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For many years, investigations have been made of relativistic wave equations with internal degrees of

freedom (internal variables). In the majority of cases, these equations have “defective” solutions, but some
equations are known with additional conditions that have a reasonable mass spectrum. On the other hand,
it is difficult to introduce an interaction into such equations. In view of a possible description of the parton
model by means of these equations, we give the relevant data on the relativistic equations with internal

variables.

PACS numbers: 11.10.Qr

INTRODUCTION

The investigation of relativistic wave equations with a
definite, and finite, spin was begun in 1926—1928 by
Klein and others! for a particle with spin zero and by
Dirac? for a particle with spin 3. Subsequently, equa-
tions for particles with higher spin®=® and with several
mass and spin values®!* were considered. The first
infinite-component relativistic equation with a mass
spectrum was obtained in 1932 by Majorana®® (for many
years this paper remained little known and hardly
accessible). In 1947, I E. Tamm and one of the authors
published Ref. 16, in which particles with a spectrum
of masses and spins were described by means of inter-
nal variables and the wave function was of the type
¥(x,,u,), where in the simplest case ¥ is a scalar,

%, are the coordinates of the particle (1 =0,1,2,3), and
, is a four-vector corresponding to the internal de-
grees of freedom. To a considerable extent, such an
approach is equivalent to the bilocal theory of Yukawa, !’
in which #, is the difference between the coordinates
x3 and xf,f’ of two bound particles that form a single ob-
servable particle,

Relativistic wave equations with higher spins and
equations with internal degrees of freedom have since
been considered in many other papers, *=% To con-
sider this problem, one can also use a matrix represen-
tation (instead of introducing new four-variables of the
type #,); the most important thing is not the means of
expression but the use of infinite-dimensional represen-
tations of the Lorentz group (and other groups) or finite-
dimensional but irreducible representations of this
group with several values of the spin of the particle.

The equations for particles with definite spin but greater
than 0 and # are rather complicated and have specific
features, Therefore, much attention has been devoted

to the study of particles with spin equal to 1, 3/2, 2,
etc, (see, for example, Refs. 47—52),

From the point of view of physics, the stimulus for
investigating relativistic equations with internal degrees
of freedom has been the desire to solve the problem of
the mass spectrum; in other words, to obtain an equa-
tion that determines the possible masses and all quan-
tum numbers corresponding to the observed elementary
particles or, at least, individual families of them, It
would seem such a program can be solved only if the
particle to be described by the equations interacts suf-
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ficiently weakly with all fields, It is only under this
condition that the mass spectrum of the original un-
perturbed equation can have a real significance, just as
the calculation of the levels in an atom is meaningful
only if they have a sufficiently small width and shift due
to interactions not taken into account in the approxima-
tion under consideration,

The theory of relativistic wave equations with internal
degrees of freedom has not led, or at least not yet, to
any concrete or even fairly promising results. However,
in recent years interest has been reawakened in a
space-time description of the structure of elementary
particles in connection with the problem of the internal
symmetry of particles, the quark model of hadrons, 53~
and the parton model. *® The questions that then arise
bear some relation to the problems encountered in the
study of relativistic equations with internal degrees of
freedom. We therefore feel it is appropriate to consider
these equations,

1. SOME RELATIVISTIC WAVE EQUATIONS WITH
A MASS SPECTRUM

To illustrate the possibilities and difficulties present-
ed in the approach, let us give some well known exam-
ples of relativistic wave equations with mass spectrum.

We shall assume that the particle is described by a
scalar wave function ¥(x,,u,). Proceeding from the
model that generalizes the model of a nonrelativistic
top to the relativistic case, we make this function
satisfy the equation!®

[ﬁ_x% £ M) w =0, 1)
where M,,=u, 8/du*—u,3/8u,; B and » are constants,
B being analogous to the top’s moment of inertia, To
solve Eq. (1) in this case, it is necessary to separate
the variables x, and #, and factorize the wave function
U(x,,2,):

W (s up) =¥ (2) © (uy,)- (2)
The function @(u,) is an eigenfunction of the operator
LO = My M¥®/2 = 4D. @)

Then the function ¥(x,) satisfies the equation

[ —wr 28] ¥ (5) = 0. @)

P m
oz, dz
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A state with definite mass corresponds to the solution
of this equation with the form

W (z,) = const exp ( — imt). (5)

This corresponds to a transition to the rest frame
(momentum p=0), and for the mass of the particle we
obtain

m?=%*— P2 (8)

Thus, the mass spectrum described by Eq. (1) is
given by the eigenvalue of the invariant operator L. In
Eq. (1), the four-vector , is spacelike. This choice
is dictated by the desire to have a discrete spectrum of
A values and therefore a discrete mass spectrum (6).
Going over to spherical coordinates on a single-sheeted
hyperboloid:

us =rcosh ¥ sin 0 sin ¢; g =rcosh'¥ cos 0;
r=u?—ug;
—o<¥<oo; 0LOLm

(7)

g =rsinh ¥; uy = rcosh ¥ sin B cos ¢; }

0L 2n,

we can readily show that the operator L is given in dif-
ferential form by the expression

1 a 2qr @ Be, 9
= cosh?y W(th ?W) +cosh"'¥ : @)

where 4, , is the angular part of the three-Laplacian:

1 a . a 1 &
Bo.o= g7 35 (60 35) + mrv g ©
Note that
a2 i @ a L
ﬂu“auu =95 F(rsF)+r_z‘ (10)

If we seek only solutions of the eigenvalue equation (3)
that have finite norm, i.e., are square-integrable on
the single-sheeted hyperboloid, we obtain a discrete
spectrum of A; since the variables ¥ and 6, ¢ separate,
i, e., the function &(¥, @, ¢) can be factorized:

@ (¥, 0, ) =Y. (8, @) B (). 1)

Here, Y,,(0, ¢) are ordinary spherical functions; the
function R(¥) satisfies the equation

1 ] a 41
[ ¥ (o ¥ 57 ) + soqrg +H] R(D)=0. (12)
Normalized solutions of this equations are the Legendre
polynomials Pj(tanh¥), where j is an integer. We in-
troduce a new variable and new function:

z=tanh¥; P=VT1—ZR. (13)
Then Eq. (12) can be rewritten as

s S LI L) P f=t B, (14)

1—22

)

This is the standard equation for the Legendre func-
tions. ® It has the Legendre polynomials Pj(z), where I
and j are integers, as normalizable solutions. The
polynomials are normalized by the condition

1
; 2
_51 | Pi2) P dz = g5 =g

The eigenvalue A is discrete and related to the num-
ber j:
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(74-0! (15) -

T2 B (16)

The number ! ranges over the values I=j, j+1,
j+2,-++. The variable 7 does not occur in the final
expressions since one takes a function on the single- -
sheeted hyperboloid, so that 2¥/3r =0. The spacelike
vector #, means that one must choose P=uu-ui>0.

If one takes a timelike vector u,, the eigenvalue
equation for the mass does not have normalizable solu-
tions, and there exists only a continuous mass spec-
trum, ' In the case of a spacelike vector #,, one must
also take into account’’ the continuous part of the spec-
trum of the operator L. The point is that this operator
is like the Hamiltonian for the hydrogen atom, which
has a continuous and a discrete spectrum of energies,
The eigenfunctions of the discrete spectrum are nor-
malizable, while those of the continuum are not, But if
one works in the Hilbert space of square-integrable
functions, it is necessary to take into account the com-
plete spectrum (discrete and continuous) in order to
have a complete system of functions in this space. At
the same time, in such a space one can choose a sub-
space in which the system of functions belonging to only
the discrete spectrum is complete.

This result is also clear when expressed in group
language. The point is that the mass operator L is the
Casimir operator C;=M,, M**/2 (Ref, 16 and 12),

The second Casimir operator is Cy = — i€ ,,,,U**M*/2,
The spectrum of the Casimir operators for irreducible
representations of the Lorentz group is well known
(see, for example, Refs, 12, 16, and 58):

—(J"H_i)+a2; amn

Here, j is integral or half-integral; « is a real positive
number. In the case of the realization M,,=u, 8/8u”

- u,3/3u” on the single-sheeted hyperboloid (1), a=0
and j is integral if one requires that the eigenfunctions
of L be square-integrable. For a spacelike vector u,,,
the problem of the eigenvalues of the Casimir operators
is equivalent to the problem of constructing a complete
system of functions on the single-sheeted hyperboloid,
i.e., on the homogeneous manifold defined by the
stationary group of the vector (0,1, 0,0). This is the
same problem as arises in the decomposition of the
quasiregular representation on a homogeneous manifold
into irreducible components. For a two-sheeted hy-
perboloid [timelike vector u,, stationary subgroup of
the veetor (1,0,0,0)], the problem was solved in Ref,
58; for a single-sheeted hyperboloid, in Ref. 59 and
then in more detail in Ref, 57,

Let us now discuss the mass spectrum which is ob-
tained. As can be seen from Egs, (6) and (17), the
square of the mass is discrete, but each value is in-
finitely degenerate with respect to the number ! and
with respect to m=I[,, the projection of the angular
momentum onto the z axis (the mass of the state de-
pends only on the number j). Such states can be regard-
ed as states with indeterminate spin (the mass spec-
trum has the property that for given number j the mass
does not depend on the spin, and there is infinite
degeneracy).
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The infinite degeneracy can be eliminated by impos-
ing the following relativistically invariant additional
condition:

[ Muoh =
a.

i P
O.Tp r

—(fwi)af;?.]wm. ) =0. (18)

where j, is a fixed number, On the transition to the rest
frame, we obtain the condition

(MM — (jo -+ 1)1 ¥ (2. 1) =0. (19)

It can be seen that the additional condition (19) imposes
on the numbers ! and j the following constraint:
*+1+42-j,=0, 1=j, j+#0, For integral [ and j, this
constraint has solutions only for integral j,. Thus, the
additional condition (18) lifts the infinite degeneracy of
the mass spectrum with respect to [.

One can also find a mass spectrum corresponding to
a relativistic equation in which there are mixed terms
depending on the center-of-mass coordinates x, and
the internal coordinates u,:
&
day, 0P

@ 3.qad B
[W—u-ffﬁ_ﬂf“vlﬂ e MM ]‘I"(:r,h 1) =0. (20)
For the rest energy [a solution of the type exp(—imt)]
we obtain from this equation

m?=[x2— P (e — P2+ D[ & (P I — > +a? 1)) (21)

We again consider only eigenfunctions that have unit
norm.

The relativistic equation (1) was constructed on the
basis of a physical model of a top, or a relativistic
rotator, Relativistic equations with continuous internal
variables have also been constructed on the basis of a
model of a relativistic oscillator, 1™18

In particular, in Ref. 17, Yukawa replaced the mass
in an equation of the Klein—Gordon type [3°/ax, ax*
— X} =0 by the following scalar operator, which de-
pends on the internal variables:

22 = 02 [ — 8% By, Gut - uyutihA% 2, (22)

where A is a constant with the dimensions of a length.
In this case, the wave function ¥(x,,#,) can again be
factorized. For the factor that depends only on the in-
ternal variables, we find the wave function

prnemano _ i (g A) Hog (s 1) Hnguz s) Hyo(ugrh) (23)
exp [—(ug+u?)/20%
which has unit norm (here H, are Hermite polynomials).
The mass spectrum corresponding to the mass operator
(22) has the form -

MmNy — (}/Zr?\.) (ny = na - ng—ng+1). (24)
Here ny, ny, 1y, 73 are non-negative integers.

The mass spectrum (24) has zero rest mass and is
infinitely degenerate since the sign in front of n; is
negative (the number »; corresponds to the quantum
number of vibrations along the time axis), As in the
case of the top, one can eliminate the infinite degenera-
cy by means of an equation with mixed terms, for
which the internal coordinates and the ems coordinates
do not separate trivially. Consider, for example, the
equation
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{ ﬂ:::?:“ A f_ T au:;u"' Y uuu“,.'ﬂ.‘T/Q

y (25)
4+ A2 [ — (6203, UMY +- (1, B0z, )N } ¥ =0,
which has the mass spectrum
mnsnanang — V2 (ngtra—np 1) (26)

A [—2e(ng—1/2]17% °

At the same time, one imposes the condition that the
eigenfunction be normalizable in the space of the inter-
nal variables #,. The treatment is carried through for a
timelike momentum vector pi > p” and one goes over to
the rest frame p=0. By choosing the parameter € one
can eliminate large values of n; since otherwise an
imaginary mass appears. We shall discuss the use of
such a requirement below. But in Ref. 17 Yukawa does
use it, and for an example he takes e=1/2, Then

mranansno = 2 (ny - ng -+ g = 1)/ (27)
and the infinite degeneracy is lifted.
Equations (25) can be slightly modified!®?%0;

42 g A ( 82 1 2
—_— e | — —— =1 ul-l)
{ oz, oz* 2 Gy gut o

i s (28)
F 2 2

+en[ —(Sm) e () ]} =0
At the same time, if »#0, the solution with p,=0 is
eliminated since the following mass spectrum is
obtained:

X2 (gt mytng—mp 1)1RT (29)

2
B 1—2 (np—172)

Depending on the sign of the coefficient €, we obtain
here, as in (21), either a decreasing branch of the
spectrum, m —0, or an imaginary mass. A number of
equations of oscillator type have been proposed by
Markov. !¥ The first of these equations for a bispinor
¥(p,,u,), where ¥(p,,u,) is the Fourier transform of
the wave function ¥(x,,u,), is

(Pud/duy)? — (puut)?
pupt

{Tuﬂu+x+a[—gﬁu-u+uuu“+2 1}¥=0.(30)
In the rest frame p=0, the mass operator in this case
has the form of the Hamiltonian for a four-oscillator
with the same signs for all four oscillators:

m =%+ a[ud- ul— §%/6u’ — 8%/du?|, (31)
from which we obtain the mass spectrum
mrananano = % 2a (ny -+ na = g+ ng - 2). (32)

The ground state n; =ny =n;=n;=0 is not degenerate,
To describe particles with integral spin, Markov!®
proposed the analogous equation

(Pud/ouy)® — (puut)?

4+ ugut 2
¢ _Bup"’

S s A b
{mp+wea|: e J}¥=0.(33)
Since the square of the four-momentum occurs in the
denominator in Egqs, (30) and (33), we have essentially

gone over to equations of higher order in the derivatives

"9/ ox 4- The infinite degeneracy in the mass spectrum

(24) is due to the precence of the negative term n,. In
order to “prohibit” vibrations along the time axis, i.e.,
set ny=0, in a relativistically invariant manner,
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Markov!® proposed the following system of equations for
the function ¥:
a : & ey
{""“67.-4-“”'“ ['_ G, Ou” +"“u“]} =0
a a W0 (34)
e
In the rest frame p=0, the second of these equations,
which we shall call the additional condition, takes the
form

(up+ 8/8ug) ¥ =0. (35)

The operator (u;+ 3/u,) is an annihilation operator,
which, acting on the corresponding function of the
oscillator ground state, gives zero. Therefore, among
all the solutions corresponding to the first equation (34),
there remain only solutions of the form

W suans = Hong (1) Hng (122) Hng (t5) €59 [ — (02 - )] (36)

which are solutions of both equations (34). In an arbi-
trary coordinate system, the normalized ground state
of the system is described by the function

W, = exp {(PHu6,)?/(BuP) — e 2) . @37

After the group approach had begun to be intensively
developed in the theory of elementary particles, which
led to the classification of elementary particles on the
basis of the unitary group SU; (see Ref. 53), the theory
of relativistic equations with internal variables was
developed further, =2 Namely, in the framework of the
same equations of the type (1) or (34) the symmetry
properties, which play the role of internal symmetry
and are related to the internal quantum numbers of the
elementary particles, were taken into account. We shall
illustrate this for the example of the relativistic oscil-
lator model, 2

For particles with half-integral spin, we use the

equation
{v“auf_—”+u+-;—zbi(—ﬁ%-{-uau?‘-i)}\F:O. (38)
i=1 w

Here, u) (i=1,2,...,7); u**=ul is a set of » four-
vectors, In what follows, we shall take 7 equal to three.
This choice is due to the fact that a three-oscillator
has U; symmetry. Therefore, the introduction of three
relativistic four-oscillators enables one to take into
account not only relativistic invariance but also the
properties of the unitary group SU;. The parameters
b; take the values of frequencies. A physical picture
that to a certain extent corresponds to the chosen
model is a system (“drop”) vibrating about an equilib-
rium position. 23 1t is these vibrations that are de-
scribed by the internal variables—the four-vectors
u'. To avoid infinite degeneracy of the levels, we im-
pose on the wave function the additional conditions (34):

e L R )

(39)

d 4 a -
5 (“u_&uu. z.) .ll" z=4
A wave function satisfying the system of Eqs, (38) and
(39) can be factorized:
W (2uh) = {exp [ —i (Bt —pr)} ¥ (14)- (40)
We go over to the rest frame p=0. Then ¢ is an eigen-

function of the mass operator:
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3
ST

—W“F‘”'i)]‘f:’@ (41)
and it satisfies the conditions
(ui - d/oud) @ =0. (42)
The eigenvalues for the rest masses have the form
(r=3)
3
m=xL2 3 b (ni-ni+ni1). (43)
i=1

Here, ni,ni,n} are non-negative integers. The condition
(42) leads to a zero value for the vibrations for the time
coordinates of the oscillators, i.e., n}=0, Note that
the frequencies b; in (43) are different, i.e., each of
the three oscillators has its own eigenfrequency. This
appreciably reduces the degree of degeneracy of the
levels, The model of three relativistic oscillators re-
flects, in particular, somie of the properties of the
quark model, in which the baryons are made up of
three quarks. In addition, the oscillator model also
enables one to draw other important conclusions about
the nature of the internal quantum numbers of the ele-
mentary particles such as hypercharge and isospin,
This is due to the possibility of classifying states cor-
responding to internal excitations of the system by
means of a unitary group., We consider the operators

b= ! i+ i

: d 1
i ¥
=" Y3 (“rf. d auu.i) iy 12 (ua

d
;::) (44)
From the operators a‘, and !} we construct the genera-
tors of the group Us: T”=a°‘""aa' j» These operators
satisfy the commutation relations of the infinitesimal
operators of U; and commute with the mass operator.
Therefore, the solutions of the wave equation (38) can
be classified by means of the quantum numbers of Us.
In addition, from the operators @, and %’ one can con-
struet an angular-momentum operator associated with
the variables ut,;:

3
Ma, p= —11%.1 (aital—aiaf).

The operators T;; and M,, commute with one another
and with the mass operator; therefore, the solutions of
the wave Eq. (38) can be classified by means of internal
and spatial quantum numbers. Physically (but of course
in the framework of this model) this means that the
internal quantum numbers such as hypercharge and
isospin are associated with the vibrational excitations of
the oscillators which make up the elementary particle.

The operators of the hypercharge, Y, the third pro-
jection of the isospin, Ty, and the square of the isospin,
T°, are related to the generators of Us by

Ty=(To—T2:)/2; (45)

Y =2(Tu—T1)3+ (Tar — Tas)/a;}
TZ; (T['.’TZI = T‘21T12)4'2 ::‘ T; ¥
The operator of the projection of the angular mo-
mentum, M,, is given by
3

M= —i Y (ai*ai —ai*ai). (46)

f=i
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The operator of the square of the orbital angular mo-
mentum has the form M= M}, + M, + M3,. The opera-
tors M? and M, commute w1th the operators (45). In
group-theoretical language, one can say that states with
given quantum numbers belong to one irreducible
representation of the group U(9), If one were to take
into account vibrations along the time axis for each of
the three relativistic oscillators, it would be necessary
to use an irreducible representation of the noncompact
group U(9,3), The condition (39) leads to the transition
to the group U(9).

We emphasize that states belonging to one irreducible
representation of U(9) do not have the same mass be-
cause the oscillators have different frequencies, Thus,
the group in this case is a dynamical group, % or a
noninvariance group, ®1 or an algebra which generates
the spectrum, ¥ These concepts are frequently related
to infinite-dimensional representations of noncompact
groups. In the given problem, in one representation of
the compact noninvariance group U(9) a finite number of
states with different masses are combined. An irreduci-
ble representation of U(9) is specified by the highest
weight, and for the oscillator under consideration this
weight is determined by the principal quantum number

a
W 21 ni + nj + ni.

Let us determine the values of the spin angular mo-
menta for some of the low levels, For this, we first
restrict the representation of U(9) to the group U(3)
®U(3), and we then restrict the resulting representa-
tions to the group U(3)®0(3). We obtain the following
result. The multiplet with the highest weight
(000000 000), which corresponds to the case N=0, is
a unitary singlet with angular momentum zero. The
multiplet (100000 000), which corresponds to N=1, has
dimension nine and is a triplet of quarks with angular
momentum unity. The next multiplet with N=2 and
dimension 45 has the following composition: (N =2)
=(6,5)+(6,1) +(3,3). Here, we have used the usual
notation: On the right-hand side in the brackets the left-
hand number is the multiplet index of SU;, and the num-
ber on the right is 2l +1, where [ is the angular
momentum,

The next level with dimension 165 has the composi-
tion (N=3)=(10,7)+(10,3) + (8,5) + (1,1). To this
level there belong two unitary octets with orbital angu-
lar momenta 1 and 2 and two decaplets with angular
momenta 1 and 3, and also a unitary singlet with angu-
lar momentum zero. It can be seen from these results
that the relativistic equation based on the oscillator
model has quarklike solutions and solutions that have
the correct properties with respect to the unitary group.
The lower levels correspond to quarks, and for N=3
we obtain an octet and a decaplet, ’

In Ref. 26, Dirac constructed a number of relativistic
equations by introducing additional internal variables
u, (@=1,2). One of these equations is particularly in-
teresting in that it is superficially very similar to the

UThe oscillator model has recently been developed in a num-
ber of papers (see, for example, T, De, Y, S, Kim, and
M. E, Noz, Nuovo Cimento 13, 1089 (1973) and the refer-
ence in it),
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ordinary Dirac equation but it does not have states with
negative energies as solutions, The internal variables
in this Dirac equation correspond to a two-dimensional
oscillator, and it is an equation in which the internal
variables and the cms variables are “coupled”, In this
respect, this equation-of Ref, 26 is related, for exam-
ple, to Egs. (18) and (20). However, the internal
variables u, do not form a four-vector with respect to
the Lorentz group, but transform with their derivatives
in accordance with a different representation, which
makes the equation rather unusual. The single-com-
ponent function ¥(x,, u,u,) depends on six variables,
The equation for it is written as follows:

(00— 0d dx—P) ¥ =0, 47)

Here, g (as everywhere in the present paper, #=c=1)
is given by

o
Us
q(—it)ﬁu; v (48)

—id/du,

The components g, satisfy the commutation relation
[9ag8] = iBas.

The four-element matrices 8 and o have the form

ﬁ-_-(_? :)) : °h=0— (0 0‘;) (0 U:) aa— é E‘l)
10 1 0
f=(0 1) ; cur;==(1 0) A (0 ‘1)

and in (47) they act on the four-column g¥,

(49)

The matrices 8, oy, oy, @3 in (49) anticommute with
one another, and af=of=03=-3%=-1, Thus, for the
one function ¥ we have four equations. Equation (47) is,
on the one hand, an equation with additional conditions,
and, on the other, an equation with mixed terms. The
internal variables «, and 8/du, are multiplied by the
derivatives with respect to the cms coordinates, 3/8x,.
The system (47) is compatible, and the compatibility
condition has the form (one sets »?=1)

(02/0z, dzt — 1) ¥ = 0.

For relativistic invariance of the system (47), one needs
the following rule of infinitesimal transformation of the
column g on the transition from one frame of reference
to another:

f= (1 —iW/2) g (1-+iW/2);
g =( !/)q(—.Li:)}' (50)

Wap = ga [0"a paqs/4] g

where w® is the infinitesimal matrix of a Lorentz rota-
tion, Let us now consider the solutions of Eqs. (47) in
the rest frame, Because of the relativistic invariance,
one can readily obtain a solution with nonzero momen-
tum from these solutions. The solutions are sought in
the form of plane waves of the type exp(—ip"x, )¢ (u,, p%).
The general case reduces to solutions of this form by
means of an integral Fourier transformation. In the
case p=0, the equations (47) for the plane waves can be
written as follows:

(Pots +0/0u) W= 0; (pyty — 6/duz) ¥ =0, (51)

Equations (51) have a normalized solution only for by
=1. Therefore, the second solution of the Klein—Gordon
equation p*=1, namely, the solution p,=—1, is
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eliminated by the normalization condition. I p=0, we
have
W (2, uy, ug)=n~12 exp (—ipha,)

texp { | — (a3 +ud)+ ipy (43 —ud)— 2ipaans | [Py P9 } - (52)

Thus, by the introduction of internal variables (of two
oscillators) Dirac has succeeded in constructing a
relativistically invariant equation whose solution,
chosen in the usual form of a plane wave, satisfies the
normalization condition with respect to the internal
variables only for one sign of the energy. Although this
Dirac equation does not apparently describe any real
physical object, and it is difficult to give the two inter-
nal variables #, a perspicuous interpretation [in con-
trast to equations (1) and (34) and some others], this
equation is nevertheless interesting from the method-
ological point of view and warrants further study. The
same can be said about certain other equations with
internal variables,

Above, we have given only a few examples that illu-
strate the type of equations considered, Of course, one
can construct other examples, ** ¥4 We restrict our-
selves however to the remark that instead of the vector
u, one can use other different relativistic variables,
for example, tensors S,,, etc. In addition, the internal
space need not necessarily be assumed to be pseudo-
Euclidean; one could also consider a Riemannian inter-
nal space. Unfortunately, none of these possible gen-
eralizations have been exploited yet in practice.

2. FEATURES OF RELATIVISTIC EQUATIONS
WITH A MASS SPECTRUM

All known equations with internal variables have cer-
tain shortcomings, or their use encounters as yet in-
superable difficulties, Either there is a physically un-
acceptable mass spectrum, or one obtains solutions
with imaginary masses or superluminal velocities
(spacelike vector p,). If additional conditions are used,
it is not clear how an interaction with other fields, in
particular, the electromagnetic, can be introduced.

Imaginary masses and superluminal velocities can
already occur for finite-dimensional equations. Thus,
for the equation (3%/ax, ax* +»*)¥ =0 we obtain E*
=-»? +p’, Therefore, in the rest frame p=0, E=z1
(imaginary masses), while for p®>«? we obtain space-
like solutions (velocity |v| = 3E/ap| = Ip/Vpr-«Z | >1,
i. e., the particle moves with a superluminal velocity.
At the same time, it is well known that the equation
(aﬂ/ax,, ox* — w®)¥ =0 does not have such “defective”
solutions, We may mention, in passing, that super-
luminal solutions are fairly widely discussed (in con-
nection with tachyons), but the well known difficulties
associated with the causality requirement renders their
use extremely problematical, The solutions with imag-
inary masses are sometimes simply ignored. But this
is not in order since the presence of solutions with
imaginary masses imdicates an instability and the cor-
responding equations cannot be used (or at least, not
without a renormalization, rearrangement, etc.).

Among the above equations, different cases are en-
countered, Thus, the spectrum (21) for 3>0ande>0
(and =0, as holds automatically when the internal
variables #, are used) has an accumulation point at the
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contains the mass w =0; this is the case if ny +ny +n;
-ny+1=0, The spectrum (29) does not have such a
solution; in this case there are no spacelike solutions
either even if solutions with imaginary mass are
present, %20

The Majorana equation (T, p* +»)¥ =0, T,
=3%. ata; +1 has, as was shown in Refs, 15 and 24,
both spacelike (superluminal) and lightlike (mass m =0)
solutions. The mass spectrum of this equation is a de-
creasing one, m*=x%/(s +£)°, If the system of functions
is to be complete, one requires all branches of solu-
tions, as has been rigorously proved by Mukunda. ¢ We
give some more examples of equations®! of a more com-
plicated form based on the noncompact O(4, 2) symmetry
group of the hydrogen atom, which, for this reason,
have hydrogenlike mass spectra. Suppose there are
generators of a representation of the Lie algebra of
0(4,2) of the form

My=e; (@*opa—bald 2: i, j=1,2,3;

M= (a*o,e —brah) 2; M= —i(a*Ch—bCa)'2;
My; = (a*0;Ch* —bla;a) 2;

My = —(a*0,Cl* -~ bCo;n) 2, M= (a*a--h*b--2),2;

(53)

: 0 1
M= (@*Ch* —Ca). 2: ¢
i e . (A'! 0)

Here, 0; are the ordinary Pauli matrices, and the ex-
pression of the type a’c,a is understood as

23 11@1(0,)1,a;. Since O(4,2) contains the Lorentz group
0(3,1) as a subgroup, the generators include Lorentz
vectors and scalars, Therefore, choosing them, one can
construct a number of equations, for example,

[T.p*+ (S-a)k]¥ =0, where # and o are constants;

', =(2M;4, 2M,;), S=2M;, with the spectrum m
=+k[1-40%/(N+2)*], or, with a different choice (T,
=2M;,, S=2M;,) we have the mass spectrum m = |k |

% (1+ o?/N?)1/? sgn(ka). On the basis of the generators
(53) one can construct rather a lot of equations of this
kind: They are distinguished by the possibility of de-
scribing hydrogenlike mass spectra that inerease up

to a certain limit, Among these solutions, one also en-
counters spacelike and lightlike branches of the energy
spectrum,

We are inclined to believe that equations with super-
luminal solutions or (and) solutions with imaginary
masses cannot be used directly, i.e., by simply ignor-
ing these solutions and retaining only the “good” ones.
However, such a conclusion can be drawn with com-
plete confidence only after one has analyzed the cor-
responding equations with allowance for interaction,

Equations (34), (38), and (39) have a good (increasing,
not infinitely degenerate) spectrum of the type (43) and
no “defective” solutions. However, this is achieved by
the introduction of additional conditions, As a result,
one function, for example, the function ¥(x,,u,), satis-
fies two equations. Since this system of equations has
nontrivial solutions, one can see no reasons to object to
its use. But how can one introduce interaction with
other fields into these equations? For the example of
the equations with spin 3/2, 2, ete., it is well known®=8
that introduction of an interaction with, for example,
the electromagnetic field by the substitution 3/ax i

V.L. Ginzburg and V.l. Man'ko 6



mass m =0. But if >0 and £ <0, imaginary masses
are obtained. Depending on the sign of €, the spectrum
(26) either has a decreasing branch (m —0), or it leads
to imaginary masses. In addition, the spectrum (26)

— 8/2x, - ieA" in the equations themselves is inadmissi-
ble. An interaction can be readily introduced if one can
find a Lagrange function from which the system can be
deduced. But hitherto it has not been possible to find a
Lagrange function for equations with internal variables
and additional conditions, and in mathematics a regular
method for solving such a problem is not known, 2’ The
construction and analysis of equations with internal
variables have not yet been sufficiently investigated—
we do not know what are the possibilities with regard

to the spectra, the introduction of interaction, com-
pleteness of the system of solutions, admissibility or
inadmissibility of using different solutions or equations,
ete,

CONCLUSIONS

What bearing do these equations have on the parton
model? These equations contain variables (for example,
the variables #,) which acquire, or may acquire, the
role of the coordinates of internal “constituents”
(partons) of a particle (a proton), The partons cannot
exist in the free state, and, thus, the most characteris-
tic and nontrivial feature of partons and quarks is taken
into account automatically. On the other hand, on the
basis of these equations even simple conclusions that
follow from the idea of free partons or quarks have not
yet been deduced. Therefore, the question of the con-
nection between relativistic wave equations with internal
degrees of freedom and the parton model remains com-
pletely open, Nevertheless, there is no doubt that it is
worthwhile investigating further equations with inter-
nal variables; in particular, to clarify a whole series of
unanswered questions. It was with this aim in view, to
foster such a development, that the present paper was
written,

DAt the present time it seems to us (but this is prior to a
detailed investigation of the problem) that the difficulties
could be eliminated by going over from the expression
— &/ B, M +uu® in (22), (34), and (38) to expressions of
the type 8/8u, " +u 0" +5%u u™? or more complicated
expressions, It could be that this would ensure the absence of
bad solutions without the need to introduce additional
conditions,

Note added in proof. We have been able to show that the
mass spectrum of N relativistic oscillators (N is an arbitrary
number) cannot be made discrete and finitely degenerate by
introducing an interaction of the oscillators of the type

TP % Wity Byt — _y__L
W dij+ 1y gyd Ci]aulauu.rv
i,i=1 Ll n
Thus, in the harmonic approximation, without the introduc-
tion of additional conditions, the mass spectrum of relativ-
istic oscillators is either continuous or discrete, but infinite-
ly degenerate and not bounded below,
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