators (12) and (13) in the case of an arbitrary semi-
simple Lie group. For the classical groups which
admit matrix realization, these relations can be written
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down in the tensor basis, The explicit expressions con-
necting 7 and % to % and T and g=T() in the asymptotic
region with respect to {¢} are given in Table 4 for all
types of the classical Lie groups in the tensor basis.

Characters of opevator-irveducible vepresentations,
The characters of the constructed representations for
an arbitrary semisimple Lie group G are expressed by
the general formula (24); the transformed % and 7 in the
integrand of (24) are determined by Egs. (27). In the
case of the classical semisimple Lie groups, for which
matrix realization is known, the calculation of the char-
acters of the representations {p, s}, in the sense of find-
ing their explicit analytic dependence on the eigenvalues
of the matrix g of G and the weights of the representa-
tion, can be carried out in accordance with a unified
scheme, Omitting the direct calculations for the differ-
ent types of groups (see, for example, Refs. 40—42),
we describe the main stages of this scheme in the case
of the matrix g conjugate to the elements of the maximal
noncompact Cartan subgroup, and we give a unified ex-
pression for the characters of an arbitrary semisimple
group, this being the invariant root form of expression
of the corresponding formulas for the particularized
types of groups given in Table 5.

Because the integral expression (24) contains the &
function with respect to the set of parameters of # /S,
it is equal to the ratio of the integrand (after the & sym-
bol has been removed) to the Jacobian J of the transi-
tion from the variables of the argument k_J%-! of the &
function to the variables of integration k_,, the ratio
being taken at the “points” of the support of the & func-
tion and summed over them. The possibility of replac-
ing integration over #/S by mtegratlon over a multi-
dimensional Euclidean space®’ appreciably simplifies all
the calculations, and it enables one to take them to the
stage of concrete expressions for the characters as
functions of the eigenvalues A of the matrix g of G.
Denoting by {%} the set of elements of /S that lie in
the support of 5(k., k-Y), we obtain for 7!»*!(g)

i Hfghem 3 (A9 (V)T k2 R

4
" [Ri(g, ko1 oo (28)

th_gt

-8

Thus, to calculate the character of this expression,
we must determine at the “points” of {k_s} the values of
the multipliers R; and the Jacobian J of the transition
and relate the eigenvalues exp(i6;) of the matrix N, in
terms of which the characters 7'*'(N) are expressed by
means of Weyl’s well known formula®:

(V)= X detwexp [i ¥ 0 (sy - pos)al /2 det o
(6] 2 w

»exp [iS 05 (Posdals deto=+1; weWs

to the e1genva1ues of the matrix g of G. The previously
obtained relations connecting the parameters k_s and
k_s enable one to calculate all the quantities in Eq. (28)
explicitly. The final expressions given in Table 5 for
the characters of the operator-irreducible representa-
tions of each type of classical semisimple Lie groups
in the invariant root form can be written in the unified

manner
P} — e\p

o/ ]I 11 —exp [—a(@)] Pent (). (29)

The summation in is extended over all permutations w in
the factor group W;/Wg; a(7) is determined from the
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TABLE IV,

%
G Fia) [‘[ (R{® exp-e)] e
= deten |deteyn
Lin, C) o= TaetaaT det:n| ldotyn| det‘;_inl | dety n | ne U (n)
g det, n a 0
L(n, R) (o) =sgn \F -~ |detyn] ne0(n)
ik 1, 1,2, —2 ... 51 - (T
PR - T SV, —1;2, —2,., k51 ' ..j;o‘c.fo’; lag, oo, a5
szl f, —1: 2, =2 eI, —e—15 1 X o b =(n—nBk
detagyn }l 1, —1;2,—2;... { as— Mgk
g b=142 =2 501, —s—1 veei O, —0 n € Sp (2m)
' * A
Cip.a)piag O | L s 1 | dete (p+-a)| PEL (p),
57 |detpses (P—g) detps (p+a) | g€ U (g
~ det (p—g) det}_; (pq) n =g
1a)) S — s < D =qnp
LR e e et e o
p-q . g 0
Tiank Fk__ +1-i P
;l:'l (PG Py “55-;—!_ il g (o Ip_q)
[0 =0 pageq, per-m3P I 1B v <p—0
~ g detga | detgqal ne0(n)
0, €) @)= Tqet,aT ~ detess ek, W)
2u?=n:g—l—n%—'-i(n_%—n‘fﬂ)
t,—1; .. 8+1
Fantt — detasat 1, —4;...;xsx1
0* (2r) e ot I, =1 .58+, —s—1y |2 fdetayq neU (n)
BN, =t e A, —s—1 418, —ay |
_%, X{i,—i;...;a,—u}
et, a
A e —|dotgo 2
0(p, 9 e detpgs (P+9) ), PEO(p),
= g § H
i (Pl magn (22 BE0 ) |detg (p+0) | v
7= det, (P1-9) i
(@)} = P NI n=qchp
(o1 o (ﬂet.-l (P9 qm“
P—g+H1<s<p; =
S Gonph=tpy— D M0 prtctpeicd =)
=0y — ! S5 pi-i,p+i-,
£ ) 2
xmbt'=l, 1<p, v<p—g
~ det g
Sp{2n, C) (ncm);=ﬁﬁ '—(‘::::%:i— detq n n€Sp (2n)
2
G Tl 1—([ (R4 exp (-0 nedh'
Sp(2n, R) (Re 'r-f(ﬂ-:): =sgn d—(i;?i%) | det, (Re n) | rne U (n)
=
: ~ det p_y.s (P q) detp—k (P-—q)
2 e — P-hisd P L. lety (p+ Sp (2p)
Sp (2p, 2q) (P Ta6tp het (B ) A8ty s P 0] detg (p-q) | pE S11(2.0
% q€3p(29)
~ dety (p+-q) deth_1 (pL+q) : :
tanyh — L3 W T
= Tae, prardet o) PITISEST
ST h S L A
2 pragps - =0py— E ng A+ lppa i, pit—i
=1 i, 7=t
A P

Nore. Here we give asymptotic expressions for the transformed parameters F@ (the nonvanishing elements of these matrices) and
R;= zxp(';i -7;) for the classical semisimple Lie groups; det; are the principal minors of the corresponding matrices.

30 Sov. J. Part. Nucl., Vol. 7, No. 1, Jan.-Mar. 1976

A.N. Leznov and M.V. Savel'ev

30



TABLE V,
G l Aloh gy B , absh
. U . 4 P iEs e
Lin. € U;,_“ i H [hi—2 [f H by 1y
El i>] =1 u
L mtn=i % e s s B
L (n, R) H|;.j| i I1 1i—=241 [] sgn )i,
i i5i jeat
si=u
e Cx upg—diaei Hlcaden, (44 Ao iy
U=12n) M,J.,-j 7 H (=) (=15 U g
i3 i>j i=1
. 2 Fo. q
Uip, q) 11 AT D Pl [Tt =125 st 18 7
o il [ 25171 [ b=l RS
pPoq j=1 II : ; ?} £>_-,2. byl jU1 thj Ikl i
p—q=n =t 1} e dal 0
4=iz Tip-
pEazi-1 i
. T2y (R
On, ) .1[:[1 151 H FL—hgift [ L—RA72 2
ol " > -
L
W% i e G 1T 0 i 1 1 n=2k
"I contains only even powers of A, : " ol
for n=2k; 2 {U”—fﬁli'- n-=2k—1
[ 2(n—-j), n=2k 2
&y { n—2j. n=2%%k-+1
H =233 (1042 H Pl—hgtpe
i {12 ‘>J-l‘-ll g
PRt i o Rt 1 st
) B . ~p;=2(2n=2j+1) N[ 1—itERsL 2 I==i
s | A S Gl . itk
= J 1, n==2k
T TR { 3 )"
. peon iy P IR s = —
{ H ll?-l iy 1”_! :.Jl‘ TAT)  nes2krt
j
n=2k--1
0(p, q) [ql (el k|
Sk g ‘ | I a—rpa—igagy | s
e 8 i<ii<q (sgn 2y alil
pTe =1
n
g L. —p—Er—fel)-dn
spin, €y [[] 12g%0 =gy 00m 40T =

-1

b Y Pt
=0 g

n n
.[[|1-3.;.2]!- I] [1—=2h5t |2
i-1 B

i=p+

R[4 i 2

] n n n
s I P e b ) i H
spen, 1y | L] 001 12017 k] [[1t=r52 !] [1—hds51] 1] tsen2p®
i1 =1 i=j1 i=1
A=
G | Alp) gy By aled )y
Sp (2p, 29) 1 P p;=2(2n-2j+3) 7 o
) —p;=2(2n=2j4 s ol . Uy i
S5 Jl‘lillljl LN ST 1 jl_:[l“”f-j!l'“—f-? DB E N el U ﬂs&:,'“éﬂ:p_:q:
pP—e=n

q
v [_] [ L—Riajt |2 L —Ranp 2
i=j=+ 1

X L= Rt 2] 1= 2t |

P-q
w [ 1=y R Ry =22
k=1

Note. Here we give the characters of the operator-irreducible representation of the classical semisimple Lie groups;
by @
AP E APl p
o

3
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relation [7,X ]_=a(7)X,, 7=3;k;7;. The product

IT45q in the denominator of (29) is extended to all posi-
tive roots of G except for the roots of S, all the o (7)’s
being different; p, is the multiplicity of the correspond-
ing positive root, In the special case of the complex
group (Wee/Wg=Wge, p,=2), Eq. (29) has the form

e 9= N exp X (057~ sy rm-l[]l 1 —exp|—a (D) (30)
w J [i

and it is the same as the expressions for the characters
of the complex groups obtained earlier in Refs, 21 and
22 for the principal continuous series and the comple-
mentary series, For the real forms G%i of the complex
classical groups, the expression (29) can also be written
in the form

e (r) = X G exp Sp (p— 0. 1)/ bo

[0 o “ 31
3 exp Sp (py, T); o= 2 hyp;, =
where 6w =-1 for each permutation w of W;Ri of the
compact roots of the matrix g(I3;| =1), while dw=+1
for the noncompact roots (ix;i#1).

It should be noted that if the operator-irreducible
representations {p, s} are topologically reducible, Eq.
(29) gives the sum of the characters of the irreducible
components,

Genevating functions and integral vepresentation for
the chavacters, In the investigation of the analytic prop-
erties of matrix elements, establishment of recursion
relations between them, solution of the problem of dis-
tinguishing the invariant subspaces, etc, the method of
generating functions is very convenient. In particular,
this method is effective in various applications of the
group-theoretical approach associated with expansions
with respect to the system of generating functions (see,
for example, Ref, 13).

In the general case, the generating function
Flosl( .k, ky) of the representation {p, s} of G depends
on the group element g and the choice of the parameters
ky and k, in . The matrix elements D}%$} (g) are con-
nected to the expansion of F'»¢' with respect to some
complete orthonormal system of function @, (k):

PR gioh, kﬁ):tm} {F_ﬂ} - Giﬁ‘;(‘ﬂ-;Dﬁﬁ"f(’m‘ [{4] ([in}{kt)(}‘{ml (k). (32)
From (25) there follows one of the expressions for the
generating function of the matrix elements with fixed
right quantum numbers; namely,

®% (g 8= ] (Re(g, 1% DIE, (B

| N1 33
=3 pw&e (2) D), oy (), o

P [ O s |
iy inm iNM|
nmi

from which, by the Peter—Weyl theorem, we obtain

A
F9 (g 0 b = [l] ROt (ki)

= 33-(1.1”{”',“}‘ { L LED“‘}" (m}('lfa)ﬁﬁé‘). oy ().
am [ var

Generating functions of this type are associated with
asymptotic values of the characters of semisimple Lie
groups. To elucidate this, we must use the fact that the
character is an invariant eigendistribution on G (see
Ref. 22); in other words, it satisfies the system of
equations
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(34)

(F; 1‘;',):! 1g)=0:
(35)

[Cu—rca(p. )] a(g)=0: l<arg.

where F;(F;) are the generators of left (respectively,
right) shifts on G, and C, are Casimir operators, Not
all solutions of (35) determine characters of represen-
tations; to separate out these from the complete set of
solutions we require additional selection rules.?® An
analogous system can also be written down in the asymp-
totic region in which all the generators in (35) are re-
placed by their limiting expressions. We denote the
functions then obtained by 7(,,. The connection between
the functions 7(g) in the finite and the asymptotic region
is given by the integral representation

a(@ =\ 4 (g ) T 18 ditea, (&) (36)

where the kernel ./ (g, g,) satisfies the system of
equations

(Fy—FEa) o (2, 2)=0: \Fy—FL} 4 (g. g)=0. (37)

Equation (36) is in a certain sense a generalization of
the Gel’fand—Graev transformation®® to the ease of
arbitrary semisimple Lie groups. The asymptotic ex-
pression for the character is given by the principal
term of the expansion of 7' °}(g):

Ao (g) = X exp (I 105 ) Jo Ry, ha):

g= kT (T kst 0€ T )

It follows from this analysis that the function ./ (g, g;)
=1 = st (g, gk,), which is a solution of the system (37),
in which the operators F;(,, and F;,, are related to the
set of parameters {p, s; %k} and {p, s;k,}, respectively,
is a generating function, The system of equations (37)
has the same form as the corresponding system for the
kernels B'# ¢! (k) of the intertwining operators. There-
fore, its solutions can be obtained from the latter by
the formal replacement of % by %, gk,.

3. INTERTWINING OPERATORS AND HERMITIAN
FORM

Connection between the intevtwining operators and
questions of reducibility, equivalence, and unitavity,
The theory of unitary representations of real semi-
simple Lie groups, despite the important results ob-
tained in this field, still cannot pretend to completeness.
The reason for this is to be found in the characteristic
features of the representations of the real groups (which
are not present in the complex case); in particular, in
the appearance of several different types of principal
series of unitary representations, this having an in-
timate connection to the fact that these groups have non-
isomorphic Cartan subgroups and representations
realized in spaces of analytic functions of many com-
plex variables with a complicated topology. ¢

The methodological difficulties in the construection of
unitary representations of the real semisimple Lie
groups are due, in particular, to the fact that in this
case, in contrast to the complex, the method of induced
and holomorphically induced representations® %% does
not permit one to obtain all unitary representations.

Among the various approaches used to construct uni-
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tary representations of semisimple Lie groups, the
most constructive, in our opinion, are investigations of
the of the asymptotic properties of the matrix elements
and the kernels of the Hermitian forms. Both these
tasks can be related to the study of the analytic prop-
erties of the intertwining operators in the space of the
representation weights, In addition, investigation of
the reducibility and equivalence of 'representations also
leads to the intertwining operators.

The point of departure for the construction of ex-
plicit expressions for the intertwining operators B and
the elucidation of their relation to the problems of
representation theory listed above is the intertwining
property of these operators:

B(m. MTE?‘“ - 1.(;\-} B(w‘ A) (39)
for the representations T}*! and T!*" which are deter-
mined by the weights {A} and {A} connected by the
transformations of the Weyl group Wg, {A’t=w{A}.

In the case of infinite-dimensional representations (in
contrast to finite-dimensional ones) of the group G,
reducibility includes, because of the possible presence
of invariant subspaces in the representation space, %23
two inequivalent requirements—operator and topological
reducibility. Both these requirements can be connected
to the analytic properties of the intertwining operators
in the space of weights that are solutions of Eq. (39).
To clarify this assertion, it is convenient to realize B
as an integral operator on functions in the space of the
corresponding representation on %

B M (k)= { dkaB® ™ (By, k) f (By). (40)

whose kernel is, generally speaking, a generalized
function, Then operator irreducibility (in the sense of
there being no operator that commutes with the rep-
resentation T}* except for a multiple of the identity
operator) entails in the language of B'“*! (¢, k,) that

for the identity transformation w=e, {\'}={A}, the
kernel is proportional to 5(k;!/k,). For integral values
of the weights {A} (or certain linear combinations of
them) the representation T/*!is, in general, topological-
ly reducible. The possibility of separating out the com-
pletely irreducible representations in the framework of
this approach is based on an investigation of the analytic
properties of the intertwining operators in the space of
the weights of the representation T,4! of the group G in
the basis of the quantum numbers of the representation
T,f,” of its maximal compact subgroup #%:

B(('?’,‘ A \ plo- A} (;..)Dem (k) dk

) (41)
(the kernel B'r*!(k, k,), as we shall see below, depends
only on k3%, =k). Note that to investigate the explicit
analytic dependence of the intertwining operators on the
weights of the representation it is convenient to go over

to the operator form of the expression (41), i.e.,
AUV -“ gl () Rar. (42)

in which the compact operators X, +X_, and %, in k
[see Eq. (A.1)] have a well defined integral spectrum of
eigenvalues,

The problem of the equivalence of representations
with weights {A} and {A’} reduces to establishing the con-
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dition for the mapping of the representation space D4}
onto the space D'*? under the influence of the intertwin-
ing operator B*4! to be isomorphic, {A’ }=w{A}, and is
ultimately determined by the normalization constant of
this operator, In the case of nonisomorphic mapping,
the operators B are operators of partial equivalence,

As we have already said, the intertwining operators
also occur in an important characteristic of the rep-
resentations of noncompact groups such as the asymp-
totic behavior of the matrix elements, which is opera-
tor form can be written as follows:

b, 0 ~_fo, A} &
T{:‘\} > EB{&LA) exp 2 Tthn(j)B 11e Blo. A}.
I

£ {¥}= g

43)

where w corresponds to complete permutation of all the
weights {A}.

The asymptotic expansion of the matrix element of the
operator of the representation T!*! between states with
fixed values of the quantum numbers (including the
weights) T obviously follows from Eq. (43). The co-
efficients of the exponentials can be expressed in terms
of the functions (41) and contain complete information
about the unitary components of the representation {A},
whose matrix elements decrease in the asymptotic
region in a definition manner, In particular, represen-
tations of the various principal series correspond to
matrix elements that are square-integrable with the
measure D(7); D(T)W::gexp 2%; 4;7;. All terms of
the series (43) contribute to the asymptotic behavior
for the principal continuous series (p;=- 4A; +ioy,

-« <g;<«), whereas for the semidiscrete and dis-
crete series (if they exist) the absence of terms in the
sum (43) that decrease slower than exp(-;A;7;) (or
increase) is ensured by the requirement that the cor-
responding functions B vanish, The condition of vanish-
ing of the corresponding functions is directly deter-
mined by their analytic properties (by the position of the
zeros in the weight space). It is here that we can see
most clearly the analogy mentioned in Sec. 1 between
the asymptotic method in the representation theory of
noncompact groups and potential scattering theory, in
which the Jost functions f(\, %) play the role of B, The
investigation of the analytic properties (poles and zeros)
in the complex space of {p}, which distinguishes the dif-
ferent completely irreducible and unitary representa-
tions, is similar to the study of bound states, reso-
nances, etc,, on the basis of the analytic properties of
the Jost functions in the complex k plane and their phys-
ical interpretation, ?

The problem of constructing the kernels of bilinear
invariant Hermitian forms, which enables one in the
cases when they exist to distinguish pseudounitary and
unitary representations, can be reduced to the finding
of the kernels of the corresponding intertwining opera-
tors. This question will be considered in more detail
below.

Thus, to make effective use of the intertwining opera-
tors in these problems of the theory of representations
of semisimple Lie groups, one requires, first, knowl-
edge of their explicit analytic expressions and, second,
diagonalization of the functions B{{y*!, which are finite-
dimensional matrices, The first problem is solved be-

low, where we obtain unified expressions for the kernels
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of the intertwining operators of semisimple Lie groups
and the operator-valued functions (42) in root form,
However, we have not succeeded in diagonalizing
matrices of the form (41) in the general case, In in-
dividual particular cases in which this procedure has
been implemented, for example,* for the group U(m, 1),
the technique of intertwining operators has made it
possible to obtain a complete solution of the listed
problems.

Construction of intevtwining opevators. We now turn
to the direct construction of the intertwining operators
for the representations of semisimple Lie groups. To
this end, we rewrite Eq. (39) in infinitesimal form,
and then, with allowance for the realization (40), we
have

(A _ FTUY po-A) (g By =0, (44)

where the subscripts 1 and 2 of F; indicate the variables
(4 or ky) to which these operators are applied. It
follows from the subsystem related to the generators
corresponding to compact transformations in G that the
kernel depends only on k=k3'%,. Then, using the ex-
pressions for the noncompact generators ﬁ; of the
group G in the asymptotic region obtained in Sec. 1,

we can rewrite the remaining Egs. (44) explicitly. In
the case of a complex group G, the system of equations
for the kernel B(k) has the form

[ .“Ej ) / flj
3 sp (k'i {x_f,} kh ) di— 3 Sp (k" {X-;,} ka) 5
4 \ Xa %€R: Xg
Bh=0; pp=1/2 Da=3 A
feR -
2

—dj— 4]
-+ X
0 HE aERy:

(¢; is the canonical basis in the root space®), while, in
accordance with (9), for real groups the system is ob-
tained from Eqs. (45) by simple restriction of the
maximal compact subgroup of G° to the maximal com-
pact subgroup of its corresponding real form G% and
the replacement of {A}gc by {A}g=;.

In the parametrization (A. 1), the kernel of the inter-
twining operator for the group G° contains & functions
with respect to the parameters 6, @5, e Z_Nw(z). To
within the factors corresponding to these parameters,
the kernel has the form

B(m. Alc (R) e H {cﬂs Bw 2)2('191."('m>
€T, T6(E-) (46)
x exp liqgq (@s)/(@a)] [[ exp [z (wsllemrey

3 pE—(pj+2-3j)

Substituting the expressions (A, 1), (A.3), and (46) into
Eq. (42) and taking into account the §-function factors in
(46) corresponding to the roots B Z_Nw(Z.), we obtain

S s IL | 8tk —(@)1 Ja (X aa, o] 10— (o)l (47) -
24 0(2- 7

where

9(@.0-#2901

Jo[Xw, pl= 5 d0y 8in 0,2 (c0s0,/2)"  ©®

1 '
pr[lﬂ, Texeo)

(48)
Note that in the case w(Z.)=Z,, Eq. (47) has the
same form as the expression (A, 10) for the projection
operator onto the highest vector of the irreducible rep-
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Xot+X o :| !

resentation of the compact group. By virtue of the re-
duction nature of (47), it can be represented in the form

Jlo Mg jiple Al
- Yot (49)
Jh= H 6[?2,,_—(us)iJaHl"‘)[h_i%(n,‘s)].

aeZho(z i

7 {uw,

where J(_Z,MC is the corresponding operator for the
group of rank ;- 2, whose set of positive roots Hi=D
=3,/21 does not contain 7y and 7, (in other words, it
is obtained by deleting the two simple roots 7 and 7,
from the Dynkin diagram for the group G° of rank 7;).
The intertwining operators of real groups from which
7¢=0 can be expressed by formulas similar to (47) and
(49) of the corresponding complex case.

As an example of the intertwining operators for an
arbitrary real semisimple Lie group (rs# 0), we give
their expressions for the real form of the classical type
AII, or more precisely, for the reductive group
U(p,q), p=q, which differs from SU(pq) only by the
center, As is shown in Ref. 27, the integral formula
(42) in this case leads to the factorized form

o AR S 2 e gl
TG, 9= 1due LI Cw =, 2= 1 (50)

where ,J; are the expressions (49) analogous to i Y
with the obvious replacement of Elﬁby w2, and X, , by
X, o+ X, 5T =Tpigs 1 Sk<q=1); Jy is the operator cor-
responding to the subgroup U(p-g¢ +1,1), and J{44) 4,
is the corresponding operator for the subgroup
U(p-1,g-1)cU(p,q), and it does not contain quanti-
ties with index 1. Therefore, in the case of the pseudo-
unitary group U(p, q) the problem reduces to finding the
operator Jy for the group U(m,1), m=p-q+1, of
rank 1, This group occupies a distinguished position
among the pseudounitary groups for the following rea-
son: When an irreducible representation of it is re-
stricted to the maximal compact subgroup U(m)g U(1)
the irreducible representations of the latter occur not
more than once, which enables one to diagonalize the
kernel of the intertwining operator in the form (41) and
on this basis obtain a complete solution of the problems
mentioned above,

Let us consider in more detail the group U(m, 1) and
illustrate in this example the general discussion from
the preceding section. The kernel of the intertwining
operator of the representation {p, % ;0y,... 0.4
({pl, v+ sPm1r and » weight of the representations of
the subgroups U(m — 1) and U(1) of the centralizer
S=U(m-1)g U(1)) in the case of nontrivial Weyl sub-
stitution has the form

BY: P = (exp (i) —m )™ (exp (—ig) —m)) 7™
n—1 -
i H (det; m)?i Ti;
i
a1 (51)
B . S e gt e by
B=Mg T g —ml ¢ < S% PSM Pm=1s

de=(p+=%)2: meU (m); expligl €U (1),

where det;m are the “principal” minors of the matrix
m — dety m=mD, detym=mEmm! - m™Im™, etc. Note
that the weights L, of the representation are connected
to the parameters d, and p; by the relations L,=d, +m,
Liy=p;+m—i, 1<i<m-1, L,,y=-d_. Inaccordance
with (51), the matrix element (41) that is diagonal with
respect to the quantum numbers of S:
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Bl = X | g, )5, 1 62)
m m——‘l

sexp(—irg). _\_If— r=x-- :\_ Pi
1 1

has the form

gl we_ (=) F{—d-—d_—m)

i B Ny T—d =)l (wd —lp—m—1)

A B(—d d 1)

T —de s o — ot BA—d—pa—m—a—d.—py—a=
# 1=+ e~ =t et S T
1

(A detailed derivation of Eqs. (51) and (52) is given in
Ref, 36.) The analytic properties of the expression (52)
are directly determined for integral d, by the signs of
the arguments of the I functions which occur in it,
which enables one to list all the completely irreducible
components, including the various “strange” series. In
the particular case of the group SU(2, 1) the spaces of
all the completely irreducible representations described
earlier in Ref, 33 are exactly reproduced by the struc-
ture function (52) for 7 =2, just like the unitary series
for arbitrary m classified in Refs. 24 and 34. The
matrix form of expression of the asymptotic expansion
(43) for the transformation g exp®,,,. 7 of the group
U(m, 1) in the case of maximal occupation with respect
to the quantum numbers of S has the form

Di% oy () {:e exp (1p) Bly" "™ # 8 (Rep--m)

m

=4
—exp [—1(p--2m)j(—)T B ¥ 0(—Rep—m),
i i
6 (—Re p—m), B(;z-}:'{ 0. :ig.

where the coefficients B}f s of the principal terms of
the asymptotic expansion are determined by Eq, (52).
This enables one to separate out all the unitary rep-
resentations on the basis of the structure of the argu-
ments of the I" functions,

The factorizability of the expressions (49) and (50),
which reduce to a product of the corresponding opera-
tors for the groups of rank 1, is a concrete realization
of Schiffman’s suggestion®® that one could reduce the
problem of the investigation of the intertwining opera-
tors of a group of arbitrary rank to groups of rank 1,
However, in contrast to the abstract form of expression
of the intertwining operators in the form of a convolu-
tion®® (in the general case multiple) of the corresponding
operators for the simple reflections, we have obtained
an explicit expression for an arbitrary transformation
of the Weyl group. At the same time, the operators (42)
are represented as products of known functions of the
type (48) of the generators of the compact subgroups,
which have a known integral spectrum of eigenvalues,

We note finally that operator irreducibility of the rep-
resentations { p, s} constructed in the previous chapters
follows directly from our analysis. To see this, choos-
ing the identity transformation for the transformation of
the Weyl group, i.e., {A’}={A}, we find that the kernel
B'}) has a 5-function form since in this case
Z,N w(Z.) = ¢ if the weights {A} do not satisfy additional
constraint relations, (This last case, which corresponds
to degenerate representations, is investigated in detail
in Ref, 26,)

Bilinear invaviant Hevmitian form, The problem of
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distinguishing unitary representations can be related

to that of finding a bilinear invariant Hermitian form

(in the cases when it exists) and the subsequent investi-
gation of whether it is positive definite. The existence
of a bilinear invariant Hermitian form means that one
can introduce into the representation space DiAL g
scalar product, whose most general form in the realiza-
tion used is

(o 120N = § g £ () KD (b, To) a (o) (53)
and on which the following conditions are imposed:

1) Hermiticity

U 1 = (fay 1) (54)
2) invariance
(oo Fifa)™ = (Fofs, 1™, (55)

In general, the kernel K4 is a generalized function,

Representations {A} satisfying these conditions are
called pseudounitary. The additional condition

3) of positive definiteness:
({1, £2)20 (56)

leads to unitary representations, In addition, if the
functions f in the representation space D'*! are square-
integrable, the representation belongs to one of the
principal series and occurs, in general, in the decom-
position of the regular representation; otherwise, the
representation belongs to one of the complementary
series. Equations (54) and (55) can be rewritten in the :
form of the following conditions on the kernel:

K* (ky, ko) = K (ky, ky) (57)
and
(Ff —oFT) K (ky, k) =0, (58)

and it follows from the subsystem (58), which is related
to the generators of the compact transformations of G,
that the kernel depends only on k=k5'%;, so that

K* (k)= K (k). (59)
The condition of invariance

TE('U I{-L\)I;é-\) :Ii"“, (60)
whose infinitesimal form is Eq. (58), can be written in
the case of a nondegenerate operator K in the form

TEN = R M g (61)
from which it follows, in particular, that the represen-
tations T;'f' and T!*! have the same characters, i.e.,

a4 g = atl ), (62)
If the explicit form of the characters of the irreducible
representations is known, this enables one to calculate

the restrictions imposed by the invariance condition on
the weights of the representation,

In the general case of an arbitrary semisimple Lie
group G, there follows from the invariance condition (58)
in the infinitesimal form in conjunction with the explicit
form of the generators (12) and (13) a system of equa-
tions for the kernel K2l (k) of the type (45), the solvabil-
ity condition of this system being {p, s}, ={- p* - 24, s},
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where w e W, At the same time, the solution of the
system for K'}(k) is the kernel of the corresponding
interlacing operator. To see this, it is sufficient to
compare the systems (44) and (58). Therefore, the ex-
pressions obtained above enable one to separate out the
pseudounitary components from all completely irre-
ducible representations of the groups considered, The
problem of finding unitary representations by effective
use of the condition of positive definiteness in the form
(56) entails the construction of a basis in the represen-
tation space that diagonalizes the corresponding bilinear
form.

Let us illustrate what we have said above for the
example of the group U(m, 1), for which the solution of
this problem in the proposed approach can be found
completely, ¥ It follows from the solvability condition of
the corresponding system that for pseudounitary rep-
resentations either p=-m, +io, o=0*, or p is real.
In the first case, which corresponds to the principal
continuous series, the kernel is simply the 6 function
and the positive definiteness of the form is obvious. In
the second case, proceeding from the explicit expres-
sion (52) and imposing the condition of positive definite-
ness of the corresponding form, we can obtain restric-
tions on the weights (/4,...,,) of the irreducible uni-
tary representations of the compact subgroup U(m) that
occur in the decomposition of the representations
(Lyy..uyLpy) of the group U(m, 1) with integral weights,
and we can therefore completely describe the discrete
series of unitary representations of this group.

The condition of definiteness of the invariant Hermi-
tian form with respect to the parameter [, leads to the
inequality f, < min(Ly, L,,.y) = 1 or fo> max(Ly, Ly.,),
fa=ly+m— a, for which the residue of the correspond-
ing T function in the denominator of the expression (52)
ensures that the sign function (-)*« disappears from the
form. From the total number of 2™ possible sets of in-
equalities, only m +1 are compatible with the chain
fi>fa> 00> fr; namely min(Ly, Lyyy) >fi> 0> fin;

' fi ER L >fm = max(L,, Lm+1); fi S >j;-1 = ma‘X(L!)LmH)
zmin(Ly, L) > fo >+ >f,, 2<k<m, With allowance
for the Gel’fand— Tseitlin inequalities for the unitary
group fi> Ly = fy> Ly=2fy>...>L = f,, we finally ob-
tain for the parameters of the discrete series of non-
degenerate unitary representations of the group U(m, 1)

min(Ly, Lny ) > fi>La>fa> ... > L2 fmi
h>Lazfe> ... > Lo>imnzmax Ly Lny);
§ Ll ey o R o T e S
2T (Ly, Ly, Loust) > fo > Lpsy >

(63)
oo > L2,

where T is the ordering symbol,

Thus, with respect to representations of the subgroup
U(m) the representation space (of the discrete series) of
the group U(m, 1) has been split into a sum of pairwise
inequivalent irreducible invariant subspaces D(ly,...,[,)
determined by the inequalities (63), on each of which the
bilinear invariant Hermitian form is determined unique-
ly (to within an unimportant factor) and is positive
definite,

In the general case of an arbitrary semisimple Lie
group the complete solution of the problem of separat-
ing the unitary components from the pseudounitary rep-
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resentations on the basis of the condition of positive
definiteness of a form requires further investigation,

4. PLANCHEREL MEASURE OF THE PRINCIPAL
CONTINUOUS SERIES OF UNITARY
REPRESENTATIONS

General expression for the Plancherel measure. We
calculate the Plancherel measure of the principal con-
tinuous series of unitary representations of the com-
plex classical Lie groups and their real forms. To do
this, using the results of Sec. 2, we calculate the ex-
plicit form of the normalization constant F(o, s) of the
matrix elements of the principal continuous series
(p;=- A;+io;, 0f=0,), with which the weight function
w(o, s) of the Plancherel measure is related by an in-
verse proportionality.

In the case of the principal continuous series, the
condition of orthogonality of the matrix elements
fo‘,!i"‘f. (v (g) has the form

= &2
5 D& (va (8) DL o () dg

A
II 8 (a5 —95),

1
where dg is an invariant measure of G; 6y, yn are
Kronecker deltas with respect to all quantum numbers
of the basis vectors. To calculate the function F(o,s),
we use the method employed by Fock® to calculate the
normalization constant of the continuous spectrum of
the hydrogen atom. The essence of this method is the
possibility of going over to the asymptotic behavior for
the functions in the integrand, for which it is known
that it has a §-function nature with respect to the con-
tinuous parameters. After this, it remains to remains
to integrate only with respect to the parameters of the
maximal compact subgroup, which significantly facil-
itates all the calculations, and enables one to carry
them through to concrete expressions, In accordance
with the decomposition (3) used for the elements of the
group

(64)

= 8way, (0 By, (3aa1Bisy, (1) F

A
§1@dg= | Dwac | akdbat eI (k) dr= v, (65)
T(x) e 1

and in the asymptotic region, specifying a definite
ordering with respect to 7;, for example, 7;— 7,3 —~=,
1<j <74, 7,21=0, we have D(7) = exp 27; A;7;. The
invariant volumes on # are taken to be normalized to
unity, Since the normalization constant F(o, s) in (64)
does not depend on the quantum numbers {N,} and {N,}
of the representation, to find it is convenient to take
some definite set {N;}={N,}={%,}, satisfying the neces-
sary requirements that follow from the presence of the
centralizer. Namely, as matrix element D{j} (%) of
the maximal compact subgroup in the integral represen-
tation (25) for D{%$! (v,,(2), we choose the matrix ele-
ment between the highest vectors of the corresponding
representation, i, e., {§y}={5}. We therefore realize
the possibility of using the explicit expressions (A. 5)
for the highest vectors of the irreducible representa-
tions of the compact groups to calculate integrals of the
type (64) in the asymptotic region,

The asymptotic expression of the matrix elements
D{%#l5(g) can be found from Eq, (25) by the usual meth-
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TABLE VI,

Weight functions of the Pancherel measure of the principal continuous series

¢ | Ve !
of u nitary representations

Weight functions of the Pancherel measure of the principal continuous series
of unitary representations

Lin, C) H [(6;—0)*+tny—up?l, pPe=—n=—2s+1)—ic;

i>]

I @i—o;) tanh %(Ei_aj). O =0, —i%,. L=0, ;
Ln, By |i#>i

n—32s -1, ri
—5 b

s 2y 1 ltos =052+ tes—2p2 ({03 — 002+ (s -+ 5+ 11%],
n) | i3

1/2ps= —in—25--1)+iogg

q
T~ a a i a . a
IJ o: tanh 5o, T les — 00 = (32— 25)2] {03+ 05) + (s —5)%]
1

Ulp, g i>j
P> 7 p-g i
5 vy v ps= —in—25s—1)—2io
,.[[mﬂlicifw la)*], iR 3
=1a=
n=2k ] 0=~ =21 (Gi £ 0))* G- ))%)s
i>j
ps=—2(n—s)--iogg
0in, )
n=2k—1. [ ((0i—0) G — %))
i>j
Ao o+ mp—uptl- [[ 10+ 43 pe=—n—2s+io,
8

TABLE VI. (continued)

& Weight functions of the Pancherel measure of the principal continuous series
of unitary representations

n
8p(2n,0) iU_j[(cﬁ;~'~cs,-)2g_~(x£ <22 [(o;—a)2 - -(n,——z,-!lj-lli (o —»2).

ps= —2{n—s-1)-io,

n

T~ ol e 5 S
1 o1 tanh 5 &; ] (04 -3 tanh 5 0§ —0j) (0;—0j) tanh = (G-
Sp(2n, R) | Sl dnd -

ps=—(n—s=1)—iagg

7
I1 o5 tanh J}-E;-[n‘?—l-(z,——l}i}*}-ﬂ{*G;—U,:li#(z;--—i,-‘»:j
1 i>j
SPI2P.20) | ¢ [0y — 6% -~ (s vy — 2] [lag =Gyt i — 2537
b .>q

o+ 2+ (= 12 - [ 020 — 12— 1202
5%

s fof (=121,

ods, and it has the form
Dy (@)= exp !— = S 'T:'—\j]zl exp [i 2 G‘u..r;TJ]
7 @ bl
A

( a)p; B £ T.(a
x | dk]] (RSN Df, o (8) D, o B, (66)

1
where the sum is extended over all permutations w of
the Weyl group W, and the superscript a of R; and &
indicates the asymptotic value of these quantities. Ex-
plicit expressions for R‘® and £‘*’ have been given
above. Substituting into (64) the asymptotic expressions
(66) of the matrix elements and integrating with allow-
ance for (65) with respect to {7}, which leads to & func-
tions on the right-hand side of (64), and with respect to
the parameters %4 and %, in # for F(o,s), we obtain

r

F (0, 9)= @a)'# [ dkaw ] (RE (1% R ()
1

- - =y 1T
% D, o (7' DI (BOTF). (67)
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s |
I
7

=2k H ({03 —05)2 = (4 — %)*]
>5

20— 0517 = (o 5+ 1)?] [(07 - 07)2 4 (% —%;5)?]
3

2101+ 02 4 ey g+ 12 ][ 05 tanh 2.3,
1

ps= —(2n—4s-- 1)L 2igy

»
2,
00 | p=skrt T i0i—0p2 -Gt —2p?)
i>j
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Oip q
P>q q
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% (EA—EJ)II["3+ (la.'?“ &2:2_ G)z]'IIUs i :;'Eas
8 % i

ps=—1/2(n—2s5)+}io;
pP—a=n

Further simplification of the expression for F(o, s)
involves using the properties of the maximally occupied
matrix elements D{$] (,; and the presence of a subgroup
of the centralizer, Expanding D3], i, (¢’~'k) with respect
to a complete system and integrating with respect to
the parameters of the centralizer, we obtain from (67)
F bl B (@) g0 Hl i [

0 9=L| ] HILAC @P Dl w @l e8)
Y8

where Ny, is the dimension of the representation {s} of

the centralizer, expressed in terms of the weights s; by

means of (A, 8),

Thus, the problem of calculating the Plancherel mea-
sure of the principal continuous series of unitary rep-
resentations of semisimple Lie groups reduces to cal-
culating integrals of the type

J (g, 8)= ; dl.-f[ (R (k)% DY), o (&g,
Hs !

(69)

Note that the integrals in Eq. (69), which determine
the weight function of the Plancherel measure of the
principal continuous series of G for p; =- A; +io;, are
obtained at the convergence limit, and they must there-
fore by understood in the generalized sense.

In the case of complex semisimple Lie groups, Eq.
(69) admits further simplification because of the partic-

ular simplicity of the expressions for R/ and
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D, 1s(kTwk) [see @7)]. For such groups, the integral
(69) can be rewritten as

-~
J (0, )= ) dk I | det, & ["2 ™ %arr’ba"bunr), (70)
i

S

The integrand in Eq. (70) is simply the analytic con-
tinuation of the square of the modulus of the matrix
element of # (between the highest vectors) in the region
of complex values (s, +10,)/2 of the weights of the cor-
responding representation., Therefore, the weight func-
tion of the Plancherel measure has the form

@ (0, §)=(27) A | Ny .
(s Aiaa} (71)

W=

where Ny is the dimension of the irreducible represen-
tation of the corresponding compact group ¢ determined
by Eq. (A.8). For the complex classical Lie groups the
weight function in (71) was obtained by other methods in
Refs, 21, 28, and 31,

Explicit fovm of the weight function for diffevent
types of classical semisimple Lie groups. Without
dwelling on the actual calculations of the Plancherel
measure of the principal continuous series of unitary
representations of different types of real semisimple
classical Lie groups contained in Refs, 41 and 43, we
give the final explicit expressions of the weight func-
tions for these groups in Table 6. For simplicity, we
omit the numerical factors, They can be readily re-
covered from the general expression for the weight
function of an arbitrary semisimple Lie group given
below,

Root form of expression of the weight functions, The
expressions given in Table 6 for the weight function
of the Plancherel measure of the principal continuous
series of unitary representations of the classical semi-
simple Lie groups can be expressed in a unified manner
in the invariant root form. Namely,

w(a, §=(2n) A N, 1T o, )|
(72)

J (o, 8)= H'J‘j[p‘z 2, 2 (p--p0)] Bpe 2, atny)].
x>0

where the product is extended over all positive roots

a (except for the centralizer’s) for which all [a(p+p,)|
are different; B(x, y) is the beta function; p, is the mul-
tiplicity of the corresponding root.

Note that for representations of class 1 (in the case of
symmetric Riemannian spaces of nonpositive curvature)
the expression (72) for the weight function was obtained
earlier in Ref, 32, The expression (72) is also valid for
an arbitrary (not necessarily classical) complex semi-
simple Lie group.

The expressions found for the weight functions of the
Plancherel measure of the principal continuous series
of unitary representations of the classical semisimple
Lie groups are analytic functions of the representation
parameters p, which have poles of not higher than first
order (because of the hyperbolic tangents). The position
of the poles and their number are uniquely related to the
number of principal series of unitary representé.tions of
the groups. The Plancherel measure of the various
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TABLE VII,
G Highest roots of the simple complex Lie algebras
A 4 B : . g
g ity weay Gty n Bl i e e
n>1 Pl n>1 veay 20—114
Ca Ty Tt pogy TETpeog -+ Tpogy o0y 20— 0
n>i
Dy,

A=y, A—1Tp, T, T+ T Tog Mgy ooy 21—y — 70—y

G, 113), (23) - Fy 11232), (1242), (1243), 12245,

o (1112322), (1212322), (1212313),
101212y, (112211), (111212) o
Ee (112212), (112312), (112322) E; | (1212323, 511'%12%‘12)3;) (1215428:.

E (12324524), (12323534), (12324534), (12324634), (12324635), (12424633,
8 (13424633), (23424635)

Nore, In the table, we use the parametrization of the positive roots in the form of
Ref. 6, the highest roots being arranged in order of ascending height, To simplify the
notation, only the coefficients of the decomposition with respect to the simple roots
are given for the highest roots of the exceptional Cartan algebras.

semidiscrete series and the one discrete series, whose
existence is due to the real semisimple groups having
nonisomorphic Cartan subgroups, is evidently deter-
mined by the residues at the poles of the weight function
for the principal continuous series considered in the
complex plane of the parameters {o}.

The existing examples of real roots for which the
Plancherel measure has been completely calculated,
i.e., for all the types of principal series which they
have, do not contradict our conjecture, If this fact is
confirmed in the general case and proved independently,
then the expression (72) completely solves the problem
of decomposing the regular representation into irreduci-
ble components (or the problem of expanding square-
integrable functions with respect to the matrix elements
of the various principal series of unitary representa-
tions of semisimple Lie groups).

The remarkable simplicity of the final result (72)
indicates that there should be a purely algebraic deriva-
tion for the weight function of the Plancherel measure of
semisimple groups. This is indicated by the presence
of the reduction procedure, which enables one in con-
crete calculations of the measure™® to carry out a re-
striction to subgroups of lower dimension and factorize
the integrals that arise in this way,

CONCLUSIONS

At the present stage of the development and applica-
tion of the group-theoretical approach in applications in
physics the tensor basis undoubtedly predominates. The
present investigation of various aspects of the rep-
resentation theory of semisimple Lie groups on the
basis of the asymptotic method and the universal
parametrization of the elements of the compact groups
makes essential use of the invariant root formulation
for these groups, in which all the proofs and the final
results take on their simplest and most unified form.
In our opinion, use of the root technique in the frame-
work of the group-theoretical approach makes it possi-
ble to simplify considerably the calculations needed in
applications and reduce the majority of them to simple
automatic operations,
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Let us list the problems in the representation theory
of semisimple Lie groups whose solution can be ob-
tained in the framework of the method developed in this
review and has great interest.

1. The separation of all the completely irreducible
and unitary representations of an arbitrary semisimple
Lie group. Knowledge of the expliéit form of the inter-
twining operators, in terms of which the kernels of the
Hermitian forms and the principal terms in the asymp-
totic expansion of the matrix elements are expressed,
enables one to reduce this problem to diagonalization
of the corresponding finite-dimensional matrices of the
type (41) with subsequent verification of their positive
definiteness and analytic properties,

2, Calculation of the Plancherel measure for all the
principal series and verification on this basis of the
conjecture made earlier,

3. Investigation of the number of representations of a
group that can be obtained by means of the asymptotic
method. This is an essentially mathematical problem
and intimately related to that of the calculation of all
irreducible representations of semisimple Lie groups.

One can at the least assert that among the represen-
tations obtained by the asymptotic method there are all
the representations of these groups described hitherto
(by different methods), and they undoubtedly provide a
fairly large selection for applications in physics.

The complete solution of these problems, which is
known only for some special cases, would go a long way
to completing the theory of representations of semi-
simple Lie groups,

APPENDIX

Universal parametrization of the compact groups;
highest vectors of their irreducible vepresentation,
From the analysis of the structure of the system R, of
the positive roots of the classical series 4,,B,,C,, D,
and the exceptional Cartan Lie algebras Gy, Fy, E;, Eq, E;
there follows the existence of an ordering in R, for
which each sum root lies between its summands. An
arrangement of the indices of the roots ay,..., a, fixed
(not uniquely) in this way will be called a Z, ordering.

Let us briefly clarify the meaning of this definition,
In R, we take a collection of roots {a} and {a'} for which
the maximal root s is the sum (s=o; + @) and we
arrange the distinguished subset {a, a’, s} € R, in such
a way that each sum root lies between its summands, In
the remaining collection we order similarly. As an
example, let us give a Z,-ordered system of roots for
Gys (myy my + g, 2my + By, 7wy + 2y, g + 372, M),

It is known that an arbitrary element k of the com-
pact group # can be parametrized by the elements of its
three-dimensional subgroups. Accordingly, we rep-
resent % in the form

Bl P :_hy Xa. -a
= H exp [: T65r Ge ] exp :Iﬂcc

9 ¢
e Ve (A.1)
L 0O < i
% [T expliky¥; 2, 0<q,,<2.1;}
=1 0< ¥y <én,
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where by the product Hﬁ;o we understand a Z, ordering
with respect to all the positive roots a >0, Using the
formula (see, for example, Ref, 5)

exp ( Xyt X, B J— a\p[ l/— tan T X

| 2 i)
exp [é—] In cos T“ hu] % exp [i ]/(?07) umT" XaJ

we can show that the invariant measure dk ong¢rin the
parametrization (A.1) has the form

(A. 2)

(A.3)

To find the explicit expression for the highest vector
of the irreducible representation of the group # in the
parametrization (A, 1) we first prove the following
assertion,

,
di= [] (cos 0 2) 00 (40~ 1 gin 0,/9d0;, dgq [] 4.
>0 i=1

In the Gaussian decomposition E:z_alz+ of the com-
plex hull of the group & the element d of the maximal
Abelian subgroup “factorizes” in the parameters
(@as 84, ¥;) and has the form
d= H exp { i @ :) [ —2i In cos B 2]} II exp (ik;¥;/2). (A_ 4)

a>0 1
To this end, we consider the subalgebra spanned by the
elements X, and X;_,q of the root space, where {— a'}
is the collection of all negative roots, which form a
subalgebra and are arranged to the right of o for the
chosen method of ordering. Suppose a - af <0; then
o - afe{- a’} since a sum root must lie between its
summands « and ej—- a>0, If o - «f>0, then it lies
to the left of @ since o is a sum with respect to a — o;
>0 and @f{>0. The commutators of the elements cor-
responding to the positive roots o - o are situated be-
tween the elements. Thus, in the subalgebra X,,
Xia-en, and X, one encounters no elements corre-
sponding to roots that have equal modulus but opposite
sign. Using this circumstance and Egs. (A.2) and (A. 1),
we can prove the assertion by induction,

Proceeding from Eg. (A.4), we obtain in the usual
manner® the following expression for the highest vector
S,m of the irreducible representation of the group # with
the highest weight {}={,,...,0,}

=) r

£0 = I exp [ = qa] {co3B, ) 2 IIIe\p [i;]2;/2].
@>0

The highest vectors .E“’ can be expressed in terms of
the principal minors of the matrix @, = Sp(X_.kX &)
of the adjoint representation. We denote by = - Z, the
ordered collection of “highest” roots such that a; +
> a;40cZ, and ac E. One of the possible systems of
linearly independent “highest” roots for all the simple
compact groups is given in Table 7. The following
assertion is true,

(A, 5)

The principal minors D; of the matrix a,,,a,be =
measured from the maximal root s € % are eigenvectors
of the operators X c,,(}l’_,,‘) with zerg eigenvalues and
eigenvectors of the operators h,(h,) with eigenvalues

AP =38 ..in;. The elements of the eigenspace of the
ath root of the left (respectwelyL right) regular rep-
resentation of s are denoted by X ,,()?_,,), and i, (h;) are
the generators of 5.

From the definition of a,, and the linearity of the
operator X it follows that
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v o (% = 7 Y A8
Kooy =Sp (X_ok [Xa, KXol k) = { gfebta-Doay b—a€Z,
The nilpotent nature of the action of X on a,,

(b + o> b) makes the equation X oDjla) = 0 obvious. The
expression for 2" is a direct consequence of the form-
ula 7;a,,=b;a,. (The corresponding equations for X_,
and i are proved similarly. ) Then from the definition
of the highest vector .g‘” as the solution of the system
of equations

XN S U (A. 6)

there follows the formula

';”’zl‘r] 12" (A7)
1

where by virtue of the linear independence of the system
of highest roots noted earlier the parameters p; can be
chosen in accordance with the second pair of equations
(A.6).

Knowledge of the explicit expressions for the highest
vector and the invariant volume on &'enables us to cal-
culate the normalization constant of the highest vector
and thus obtain in one more way the well known expres-
sion for the dimension Ny of an irreducible representa-
tion of &, ® Normalizing the invariant measure dk to
unity, we obtain

V-“m S [5 dE|E Iz]_i

We now give a new solution to the problem of finding
the projection operator onto the highest vector; it is
easy to show that this has the form

5 RO,

M B
sl e (A.8)
>0

(A.9)

where in the element % < srgiven by Eq. (A.1) we have
the infinitesimal operators of the right (respectively,
left) regular representation for X, and %;. Substituting
f from (A, 1) and the expression (A. 5) for £/} into (A. 9),
we obtain the following expression for the projection
operator f’,:

r |
Pi=N( H =k | CUERh |
i
(=) i
te= 25 (5]
2
l' lf_; ( |1..'_ ) B 3 :
x[2 “(m)"“)]z/[a R P
which agrees with the form of the projection operator
obtained in Ref, 39 algebraically; & is the operator &
symbol. A mathematically more rigorous exposition
of the content of this Appendix can be found in Ref, 38.

Bi=Ny,

(A.10)

Note also that the parametrization (A. 1) enables one
to obtain the results of Ref. 32 on the calculation of the
Plancherel measure for representations of the class 1
by an apparently more simple method,
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