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INTRODUCTION

Even at the beginning of the sixties, almost any prob-
lem of three or more strongly interacting particles in
quantum mechanics was regarded as virtually unsolvable
because of the mathematical difficulties. The question
did not therefore arise of attempting to calculate the
properties of nuclei and nuclear reactions directly
from the many-nucleon Schrodinger equation without the
introduction of any models, In the last decade radical
changes have taken place; methods of solving the problem
of several strongly interacting particles have been de-
veloped, and a great many theoretical and numerical
calculations have been made.

The problem of the properties of three-nucleon sys-
tems was solved for the first time in 1956 by Ter-
Martirosyan and Skornyakov' in the approximation of a
point nucleon-nucleon interaction (nucleons interact
with one another only when the distance between them is
zero). This approximation was not without complica-
tions; some of its results proved to be physically mean-
ingless. A way of separating out the “physical” solu-
tions was given by Danilov.?

In 1958, Faddeev® derived and investigated equations
of the three-body problem that are convenient and free
of ambiguities (Faddeev equations). These equations
were the basis of many numerical investigations of the
properties of three-nucleon systems made in the last
decade. Many important results in this direction were
obtained for the first time by Kharchenko.* In 1967,
Faddeev’s approach was generalized by Yakubovskii®
to the case of n particles (n>3); his equations, which
describe a system of » particles, are sometimes called
the Yakubovskil equations. They are however too cum-
bersome and are hardly ever used.

In 1964, Simonov and Badalyan,® and independently
Zickendraht,” began to develop a new approach to many-
body problems—the K-harmonic method or, as it is fre-
quently called, the method of hyperspherical functions.
As a first application of the method, Simonov, Badalyan
et al.® calculated approximately the binding energy and
wave function of the *H, *He, and *He nuclei for some of
the simplest potentials. This method was intensively
developed and it is now perhaps the most convenient for
solving problems of the properties of systems of a few
strongly interacting particles.

The appearance of computational methods enabling one
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with any preassigned accuracy to solve the Schrodinger
equation for several nucleons makes it vitally important
to pose the following question, which at first sight ap-
pears purely academic: Can one, at least in principle,
solve all the basic problems of nonrelativistic nuclear
physics without recourse to models but directly from
the many-nucleon Schridinger equation with a given
nucleon-nucleon (NN) interaction? One is led to pose
this question by several considerations. First, the
interaction between two free nucleons can be described
by means of a potential V only in the nonrelativistic
limit; in the general case, the NN interaction is not a
potential interaction but leads to the creation (virtual or
real depending on the energy) of new particles (mesons,
hyperons). In this connection, one now frequently dis-
cusses the question of whether the nucleus is not simply
a “sack with nucleons” but rather a more complicated
formation in which there are real mesons and the nu-
cleons spend some of their time as hyperons. Second,
even if a nucleus does consist of nucleons, the interac-
tion V between nucleons in the nucleus can differ from
the “vacuum” NN interaction V describing the interac-
tion of two nucleons in vacuum; for the NN interaction in
the modern theory of elementary particles is described
as a process of exchange of different mesons between
nucleons. This exchange depends on whether the two
nucleons are in vacuum or are surrounded by other
nucleons. In the latter case, the surrounding nucleons
may actively participate in the exchange process, so
that V=V,

Both of these circumstances follow directly from the
theory of elementary particles. However, the theory
does not enable one to estimate reliably the correspond-
ing effects, and the general situation may therefore be
characterized as follows. If the above circumstances
really are important, nuclear theory cannot be con-
structed in isolation from the theory of elementary
particles—the nonrelativistic Schradinger equation does
not apply to nuclei, whose properties must be described
by more complicated equations constructed on the basis
of field theory. In this case, a model-free nuclear
physics is at present not to be thought of.

There is however a different possibility. As a working
conjecture one can assume that the effects associated
with the structure of nucleons play only a small role in
nonrelativistic nuclear physics. In this case, all the
basic properties of nuclei and nuclear reactions can be
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obtained by solving the many-nucleon Schrodinger equa-
tion with the vacuum interaction between the nucleons.
An attractive feature of such a conjecture is, besides
its logical simplicity, its constructive value. It pro-
poses a model-free method of calculating nuclear-
physics quantities and its validity or invalidity will
transpire through the calculation of numerous nuclear
data. Anticipating, we may point out that as yet there
are no indications refuting this working conjecture.

In the present review several problems are posed.
Assuming as a working conjecture that a model-free
nuclear physics can be constructed on the basis of the
many-nucleon Schrodinger equation, we analyze the
results of the existing calculations of the properties for
the lightest nuclei and simple nuclear reactions.

As will be seen subsequently, one of the main difficul-
ties is the inadequate knowledge of nucleon-nucleon
potentials. From the scattering of nucleons on nucleons
one cannot determine their interaction potential unique-
ly, and there are more than ten phenomenological poten-
tials which describe equally well the scattering in the
nucleon energy range 0—150 MeV (ecms). When these
potentials are used to calculate the properties of three-,
four-, etc., nucleon systems, the results differ some-
what. Therefore, at the present time the main tasks in
the theory of few-nucleon nuclear systems are: a) to
calculate those properties that depend weakly on the de-
tails of the NN potentials, b) to use the experimentally
known properties of few-nucleon systems to obtain more
precise information about the form of the NN potentials.

In the present review, we attempt only to show what
basic physical problems at present exist in the theory
of few-nucleon systems and how they can be solved.

1. MODELS OF NUCLEON-NUCLEON POTENTIALS

General Form of the Nucleon-Nucleon Potential. 1t
follows from the theory of elementary particles that in
the nonrelativistic energy range the interaction between
two nucleons (nonpotential) can be described approxi-
mately by a potential, though field theory is not in a
position to calculate this potential exactly. All that it
can say is what must be the general form of this poten-
tial and how it behaves at large distances between the
nucleons.

Two nucleons are characterized by the vector r=r,
- r, of the relative distance, their spins s, and 8§,, and
isospins t; and t,. From these vectors one can con-
struct several independent operators: T, the total iso-
spin; 8, the total spin; r, the distance; 9, the relative
momentum; and L, the relative orbital angular momen-
tum. Proceeding from general invariance arguments, it
is not difficult to construct rather a lot of terms of dif-
ferent structure that could occur in the potential:

a) central potentials:

3 Vs, ares (r) PP, : 1)

1"5-1: o
28+1, 2T+ =
8,T=0,1

Ve X
8, T=0,1

where PS(PT) is the operator of projection onto the
state of a pair of particles with spin S (isospin T):
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Vg.1,2r.1(¥) are functions of the distance between the
nucleons. In a state with given total spin S and isospin
T of the pair of nucleons a characteristic central poten-
Hal Vi o o) Actas

b) spin-orbit potentials:

(7 LS 7 2] LS i 1
V= 3 Viia= 3 Va0 A8 P )

c) tensor potentials:

= 2 Vo= 3 Vir ()16 Gurp—28 P (3)

The potentials VLS and V* have only one index since
they act only in states with S=1 and therefore the index
2S +1=3 is omitted;

d) L* potentials; they are sometimes written in the
form

Pa P W= T VB ODPP ()
8, T=0, 1 8, T=0,1
or
Vo= ¥ V8l drai=. ¥ VEES:, are1 () LoPoH,
8, Tl =
Lia = (0:83) L2 [(61L)) (8 =+ (o) (@)1, 2, (5)

where U are Pauli matrices;
e) p* potentials can contain terms of two types:
(6a)

‘,’,?_;’}T ;r’;z
or

(p61) V (poz) = (p62) V (poy), (6b)

where the potentials v depend on S and T.

In nonrelativistic theory, the potentials cannot contain
higher powers of L and p, since the differential
Schrodinger equation would then contain derivatives of
higher than second order and one would have difficulties
due to the increase in the number of solutions and, ac-
cordingly, the need to introduce additional boundary
conditions.

All the above potentials are local in the sense that
when one substitutes them into the Schrodinger equation
one obtains ordinary second-order differential equa-
tions. There is however the theoretical possibility of
introducing nonlocal potentials V ., ., whose action on
the wave function ¥ is defined as

Vontoc? = | Ve )X ()X’ Ve, )=V ()8 (r—1"),

When they are introduced into the Schrodinger equa-
tion, an integrodifferential equation is obtained. Al-
though such potentials are sometimes used in calcula-
tions, we shall not consider them here, since there are
as yet no definite indications that they have to be intro=-
duced into the theory.

The interaction between nucleons arises as a result
of the exchange of one, two, three, etc., mesons. It
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FIG. 1. NN phase shifts, "’

can be shown that at large distances between the nu-
cleons the exchange of one 7-meson makes a dominant
contribution to the interaction. The potential that arises
as a result of this mechanism can be calculated exactly.
It is called the one-pion-exchange potential (OPEP) and
has the form

POPEP _ (g%/12) mac? (g my) (147,)

[6 (Sr/r)? - 282] (1 + 3/z +3,2%)} [exp (— 2)/], (M)

{(s182): 4+

where g is the 7N coupling constant; m_ and m, are the
masses of the pion and the nucleon; x =%+, where »
=m,c/fi. This formula describes the nucleon-nucleon
potential at large distances between the nucleons. It
follows from it that at large distances the NN potential
consists solely of central and tensor forces. The re-
maining components (LS, L?, and p?® forces) have a
shorter range.

Attempts to determine the explicit form of the NN
potential. In the middle and end of the fifties, when the
first large proton accelerators at several hundred MeV
were put into operation, many hoped that detailed study
of nucleon-nucleon scattering in a wide range of ener-
gies would enable one to determine completely and
uniquely the NN potential. This hope was based on the
theorem of Ref. 73, which states that if the phase shift
is known at all energies, then the potential in the
Schrodinger equation can be uniquely recovered by
means of a definite mathematical procedure. One of the
important problems of that period was the careful study
of NN scattering and determination of phase shifts.

As the result of tremendous exertions by large teams,
the pp and np phase shifts were determined in the energy
range from 0 to ~200 MeV (cms). As an example, Fig.
1 shows the values of several phase shifts 5, ; with their
experimental errors in accordance with the latest data.
However, the potential could not be obtained from these
data, mainly because the inverse problem of scattering
theory (recovery of the potential from the phase shifts)
is unstable: to determine the potential the phase shifts
must be known exactly. Even a small uncertainty in
their values was sufficient to lead to huge errors in the
potentials calculated from the phase shifts. In addition,
beginning with the energy at which production of pions
becomes possible, the problem of NN scattering be-
comes nonpotential, and this is not taken into account in
the solution of the inverse problem.
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We can illustrate the situation by means of the graph
(Fig. 2) of Pokrovskil, who investigated the uncertainty
of the potential acting in states with S=0and T=1. He
obtained a two-parameter family of potentials that de-
scribe the singlet phase shifts equally well. The hatch-
ing in Fig. 2 distinguishes the regions on the V.W plane
(V, is the value of the central part of the potentlal at 7
—0 W is the amplitude of the p? component of the poten-
tial)., To each point of the hatched region there corre-
sponds a potential which describes the singlet phase
shifts excellently (description with y2<1).

Despite the impossibility of a unique determination of

~ the NN potentials from the NN scattering data, some

qualitative conclusions about their properties could be
drawn. First, it was confirmed that at large distances
the NN potential is given by Eq. (7). Second, the energy
dependence of the phase shifts at high energies (150—
200 MeV in the center-of-mass system) indicated a
strong repulsion between nucleons at distances <0.5 F,
Third, it was found that the NN potential has a very
complicated structure, containing besides central and
tensor forces the other interactions discussed above.

All this transpired when the NN potential began to be
determined by the method of trial and error, in which a
definite functional form is chosen for the NN potential
with a fair number of variable parameters, which are
then determined by the condition of best agreement of
the phase shifts calculated for these potentials with the
experimental phase shifts. Calculations of this type are
very laborious and require large computers. Neverthe-
less, there are now already several tens of investiga-
tions by different authors on this subject and a corre-
sponding number of fairly strongly differing sets of NN
potentials, which more or less equally well describe
experimental phase shifts. The most widely known NN
potentials are listed below. Recall that we have already
restricted ourselves to local NN potentials, so that we
exclude investigations aimed at finding nonlocal ones.
This restriction is solely for the sake of simplicity. If
in the future it transpires that local NN potentials can-
not describe the complete set of experimental data, it

4, MeV
0
87
PP SN

100

. W, MeV

1 1 i
] 50 w0 10

FIG. 2. Indeterminacy of the NN potential V3 determined .
from the NN phase shifts for the energy range E,,,=0 to

425 MeV (dense hatching), to 330 MeV (intermediate hatching),
to 210 MeV (low-density hatching); below, the value of x%
corresponding to curve 1.
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FIG. 3. Radial dependence of the NN potentials of Reid (RSC),
Bressel-Kerman-Rouben (BKR), and of the potential with
hypersoft core (SSC¢) (see Table 1).

will be necessary to add nonlocal terms to the local ones
in the NN potential.

Charactevistics of some NN potentials. When the
parameters of NN potentials are determined from the
condition of best agreement with the experimental phase

shifts §'® and fitting parameters ¢‘®’ (¢ are quantum
numbers), one is dealing with best agreement on the
average: if, for example, one proceeds from the re-
quirement of best agreement of the calculated, 5{%), (E,),
and experimental, 5'%)(E,), phase shifts at N, energies
E,, the parameters are found by minimizing the
functional

N §le) () P
P e (M) ®)
N4 2 p ; 2
% i ASE (B

where N=3,N,; A5{2) is the experimental error in the
measured phase shift. The smaller the value achieved
by minimization, the better this set of NN potentials
agrees with the experimental values on which the calcu-
lation is based. Apart from the value of ¥2,,, the quality
of the NN potentials is also determined by the extent to
which they reproduce the properties of the deuteron, the
triplet and singlet scattering lengths a, and a,, and the
effective radii 7, and 7,,.

The first carefully selected sets of NN potentials ob-
tained in the above manner appeared in 1962. These
were the so-called Hamada-Johnston (HJ) potentials®
and the Yale (Y) potential.' Both include central,
tensor, LS, and L? components. The repulsion between
nucleons at short distances is described in both cases
by the introduction of a “hard core” (when » <7, the
potential tends to +%, where 7, =0.48527%/(m,c) and
0. 357/ (m,c) for the first and second NN potential). Sub-
sequently, the introduction of a hard core was eschewed
and in all the NN potentials which have appeared since
1962 the repulsion is “softer”.

From the beginning of the sixties, more and more new
NN potentials appeared continuously: the Reid"* potential
(RSC) in 1968, the Bressel-Kerman-Rouben'? potential
(BKR) in 1969, the Gogny-Pires-de Tourreil'® potential
(GPT) in 1970, the Eikemeier-Hackenbroich' potential
(EH) in 1971, several variants of the de Tourreil-
Sprung'® potentials (SSC,, SSCy, SSC.) in 1973, and so
on. All these potentials have a complicated structure
and contain central, tensor, LS, and L® components.

TABLE 1. Some properties of the two-nucleon system calculated with realistic NN potentials.

Potential | xtn | 2P, F | &'PF | BEF | TGfF | aF mF :S\; CuF* | iment
HI (9] 4 = —70 | — 2.83 s = 2.260 | 0.285 | 6.97
RSC  (41] 2 | —ra8 | —74 | 2.7 2.80 5.30 1.72 | 2.2216 | 0.279 | 6.47
BKR [12] 2 | —7.8%5 | —23.7 b= = 5.44 = 2.22¢ | 0.201 | 6.53
GPT [13] 8.4 —2az| — 2.83 5.24 1.93 | 2.6 0211 | 3.8
EH (4] 79 | —17.45| 2.8 2.9 5.7 171 | 2226 | o023 | 625
$SC, [15] =3 | —vae L2 2.7 = 5,50 185 | 2224 | o262 | 4.48
SSCp [15] <5 | —rs o 2.7 = 5.50 1.8 | 228 | o262 | 4.5
S8Cc [15) <2 | —182 | - 2.711 s 5.48 183 | 2224 | o021 | 5.4
BS  [16] 10.8 = 23,3 = 2.62 5.45 1.65 | 24 € bs
sW 7] 92 | -7 | —28m| — = 5.4 = = ia 2
P 18] = = 2 = — - = 22245 | 0.289 | 5.5
Experiment _ | Zrseil2smsel 2s0x | 273+ | sk | 1754 | 222464 0.2196 | 3.9

0.0t 20,015 | =001 | 2003 | +0.01 | =0.004 |40.0005 ;
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From the point of view of describing the properties of
a two-nucleon system, all these NN potentials are more
or less equally good. This can be seen from Table I,
which for each of the potentials gives the values of X
obtained for them and for the low-energy parameters
@y, @, Vo, and 7y, , the deuteron binding energy E,, the
deuteron quadrupole moment @;, and the D-wave admix-
ture P, in the deuteron.

Although the general structure of these potentials is
the same, their magnitudes and radial dependences
differ fairly strongly. This is demonstrated by Fig. 3,
which shows the V§,, V4, V§,, V&,, V¢, V&S components
of the potentials for some of the above NN potentials.

Alongside these phenomenological NN potentials,
others of a somewhat different type began to appear in
the literature—the so-called one-boson-exchange poten-
tials (OBEP). In the construction of these potentials it
is assumed that the interaction between nucleons can be
adequately described by summing up only the simplest
one-meson graphs but with allowance for the exchange
of not only pions but also the other, heavier 7, w, Py
mesons. In this case the variable parameters are the
number of allowed for mesons, the masses of the hypo-
thetical exchanged mesons, and, partly, the meson-nu-
cleon coupling constant.

Potentials of this second type have the same general
form as the phenomenological NN potentials, i.e. , they
include central, tensor, and LS components. The only
difference is that instead of L? terms they have p?
terms.

Several such potentials have been proposed: the
Bryan-Scott'® potential (BS), the Scotti-Wong!’ potential
(SW), the Ingber-Potenza'® potential (IP), the Ueda-
Green™ potential. These potentials describe the two-
nucleon data about as well as the purely phenomenologi-
cal NN potentials (see the last rows of Table 1),

Conclusions and Prvoblems They Pose

Conclusions. From the presently existing data on
two-nucleon systems at nonrelativistic energies it is
impossible to determine uniquely the interaction poten-
tial between nucleons. We have in mind only the inter-
action of nucleons in states with L < 3—4, since higher
partial waves do not in practice exist at nonrelativistic
energies and to allow for their influence one can use
the asymptotic part of the potential VOPEP [see Eq. (7)].

Analysis of the experimental data establishes only the
general properties of the NN potential: a) its compli-
cated structure (LS and L? or p? components in addition
to the central and tensor components); b) at short dis-
tances it must lead to strong repulsion; c) at long dis-
tances it must go over into V°PEP [gee Eq. (7)].

Problems. These conclusions directly pose the follow-
ing questions:

1) Can one, staying in the range of nonrelativistic
energies (which is the only range in which the inter-
action between nucleons can be described by a potential),
determine this potential uniquely?

2) Can one now, when only the qualitative form of the
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NN potential is known, hope for success of a micro-
scopic theory of the nucleus in which the properties of
nuclear states and amplitudes of the nuclear reactions
are calculated without a model but directly from the
many-nucleon Schrodinger equation containing the NN
potentials?

The two questions are related; for the class of allowed
NN potentials is restricted somewhat by more accurate
experimental values of the NN phase shifts. But elimina-
tion of the ambiguity of the NN potential cannot be com-
pletely achieved in this way, requiring, as it does,
knowledge of the phase shifts in an infinite energy range,

. whereas we have at our disposal only the nonrelativistic

energies. Therefore, apart from the NN scattering data,
it is necessary to invoke other data on the properties of
nuclei and nuclear reactions for which the nonrelativis-
tic condition is satisfied. And here we come right up
against the second question. If the properties of nuclei
depend on only the NN scattering amplitude on the mass
shell but not on the actual form of the NN potential,

this potential cannot be determined uniquely, though a
microscopic theory of the nucleus can be constructed
on the basis of the many-nucleon Schrodinger equation
(into which one can substitute any reasonable NN poten-
tial). But if the concrete form of the NN potential is
important, calculation of the properties of nuclei and
reactions and their confrontation with experiment pro-
vide the additional conditions needed to fix the NN po-
tential uniquely.

The real situation is only now beginning to become
clear, and to understand the picture which is now being
delineated we must dwell in more detail on the results of
the presently existing caleulations of the properties of
the lightest nuclei and the simplest nuclear reactions.

2. CALCULATIONS OF THE PROPERTIES OF THE
LIGHTEST NUCLEI (3H, *He, *He)

Many theoretical investigations have been made of the
°H and *He nuclei. The problem of a bound state of three
nucleons is solved under different assumptions about
the form of the NN potential and by different methods:

a) by solving the Faddeev equations;
b) by application of a direct variational procedure;

¢) by expanding the three-nucleon wave function
¥(1,2,3) in a series with respect to a complete set of
certain three-body functions and solving the secular
equation then obtained from the Schrddinger equation of
the three-nucleon system.

Here we shall not discuss the methods of solution (see
Appendix 1). We merely mention that the most reliable
results are obtained from the third of the methods when
a basis of hyperspherical functions (K harmonics) and
hyper-radial functions are used as a complete set.

Binding Enevgies and Wave Functions of the *H and
*He Nuclei. In these nuclei J° =1/2*, and their wave
function can be written down in the form of four term_s:

¥ (1, 2,3) =Y+ Yo+ Yot ¥p, ©)

where ¥¢ and ¥, correspond to values of the total orbi-
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TABLE 2. Properties of *H and *He with realistic NN
potentials.

3 3H 3He P (3H), % B |
|EH| ek e i . R 4 | Literat
e . ; ) P2 ‘ = J D e lMelhudl Literature
RSC
6.5% 1.85 — 0.52) None | 8.92| — |OB- | [19] ()
6.5 —_ - 1.8 | None | 8.1 |0.63%*| FE 120] (b,d)
6.80 A0 b = 1.05) 0,08 [ 9.4 | — |HE | |21] ¢
6.85 . 1.71 1.90 1.00{ 0,07 | 9.1 |0.66%% HE | [21] @)
7 = 1.86 1.68( None | 8.6 | — | FE | (22] 1)
6.8:£22% - - - — | — | —_|HF |28 @
7.0 1.65 1.9 1.8 | None | 9.0 |0.575| FE | [24] (b)
7.754:0,5 — - |~ — |95 |- — | V™ | (25] @)
HI
6.54:2 1.85 1.90 1,8]0.03 | 9.0 |0.547| VM | [26,27] D)
6.7 = — 0.36| None | 13.9 | — | VM | [28] @)
6.0 — — — |Nome| 7.9] — | GVM| [29]G,f)
BKR
6.2=2 1.87 2.09 1.4 |None | 7.8 FE 30] (b.d)
6.34 1,76 1.96 1.46| None | 7.95| — |FE 31] (b,d)
6.2 1.82 1.97 0,50) 0.05 | 8.8| — |¥F 21] ()
SSCx
7.64 1,64 1.85 1,5 | None | 6,5 0,61 | FE | [24] (b)
7.47 1.78 1.94 1.0 [-0.04 | 6,4 (0.63%% HF | [21] (e)
S8Cp
7.7 1.62 1.82 1,4 | None | 6,30.62 | FE | [24] ()
7.64 1.78 1,96 1.1 | 0.03| 6.2(0.623% HF | [21] (@)
EH
7.5 || =) 1.2 | 0.05 | 9.0 0.68%| HF | 132] (e)
GPT
8.25 1.69 1.8% 1.47] None | 4.07| — | FE | [31] (b,d)
8,61 | 0.8 | 0.02 | 5.0 |0.66%* FE ‘532] (a)
‘ Experiment
8.48 [1.70-4-0,05]1.87:0.05|<< 4 | |5—10]0.764] — | =

1) Extrapolated value from 6.3 MeV
2) Extrapolated value from 6.26 MeV
3) Point nucleons

Notes:

a) all terms of NN potential taken into account;

b) allowance made for only ' S,, *S, -*D,, NN interaction;

c) total potential + one-meson-exchange potential in *D, state;

d) neglect of D wave of the third particle relative to the center of mass of the first two;
) odd potentials not allowed for;

f) slightly modified version of HJ potential.

Some results of Refs. 21 and 32 improved by increasing the HF basis.

tal angular momentum L and total spin S equal to 0 and
1/2, respectively. These two terms differ by the sym-
metry properties of the coordinate part of the wave
function: ¥ is completely symmetric under permuta-
tions of the coordinates r, of the three nucleons while
T, (the so-called mixed-symmetry function) is not.

The third and the fourth terms in (9) correspond to
the admixture of the P and D states to the wave function
(L=1, S=3/2, 1/2, and L=2, §=3/2, respectively).
Besides the wave function ¥(1,2,3) one usually calcu-
lates the binding energy E, of the *H nucleus, the
Coulomb energy E,,, in the *He nucleus, and the rms
radii Ry and Ra, of the *H and 3He nuclei. The main
results are given in several tables.

Table 2 collects the calculations for different forms
of the NN potential and gives the global characteriza-
tion of the H wave function—the values of the P(S'),
P(P), and P(D) contributions to the normalization inte-
gral of the S, P, and D states of the three-nucleon
system.

The greatest number of calculations has been made
with the Reid potential (RSC). As can be seen from
Table 2, the various authors working with this potential
obtained slightly different results. To some extent this
is due to different simplifications and approximation in-
troduced into the computational procedure, and the
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uncontrollable errors then arising. This is the situation
with regard to Hennell and Delves’s result for the bind-
ing energy of the *H nucleus: E; =7.75+ 0.5 MeV, which
is not confirmed by the other calculations. A compari-
son of the results of the different authors shows that the
average (with respect to the authors) error in the cal-
culation of the wave function is several percent: the
weight of the D state (~9%) is almost the same for all
of them, whereas there are large discrepancies in the
weight of the S’ state (~1%), which is an order of mag-
nitude less. Considering the results selected in the
table, one cannot avoid pointing out the following:

a) For all types of realistic NN potentials the binding
energy of *H is the same to within an error +0.8 MeV
and close to the experimental value (less than it by 1—-2
MeV);

b) the rms radii are also obtained with fully satis-
factory agreement with experiment;

c) the Coulomb energy of the two protons in *He, cal-
culated under the assumption of charge invariance of the
NN potential, is approximately 100 keV less than the
experimental value and does not depend on the form of
the NN potentials.

When comparing the calculated binding energies E,
with the experimental values, it must be remembered
that it is the difference Ep=!V| - T of two energies of
large absolute magnitude: the potential energy (I V|
~50 MeV) and the kinetic energy (T ~40 MeV). An in-
determinacy in these values of order 1 MeV leads to an
indeterminacy in the binding energy of order 1—2 MeV.
Thus, a correction to the wave function of 1-2% is suf-
ficient to explain the discrepancy between the calculated
E, and the experimental (| E, | =8.48 MeV). This cor-
rection could be due to the NN interaction being slightly
nonpotential or to many-particle forces.

It follows from a) and b) that the basic properties of
the ®H and *He nuclei are almost independent of the
actual form of the NN potential, since they describe
well the two-nucleon data. This conclusion is under-
lined if one considers the contributions of the different
parts of the Hamiltonian to E;. In Table 3 we give the
corresponding values for the GPT and EH potentials.
The contributions of the terms of different type to E

TABLE 3. Averaged values of the kinetic energy T' and the
components of the NN potential for *H(i;.,=0) and ‘He.

d SH iHe

Sl GPT EH GPT EH
T 29.48 . 42,97 57,64 77.95
8B —27.90 —22.,85 —66.74 —58.00
i o= —9.61 —24.53 —17.20 —40,67
SR L pise —0.31 = —0.46 =
vis —0.18 —2.78 —0.25 —2.80
T3V . 0.02 0.08 0.11 0,42
154 —0.1 —0,20 —0.34 —0.36
R reacs v 0,02 = 0.06 =
vis 0,07 0.02 0.40 0.4
E 8,57 —7.28 —26.76 —23.03
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TABLE 4, Overlapping of the symmetry components of the
wave functions (%).

Potential sW RSC BKR ssCy 8SC,
sw 100 — — - o
RsC 85 100 - — =
BKR &7 97 100 = —
85Cy 91 03 94 100 -
SSCx 91 93 94 98 100

Note: SW is a simple potential of rectangular form

for these potentials differ strongly from one another,
but in the final result, in which all contributions are
added, we obtain practically the same result. In other
words, if the properties of the *H nucleus are calculated
by means of different NN potentials, it is not the actual
form of the potentials which is important but what they
have in common. A common property of the NN poten-
tials is their ability to describe equally well the two-
nucleon data at not too high energies. This conclusion
is also confirmed if we compare the dominant compo-
nents of the wave function ¥4 calculated for these po-
tentials. As a numerical comparison measure it is
convenient to introduce the “overlap” f:

B 2 =y, ‘F_(g%))E 5 Wy LW/S |‘1’§”|3dV. (10)

The departure of 8 from unity indicates how strongly
the wave functions calculated with different NN poten-
tials differ. Some values are given in Table 4, from
which it follows that the total wave functions and their
individual components are close to one another. The
difference is a few percent, i.e., the wave function of
the nucleus is also weakly dependent on the actual form
of the NN potential. It appears all the more remarkable
that the difference between the binding energies of the
*H and ®He nuclei, which is usually regarded as the
average value Eg  of the Coulomb interaction energy
of the two protons in ®He, is smaller than the experi-
mental value. This is obtained in all cases when charge -
invariant nuclear forces are used for the calculation.
Such a discrepancy between calculation and experiment
indicates that the NN potentials contain charge-nonin-
variant terms. Theoretical estimates of such terms®
give the correct order of magnitude of the effect.

Above, we have discussed calculations made com-
paratively recently with realistic NN potentials. In the
earlier calculations (see, for example, Ref. 8) very
simple potentials were used (central potentials of
rectangular, exponential, or Yukawa form), which give
the correct NN scattering lengths. Of these potentials,
only the rectangular reproduce the experimental data
fairly well. All the others lead to a too strong coupling
of three and, in particular, four nucleons. Therefore,
the weak dependence of the *H and *He properties on
the actual form of the NN potentials discussed above
should not be taken too literally: The dependence is
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weak if the potentials are realistic, i.e., they repro-
duce the NN phase shifts in a sufficiently wide range of
energies (for this one requires effective repulsion at
short distances). In the case of potentials of exponen-
tial, Yukawa, or Gaussian form, conversely, the attrac-
tion increases when the distance between the nucleons
decreases. As a result, in three- and even more so in
four- and many-nucleon systems the coupling is found to
be stronger than follows from the experiments. For a
potential of rectangular form, this effect is not so
strongly expressed. The binding energy is only 1—2
MeV higher than the experimental value, and the *H
wave function is near (with an error of 10%) the one cal-

- culated with realistic potentials.

Electric Form Factors of *H and *He. The general
conclusion that the *H and *He wave functions depend
weakly on the form of the NN potential is also confirmed
by the data on the electric form factors F,(g), which
describe electron scattering on nuclei and are defined
by

(11)

where pe(r) is the charge density in the nucleus. Exper-
imentally, F,(g) is known accurately for *He but poorly
for ®H, Therefore, we shall here discuss only *He. The
experimental data and the theoretical form factors cal-
culated for different NN potentials are shown in Fig. 4.
It should be pointed out that the form factor has fre-
quently been calculated by different authors. However,
the results have not always agreed for ¢° >10 F2. In
Fig. 4 we have given the data of Ref. 34, which are ap-
parently the most accurate.

F. (@)= { exp (iqn) o, (r) dr,

It is important that for not too large 4° the form factor
is almost independent of the form of the NN potential and
describes the experiments well. Differences begin to
appear only at ¢*~7—8 F-?, where | F,(g)| is small. A
characteristic feature of the form factor is a minimum
at ¢*=11.6 F~2, The position of the minimum and the

E Experiment
R O e
Tl ]
[ 553Gy, 5 ]
] =
£5¢
BKR
/i I e S PSS T,
0 4 8 2 1] ¢,

FIG. 4. Electric form factor of He for the following NN poten-
tials: BKR, RSC, and SSC,,s. Experimental points from Ref.
35.
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TABLE 5. Position of the diffraction minimum and height of
the second maximum in F,(g?) for realistic potentials.

3He IH
Potential Lier
Thin I | 1Felginad10° | 92,0 F ™ lip, (qpag 100 | 2
Hl 12,5+0.3 1.0 13,4+0.3 1.3 [26]
RsC 13.3#% 2,0 13.7 2.0 [19
12,8+0.3 — — — [25
13.8 1.9 15.0 2.5 [34
14.0 2.0 - - 124
15.5 0.7 — - [22
15.5 — — - (31
17.0 = (i L (69
BKR 13.2 1.9 14.6 2.4 34
14.4 1.0 15.6 1.0 |30
14.5 8 = = 31
SECy 14.6 1.4 15.6 1.8 134]
14.8 - - —- [24]
58Cy 14.7 1.3 15.7 1.7 134]
15. = — = 24
S8C¢ 14.4 — — — [24]
Experiments 11.8 6.0 L) 5 [35]

* This value obtained by the authors after the introduction of some corrections (private
communication by Jackson.)

further dependence of the form factor cannot be de-
scribed for any of the NN potentials hitherto used.

The results of different investigations in which the
position of the minimum qzmn and the height of the follow-
ing maximum of the function | F (4°)| have been calcu-
lated are given in Table 5. Not all the values given in
this table are reliable. A general tendency is, however,
clear: All calculations give a value that is too high for
qu and predict a too small value of the subsequent max-
imum in | F,(¢®)| . It may be that the behavior of the form
factor at large ¢* (distances ~0.3 F correspond to ¢°
~10 F-2) lie outside the scope of the nonrelativistic po-
tential approach. However, estimates of the correc-
tions to the theoretical form factor due to some rela-
tivistic effects (see Ref. 75) and a possible influence of
three-particle forces®® only worsen the situation. Al-
though the question of the form factor is still to some
extent obscure, it can be seen that the different NN po-
tentials lead to results that differ from one another and
the experiments only for g values which correspond to
very fine details of the three-nucleon wave function.

Calculation of the Properties of Alpha Particles. It
is much harder to calculate the four-nucleon than the
three-nucleon problem. So far only a few papers have
been published in which the properties of the *He nu-
cleus have been calculated for realistic NN potentials.
Some of the results are given in Table 6. The existing
data are too sparse to draw any definite conclusions.
Evidently, the binding energy Ei,, is more sensitive to
the form of the NN potential than in the case of three-
nucleon nuclei (see Table 6).

Conclusions. The data of numerous calculations dis-
cussed in this section show that the basic properties of
the °H, *He, and, to a lesser extent, *He nuclei depend
weakly on the actual form of the NN potential, since this
last describes the two-nucleon data well. In the first
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place, this weak dependence on the NN potential refers
to the nuclear wave function, which, to within an error
of a few percent, is the same for all the NN potentials
used. The binding energies E, and Es,;,, which are the
difference of two large values—the kinetic energy and
potential energy with reversed sign—are somewhat more
sensitive.

From the formal point of view the weak dependence
of the ®H, *He, and *He properties on the actual form of
the NN potential means that it is the behavior of the two-
nucleon scattering amplitudes on the mass shell which
is decisive. The main properties of the lightest nuclei
are found to depend weakly on the behavior of this am-
plitude for unphysical momenta.

On the one hand, this is very agreeable, since it
means that the wave functions of the lightest nuclei can
now be calculated with an error of a few percent. On
the other hand, it means that from the known basic
properties of the lighest nuclei one cannot extract much
additional information about the form of the NN poten-
tial. Thus, the only new property of the NN potential to
be reliably revealed by the calculations is the presence
of charge-noninvariant terms in the potential of the
internucleon interaction.

One can assume that in all nuclei heavier than *He in
which there is a spectrum of excited states, the order
of the levels and the distances between them must de-
pend strongly on the actual form of the NN potential
and, in particular, on the relative weights of the differ-
ent components of the potential (central, LS, L2, etc.).
Among the levels with different quantum numbers, one
can find pairs of levels for which their energy differ-
ence is determined mainly by just one component of the
nuclear forces (just as the difference of the *H and ®He
binding energies depends on only the Coulomb interac-
tion and the charge-noninvariant components of the po-
tential). As yet, detailed calculations of the properties
of nuclei with A >4 made by means of nonrelativistic
NN potentials have not appeared in the literature.

3. CALCULATIONS OF THE AMPLITUDES OF
THE SIMPLEST NUCLEAR REACTIONS

The first successful calculation of a nuclear reaction
cross section obtained by solving the many-nucleon
Schrédinger equation was published in 1956.' The re-
action was very simple (neutron scattering on the deu-
teron at low energies) and the calculation itself greatly
simplified by assuming a zero range of the nuclear
forces.

TABLE 6. Properties of *He with realistic NN potentials,

P, % .

Potential | E[, MeV T | D Method Literature
EH 23,04 0.2 9.5 HF 132] (a)
GPT 26.76 0.1 6.0 HF 132] (a)

SCE N = } Faddeov-Brusckner- - | [71]

Hartree-Fock [72]

85Ca 25.2 - s
RSC 20.8 = 8 (72|
HI 19.0 GVM [29]

(a) see the note of Table 2.
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Some years later the same process was calculated by
means of the Faddeev equations, first for only nonloeal,
so-called “separable” interaction potentials between the
nucleons (their use greatly simplifies the calculation,
since in general one integration is eliminated), and
then, toward the end of the sixties, for nonrelativistic
local NN potentials as well.

At the same time, calculations were made of more
complicated reactions in a system of three, four, five,
or more nucleons. =% These calculations were based
on variational principles developed for continuum
problems*' (Hulthén-Cohn principle, etc.). Although
the computational methods used by different authors
differ in details, the general approach is always the
same. We describe the basic ideas below. A more de-
tailed description of the various methods3®#2=% can be
found in Appendices 2 and 3.

Of great practical importance is the investigation of
the asymptotic behavior of three-particle wave func-
tions made by Merkur’ev (see Ref, 76 and the refer-
ences there).

General descviption of variational methods of calcu-
lating nuclear-veaction amplitudes. Suppose we wish to
consider the reaction

a~Xi—+a; Xy (i,j=1,2,...,N),

in a system of A nucleons. We shall assume that the
energy is not too high, so that only the N binary chan-
nels @; +X, (i=1,2,...,N) are open, and the remaining
binary channels and channels of decay into three, four,
etc., particles are closed. We denote by a; and X, the
pairs of particles forming channel i. We assume that the
internal wave functions of the particles a, and X, are
known and are ¢;, and ¢,,, respectively.

In order to calculate the reaction cross section, we
must solve the Schrodinger equation for this system of
A nucleons:

(12)

Here H is the total Hamiltonian, and on the wave func-
tion ¥ one must impose the usual conditions of finiteness
for all coordinates of the nucleons. Altogether, there
are N independent solutions ¥‘ (i=1,...,N), in com-
plete correspondence to the N free parameters. These
parameters are the amplitudes of the ingoing waves in
the N open channels,

(I —E)Y =0,

The general form of ¥ is known (see Appendix 2):
(13)
Here, the second term describes the relative motion of

the particles in the open channels and it can be written
as (i=1,...,N)

W= "FlntT "Fext-

Vet =AFi (R) oupiaY 2,00, ()

¥ (14)

+ 3 146, (R) 99nY L1, @n)l,
&

where F; and G, are functions which describe the rela-
tive motion (free or in a Coulomb field if the particles
are charged) of the particles a, and X,. For these
functions, it is convenient to choose the regular and

215 Sov. J. Part. Nucl., Vol. 6, No. 2

irregular solution of the free (or Coulomb) equation of
motion of two particles; for example, in the case of
free motion

Fi (Ri) ~ sin (kB — Ly 2)/Ry;

Gy (Ry) ~ cos (kiR — Lyn/2), Ry, Busreas }

(15)
Here, k, is the wave vector of the relative motion of the
pair a; +X; at infinity and R, is the distance between a,
and X,. The irregular solution of the free (Coulomb)
equation becomes infinite as R, —~ 0, and it is therefore
multiplied by a regularizing factor, for example, by
2L
T (B):i—(z—@)expj—ﬂﬂ], (16)
v=0
which is unity everywhere except at small R, where it
tends to zero in such a way as to suppress the singulari-
ty of the irregular function of free (Coulomb) motion.
The wave function must be antisymmetric with respect
to permutations of the coordinates of the nucleons. This
is ensured by introducing the antisymmetrization opera-
tor A in (14). The matrix of constants f,, is not deter-
mined in a general form and must be found from the
solution of the equations of motion (see below).

With regard to ¥{!) in the form (14) one can say that
(for arbitrary f;,) it is an exact solution of the Schrd-
dinger equation (2) in the (asymptotic) region of the con-
figuration space in which the particles a, and X, in all
the channels have moved apart to a distance greater
than the range of the nuclear forces." In addition, ¥{)

is everywhere finite and satisfies the Pauli principle.

When all A nucleons of the system are close to one
another and, accordingly, all the R, are small, the
function (14) no longer satisfies the Schrédinger equa-
tion (12), since (14) does not take into account the inter-
action between nucleons in different particles of the
channels. To rectify this, one introduces into the ex-
pression (13) for the wave function an additional term
¥{#), chosen such that it is nonzero only when all A nu-
cleons are sufficiently close together; in the asymptotic
region, '1"‘:[: must vanish fairly rapidly. One can, for
example, specify \I’f;’ in the form of an expansion with

t
respect to the states of the A nucleons in the field of an
harmonic oscillator:
M
Y= o, d,2,...,4), @am)
=1

where C{" are certain coefficients; x, is a correspond-
ing set of orthonormalized functions. Other choices are
possible.

The expression constructed in this way for the re-
quired wave function

; ML o ey N
¥O= El O+ A{Fiu®inY Lo, + :;..1‘1 FGsnpseY Ly, (18)
n= i=

is not of course an exact solution of the Schrodinger
equation (12), though it does have the correct general
form. The unknown constants C, and f;; in (18) must be
found from the condition that (18) be the best approxi-

; ; (i)
mation to the exact solution \Ifei“t .

Depending on what one regards as the “best approxi-
mation,” the conditions differ. But if one stays consis-
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FIG. 5. Dependence of the (n+°H)
phase shifts 6, ¢ on the energy
E,, of the incident neutron for
L=0: 1) and 2) results of calcu-
lation; 3) and 4) phase-shift
analysis of experiment,

tently with the variational approach, then for the scheme
sketched above it leads to the following system of equa-
tions for C, and f;;:

[ aws (H—EY 99 =0, . =1 2, ..., M}

A } (19)
j dr {Gjl(pfﬂw.ijzyz'igﬂjl}* [H— E] ‘F“)= 0, ji= 1! 2, ..., N.

Here, integration over the coordinates of all the nu-
cleons and summation over their spins and i sospins is
understood. The total number of equations (MN +N?) is
equal to the number of unknown constants C, and f;;.

_ We denote the constants found from (19) by C, and
f;;- These solutions can be improved by using Kato’s
many-channel identity (see Appendix 2); we then obtain
a simplified expression for f;;:
fu=Tu—2 | as¥? (i — B1¥ (20)
The correction term (the second) in this expression is
frequently called the variational correction. Using the

matrix f of the coefficients f;;,, we can easily find the
S matrix as well:

S§=@+ih(—ify™ (21)

The amplitudes of the different reactions in the con-
sidered system of A nucleons are expressed in the usual
manner in terms of the elements of the S matrix.

Above, we have outlined the general approach used to
calculate reaction cross sections, in the simplest vari-
ant. Some more precise details can be found in the
Appendices.

In the main text we shall now leave aside the techni-
cal side of the calculations and concentrate on analyzing
the results which are obtained.

Calculations with the simplest potentials. In the first
calculations, the simplest processes were considered:
elastic scattering of neutrons on the deuteron, triton,
and o particle. The doublet length, a,, and quartet
length, a,, of nd scattering have been calculated by
many authors using the Faddeev equation, It should be
noted particularly that the early calculations* were
made when the scattering lengths a, and a, were not
known from the experiments because of the uncertain-
ties of the phase-shift analysis. The calculations led to
the conclusion that @,~6 F and that @, is much smaller,
and this was subsequently confirmed experimentally.

If the number A of nucleons is greater than three, the
Faddeev-Yakubovskil equations cannot in practice be
used. All the results for the amplitudes of reactions
possible in systems of four, five, and more nucleons
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discussed below were obtained with one or other vari-
ants of the variational method.

This method was tested for the first time in a calcula-
tion of the scattering lengths @, and a, for an nd colli-
sion,® The result was hopeful and in Refs. 37 and 38 the
same method was used to calculate the s and p phase
shifts of n +°H scattering (Fig. 5) and the p phase shift
of n+*He scattering (Fig. 6), It can be seen that the
calculation correctly reproduces the behavior of the
singlet and triplet s phase shifts of n +°H scattering and
the resonance behavior of the p phase shift in » +*He
scattering. In these calculations it was assumed that the
interaction between the nucleons is purely central and
contains only two components—singlet V£ and triplet
Vs, [see Eq. (1)]—of rectangular form. The parameters
of these potentials were chosen so as to reproduce the
NN scattering cross section at low energies. This as-
sumption about the form of the NN potential is very
crude in at least two respects: First, the potentials have
a very simple form which, in particular, does not take
into account the repulsion of nucleons at short distances
and, second, important components of the interaction
such as the tensor and spin-orbit components are taken
to be zero.

The last fact may not be important in the calculation
of the s phase shifts of n +3H scattering. The qualitative
effect of the LS and the tensor forces between nucleons
is the appearance of effective LS forces in the interac-
tion between a nucleon and the nucleus, and in the s
states these forces are zero. However, the effective LS
force must be taken into account in the calculation of
the p phase shifts in # +*He scattering. It is well known
that these forces here acquire a particular importance
and are manifested through the phase shifts behaving
differently in the states with angular momenta j=3/2
and 1/2 (see Fig. 6). In the calculation of Ref. 38 dis-
cussed earlier, no effective LS forces arise and the
phase shifts 65,, and 5, ,, in the two states are the same.
When the calculated p phase shift is compared with ex-
periment, it lies in the region between the experimental
values of the phase shifts 6,, and 5, ,, (see Fig. 6) and
thus descibes their behavior on the average.

With regard to the simple rectangular form of the
potentials used in Refs. 37 and 38, this is not such a
bad approximation as it seems at the first glance; for in
calculations of variational type such as we consider
here the interaction between the nucleons enters in
several ways. As can be seen from Egs. (A.33) and

FIG. 6. Dependence of the #
+4He phase shifts on the energy
E, of the incident neutron for
L=1: 1) and 2) results of cal-
culation for different formula-
tions of the variational prin-
ciple; 3) phase shift for J=3/2;
4) phase shift for J=1/2,

0 1 23 & § 0 By MV

Baz et al. 216



& del
é& Ip2 dd
E s

Jd‘f

1

i L X5 o

1 1 L L L 1 1 1 1 1
0 4 ] 0 4 EgpgMeV

FIG. 7. Dependence of the elastic »+°H phase shifts 54187 on
the cms energy: the continuous curves are calculated.

(A.35) of Appendix 3, the equations for determining the
scattering amplitudes contain the NN potential a)
through the internal wave functions of the particles [*H
for n +°H scattering and *He for » +*He scattering]; b)
through the binding energies of these particles; ¢)
through the effective potential between the neutron and
the nucleus. Now the wave functions and binding ener-
gies of the lightest nuclei can be perfectly well de-
scribed by means of rectangular NN potentials provided
they are chosen so as to correctly describe NN scatter-
ing at low energies. Therefore, points a) and b) need
not disturb us at all. The only quantity in Eqs. (19) con-
taining the NN potential directly is the effective inter-
action between the neutron and the nucleus. But the
equations from which this interaction is determined are
integral: In them, the NN potential is averaged over the
wave functions of the particles and the result of averag-
ing does not depend too strongly on the actual form of
the potential. Therefore, the fact that the crude approx-
imations of the quoted papers are in good qualitative
agreement with experiment. is not surprising. One would
expect this in the variational calculation. The only
question is, how well does the variational method work?
Although one can never be absolutely certain about the
accuracy of the results obtained by a variational cal-
culation, some idea of the accuracy can be obtained by
calculating the variational correction to the § matrix.
The calculations in Refs. 37 and 38 were made for
energies at which the variational correction is small,
so that the calculated function is near the exact one.

The most important qualitative result of the calcula-
tions with the simplest potentials is the clarification
of the tremendous importance which the Pauli principle
acquires in the dynamics of nuclear processes. In some
states of the relative motion of the nucleon and nucleus
at not too high energies, it is the Pauli principle which
prevents the nucleon’s penetrating into the nucleus,
imitating the strong repulsion in these states. For ex-
ample, it is such an effect as this which explains the
small and negative s phase shift of » +*He scattering
and the negative s phase shifts in » +°H scattering.

Calculations with realistic potentials. The last years
have seen a whole series of investigations in which
more realistic interaction potentials between nucleons
have been used to calculate reactions. Below we give
the main results.

n+°H Scattering.*” The interaction potential between
the nucleons was chosen in the form of the sum of a
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central V¢, spin-orbit 725, tensor Vt, and Coulomb
potential:

V=TV L Vs (22)
the potential V¢ being taken from Ref. 48, and V* and
VLS from Ref. 14, Taking the different components of
the potential from different sources is of course hardly
consistent, and we shall return to this question.

The interaction (22) was used to calculate the phase
shifts of »T scattering for all the lowest partial states
up to J=4", Figure 7 compares the calculated lowest
phase shifts 2$*!5] with the experiments. The differen-

- tial cross section was also calculated at several ener-

gies. The agreement between calculation and experi-
ment can be seen in Fig. 8.

p +°He Scattering.*® The same form of the NN poten-
tial as in the foregoing calculation was used. The wave
function was again sought in the form of the sum T,

+ ¥, in which the second term describes the p +3He
channel and the first the behavior of the system in the
region of configuration space in which all the four nu-
cleons are close to one another and form a kind of com-
pound nucleus. The phase shifts were calculated for all
the lowest partial states up to J =4-, together with the
differential cross sections and the polarization of the
scattered protons. Some typical results of the calcula-
tions are shown in Figs. 9 and 10, It can be seen that
the experimental data agree satisfactorily with the
experiments.

Photodisintegration of *He. Comparison of the theo-
retical and experimental phase shifts, angular distri-
butions, and polarization in # -+*H and p +3He scattering
Serves as a test of the correct calculation of the asymp-
totic part of the corresponding wave functions. To test
the accuracy of the calculation of the wave function in
the “interior” region, where all the nucleons are close
to one another, one must use the physical processes
which are basically determined by the form of the wave
function in the interior region. One such process is the
photodisintegration of *He: *He(y,n)*He and *He(y, p)T.
The cross sections of these reactions were calculated
in Ref. 50 using the wave functions of the » + *He and
p +°H systems calculated in Ref. 51. The results of the
calculations are given in Fig. 11; 1) refers to the reac-
tion *He(y,p)*H, 2) to *He(y,n)*He. It can be seen that
the agreement between theory and experiment is fairly
good.,

nla,a)n, nla,T)D, D(T,T)D Reactions.* The NN in-
teraction was taken somewhat different from the one

500
E=0.75
E 40
=
AR
g
= |
5 0 I
L L E oy L

4 5 180 0 180 90 o,deg

FIG. 8. Differential cross section of n+3H scattering for the
energies E_,=0.75, 1.5, and 2.65 MeV.
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used to calculate »+3H scattering. In fact, the reso-
nating-group method was used, since in the expression
for the wave function (13) the first term ¥, was as-
sumed equal to zero. In the considered case of the
system of five nucleons there are two channels (n+a)
and (D+ T). The mass difference of these channels cal-
culated by means of the NN potential and wave functions
of the particles of the (&, D,%H) channels used in the
calculation was 20 MeV (experimentally, 17.6 MeV).
The phase shifts in both channels and the cross section
of the transition from channel to channel were calcu-
lated. The agreement between theory and experiment
was perfectly satisfactory (Figs. 12 and 13). The
figures show the dependence of the calculated (contin-
uous curves) phase shifts 5, of n— o scattering and the
corresponding experimental curves (dashed curves).
The calculation reproduces the resonance of the p phase
shift (/= 3/2") identified with the ground state of the
quasistationary *He nucleus and the resonance of the d
phase shift (J=3/2*) corresponding to the well known
“thermonuclear” resonance in the D+ 3H cross section.
The position of these resonances [with respect to the
thresholds of the (z +a) and (D +3H) channels, re-
spectively] and their widths are close to the experi-
mental values.

It is important to note two things:

1) The resonance with J=3/2* in the channel D +3H
is manifested in the partial state with L=0, S=3/2, and
in the channel z+a in the state with L=2, §=1/2,
Thus, a transition from channel to channel can occur
only with a change of the total orbital angular momen-
tum L and the total spin S of the system of five nucleons.

FIG. 10 Polarization of protons
(P,) in elastic p +*He scattering
at energy E;,=6.6 MeV.

% 2 720

@, deg
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FIG. 11. Photodisintegration
cross section of ‘He nucleus:
1) for breakup into p +3H; 2)
for breakup into n+3He; the
experimental data refer to
the p°H breakup channel.
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A transition of this type can arise only because tensor
forces are present in the NN potential. Therefore, a
comparison of theory and experiment in the region of
this resonance enables one to obtain directly additional
information about the behavior of the tensor component
of the NN potential., For this, more detailed calculations
must be made.

2) In the region of energies near the resonance J
=3/2*, the two channels are strongly coupled (in the
partial state) and this is perfectly understandable. But
it turns out that such a coupling must also be taken into
account at much lower energies. In Ref. 39, in which
the phase shifts of p +a and D +°He scattering (mirror
system to that considered) were calculated under the
same assumptions as above, the result for the phase
shift of p + @ scattering (L =2, J=3/2*) was compared
with the same phase shift but calculated in the one-
channel approximation in which the D +3®He channel is
ignored from the very beginning. The corresponding
curves are shown in Fig. 14, from which it can be seen
that allowance for the second channel greatly improves
the agreement between theory and experiment in a wide
range of energies below the threshold of the D +3He
channel. At the same time, at higher energies the in-
fluence of the channels on one another is small, and the
phase shifts of D +%H scattering can be calculated in the
one-channel approximation.

D+a Scattering.®® In the interaction between the nu-
cleons the spin-orbit and tensor components were ig-
nored and the central part of the potential was taken
from Ref. 53. No other channels except the D +« chan-
nel were included in the calculation, but at the same
time an investigation was made of the sensitivity of the
calculated s phase shift of D+« scattering to the form
of the part ¥, . of the wave function ¥ which describes
the behavior of the nucleons within the compound nu-
cleus. The main results of the calculations are shown
in Fig. 15, in which the phase shifts are given for ¥,

60—
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FIG. 12. Phase shifts §; for n+*He scattering: 1) calculation;
2) experiment; 3) for experimental phase shift J=3/2* shifted
with respect to the calculated threshold of D*H formation.
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FIG. 13. Phase shifts 6, for »
+4He scattering; 1) calculation;
2) experiment,

=0and ¥, #0. It can be seen that the introduction into
the wave function of the term ¥, ,, which describes the
behavior of the nucleons at short distances, appreciably
improves the agreement between theory and experiment.

o +a Scattering. In Ref. 54, the s, d, and g phase
shifts of @ +a scattering were calculated in the one-
channel (@ +a&) and two-channel approximations by the
resonating-group method. The channel @ +a*, in which
one of the o particles is in an excited 0* state, was
taken as a second channel. The interaction between the
nucleons was assumed central, with allowance for
repulsion at short distances. The parameters of the NN
potential were taken from Ref. 48. The calculated phase
shifts are given in Fig. 16. The agreement with the ex-
periment is good.

Conclusions. As yet, only a few nuclear-reaction
amplitudes have been calculated by solving the many-
nucleon Schrddinger equation. The majority of these
have been described above. Although the material for
analysis is as yet sparse, some preliminary conclu-
sions can nevertheless be drawn.

1. In all the calculations described, the NN potential
was specified in some form at the very beginning and
then not varied. Several NN potentials were used, all
of them describing fairly well NN scattering at low en-
ergies. Without exception, good qualitative agreement
between the calculations and experiments was obtained.
This is apparently due to the fact that the main fea-
tures of the wave function of a system of nucleons, like
bound states, depend comparatively weakly on the
characteristic form of the NN potential provided it
agrees with the NN-scattering data. Of course, this
conclusion is only true to a certain extent, if for no
other reason than that the amplitudes of many process-
es depend directly on the individual components of the
NN potential, For example, the amplitude of the
n{a,D)T reaction in the region of the resonance with

20~ {1

S 1
b/ 5 20 25 Egpme MeV

FIG, 14, Phase shift of p+‘He scattering with L =2, J=3/2*;
1) two-channel approximation; 2) one-channel approximation;
3) and 4) experiment; experimental curves shifted toward the
calculated threshold.
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. J=3/2* depends on only the tensor component of the NN

potential, and cannot be calculated if this is ignored.
This example is very important, since it shows that
there are nuclear processes from which one can di-
recily obtain additional information about the different
components of the NN potential. This information is
essential for the unambiguous determination of the in-
teraction of nonrelativistic nucleons with one another,
The cross sections of the n(a,D)T reactions can serve
as a source of information, together with finer details
of the reactions such as the polarization.

2. As we have already pointed out, the interaction be-
tween nucleons enters the calculation of the wave func-
tion of a many-nucleon system and the different ampli-
tudes both directly and indirectly: directly, through
the effective interaction between the particles of the
channels; indirectly, through the wave functions of the
particles of the channels and their binding energies.
Therefore, many properties of the nuclear forces can
be taken into account phenomenologically by substituting
into the equations the experimental values of the mass-
es of the particles in the channels and using known
properties of the particles such as, for example, their
radii to construct their interior wave functions.

This is very important; the point is that the system of
equations for finding the wave function has singularities
at the thresholds of the different channels. Therefore,
when we specify the position of the thresholds we also
specify the correct position of the singularities in the

750

100

100
)

@ -
s
S

E, MeV

FIG. 16. Phase shifts 6, of elastic ac scattering; 1) one-
channel approximation; 2), 3), and 4) two-channel
approximation.
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equations, which predetermines the correct analytic
properties of the solutions. Using only these proper-
ties, we can obtain many qualitative physical results
(the nature of the threshold singularities, the position of
possible threshold states, etc.). In addition, the cor-
rect analytic behavior is sometimes also important for
finding the correct quantitative results. An example is
the d phase shift of p +*He scattering (see Fig. 14).

3. The introduction of the special terms ¥, . into the
wave function of a many-nucleon system has a trans-
parent physical meaning. These terms describe the
formation of a compound nucleus when particles collide,
i.e., a stage of the process in which all the nucleons
are close together. From a purely formal point of view,
it is necessary to introduce the terms ¥, ,. It is known
that in some cases the resonating-group method works
well (in this method, ¥, ,=0). For example, in aa
scattering it is only necessary to take into account ¥, ,
from an energy of about 15 MeV of the colliding &
particles.

From the point of view of physics, there is nothing
remarkable here: It is known experimentally that be-
sides processes which proceed through a compound
nucleus there are others, the so-called direct process-
es, in which the reaction results from a single “con-
tact” without the formation of a compound nucleus. But
how can all this be explained from the formal point
of view? An exhaustive explanation hardly exists, since
one can think up various reasons why it is difficult for a
compound nucleus to be formed in one and the same
process. For example, one could invoke the similarity
of the nucleon structure in the initial and the final state.
It has been shown that the Pauli principle acquires great
importance. The requirement of antisymmetry of the
wave function is very stringent if all the nucleons of the
system are close together. Only some configurations of
the nucleons are allowed, and if the colliding particles
do not have too high energies or orbital angular momen-
ta it is as a rule difficult for them to penetrate one
another. There arises an effective repulsion between
the particles of the channel,®® which makes the forma-
tion of a compound nucleus difficult. It is this that
happens in the majority of the cases described above
when the resonating-group method works well. The dif-
ficulty of forming a compound nucleus means that the
corresponding part ¥, . of the wave functions is small
and the whole function can be fairly well described by
only its “exterior” part ¥_,. But this is the main as-
sumption of the resonating-group method.

CONCLUSIONS

In this review we have discussed the problem of NN
potentials, the methods of calculating many-nucleon sys-
tems, the comparison of results of calculations with ex-
periments, the importance of the Pauli principle, etc.
That we had to attack the problem on so many fronts is
a direct consequence of the complexity and many sided-
ness of the basie question—is it possible to construct a
model-free nuclear physies in fairly good agreement
with experiment, a nonrelativistic theory of the nucleus
based entirely on the Schrodinger equation with the
“vacuum” interaction between nucleons? At the present
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time, the feasibility of such an approach to nuclear
theory can only be judged if one makes the working
hypothesis that such a model-free theory is possible and
then compares the consequences with experiments. The
data obtained in Secs. 2 and 3 show that the calculations
so far made do not contradict the conjecture.

The general conclusions ean be formulated as follows.

1. The very existence of a large number of investiga-
tions in which quite accurate solutions have been found
to the many-nucleon Schrodinger equation for systems
with 3, 4, 5, 6, and 8 nucleons is an indication that the
technical difficulties associated with solving problems
with several strongly interacting bodies are not insuper-
able. It is true that, as yet, the calculations have been
made for the lightest nuclei and the simplest nuclear
reactions.

2. The greatest number of investigations have been
devoted to calculating the properties of *H and *He. In
all cases when the calculations were made with realistic
potentials of complicated structure, perfectly satis-
factory results were obtained. The wave function and
the binding energy were found to depend weakly on the
particular form of the NN potential. The estimates
made in Sec. 2 show that the wave function is calculated
with an aceuracy of a few percent, although the exact
form of the NN potential is unknown. Although the prop-
erties of *H and *He depend weakly on the form of the
NN potential, the calculations do enable one to obtain
additional information about the potential. In particular,
they definitely indicate the presence of charge-nonin-
variant terms in the nuclear forces. At the same time,
some data, for example, those on the behavior of the
form factor at large ¢, cannot be explained in the
framework of the potential approach.

3. Quite a number of calculations have been made of
the amplitudes of the simplest nuclear reactions, Some-
what unexpectedly it was found to be simpler to do this
than calculate the binding energy of nuclei (which is a
small difference of two large quantities). Without ex-
ception, the calculations of the reactions yielded very
good qualitative agreement with the experimental data
although the computational procedure contains no free
parameters. These results must as yet be regarded as
preliminary, since only in some cases, and then in-
completely, has the stability of the computational
scheme been tested against an extension of the basis of
functions on which the solution of the many-body
Schridinger equation is sought. The tremendous im-
portance acquired by the Pauli principle in the kine-
matics and dynamics of nuclear reactions has been
revealed.

4, Comparison of the results of different papers
mentioned in Seecs. 2 and 3 shows that besides the many
nuclear quantities that depend weakly on the particular
form of the NN potential (for example, the *H and *He
wave functions, the s phase shift of nT scattering,
etc.), there are many quantities and processes which
are sensitive to its form [for example, the cross sec-
tion of the reaction p(x,D)’He, the spectra of nuclear
levels, ete.]. This enables one to obtain additional
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information about the NN potential. The question now
arises of determining uniquely the NN potentials from
the complete set of nuclear data.

5. The good qualitative agreement of the results of
calculations with experiments obtained in the hitherto
published papers does not yet enable one to make any
choice between the different sets of NN potentials (to a
large extent this is because the problem of determining
the NN potential uniquely has not yet been seriously
posed). Moreover, there are no indications that the use
of realistic NN potentials leads to any serious contra-
dictions when nuclear quantities are calculated. This
means that as yet no contradiction has been found to the
main conjecture—a model-free nuclear physics is pos-
sible on the basis of the nonrelativistic many-nucleon
Schrodinger equation with the “vacuum” interaction be-
tween nucleons.

APPENDIX 1

We here describe briefly the main methods of solving
the bound-state problem of three (or four) nucleons.
Since a fairly extensive literature has been devoted to
the method of Faddeev equations, we shall not describe
the method but refer the reader to, for example, Refs.
4 and 64.

Oscillator-basis method (OBM), The wave function of
the three-particle system as a function of the variables

& and &,
Bi==(r—rg)/ VZ; (A.1)

is represented as an expansion with respect to a com-
plete oscillator basis for each variable &, and &,:

Ba=(ry+re—2r5)/ VB

Y=Y c,o;
i
(A.2)

1 wl LSt
\._ l Cnﬁfnﬂ;al (nqly), (nglp); LSV, o),
+ nylmals LSu

where L, S, and J are the total orbital, spin, and an-
gular momenta of the system; @ are the other quantum
numbers characterizing the states; 5n,l ).are harmonic-
oscillator functions for the variable §, (r, is the prin-
cipal quantum number and I, is the orbital angular
momentum).?

Restricting ourselves inthe sum over 7 in (A.2) to a
finite number of terms, substituting the wave function
(A.2) into the Schrddinger equation

(H—E)yW=F-V—E)¥ -0,

multiplying from the left by the basis functions &,, and
integrating (summing) over all variables, we reduce
the problem to the solution of the secular equation

1max

N ri 5. Sy
P {i|T+V ]} — Edi) €5=0, : (A.3)

s L e

i.e., to the solution of a system of linear algebraic
equations for the eigenfunctions and eigenvalues.

The oscillator-basis method is attractive in that using
it one can very simply calculate the matrix elements of
pairing-interaction potentials: everything reduces to
one-dimensional integrals which can be programmed
quite easily for calculation on a computer. A short-
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coming of the method is that the fixed form of the basis
functions makes it necessary to use many of them to
obtain convergent results in the case of realistic poten-
tials (about 400—500; see Ref. 19). This is because the
basis functions describe the behavior of the wave func-
tion as | ;| =0, = badly.

The basis (A.2) was used by Jackson ef al.'® to cal-
culate the properties of *H and *He with the RSC poten-
tial. Nunberg ef al.'®* used a slightly modified set of
oscillator functions, with which they investigated the
Riihimaeki potential and some other potentials.

Method of hypersphevical functions for A=3 and 4.

This method is based on the wave-function expansion
Bugp-tia-d KS Hice (0) T (D, {5, 1:)), (a.4)

where #n is the number of variables in the center-of-
mass system, n=23A - 3; A is the number of particles;
p is the hyper-radius p2=2‘,:i§f, where {£,} are the
Jacobi coordinates defined in the usual way;
To(, {0;, 7;D), the basis functions, are totally anti-
symmetric under permutations of the particles and
depend on the angles € on the hypersphere p=const and
the spin-isospin variables {0,,7}; K is a global quantum
number: for states with positive parity K=K, , K,
+2, K, +4,.. ; K, =0 for A=3,4; for states with
negative parity, K ranges over odd positive numbers;
@ are the remaining quantum numbers, which include
the total angular momentum J and its projection M,
the orbital angular momentum L and spin angular

. momentum S, the isospin T and its projection M,, etc.

For the partial waves x . (p) we obtain the system of
equations

R [- @ ey ]—E} .
\—2r dpt PP tra

+ ) WEE 0) tgear (0) =0}
K'a'

(A.5)

WES = ' ([T, P,

{07} (4.6)

(where (...) denotes integration with respect to the
angular variables £2,; V is the interaction operator of
A particles; E is the cms energy of the system;

(A.7)

The basis functions I',,, which are antisymmetric with
respect to permutations of any pair of particles, are
formed by multiplying the angular functions U, (®,) and
the spin-isospin functions x Jy ry (see, for example,
Ref. 65); here, y denotes the symmetry type. The func-
tions Uy, () are called hyperspherical functions or K
harmonies. They form a complete system of angular
functions.

i K + (34— 6)/2.

For example, for the three-body problem we have the
following '/ ,:

Tie s X T
Ko =I KLM SMSTMTIJM'
8 =[u

?:LMLXEMSTMTIJM; (A.8)

1
) e g” Kb _u -
LT Wkear,, vty ~ Ukrar Xsargrar, Lo
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where [... ] sy denotes the combination of L and S into
the total angular momentum J with projection M by
means of Clebsch-Gordan coefficients; s is symmetric,
a is antisymmetric, and m(”,’) is mixed symmetry. To
be specific, we have appended the symmetry type of the
wave function to the basis functions I';,,. Similar func-
tions T}, can be written down for A=4 as well (see, for
example, Refs. 62 and 65).

There are several functions U};, with given quantum
numbers KLM,; and symmetry type y; they are distin-
guished by the subscript i:

(A.9)

Ukerar, i (@n)
(we omit the subseript L of M,).

To achieve complete convergence, it is usually neces-
sary to take into account all K up to about 20—30 in the
sum (A.4) (see, for example, Ref. 32). With increasing
K, the number of functions Uy, ,;, increases linearly for
A=3 and in proportion to K*(!) for A=4. For example,
if K=14, the number of hyperspherical functions with
L =2 (for the ground state of °H and *“He they can be
only of mixed symmetry) is 7 for A=3 and about 100(!)
for A=4,

However, as Efros® has shown, the hyperspherical
functions U;,’L w;; With given quantum numbers y and
KLM but different i can be constructed and ordered in
such a way that their contribution to the wave function
of a bound state of a system with A=3 or 4 decreases
strongly with increasing serial number, so that the
overwhelming majority of the functions will make a
negligibly small contribution to the problem. We shall
call this the physical basis. The first serial numbers in
it are assigned to the so-called potential hyperspherical
functions, whose special role was first pointed out by
Fabre®: these are Uy, for which W%, (p)#0 [see Eq.
(A.8)]. The hyperspherical functions U,, for which

=0 have been called nonpotential.

The predominant role of the potential hyperspherical
functions is due to the fact that the wave function in the
hyperspherical-function method consists of >90% (in
the norm) of the fundamental hyperspherical function
(K =0). This property, as follows from all ecalculations
hitherto made for A=3 and 4, is retained for all NN
potentials. The remaining ten or less percent are dis-
tributed among the hyperspherical functions with K#0,
the main contribution to these 10% coming from the
functions with K=2 and 4.

For given K > 4 there are altogether three hyper-
spherical functions (for A=3 and 4)—one symmetric
(L =0) and two of mixed symmetry (L =0,2). The con-
tribution of nonpotential hyperspherical functions to the
A=3 wave function is ~0.1% (measured by the contri-
bution to the normalization integral),?® and this con-
tribution is determined by only 1—3 nonpotential (for
given K) harmonics following the potential harmoniecs.
In order to achieve an accuracy in the binding energy not
worse than 0,01 MeV, it is sufficient to take into account
only these nonpotential harmonics, these not going
beyond K=~12 (A=3),

Below, we describe the construction of the physical
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basis of hyperspherical functions for A=3. Convenient
original functions for its construction are functions
with definite orbital angular momenta with respect to
the variables £, and &,:

Ultsr @) = NREvplie €, &) (sin 0)2 (cos )22

(A.10)
XP(LK‘»* gf’_ II_‘;)"': 2 (cos 26),
where Ny“? is the normalization factor
_(2£+4)r("+52!+"2 u;)(f‘ L=ty ). iz
YRt EFLily 00 K+L I 3 ba(A:11)
kg ele 2—Ly § .
4l o Sl S et
YiE= 3 (LMyLaMa | LM) Yy, (8) Yy, (o) (A.12)
M+ Ma=M
here, (...l...) are Clebsch-Gordan coefficients; Y,

are spherical functions; and P?'* are Jacobi polynomi-
als. The hyperspherical functions U, ,,;; with given
symmetry are formed by linear combination from the
functions UZLiE2:

Ukra;

i S Chers i (L1 L) Uy (A.13)
The summation in (A.13) is over even L, and L, for
symmetric functions and the functions of mixed sym-
metry U” and over odd L, and L, for antisymmetric
functions and functions of mixed symmetry 7. In ad-
dition, L, + L, <K and (LleL) satisfy the triangle in-
equality. The coefficients C,,, which realize the physi-
cal basis, are constructed by projecting the functions
U2 with the lowest L, and L, onto the space of func-

tions with given symmetry.

For example,

> fﬁhiu L ")LKL\I""

= (A.14)

For such functions L < 1, and therefore L, =L, (and
both even). Constructing and orthonormalizing succes-
sively functions with L,L,=(00), (22), (44), etc., we
find that the hyperspherical function Uy, (and it is a
potential hyperspherical function) contains L} L} = (00),
(22), (44), ete; Ugyo(eny contains LiL,=(22), (44), etc;
Ufoo(asy COntains LiL, = (44), etc. For the hyperspheri-
cal function U,, (L,L,) one can have only L,L,> 2, so
that these do not include potential functions.

8 e J 8 LiLs
Uk =P# WKLyl =

Because the functions 'y, are antisymmetric, the
calculation of the matrix elements of V= Em in (A.6)
can be reduced to the matrix element of V,,= Vm(gl).

As is well known, the two-nucleon interaction in nuclear
physics is important only in the states of particle pairs
with the lowest L;, the contribution of the remaining L,
being exponentially small. For this reason, there is a
sharp decrease in the contribution of the hyperspherical
functions with increasing L;L,: Ugoo00ys Ufoorezyr Ugoocas)s
etc., this decrease being so abrupt that the contribution
of the function Ugy, 4, can already be ignored (this is
directly demonstrated by the calculation in Ref, 21),
while the function Uy, lies at the aceuracy limit (AE
=0,01 MeV). A similar situation may arise with a
hyperspherical function of other symmetry type and (or)
other L. Details on the technique for constructing the
physical basis for A=3 can be found in Refs. 62 and

66.
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Two different methods are used to solve the system
of equations (A.5): 1) direet numerical solution of the
system of differential equations, which was used in the
first calculations by the hyperspherical-function method
(see, for example, Ref. 8) and in Refs. 67; 2) expansion
of the functions I, (p) with respect to some complete
set of hyper-radial functions on the interval (0,=):

Lo (p)= ¥ eien, p),

="n (A . 15)
where
Ry (p) = N (Bp)*'? exp (— Bp/2) LS (Bp) (A.16)

(see Refs. 32 and 68); L¢ is a Laguerre polynomial; N
is a normalization coefficient; and B and s are param-
eters chosen in such a way that they improve the con-
vergence with respect to ». Substituting the expansion
(A.15) into Eq. (A.5) and restricting ourselves to
finitely many terms in (A.15) and (A.4), we reduce the
problem to the solution of a'secular equation of type
(A.3).

As follows from the calculations of Refs. 21 and 32,
the total number of basis functions (hyperspherical pius
hyper-radial) for realistic potentials required to achieve
practical convergence is 200—250 (cf the 400—500 for
the oscillator-basis method).

Variational method (VM). This is one of the longest
tested methods of atomic and nuclear physics, used
with success over several years in the nuclear three-
body problem. A major contribution in this direction
was made by Delves and his collaborators,?~?7 so that
we shall follow their work in describing the variational
method.

In the method one selects the following coordinate
system: X, =lr,—-r|; 4, j, k=123, 231, 312; and three
Eulerian angles (@, 8,¥) which determine the orientation
of the triangle (X,,X,,X,) in space. The total wave func-
tion of the three-nucleon system is expressed as the
sum

(A.17)

i =N Yrralz B v. {00}, (1)) By (X, Xa Xo),
where J and M are the total angular momentum and its
projection; T is the isospin; {0*}{ 7'} are the spin-
isospin variables; and @ are the remaining quantum
numbers, which include L, §, the symmetry type, and
others. The function ., has a given form, and the
function R, is assumed unknown. It is chosen in the
form

Bo (X1, Xo, X3)=- »

3 CEEROT (X, K X,
mi+metmysQ,

(A.18)

where {m,} are non-negative integers; h,"*"3(X,, X,, X;)
is an appropriately symmetrized function, chosen, for
example, in Ref. 27 in a calculation of the properties of
tritium with a Hamada-Johnston potential in the form

(A.19)

3
{X;"ix’;ﬂxg‘s ] exp(—BXpt—ru/Xpe, X>ry
=1

0, X<r,,
where 8 and p and nonlinear parameters; ¥, is the hard-
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core radius; and @, is the number of included basis
functions. A preliminary solution of the problem is
found first by variation with respect to the nonlinear
parameters with an incomplete set of linear parameters.
The nonlinear parameters found in this way are then
fixed and variation is carried out with respect to the
complete set of linear parameters {C, 2"},

The advantage of the direct variational method is that
within its framework one can comparatively easily de-
scribe correctly the asymptotic behavior of the wave
functions and strong pairing correlations at short dis-
tances. So far, satisfactory results for hard-core po-
tentials have been obtained by only this method.

Among its shortcomings, one must mention the need
to calculate threefold integrals and use a nonorthogonal
basis, which complicates the calculation and the esti-
mate of the errors. In this method, the extension to
four bodies is extremely complicated and as yet attempt-
ed by no one.

Recently, Akaishi et al.? have proposed a simplified
variant of the variational method, which they have
called the generalized variational method. It combines
the ideas of the variational method and the reaction-
matrix theory. The advantage of this method is the
possibility of applying it to problems with A>3; a
shortcoming is the approximate nature and the impos-
sibility of estimating the errors.

APPENDIX 2

We describe here the Hulthén-Cohn variational prin-
ciple for many-channel two-fragment nuclear reactions.
We then consider variational approaches based on the
hyperspherical-function method and the resonating-
group method.

If only two-fragment channels are open, the exact
wave function of a system of A nucleons (¥) at total
energy E <0 has a fairly simple structure. The ¥ func-
tion goes over into the wave function of free motion of
clusters outside a region with radius of the order of the
range of nuclear forces, i.e., in the exterior region of
the configuration space. Within this region, all the nu-
cleons interact with one another, and the structure of
the ¥ function of the continuum is similar to that of a
compact bound state of a system of nucleons.

Accordingly, we represent ¥ in the form
(A.20)

For the definition of ¥, . and ¥, see above. It should
be noted particularly that ¥, . and ¥, , in (A.20) are
not fitted explicitly at any particular boundary in the
configuration space.

¥ = Wint+ Yext-

Let W3t be exact solutions of the Schrbdinger equa-
tion given in the channel with number » 2 by the asymp-
totic behaviors

L N | {]/ ﬁ—’;‘;ﬂ— [8pg sin (kp Ry — L11/2)

Rn-m

+ 155 cos (knftn — Lat/2)] @n),

(A.21)

where 4 is the antisymmetrization operator; 5,, is the
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Kronecker symbol; R, is the distance between the cen-
ters of mass of the pair of fragments of channel #; k, is
the wave number of the channel; ¢, are surface func-
tions with given total angular momentum, orbital
angular momentum L, and spin of the channel, deter-
mined in Ref. 57, Ch. Il, Eq. (2.25); u, is the reduced
mass of the channel; f2xt is the matrix element of the
generalized collision matrix (or K matrix). The expres-
sion (A.21) has been written down for the case when
there is no Coulomb interaction in channel »; if there
is, the Coulomb phase shifts must be added to the argu-
ments of the sine and cosine.

Suppose we have found some trial functions ¥,, which
are approximations to ¥$**¢t and have the same asymp-
totic behavior (A,21) but with approximate fri- We form
the Hulthén-Cohn functionals

Ty (W5 Yo =+ 1 (¥, ¥, (A.22)
where
1@, =2 | we m-nw. (A.23)
Varying (A.22) on ¥$*2t and ¥e*2ct, we obtain
ATy = 8fjy -1 (F5, 8% -7 (5%, 8¥)); (A.24)
6f ji- J{‘l"}"“ct. 810, (A. 25)

where 5%, =¥, —¥g*ct j o we have arrived at the
Kato identities for (A,22):

(A.26)

This function shows that the T',; in (A.22) are stationary
with respect to small deviations from the true ¥ func-
tions. Therefore, the I';; are better approximations to
fgret than the original f;;, and the last terms in (A.22)
are called variational corrections to f;;.

Tji— [ =1 (8%;, 6.

The approximate§ matrix is expressed in terms of
the matrix I by

(A.2m)

8= (14iF) (1 —iT)-1L

The exact § matrix is expressed by an analogous ex-
pression for f;‘;m. From the unitarity and symmetry of
the exact S matrix there follows the symmetry f}el!“"*
=ffreet. The approximate amplitudes f;; in the trial
functions ¥, are nonsymmetric. However, when they
are made more precise in accordance with Eqs. (A.22),
symmetry as well as stationarity is achieved:

(A.28)

This is equivalent to the assertion that the unitarity
condition is satisfied exactly for the approximate S
matrix (A.27).

ITji (¥j, Wi)=Ty; (¥, Wy

To prove (A .28), it is only necessary to note that the
operator H - E is Hermitian in the class of functions
5%, (which have in their asymptotic behavior of each
channel only cosine-type terms), and therefore

(0%, 0¥ =1(5¥; 0¥, (A.29)

which together with the symmetry conditions of ffyc*
leads to (A.28).
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APPENDIX 3

The hyperspherical-function method, or K-harmonic
method, which has been used in the present review to
calculate the properties of bound states, is also very
convenient for calculating continuum wave functions on
the basis of a variational principle, If in the continuum
wave function one separates out explicitly the asymptotic
(nondecreasing) terms (¥_,), the remaining part of the
¥ function (¥, ,) can be expanded in a rapidly converging
series with respect to angular harmonics. Such a meth-
od was developed in Refs. 42 and 43 and used to calcu-
late elastic neutron scattering on D, 3H, and “He nu-
clei.®% We deduce the main equations of this
approach.

Suppose that for given E there are N open two-frag-
ment channels. We shall look for the N linearly inde-
pendent solutions of the Schrédinger equation in the
form

i

Wit X e 10) D (Q)-H A0 N g (o) A (D),
K<Ky J==1

<ty

(A.30)

where I';,(2) is a hyperspherical harmonic of degree
K; p is the variable of the K-harmonic method; & ®
=U{)®(R,) ¢, where @, are defined in (A.21). The
functions U{* ®(R) are normalized by the following
condition (in the absence of Coulomb interaction):

0. (@) __>I"F fn ('“i“ ) ko By — Lauji:
L R el Wk, \cos i (A.31)

O~ REES gy,
Such functions can be constructed in different ways.
One such way is that the functions U are taken to
be the regular and irregular (at the origin) eylindrical
functions (or Coulomb functions), the latter being
regularized by means of a factor T, (R), which contains
certain parameters and has the properties T, (R)—1 as
R~ and T,(R)~R** as R— 0. For example, in Refs.
49—51 this factor is chosen in the form

(BR)Y
ﬁ‘_!) )exp[-—ﬁﬂ].

(A.32)

2L
Trit=1—( 3
vo0

A different way, proposed in Ref. 43, proposes that
one should generate U} as solutions of the equation

N s
| TRE *% -B BT, () ""‘?nJ o By =o.

Here, Visa short-range effective potential. Changing
the constant ' we obtain both solutions (A.31).%
When U is defined in this way, we have a very simple

expression for the action of the operator H—E on
& (1), (2) .

h2

0,27 | pih), (2
T ﬂij()]n @b, (2

7] 1. (2 1d
a-nova [r,,

(A.33)

where f},.;,..g is the interaction in H between the definite
fragments p and g contained in ¢,; i, is the reduced
mass in channel z.

The required quantities in the wave function ¥, (A.30)
are Xy, (p) and the amplitude functions f,,(p). The func-
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tion ¥, (p) tends to zero outside the interior region, and
the f,,(p) describe the formation in the reaction of frag-
ments of definite form and tend to the constants f,,()
=J;;» the reaction amplitudes. Note that in the majority
of investigations the f;, are simply taken to be constants,
whereas the introduction of a variable p does not essen-
tially complicate the resulting equations, since p is
symmetric under permutations of the nucleons and can
therefore be taken in front of the operator fl, but it
makes the trial function ¥, in (A.30) more flexible.

We obtain equations for determining the unknown x,,
and f,,; by requiring the functional T, in (A.22) to be
stationary on the class of functions ¥, (A.30); this is
equivalent to the requirement I(5%,,¥%,)=0 for all i and
7, or in an explicit form one obtains the system of
ordinary differential equations

(Txa, [H—E)¥)=0,

W52, [H—E| W) =0,

K < Ko, o < otp; } (A.34)

Ja=d, 2, 000N

By (...) we understand integration with respect to the
angular variables © on the hypersphere and summation
with respect to the spin-isospin variables.

We write out the system (A.34) in more detail:
N

Lk ptra ©+ 2 [ T OF) Loty (00
p=1
i . dfyg(p) I - %
2 (g L2 —I(Tp——r (Crgy [H—=E D) f; (O)J
2m e 2m Al e
5+ 2 (ke Tgrad) Ygrar 0V =F5 Txar [F—E)OP);
K* Ko, %
N :
I 5 %
D | O Fge g 01 X (OEPADENLoTil0) [ (A, 35)
KO 5Ky pe=l
o Y dfpt  om e i
+2 1(1!_; A(]JP' ) T'— = (‘Il} Y AH—E]| G)p ') fpi ip)l
2m ap
TR S (DT ) Fperger (0
K5 Ko
Rl s i
=g (05, A [H —E| @),
where
) d L Y SRR e K(K+34—-5  2m .
L e R gy Lx-o=f-u———pT““‘W|“‘]'
2y 9 gt
(]1]1 ) ll]p

m is the nucleon mass. All the coefficients of these
equations depend explicitly on the energy of the relative
motion of the particles in the given channel: E{}) = |E
- —efi'| | where €{!) are the binding energies of the
clusters in channel i{. The action of the operator H- E
on & ‘¥ can be represented by using (A.33) in the form
of a certain effective interaction potential of the parti-
cles in the given channel. The corresponding coeffi-
cients in Eqs. (A.35) are obtained then from (A.33) by
averaging of this effective interaction with respect to
the wave functions of the particles. Such a system of
equations must be solved with the boundary conditions

(A.36)

% (P) <003 filp) < oo,y as p—0;
%) — 0 fj(p) — const, 3 p—> oo. }

One can show*® that this system of differential equations
(or algebraicodifferential equations if the f;; are con-
stant) has a unique solution for the given boundary con-
ditions (A.36) for each fixed energy E.
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Finally, we mention an important circumstance. The
collective variable p of the K-harmonic method is the
only variable invariant under nucleon permutations in
the language of which one can conveniently split the
configuration space into interior and exterior regions.
This property of p was used in Refs. 58 and 59 to de-
velop a general approach that is equally suitable for the
description of bound states and different nuclear reac-
tions.

APPENDIX 4

In its usual formulation, the well known resonating-
group method®”® leads to integrodifferential equations
of fairly complicated form. Because of the difficulty of
solving systems of integrodifferential equations of
several variables, this method has been used only to
calculate the elastic scattering of nuclei.

Beginning in 1969, a group of West German physicists
began publishing papers in which the resonating-group
method was generalized to reactions; they called it the
Refined Cluster Function Representation (RCFR), %8
In this approach the wave function of the continuous
spectrum is sought in the form
(A.37)

i
'{r;(::l l :l lfpl.x;‘!. tff;.)] ’
=
where Pyt is the surface function defined in (A.21);
X% (R,) is a function of the relative motion of the given
pair of clusters in the resonating-group method. In
Refs. 44 and 45, x(R) is represented in the form

L () = 8y, Fr (R) -+ Fyp@8 (1) - X 0% H o (). (A.38)
Here, F,(R) is the regular Coulomb function; Gi(R) is
the irregular Coulomb function regularized at the origin
by means of (A,32); e (R) is a set of ancillary functions
that are rapidly damped at infinity; in particular, they
could be oscillator functions.

In (A.38), the unknowns are the reaction amplitudes
fpand the coefficients b . For such a choice of X}, the
interior part of the total wave function, ¥, (A.20),
corresponds to ¢,; multiplied by the last term in
(A.38); the remaining terms in ¥; (A,37) determine
¥,..- Choosing ¥, in the form of (A.37) and substituting
it into the formulation of the variational principle (A.22),

FIG. 17. Phase shift of elastic n
+‘He scattering (6, calculated
by the resonating-group method
(1) and by the RCFR-method (2,
3): the experimental phase shift
is shown by the curve 4.

1 1 1 1 |
F 1 2 3 & EFMevt
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we obtain a system of inhomogeneous algebraic equa-
tions analogous to the system (A.34) for determining
the unknown coefficients f,, and &/ .

In Ref. 55, the ordinary resonating-group method, in
which the entire y (R) is assumed unknown, and the RCFR
method are compared for the example of elastic na and
aa scattering. Figure 17 shows the results of calcula-
tion of the phase shift §,_, for na seattering. In Fig. 17,
curve 1 shows the results by the resonating-group
method; 2, the results of calculation by the RCFR
method with inclusion of six oscillator functions H_(R).
Note that curve 3, in which the interior part of the wave
function is represented by 16 oscillator terms, hardly
differs from curve 1. Thus, for a sufficiently large
number of functions H  the results of the two methods
are, as one would expect, close.

In their calculations with the RCFR method, Hacken-
broich and his collaborators generally used a realistic
NN potential with hard cores, with tensor and LS forces
fitted to the NN phase shifts up to 350 MeV.!**® The use
of such a complicated realistic potential makes it neces-
sary to use some approximations to calculate the matrix
elements."?

When the wave function of clusters is constructed in
the RCFR method, functions with maximal spatial sym-
metry are used. As can be seen from the results of the
present review, the contribution of other components to
the total wave function of the lightest nuclei is negligibly
small, but, this cannot be said of the contribution of
these components to the total binding energy. There-
fore, in the calculation of the wave functions of clus-
ters one uses only the central part of the NN potential,
fitted separately to the phase shifts up to 350 MeV, *8
and one ignores the tensor and LS forces and the re-
normalization of the central part of the potential in
the presence of the tensor and LS components. The ten-
sor and LS interactions, taken from Ref. 14, are taken
into account only in the interaction between clusters.

With allowance for what we have said above, the
following values are obtained for the binding energies of
the lightest nuclei: ¢,,(*He) =3.9, ¢,,(*H)=4.6, ¢,,(*He)
=21.5 MeV,

Since the binding energies of *H, *He, and *He are
found to be lower than the experimental values, the cal-
culated thresholds for the formation of these fragments
in reactions also differ from the experimental values.
Therefore, in a comparison with experiment of the cal-
culated quantities (in the RCFR method) the energy scale
is shifted in some cases so as to make the calculated and
the experimental threshold coincide.

DIn some cases, it is convenient to introduce into the expres-
sion (18) for zp(“ in addition terms corresponding to the
closed channels. This increases the accuracy of the
calculation,

D The number % specifies the form of the fragments and all the
quantum numbers of the channel (spin of the channel, orbital
angular momentum, total angular momentum). States with
different quantum numbers form different channels. How-
ever, states differing by only a permutation of the particles
within a cluster will be assumed to belong to the same
channel.

¥n approaches in which the amplitude function F(p) depends
on the variable p, other choices of the functions U are pos-
sible (see, for example, Ref. 58).
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