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The main equations are given of a method that generalizes the traditional shell model by including states
with one nucleon in the continuum. This improvement of the method can explain not only the behavior of
the total cross section but also the resonance parameters. The coupling between the space of bound states
and the space of scattering states is discussed for specific examples. The method is used to calculate
numerically examples describing nucleon scattering on light nuclei and absorption of ¥ rays and muons by

light nuclei.
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INTRODUCTION

In recent years, it has proved possible to obtain a
good description of the properties of nuclei on the basis
of the shell model; even in the cases when cluster struc-
tures play a role, the independent-particle model has
been found to apply. At the present time, calculations
with large configuration spaces are made on the basis
of the shell model. In the traditional shell model for
light nuclei, the basis wave functions of the nucleons
are determined in a potential well of infinite depth. The
nucleon-nucleon correlations not included in the average
field are taken into account by a residual interaction.
Such a description of nuclei enables one to obtain the
structure of nuclear states but not directly determine
a reaction or decay process. For their description the
R-matrix theory has been developed. The boundary con-
ditions at a certain radius g are used to take into ac-
count the coupling between the wave functions inside the
nucleus (r <a) with those outside the nucleus (> a).
This enables one to determine the reduced widths of
levels above the breakup threshold, Using the results
of calculations of the shell model, one can obtain good
results in many fields of nuclear physics.

Before nuclear reactions are calculated on the basis
of the shell model in conjunction with the R-matrix
theory, it is necessary to assume a definite reaction
mechanism. In the case of the resonance mechanism,
the reaction proceeds through two independent stages:
first, the formation of an intermediate nucleus; second,
its decay. For example, for the reactions A(y,n)B the
A+ — A* excitation probabilities are first calculated
and then the A*— B +n decay probabilities. The prob-
ability of finding a definite reaction channel is then
proportional to the product of the two intermediate
probabilities. Here it is impossible to take into account
simultaneously the direct part of the reaction (without
the formation of an intermediate nucleus in the state
A¥),

The direct reaction mechanism is assumed for the
description of quasielastic knockout reactions at inter-
mediate energies of the bombarding particles such as,
for example, the reactions A(p,2p)B at proton energies
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of a few hundred MeV. In this case, it is assumed that
the proton is knocked out in the reaction directly as a
result of quasielastic scattering. The relative probabili-
ties for the excitation of different levels of the final
nucleus B under the assumption of such a mechanism
are proportional to the A, — B* +p decay widths. In
contrast to the reaction A(y,n)B, in the framework of
the shell model there is no possibility of taking into
account the contributions of resonance processes. Thus,
the undoubted shortcomings of calculations based on the
traditional shell model are due to the need to introduce
additional assumptions in order to describe the inter-
action of the discrete states with the continuum. Be-
cause of this, one cannot study interference effects as-
sociated with the simultaneous existence of different
reaction mechanisms, nor study the form of
resonances.

The considerable successes in the description of
nuclear reactions on the basis of the shell model in con-
junection with the R-matrix theory, on the one hand, and
the undoubted intrinsic shortcomings of the model, on
the other, have led to the development of a shell model
with allowance for the continuum. The advantage of this
model is that in it one can describe the structure of
nuclei as accurately as by the ordinary shell model.!
However, in contrast to the R-matrix theory, the inter-
action of discrete states with the continuum is taken in-
to account in the same way as the interaction of the dis-
crete states with one another. A system of A nucleons
is described by an interaction operator which does not
depend on whether or not one of the nucleons is in the
continuum or in a bound state. When the shell model
has been extended naturally in this way to include scat-
tering states, one can treat the direct and the reso-
nance parts of the reaction and their interference ef-
fects on an equal footing.

In this paper, we discuss generalizations of the tra-
ditional shell model, emphasizing primarily the typical
differences from the ordinary shell model.
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1. COUPLED-CHANNEL METHOD IN THE SHELL
MODEL WITH CONTINUUM

Basic Equations. The point of departure of the shell
model with continuum in the form presented here is the
shell-model approximation for nuclear reactions
formulated by Mahaux and Weidenmiiller® and the pro-
jection formalism of Feshbach.?® This model is an ex-
tension of the traditional shell model in the sense that
in addition to the basis functions &, of the discrete
states one introduces the scattering functions x%. In
the model discussed here, a restriction is made to
states x% in which not more than one nucleon is inthe
continuum, while A —1 nucleons are in bound one-
particle states. The wave function is represented in the
form?

M A
W= B () Ot 3 S dE'ag (Eic) % )
=1 ef=1 gy
where bS (i) and ag(E'c’) are the coefficients of the ex-
pansion with respect to bound and free functions with
allowance for finitely many discrete states &, and chan-
nels c; ¢, is the threshold energy for channel c.

By means of the projection operators P and @, the
total scattering wave function can be represented in the
form

W = W — PV L QY. 2)

Here, P projects onto the space of scattering states
with basis functions x$; @ projects onto the space of
discrete states with basis functions &,. The @ space is
determined by the discrete states independently of their
energy (bound states embedded in the continuum, or
BSEC in the terminology of Mahaux and Weidenmiiller).?
If the representation (2) is used, the Schrédinger equa-
tion takes the form

(Hpp— E) P¥ = — HpgQ'¥; (3a)

(Hoo— E) Q¥ = — HopPY, (3b)
and H,, = PHP, etc.

We define £ as a solution of Eq. (3a) without inhomo-
geneous term, i.e., as the solution in P space:

(Hpr—E)E=0; QE=0 (4)

with the boundary condition of the incoming wave in the
entrance channel and outgoing waves in all the other
channels. Then Eq. (3a) can be represented in the
form

PY =t— G H QY (5)
where
GY = 1/(Hpp— E®) (6)

is the Green’s function for the motion of a particle in
P space. From (3b) and (5) we obtain the following
expression for Q¥:

1
W= — Hgpt.
¢ Hog—E—1gpGp lipg  °F° )

It is expedient to exand Q¥ with respect to the eigen-
functions &, of the operator Hyg,:
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Q¥= —-%Ba@n- (8)

From (7), the expansion coefficients are
B=S‘<c1)!_‘—m,®, By
R ;, R HQQ“E"—HQPGH'H[‘Q l R} {(Pr |HQPI ¥/ (9)

The complete solution of the problem is obtained by
means of Eqs. (5) and (8):

‘F:'é‘f—z (wp— @g) Bg, (10)
R
where
wg= G’ HpyDg (11)

is a function which describes the coupling of one state
in the @ space to the continuous scattering states in the
P space. The function w, contains only outgoing waves
and describes the decay of the state &,. From Eq. (11),

(Hpp— E) wg= HpoDkg. (12)

Equations (4) and (12) have the general form

(Hpp— Eyu="PI; Qu=0, (13)
where

u=wg; [=1pgDp=HDyp (14)
or

u=%, I=0. (15)

Therefore, the problem is to solve Eq. (13) for the two
cases (14) and (15) and to invert the matrix in Eq. (9):

Mpp = (@g | Hoq— E | Q) —(Dr| Hyp | wre) (1e)

whose eigenvalues are complex; E, —=i',/2-E, The
functions & , are eigenfunctions of the operator H,, and
are obtained by the usual diagonalization on the basis
of the shell model using a finite-depth potential well of
Woods-Saxon type.

Below, we describe a method of solving Eq. (13)
which includes, besides nucleon scattering processes,
processes of absorption of the type A(y,n) or capture
of the type A(g,#n). In addition, we compare this method
with that of Buck and Hill.*

Channel Representation. To solve Eq. (13) by the
method of coupled channels, the many-particle wave
functions u are expanded with respect to the channel
wave functions u,, which depend on the radial coordi-
nate of only one nucleon:

U==4A§:Q=”c (r)- (17)

Here, 4, is the operator of antisymmetrization of the
last nucleon with respect to the A — 1 nucleons of the
target nucleus. The functions £, depend on all the co-
ordinates of the A — 1 nucleons and also on the angular,
spin, and isospin coordinates of the last nucleon:

i

Q, vy A=) Y3 @4y 94) % (Fa) Fri 19)- (18)

(bT(ll

-1

Here, &,(1,...,A—1) is the wave function of the target
nucleus, which depends on the coordinates of A-1
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nucleons; (J;]1J) is a Clebsch-Gordan coefficient; ¥,
and y, depend on the coordinates of the orbital angular
momentum, the spin, and the isospin of the last
nucleon,

To determine the channel wave functions #, from Eq.
(13) written in the form

(H—E)u=PI+ Hopu=1I+Q (Hu—I), (19)

we obtain the system of equations

D (Heer— Eeer) ter (1) = I+ Qere (3] Heortter (M) — 1) (20)
- rg
where
Quer == 8ecr 3 Bujo, 1giq T (1) \‘ dr'qqg (1) (21)

q
is the @ operator in the channel representation, which
can be found by using the completeness condition for
the one-particle functions with negative and positive
energy. Further, ¢_are the radial functions of the
bound one-particle states in the finite-depth (Woods-
Saxon) potential of the shell model. They are normal-
ized, [ drg?(r)=1.

Equation (20) is an equation for determining the one-
particle functions u,(r). The right-hand side contains
integral terms because of the presence of the @ opera-
tor, so that Eq. (20) is an integrodifferential equation.
The system of equations (20) is solved as follows.
First, one looks for a solution of the equation without
the term containing the @ operator. The resulting
funetion u has the correct boundary conditions. One
then determines the solutions of the inhomogeneous
equations

: (Heer — Eﬁr:-:’) “E-"l) (r)= bcuﬁlcfz‘. 1qiq Pq (r) (22)

with outgoing waves. The number of equations and the
number of functions #‘*’ is equal to the number of terms
of the @ operator (21). The final solution # is obtained
by adding the functions % and #«‘’ with suitable weights
in order to guarantee orthogonality of the functions u and
the functions of the @ space in accordance with Eq. (13).
A numerical solution is obtained by means of Numerov’s
method.®

In our calculations, the interaction in the Hamiltonian

=73 epajai + "}’T S Vijucaiagiaza (23)
i 1Al

is represented in the §-functional form
V (ry—12) = Vo (@ +P{2) § (11 — o) (24)

Here, V,, a, and b are parameters; Pf, is the spin
exchange operator. Interaction in the form (24) leads to
local potentials in Eq. (20).

Source Method. Nuclear reactions in which a nucleus
goes over into an excited state higher than the breakup
energy threshold when there is an interaction in addition
to the operator (23) can also be described in the frame-
work of the shell model with continuum if the additional
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interaction can be correctly treated in the Born approx-

imation. The Hamiltonian of the perturbed system has

the form ‘
He= H Tk,

(25)
where H, ,, the operator of the additional interaction,
can describe a process of absorption (for example, of
¥ rays) or a process of capture (for example, of muons)
and also nuclear (d,p) or (p,p') reactions if the energy
of the incident particle is high compared with the bind-
ing energy of the nucleons in the nucleus, and also
nuclear reactions due to other particles (for example,
electrons).

The Schrédinger equation for the perturbed system is
H—E) V= — 1T (26)

For ¥ we have the equation
V= g — i F/(H —E), (27)

where ¢ is a solution of the equation without
interaction:

(H—E)p=0. (28)
In the Born approximation, (27) yields

V=q¢— I-Ii—E Hint 9. (29)

The second term in the expression (29):
W= — I i1/ (] — E) (30)

is the source of the interaction with the nucleus. Intro-
ducing the function

F=—Hint®, (31)
we obtain from (30)
(H—E)¥ =F, (32)

where ¢ includes the wave function of the target
nucleus. The function ¥ has only outgoing waves, since
the reaction is produced not by incoming nucleon waves
but by the mechanism described in H_, .

Using the projection operators P and @, one can
separate states of the @ space in the same way as above.
From (32),

(H pp— E) PY = — Hp,Q¥ - PF; (33)

(Hog—E) 0¥ = — HopP¥ L QF., (34)

By analogy with Eqs. (4), we define £, as the solution
in P space:

(Hpp—E)Ep=PF; Qir=0 (35)
or

& =Gk, (36)
Then from Egs. (33) and (34),

PY =G§'F — G H pgQV; 37)

Q¥ = = gy (HerBE' = Q) F. (38)

For the complete function ¥ =P¥ + Q¥ we obtain
- — (HoelCF —Q) F

Y =Gy'F L (G Hpg— Q) Fau—B—Hos0E iy

(39)
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FIG. 1. Cross section of y-absorption reaction on 1%0: 1) cross
section calculated with the present model; 2) direct part of the
reaction (without one-particle dy,, resonance); 3) results of
calculation by Buck and Hill’s method. ¢ The calculation param-
eters are taken from Ref. 4. The vertical strokes indicate the
positions of the resonances. The experimental points from
Ref. 7 are given for comparison.

or, by analogy with Eq. (10),
y _=g,,+§ (wp —®@p) B, (40)

if we use Eqs. (9), (11), (16), and (36) and

B Y (W |Hte—F
R g “UR.R' R I @PeF s (41)

1 -
_-HZ T Pre | HoaGF'— 1| F).

In contrast to Eq. (10), ¥ in Eq. (40) does not contain
ingoing waves responsible for reactions. The inhomo-
geneous term F, a source, is coupled through H, , to
both the P and the @ space. Therefore, B}{’ consists of
two terms: the first includes the coupling of the reso-
nance states to the continuum through the nuclear inter-
action H, (channel-resonance scattering in y absorp-
tion), as in the scattering of nucleons. The coupling of
the continuum to the source is described by £;. The
second term in BY" decribes the direct coupling of
resonance states to the source. Such a term is absent
in the scattering of nucleons, i.e., in the expression

©).

To perform numerical calculations, it is first neces-
sary to determine F from Eq. (31) and then solve Eq.
(13), in which  is determined by means of (14) and the
relations

I=F (42)

instead of (15) in accordance with Eq. (35). Thus, the
method of solution in the source case is the same as in
the case deseribed above. '

Comparison with Buck and Hill’s Method.* The
mathematical formulation of the shell model with con-
tinuum described here is equivalent to Buck and Hill’s
method.? The differences are that in the latter the sys-
tem of coupled equations (20) is solved with the spaces

u=Ep,
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PV and Q¥ defined in such a way that the integral term
containing @_. can be ignored. This is possible when
the boundary between the spaces P¥ and @7 is the
Fermi limit. This means that the @ space contains all
closed shells; the P space, all the unclosed shells and
the scattering states. For example, for ®0 Buck and
Hill separate the shells into subspaces as follows:
18,0, 1pss0, 1D, into the @ space; 1d,,, 25,5, 1dg)s,
and the scattering states, into the P space. To do this,
it is necessary to represent the discrete states of P
space in the channel form

O = o g {w, (r) 2 (43)
by analogy with the scattering states

K=o a (e () Q). (44)

Here w, and u, are radial wave functions with negative
or positive energies. All the other notation is as in Eq.
(17). The representation of the functions &, in the form
(43) without summation over the channel functions re-
quires additional assumptions about the structure of the
nuclei:

1) The ground state and the low-lying excited states
of the target nucleus can be represented as hole
states;

2) the states of the intermediate nucleus are pure
one-particle-one-hole states.

If the nuclear structure is more complicated, then so
is the representation of the discrete functions &, with
respect to channel functions more complicated than in
Eq. (43). Therefore, in Buck and Hill’s method the sys-
tem of equations (20) with @, =0 is solved only for the
case (15), and the projection formalism, which provides
the basis for analyzing resonance structure, is not
used.

When Buck and Hill’s definition of the spaces P¥ and
QV is used, neglect of the integral term in Eq. (20)
leads to only small errors if (y,n) and (y,p) reactions
on doubly magic nuclei are described. In the case of
180, neglect of the integral term means that the 1s
shell is not taken into account in the calculation, i.e.,
the antisymmetry of the s waves of the continuum with
1s states is ignored. Since the 1s shell is 20 MeV from
the 1p shell, the resulting errors are small (Fig. 1).

The representation of the wave functions &, of the
discrete states in channel form and the neglect of the
integral term containing @,.., whose influence depends
on the particular nucleus being studied, restrict the
use of Buck and Hill’s method for the description of
physical problems,

In the above formulation of the shell model with con-
tinuum, there are no restrictions on the structure of
the bound states. Since the @ space contains all dis-
crete states and the P space only scattering states, it
is possible to include in the @ space states with compli-
cated configurations obtained from ecalculations by the
traditional shell model. However, the integral term in
Eq. (20) cannot be ignored. It contains information
about bound one-particle states and causes the cross
section calculated for the case (15) (solution in P space)
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FIG. 2. Excitation function of elastic and inelastic N +» scat-
tering: 1) total cross section; 2) direct part of the reaction
with inclusion of the one-particle d;,, resonance in the @
space; 3) direct part with inclusion of the one-particle dy ;o
resonance in the P space. The calculation parameters are
given in Ref. 1. The vertical strokes indicate the positions of
the resonances.

to have a structureless behavior. Resonance behavior of
the cross section is obtained after application of the
projection formalism, which also gives the structure of
the resonances (see below).

2. TREATMENT OF ONE-PARTICLE RESONANCES

Definition of the P¥ and Q¥ subspaces. Above, the
complete space of the functions ¥ was split into P¥ and
Q¥ subspaces in such a way that P¥ contains the states
of the continuum and @V all the discrete states. One-
particle resonances corresponding to quasistationary
states above the breakup threshold can be included in
either the P¥ or the @7 space.

From the point of view of the calculation of the total
reaction cross section, it is simplest to include the one-
particle resonances in the P space. The cross section
calculated with the solution £ in the P space in this case
exhibits resonance behavior deriving from the one-
particle resonances. Results of a calculation for the
reaction **N +#n are given in Fig. 2, which shows that
the one-particle d,,, resonance is mixed with other
resonances. Therefore, one cannot determine the wave
function of resonances if the one-particle resonances
are not included in the @ space. The space of functions
in the traditional shell model differs from the @ space
in the case of the *°0 nucleus by the state 1d;,,, which
is included in the ordinary calculation instead of the
one-particle dy,, resonance. It is well known from
numerous calculations that the 1d;,, state is mixed
with other one-particle states, which corresponds
qualitatively to the results in Fig. 2.

To determine the structure of resonances, it is ex-
pedient to include the one-particle resonances out to a
certain finite cutoff radius R_, in the @ space. Then the
@ space of the shell model with continuum is the same
as the space of functions in the traditional shell model.
When formulated in this way, the shell models with
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and without continuum differ in that it is only in the
former that the coupling of the @ space to the P space
is taken into account directly.

The cross section obtained with the solution £ in the
P space when the one-particle resonance is included in
the @ space up to some R_, corresponds to curve 2 of
Fig. 2. It is to be expected that in this case the cross
section is structureless. Of course, the cross section
calculated with the total wave function ¥ is independent
of whether the one-particle resonance belongs to the
P or the @ space. The cutoff method for one-particle
resonances and also the determination of the resonance

. parameters will be considered below.

Cutoff Method for One-Particle Resonances. In order
to treat one-particle resonances as bound states, the
discrete one-particle wave functions ¢?, which can be
normalized, are determined by Wang and Shakin’s
method:®

¢ (r) =g, c () O (Reyy —r). (45)

Here, anm(r) describes the scattering of a nucleon
with energy E in channel ¢. The cutoff function @ (R
—7) has the form

cut

1 for
0 for

r<< Reut,

r > Rcub (46)

O (Rep—71) ={

The introduction of the function ¢? requires a modi-
fication of the wave functions of the continuum. The
modified wave functions ¢* of the continuum orthogonal
to ¢ satisfy the same orthogonality relations as ¢y .:

(0| ¢k, =0; (47)

(48)

The wave functions ¢} satisfy a Schridinger equation of
the form

(% | 0k ) ={(PE.c|9ge ) =Bccrd (E —E).

(E — pHp) ¢k, . =0, (49)
where
PHp=(1—|9g) (9q ) H (1 —| 9q) (g ). (50)

Using Eq. (50), we can define the @ space as the space
containing the bound one-particle states of the shell
model and the states ¢, All the states of the nucleus
formed from these states can be called quasibound
states embedded in the continuum (QBSEC).* The P
space is defined by P=1-@Q.

The function ¢, (») is a solution of the Schrodinger

TABLE 1. Influence of the cutoff radius R, on the position
and width in the y-absorption reaction on 180 in the resonance
region.

Reyy=5F Rgy=1.5F Ry =10F Reyt=125F

Eg, MeV| I'p, MeV| Ep, MeV | I, MeV} £p, MeV| I, MeV | Ep, MeV| 1, MoV

1955 1.04 19.55 1.04 19,55 1,04 19,55 1.04

21,88 2.26 21.89 2.18 21.87 2.14 21,85 2.16

22.80 1.72 22,62 1.50 22.55 1,58 22,55 1.48
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TABLE 2. Shifts (Ep—ESD) of
the positions and the widths I'p
of positive-parity resonance
states with 2p — 2k structure of
16N with allowance for hole-
structure states of 15N,

g | B | @ EED| e
MeV keV keV
0+ | 1.080 —45 19
1+ | 0,868 —92 39
1+ | 1.823 —13 13
2+ | 2,589 - 8
3+ | 1,474 —100 0.2

equation near the resonance energy E=E,. The discon-
tinuity of the function ¢?(r) at R_,, leads to additional
terms in the Schrodinger equation:

(Hy—E) ¢ =Xqg,, o, (51a)

where

2 d
=g [ O —Rea) 95, ) +8 (r— Reut) 7 @5 c | -

(51p)
Diagonalizing the matrix M [see Eq. (16)], we obtain
additional Wronskian-type determinants, which follow
from the relation

@ X|¥) =2 @V —&'Y). (52)

A change of R, alters the relation between the direct
and the resonance part of the reaction. Therefore, the
calculated positions and widths of the resonances have
a weak dependence on R_, . The deviations of the nu-
merical results for the **0(y,n) reaction in the region
of the giant resonance when different values of R, are
used are given in Table 1. The calculated cross section
does not depend on R, (see above).

Wave Function, Enevgy, and Width of a Resonance.
The properties of resonances are determined in the
first place by the behavior of the resonant-state wave
function within the nucleus and are almost independent
of the properties of the various channels in the exterior
region. This is discussed in detail by Mahaux and
Saruis® and is the basis of the description of resonances
in the ordinary shell model. In this approximation, all
the one-particle wave functions allowed for are bound.
The wave functions and energies of the resonances are
determined by the eigenfunctions and eigenvalues of the
Hamiltonian of the system of A nucleons. The eigenval-
ues are real. The interaction between the resonance
states and the continuum is introduced by means of the
R-matrix theory. The widths of the states above the
breakup threshold contain the overlap integrals.

Va Vi, ¥y, (53)

where ¥, is the wave function of the nucleus consisting
of A nucleons. :

The shell model is generalized naturally to take into
account the continuum by including the one-particle
resonances by the cutoff method in the space of bound
states. The new @ space and the space of functions of
the traditional shell model are identical. Since the one-
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particle resonances are in the @ space, the contribu-
tion of channel wave functions in the interior region can
be ignored. One can determine the resonance part of
the wave function of the shell model with continuum
independently of the channels from Eq. (10). To diag-
onalize the matrix (16) that occurs here, an ortho-
gonalization procedure is used. The new functions & R
=% Qpp®p are eigenfunctions of the Hamiltonian

Hog— HoplGH H . (54)

The functions @, =G{*'H, ,& defined in Eq. (11) are
also transformed; then the wave function ¥ is given by

1

LF"-E**]*E (Eﬂﬁén)m“ﬁﬁlﬂqplg) (55)

R
with allowance for Eq. (10). Here, £ describes the part
of the reaction which does not proceed through inter-
mediate states. It corresponds to the direct part of the
reaction and does not lead to narrow resonances in the
cross section. The sum over R contains all processes
occurring through discrete intermediate states. The
wave functions &, — i, describe discrete resonance
states, including their decay into the P space. The
amplitude, a measure of the probability of occurrence,
is maximal for E=E_, so that ;I;R:EaRR,tI:R. can be
interpreted as the wave function of the resonance state.
The matrix element (d%| H,, | £) gives the probability
of formation of the resonance state &, from the en-
trance channel.

The eigenvalues E, - iT' /2 of the operator (54) are
complex, E giving the position and I', the width of the
resonance. In contrast to the traditional shell model,
the resonances automatically have a finite lifetime.
Their widths are obtained by diagonalizing the Hamil-
tonian (54) from the matrix elements

(TalHop |V oy, Ty). (56)

Therefore, instead of the overlap integrals (53), the
interaction between the resonance states and the contin-
uum is here taken into account directly.

Different definitions of the widths in the framework
of the traditional shell model and the shell model with
continuum lead in certain cases to different results.
These are most pronounced when the overlap integrals
(53) vanish but the matrix elements (56) are nonzero,
As an example, we consider here transitions between
positive-parity levels with structure 2p -2k in ®N and
levels of 1h configuration in !N, They are zero in the
traditional shell model, but not when the continuum is
taken into account. Numerical results for some reso-
nance states are given in Table 2, In the traditional
shell model, states with complicated structure are
coupled to the entrance channel of one-hole structure
only through states with the structure 1p —1h:

1h=31p—1h. (57

In the case with the continuum, the coupling is more
complicated: states with both 1p =1k and 2p — 2} strue-
ture are directly coupled to the entrance channel:

1h=1p —1h;

58
o, op, (68)
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particle dy;, resonance).
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If the possibility of the coupling (58) is curtailed by
parity or isospin selection rules, it may reduce to the
simple coupling (57). This occurs, for example, in the
(y,n) reaction.

In calculations based on the traditional shell model
the two low-lying states 1/2" and 3/2" are usually not
described by hole states. Widths calculated for states
of the type 2p — 2k are not zero if only configuration
mixing is taken into account for the **N states.

3. DESCRIPTION OF NUCLEAR REACTIONS IN THE
SHELL MODEL WITH CONTINUUM

Shell Model with Continuum as Genevalizalion of the
Tvaditional Shell Model. The shell model with continu-
um is a natural generalization of the ordinary shell
model. In numerical calculations, one first makes cal-
culations of ordinary type in the shell model with a
finite-depth potential in order to determine the wave
functions &, of the target nucleus and the functions &
of the intermediate nucleus. The wave functions ¢,
enter 2, [Eq. (18)], and the functions & are basis func-
tions of the expansion of Q¥ in accordance with Eq. (8).
The modification goes beyond the traditional shell model
because, after the ordinary calculations, the interac-
tion of the @ and the P space is taken into account di-
rectly by the coupled-channel method. Because results
obtained by the ordinary shell model are used, the
wave functions are, on the one hand, automatically anti-
symmetric with respect to all A nucleons and, on the
other hand, spurious solutions in discrete states can be
eliminated by the usual methods. A shortcoming of the
shell model with continuum formulated in this way is
that one can describe only reactions with one nucleon
in the continuum in accordance with the original equa-
tion (1).

Below, we discuss the differences between the shell
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models with and without continuum and we also discuss
the effect on the numerical results of allowing for the
interaction of states in the continuum.

Absolute Value of the Cross Section. It is well known
that calculations in the ordinary shell model give too
large values of the cross section for dipole resonances
and for processes of U capture by light nueclei., Various
approximations of the shell model with allowance for the
continuum®* '*=*? exhibit the same tendency. Therefore,
a complex potential is introduced in order to reduce
the cross section,

The difference between the results obtained by the two

" models for light nuclei arises from the different

assumptions:

1) about the average potential (in ordinary calcula-
tions one obtains the wave functions &, and & in an
harmonic-oscillator potential; in calculations with con-
tinuum, in the Woods-Saxon potential);

2) about the size of the discrete-state space, which in
calculations hitherto with allowance for the continuum
has been smaller than in the ordinary calculations;

3) about the reaction mechanism.

The choice of different average potentials and differ-
ent function spaces in the calculations based on the two
models affects the absolute value of the cross section,
but the choice is not unique. The main difference be-
tween the calculations in the shell model with and with-
out continuum arises because an assumption must be
made about the reaction mechanism in the latter. Only
the resonance part of the reaction is taken into account
in the description of ¥ absorption and u capture. As can
be seen from Figs. 1 and 3, the ignored direct part
makes only a small contribution to the reaction in
either case. One cannot therefore expect that calcula-
tions by the model with continuum will differ strongly
from the results of an ordinary calculation without al-
lowance for the direct part, provided the parameters
of the shell model do not differ from one another.

One of the reasons why the theoretical cross section
is too large may be that in the calculation of the wave
function of the initial and the final nuclei, which differ
by one nucleon, no allowance is made for the depen-
dence of the average potential on the mass number. If
the parameters of the shell model are different in the
initial and the final nuclei, the overlapping of the wave
functions of the initial and the final nuclei and, there-

FIG. 4. Widths I as function
of the incident-particle energy
for four 0* resonance states of
16N in the reaction ®N+ gz with
allowance for two 1/2~ and
3/2= levels of 1N: The verti-
> cal strokes indicate the posi-
“ tion of the corresponding reso-
< nances (E{’=10.1 MeV). Cal-
—
o

culation made without imagi-
nary part of the potential and
including the one-particle
dy,, resonance in the @ space.
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fore, the absolute value of the (y,n) cross section are
smaller than for equal parameters. It is perfectly pos-
sible that the complex potential is partly due to the dif-
ference between the structures of the initial and the
final nuclei, this being expressed by different values of
the parameters in the case of the shell model. We have
made numerical calculations relating to this problem.

Resonance Parameters. The wave function, energy,
and width of resonances are obtained in the shell model
with continuum by diagonalizing the Hamiltonian (54).
The number and position of the resonances, and also
their widths, are determined exactly in the model. This
is important, especially for narrow resonances and
resonances which differ strongly from the Breit-Wigner
profile. The number of resonances corresponds to the
number of states obtained from the ordinary calculation
in the shell model for the intermediate nucleus. Allow-
ance for the continuum shifts the position and also
slightly changes the wave function of the resonances
from the original values taken from the ordinary cal-
culation. These effects are discussed in detail below.

The calculated widths of the resonances depend weak-
ly on the energy E of the incident particle in the region
of the resonances themselves. Some numerical exam-
ples are given in Figs. 4 and 5. The widths of the 0*
states with structure 2p — 21 of the N nucleus with
allowance for the 1/2" and 3/2" levels of the ®N nucleus
with hole structure are virtually independent of the
energy in the considered region (=15 MeV, Fig. 4). The
widths of the 1 states with structure 1p — 1k of the same
nucleus with allowance for the 1/2- and 3/2- states of
15N depend more strongly on the energy in the region of
the resonances themselves as well, because they are
near the one-particle resonances (see Fig. 5).

The results of calculation in the shell model with
continuum differ therefore by a certain energy depen-
dence of the widths and positions of the resonances from
the results of the ordinary calculation using R-matrix
theory. In the ordinary calculations, the resonance
widths are calculated at one energy, and the resonance
is assumed to have a symmetric profile, of Breit-
Wigner type. Therefore, the resonance profiles which
follow from the model with continuum differ from those
obtained by the traditional method even without allow-
ance for interference with the direct part of the
reaction,

Interference belween the Divect and Resonance Paris
of the Reaction. The method of dividing the complete
function space into the P and the @ subspaces, P+Q =1,
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is important for the interpretation of the results. If the
@ space contains all the discrete states, then the re-
sults of a calculation in the P space (determination of
the solution ) give only the direct part of the reaction.
If the @ space is included in the calculation by means
of the projection technique, then, besides the direct
part of the reaction, the resonance part is also de-
scribed. Moreover, the number of resonances is de-
termined by the dimension of the @ space. Thus, one
can study directly interference effects between the di-
rect and resonance parts of the reaction and the mutual
influence of the various resonances on one another.

It follows from what we have said above that there is
a certain arbitrariness in the definition of the direct
part of the reaction: the one-particle resonances can be
put in either the @ or the P space. In accordance with
the ordinary definitions of the direct part of a reaction,
one must consider the reaction with allowance for the
one-particle resonances but without the formation of an
intermediate nucleus. Accordingly, it is necessary to
include the one-particle resonances in the P space.
However, in the ordinary calculations of resonance re-
actions in the shell model, the one-particle resonances
are put into the @ space. One determines the part of the
resonance reaction that proceeds through the formation
of an intermediate nucleus in the eigenstates of the
Hamiltonian H,.

The interference between the direct and resonance
parts of the reaction for three 0* states of *N with
structure 2p — 2k in the reaction ®N +# is shown in
Fig. 6. The one-particle resonance is put into the
space in these calculations. The results in the elastic
channel are given in Fig. 6a for different direct parts.
The same resonances, but in the inelastic channel,
which leads to the excitation of the '*N nucleus in the
3/2" state at 6.3 MeV, are given in Fig. 6b. Here only
in one of the given cases does the direct part not vanish.
As can be seen from Fig. 6, the interference effects

2.6
24

2.2

&0 FIG. 6. Influence of the

7.8 neglect of channel coupling
T = in the continuum or the
E strength of the direct part
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'0 which are exact in the

.1 model (VE, = 0); 2) results

; A with the approximation

o : VE, =0; 3) with the approx-
- 0.8 imation VE, =Vyé,.. Cal-
= 26) culation without imaginary
" il \ /8 part of the potential.

b2k - “‘:_ - J I

A A

M2 Thé IF T8 160 152 E, MeV

Rotter et al. 182



TABLE 3. Influence of the approximations VE, =0 and VE,
=V 0, On the positions Ey and widths I'j of 0* resonance
states with 2p — 2k structure in neutron seattering on N with
allowance for two hole-type states of 1°N,

Ep, MeV I'p, keV
Eopr
MeV
Ve #0 | vE. 20 | vE =vige | VE 20| VE 0 [VE, = vt
14.63 14.60 14.65 14.63 94 72 94
15.24 15.24 15.24 15.24 0.2 0.2 0.2
15.48 +15.48 15,49 15.48 37 37 80

between the direct and resonance parts determine the

resonance profiles. Only in the case of a vanishing di-
rect part does one observe a symmetric profile of the
curves.

The resonance widths are obtained in the model dis-
cussed here by diagonalizing the operator (54). One can
therefore determine the widths in the case of an asym-
metric resonance profile with the same accuracy as for
symmetric resonances. In Fig. 6a, the width of the
resonance with a strongly expressed interference mini-
mum corresponds approximately to the distance of the
minimum from the maximum.

Discussion of the Approximation VI, =0 in the Model.
If the one-particle resonances are taken out of the P
space, one would then expect a small effect of the direct
coupling of the continuum channels on the resonance be-
havior of the cross section. Therefore, Mahaux and

Saruis® introduce the approximation
Ver= (| V751 =V (59)

The physical meaning of this approximation is that one
ignores the coupling of the direct reaction channels.
Accordingly, there are no direct contributions to the
reaction in the inelastic channels. Figure 6 shows the
influence of the approximation (59) for the case of the
reaction ®N +# with three 0* resonances of structure
2p —2h in the energy range from 14.0 to 15.5 MeV. To
the cross section obtained with the solution with V2, #0
that is exact in the framework of the model, there cor-
respond the curves 1. In the case of the approximation
(59), the curves 2 are obtained. As we would expect,
the direct part of the reaction is reduced in the elastic
channel and disappears in the inelastic channel. The
interference picture is changed in both channels. Addi-
tional calculations with the approximation

T =T (60)

are shown by the curves 3. In this case too the direct
part of the reaction is zero in the inelastic channel and
is greater in the elastic channel than for the exact solu-
tion with V2, #0.

It follows from these results that the resonance pro-
files differ between the approximations (59) and (60)
because the direct part of the reaction is changed. It
should however be pointed out that in the considered
energy range there are other levels of a different spin
besides the 0* levels, so that the profiles in Fig. 6 are
not observed experimentally, but only the superposition
of many levels. The approximations (59) or (60) have
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little influence on the positions and widths of the reso-
nances (Table 3). Both approximations are suitable for
obtaining these quantities.

4. INTERACTION BETWEEN THE P AND Q SPACES

Effective Hamiltonian in One Subspace. The generali-
zation of the shell model presented in this paper con-
sists of taking into account directly the influence of
states with one nucleon in the continuum on the proper=
ties of nuclei. One can study this influence in the formu-
lation of the model presented here. The effective

. Hamiltonian in @ space is

HE' Hoo+ Hop g—p— Hra- (61)
Diagonalization of the first term, H,,, gives the re-
sults of the ordinary calculation with allowance for only
bound one-particle states (with finite-depth potential).

If the coupling between the @ and P spaces is taken into
account by the second term of Eq. (61), the bound states
above the breakup threshold go over into resonance
states with widths and positions which follow from the
diagonalization of HY! The influence of the second term
will be discussed below in numerical examples. In ad-
dition, the shell model with continuum can be regarded
as an extension of an ordinary calculation of DWBA type
in the sense that the resonance part is taken into ac-
count as well as the direct part of the reaction. In the
shell model with continuum described here, the direct
part of the reaction corresponds to the solution of the
problem in the P space, in which the effective Hamil-
tonian is

Hg‘f: Hpp+ HPQ-E—;‘HW'HQP- (62)

In the description of nuclear reactions, for example,
the scattering of nucleons by light nuclei, the first term
of Eq. (62) corresponds to the direct part of the reac-
tion. Using the ordinary definitions of the direct part of
the reaction, it is best in this case to put the one-parti-
cle resonances into the P space. The coupling of the P
to the @ space, i.e., the second term of (62), leads to
the formation of a compound nucleus and enables one to
describe resonances microscopically. The complete
solution of the problem contains both an almost smooth
behavior of the cross section corresponding to the di-
rect part and a resonance structure of the cross section
corresponding to processes in which a compound nucleus
is formed. The influence of the size of the @ space on
the excitation function of the reaction will be discussed
below in numerical examples.

TABLE 4. Shifts (Eg—Eg,) of the positions and the widths T
of 1~ resonance states with allowance for N states of the target
nucleus in neutron scattering on N,

(Ep—Ep), s (Ep—E,p), ; v

E,,,. MeV Me T bV g MeV| .. ey |- TR KE
N=0n N=0 . 3
N=2 | N=t | N=2 | ¥=4 N=2 | N=4 | N=2 | N=4
1.92 |—0.41|—0.27| 330 | 330 7.48 |—0,91|—0.86| 600 | 550
4.38 |—0.22{—0.02 2 20 9.29 |—0.44|—0.44| 1170 | 1110,
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FIG. 7. Influence of the num-
ber of allowed for channels
on the excitation function in
neutron scattering on N
through 1- resonance states:
a) elastic scattering
5N(n, ng)'®Ny jo-; b) inelastic
—— 7 scattering ¥ N(n, n, %Ny, o+
iy (1) and 15N(n, 1y) "Ny /50 (2);

1000 +-
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Soask wlJnr A ¢) inelastic scattering. 1),
sl 8EA 2), and 3) are the results
' Threshold — of calculation with allowance

0.5 l (by| for four states of "N

: 1/2- (0 MeV), 3/2" (6.32
MeV), 5/2* (5.27 MeV),

1/2* (5.30 MeV); 4) results
of calculation with allowance
for only the two states 1/2-
and 3/2- of 1N, Calculation
made without imaginary part
of the potential and with in-
clusion of the one-particle
dy, resonance in the @
space.

501" Threshold

Influence of the Dimension of the P Space on the
Cross Section. In order to study the influence of the
dimension of the P space on the resonance behavior of
the cross section, we made calculations for the reaction
5N(n,n)**N with different numbers of channels. In Table
4 and Fig. T we give numerical results of a calculation
of the positions and widths of some 1~ resonance states
with 1p — 1k structure. The calculations were made
with allowance for different numbers N of states of the
5N nucleus:

N=0; calculation in the ordinary shell model without
continuum;

N=2; the hole states (1p,,,)"" and (1p;,,)"" of *N to-
gether with s and d waves of the continuum are included
in the calculation. In this case five Ij channels are taken
into account;

N=4; besides those of the case N=2, the 5/2* and
1/2* states of the target nucleus **N near 5.3 MeV to-
gether with the p and f waves of the continuum are taken
into account. In this case there are 10 /j channels.

The results show (see Fig. 7) that when the P space
is enlarged some levels are shifted further from the po-
sition obtained in the calculation without continuum,
whereas others get nearer to the original position.

This behavior of the positions of the resonances when
the number of channels taken into account is increased
corresponds to what one would expect from the point
of view of the ordinary shell model. The widths of the
resonances also change when the P space is enlarged,
as can be seen from Table 4.

The results of a calculation of the reactions
N2, n)**N, /5~ and **N(z,n’)**Ny 5. with the formation of
an intermediate °N nucleus in some 0* states with 2p
— 2k structure near an excitation enérgy of 17 MeV are
given in Table 5 and Fig. 8. The calculations were
made with allowance for different numbers N of states
of the final nucleus, as in the foregoing example:

N=1; only the elastic channel, i.e., the 1/2" ground
state of !N is allowed for;
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FIG. 8. Influence of the
number of allowed for
channels on the excitation
function in neutron scat-
tering on N through 0* res-
onance states: a) elastic
scattering PN(u, ng)9N; o-;
b) inelastic scattering

15N (n, ny)5N; 74*; 1) results
of calculation with allow-
ance for seven states of

N: 1/27 (0 MeV), 5/2*
(5.27 MeV), 1/2* (5.30
MeV, 3/2- (6.32 MeV),

5/2* (7.15 MeV), 3/2*

(7.30 MeV), and 3/2*

(7.57 MeV) 2) results of
calculation with allowance
for only the four lowest
states, 1/2-, 5/2*, 1/2*, and
3/27, of N, Caleulation
made without imaginary part
of the potential and with in-
clusion of the one-particle
d3 s, resonance in the @ space.
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N=2; two hole-structure 1/2" and 3/2" states of 5N
are taken into account;

N=4; besides the two hole states, 5/2* and 1/2*
states with 2k —1p structure near 5.3 MeV are taken in-
to account (dashed curves);

N=T; in addition to those of the case N=4, three
5/2*, 3/2*, and 7/2* states at 7.2, 7.3, and 7.6 MeV
with 2k —1p structure are taken into account (continuous
curves).

It can be seen from the results presented that the
number of channels allowed for has a large influence on
the resonance parameters if the corresponding spectro-
scopic factors are zero (N=1 and 2). The number of
allowed for channels has a greater influence on the di-
rect part of the reaction than on the resonance part in
the case of allowance for “allowed” (from the point of
view of R-matrix theory) transitions. The resonance
structure in the cases N=4 and 7 is more clearly ex-
pressed in the inelastic channel, for which the spectro-
scopic factors of 0* levels do not vanish.

In these examples the P space influences the reso-
nance parameters because the resonance levels are
shifted, as a rule, to lower energies by the allowance

TABLE 5. Positions Ey and widths I'y of 0* resonance states
with allowance for N states of the target nucleus and neutron
scattering on *N. In cases N=1 and 2 only hole-type states
of 1N are taken into account. The positions E, of the reso-
nance states are obtained on the basis of the ordinary shell
model,

MeV 1
Egy, MeV i o Sl

=t | N=2 | N=¢ | =7 | N=1 | D=2 | ¥=4 | w1
13.73 13.73 | 13.78 | 13.72 | 13.59 | 3.3 21.0 38.0 98.0
14.68 14,68 | 14.60 | 14.00 | 14.00 [ 35.0 92.0 167.0 171.0
15.10 15,09 | 15,09 | 15.05 |, 15.00 | 1.3 4.2 28.0 43.4
15.24 15.24 | 15.24 | 15.24 | 15.23 | 6103 | 0.2 0.7 0.8
15.48 15.47 | 15.48 | 15.47 | 15.42 1.7 37.0 48.5 44.5
16.25 16.24 | 16.34 | 16.15 | 16.03 457 10.0 8.0 1 139.0
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FIG. 9. Influence of the size of the @ space on the resonance
structure of the N +» reaction cross section. Calculation
made without imaginary part of the potential: A) empty @

space; B) @ space containing only the gquasibound state 17ds ;53
C) @ space containing negative-parity states with structure
1p—1h; D) @ space containing positive-parity states with struc-
ture 2p — 2kh. (The direct part of the reaction, including nega-
tive-parity waves, is not shown); E) @ space containing all the
states of C and D.

for the coupling between the P and @ spaces. However,
it is not possible to formulate a rule expressing the
shifts and widths as a function of the P-space dimen-
sion. The structure of the resonance states, i.e., their
wave function ?I;R, can be calculated numerically in the
same way as in ordinary calculations of the model. The
additional mixing of the states because of their coupling
to the continuum is small, i.e., the real part of the
resonance wave functions differs little from the eigen-
functions &, of Hg,. Only an imaginary part of the wave
function is obtained additionally. The influence of the P
space on the resonance profiles is shown in Fig. 6 and
has already been discussed.

Influence of the Dimension of the @ Space on the
Cross Section. We study the influence of the size of the
@ space on the cross section for the reactions
15N (1, 2)**N and °N(p, n)**N.

The results of the calculation for the reaction
15N (2, #)'°N are shown in Fig. 9. The allowed for hole
states of the !N target nucleus are directly coupled to
states of the intermediate nucleus with both the struc-
ture 1p -1k and the structure 2p — 2k. The calculations
for positive-parity states with 2p — 2k structure were
made as follows. The level scheme without allowance
for the continuum was compared with the experimental,
As usual, the experimental energies E,_  were used then
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instead of the theoretical E,,. The two values differed
by not more than 1 MeV, but this difference is greater
than the energy shifts obtained by taking into account
the coupling of the states to the continuum (see Table 2).
At this stage, no attempt was made to improve the
theoretical energies or eliminate spurious states. The
only important thing is that the resonance levels of *N
with 2p — 2k structure and positive parity have nonvan-
ishing widths I'y with respect to the levels of the 5N
target nucleus with hole structure, although the one-
particle spectroscopic factors for these transitions
vanish. Nonvanishing widths I';, are obtained in this case
because the resonance levels are coupled to the p and f

" waves of the continuum. The cross section of the reac-

tion **N(n,n)'®N (see Fig. 9) was obtained for different
dimensions of the @ space.

The results of the calculation for the reaction
®N(p,n)*0 are given in Fig. 10. In the calculation, 19
resonance states near the investigated energy range
were chosen. Two proton and two neutron channels were
taken into account, i.e., two hole-structure states for
each nucleus '°N and '°0. The spectroscopic factors of
all these resonances with respect to these states
vanish.

As can be seen from Fig. 10, the seven resonances
in the energy range from 7.5 to 8.5 MeV lead to two
dominant peaks in the excitation function. A similar
behavior is observed in the experimental cross sec-
tion,!* though here the individual theoretical resonances
were not identified in the experimental cross section.
In addition, the negative-parity resonances were not
included in this case in the calculation. It follows from
the two considered examples that the size of the @
space has a large influence on the reaction excitation
function, determining the resonance behavior of the
cross section.

5. APPLICATION OF SHELL MODEL WITH CON-
TINUUM TO THE DESCRIPTION OF NUCLEAR
REACTIONS

Use for Different Types of Reaction. The shell model
with continuum enables one to describe nucleon seatter-
ing on nuclei at energies comparable with the binding
energy of nucleons in the nucleus. The total wave func-
tion of the system is antisymmetric with respect to all
A nucleons of the system, i.e., with respect to the A—-1
nucleons of the target nucleus and the one nucleon in a
scattering state or the A nucleons of the intermediate
nucleus. The interaction operator contains four terms:

FIG. 10, Influence
of the size of the

“Nip, )"0, + parit
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o0} = o5 &
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i E § ; Experiment: | POSitiVe'ParitY res-
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H=Hgy +Hop - Hpo+ Hpp, (63)

which characterize the types of interaction. The cross
section contains the direct parts of the reaction deter-
mined by Hpp and the resonance parts determined by
Hgo and Hyp and Hp,. Numerical examples are given
below.

Reactions due to interaction with other particles are
described by the source method. Examples of calcula-
tions are given below.

Scattering of Low-Energy Nucleons. The operator
which describes the scattering of nucleons at low ener-
gy (a few MeV) on nuclei is the operator (63). Examples
of numerical calculations of the scattering of low-ener-
gy nucleons on light nuclei are given in Figs. 2 and 4—
10 and in Tables 2—5. When low-energy nucleons are
scattered, the individual levels are excited nonselec-
tively. All configurations in which the state of one or
two nucleons differs from the configuration of the target
nucleus can be excited. Examples of the excitation of
resonance states with 2p — 2k structure in the case of
nucleon scattering on a nucleus in a state with structure
1h are shown in Figs. 4, 6, and 8—10 and in Tables 2,
3, and 5. Since as a rule the level density is high, in-
dividual resonances are seldom observed. In the ma-
jority of cases, the resonances overlap (see Fig. 10).
Irrespective of the profiles of the individual resonances
or their overlapping, numerical values of the resonance
parameters can be obtained exactly in the framework of
the model. In order to identify the individual resonances
in the experimental data, it is necessary to measure
the angular distribution at the corresponding energies
of the resonances.

{y,n) Reactions. In (y,n) reactions, all A nucleons
are in bound states in the entrance channel. A level of
the intermediate nucleus is excited by the ingoing photon
wave. It “decays” into the exit channels with one nucleon
in the continuum. The Hamiltonian of the complete sys-
tem has the form

H,=H+H,, (64)

where H is the interaction Hamiltonian of the bound
nucleons in the nucleus; H, describes the interaction
between the electromagnetic field and the nucleons in
the nucleus. For dipole transitions,

(65)

where D is the dipole operator. The Hamiltonian (64)
has the form of the operator (25), so that the problem
can be solved by the source method. The results of
some numerical calculations of (y,n) reactions with
dipole transitions made by the shell model with con-
tinuum are given in Fig. 1 and in Table 6.

Hy=D,

Structures of 1p—1h type are preferentially excited
by the electromagnetic dipole interaction in doubly mag-
ic nuclei. For these nuclei, numerical calculations have
been made on the basis of different models. In the ordi-
nary shell model, only the pure resonance parts of the
reaction are taken into account. In calculations based
on the shell model with continuum, both the resonance
and direct parts of the reaction are taken into account.
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The fraction of the direct part has little influence on the
total cross section, being small (see Fig. 1). In both
cases, the absolute value of the cross section is too
large. Therefore, Buck and Hill* introduce a complex
potential in order to reduce the absolute value. The
meaning of the imaginary part of the potential has al-
ready been discussed.

Because of the Coulomb interaction, the individual
resonance states are more or less strongly mixed with
respect to isospin. In Table 6, we therefore give, in
addition to the positions and widths, the numerical val-
ues of the purity of some of the ‘*0 resonance states
with respect to the isospin.

Hitherto, all calculations of y-absorption reactions
have been made for states of the excited intermediate
nucleus with structure 1p -1, i.e., for doubly magic
nuclei. This is not due to restrictions of the model.
Calculations with more complicated structures, which
enable one to elucidate the fine structure of giant
resonances of doubly magic nuclei, and calculations for
nonmagic nuclei can be made by the shell model with
continuum, as in the case of nucleon scattering.

Capture of Muons by Nuclei. Muons are captured by
nuclei through the weak interaction between the muon
and proton:

po - p—>n-v. (66)

In practice, the muon is captured only by the lowest
shell (K shell) of the atom. As a result of the capture,
an energy greater than 100 MeV is liberated and dis-
tributed over the particles in the final state. A large
fraction of the energy (from 50 to 90 MeV) is trans-
ferred preferentially to the emitted neutrino. The resi-
dual energy is transferred either directly to a neutron,
which then leaves the nucleus, or leads to the excitation
of the nucleus. If the excitation energy is higher than
the breakup threshold, then neutrons may be emitted.
The (u,n) reaction can therefore proceed through either
the direct or resonance mechanism, like the (y,n)
reaction.

The p-capture Hamilton can be represented in the
form

He=H+H,, (67)

where H is the Hamiltonian of the nucleus, and H, is
the weak interaction between the nucleons of the nucleus
and the leptons. The operator (67) has the form of the
operator (25), so that in this case too the process can
be described by the source method.

*  The interaction operator H, consists of the sum of
the operators of the vector, renormalized axial vector,

TABLE 6. Positions Eg, widths I'p, and probability W(T=1)
of resonance states with structure 1p — 1k in the y-absorption
reaction by the 0 nucleus.

By MeV | Tp MeV | wen, % | Fpo MoV | Ty MV wer,
[
13.13 0.22 9 i 19.51 0.80° .+ 89
16.27 0.80 1 | 21,82 2,40. - |. .99
16.87 1.27 32 | 22,57 1,56 5
17,26 0.88 69 ' 23.97 2,50 98
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FIG,. 11. Neutron spectrum shown in Fig. 3 a with allowance
for spreading (1) and without spreading (2) and formation of the
final nucleus in the ground state,

induced scalar, and weak magnetic interactions. As
Morita and Fujii'® show, H, can be decomposed into a
sum of spherical tensor operators of different degrees
j and parity m:

Hyu= S (68)
1]
where j is the spin of the excited nucleus in the case of
i capture by a doubly even nucleus. The representation
(68) enables one to classify transitions according to
different degrees of forbiddenness, as in the case of 3
decay.

Transitions of first forbiddenness in the case of u
capture by '°0 lead to '°N levels with j*=0-, 1=, 2-,
These states with the structure 1p -~ 17 are analogous
to the states of the giant dipole resonance of the %0
nucleus.

Some results obtained on the basis of the shell model
with continuum for p capture by *°0 are shown in Figs,
3 and 11. As in the excitation of dipole resonances, the
direct part is small in the case of 1 capture. As an
example, we show the cross section of u capture by
80 through 1° levels with structure 1p — 1k of the inter-
mediate !*N nucleus. In this case, the direct part is
from 5 to 10% and has a maximum at an energy of the
neutrons between 4 and 5 MeV. Because the direct part
of the reaction is small, interference effects between
the direct and the resonance parts have almost no im-
portance for i capture. Therefore, the assumption of
a pure resonance mechanism for neutron energies up to
about 10 MeV is good. As regards the absolute value of
the cross section, it can be discussed in exactly the
same way as in the case of v absorption.

A feature of p-capture processes is that there is no
possibility of detecting the neutrino. When a neutrino
is emitted, a recoil momentum is imparted to the nu-
cleus, this leading to an additional broadening of the
resonances. Since the direction in which the neutrino is
emitted is not known, it is necessary to add statistical-
ly the direction of the recoil momentum and the momen-
tum of the neutrons. A spreading with respect to the
energy of the neutrons is obtained. It increases with in-
creasing energy of the emitted neutron (Fig. 12) and is
greater for light than for heavy nuclei (Table 7).

The influence of spreading on the resonance structure
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TABLE 7. Spreading AE of the neutron energy in ¢ capture by
different nuclei at a neutron energy of about 5 MeV.

Target nucleus AE, keV ‘I Target nucleus AE, keV
\
1
|
2G 700 f 0Ca 250
160 550 I 205Dl 50
i

of the neutron spectrum is shown in Fig. 11 for 1 cap-
ture by '®0. The spreading of the energy restricts the
spectroscopic conclusions obtained from the study of u

. capture by nuclei.

Capture of other particles, for example, pions, can
be described like muon capture or y-ray absorption.
The theory of the capture of particles that interact
strongly with nucleons of the nucleus is more compli-
cated than that for particles captured solely as a result
of the electromagnetic or the weak interaction.

Interaction of a Nucleus with Particles of Intermedi-
ate Energy. A feature of the interaction of nuclei with
fast particles with an energy of several hundred MeV
is that the fast particles have a short wavelength, so
that they can interact basically with only one nucleon
in the nucleus. The momentum transferred to the nu-
cleus is decisive for the outcome of the reaction. If
the reaction products are detected under kinematic
conditions such that the momentum transfer is small,
resonance processes may be important as well as the
direct processes.

The incident particle is most frequently a fast proton.
It differs from the nucleons of the target nucleus by
having a short wavelength compared with that of the
nucleon bound in the nucleus. Therefore, the incident
proton can be treated separately from the A nucleons
of the target nucleus. As in capture processes, the
theory contains an additional operator of an interaction
(between the fast particle and the nucleus).

As an example, let us consider a knockout process
with separation of the final-nucleus states. This pro-
cess is described on the basis of the ordinary shell
model under the assumption of a direct reaction mecha-
nism. It is assumed that the nucleon is knocked out as
a result of a quasielastic collision of the incident parti- -
cle with a nucleon in the nucleus. Calculations are made
of the probabilities of a transition for the formation of
the residual nucleus in different excited states, A
— (A =1)* +p. For the knockout of 1s nucleons, a mo-
mentum transfer ¢ ~0 makes the main contribution. It
is therefore expected that in this case resonance pro-
cesses with excitation of levels above the breakup
threshold, A— A* — (A =1)* +p, are important as well,

FIG. 12, Spreading AE of the
neutron energy due to the re-
coil momentum imparted by
the emitted neutrinos as a
function of the mean energy

i Z E of the neutrons in the re-
72 E,Mev  action 180(u, va)N,

0.8 -
> | E-AEESF+AE, .
2 asf-

W 04t
2

02
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It is not possible to distinguish these processes experi-
mentally from direct knockout processes. On the basis
of the shell model with continuum it is possible to cal-
culate both contributions to the reaction, and also their
interference. Calculations of this kind have so far been
made only for (e, ep) reactions on the basis of Balashov’s
model.'®

When fast particles interact with nuclei, levels of the
final nucleus are excited selectively. Therefore, study
of these reactions can give information about nuclear
structure. In many cases, it is necessary to take into
account both direct and resonance processes and their
interference. We intend to make calculations of this
type on the basis of the shell model with continuum.

CONCLUSIONS

The results presented here show that the shell model
with continuum in conjunction with the coupled-channel
method enables one to obtain a unified deseription of
problems relating to nuclear structure and nuclear re-
actions if one considers reactions with one nucleon in
the continuum. The method enables one to calculate not
only the cross section but also the resonance param-
eters, which are obtained by diagonalizing the interac-
tion operator. At the same time, one can determine the
structure of resonances as accurately as in calculations
by the ordinary shell model. The eigenvalues of the en-
ergy are complex after allowance has been made for the
coupling of resonance states to the continuum. The
imaginary part determines the width and the real part
the position of the resonance.

In the description of reactions with one nucleon in the
continuum one can obtain the strength of the direct part
of the reaction, so that one can study directly inter-
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ference between the direct and resonance parts of the
reaction. We see that the coupled-channel method pre-
sented here in the framework of the shell model with
continuum is a natural generalization of the ordinary
shell model. It is interesting to use the model when

the direct and the resonance part make comparable con-
tributions to the reaction.
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