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The physical nature of back bending in nuclear rotational spectra is analyzed. It is shown that the
phenomenon is due to the quasi-intersection of rotational bands with different moments of inertia. The
moment of inertia is studied as a function of the pairing correlation, quadrupole deformation parameters,
and the distribution of the nucleons over one-particle states. In the region of nuclei with stable
deformation, the upper energy band is a two-quasiparticle excitation which can be interpreted as a broken
pair with angular momenta of the particles directed along the axis of rotation. In the region of nuclei that
are soft with respect to deformation, the ground-state band can intersect a band of levels with large
deformation, this being a possible explanation of back bending.
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INTRODUCTION

The rotational spectraof nucleiare of greater interest
on account of their universality and the possibility of
comparatively simple interpretation. They are char-
acterized by a regular sequence of spins, and the en-
ergies and probabilities of transitions between levels
are determined by a small number of parameters that
describe the collective motion." In the case of rotation
of the nucleus, i.e., on the transition to states with
high spins, these parameters and the wave function of
the internal motion of the nucleons change smoothly.
Analysis of the collective parameters and their varia-
tions leads to definite conclusions about the structure
of the nucleus and enables one to test different models.

In recent years in experiments made by means of

beams of heavy ions in (a, xn, ¥) (Ref. 2) or (HI, xn,

"9) (Refs, 3-5) reactions, electric quadrupole transi-
tions have been observed which have made it possible
to establish the energies and spins of highly excited
states of deformed even—even nuclei up to /=22 and of
odd nuclei up to 45/2, It has been established that in
the rotational bands with the sequence of spins 7=0%
2*, 4%, ... the energy differences AE; ,=E - E,, not
only depart from the rule E,;=I(I+ 1)/2J corresponding
to the description of a nucleus as a rigid axial rotator,
where J is the constant moment of inertia, but in some
cases may even decrease withincreasing I (Refs. 6-19).
Above all, this indicates that the moment of inertia J
depends on the spin of the nucleus. Initially, attempts
were made to take into account this dependence in the
form of an expansion of the energy of the rotational
band in a series in I2=I(I+1), i.e., to regard the ro-
tation as a small perturbation:

E = AI(I4+1)—BR(I++ 1) ++CB (134 ..., 1)

where A, B, C are constants, It was demonstrated ex-
perimentally in Ref, 3 that an expansion of E; in a
finite series does not describe the rotational spectra.
In Ref, 20, it was shown that the expansion parame-
ter in the series (1) is Jjz/AJ. The condition of con-
vergence of the series (1), I< AJ/jp (see below), is
violated already for /=6-8 in rare-earth elements and
at I=8-10 in heavy elements. Therefore, for the
theoretical evaluation of energy spectra it is convenient
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to introduce a variable moment of inertia J,=J(I) on the
basis of the relation E = I(I+ 1)/2J_, . Here J; is given
by

_ A gdEp\-t_ A ‘dEy Y- 20—
=g () =l e @)
and the rotation frequency is
L dEy M WriEr s Feap
O Al B T (3)

As was already indicated in Refs, 6-19, w as a
function of I exhibits a strange behavior. The value of -
Jy, which usually increases with increasing I, begins
to decrease at a certain moment of inertia, and then
again increases, giving the dependence of J; on w (or
w?) the form of an S-shaped curve (Fig. 1), The phe-
nomenon has therefore been called back bending.

Since J,; and w, are related, it is better to speak of the
behavior of one of them, for example, w,, as a function
of the spin of the state, which is a monotonically in-
creasing quantity. The essence of the phenomenon is
not therefore a capricious behavior of the moment of
inertia as a function of the frequency (as is usually
shown in figures), but rather a nonmonotonic behavior
of the frequency and moment of inertia as functions of
the spin, these having discontinuities of the derivatives
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FIG. 1. Moment of inertia of yrast lines in nulcei of rare-
earth elements as a function of w? (Ref. 21).
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FIG. 2. Dependence of w and J on the spin for the yrast line
of 1%py, .

with respect to I at the point of back bending (Fig. 2),
It would therefore appear to be more natural to refer to
the phenomenon as anomalous behavior of the rotation
frequency, or the frequency anomaly, Possible rea-
sons for the frequency anomaly are discussed in the
reviews Refs. 22 and 23, However, many new experi-
mental data have since been published, and these make
a more definite analysis of the phenomenon possible.

The difficulties in the mathematical treatment of the
frequency anomaly are of a computational nature and
reside in the need to take into account simultaneously
the effects of deformation of the self-consistent field,
the pairing correlation, and the rotation when they are
quantities of the same order., In the region of small
spins I<< AJ/jp=1; (jp is the mean angular momentum
on the Fermi surface), the rotation can be treated in
perturbation theory by simultaneously diagonalizing the
pairing correlation and the deformed self-consistent
field, At very large spins, I> I, the pairing correla-

tion is small and can be treated in perturbation theory,

and the self-consistent field and the Coriolis interac-
tion are diagonalized. In the region of the frequency
anomaly wj,/A=1, i.e., I=I,, the Coriolis interac-
tion is of the order of the energy of the pairing correla-
tion and of the order of the distance between levels
coupled by the operator j,, which is equivalent to the
characteristic energy of the deformed self-consistent
field,

Hitherto, a quantitative theory of the anomalous be-
havior of the rotation frequency has not been con-

structed but, using model calculations, one can draw
qualitative conclusions about the nature of this interest-
ing phenomenon. One of the most important problems
in the structure of low excited states was to determine
the origin of the smooth growth of the moment of in-
ertia with increasing angular momentum I, There were
two possible candidates for the cause: variation of the
pairing correlation and variation of the deformation.
The phenomenological models® take into account only
the latter, However, calculations based on the micro-
scopic approach® 2 have shown that in the region of
strongly deformed nuclei a reduction of the pairing
correlation is the main factor, and these calculations
have therefore made it possible to choose between the
two possibilities, A similar situation has now arisen
with regard to the explanation of the frequency anomaly,
for which several mechanisms have also been proposed.
Only a detailed investigation of the microscopic models
of the nucleus can establish the origin of the phenome-
non,

The characteristic features of experiments with heavy
ions enable one to observe cascades of electric quadru-
pole (E2) ¥’s between states with lowest energy at given
spin I, These levels are called yrast states, and the
cascade of y’s between them an yrast line. The anom-
alous behavior of the rotation frequency is observed in
an yrast line or in rotational bands near it such as, for
example, the bands based on g-vibrational levels,
Table 1 gives the energies of the known states and the
corresponding values of w, and J, in the well studied
nucleus *®py for the yrast line, the ground-state band,
and a g-vibrational band. The belonging of levels to
the ground or the B band is established by the condition
that the reduced probability of a transition within one
band should exceed the probabilities of transitions be-
tween the levels of different bands. The energy bands
and the observed y transitions are shown in Fig. 3.

In the yrast band, the frequency anomaly is observed
at I=16, and in the g band at I=10,

TABLE 1. Energies of levels, energy differences, frequencies, and moments of inertia
for the yrast line, the ground state, and the B-vibrational state in 15Dy,

156Dy rast 158Dy, 138Dyg

1 E, AE, o, i E, AE, o, s E, AE, o, 5

keV keV keV Mev! keV keV keV MeV!| keV keV keV MeVv™
0 0 — — — 0 = — — | o7 — —
2 137.8 137.8 68,9 21.8 137.8 137.8 68.9 21.8 | 828.9 154.9 7.5 19.4
4 404.2 266.4 133.2 26.2 404.2 266.4 133.2 26.2 | 1088.5 259.3 129.6 21
6 | 770.4 | 366.2 | 183.1 30 T70.4 | 366,2 | 483.4 | 30 | 1437.4 | 348.8 | 4744 | .5
8 | 1215.7 445,3 222.8 33.7 1215.7 445.3 222.6 | 83.7 | 1858.7 421.5 210.7 35.7
10 | 1724.8 509.1 254.5 37,5 1724.8 509.1 254.5 37.5 | 2315.5 456.8 2284 | 41.5
12 | 2285.5 560.8 280.4 40,5 2285.5 560.8 280.4 | 40.5 | 2706.9 301 .4 195.7 59
14 | 2887.5 G01.9 300.9 45 2887.5 601.9 300.9 45 3066.0 359.2 179.6 K]
16 | 3498.5 | ©641,0 | 305.5 50.8 | 3528 535.7 | 817.8 | 48,5 | 3408.5 | 432.5 | 216.2 | 72
18 | 4024 526 263 66.5 | 4177 854 327 53,5 | 4024 : 526 263 66.5
20 | 4633 609 304.5 64 4859 682 344 57.5 | 4633 609 304.5 | 64
447 Sov. J. Part. Nucl., Vol. 6, No. 4 Yu. T. Grin' 447



— 4858

3 20
4637 —— 82
)
R/
wzs L L
- " G54
7498531 523
4325 ol o
szr—-—-’N s
02 5 Az
2705, =
9.4 " 601.9
2315.5 2 20655
i ‘;‘” 2 560,
s L
M4 — o 5 | 9081
1038.5, =~ T
2583y 2 EN 4 J
8289 ——F 70,4
7 — REY:
e b2
2 e
x4

FIG. 3. Scheme of levels in Dy (Ref. 15).

The reduced probability of transition from the level
I=16 (E,4=3498.5 keV) to the level with I=14 (Ef;
= 3066, 6 keV) is five times greater than the probability
of transition to the level I =14 (E,,=2887,6 keV), which
indicates that the state ET, belongs to an excited band.

Thus, the frequency anomaly in the yrast band at I
=16 is due to intersection of levels, ¥ In this case,
the reduction of the frequency is a simple reflection
of the fact that the moment of inertia is different for
different bands. Experimentally, it has not yet been
established whether there exists a third rotational
band responsible for the bending in the g band. How-
ever, there are arguments that show that in this case
too the frequency anomaly is due to the intersection of
levels of different bands.

In reality, there is always an interaction between
levels that “pushes the levels apart.” The exact wave
function of each level is a superposition of the wave
functions of the original noninteracting states, and when
the angular momentum of a level changes there is a
smooth transition from one “unperturbed” physical
state to another, Let us call this behavior of the levels
“quasi-intersection.” Of course, an argument like this
presupposes a weak interaction since otherwise one
cannot speak about individual bands,

In order to represent the phenomena that occur in the
frequency anomaly schematically, let us consider a
simple model of two levels that are the bases of rota-
tional bands with moments of inertia J; and J; and dis-
tance E, between the bases, Then E{"(I)=I(I+1)/2J;
and E{» = Ey+ I(I+1)/2J,, and we take the interaction
in the form |V,,12=a?I(I+1). The energies of the sys-
tem are

B =B+ ATI4 ) F [ =1+ 1T +1)al
+ (I -+ 1) B1/2}2, (4)

and the corresponding frequencies and-their derivatives
are

dEy,e a—yl? ;
oyt AR {1 2y ¥ (5)
dwoy,s @ —3yI® -+ Bapld— 4210
ar *‘4E“{1 = [1—2al®tpl4 P2 A } ©)
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Here, we have introduced the notation

2740,

Jo=JTyx£Jy; Jz:m‘:

a=—2(/E)+ Vv

v=(- g B=y—a? (7)
= —4 (a/Eo)2 (/B2 — T I T Ey],

and in Egs. (5) and (6) we have assumed that I>>1.

It there is no interaction between the levels, i.e.,
a=0, Egs. (4)-(6) simplify considerably and take the
form

o _{EG(A+2'|/¥)I{I+1)/2:I(I+1)/'2J, 0LILI% }
B 4B (A —2VR) T T+ A =By D (I A5, T 1%

(8)

a={rrinm, s ) @
Here,

P =VEJ ) +A— 12 = VT EJ, 10}

is the spin at which the two rotational families E{* and
E{® intersect. It follows from (10) that if there is to
be intersection of levels in the case a=0 one must
have J_>0, i,e., the moment of inertia of the upper
family must be greater than that of the lower (J;>J;).
In this case, whenever I>I* there will be a decrease

in the frequency w, i.e., a frequency anomaly. The
frequency difference is
A =0 — 0y =21 1T T, =2V T E . JT,. 11)

The position of the point of intersection is determined
by the two dimensionless parameters J, /J_ and (EJ,).
The frequency at which the levels intersect is

o* = @0+ 1)/20, =V T T e (Bal ). (12)

This situation is shown in Fig. 4a.

In reality, there is always a certain interaction,
a#0, which pushes the levels E,; and E, apart, as is
shown in Fig. 4b. In this case, one must use Eqgs.

(4)-(6). The abrupt bend in the rotation frequency
£ £
i
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FIG. 4. Energy of intersecting levels as a function of I in the
absence of interaction (a) and with interaction (b). =—— yrast
line; === second level; —.—.~— behavior of yrast states in the

absence of frequency anomaly in the case of strong interaction;
*++ noninteracting levels,
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disappears, but there is anomalous behavior of the
frequency if

duydI <0, (13)

and the equation dw, /dI=0 determines the point of the
anomalous behavior of the rotation frequency.

It is easy to show that the condition (13) imposes a
restriction on @. The relation (13) to terms ~I? gives
an expression for the spin of the frequency anomaly:
I*2=A— |a|(A- |al)/3y. It follows that if a frequency
anomaly is to occur one must have

a<ay =V EJ2,, (13')
i.e., the constant of the interaction must be sufficiently
small, If the interaction is too strong, and (13) is
violated, there is no anomaly, The mixing of levels is
called combination or hybridization, 27 and its influence
on the frequency anomaly is shown schematically in
Fig. 5. It can be seen from (13’) that a,,= Eq(J,E,)"'/%/
V2 is proportional to the square root of the nonadiaticity
parameter (J,Eg)"!. Thus, we obtain a very natural ex-
planation of the frequency anomaly: If a rotational
band at an energy higher than another band has a large
moment of inertia, then at a certain spin I=1I, there
is “quasi-intersection” of the levels. In each band, the
frequency (and the moment of inertia) behaves mono-
tonically, but on the transition from one band to an-
other the frequency changes, and this is the frequency
anomaly. In principle, several levels could “intersect”
a given band, In the case of three levels, the quanti-
tative analysis is more complicated, #® although the
qualitative picture established above is preserved,

The energies of rotational levels in !**Gd are shown
as functions of I(/+1) in Fig. 6. The moments of in-
ertia of the conjectured third band, which is a two-
quasiparticle excitation with angular momentum pro-
jection =1 (Ref, 28), are almost the same for dif-
ferent I and are near the rigid-body value, A similar
situation also obtains in the nucleus *®Dy. This be-
havior of the levels confirms the conjecture, As we
shall see below, a theoretical treatment based on mi-
croscopic models leads to a similar picture.

These examples do not pretend to explain the inner
nature of the frequency anomaly, but they do show that
the problem of the physical investigation reduces to de-
termining the nature and position of the initial levels
(the bases) of the rotational bands, their moments of
inertia as functions of I, and the strength and the na-

b o7
rara,
J;

a Ii w!

FIG. 5. Moment of inertia J as a function of w? in the case of
two levels for different interaction constants a.
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FIG. 6. Conjectured scheme of quasi-intersection of three
levels in '®Gd (Ref. 28). The black circles are the experi=-
mental data; the dashed curves are the unperturbed bands of
the ground state (3), the p=-vibrational state (1), and the two=
quasiparticle state (2); the open triangles are the levels of the
conjectured third band.

ture of the interaction between the levels of different
bands. The deeper is the base of a family and the
greater is its moment of inertia, the earlier the fre-
quency anomaly occurs. The nature of the low ex-
cited states in even—even nuclei is now known. They
are above all 8- and y-vibrational, octupole-vibration-
al, pairing—vibrational, and two-particle excitations.
Their positions have been well studied experimentéilly
and theoretically® and are equal to the corresponding
frequencies of the vibrations or the sum E, + E; of the
energies of the quasiparticles in the case of a two-
quasiparticle excitation. These states are the bases of
rotational bands,

In order to determine the position of “quasi-inter-
section” of levels, it is necessary to know the mo-
ments of inertia of the corresponding bands, The oc-
currence of a frequency anomaly is determined by the
amount by which the moment of inertia of the excited
level exceeds the base level’s and the strength of their
interaction, Thus, for a qualitative analysis of the
origin of the frequency anomaly the behavior of the mo-
ment of inertia of the intersecting levels is particularly.
important,

1. MOMENTS OF INERTIA OF NUCLEI

To establish the quantities on which the moment of
inertia J depends, we can consider its expression in the
model of constrained rotation.?® In this case, the nu-
cleus is represented as a system of nucleons moving on
a self-consistent field which rotates with angular ve-
locity w and is described by the quadrupole deformation
parameters B8 and y. The expression for J is

J=23 |GainPller—en), (14)

where j, is the projection of the angular momentum of
the nucleon onto the axis of rotation x and e, is the en-
ergy of the nucleon in level 7, A quasiclassical cal-

. culation in accordance with Eq. (14) leads to the rigid-

body value of the moment of inertia, which differs
strongly from the observed value. Allowanceforthere-
sidual interaction responsible for the pairing correla-
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tion modifies J (see Refs. 31 and 32), The calculations
show that the moment of inertia depends strongly on the
nature of the nucleon motion, which is determined by
the nucleon population numbers {r} and has the following
forms, respectively, for the ground state J,,, the two-
quasiparticle state J; (quasiparticles at levels « and

B). and one-quasiparticle state J, (quasiparticle at
level o)2931=35,

Tor= 3 gy (=) (15)

(E;

Pcinl? ' j 2
Sy = Z “(If(% (2ivn — upv;)* -+ E '%%Ié;)“ (witte -+ v;0g)?
ik ia o

I(f::)i B
+ D20 s o
i#f

1Ux)ap | L
= E,—Ep (ualp—upva)? =J o (A) + 871 (16)
= | (et | (wsug +vivg)?
=2 T E Sy
$.):1 |2
+ 3 AL (un— w2 = Ty (D) + 87 . 17)
i, h

Here, E,= VA%, (g; - £9)% A is the energy of the pairing
correlation; ¢, is the energy of the Fermi surface;

|%), |a) is the one-particle wave function; #2=[1+ (e >

- &)/E;]/2; vi=[1- (e, - €)/E,]/2. The total moment
of inertia of the nucleus is equal to the sum of the pro-
ton and neutron moments of inertia, each of which is
given by Eqs, (15)-(17). In them, for simplicity, we
have ignored effects associated with the change in the
chemical potential and the energy of pairing correla-
tions associated with the presence of quasiparticles,

The calculations showed (Refs, 32 and 35) that the
moments of inertia of the ground states of even—even
nuclei are two or three times smaller than the rigid-
body value. The moments of inertia of one- and two-
quasiparticle states may be 20 to 50% greater than the
moments of inertia of the ground states of the neighbor-
ing even—even nuclei: first, because of the reduction
of A in excited states due to the blocking effect, and
second, because of the additional terms &J in Eqs.
(15)=(17) corresponding to interaction of the quasi-
particles with the core. The influence of these terms
is particularly large for neutron states with large j,
this being due to the large matrix element and small
energy difference E, - E,, in the case of small projec-
tions of the angular momentum of the quasiparticle on-
to the symmetry axis,

Table 2 gives the moments of inertia of one-quasi-
particle states and the values of 6J=dJy = J 0n=J 101
= +J4,2)/2. In Egs. (15)-(17) it is assumed that the
coupling of the quasiparticle to the deformation axis
is strong and that the states of each quasiparticle are
characterized by the projection of the moment of inertia
onto the symmetry axis z of the nucleus, In reality,
for large I the quasiparticles may cease to be coupled
to the deformation, and one can assume that their an-
gular momenta are along the axis of rotation, 2% 3%
Then, although the moment of inertia itself does not
change, the angular momentum of the free particles
makes a large contribution to the total angular mo-
mentum. The angular momentum R of the core, which
determines the energy dependence Ep=R(R+1)/2J, can
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TABLE 2. Moments of inertia of odd nuclei.?® The quasi-
particle state is characterized by the projection @ of the
angular momentum onto the z axis and the asymptotic quan-
tum numbers [Nn,Al

State of odd | 5 0
particles 2[NnzA] Nucleus I, MeV 8J g7, MeV
3/2 (521) 153gm 46,7 9.4
155G 4,3 11.3
157Gd 45-8 9.5
89Dy 44.2 10,0
16Dy 43.2 5.8
16Dy 45,7 6.0
5/2 (523) 157G4 43.5 73
159Gd 43.8 4.4
i) 41.0 6.8
leipy 45.2 78
16py 47.2 75
18Er .6 10.0
163Er 45.1 9.3
7/2 (633) 165Dy 53.7 12.0
167Fp 56,7 18.8
169y 60.2 22.0
7/2 (633) 169y b 633 o
171Yh 61.3 2.3
3/2 (411) 165 Ry 30.0 3.7
157Th .3 8’5
15%Th 4.6 7.0
161T]h R 30
165H o 42,9 7.4
7/2 (523) 1639 49.0 13.2
185Ho 47.6 11.8
169T'm 48.0 11.2
7/2 (404) 169y 384 o
1MLy 37.0 2.9
1750 39.3 23
177Lu 37.3 2.5
i 33.1 1.7

then be small, which leads to small w;.

The other quantities that determine the moment of
inertia are the quadrupole deformation parameters 3
and v and the pairing correlation energy A, A depen-
dence of J on A enters directly through E,, #,, and v,,
and on 8 and y through the position of the one-particle
energies and the matrix elements of j,. In order to in-
vestigate analytically the moment of inertia as a func-
tion of the deformation parameters and 4, it is neces-
sary to use a simplified model for the nuclear poten-
tial, for example, the model of a deformed axial oscil-
lator. In this case, one obtains the simple equation®

J=J:[1— g+ g%i(xig +In 22,));
g(x)=sinh x/(a V' T+27); (18)
zy=eB/2A;  x;=wp/A

for 0 <sx; <=, where w, is the oscillator frequency; J,
is the rigid-body moment of inertia, equal to 2MAR 3/5;
R, is the radius of the nucleus,

It was found that J is a monotonically increasing
function of the universal parameter x,. It follows
from Eq. (18) that the moment of inertia increases with
decreasing A and increasing 8. Therefore, any ef-
fects that decrease A and increase g will automatically
increase J.

Note that 8, 7, and A themselves are functions of
the population numbers {#} and the total spin J of the
nucleus, Thus, in general form the dependence of the
moment of inertia for given spin can be represented in
the form

J=Tln}, Bm))s v ({n}), A{n)), 11, (19)

and one can distinguish three main causes of variation
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of J, which can each in principle lead to a frequency
anomaly: 1) reduction of the pairing correlation en-
ergy A; 2) change in the nucleon state population {i};
and 3) increase of the deformation parameters B and y,
Let us consider each factor separately.

2. VARIATION OF THE PAIRING CORRELATION

The nucleons in nuclei are coupled in pairs, like
pairs of electrons in superconductors. This has the
effect, in particular, that the spectrum of quasiparticle
excitations in even-even nuclei begins with energy E;

+ E, > 2A and the moment of inertia is two or three
times smaller than the rigid-body value J,. One can
say that the pairing correlation “couples” particles to
angular momentum 0 and tends to arrange them with
equal probability over states with projections £, and

- &, of the moment of inertia onto the deformation axis,
the energy gain being maximal in this case. Such a
distribution corresponds to the ground state of the nu-
cleus with =0,

In a rotating nucleus, particle 7 is subject to Coriolis
forces derived from the potential

Py=—T8 o 7y, (20)

These forces tend to destroy the correlation, “break”
the pair, and give rise to a spin /#0. The spins of the
quasiparticles tend to align along I, The larger I, the
more pairs must break and the more A must be re-
duced. As long as the gain in the energy of rotation of
the broken pair due to the action of the Coriolis forces
is less than 24, the breaking is virtual and A varies as
a function of I fairly slowly as a result of the slight re-
distribution of particles over the state necessary for
the formation of I. However, real breaking is subse-
quently possible, and this results in a stronger depen-
dence of A on I. It is the reduction in A that is the
main factor responsible for J depending on the spin .
This effect is analogous to the action of a magnetic
field, which reduces the energy gap in a superconduc-
tor, and it was first considered in Refs. 37 and 38,

The first attempt to explain the frequency anomaly
was associated with an estimate of the critical spin I,
of the intersection of the energies of the normal and
the superconducting state, The moment of inertia of
the normal state is JJ,. The pairing correlation energy
is Ey=py Al /4, where p, is the density of levels on the
Fermi surface, The equality between the energies of
the superconducting and the normal state:

— Pl Foy (o BT =T o (T oo + N2 5 (2]_)

gives the critical spin [=12 for rare-earth elements;
I, =18 for heavy elements. At small spins I<1I,,, the
superconducting state is the ground state, but when
I= I, the normal state is energetically more advanta-
geous than the superconducting. The energy difference
A is zero for I=1,, and the moment of inertia takes

the rigid-body value,

The energy is shown as a function of I(/+1) in Fig,
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"FIG. 7. Scheme of intersections of the ground E; (A#0), nor-

mal Ey(A=0), and two-quasiparticle E; levels and I, the spin
at which the frequency anomaly of the yrast line beging (s+),

7. Since J<dJ,, the energy E, always intersects Ey

at some [,.. However, the perturbation theory esti-
mate made in Ref, 37 showed that at the point I, the
value of A is changed by about 40% and the true curve
for the rotational energy passes lower than is pre-
dicted by Eq. (21) [the curve E,(A) in Fig, 7]. In ad-
dition, in deriving (21) we assumed that all the pairs
are the same, However, this situation does not cor-
respond to the real structure of the nucleus. In reality,
the nucleons occupy states with different angular mo-
menta and therefore behave differently with respect to
the rotation of the nucleus since the Coriolis interaction
of the nucleons depends on their angular momentum 7,
This interaction is large for nucleons with large angular
momenta, Therefore, at a certain I=1, there is a re-
arrangement of the particle state population and, be-
fore the pairing correlation becomes completely equal
to zero in the system, two free quasiparticles arise at
levels near the Fermi surface (two-quasiparticle ex-
citations, the E, curves in Fig. 7). A pair is broken
under the influence of rotation. From the point of view
of noninteracting levels, this corresponds to inter-
section of the ground state and the two-quasiparticle
state,

Thus, as one moves further along the yrast line, the
two-quasiparticle state becomes the loweststate. This
phenomenon was first discovered theoretically by the
author and Larkin,? The moment of inertia for the
states of the yrast band with I> 1, is equal to J; and is
greater than J,,. The rotational frequencies are ac-
cordingly lower, It is this that leads to the frequency
anomaly. The remaining particles continue in the
superconducting state coupled in pairs. The complete
disappearance of A does not occur abruptly, but is ex-
tended over a certain range of spins I as a result of
the successive breaking of individual pairs, and this
leads to a phase transition of the second kind. 2" In
this case, A decreases as a result of the effect of the
Coriolis forces (Refs, 37 and 38) and the blocking ef-
fect caused by the broken pairs.® Both effects are the
result of the same cause—rotation of the nucleus—since
the pairs are also broken under the influence of the
Coriolis forces. Note that the complete disappearance
of A occurs when

[ an
I eé &ode 90 A'?—"r’ —for the oscillator model ;
T spn=) 71 A“; A”I (22)
s | 94 L —2.6 =~ — for the rectangular well model.
! ir ir
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Allowance for deformation changes Egs. (22) to
Tyy =1y, sph.['l -+ 2 (0gB/2A0)* In (PyAg)/3€Y]. (23)

For real nuclei [w, 8/(24,)]=0 and p, A,=8, and there-
fore I, p=1,1I, oy . Substitution of the mean values of
Ay, jp, and J, into (23) gives I,,=22-26 for the region
oi rare-earth elements and I,,~30-40 for the region of
heavy elements.

The behavior of the levels with increasing angular
momentum in Fig, 7 is of course idealized since it
does not take into account the interaction between the
levels. The interaction smooths the abrupt jumps of
w, leading to “quasi-intersections” and hybridization
of the levels. Instead of an abrupt transition from a
no-quasiparticle state to a two-quasiparticle state as
a result of intersection at I=1;, there is a continuous
though fairly rapid increase in the admixture of a cer- .
tain two-quasiparticle state (with large j) in the se-
quence of yrast levels. However, because of the weak-
ness of the interaction, which satisfies the condition
(18), the situation considered in Fig. 7 qualitatively re-
flects the behavior of the rotational levels of real nuclei
(see Fig. 6).

Therefore, in strongly deformed nuclei the frequency
anomaly is associated with breaking of pairs, i.e.,
with a sudden change of {#}, The state that was pre-
viously the ground state becomes an excited state, Its
moment of inertia continues to change smoothly with
increasing I because of the continuing decrease of A,

It is of interest to look for states with A=0 (and
consequently with J=J,) and attempt to detect a fre-
quency anomaly associated with intersection with this
level. If it is assumed that the levels of the yrast line
in Dy with spins 16*, 18*, and 20* belong to a normal
band, this band must have the levels Eff=2.31, EJ
=2,02, Ef=1,80, Ef=1,63, ENf=1,52 MeV and be-
gin somewhere near E{'=1.48 MeV, This energy is
too low for the condensation energy, so that the levels
16*-20* cannot belong to the normal completely un-
paired state. Thus, the frequency anomaly is not as-
sociated with complete disappearance of pairing but
rather with a transition to a two-quasiparticle state
with other values of A and J (see Ref. 36),

3. CHANGE IN THE PARTICLE-STATE POPULATION.
BREAKING OF PAIRS

We have shown earlier that the moments of inertia
of two-quasiparticle states can appreciably exceed the
moments of inertia of the ground states. However,
there are rather a lot of two-quasiparticle states above
the energy 2A, The question therefore arises of what
excited states, and at what frequencies, can intersect
with the ground state or - or y-vibrational states to
give a frequency anomaly. These questions can be
answered on the basis of simple energy considera-
tions, 3% %% % The énergy required to break a pair of
particles is E;+ E,. On the other hand, as a result of
the interaction of the angular momentum of the nucleon
with the total angular momentum of the nucleus as a
whole one can obtain a gain in the energy equal to
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2wV{jE} (the maximal gain is 2wj). At a definite rota-
tion frequency w, = (E, + E,)/2V{jZ) excitations arise in
the nuclei whose formation does not require the ex-
penditure of energy. With further increase in the rota-
tion frequency, w>w,, it becomes energetically more
advantageous for population of particles with this two-
quasiparticle excitation, In the model of three levels
with angular momentum j and energy distance d be-
tween the levels, we obtain the relation

o (1, ) =VZAL @G+ —2. (24)

It follows from this equation that a two-quasiparticle
excitation will occur earliest in nuclei on whose Fermi
surface there is a level with large j and small © for
which d is also small, i.e., in the region of the start
of filling of the #,5,, shell in rare-earth elements,

For the characteristic values 8=0.3, A=d=0.9 MeV,
1=6, Eq. (24) gives w,=0.28 MeV. This value is very
near the experimentally observed angular velocity of the
start of the frequency anomaly, ©,,,,=0.29 MeV. In
nuclei with N=90, 92, 94, 96 nucleons one observes
levels of the iy, shell with projections 1/2*, 3/2%, and
5/2* on the Fermi surface (or near it), This fact in
conjunction with the small d=¢; , — ¢, , determines the
occurrence of the frequency anomaly. If there are
more nucleons, €, and d are larger, which increases w
by a factor 1.5-2, Such frequencies have not yet been
observed experimentally.

In the region of heavy elements, levels of the j;5,,
shell lie near the Fermi surface, but they have rela-
tively large projections, so that the distance d is large.
Equation (20) gives w,(15/2, m,="7/2)=0,24 MeV for
this region, These frequencies should be found at I~16.

Equation (24) and the physical arguments on which it
is based can readily be extended to the frequency anom-
aly of vibrational states, in particular g-vibrational
states. In this case, the minimal excitation energy is
E,+ E; — wg and for the frequency anomaly we obtain

E\+Ey—aog d2 A2 g2

D , 25
2B Vggen-adn )

[ﬂ’ﬁ ==

Applying the estimate (25) to the nuclei '*Gd and *Dy,
for which w,=0.680 and 0,67 MeV, respectively, we
find that (wyp) ;e =0. 22 MeV, in agreement with the
experimental value (wp)ay=0.22 MeV (Ref, 15). Of
course, these relations have a qualitative nature and

can be applied only to estimate w,.

Thus, the frequency anomaly in the ground state is

" associated with a rearrangement of the quasiparticle

vacuum and the appearance of a large admixture of
certain two-quasiparticle states in the wave function of
the state with lower energy. In the case of a p-vibra-
tional state, the frequency anomaly is associated with
the transition from a vibrational to a two-quasiparticle
state. This circumstance must be manifested experi-
mentally in a change in the constant of the interaction
of the levels of the ground-state band with the levels of
the g-vibrational band on either side of the point of the
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frequency anomaly; this is because the wave function of
the excited state after that point contains a large ad-
mixture of the two-quasiparticle state,

These features of the anomalous behavior of the ro-
tation frequency can be obtained in a very simple model
of a rotator interacting with free particles. #** Krum-
linde and Szymaiski assume that the rotator has one
rotational degree of freedom and that its Hamiltonian
has the form H,=aR?/2, where R is the angular mo-
mentum and « is the reciprocal moment of inertia, The
particles are described by the one-particle Hamiltonian
Hpry=Hyo+ H,, where H, is the pairing part and H,, is
the self-consistent field, for which one uses the model
of two Q-fold degenerate levels, The operator of the
total angular momentum of the particles is f', and the
total angular momentum of the system is T=R+7. It
is also assumed that the states of the system are axial-
ly symmetric and that the rotation takes place around
the » axis. In the simplest case, when Hy =0 and the
particles are on one degenerate level, the eigenvalues
of the Hamiltonian

H=Hp+a(l—js)/2 (26)
have the form
Ef" = —GL (L +1)+a (I—k)2. 27)

Here, G is the constant of the pairing interaction; L

is the quasispin, which is related to the seniority v by
the relation v=2(Q2~ L). The quasispin takes the values
L=0,1, 2,...,%9, and - GL(L+1) is an eigenvalue of
jy» The superscript % is the eigenvalue of the operator
j. andis 0, 2, 4,,.,,2Q, For the ground state L=Q
(v=0), k=0 and in the case of complete unpairing k
=2Q, L=0, In the general case k=0, 2,...,2%; and
for given £, L=0, 1,..., (R-%/2),

The results of calculations for the case of four par-
ticles on the level j =7/2 are shown in Fig, 8, Itis
clear from the figure that the level of the ground state
with L=2, k=0 interesects the level with L=1, k=6 at
some I;. This corresponds to the transition from the
state without broken pairs to a state with one broken
pair, i,e,, to intersection with the two-quasiparticle

'E!
1.5+
L=
K=8
s £
£
/
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’ 1
. ’I 4 II/ ‘ |
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1 1 1 Ll 1 | 1 1 1
4 4 s 2 wlp 21

FIG. 8. Scheme of intersections of levels in the Krumlinde—
Szymanski model for j=7/2 (four particles).
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FIG. 9. Moment of inertia as a function of w? in the Krum=
linde—Szymanski model with j=7/2 (four particles); Ace is the
distance between neighboring one-particle levels.

state, Further, at I=1I,, there is an intersection with
the level L=0, k=8, which corresponds to two broken
pairs, i.e., to the normal, completely unpaired state
in this model.

Figure 9 shows the moment of inertia as a function
of w, in the case j=7/2. It can be seen from these fig-
ures that at the points of intersection of the levels the
moment of inertia and the rotation frequency (dE/dD
change by an abrupt amount determined by the ratio of
the pairing energy to the reciprocal moment of inertia.
As the distance between the levels increases, the fre-
quency anomaly gradually disappears. In the Krum-
linde—Szymanski model the frequency anomaly can be
interpreted very simply. In this case, the rotation
frequency of the nucleus is

© =d{{)dl =a (I. — (D) (28)
On the breaking of a pair, when I=1;, the mean angular
momentum of the free quasiparticles is aligned along
the x axis, the value of (j,) increases abruptly, and
decreases. The angular velocity is proportional, not
to the total angular momentum, but to the collective
part R=1I-(j,) and w=R/J. After the alignment of the
angular momentum of the pair has ended, the frequency
again begins to increase with increasing 7. As a rule,
the following jumps in w are very weak and virtually
disappear if ¢ is not zero.

It is interesting to compare the dependence of the
parameters of the pairing correlation for the levels of
an yrast line on the spin 7 (Fig, 10) for the following
cases: phase transition of the first kind, reduction of
pairing correlation with allowance for pair breaking,
and alignment and gradual phase transition of the sec-
ond kind. At a pairing correlation transition with al-
lowance for pair breaking one observes very charac-
teristic jumps A when the pairs are broken (or there

IC[ IJ

Llyy I

" FIG. 10. Pairing correlation parameter A for yrast levels as

a function of the spin in the case of phase transitions of the
first (—e—-= ) and the second (——=) kind and a transition with
allowance for pair breaking (—). i
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is intersection with the two-quasiparticle level); these
arise as a result of the blocking effect.

In real nuclei, there is one jump in an yrast line at
the point of the frequency anomaly, and the other jumps
are smoothed out by the hybridization of the levels or
the absence of suitable states with large j. In the case
ol complete hybridization, there is a smooth phase
transition of the second kind.

The Krumlinde—-Szymanski model does not take into
account the change in the moment of inertia of the core
under the influence of rotation due to the change in A,
but reflects only the pair breaking and the alignment of
the angular momenta of the valence particles. It there-
fore has a qualitative nature and needs to be improved
so as to combine both effects.

4. QUASIPARTICLE COUPLING TO A ROTATING
NUCLEUS. ODD NUCLEI

As we have shown above, two-quasiparticle excita-
tions acquire a decisive importance in the phenomenon
of the frequency anomaly. It is therefore of interest to
consider in more detail the behavior of a quasiparticle
in a rotating nucleus. At high rotation frequencies,
i.e., for large I and small moments of inertia, the
strength of the Coriolis interaction increases. This
region of frequencies, which requires small moments
of inertia, actually is realized at small deformations.
The pairing correlation energy A changes fairly smooth-
ly from nucleus to nucleus and does not take on large
values, which could also decrease the moments of in-

- ertia.

The problem of the spectrum of a rotating axial nu-
cleus and a quasiparticle was considered by Stephens
et al.*® The operator of the total angular momentum
of such a system is I =R+j, where R and j are respec-
tively the angular momenta of the core and the particle.
The Hamiltonian of the nucleus, H,=(RZ+RZ2)/2.J, takes
the form I

Hy= Q@I (P = D— ) =T (Tafa+ Ljy) = Hp - He. (29)

The second term in (29) is the Coriolis interaction:
Ho= —(2I)* (Ij-+T_js), where Ty = I iy, jo=ju == ijy-

The Hamiltonian of the particle in the deformed nucleus
is chosen in the form

Hp=Hypy+E'BY o0, (30)

where Hg,, is the spherical part of the Hamiltonian; B

is the quadrupole deformation parameter; and %’ is the
coupling constant. The total Hamiltonian of the system
can be represented in the form H=(Hy+H,)+Ho=Ho+ H.

In the adiabatic approximation, the wave function of
the system can be expressed as the product of the wave
functions DI, of the rotator and yJ of the particle. The
diagonal part H, in this representation is

Ey—g; I (T4+1)47 (G4 1)) (k—100) Q¥2T, (31)
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and the constant % is given by £=38%"/[4j(j +1)]. If &
—1/J=0, then E, does not depend on £ and as wave func-
tion one can choose a superposition of yd that approxi-
mately diagonalizes the Coriolis term in the Hamilto-
nian. Forthis, one introduces a function xJ for a parti-
cle with total angular momentum j and projection onto
the x axis of the angular momentum equal to @. The
new function can be represented in the form of the ex-
pansion

x= 2 Ca (o) %,

where Cq(a)=d],(m/2) are finite-rotation matrix ele-
ments, The requirement of symmetry under reflection
in the plane perpendicular to the z axis leads to the con-
dition /- @=2r (r=0,1,2...). Then in the approxima-
tion (I/Q)2>1,I> 1 for I >j (since |Q[ <j) we obtain

H Ul ~- 2A1%11 and the energy of the system is-

E(I, ], o) =5 (2T) [ (j+ 1) 4 T (T +1)— 20a]. (32)

It follows from Eq. (32) that the states with lowest
energy have a=j, and the band associated with them
depends on the quantum numbers as follows:

Eg=rg;+ (1) (I —J) (I~ j+1) = consl
+R(R+1)/2], R=0,24... (33)

The rotational band in an odd nucleus with a=j is
said to be decoupled and energy favored. As can be
seen from Eq. (33), the odd particle does not partici-
pate in the rotation, which is determined solely by the
angular momentum R of the core. The state itself is
said to be aligned, since it corresponds to quantization
along the axis of rotation. Thus, the levels of this
band reproduce the spectrum of the even—even nucleus.
The moment of inertia of the system must be deter-
mined from

Jpm (2R —4)/AEp, p-ar AEp=(Bn— Epegy, B2, 4, o0.)  (34)

and not from the usually employed expression
Jp = (2T —1)/AE;, 1o = (2R — 1+ 2j)/AER, p-a.

As can be seen from the expression (34), there is
then a very important difference in the values of the
moment of inertia p=dJg/J;=[1+2j/(2R-1)]"": For j
=11/2, R=2, we have u=0. 215, while for R=6, 1=0.5.

For small 2 <1 <j one can show that

B, j, %)=& (1)1 ] (1) +T (T4 1) —2jx], (35)
where * is the projection of I onto the x axis. -In this
case, one has the ordinary dependence of E on I

[~ 1(I+1)]. The condition 2=1/J, which was used in

the derivation of the expressions (33) and (35), depends
on the choice of the values of j, %', B, and 1/J. For

.each concrete nucleus, j, k2, and 1/J are fixed, and this

condition restricts the value of 8 for which (33) and (35)
are good approximations.
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The accuracy of the approximate diagonalization of
the Hamiltonian H is evident from Fig, 11, in which the
level j=11/2 has been used. The approximate solu-
tions agree well with the exact ones for S=+0. 18 (the
energy difference between the state with spin I and the
lowest state I;=11/2 is plotted along the ordinate).

Analysis of the region of applicability of the aligned cou-

pling scheme shows that it applies for deformation 8
=+0, 2 for particles on the Fermi surface and for holes
near deformation B~-0,2. For hole states ' <0, and
the condition k=1/J is satisfied for negative 8 since the
energies of the system for this scheme lie lower than
for the strong-coupling scheme. At deformation 8>0. 3
or for negative deformations the strong-coupling
scheme is energetically more advantageous. Thus,
when there are one-particle states with large angular
momentum but small projection £ on the Fermi surface,
conditions favorable for alignment arise for small posi-
tive deformations., Similarly, alignment is advanta-
geous for small projection of hole states in the case of
negative deformations.

The model of aligned states finds very effective con-
firmation in the odd nuclides of La (Ref. 44), in which
one observes a band coupled to a j=11/2 level. The
energies of the odd La nuclides and the neighboring
even—even 5°Ba nuclei are shown in Fig. 12. The rela-
tion AE; . ..~ AE; 44 holds, and therefore the moments
of inertia of the core in the odd nucleus for large angu-
lar momenta are near the moments of inertia of the
corresponding even-even nuclei,

An example that enables one to establish the coupling
scheme of an odd particle in states with large spin I
=21/2, 17/2, 13/2 in the nuclei 'JEr and '¥Er is the
measurement of the reduced probability of the quadru-
pole transition B(E2) and the gyromagnetic ratio g (Ref.
45). In these nuclei, the experimental value | gl =0.05
+0. 05 agrees with the alignment or weak-coupling
schemes, whereas the B(E2) values can be explained
only by strong-coupling or alignment. Thus, the two
experiments taken together favor alignment.

In the light of what we have said, the problem of fre-
quency anomaly in odd nuclei is rather trivial. Break-
ing of a suitable pair under the influence of rotation oc-
curs in odd nuclei provided the pair exists, i.e., the

Er-Egppo /s
o o
T T

-

o
|

)

H11/2 — = 1/21
. m/lz,a m2) ToS, |
] a1 a2 0 B

FIG. 11. Comparison ofexact solutions (=—=) with approxi-
mate®® ¥ solutions (= =——=).
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FIG. 12, Spectra of aligned states in odd La nuclides compared
with neighboring even—even Ba nuclides.

corresponding state is not occupied by an odd particle.

The relation (24) for the breaking of a pair remains the
same if instead of I one substitutes R, the angular mo-
mentum of the rotating core. This can be verified di-

rectly* if conditions favorable for the aligned coupling
scheme are realized in the odd nucleus.

The energies of the transitions of the favored (de-
coupled) band for the nuclei g;Hogg, gz, ¢ in comparison
with AE; of the neighboring even—even nuclei 3Dy and
1®®Er and the mean AE; with respect to even nuclei are
given in Table 3. A frequency anomaly is observed in
all the Ho nuclei. The spins at which it appears, I,
=14, and its nature are similar to the anomaly in the
neighboring even nuclei, which indicates breaking of a
neutron pair in the i,3,, shell as the origin of the fre-
quency anomaly in Ho. The Ho spectra are particular-
ly similar to the '35Ery, spectrum because their mo-
ments of inertia are nearly equal at small angular mo-
menta. In the odd Er nuclei, no frequency anomaly is
observed even up to I=45/2, which indicates that break-
ing of the neutron pair is energetically disadvantageous
because the state with @=j is occupied by an odd part1—
cle.

On the other hand, one can investigate the frequency
anomaly in different states occupied by an odd particle
in one nucleus. If the odd particle occupies a nucleon
state of a pair involved in breaking, the rotational spec-
trum based on this state should not exhibit a frequency
anomaly. In all other states, the rotational bands must
have a frequency anomaly. This fact was discovered?®
in the nucleus '53¥bgs. It was found that the rotational
band based on the level 3/27521] from the state with
j=hgs has a frequency anomaly on the transition from
I=33/2 to I' =29/2, which corresponds to a change of
R from 12 to 10. In the band based on the state of the

TABLE 3, Values of AE,- (keV) in Ho nuclei. For comparison
AE; in '¥Dyy, %Ery, and AE; (relative to Dyy and Erg) are
given.

Mean
1§iHogs | 138Ergo | 138Dyeo | value,

AE, keV

4= 1y | B2 r | HHon | 1ggHon

1925152 | 42 | 3159 | 317.8 | 312.2 | 335,1 | 266.3 | 300.7
22~ 192 | 64 | 4243 | 408.4 | 397,0 | 443.1 [ 366.4 | 405

—~232 | 86 | 513.0 | 486.4 | 472l4 | 523.0 | 455.6 | 489.3
i 272 (1048 | 583.2 | 550.7 | 534.5 | 578.9 | 500.8 | 545
3525312 | 1210 | 630.9 | 592.5 | 573.3 | 608.1 | 561.1 | 585
30,2352 | 1412 | 565.9 | 587.4 | 568.9 | 510.0 | 602.3 | 556
43/2—39/3 | 1614 | 500.1 | 547.3 | 5448 | 473.8 | 611.1 | 542
472432 (1816 — = — | 24| —
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TABLE 4. Energies of transitions and moments of inertia in aligned states of 1%0:1¥Ey

and the even nuclei 156:158:180Fy,

17Erep 1§8Ero; 1§0Eres 158Ers0 bt it
Ti=1j |R+2-R| ag, 1, | AE;, 7, AE,, B AE,, T AE, 5

keV  [MeV™| kev MeV? | kev | MeV™ [ ey | MeV? | gV Mev ™
172132 | 20 | 2664 |11.2| 208.3 | 14,4 | 4.4 | 8,7 | 192 15,6 | 125.6 | 23.9
21/2 172 42 4151 16.9 | 350.0 20 452.9 15.5 335.1 20.8 263,8 26.5
252202 | 64 | 527.2 [20.9| 4645 | 23.7 | sa3.2 | 202 | 484 | 2.8 | 853 | 20.4
2025252 | 86 | 6224 |2% | 5559 | 27 618.2 | 24.3 | 523.0 | 286 | 463.7 | 32,5
332202 | 108 | 702.2 [27.2| 625.9 | 305 | e 284 | 5780 | 33 53.7 | 35,7
372332 | 1210 | 7650 |30 | 6157 | % e — | eos | 38 579.2 | 39,7
M“2->3772 | 1412 | 8029 | 336 | 708,7 | 382 = — | 5100 | 53 592.2 | 45.6
5242 | 1614 [ — | — | @384 | 42 = — | 4728 | 65.6 | 533,09 | 57,6
92~452 | 1816 | — | — | — L 2 R I 554.4 | 63,2
shell j =iy, (7/2*[683] or 5/2'[642]), a frequency anom-  phenomenon.

aly is not observed right up to the level I=41/2*, which
corresponds to R=14. This fact shows that the broken
pair consists of nucleons on the #;3,, level and not the

hgss level. It is interesting to note that in the even—even

nulceus $4¥bg, a frequency anomaly occurs when I

changes from 14 to 12, i.e., at a slightly higher spin
than in the neighboring odd nucleus. Evidently, this
can be understood as the result of the reduction in the
pairing-correlation energy due to the level blocking,
which means that it is easier to break a pair of nucle-
ons in an odd nucleus than an even one.

Investigation of odd nuclei enables one to establish ex-

perimentally the origin of the frequency anomaly. If
one studies an aligned band in an odd nucleus, then
from the transition energy one can readily deduce the
moment of inertia of the nucleus. If the frequency
anomaly is associated with vanishing of the pairing
correlation, then in odd nuclei it must occur earlier
than in even-even nuclei, since the odd particle de-
creases the pairing because of the blocking effect. The
experiment of Ref. 47 showed that in the nuclei "¥'Er
and "**Er the frequency anomaly occurs later (at larger
D), if at all. This precludes explanation of the frequen-
cy anomaly by vanishing of the pairing correlation.

In Table 4, the transition energies and the corre-
sponding moments of inertia of " *°Er and %1518k
are given. The absence of a jump of the w; and J; val-
ues in the odd isotopes is obvious. The ratios of the

moments of inertia in odd and even nuclei are compared

in Fig., 13, The moment of inertia of the odd nuclei
increases smoothly, which is a very weighty indication
that the anomaly is due to the breaking of a neutron
pair (or intersection of the ground state with a two-
quasiparticle state). This is also confirmed by the fact
that removal of a proton (transition to Ho nuclei) does
not remove the frequency anomaly.

Thus, investigation of the anomaly in odd nuclei
gives additional information about the nature of this
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5. CHANGE IN THE DEFORMATION OF A NUCLEUS

The simplest examples of changes in the deformation
of a nucleus in different states and the associated
change in the moments of inertia are the cases of coex-
istence in one nucleus of levels with equilibrium $8,=0
and B,+#0 in the magic nulcei 'S0 and *°Ca (Fig. 14) and
the neighboring nuclides 'O, ***#48Ca  and the nu-
clei at the ends of the transition between strongly B-
deformed and spherical or y-deformed nuclei. Figures
15 and 16 give examples of the frequency anomaly in the
nuclei zHg (Refs. 16-19) and ,,0s (Ref. 12), in which
states with different deformation can coexist.

A complete quantitative treatment of the problem of
equilibrium deformation is very difficult since it re-
quires the calculation of, first, the potential energy of
the nucleus, which depends on B, ¥, and I, second, cal-
culation of the mass coefficients and, third, solution of
the equation for the collective Hamiltonian with allow-
ance for strong anharmonicity and several minima in
the potential energy.

As an example, let us consider the potential energy
in the form

(36)

where C, B, D, and B, are constant parameters. In

W (B) =C (B —PBo)*2 — Bp* -+ Dp*,

1 1

a08 a1z
(hew)?, MeV'?
FIG. 13. Comparison of the moments of inertia of odd and
even nuclei of Er.
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FIG. 14, Examples of coexistence of spherical and deformed
states in %0 and #Ca.

this case, there are two potential wells with different
equilibrium deformations B, and 8, and, therefore, dif-
ferent moments of inertia J(8;) and J(B,). For each
equilibrium state of the nucleus there are correspond-
ing rotational bands. The spin at which the levels of
these bands intersect can be estimated from Eq. (10)
(a=0):

I (L 1) =2EJ Jol(Ts—J ). (37)

The problem is treated in more detail in Refs, 49
and 50, in which the observed frequency anomaly is ex-
plained by a certain parametrization of the Hamiltonian
with allowance for the rotational energy and y deforma-
tion. For example, in Ref. 50 the Hamiltonian has the
form

Er (], y)= (2T Rey)+-C (] — T2+ Ky*2 D (T —J,)y, (38)
where

R :% ) fi/sin® (y— 2mi/3),

i=1

3
=

and C, K, D, J, are constants.

In this Hamiltonian, a second minimum with defor-
mation ¥ #0 appears when the angular momentum in-
creases,

However, the problem of theory is to obtain a collec-
tive Hamiltonian from microscopic theory because only
this approach enables one to establish the actual mecha-
nism of the frequency anomaly. In Ref. 51, a success-
ful attempt was made to explain the frequency anomaly
in the nuclei '®*'8%'%Hg.  The theoretical investigation
of Ref. 52-54 shows that the deformation energy of the
Hg nuclides has minima of approximately equal depth at
quadrupole deformation parameters corresponding to
oblate (8=-0.13) and prolate (8=+0. 25) shapes, as is

412
(ks V,,L,,,.

a4 18,

el

u'ld

FIG. 15. Frequency anomaly in the light Hg nuclides associat-
ed with a charge in the deformation.
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FIG. 16, Frequency anomaly in Os nuclides.

shown in Fig, 17 for the odd Hg nuclides.

The deformation energy E; of the levels of the even—
even Hg nuclides was taken in the form of the sum of
the energies of the liquid drop, U;py, of the shell cor-
rection 8U (Ref. 55), and the rotational energy I(I+1)/
2J. The moment of inertia was calculated by Eq. (15)
for each deformation separately. The total potential
energy for the '®Hg nucleus is shown in Fig. 18. Cal-
culations of the deformation energy for the even—even
Hg nuclides showed that in the region 190 >A >180 the
ground states are oblate, but the difference between the
minima of the deformation energy for the oblate andpro-
late shapes, AE;=E; ;= E; 01, in very small (about
- 0.2-0.8 MeV). The 4" and 6" states have small ob-
late deformation, whereas the 4* and 6* states have a
relatively large prolate deformation,

The calculated and experimental transition energies
corresponding to the equilibrium deformations and AE,
are given in Table 5. The calculations confirm the
deformation nature of the frequency anomaly in the case
of light Hg nuclides. The question of whether there is
a barrier between the minimum with respect to the
deformation was not investigated. However, evaluation
of the experimental data on the transition probabilities
shows that B,,, varies weakly and this corresponds to
the absence of a barrier and high deformability with

E, MeV

.5

.0

2.5

20
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2.5

Vi) DO =] O (| I.!
42 -1 8 41 42 £

FIG. 17. Deformation energy of odd Hg nuclides.
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TABLE 5. Comparison of calculated and experimental transi-
tion energies of rotational levels, the values of AE, the theo=
retical equilibrium deformations of the final states, and the
experimental deformations obtained from Bgg,(E2) on the basis
of the rotor model of Refs. 17 and 18.

Energy, MeV Final state
Transition Experi- AEy, Eexp
ity Theory MoV Beq
184Fg
2+ O+ 0.367 0.38 —0,29 | —0,13 | 0.154-0.02
4+ 5 2+ 0,288 0.25 —0,01 —0,13 | 0,224-0.01
6+ 4+ 0.340 0.36 0.57 0,25 | 0.28+0.05
8+ B+ 0.418 0.48 1.35 0.25
188z
2+ . 0+ 0,405 0.37 —0.54 | —0,13 | 0.13+0.01
4+ — 2+ 0,403 0.54 —0.29 | —0.13 | 0.16+-0.03
6+ — 4+ 0.357 0.39 0.25 0,23 | 0.27+0.05
8+ 6+ 0,424 0.52 0.95 0,24 —
188 g
2+ 0+ 0.413 0,37 —0,097] —0.13 —
4% 2+ 0.591 0.79 —0.69 | —0.13 —
6+ > 4+ 0,504 0.43 —0.41 | —0.14 —
8+ 6+ 0.460 0.43 0.67 0.23 —_

respect to the y direction for the states I=2" and 4.

For elements heavier than '®8Hg, the value of AE be-
comes very large and the nature of the frequency anom-
aly changes, going over to pair breaking on the (h3%,)
level. ' 1t is interesting to note that the Pt nuclides
with the same number of neutrons as Hg were found to
be “prolate” already in the ground state, and their mo-
ments of inertia correspond to the moments of inertia
of Hg in the excited “prolate” state.® From the data
of Ref. 51 one can find that for the *Hg nucleus E,
=0.28 MeV, J;=17.9 MeV™!, J,=27.2 MeV™!. Then a
calculation in accordance with Eq. (37) gives [*=2,
which agrees with experiment. Thus, the light Hg nu-
clides are an example of the deformation mechanism
of the frequency anomaly. Probably, one could find
more complicated forms of the frequency anomaly as-
sociated with a change in the equilibrium values of 8
and y.

6. CALCULATIONS OF THE FREQUENCY ANOMALY
BY MEANS OF REALISTIC MODELS

Since our main aim was to investigate qualitatively
the physical origin of the phenomenon, we shall dwell
here only briefly on papers in which the anomaly has
been investigated quantitatively on the basis of realistic
nuclear models.

E, MeV

-47 7 ar 4z ¢

FIG. 18. Deformation energy of rotational states in ¥Hg.
The equilibrium deformation becomes positive (and large) with
increasing spin I,
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FIG. 19. Angular momentum as
a function of the square of the
frequency for 186165 170y} pyclides.
experimental data; ***** re-
sults of calculation; —*—-— cal-
culations without allowance for
particle number conservation for
neutrons (—+—+=) and protons

(esee).

0,08 wiMeV?

a 04

In Refs. 56 and 57 Faessler ef al. calculated the
mean values of the nuclear Hamiltonians by means of
wave functions for Nilsson’s potential with allowance
for pairing correlation effects (BCSN) corrected by the
introduction of the projection operators P, P,, P,. The
projection procedure guaranteed fulfillment of the con-
servation laws for the angular momentum I and the num-
ber of neutrons (z) and protons (p). The Hamiltonian
consisted of spherical one-particle states in the shells
N=4 and 5 for protons, N=5 and 6 for neutrons, and
terms corresponding to pairing and quadrupole—quadru-
pole interactions with parameters taken from Ref. 58.
In addition, from the condition of consistency of the po-
sition of the 2* level, one free parameter was intro-
duced—the moment of inertia of the core, which took
into account the presence of other shells. The ener-
gies of states with given I, A,, 4, and 8 were calcu-
lated in the form

BCSN(A,, A, )| AP,P,P,| BCSN(A A, B))
(BCSNP,P,P,| BSCN) g

E:(An, Ap, B)=

(39)
Then E;(&,, 4,, 8) were minimized with respect to the
parameters 8 and A¢. This procedure was used to cal-
culate the energies of the rotational levels in the
166,168, 170y} jsotopes. Experimentally, a frequency
anomaly is observed in the nuclei '* "°yh but not in
%8yh. The calculations qualitatively reproduce the ex-
perimental data for all the nuclides, and are given in
Fig. 19. It was found that to achieve good agreement
with experiment it is very important to project onto a
state with the correct number of particles. The change
in the deformation for different angular momenta is im-
portant only for "°Yb.

The pairing parameter A behaves differently as a
function of the angular momentum, depending on wheth-
er or not there is particle projection (Fig. 20).

In %Yb, there is a phase transition for neutrons if
allowance is made for projection of particles; without
it, there is not, In '%®Yh, we have the opposite situa-
tion, while in '™Yb a phase transition is obtained with
and without allowance for projection of the particles,
but it occurs at different spins, Thus, the results of
the calculations are very sensitive to the quantum
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FIG. 20.
angular momentum for neutrons (
Value of A calculated without allowance for particle number
conservation for neutrons (=s=s+=) and protons (s+«=-).

Pairing-correlation energy A as a function of the
) and protons (——=—=),

numbers of the one-particle levels and their position
relative to the Fermi surface and favor a more or less
abrupt phase transition as the origin of the frequency
anomaly. However, the great sensitivity to the meth-
ods of calculation forces us to treat the conclusions
with discretion. In addition, the projection method
does not take into account the important rearrangement
in the position of the one-particle levels in a strong
rotation field. The excitation energy of such a state
for large I (or w) differs from the ordinary expression
E=+{g, - €42+ AZ not only by the change in A but also
by the appearance of additional terms in E that depend
on I. The calculations were restricted by the choice
of axially symmetric internal wave functions. The
Coriolis forces destroy this symmetry since they
couple states with different © and they therefore induce
a nonaxial deformation.

Thus, the pair-breaking phenomenon essentially was
not taken into account in Refs. 56 and 57. To clarify
the true mechanism of the frequency anomaly, it is
also necessary to take into account the change in the
energy and the fact that the one-quasiparticle states
are not axial. Calculations taking into account these ef-
fects were made in Refs. 59 and 60 by the method of
varying the energy after the functions have been pro-
jected onto a state with given angular momentum. The
calculations were made for the nuclei '$2Er, in which an
anomaly is observed, and '$3¥b, in which it is not. It
was shown that in the ®?Er nucleus there is a gradual
decrease in the pairing correlation due to the Coriolis
forces. However, in the range 0.2< w<0. 21 of the rota-
tion frequency the angular momentum of certain pairs
of conjugate states is very strongly aligned along the
rotation axis. The contribution from one pair to the
total angular momentum can increase strongly for a
small change in w. The correlation function Agg for
this pair changes much more strongly than the mean
variation of A. Expansion of the wave function of this

459 Sov. J. Part. Nucl., Vol. 6, No. 4

pair in spherical functions shows that the i,4/, compo-
nent is predominant in it. One can therefore say that
two neutrons in the 1i;3,, shell break their coupling
under the influence of rotation and align their angular
momenta along the axis of rotation, as we have con-
sidered above. The absence of an anomaly in '8y} is
explained by the absence of levels with large j near the
Fermi surface. Unfortunately, conservation of the num-
ber of particles was not taken into account in these cal-
culations.

Thus, if one works with realistic models one must
make calculations in which the conservation laws for
the angular momentum and the particle number are sat-
isfied and also take into account significant changes in
the one-particle functions and energies that arise in the
rotational system. Once such calculations have been
made, one should be able to settle finally the nature of
the frequency anomaly and to calculate quantitatively the
rotation spectra in each concrete case. However, the
qualitative treatment shows that the frequency anomaly
is essentially a pair-breaking phenomenon,

CONCLUSIONS

Summarizing, we can say that the anomalous behavior
of the rotation frequency is due to the existence in a4 nu-
cleus of levels with different moments of inertia. This
fact reflects the different behavior in a-rotating nucleus
of nucleons in different states. If the moment of inertia
of an upper level is greater than a lower level’s, the
levels intersect. It should be understood that there is
always an interaction which pushes the levels apart and
the intersection is formally eliminated. However, the
wave functions of levels obtained with allowance for in-
teraction go over smoothly from one unperturbed wave
function to another. In this case there is still a transi-
tion from one physical state to another ("quasimtersec-
tion”), though it does become smoother. In the region
of nuclei with stable deformation the excited states are
two-quasiparticle levels with large j (and small projec-
tions onto the symmetry axis of the nucleus), for which
the Coriolis interaction is of decisive importance.
Quasi-intersection with such a level in a continuous
transition looks like alignment of the angular momenta
of these particles along the axis of rotation. The align-
ment of the angular momenta of the particles leads to
blocking of levels and reduces the pairing correlation.
At present, it is not completely clear whether the pair-
ing correlation disappears entirely in the quasi-inter-
section process, although the general theoretical treat-
ment suggests that the process of vanishing of 4 is
drawn out. In the nuclei that are transitional with re-
spect to the deformation there are “intersections” of
states with different deformation. Anomalous behavior
of the rotation frequency occurs when there are transi-
tions from levels that consist basically of one physiecal
state to levels of another state. The qualitative nature
of the frequency anomaly has now been clarified, al-

‘though very laborious calculations are required for the

quantitative description of this phenomenon in different
nuclei.

For a fuller theoretical investigation of the properties
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of highly excited states it is necessary to know in more
detail the following: the potential energy C(8,, A, {n}, I)
calculated with a realistic nucleon-nucleon interaction;
the inertial parameters B(B,y, A, {u}, I); the rotational
interaction between different states; how to solve the
problem of collective motion for given C and B with al-
lowance for strong anharmonicity, shape isomerism,
and large angular momenta when the rotation can no
longer be treated in the adiabatic approximation. The
complexity of these problems emphasizes the importance
of experimental study of the properties of highly excited
states.

The experimental investigations of highly excited
states enable one to establish the dependence of the in-
ertial parameters on the angular momentum and the nu-
cleon population, the deformation of different states,
the scheme of coupling of the free quasiparticles with
the rotating nucleus, the interaction between levels of
different nature, the structure of excited states, etc.
The study of these questions will be extremely impor-
tant for the development of the theory of the structure of
excited states.
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